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Abstract. The actions of various Lie groups underlie the change of appearance of objects
in images as the viewpoint changes, e.g., through camera motion. Despite significant advances in
object recognition using machine learning in recent years, the question of how to recognise an object
in an image as its appearance varies through camera motion and similar effects remains open. We
demonstrate how differential invariant signatures can be derived for each of the transformation
groups, and how the underlying invariances reflect the group-subgroup structure of the relevant
Lie groups.
There are a variety of methods that can be used to identify differential invariants, and we provide
examples of three of them: tensor contraction, transvectants, and the method of moving frames.
We use the resulting invariants to construct practical sets to form three-dimensional invariant sig-
natures. These signatures are not necessarily complete: the image cannot always be reconstructed
uniquely up to transformation, but they are plottable, and depend at worst on third derivatives,
although more channels of information, such as colour images, can reduce the highest order of
derivative needed in some cases. We demonstrate the invariant signatures for each transformation
group based on a simple smooth image. A full consideration of how these signatures could be used
in practice will require effective methods to numerically approximate derivatives for images.
Mathematics Subject Classification: 65D18, 53A55, 68U10.
Key Words: Object recognition, planar transformation, planar Lie groups, invariants, differential
invariant signature.

1. Introduction
The appearance of a fixed object in a set of images can vary markedly depending
upon such variables as pose and position relative to the camera, even though the
object itself does not change. This is even more marked in scenes that consist
of multiple objects at different distances and orientations to the camera against
a fixed background. The appearance of each individual object will then change
in different ways as a constant camera motion or other such transformation is
applied. The individual transformations will appear as the action of an element
of a planar Lie group, for example the affine, or projective groups, or an angle-
preserving transformation from the conformal group, depending upon the camera
model.
It is therefore natural to seek representations of objects that do not change as these
various transformation groups act. If the space of objects is denoted M and the
transformations form a Lie group G , then mathematically one seeks a way to study
objects in M/G , such as by seeking G -invariant functions on M . Mathematical
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invariants provide a useful way to identify sets of objects that are the same up to
some equivalence relation, since the functions are constant for objects in the same
equivalence class (orbits of the group). For images, rather than considering the image
of the object, one constructs an invariant signature of some kind, which represents
the object modulo the action of elements from the relevant group. This has been
considered extensively by Olver and co-authors for the case of outlines of objects
[6, 24]. We extend this by considering the case of signatures for images rather than
outlines of curves under a variety of planar Lie transformation groups, particularly
those of relevance to image analysis.
In this paper our aim is to follow the mathematical underpinnings of constructing
differential invariant signatures for images under the action of (nested) planar Lie
groups, and to summarise the impediments to a practical implementation, including
the number of derivatives required. We demonstrate three distinct methods of com-
puting differential invariants: by tensor contraction, using the theory of transvec-
tants, and via the method of moving frames, applying the methods to a variety of
the planar Lie groups, and providing sample signature sets for the various groups we
consider, together with an example of a sample signature surface based on a random
transformation of a simple, smooth image.

1.1. Invariant signatures of images
A greyscale image can be viewed as a two-dimensional manifold embedded in a three
dimensional ambient space, with coordinates (x, y, f(x, y)) . A signature I(f) ∈ Rm

has coordinates I(f) = (I1, I2, . . . , Im) , where each Ii is a function of f(x, y))
and its derivatives, and will therefore be a two-dimensional manifold embedded in
Rm . Under a change of coordinates (x, y) 7→ (x̄, ȳ) induced by a group action, the
signatures of the original image and transformed version f̄(x̄, ȳ) = f(x, y) will be
the same. The introduction of an invariant signature reduces the object recognition
problem modulo some transformation group to one of comparing the signatures of
the objects, rather than the images themselves. We do not consider the question of
classification further in this paper; a standard image recognition algorithm can be
used (see, e.g., [62] for a survey), or a matching method such as [4] can be used.
We define a k -colour image as a triple (f,Ω, k) where Ω ⊂ Rn (typically, images
are planar, so n = 2), 1 ≤ k ∈ Z is the number of colour channels, and f : Ω → Rk .
The function f will be taken to be as smooth as necessary. Consider a (finite or
infinite-dimensional) local transformation group G . A transformation φ ∈ G acts
on images by φ · (f,Ω, k) = (f ◦φ−1, φ(Ω), k) . We mostly consider greyscale images,
so k = 1 . Also, since we work locally, we will usually omit the domain Ω .
In order to define differential invariants, it is necessary to identify how the group
transformation φ acts on derivatives of the function f via the jet space [31, 41].
The d-th order jet space Jd is coordinatised by the function itself and the set of all
partial derivatives of the function up to order d .
(Note that there are

( d+ k − 1
k

)
partial derivatives of order d .)

As the group G is local, it acts naturally on derivatives of the transformation, and so
each individual transformation φ ∈ G can be prolonged to act on the jet space Jd .
We can thus prolong the action of the group and consider the action of G on not just
f , but all derivatives of f up to order d . A d-th order differential invariant is then a



Brown, Marsland, McLachlan 711

local scalar function I : Jd(f,Ω, k) → R that is invariant under the action of G , i.e.,
I(φ(f,Ω, k)) = I(f,Ω, k)∀φ ∈ G . It can also be useful to consider the maximum
order of derivative in the invariant, which we term the degree, e.g., f 2

xyfxfy has
degree 2.
The methods we use to construct the invariants, particularly the moving frame,
produce invariants that are singular at points such as critical points. In all groups
considered the invariants are rational functions of the derivatives of the function.
Moreover, the denominators of these functions are powers of each other, and so it is
possible to clear the denominators, thereby removing the singularity, by a projection
technique that will be introduced in Section 2.3.
For the case of two-dimensional greyscale images it is often convenient to work in
coordinates. In this case the transformation group action by a coordinate transfor-
mation φ : R2 → R2 is given by (where f and x denote the original image and
coordinates, and f̄ and x̄ the transformed versions):

x 7→ x̄ = φ(x). (1)

The transformed image is then defined to be:

f̄(x̄) = (f ◦ φ−1)(x̄) = f(x). (2)

Derivatives of f̄ and f can be related by the chain rule, for example the first order
derivatives are given by:

fx = f̄x̄x̄x + f̄ȳȳx and fy = f̄x̄x̄y + f̄ȳȳy (3)

where x̄x = ∂φ1

∂x
(x, y) , et cetera.

A signature set is the image of m invariants I = (I1, I2, . . . , Im) . For simplicity
of notation we will write I(f) ⊂ Rm with the understanding that each signature
component is actually acting on the jet space Jd(f,Ω, k) ; see Section 2.1 for a basic
example. A signature set is complete for f if it determines f up to transformations
from G , i.e., if I(f̃)(Ω̃) = I(f)(Ω) implies that there exists a transformation φ ∈ G
such that f̃ = φ · f and Ω̃ = φ(Ω) .
Ideally, an invariant signature would be complete, so that the image is exactly de-
termined by the signature up to a transformation, and two objects share a signature
if and only if they differ only by a transformation from G . However, there are some
pathological scenarios that occur regularly in images, particularly that flat regions
of images collapse down to single points in the signature (as all of the derivatives are
zero in these regions). Then images that are otherwise similar (apart from the size of
one of these regions) cannot be distinguished. However, the number of dimensions
m of the ambient manifold can increase markedly for complete signatures, increasing
the computational cost and making it impossible to visualise the signature surface.
For many applications an incomplete signature is sufficient, and is what we consider
here, favouring signatures in three coordinates, since for greyscale images, R3 is the
smallest space in which the signature surfaces can reside. If the signature is not
complete, then there will be a ‘bad set’ of images that cannot be distinguished from
each other. The codimension of the bad set is defined as the difference between the
dimensionalities of the whole space and of the bad set. The codimension should
ideally be large, meaning that the dimension of the bad set would be small.
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In addition to a bad set of high codimension, in order for the invariant signatures
to be useful to identify similarity in images, there are two other key considerations:
they must vary continuously with respect to the image, and they must be robust
with respect to occlusions, where one object obscures some part of another. These
constraints are essential if the signature is to be used to detect similarity of images,
but the first fails for the rational invariants found in the literature. Such consider-
ations lead one naturally to consider local invariants, i.e., those defined using each
point of the object as its own basepoint, together with a neighbourhood in some
topology. This is sufficient to compute, e.g., derivatives of an object. For this rea-
son we focus on differential invariants. The disadvantage of such invariants, as we
shall discuss, is the need to compute several orders of spatial derivative of the image.
See [38] and references therein for more discussion about the desirable properties of
a set of invariants for image and curve analysis.

1.2. Relevant groups
The set of groups that we consider are shown as a lattice in Figure 1, where the
size of the groups decrease down the page, and the arrows denote the subgroup
relationship. There is an important relationship between a group and its subgroups
for invariants, which is that invariants of a group are automatically invariants of its
subgroups. This means that care is needed to distinguish between the two, with
further invariants that are known not to be invariant in the supergroup included.
The finite-dimensional groups in this lattice were chosen because they are the only
planar Lie groups that include translation and have locally primitive algebras (that
is, for any open subset of the plane, there is no one-dimensional foliation that is
left invariant by the action of the corresponding group [20]). This makes them the
groups most directly relevant to image transformations. The infinite-dimensional
(pseudo-Lie) examples are likewise those most likely to be of interest for image
transformation, in particular the full diffeomorphism group, which is commonly
used for image registration for medical images, see e.g., [61].

1.3. Relevant literature
The theory of invariants has a rich mathematical history, starting from invariants of
forms [9], where the invariants are polynomials in the coefficients of the forms, see
e.g., [30, 42] for an overview. Geometric considerations and differential invariants
followed fairly quickly [5, 48, 54, 59], particularly because they enabled the classi-
fication of differential equations into equivalence classes [8, 34, 35]. More recently,
this has been extended, primarily by Olver and collaborators, see e.g., [41] and [42]
for summaries.
There has been a long-standing interest in constructing invariants for image recog-
nition and pattern analysis, see e.g., [39] and [60]. This was set in the context of
Lie’s invariants by [58], where the concept of a joint (or semi-) differential invariant
(an invariant that acts on the joint action of the transformation group, see [12, 43])
was introduced [57]; see also [26].
A variety of function spaces have allowed for the creation of different sets of invariants
for particular groups. For the Euclidean group, the Fourier transform provides a
useful tool [18, 19, 51, 56], and this can be extended to the affine group using the
Fourier-Mellin transform [49, 63] and the bispectrum [28, 40]. Alternatively, integral
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invariants [15, 36] and geometric moments can be computed. For the similarity
group applied to images the original reference is [25], but see also [23] for affine
transformations, [17] for an implicit representation, and [47] for their use in a binary
pattern for image recognition, which is somewhat related to the invariant features
such as SURF [3].

Diff

Diffvol Diffcon

PSL(3,R)

PSL(2,C)
A(2)

Sim(2)SA(2)

E(2)

SE(2)

T (2)

Figure 1: The lattice of groups considered in this paper. The edges identify sub-
groups.

The group that has been of particular interest for image analysis is the projective
group, because of its ubiquity in camera models. Invariants for this group have
been computed using points [21, 52], geometric moments [53], curvature [22], and
differential and joint invariants [2, 27, 29, 33]. In particular Olver, in [46], uses the
same approach as we do in §4.4, but with a different moving frame normalization
to produce a different set of projective image invariants.
Although there are computational challenges regarding the numerical approximation
of derivatives on images, the fact that differential invariants are robust to occlusion,
cheap to compute, and are based on local computations, has made them popular
for researchers in image analysis [16]. Two particular tools have been key to this:
Cartan’s moving frame [7] (see Section 4), which was used to construct image
invariants as early as 1994 by [11], and the concept of an image signature built from
a set of invariants [6]. An algorithm to compute differential and joint invariants
and determine complete signature sets is described by [44, 45] The entire set of
invariants is computed using the method of moving frames and then the signature
set of a maximal set of functionally independent invariants is identified. A third step
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is possible, in which the dimension of the signature set is reduced by eliminating
those invariants whose values can be computed from the values of derivatives of
some subset of the invariants. Further work, including applications to ODEs and
the Calculus of Variations can be found in [37].

2. Differential invariants by direct computation

2.1. Translations
The most basic transformation group of a image is the translation group T (2) : R2 →
R2 with elements of the form φ(x) = x+t for fixed t . These could arise from actions
such as cropping a photo.
We could explicitly write the calculation in Eq. 3 for this case, but instead provide an
intuitive explanation. Consider a point in the original image, and the corresponding
point in the transformed one. Clearly, the intensity value of the points match, and so
do their first spatial derivatives. These three quantities can be used as coordinates
in a new space, where the two image points will correspond. Computing these
coordinates for all image points will define a surface in the new three-dimensional
space, and the two images will produce the same surface, the signature, I(f)(x, y) =
(I1, I2, I3) where I1 = f, I2 = fx, I3 = fy .
For each signature set that we derive, it is informative to see an example signature
of the kind of surface that is defined, normally a two-dimensional surface in three-
dimensions. We will apply a small random transformation from the relevant group
to a single continuous image and plot the signature before and after this transfor-
mation has been applied. This is an aid to understanding rather than any form of
demonstration of the robustness of our signature sets.

Figure 2: The test function used as an image, defined in Eq. (4). On the left the
image itself is shown, while on the right a version with a regular grid superimposed
is given.

The image we use is a continuous function (thus avoiding numerical issues in the
approximation of derivatives) defined on [−1, 1]× [−1, 1] as:

f(x, y) = exp(−2x2 − 4 sin2(y + 0.5x2)) (4)
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The function is depicted as a greyscale image in Fig. 2. We will use this func-
tion throughout, using the grid on the right of the figure to help visualise both the
transformation and how the image is mapped into the three-dimensional signature
surface. Note that there is nothing particularly special about this particular func-
tion; it has relatively well-behaved derivatives, includes a critical point, and decays
towards the boundary of the image.

(a) (b)

(c) (d)

Figure 3: (a), (b) The image before and after the T (2) transformation (x, y) 7→
(x + 0.1, y − 0.2) . (c) the signature of the image (before translation). (d) the
signatures before (blue) and after (red) the translation superimposed, showing that
the signature surface is invariant.

Fig. 3 shows (a) the original image, (b) the translated image under the transforma-
tion (x, y) 7→ (x+0.1, y−0.2) , (c) the signature of one of them, (d) the superimposed
pair of signatures. The yellow lines in (c) correspond to places where the yellow grid
from (a) has been mapped to on the signature surface. The parts of the surface
where the mesh gets close together are where the function and its derivatives are
tending towards zero. This occurs around the boundary of our test image and so
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all of these points are close together in the signature space. In (d), notice that as
some of the image has moved out of frame, there are parts of the signature surfaces
of the two images that do not overlap.

2.2. Differential invariants through tensor contraction
While we avoid the use of tensors in most of this study, there is a notable exception
to be made for the Euclidean transformation group E(2) . In this setting we can
restrict ourselves to Cartesian tensors, where we need make no distinction between
covariance and contravariance as they are equivalent. We therefore use subscript
indices exclusively.
In this setting, a Euclidean transformation acting on R2 is given by an expression
of the form:

x̄i = aijxj + bj,

using the Einstein summation convention. The orthogonality condition is that
aikajk = akiakj = δij . A Euclidean transformation φ : R2 → R2 can also be written
in matrix form as x̄ = φ(x) = Ux + t where the matrix U satisfies UTU = I and
t ∈ R2 .
With respect to R2 , a Cartesian tensor of rank p , or p-tensor is a 2p -tuple of real
numbers Ci1...ip whose components transform under a Euclidean transformation as:

C̄i1...ip = ai1j1 · · · aipjpCj1...jp

and a 0-tensor is a scalar, or invariant.
The main observation is that in this setting, the nth order partial derivative operator
∂n/∂xi1

· · · ∂xin
formally transforms as an n-tensor, [16]. Because the product of a

p-tensor and a q -tensor gives a (p+ q)-tensor and contraction of a p-tensor yields a
(p− 2)-tensor, a complete contraction of a tensor of even rank formed as a product
of terms of the form ∂pf/∂xi1

· · · ∂xip
will give a Euclidean invariant.

For example, up to second derivatives, we have the following Euclidean invariants,
expressed as tensor contractions:

I0 = f = f ,

I1 = fifi = f 2
x + f 2

y ,

I2 = fii = fxx + fyy ,

I3 = fijfij = f 2
xx + 2f 2

xy + f 2
yy ,

I4 = fifjfij = f 2
xfxx + 2fxfyfxy + f 2

y fyy .

(5)

While we can construct any number of invariants this way, there is no guarantee
of functional independence between them. We will address this issue in Section 4
when we construct invariants of E(2) and other groups using the method of moving
frames. We can form a signature from any three of the invariants in Eq. (5), for
simplicity we choose our signature to be:

IE(2) = (I0, I1, I2). (6)

A sample E(2) transformation is depicted in Fig. 4 with its corresponding signature.
We will defer discussion of the Special Euclidean group (which excludes reflections)
until Section 4.1, where suitable invariants naturally arise from the method of moving
frames.
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Figure 4: A sample E(2) Transform and 3D signature.

2.3. The similarity group
The similarity group Sim(2) consists of transformations of the form x̄ = φ(x) =
sUx + t , where UTU = I and s ∈ R \ {0} . It is like the Euclidean group except
it also allows for isotropic scaling. In image applications, similarity transformations
arise from operations like zooming.
Under transformations by Sim(2) , the Euclidean invariants become relative invari-
ants, i.e., each derivative introduces a multiple of s to each invariant. For example,
f̄ 2
x̄ + f̄ 2

ȳ = s2(f 2
x + f 2

y ) and f̄ 2
x̄x̄ + 2f̄ 2

x̄ȳ + f̄ȳȳ = s4(f 2
xx + 2f 2

xy + f 2
yy ). We refer to the

power of s as the weight of the transformation. The concept of a relative invariant
will be important in the rest of this paper. It follows the definition given here, except
that the function weighting the invariant is more general, see [12] for more details.
In contrast to that paper, we will continue to use the term weight to represent the
power to which the function is raised.
One way to produce similarity invariants would be to take ratios of powers of the
Euclidean invariants (5) so that the multiples of s cancel. For example f2

x+f2
y

fxx+fyy

is the ratio of two weight-2 relative invariants and is hence a similarity invariant.
However, this invariant is singular whenever fxx + fyy = 0 , which is a codimension
0 phenomenon for images.
A better approach is to take three invariants of the same weight. Taking I21 , I22 ,
and I3 from (5), all of which are weight 4 , defines a surface up to scale, and so they
can be projected on to the unit sphere. We therefore multiply by another invariant
to form the signature surface; an appropriate choice is I0 = f . This signature is
defined by:

ISim(2)(f) =
f√

I41 + I42 + I23
(I21 , I

2
2 , I3). (7)

It is only singular when fx = fy = fxx = fyy = fxy = 0 . A sample similarity
transformation and computed signature is shown in Fig. 5.

3. Differential invariants through transvectants
Another way to compute invariants is to compare the simultaneous action of a
group element on separate copies of the underlying space (for planar images, R2 ).
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By identifying these spaces with each other it is possible to construct a function
known as a transvectant that is a relative invariant to that group action.

Figure 5: A sample Sim(2) transform and 3D signature.

We will demonstrate this for the affine group A(2) and its subgroup SA(2) where,
following the treatment by [42], this leads to Cayley’s Omega Process [10].
Consider xi ∈ R2, i = 1, 2 , so that xi can be written in coordinates as (xi, yi) ; a
pair of such x lie in R2×R2 . Now consider applying the same affine transformation
to each x independently: xi 7→ Axi + b where A ∈ GL(2,R) and b ∈ R2 . Then
the Omega Process is a second-order differential operator defined by:

Ωij =

∣∣∣∣∣ ∂
∂xi

∂
∂yi

∂
∂xj

∂
∂yj

∣∣∣∣∣ = ∂2

∂xi∂yj
− ∂2

∂xj∂yi
. (8)

Under the above affine transformation, Ωij 7→ (detA)−1Ωij , and is therefore a
relative invariant. Note that (detA)−1 has no dependence on the coordinates. The
Omega Process can be applied to products of pairs of smooth functions as follows,
writing ∂f

∂x
as fx :

Ωij (f(xi, yi)g(xj, yj)) = fxi
gyj − fyigxj

. (9)

Identifying xi = xj = x, yi = yj = y gives functions of x and y that only vary by
a scaling factor of (detA)−1 when x is mapped by an affine transformation. This
matches the definition of a first-order partial transvectant of two functions:

trΩijf(xi, yi)g(xj, yj), (10)

where tr is the operator that identifies the coordinates of each function xi = xj =
x, yi = yj = y .
This can be generalised to n functions f (1)(x1, y1), . . . , f

(n)(xn, yn) and r -th order
[41] to define a partial transvectant as:

tr
[
(Πr

k=1Ωikjk) f
(1)(x1, y1)f

(2)(x2, y2), . . . f
(n)(xn, yn)

]
, (11)

where ik 6= jk ∈ {1, . . . , n} .
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Under this formula there is a factor (detA)−r in place of (detA)−1 that we saw
previously, when all n copies of R2 are transformed by the same affine function
x 7→ Ax+ b . Note that the individual pairwise Omega processes commute.
For the current case it is sufficient to consider n copies of the same function f . If
we represent each copy of R2 as a node in an undirected graph, and each Omega
process Ωij as an edge joining nodes i and j , a partial transvectant can be compactly
represented in a graphical form. For example, consider a weight 2 transvectant
defined as:

tr [(Ω12Ω12)f(x1, y1)f(x2, y2)]

= tr [(∂x1y2 − ∂x2y1)(∂x1y2 − ∂x2y1)f(x1, y1)f(x2, y2)]

= tr [(∂x1y2 − ∂x2y1) (fx(x1, y1)fy(x2, y2)− fy(x1, y1)fx(x2, y2))]

= tr2 [fxx(x1, y1)fyy(x2, y2)− fxy(x1, y1)fxy(x2, y2)]

= 2fxx(x, y)fyy(x, y)− 2fxy(x, y)
2.

This is a degree 2 partial transvectant as it involves derivatives of f up to second-
order, and can be represented graphically by the following diagram:

1 2

where the double edge corresponds to the two copies of Ω12 (the names are purely
for convenience), i.e., the weight is the number of edges in the graph.
Tables 1 and 2 show all possible non-zero partial transvectants of A2 up to weight
4 that can be generated in this way.
Owing to the group-subgroup structure some of these partial transvectants appear
in signatures from other transformation groups, so for future reference, we define:

C = fxxfyy − f 2
xy,

D = f 2
xfyy − 2fxfyfxy + fxxf

2
y ,

E = fxxxf
3
y − 3fxxyfxf

2
y + 3fxyyf

2
xfy − fyyyf

3
x .

(12)

3.1. Signatures of SA(2) and A(2)

The action of the affine group A(2) arises in images as the motion of planar objects
in images taken from a distant camera. Because SA(2) is a subgroup of A(2) ,
any invariant of A(2) is also an invariant of SA(2) , but not necessarily vice-versa.
Any of the partial transvectants found in Tables 1 and 2 are invariants of SA(2) as
the determinant is 1 . Hence, we can form a signature for SA(2) by choosing any
combination of partial transvectants. We choose a signature with three components
so that it can be visualised as a three-dimensional surface; note that this will not
be complete and may well have a very large bad set. For example, we can choose
the function value together with C and D from Eq. (12) to form the signature:

ISA(2)(f) = (f, C,D) . (13)

Fig. 6 shows the signature of our test image under an SA(2) transformation.
For A(2) the weight of the partial transvectants prevents them from being invariants.
There are two options to create a signature. One is to select ratios of partial
transvectants, as discussed in Section 2.3.
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Degree Weight Diagram Partial transvectant

2 2 1 2 2fxxfyy − 2 (fxy)
2

2 2
1

2 3
(fx)

2 fyy − 2fxfyfxy + fxx (fy)
2

2 4
1

2 3

4
2 (fxx)

2 (fyy)
2 − 4fxxfyy (fxy)

2 + 2 (fxy)
4

2 4

1
2

3 4

5
(fx)

2 fxx (fyy)
2 − (fx)

2 fyy (fxy)
2

− 2fxfxxfyfyyfxy + 2fxfy (fxy)
3

+ (fxx)
2 (fy)

2 fyy − fxx (fy)
2 (fxy)

2

3 3
1

2 3
−fxfxxfyyy − fxfyyfxxy + 2fxfxyfxyy
+ fxxfyfxyy + fxxxfyfyy − 2fyfxyfxxy

3 3
1

2 3

4 − (fx)
3 fyyy + 3 (fx)

2 fyfxyy − 3fx (fy)
2 fxxy

+ fxxx (fy)
3

3 4
1

2 3
2fxxfyyyfxxy − 2fxx (fxyy)

2 + 2fxxxfyyfxyy
− 2fxxxfyyyfxy − 2fyy (fxxy)

2 + 2fxyfxyyfxxy

3 4
1

2 3

4
−fxfxxfyyfxyy + fxfxxfyyyfxy − fxfxxx (fyy)

2

+3fxfyyfxyfxxy −2fx (fxy)
2 fxyy − (fxx)

2 fyfyyy
− fxxfyfyyfxxy + 3fxxfyfxyfxyy
+ fxxxfyfyyfxy − 2fy (fxy)

2 fxxy

3 4
1

2 3

4 2 (fx)
2 fyyyfxxy − 2 (fx)

2 (fxyy)
2

− 2fxfxxxfyfyyy + 2fxfyfxyyfxxy
+ 2fxxx (fy)

2 fxyy − 2 (fy)
2 (fxxy)

2

3 4

1
2

3 4

5

− (fx)
3 fyyfxyy + (fx)

3 fyyyfxy
− (fx)

2 fxxfyfyyy + 2 (fx)
2 fyfyyfxxy

− (fx)
2 fyfxyfxyy + 2fxfxx (fy)

2 fxyy
− fxfxxx (fy)

2 fyy − fx (fy)
2 fxyfxxy

− fxx (fy)
3 fxxy + fxxx (fy)

3 fxy

Table 1: Details and graphical representations of all partial transvectants up to
degree 3 of copies of a function f under a transformation in A(2) .
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Degree Weight Diagram Partial transvectant

4 4 1 2 fxxxxfyyyy − 4fxyyyfxxxy + 3f2
xxyy

4 4
1

2 3
f2
xxfyyyy + 2fxxfyyfxxyy − 4fxxfxyfxyyy
− 4fyyfxyfxxxy + 4f2

xyfxxyy + fxxxxf
2
yy

4 4
1

2 3

fxfxxxfyyyy − fxfyyyfxxxy + 3fxfxyyfxxyy
− 3fxfxyyyfxxy − fxxxfyfxyyy + fxxxxfyfyyy
− 3fyfxyyfxxxy + 3fyfxxyfxxyy

4-4 4

1
2

3 4

5 (fx)
4 fyyyy − 4 (fx)

3 fyfxyyy + 6 (fx)
2 (fy)

2 fxxyy
− 4fx (fy)

3 fxxxy + fxxxx (fy)
4

Table 2: Details and graphical representations of all partial transvectants of weight
4 of copies of a function f under a transformation in A(2) .

Figure 6: A sample SA(2) transformation applied to our test function, and the
corresponding signature.
It is then beneficial to choose the numerator and denominator so that they have dif-
ferent critical points, which can be achieved by adding together partial transvectants
of the same weight as appropriate. Instead, we employ the same normalisation strat-
egy as previously, projecting the weight four relative invariants (C2, D2, E) onto the
unit hypersphere and multiplying by f . In this way, our signature is:

IA(2) =
f√

C4 +D4 + E2
(C2, D2, E) (14)
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We will subject our test image to the special affine transformation: Fig. 7 shows the
signature of our test image under this transformation.

Figure 7: A sample A(2) transformation applied to our test function, and the
corresponding signature.

4. Differential invariants through moving frames
So far, the methods that we have seen to construct differential invariants for par-
ticular groups are not directly generalisable. It is natural to ask if there is an algo-
rithmic approach that will yield invariants more directly. The answer is a qualified
yes. There is a general method, based on Cartan’s method of moving frames, that is
generally applicable, but finding good solutions with it still requires some ingenuity
in general. Olver and co-authors have developed [14] and popularised the approach,
and made it applicable to object recognition based on outline curves, see [44] for an
overview, and note particularly the original application paper [6]. We introduce the
method here and then demonstrate its use to find invariants to further groups, but
for further technical details see [42].
A moving frame is a mapping into a group G that provides a frame of reference along
a manifold. It was used by [7] as the basis for his ‘method of moving frames’, which
uses Cartan equivalence to identify the set of structural invariants of a manifold.
[13, 14] showed that the actions of a Lie group G enable the identification of
invariants to that group through the definition of a G -equivariant mapping.
A (right-) moving frame is a smooth G -equivariant map ρ : M → G such that
ρ(g · z) = ρ(z) · g−1 , where z ∈ Jd and where “ ·” denotes the group operation of
G . It is necessary [43] for the group to act freely. This means that the group action
needs to be extended to the entire jet space of derivatives up to order d by implicit
differentiation of the group action, a process known as prolongation.
The procedure to construct differential invariants to the action of Lie group G acting
on manifold M using the method of moving frames is as follows:

1. Prolong the group action to the jet space of d-th order derivatives Jd .
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2. Apply Cartan normalisation:

(a) Choose a local cross-section to the group orbits, i.e., a (d − dimG )-
dimensional submanifold K that intersects transversally at most once
with each orbit

(b) K is specified by dimG independent equations Zi(z) = ci , for z ∈ Jd ,
and Zi scalar-valued functions and ci constants.

(c) The right-moving frame g = ρ(z) is found by solving the normalisation
questions Zi(g · z) = ci for the group parameters g (in terms of z ). In
other words, the moving frame is the transformation back to the cross-
section.

3. The differential invariants are not affected by the action of the group: I(g·z) =
I(z) ∀z ∈ domI , or equivalently, are constant on the orbits.

Cartan normalisation can be considered as identifying a canonical subspace (with
some coordinates fixed) in the jet space to which any point in the jet space can be
mapped by a group action.
[42] uses the group SE(2) on curves as an example, recovering the Euclidean cur-
vature as a second-order invariant. We continue this example to compute invariants
to SE(2) for images, before moving on to other planar Lie group examples: E(2) ,
the Möbius group (PSL(2,C)) and the projective group (PSL(3,R)). Finally, we
apply the method to an infinite-dimensional pseudo-Lie group, the conformal diffeo-
morphisms.

4.1. The special Euclidean group SE(2)
An element of the special Euclidean group SE(2) acts on an element (x, y) of R2

to produce (x̄, ȳ) as:

x̄ = x cos θ − y sin θ + tx and ȳ = x sin θ + y cos θ + ty.

We prolong the group action to form the jet space J2 with coordinates (x, y, f, fx ,
fy, fxx, fxy, fyy) via the chain rule. The transformation rule for the derivatives is
given by: 

f̄x̄
f̄ȳ
f̄x̄x̄
f̄x̄ȳ
f̄ȳȳ

 =


c −s 0 0 0
s c 0 0 0
0 0 c2 −2cs s2

0 0 cs c2 − s2 −cs
0 0 s2 2cs c2



fx
fy
fxx
fxy
fyy

 , (15)

where c = cos θ and s = sin θ . Because the group has three parameters, we choose
the cross-section of the group orbits to be x̄ = 0, ȳ = 0, f̄ȳ = 0 . We also require that
f̄x̄ > 0 to uniquely define the moving frame. Note that the group action is locally
free (away from critical points) when prolonged to J1 , however we prolong to J2

in order to compute invariants. The moving frame is then given by the prolonged
Euclidean transformation that maps an element of J2 to this cross-section. It can
be thought of as rotating the image about that point so that its gradient is pointing
in the positive x direction, and then translating the image so the point is mapped
to the origin.
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This choice of moving frame gives cos θ = fx/‖∇f‖ and sin θ = −fy/‖∇f‖ . The
parameters tx, ty are then tx = −x cos θ+y sin θ and ty = −x sin θ−y cos θ , however
these have no effect on the derivatives, and will henceforth be ignored.

Figure 8: A sample SE(2) transform and 3D signature.

The remaining elements not fixed by the cross-section, f̄ , f̄x̄ , f̄x̄x̄ , f̄x̄ȳ , and f̄ȳȳ , are
therefore all invariant. This gives the following set of invariants:

K0 = f

K1 = f 2
x + f 2

y (= f̄ 2
x̄)

K2 = f 2
xfxx + 2fxfyfxy + f 2

y fyy (= K1f̄x̄x̄)

K3 = fxfy(fyy − fxx) + fxy(f
2
x − f 2

y ) (= K1f̄x̄ȳ)

K4 = f 2
y fxx − 2fxfyfxy + f 2

xfyy (= K1f̄ȳȳ).

(16)

Note that we have multiplied each of the second derivative invariants by the invariant
K1 so that they decay smoothly to zero at critical points. Interestingly, K4 is the
affine invariant D from Eq. (12) and K1 and K2 are also Euclidean invariants, so
we need to include K3 in our signature:

ISE(2)(f) = (f,K1, K3). (17)

Fig. 8 shows the signature of our test image under a sample transformation of SE(2) .

4.2. The Euclidean group E(2)
An element of the Euclidean group E(2) maps an element (x, y) of R2 to (x̄, ȳ) as:

x̄ = xε cos θ − yε sin θ + tx and ȳ = x sin θ + y cos θ + ty.

where ε ∈ {−1, 1} and the remaining parameters are the same as for SE(2) . If
ε = 1 it is a rigid transformation, and if ε = −1 it contains a reflection.
This time, the group action is not free on J1 (with elements of the form (x, y, f, fx, fy))
away from critical points because there are two possible transformations that map
to the cross-section (0, 0, f̄ , f̄x̄, 0) where f̄x̄ > 0 , one that reflects the gradient into
the positive x direction, and one that rotates.
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We again prolong the group action to J2 , but this time we expect to need to use
a second derivative term to determine ε for the moving frame. The derivative
transformations are given by:

f̄x̄
f̄ȳ
f̄x̄x̄
f̄x̄ȳ
f̄ȳȳ

 =


εc −εs 0 0 0
s c 0 0 0
0 0 c2 −2cs s2

0 0 εcs ε(c2 − s2) −εcs
0 0 s2 2cs c2



fx
fy
fxx
fxy
fyy

 , (18)

where again c = cos θ and s = sin θ .
We begin by choosing the same cross-section as for SE(2) , namely x̄ = 0 , ȳ = 0 ,
f̄ȳ = 0 , f̄x̄ > 0 . This gives cos θ = εfx/‖∇f‖ and sin θ = −εfy/‖∇f‖ . Under this
transformation, regardless of whether ε = 1 or ε = −1 , the derivative f̄x̄ = ‖∇f‖ .
The only second derivative term in which ε appears is the f̄x̄ȳ term, so we use this
to resolve the sign. Substituting in for cos θ, sin θ , we see that:

f̄x̄ȳ =
ε(fxfy(fyy − fxx) + (f 2

x − f 2
y )fxy)

f 2
x + f 2

y

.

This suggests choosing ε to make f̄x̄ȳ ≥ 0 . The moving frame is then fully specified,
and the remaining derivatives give the same invariants K0, K1, K2, K4 as for SE(2) ,
(16), the one difference being:

K̂3 = |fxfy(fyy − fxx) + fxy(f
2
x − f 2

y )| (19)

These invariants are a functionally independent, complete, set of polynomial differ-
ential invariants up to second derivatives. Note that the invariants found previously
by tensor contraction Eq. (5) in Section 2.2 can be expressed in terms of them (see
the replacement theorem in [14] for a justification of this):

f = f = K0, fifi = f 2
x + f 2

y = K1

fii = fxx + fyy =
K2 +K4

K1
, fijfij = f 2

xx + 2f 2
xy + f 2

yy =
K2

2 +K2
4 + 2K2

3

K2
1

fifjfij = f 2
xfxx + 2fxfyfxy + f 2

y fyy = K2.

4.3. The Möbius group
The Möbius group PSL(2,C) acts on the Riemann sphere C = C ∪∞ by:

ϕ : C → C, ϕ(z) =
αz + β

γz + δ
, α, β, γ, δ ∈ C, αδ − βγ 6= 0. (20)

Identifying R2 with C , the Möbius group is a real 6-dimensional local Lie group
acting on R2 . It is the smallest nonlinear planar group that contains SE(2) , and
it also has direct applications in image processing since it arises in the conformal
camera model of vision, in which scenes are projected radially onto a sphere [32, 55];
it is also the set of biholomorphic maps of the Riemann sphere.
We are free to take δ = 1 . Then f̄ = f means that z is translated to β ; we can
therefore take β = 0 . This leaves 4 group parameters a, b, c, d , where α = a + ib ,
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γ = c+ id , to be determined as follows. We prolong the action to second derivatives
of f , which is sufficient to allow the group to act freely. There are 5 derivatives of f
up to order 2, so there will be at least 1 invariant. In order to find further invariants
the prolongation to 3rd derivatives is required, which will result in at least another
four invariants. This simple counting argument works because the group acts freely
on the prolongation. The prolonged action is:

f̄x̄
f̄ȳ
f̄x̄x̄
f̄x̄ȳ
f̄ȳȳ

 =


a b 0 0 0
−b a 0 0 0
2µ −2ρ a2 2ab b2

2ρ 2µ −ab a2− b2 ab
−2µ 2ρ b2 −2ab a2



fx
fy
fxx
fxy
fyy

 . (21)

where µ = bd− ac and ρ = bc+ ad . The moving frame calculation is then:

1. The partial cross-section f̄x̄ = 1 , f̄ȳ = 0 determines two group parameters:

a = fx/(f
2
x + f 2

y ), b = fy/(f
2
xf

2
y ).

2. The partial cross-section f̄x̄ȳ = f̄ȳȳ = 0 determines the next group parameters:

c = (2fxfyfxyy − fxxf
2
y − fyyf

2
x)/(2f

2
x + f 2

y )
2

d = (fxyf
2
x − fxfyfxx − fxyf

2
y − fyyfxfy)/(2f

2
x + f 2

y )
2.

3. The second-order invariant is then given by f̄x̄x̄ using Eq. (21):

f̄x̄x̄ =
fxx + fyy
f 2
x + f 2

y

.

The four third-order invariants can be deduced from the moving frame. They
are rational functions with numerators of degree 6 and denominators (f 2

x + f 2
y )

4 ,
and are relative invariants of weight 8. Clearing denominators so as to work with
polynomials, we choose M1 = (fxx+fyy)

4 and two of the four third-order invariants
M2 and M3 :

M2 = f 5
y fyyy +

9
2
f 2
y f

2
yyf

2
x + f 3

y fyyyf
2
x + 3

2
f 2
yyf

4
x − 9f 3

y fyyfxfxy + 3fyfyyf
3
xfxy

+ 3
2
f 4
y f

2
xy − 9f 2

y f
2
xf

2
xy +

3
2
f 4
z f

2
xy + 3f 4

y fxfxyy + 3f 2
y f

3
xfxyy + 3f 4

y fyyfxx

+ 3fyyf
4
xfxx + 3f 3

y fxfxyfxx − 9fyf
3
xfxyfxx +

3
2
f 4
y f

2
xx +

9
2
f 2
y f

2
xf

2
xx + 3f 3

y f
2
xfxxy

+ 3fyf
4
xfxxy + f 2

y f
3
xfxxx + f 5

xfxxx,

M3 = −3fyf
2
yyf

3
x + f 2

y fyyyf
3
x + fyyyf

5
x + 9f 2

y fyyf
2
xfxy − 3fyyf

4
xfxy − 6f 3

y fxf
2
xy

+ 6fyf
3
xf

2
xy − 3f 3

y f
2
xfxyy − 3fyf

4
xfxyy − 3f 3

y fyyfxfxx + 3fyfyyf
3
xfxx

+ 3f 4
y fxyfxx − 9f 2

y f
2
xfxyfxx + 3f 3

y fxf
2
xx + 3f 4

y fxfxxy + 3f 2
y f

3
xfxxy

− f 5
y fxxx − f 3

y f
2
xfxxx.

We then form a signature by our usual projection method from the image f and
these three weight 8 relative invariants:

IMöbius(f) =
f√

M2
1 +M2

2 +M2
3

(M1,M2,M3) (22)
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An example is shown in Fig. 9, although note that the signature is singular when
fx = fy = fxx + fyy = 0 , a codimension 1 phenomenon for images.

Figure 9: A sample Möbius transform and 3D signature.

4.4. The projective group
The action of the projective group arises naturally through the movements of the
camera viewing planar objects. We consider the eight-dimensional group PSL(3,R)
acting on R2 by projective transformations, i.e.,

(x, y) 7→
(
ax+ by + j

l + gx+ hy
,
cx+ dy + k

l + gx+ hy

)
. (23)

Requiring that f̄ = f enables us to clear the translation coefficients, so j =
k = 0 ; for convenience we will also take l = 1 . This leaves 6 group parameters
(a, b, c, d, g, h) to be determined. For free action it is necessary to prolong the group
action to 3rd derivatives of f . Since there are 9 derivatives of f of order 1, 2, and
3, there will be at least 3 invariants. The prolonged action is:

f̄x̄
f̄ȳ
f̄x̄x̄
f̄x̄ȳ
f̄ȳȳ
f̄x̄x̄x̄
f̄x̄x̄ȳ
f̄x̄ȳȳ
f̄ȳȳȳ


=



a c 0 0 0 0 0 0 0
b d 0 0 0 0 0 0 0

−2ag −2cg a2 2ac c2 0 0 0 0
−bg−ah −dg−ch ab bc+ad cd 0 0 0 0
−2bh −2dh b2 2bd d2 0 0 0 0
6ag2 6cg2 −6a2g −12acg −6c2g a3 3a2c 3ac2 c3

2gα1 2gβ1 −2aα2 −4δ1 −2cβ2 a2b aγ1 cγ1 c2d
2hα2 2hβ2 −2bα1 −4δ2 −2dβ1 ab

2 bγ1 dγ2 cd2

6bh2 6dh2 −6b2h −12bdh −6d2h b3 3b2d 3bd2 d3





fx
fy
fxx
fxy
fyy
fxxx
fxxy
fxyy
fyyy


. (24)

where α1 = bg+2ah , α2 = 2bg+ ah , β1 = dg+2ch , β2 = 2dg+ ch , γ1 = bc+2ad ,
γ2 = 2bc+ ad , and δ1 = (bcg + adg + ach) , δ2 = (bdg + bch+ adh) .
We begin the construction of the moving frame by choosing f̄x̄ = 1 and f̄ȳ = 0 ,
which determines the group parameters a = (1− cfy)/fx. and b = −dfy/fx . Direct
substition then shows that f̄ȳȳ = Dd2/f 2

x , where D = f 2
xfyy+f

2
y fxx−2fxfyfxyy was

listed in Eq. (12) as an invariant of A(2) , which is a subgroup of PSL(3,R) . Note
that D and f̄ȳȳ have the same sign. If D < 0 , we choose the frame f̄ȳȳ = −1 and
if D ≥ 0 we choose f̄ȳȳ = 1 . Then d = fx/|D|1/2 .
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The partial cross-section f̄ȳȳȳ = 0 determines the group parameter

h =
fyyyf

3
x − 3f 2

xfyfxyy + 3fxf
2
y fxxy − f 3

y fxxx

6|D|3/2
,

while f̄x̄ȳy = 0 provides us with c = hf2
x

dD
− fxfxy−fyfxx

D
, and f̄x̄x̄ = 0 finally leads to

g = 1
2f2

x
(fxx +2c(fxfxy − fyfxx) + c2D) . In fact, the numerator of the expression for

h was another invariant of A(2) labelled as E in Eq. (12).
Having determined the frame, any function of the remaining derivatives f̄x̄x̄x̄ , f̄x̄x̄ȳ ,
and f̄ȳȳȳ , as given in Eq. (24), provides invariants. We choose:

(f̄x̄x̄x̄, f̄
2
x̄x̄ȳ, f̄x̄ȳȳ) =

(
J1
D6

,
J2
D9

,
J3
D3

)
.

The terms J1, J2, J3 can be written in terms of D and E , together with a polynomial
of degree n denoted by Pn .

J1 = E4 +DP13, J2 = (E3 +DP9)
2, J3 = E2 − 12DP5.

The Ji are polynomials of degree 16, 24, and 8, respectively, and are extremely
complicated when written out explicitly. They do have one benefit, though, which
is that they all have denominators given by integer powers of D , resolving the
ambiguity caused by the sign of D . Therefore, (D18, J3

1 , J
2
2 , J

6
3 ) are all relative

invariants of weight 36, and so projecting any subset of them of them to a sphere
yields a third-order invariant signature.
J vanishes on generic images: J = 0 when D = E = 0 , which is a codimension
0 phenomenon for images. In particular, D = E = 0 at critical points. However,
these signatures can be simplified and made more robust. Their structure suggests
considering the combination J1 − J2

3 , which obeys:

J1 − J2
3 = 144D4P4.

As J1/D6 and J3/D
3 are invariant, so is P4/D

2 . Moreover, the numerator of this
new invariant does not vanish at critical points. It has the structure:

P4 = −4(det fij)
2 +Q4,

where Q4 is a polynomial of degree 4 that vanishes when fx = fy = 0 . Hence, the
relative invariant signature of weight 12 (D6, P 3

4 , (E
2 − 12DP5)

2) can be projected
to S2 , yielding a projective invariant of images that is singular only when D = E =
P4 = 0 , which is a codimension 1 phenomenon, since D = E = 0 ⇒ P4 = 0 . In
particular, at critical points it tends to (0, (2 det fij)

6, 0), and hence critical points
with det fij 6= 0 have signature value (0, 1, 0) . Including J2 provides a 4-dimensional
signature set, but does not change the codimension of the set of bad images.

4.5. Conformal diffeomorphisms Diffcon

The conformal camera model is well known. The group of conformal diffeomorphisms
is the subgroup of diffeomorphisms (i.e., smooth functions with smooth inverses) that
are angle-preserving:

∠(u, v) = ∠(Dϕ(x).u,Dϕ(x).v), (25)
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where ∠(u, v) denotes the angle between tangent vectors u and v based at x ∈ R2 ,
ϕ ∈ Diff and D represents the Jacobian. The group is infinite-dimensional, but still
small enough that images have local differential invariants.

Figure 10: A sample PSL(3,R) transform and 3D signature.

The conformal diffeomorphisms provides a particularly nice example of the mov-
ing frame method. Because the group is infinite dimensional, we need to pro-
long the group action to the infinite jet space J∞ with elements of the form
(x, y, f, fx, fy, fxx, fxy, fyy, . . .) .
It is convenient to work in the complex variable z = x + iy . Without loss of
generality, we can assume x = y = 0 . We begin the construction of our cross-
section by choosing x̄ = ȳ = 0 . Then ψ−1 can be represented locally by a Taylor
series of the form:

z = ψ−1(z̄) = c1z̄ + c2z̄
2 + c3z̄

3 + · · · ,
where ck = ak + ibk, k = 1, 2, . . . . We solve for the parameters ak, bk in stages. To
find c1 = a1 + ib1 we need two constraints. Differentiating f(x, y) = f̄(x̄, ȳ) and
substituting in our existing cross-section constraints x̄ = ȳ = 0 gives:

f̄x̄ = fxxx̄ + fyyx̄ = a1fx + b1fy, and f̄ȳ = fxxȳ + fyyȳ = −b1fx + a1fy.

Note that x̄ = ȳ = 0 removes all higher order derivatives from the cross-section
equation. Adding two extra constraints to the cross section, f̄x̄ = 1, f̄ȳ = 0 , this
system is readily solved to give:

a1 = fx/(f
2
x + f 2

y ), b1 = fy/(f
2
x + f 2

y ).

We then repeat the process, this time using the second derivative computations.
There are two new parameters, a2, b2 , to solve for, but there are three derivatives.
We use the cross-section equations f̄x̄x̄ = 0, f̄x̄ȳ = 0 to solve for a2 and b2 , the
remaining derivative f̄ȳȳ is then the sole second-order invariant, which we also saw
for the Möbius group:

f̄ȳȳ =
fxx + fyy
f2
x + f2

y

=
C1

f2
x + f2

y

. (26)

Continuing in this way, at derivative order n two real group parameters enter: an
and bn . There are n+ 1 independent derivatives of f of order n , so there must be
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n−1 new independent invariants at each order. Hence at third order there are two
more invariants, using the constraints f̄x̄x̄x̄ = 0, f̄x̄x̄ȳ = 0 , the remaining derivatives
are invariant:

f̄x̄ȳȳ =
1

(f2
x + f2

y )
3

[
f 3
y fyyy+f

2
xfyfyyy−2f 2

y f
2
yy−2fxxf

2
y fyy−2f 2

xfxxfyy−4fxfxyfyfyy

+ fxxyf
3
y + f 2

xfxxyfy − 4fxfxyfxxfy + f 3
xfxxx − 2f 2

xf
2
xx + f 3

xfxyy

]
=

C2

(f2
x + f2

y )
3

(27)

f̄ȳȳȳ =
1

(f2
x + f2

y )
3

[
fxf

2
y fyyy + f 3

xfyyy − 2fxfyf
2
yy + 2fxyf

2
y fyy − 2f 2

xfxyfyy

− fxxxf
3
y − fxyyf

3
y + fxfxxyf

2
y + 2fxyfxxf

2
y − f 2

xfxxxfy + 2fxf
2
xxfy

− f 2
xfxyyfy + f 3

xfxxy − 2f 2
xfxyfxx

]
=

C3

(f2
x + f2

y )
3

(28)

Note that the denominators of all three of these equations are the same up to index.
We therefore clear denominators as usual and form the signature using our usual
projection technique:

IDiffcon(f) =
f√

C6
1 + C2

2 + C2
3

(C3
1 , C2, C3) (29)

This signature is continuous at all (x, y) such that the three quantities are not
simultaneously equal to zero, which occurs when fx = fy = fxx = fyy = 0 , which is
a codimension 1 phenomenon for images.
An example for the conformal map φ defined through φ−1 by φ−1(z) = 3

8
(z−2)2− 3

2

is shown in Fig. 11.

Figure 11: A sample Diffcon transform and 3D signature.

4.6. Diffvol and Diff

Two other infinite-dimensional groups are of interest: the volume-preserving diffeo-
morphisms, which act as the space of transformations of an incompressible fluid,
and the full group of planar diffeomorphisms, which are widely-used in image reg-
istration [61]. However, in these cases there are no differential invariant signatures
of greyscale images.
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The volume-preserving diffeomorphisms Diffvol are those diffeomorphisms that pre-
serve the volume form (area form in 2D). They can be defined by one function
of two variables, the generating function S ; one possibility is S(x′, y′) where
(x, y) 7→ (x′, y′) according to:

x′ =
∂S

∂y′
, y =

∂S

∂x
.

Consider expanding S in Taylor series. The linear terms in the map are determined
from the quadratic terms in S , which contain 3 group parameters, and act on 2
coordinates, fx and fy . The quadratic terms in the map are determined from the
cubic terms in S , which contain 4 group parameters, and act on 3 coordinates, fxx ,
fxy , and fyy . At order n we have n + 2 new group parameters acting on n + 1
coordinates. Thus, barring some exceptional behaviour in the action, we do not
expect any invariants at generic points. This can be confirmed by considering a
small image patch with f(x, y) = x . Let v = ψy∂/∂x − ψx∂/∂y be the generator
of an area-preserving map. The image f transforms to x + εψy(x, y) which (by
choosing ψ appropriately) can be any function close to x . At nongeneric points,
there can be invariants. For example, the area enclosed in any level set of f is
invariant. At minima or maxima of f , this will lead to invariants expressed in terms
of the derivatives of f .
In the full diffeomorphism group Diff there are no differential invariants using 1 or
even 2 colours (colour will be discussed in the Section 5). For example, with k = 2 ,
for generic f 1 , f 2 we can choose a diffeomorphism (i.e., choose local coordinates)
so that f 1 = x and f 2 = y .

5. Discussion
The recognition of objects within images as their appearance changes based on cam-
era motion remains an unsolved problem. In this paper we have used three different
methods of computing differential invariant signatures to identify appropriate sig-
natures for images transformed under the planar Lie groups that are of interest for
this question. The resulting three-dimensional signatures are not always complete,
but they are relatively fast to compute. However, there are some issues that arise
with turning this into a practical method.
The first is a standard issue for images: producing a computationally robust method
of numerically approximating derivatives and hence invariants is not trivial, particu-
larly for the higher-orders, where noise and rounding errors can dominate. There are
three primary considerations: noise and texture; flat areas, where the derivatives are
all identically zero; and the fact that conventional numerical differentiation is not
well-posed [16]. Some considerations of these points and some potential approaches
to solving them for practical implementations are considered by [6] and [16], but
the question of how to create a full and effective method of computing numerical
derivatives for images remains open. Practical approaches to using the signatures
identified in this paper for real-world images will be considered in future work.
The second problem is that there are hidden symmetries within the lattice of groups
we consider. For example, the relation SA(2) ⊂ Diffvol acts an obstruction to
SA(2) , since many of the invariants of SA(2) are also invariant under the larger
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group. While there will be more invariants for the smaller group, care needs to be
taken to check that the set chosen are unique to that group. The same issue arises
with A(2) , even though A(2) is not even a subgroup of Diffvol .
It might be hoped that colour information can help. The formulation we provided in
the introduction considered k channels of information, but so far we have considered
only greyscale images (k = 1). Most real images are three-channel colour (RBG),
and multi-spectral images can have hundreds of channels of measurement. It is
therefore natural to consider whether this information is useful for the computation
of invariants, in particular by allowing lower-order derivatives to form a suitable
signatures. However, in practice the situation is more complicated that it first
appears because the information in the channels is not independent: colour is built
by the intensities in the three channels, and so there is correlation between them.
For E(2) , for k ≥ 2 , first derivatives suffice, but for both SA(2) and A(2) the
hidden symmetry noted above mean that there are no signatures with only first
derivatives.
The picture is more positive for the infinite-dimensional groups. For Diffcon , first-
order signature sets are possible for k ≥ 2 colours. They are formed from the relative
invariants (f j

x + if j
y )(f

m
x − ifm

y ) of weight 2 (where f j is the j the colour channel).
We illustrate this using the Hopf fibration for k = 2 . The weight 2 relative invariant

J = (2(f 1
x + if 1

y )(f
2
x − if 2

y ), ||∇f 1‖2 − ‖∇f 2‖2)

obeys ‖J‖2 = ‖∇f 1‖2 + ‖∇f 2‖2 , hence projecting to the unit sphere shows that
(f 1, f 2, J/‖J‖) provides a 4-dimensional signature set that is singular only when
∇f 1 = ∇f 2 = 0 , a codimension 2 phenomenon for images. For Diffvol extra
channels mean that different invariants now exist: there are k(k − 1)/2 first-order
invariants ∇f i × ∇f j . Then the three-dimensional signature (f 1, f 2,∇f 1 × ∇f 2)
determines (generically and locally) the image up to an area-preserving map. We
can choose the area-preserving map so that f 1 = x . The remaining freedom is of
the area-preserving maps that preserve x : these are the shears y 7→ y + g(x) . The
signature for each fixed x now gives (f 2, f 2

y ) . This is the standard signature curve
for the group of translations in y . Thus, f 2 is determined by the signature up to a
translation in y , i.e., an area-preserving map.
In the full diffeomorphism group Diff there are no differential invariants using 1 or 2
colours. For example, with k = 2 , for generic f 1 , f 2 we can choose a diffeomorphism
(i.e., choose local coordinates) so that f 1 = x and f 2 = y . We therefore take k ≥ 3 .
This provides the first-order relative invariants of weight 1 ∇f i ×∇f j , and hence a
first-order signature. However, a zeroth-order signature set is possible: (f 1, . . . , fk) ,
the image of the image. It is (locally and generically) complete. We can choose
coordinates so that f 1 = x and f 2 = y ; then the signature locally determines
f 3, . . . , fk as functions of f 1 and f 2 , i.e., the image.
Putting all of this information together, Table 3 summarises one of the most im-
portant parameters of differential invariant signatures for the transformation groups
that we have considered, namely the highest order of derivative of the image that is
needed. None of the groups need more than third-order differentiation, and usually
less, especially for colour images.
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Degree
G k = 1 k = 2 k = 3

SE(2) 2 1 1
E(2) 2 1 1
Sim(2) 2 1 1
SA(2) 2 2 2
A(2) 3 2 2
PSL(2,C) 3 3 3
PSL(3,R) 3 2 2
Diffvol – 1 1
Diffcon 3 1 1
Diff – – 0

Table 3: Degree (order of highest derivative of f ) needed to construct a differential
invariant signature of f as a function of the group G and the number of colours k
of f . The entry ‘–’ indicates that there is no differential invariant signature in that
case.
In future work we will seek the underlying mathematical structure that we have not
fully exposed. For example, all of the second-order differential invariants of E(2)
play known roles in geometric analysis:

• f 2
x + f 2

y = ‖∇f‖2 is the Lagrangian density for the Laplacian;

• fxx + fyy is the Laplacian, which plays a key role in Euclidean and conformal
geometry;

• fxxf
2
x + 2fxyfxfy + fyyf

2
y is the ‘infinity-Laplacian’;

• fxxf
2
x + 2fxyfxfy + fyyf

2
y is also a Lagrangian density for −2(fxxfyy − f 2

xy) ,
which arises in the Monge–Ampère equations and can be written in terms of
the final second-order invariant as −2(fxxfyy − f 2

xy) = 2f 2
xy − f 2

xx − f 2
yy

Functions of these invariants are invariants or relative invariants for many groups
that contain E(2) , such as those that we have considered in this paper. We will
consider this further in future work.
Function D from Eq. (12), which appeared in SE(2) , SA(2) and PSL(3,R) , is
also known as the Bateman equation [1], and is linked to the Hodograph transfor-
mation [50].
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