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Abstract. We give examples of indecomposable but reducible pseudo-Riemannian symmetric
spaces of arbitrary signature which admit no compact Clifford-Klein forms by a cohomological
approach. We also show some series of even dimensional indecomposable but reducible pseudo-
Riemannian symmetric spaces of arbitrary signature admit compact Clifford-Klein forms. We
give another proof for the classification of indecomposable but reducible symmetric spaces with
signature (2, 2) which admit compact Clifford-Klein forms which is proved in a forthcoming paper
[Four dimensional compact Clifford–Klein forms of pseudo-Riemannian symmetric spaces with
signature (2, 2) ] by a different approach.
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1. Introduction

Let G be a Lie group, H ⊂ G its closed subgroup and Γ ⊂ G its discrete sub-
group. Assume that Γ acts on a homogeneous space G/H properly discontinuously
and (fixed point) freely. Then the quotient space Γ\G/H has a natural mani-
fold structure and is called a Clifford-Klein form of G/H . If G/H admits a G-
invariant Riemannian metric, that is, H is compact, any discrete subgroup Γ ⊂ G
acts on the space G/H properly discontinuously. On the other hand, if G/H is
non-Riemannian, that is, H is not compact, this is not always true. In the late
1980s, a systematic study of Clifford–Klein forms for non-Riemannian homogeneous
spaces was initiated by T. Kobayashi ([10]). The classification problem of homo-
geneous spaces which admit compact Clifford-Klein forms is one of the important
open problems raised by T. Kobayashi.

Problem 1.1. [10] Classify homogeneous spaces which admit compact Clifford-
Klein forms.

This problem is attacked by various approaches (see [1, 2, 11, 12, 15, 16, 18, 19]),
but still widely open even for irreducible symmetric spaces. See the excellent survey
papers [13] [14] by the founder of the field. So far, except for Riemannian cases, five
series and seven sporadic types of irreducible symmetric spaces have been shown to
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admit compact Clifford-Klein forms ([13, 16]). It seems to be considered that this
problem for irreducible symmetric spaces are most difficult.
However, this problem for irreducible symmetric spaces is also difficult. For inde-
composable but reducible Lorentzian symmetric spaces, Kath-Olbrich ([8]) found a
necessary and sufficient condition for the existence of compact Clifford-Klein forms.
We study homogeneous spaces of the form GD,D′/H in this paper. The class of the
spaces of the form GD,D′/H contains all indecomposable but reducible 1-connected
Lorentzian symmetric spaces whose transvection group (see Definition 1.3 in [17]) is
solvable. Moreover, it contains most of indecomposable but reducible 1-connected
pseudo-Riemannian symmetric spaces with signature (2, 2) (see Fact 3.12 for the
details, see also [8, 17]).

Definition 1.2. Let D,D′ be two n× n invertible symmetric matrices and put:

W :=

(
D′

D

)
∈ sp(n,R).

Let hn := 〈X1, ..., Xn, Y1, ..., Yn, Z〉R be the Heisenberg Lie algebra ([Xi, Yj] = δijZ) .
We define a Lie algebra gD,D′ by:

gD,D′ := RW nρ hn,

where the action ρ of RW on hn is given by:

ρ(W )Xi =
n∑

j=1

sijYj (D = (sij)i,j),

ρ(W )Yi =
n∑

j=1

s′ijXj (D′ = (s′ij)i,j),

ρ(W )Z = 0.

We define a subalgebra h := 〈Y1, . . . , Yn〉R . Denote by GD,D′ the 1-connected Lie
group with Lie algebra gD,D′ and H⊂GD,D′ the analytic subgroup having the Lie
algebra h .

Remark that the Lie algebra gD,D′ is not nilpotent but solvable. In Subsection 2.2,
we see that the homogeneous space GD,D′/H admits a pseudo-Riemannian structure.
In this paper, we give a necessary condition for the existence of compact Clifford-
Klein forms of the space GD,D′/H .

Theorem 1.3. For a1, ..., an, b1, ..., bn∈R× , we put D :=diag(a1, ..., an)∈GL(n,R)
and D′ := diag(b1, · · · , bn) ∈ GL(n,R). The space GD,D′/H does not admit a
compact Clifford-Klein forms unless there exist ε1, · · · , εn ∈ {±1} satisfying:

n∑
i=1

εi
√

aibi = 0, where
√
aibi ∈ R ∪

√
−1R.

We prove Theorem 1.3 by applying a cohomological obstruction to the existence
of compact Clifford-Klein forms (Morita [18, Theorem 1.2(2)]). In the setting of
Theorem 1.3, we can verify this obstruction by direct calculation (see Lemma 3.8).
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Remark that this approach of Morita ([18]) does not give a necessary and sufficient
condition [17], and we shall see in Example 1.5 the limitation of this approach.
Using this theorem, we can construct indecomposable but reducible symmetric
spaces of any signature which admit no compact Clifford-Klein forms. Actually,
the next corollary easily follows from Theorem 1.3.

Corollary 1.4. Let p and q be positive integers. We set the matrices D and D′

as D := diag(1, t, t2, · · · , t2p−4, s, s2, · · · , s2q−4) ∈ GL(p+ q− 2,R) for some t, s ≥ 2
and D′ := Ip−1,q−1 := diag(1, 1, · · · , 1︸ ︷︷ ︸

p−1

,−1,−1, · · · ,−1︸ ︷︷ ︸
q−1

) ∈ GL(p + q − 2,R). The

space GD,D′/H has indecomposable but reducible pseudo-Riemannian space structure
with signature (p, q) and admits no compact Clifford-Klein forms.

Example 1.5. Any indecomposable but reducible Lorentz symmetric space with
signature (4, 1) is written as GD,D′/H , where D = diag(a1, a2, a3) and D′ = I3 for
some a1, a2, a3 ∈ R× . The parameter set for isomorphism classes for these spaces is
given by the sphere {(a1, a2, a3) ∈ (R×)3 | a21+a22+a23 = 1} (see [17, Proposition 4.9]).
The necessary condition of Theorem 1.3 is

(
√
a1 +

√
a2 +

√
a3)(

√
a1 −

√
a2 +

√
a3)(

√
a1 +

√
a2 −

√
a3)(

√
a1 −

√
a2 −

√
a3)

= a21 + a22 + a23 − 2a1a2 − 2a2a3 − 2a3a1 = 0,

which is described by the two circles in the following figure. By Fact 1.6, the
symmetric spaces which correspond to a dense subset of these circles admit compact
Clifford-Klein forms.

Figure 1: The parameter space of indecomposable but reducible Lorentz symmetric
spaces with signature (4,1)

Fact 1.6. [8, Corollary 5.10] Put Mc
3,0 and M0

3,0 as follows. Then Mc
3,0 is a

dense subset of M0
3,0 .

M0
3,0 := {(a1, a2, a3) ∈ (R×)3 | a21 + a22 + a23 = 1, 2a1a2 + 2a2a3 + 2a3a1 = 1}

= {(a1, a2, a3) ∈ S2 | a1 + a2 + a3 = ±
√
2, a1a2a3 6= 0},

Mc
3,0 :=

{
(a1, a2, a3) ∈ M0

3,0

∣∣∣∣ Gdiag(a1,a2,a3),I3/H admits
compact Clifford-Klein forms

}
.
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In [17, Theorem 1.5], we show that only two 1-connected indecomposable but re-
ducible pseudo-Riemannian symmetric spaces G/H with signature (2, 2) admit com-
pact Clifford-Klein forms, where G is the transvection group of the space G/H and
it is solvable. We also give a part of this theorem another proof by a cohomologi-
cal approach. The classification of the 1-connected pseudo-Riemannian symmetric
spaces with signature (2, 2) is given by Kath-Olbrich (see Fact 3.12). We show the
spaces correspond to the case (II) (a)(b)(c) in Fact 3.12 does not admit compact
Clifford-Klein forms.
Moreover, we also construct some series of even dimensional indecomposable but
reducible pseudo-Riemannian symmetric spaces which admit compact Clifford-Klein
forms.

Theorem 1.7. Let p and q be positive integers such that p + q is even. Put
D := Ip−1,q−1 and D′ := −Ip−1,q−1 . Then GD,D′/H admits compact Clifford-Klein
forms.

The paper is organized as follows: In Section 2, we review a cohomological obstruc-
tion to the existence of compact Clifford-Klein forms and give the space GD,D′/H
a pseudo-Riemannian symmetric space structure. In Section 3, by using the co-
homological obstruction, we give a proof of Theorem 1.3 and another proof for
the classification of indecomposable but reducible symmetric spaces with signature
(2, 2) which admit compact Clifford-Klein forms [17]. Finally, in Section 4, we show
Theorem 1.7.

2. Preliminaries
In this section, we review a cohomological obstruction to the existence of compact
Clifford-Klein forms and give a pseudo-Riemannian symmetric structure to the space
GD,D′/H .

2.1. Cohomological obstruction to the existence of compact Clifford-Klein
forms

In this subsection, we review a cohomological obstruction to the existence of compact
Clifford-Klein forms. This approach was initiated by Kobayashi-Ono([15]) and
Kobayashi-Ono’s cohomological obstruction has been used extensively by a number
of mathematicians, and we use Morita ([18]) among others in this article. Let g be
a finite dimensional Lie algebra over R . We use the following notation:

Cn(g) :=
n∧
g∗, dn : Cn(g) → Cn+1(g) ω 7→ dn(ω),

dn(ω)(X1, · · · , Xn) :=
∑
i<j

(−1)i+jω([Xi, Xj], X1, · · · , X̂i, · · · , X̂j, · · · , Xn),

Cn(g, h) :=
( n∧

(g/h)∗
)h

,

where g∗ is the dual space of R-vector space g . We also use the same notation dn
as its restriction to the subspace Cn(g, h) . We denote the cohomology of Cn(g) and
Cn(g, h) by Hn(g) := Hn(Cn(g,R), dn) and Hn(g, h) := Hn(Cn(g, h), dn) .
The next fact is essential for constructing a cohomological obstruction.
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Fact 2.1. (Kobayashi-Ono [15]) Let G be a Lie group and H its closed subgroup
with finitely many connected components. Put g := Lie(G) and h := Lie(H). For
a discontinuous group Γ(⊂ G) for G/H , if the Clifford-Klein form Γ\G/H is
compact, the following map is injective.

η : HN(g, h) → HN(Γ\G/H), where N := dim(G/H).

Kobayashi-Ono [15] discovered a geometric cohomological obstruction by using char-
acteristic classes by using Fact 2.1, and Morita ([18]) extended their obstruction
algebraically based on Fact 2.1.

Fact 2.2. [18] Let G be a Lie group, H its closed subgroup with finitely many
connected components and KH a maximal compact subgroup of H . Put g := Lie(G),
h := Lie(H), and kH := Lie(KH). If the homogeneous space G/H admits compact
Clifford-Klein forms, the following homomorphism induced by the natural projection
π : G/KH → G/H is injective.

π∗ : HN(g, h) → HN(g, kH), where N := dim(G/H).

2.2. Pseudo-Riemannian structure of homogeneous spaces GD,D′/H

In this subsection, we review a pseudo-Riemmanian symmetric space structure of
GD,D′/H from [17]. It is enough to define an involution σ on gD,D′ satisfying
h = gσD,D′ and an (indefinite) inner product on g−σ

D,D′ .

Proposition 2.3. [17, Proposition and Definition 4.6] For the Lie algebra gD,D′ ,
we set a subspace q := 〈W,X1, · · · , Xn, Z〉R ⊂ gD,D′ . Remark that gD,D′ = h ⊕ q.
We put σ := idh ⊕ (−idq) : gD,D′ → gD,D′ and set an inner product on q by the
following Gram matrix with respect to the basis (W,X1, · · · , Xn, Z):

g :=

 0 −1

D′−1

−1 0

 .

The triple (gD,D′ , σ, g) is an indecomposable but reducible symmetric triple with
signature (p + 1, q + 1). Then the homogeneous space GD,D′/H has an indecom-
posable but reducible pseudo-Riemannian symmetric space structure with signature
(p+ 1, q + 1).

3. Cohomological obstruction to the pair (gD,D′, h)

In this section, we give a cohomological obstruction to the pair (gD,D′ , h) using the
notation as in Subsection 2.2. We describe it for general case in Subsection 3.1, for
the case that D and D′ are diagonal matrices in Subsection 3.2, and for the case
that D and D′ are 2-dimensional symmetric matrices in Subsection 3.3.

3.1. The general case
In this subsection, we give a cohomological obstruction to the pair (gD,D′ , h) (Propo-
sition 3.5).
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For using a cohomological approach (Fact 2.2), we have to check if Hn+2(gD,D′ , h;R)
is non-trivial. We use the following:

Fact 3.1. [18] Let g be a Lie algebra and h its subalgebra.
(1) The h-action on g/h is unimodular ⇐⇒ Cn+2(g, h) ' R

(2) The N(h)-action on g/h is unimodular ⇐⇒ Hn+2(g, h) ' R,
where N(h) is the normalizer of h.

The next lemma follows from an easy calculation.

Lemma 3.2. The action of h on gD,D′/h and the action of hn = N(h) on gD,D′/h
are unimodular.

We apply Fact 2.2 to the spaces GD,D′/H . Since there are no non-trivial compact
subgroups for 1-connected solvable Lie groups ([5, Theorem 2.3]), the following
proposition follows from Fact 2.2.
Since there are no non-trivial compact subgroups in 1-connected solvable Lie groups
([6, Theorem 2.3]), to prove that GD,D′/H does not have a compact Clifford-Klein
forms, it suffices to verify that the homomorphism

π∗ : Hn+2(gD,D′ , h;R) → Hn+2(gD,D′ ;R)

is not injective (Fact 2.2).
In the rest of this subsection, we simplify this condition (Proposition 3.5). We put
T := W ∗ ∧X∗

1 ∧ · · · ∧X∗
n ∧ Z∗ ∈ Cn+2(gD,D′ , h;R) . Note that Hn+2(gD,D′ , h;R) is

generated by [T ] . Since π∗(T ) = T for the natural map
π∗ : Cn+2(gD,D′ , h;R) → Cn+2(gD,D′ ;R) ,

the following equivalence holds:

π∗ is injective ⇐⇒ T 6∈ Im(dn+1),

where dn+1 denotes the differential map Cn+1(gD,D′ ;R) → Cn+2(gD,D′ ;R) .
To simplify the condition T 6∈ Im(dn+1) , we restrict dn+1 to some subspace of
Cn+1(gD,D′ ;R) .

Definition 3.3. For α, β ∈ N satisfying α + β = n , we define a subspace
Vα,β ⊂ Cn+1(gD,D′ ;R) as follows.

Vα,β :=
〈
X∗

i1
∧ · · · ∧X∗

iα ∧ Y ∗
j1
∧ · · · ∧ Y ∗

jβ
∧ Z∗ ∈ Cn+1(gD,D′ ;R)

〉
R

where 1 ≤ i1 < · · · < iα ≤ n and 1 ≤ j1 < · · · < jβ ≤ n .
We also define a linear map δα,β : Vα,β → Vα−1,β+1 ⊕ Vα+1,β−1 as follows:

δ(X∗
i1
∧ · · · ∧X∗

iα ∧ Y ∗
j1
∧ · · · ∧ Y ∗

jβ
∧ Z∗)

:=
α∑

l=1

X∗
i1
∧ · · · ∧

(∑
k

skilY
∗
k

)
∧ · · · ∧X∗

iα ∧ Y ∗
j1
∧ · · · ∧ Y ∗

jβ
∧ Z∗

+

β∑
l=1

X∗
i1
∧ · · · ∧X∗

iα ∧ Y ∗
j1
∧ · · · ∧

(∑
k

s′kjlX
∗
k

)
∧ · · · ∧ Y ∗

jβ
∧ Z∗,

where D = (sij), D′ = (s′ij) .



Maeta 743

Put V :=
⊕

α+β=n

Vα,β ⊂ Cn+1(gD,D′ ;R) and we use the notation δ :=
⊕

α+β=n δα,β .

Remark 3.4. By an easy calculation, the following diagram is commutative.

Vα,β

δα,β ))TTT
TTTT

TTTT
TTTT

TTT dn+1|Vα,β

// Cn+2(gD,D′)

Vα+1,β−1 ⊕ Vα−1,β+1

ι|Vα+1,β−1⊕Vα−1,β+1

OO

Here, we set ι : V → Cn+2(gD,D′), X 7→ −W ∗ ∧X . Note that T ∈ Im(ι) .

We are ready to rephrase the injectivity of π∗ as follows.

Proposition 3.5. The following equivalences hold.

π∗is injective ⇐⇒ T 6∈ Im(dn+1|V ) ⇐⇒ ι−1(T ) 6∈ Im(δ).

Proof. Since the linear map ι is injective, it is enough to show that Im(dn+1) =
Im(dn+1|V ) . For U := {W, X1, · · · , Xn, Y1, · · · , Yn, Z} , put

W1 := 〈
∧
s∈S

s∗ ∈ Cn+1(gD,D′) | W ∈ S ⊂ U, #S = n+ 1〉R,

W2 := 〈
∧
s∈S

s∗ ∈ Cn+1(gD,D′) | Z 6∈ S ⊂ U, #S = n+ 1〉R,

then we have Cn+1(gD,D′) = (W1 + W2) ⊕ V . By an easy calculation, we obtain
dn+1(W1) = dn+1(W2) = {0} and so Im(dn+1) = Im(dn+1|V ) holds.

3.2. Diagonal type
We devote this subsection to the proof of Theorem 1.3. We use the following:

Notations 3.6. For n ∈ N and a1, · · · , an, b1, · · · , bn ∈ R× , we write as follows:
D := diag(ai)i=1,··· ,n, D′ := diag(bi)i=1,··· ,n,

T := W ∗ ∧X∗
1 ∧ · · · ∧X∗

n ∧ Z∗ ∈ Cn+2(g, h) ⊂ Cn+2(g),

[n] := {1, · · · , n},
Ik := {I ⊂ [n] | n−#I ≡ k mod 2}, k ∈ {0, 1},
E := {ε = (ε1, ε2, · · · , εn) ∈ {±1}n | ε1 = 1}.

For a subset I ⊂ [n], ε ∈ E , we set:

TI :=
(∧

i∈I

X∗
i

)
∧
( ∧

j∈IC
Y ∗
j

)
∧ Z∗ ∈ Vp,q (p = #I, q = n− p),

Vk := 〈TI〉RI ∈ Ik ⊂ V, εI :=
∏
i∈I

εi, ε∅ := 1,

where
∧

i∈I Xi := Xi1 ∧Xi2 ∧ · · · ∧Xis for I = {i1 < i2 < · · · , is} and IC := [n] \ I .
We use the symbol ·C for the complexification.
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We present some fundamental properties.

Property 3.7. The following conditions hold.
(1) T = T[n] ∈ V0 .
(2) {TI}I∈Ik is a basis of Vk (k ∈ {0, 1}).
(3) δ(TI) =

∑
i∈I biTI\{i} +

∑
j∈IC ajTI∪{j} (I ⊂ [n]).

(4) 1

2n−1

∑
I∈Ik

εI · ε′I = δεε′ (k ∈ {0, 1}, ε, ε′ ∈ E).

Here δεε′ is Kronecker’s delta.

Proof. The properties (1), (2) and (3) directly follow from the definitions of TI

and δ (see Definition 3.3). Next we show the property (4). Since the case n = 1 is
clear, we assume n ≥ 2 . We put I ′ := {i ∈ [n] | εi 6= ε′i} , then we have:

εI · ε′I =

{
1 (#(I ∩ I ′) ≡ 0 mod 2)

−1 (#(I ∩ I ′) ≡ 1 mod 2)
.

Since the case ε = ε′ is easy, we omit the proof. We consider the case ε 6= ε′ and
put ℓ := #I ′ . Note that 0 < ℓ < n . We have:

#{I ∈ Ik | #(I ∩ I ′) ≡ 0 mod 2} =

((
ℓ

1

)
+

(
ℓ

3

)
+ · · ·+

(
ℓ

m

))
2n−ℓ−1 = 2n−2,

where m is the maximum odd number less than or equal to ℓ . On the other hand,
we have #{I ∈ Ik | #(I ∩ I ′) ≡ 1 mod 2} = 2n−2 in the same way.

Next we prove Theorem 1.3 , which easily follows from Lemma 3.8 .

Lemma 3.8. For diagonal matrices D := diag(ai) and D′ := diag(bi), let
π : GD,D′ → GD,D′/H be the canonical surjection and we denote by π∗ the induced
homomorphism Hn+2(gD,D′ , h;R) → Hn+2(gD,D′ ;R). Then the following conditions
are equivalent:
(a) T 6∈ Im(dn+1|V ),
(b) T 6∈ Im(dn+1|V1),
(c) (δ|V1)C is not invertible,
(d) ∃ε ∈ {±1}n s.t.

∑n
i=1 εi

√
aibi = 0,

where
√
aibi ∈ R ∪

√
−1R.

The proof of Lemma 3.8 uses the following lemma.

Lemma 3.9. There exist basis {T ′
1,ε}ε∈E of (V1)C and {T ′

0,ε}ε∈E of (V0)C satis-
fying the following two conditions:

(1) ι−1(T ) =
∑

ε∈E ℓεT
′
0,ε , where ℓε :=

1

2n−1
∏

i∈[n]
√
ai
ε[n] ∈ C× ,

(2) δC(T
′
0,ε) = kεT

′
0,ε for each ε ∈ E , where kε :=

∑
i∈[n] εi

√
ai
√
bi .
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Proof. For I ⊂ [n] , k = 0, 1 and ε ∈ E , we set T ′
I and T ′

k,ε as follows:

T ′
I :=

(∧
i∈I

√
aiX

∗
i

)
∧
( ∧

j∈IC

√
bjY

∗
j

)
∧ Z∗ ∈ C×TI ,

T ′
k,ε :=

∑
I∈Ik

εIT
′
I ∈ (Vk)C.

By Property 3.7 (2), {T ′
I}I∈Ik is a basis of (Vk)C . Therefore, {T ′

k,ε}ε∈E is also a
basis of (Vk)C by Property 3.7 (4). By the definition of T ′

k,ε and Property 3.7 (4),
we have:

T ′
I =

1

2n−1

∑
ε∈E

εIT
′
k,ε.

By putting I = [n] , we obtain:

T = T[n] =
1∏

i∈[n]
√
ai
T ′
[n] =

1

2n−1
∏

i∈[n]
√
ai

∑
ε∈E

ε[n]T
′
0,ε.

Hence we have shown statement (1). Next we show statement (2).
To prove the representation matrix with respect to the basis is diagonal, it is enough
to show the following:

Claim. δC(T
′
1,ε) = kεT

′
0,ε for ε ∈ E .

By Property 3.7 (3), for I ⊂ [n] , we get:

δC(T
′
I) = δC

(∏
i∈I

√
ai

∏
j∈IC

√
bjTI

)
=

(∏
i∈I

√
ai

∏
j∈IC

√
bj

)(∑
i∈I

biTI\{i} +
∑
j∈IC

ajTI∪{j}

)
=

∑
i∈I

√
ai
√

bi

( ∏
k∈I\{i}

√
ak

)( ∏
k∈IC∪{i}

√
bk

)
TI\{i}

+
∑
j∈IC

√
aj
√

bj

( ∏
k∈I∪{j}

√
ak

)( ∏
k∈IC\{j}

√
bk

)
TI∪{j}

=
∑
i∈I

√
ai
√

biT
′
I\{i} +

∑
j∈IC

√
aj
√

bjT
′
I∪{j}.

Using the above result, we have:

δC(T
′
1,ε) =

∑
I1∈I1

εI1δC(T
′
I1
)

=
∑
I1∈I1

εI1

(∑
i∈I1

√
ai
√
biT

′
I1\{i} +

∑
j∈IC1

√
aj
√

bjT
′
I1∪{j}

)
=

∑
I0∈I0

(∑
i∈I0

εI0\{i}
√
ai
√
bi +

∑
j∈IC0

εI0∪{j}
√
aj
√

bj

)
T ′
I0

=
∑
I0∈I0

(∑
i∈I0

εi
√
ai
√

bi +
∑
j∈IC0

εj
√
aj
√

bj

)
εI0T

′
I0

=
∑
I0∈I0

(∑
i∈[n]

εi
√
ai
√
bi

)
εI0T

′
I0
=

(∑
i∈[n]

εi
√
ai
√

bi

)
T ′
0,ε = kεT

′
0,ε.
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Proof of Lemma 3.8. First, the equivalence (c)⇔(d) follows from Lemma 3.9 (2).
Next, we show the equivalence (a)⇔(b). Recall that dn+1 = ιδ and V = V1 ⊕ V0 ,
so it is enough to show the following three claims:

(1) δ(V0) ⊂ V1, (2) δ(V1) ⊂ V0, (3) T ∈ ι(V0).

Here, (1) and (2) come from the definition of δ and (3) from the definition of T (see
Notation 3.6). Finally, we show the equivalence (b)⇔(c). Put {T1,ε} and {T0,ε}
the basis of (V1)C and (V0)C and P := diag(kε) ∈ M(2n−1,C) the representation
matrix of (δ|V1)C as in Lemma 3.9 (1). We have:

T 6∈ Im(dn+1|V1) ⇐⇒ T 6∈ Im(dn+1|V1)C ⇐⇒ rankP 6= rank(P |T),

where (P |T) is the enlarged coefficient matrix and T denotes vector representation
of ι−1(T ) with respect to the basis {T ′

0,ε} . Since all components of T are non-zero
by Lemma 3.9 (1) and P is diagonal, the above rank condition is equivalent to the
condition detP = 0 .
As an application of Theorem 1.3, we give an alternative proof of the following
result, originally proved by Kath and Olbrich in [8].

Fact 3.10. [8, Corollary 7.12] Take any p, q ∈ N and λ ∈ (R>0)
p, µ ∈ (R>0)

q .
Put n = p+ q and G′ := (Z/2Z×K)nGD,D′ for D = diag(λ, µ), D′ = diag(λ,−µ)
and H ′ = (Z2 ×K)nH . Here,

K := {ϕ ∈ O(R2n) | ϕ preserves 〈e1, · · · , en〉R and 〈en+1, · · · , e2n〉R , Wϕ = ϕW},

and K naturally acts on 〈X1, · · · , Xn, Y1, · · · , Yn〉R ⊂ Hn and 1 ∈ Z/2Z acts on
〈X1, · · · , Xn, Y1, · · · , Yn〉R ⊂ Hn as −id⟨X1··· ,Xn⟩R ⊕ id⟨Y1,··· ,Yn⟩R .
If G′/H ′ admits compact Clifford-Klein forms, there are choices of signs such that:

p∑
i=1

±λi = 0 and
q∑

j=1

±µj = 0.

Proof. The maximal compact subgroup of H ′ is Z2 n K . Then by Theorem
2.2, if the natural map π′∗ : Hn+2(g′, h′;R) → Hn+2(g′, k;R) is not injective, G′/H ′

does not admit compact Clifford-Klein form, where g′ := Lie(G′) , h′ := Lie(H) and
k := Lie(K) . It is equivalent to the injectivity of

π∗ : Hn+2(gD,D′ , h;R) → Hn+2(gD,D′ ;R)

and the Fact follows from Theorem 1.3.

3.3. On the space with signature (2,2)
In this subsection, we give an easier proof to the following theorem ([17, Theo-
rem 1.2]) by a cohomological approach.

Theorem 3.11. [17, Theorem 1.2] Let G/H be a reducible and indecomposable
1-connected pseudo-Riemannian symmetric space with signature (2, 2) and assume
that its transvection group G is solvable. Then G/H admits compact Clifford-Klein
forms if and only if it is isometric to one of the two symmetric spaces G±I1,1,I1,1/H
(see Definition 1.2).
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First of all, we give a list of the spaces which satisfy the above conditions.

Fact 3.12. ([7, Theorem 7.1], see also [17, Fact 1.4]) Let (G/H, g) be a 1-connected
four-dimensional reducible and indecomposable pseudo-Riemannian solvable sym-
metric spaces with signature (2, 2), and assume that its transvection group G is
solvable. Then the pseudo-Riemannian symmetric space (G/H, g) is isometric to
one of the following:
(I) Nilpotent symmetric spaces (Gnil/H, σ, g±) (see [17, Definition 4.15]),
(II) Solvable symmetric spaces (GD,D′/H, σ, g) (see Definition 1.2), where:

(a) (D,D′) = (±diag(1, ν), diag(1,−ν)) (ν > 0),
(D,D′) = (±diag(1,−ν), diag(1,−ν)) (ν > 0, ν 6= 1),

(b) (D,D′) = (Qν , Q−ν) (ν > 0), where Qν :=

(
ν 1
1 −ν

)
∈ M(2,R),

(c) (D,D′) =

((
±1 −1
−1 0

)
,

(
0 −1
−1 ±1

))
,

((
±1 −1
−1 0

)
,

(
0 1
1 ∓1

))
,

(d) (D,D′) = (±I1,1, I1,1).

In [17], only the spaces which correspond to the case (II)(d) admit compact Clifford-
Klein forms. It is easy to check that Gnil/H (the case in list (I)) does not admit
compact Clifford-Klein forms (see [17, Proposition 6.1]). In this subsection, we prove
the following lemma.

Lemma 3.13. For matrices D,D′ in Fact 3.12(II), the space GD,D′/H admits
no compact Clifford-Klein forms except for the case II(d).

This lemma follows from the next:

Proposition 3.14. Let D and D′ be invertible symmetric matrices of dimension 2.
Then the following equivalence holds:

π∗ is injective ⇐⇒ ∃ k ∈ R× such that D′ = kD−1.

Proof. By Proposition 3.5, it is enough to show that ι−1(T ) 6∈ Im(δ) holds if and

only if k ∈ R× s.t. D′ = kD−1 . Set D =

(
a b
b d

)
, D′ =

(
a′ b′

b′ d′

)
. Then the matrix

representation of δ is as follows, where we choose the basis

(X∗
1 ∧ Y ∗

1 ∧ Z∗, X∗
1 ∧ Y ∗

2 ∧ Z∗, X∗
2 ∧ Y ∗

1 ∧ Z∗, X∗
2 ∧ Y ∗

2 ∧ Z∗) of V1,1

and the basis (X∗
1 ∧X∗

2 ∧ Z∗, Y ∗
1 ∧ Y ∗

2 ∧ Z∗) of V2,0 ⊕ V0,2,

where δ =

(
b′ d′ −a′ −b′

−b a −d b

)
.

Since ι−1(T ) = X∗
1 ∧ X∗

2 ∧ Z∗ =
(
1
0

)
∈ V2,0 , the condition ι−1(T ) 6∈ Im(δ) is

equivalent to (b′, d′,−a′,−b′) = ℓ(−b, a,−d, b) for some ℓ ∈ R .
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Therefore, we have D′ = ℓ

(
d −b
−b a

)
= ℓ(detD)D−1 . Put k := ℓ(detD) , then we

get D′ = kD−1 .

4. On the existence of compact Clifford-Klein form for even
dimensional indecomposable spaces

We devote this section to the proof of Theorem 1.7.
We use the following proposition which gives a necessary and sufficient condition for
the existence of compact Clifford-Klein forms for homogeneous spaces of the form
GD,D′/H .

Proposition 4.1. [17, Proposition 5.26] For symmetric and invertible matrices
D,D′ ∈ M(n,R), the following conditions are equivalent:
(a) The symmetric space GD,D′/H admits compact Clifford-Klein forms.
(b) There exists C ∈ M(n,R) satisfying the following conditions:

(i) The matrix At +BtC is invertible for all t ∈ R, where At, Bt ∈ M(n,R)

is determined by
(
At Bt

∗ ∗

)
:= exp t

(
D′

D

)
.

(ii) The subgroup LC has an Iℓ -invariant lattice for some ℓ ∈ GD,D′ − Hn ,
where Iℓ is the inner automorphism with respect to ℓ ∈ GD,D′ .

Proof of Theorem 1.7. Let n be a positive integer and put D = −Ip,q and
D′ = Ip,q , where p and q are integers satisfying p + q = 2n . It is enough to find
C ∈ M(2n,R) and ℓ ∈ GD,D′ −Hn satisfying the conditions of Proposition 4.2.

If p is even, put C := J2n ∈ M(2n,R),

otherwise, put C :=

Jp−1

J ′

Jq−1

 ∈ M(2n,R).

Here, J :=

(
0 −1
1 0

)
, J ′ :=

(
0 1
1 0

)
and J2m :=

J
. . .

J

 .

The condition (b)(i) follows from:

det(At +BtC) = det (cos tI2n − sin tIp,qC) = 1.

Finally we check the condition (b)(ii). Put ℓ := (2π, 0) ∈ GD,D′ −Hn .

Since Iℓ = id , LC '

{
Hn (p ≡ 0 mod 2)

R×Hn−1 (p ≡ 1 mod 2)
has an Iℓ -invariant lattice.

Therefore GD,D′/H admits compact Clifford-Klein forms.
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