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On Semisimple Standard Compact Clifford-Klein Forms
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Abstract. We give the classification of standard compact Clifford-Klein forms corresponding to
triples (g, h, l) such that g = h+ l and g is a sum of two absolutely simple ideals. The classification
is done using Onishchik’s results concerning semisimple decompositions of semisimple Lie algebras.
Using this classification we obtain new examples of reductive homogeneous spaces admitting non-
standard compact Clifford-Klein forms.
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1. Introduction

Let G be a non-compact real linear semisimple Lie group and H a reductive
subgroup such that G/H is of reductive type. We say that the homogeneous space
G/H admits a compact Clifford-Klein form if there exists a discrete subgroup Γ ⊂ G
such that Γ acts freely, properly and co-compactly on G/H . Notice that in a case
when H and G/H are non-compact such Γ may not exist. The problem of finding
and classifying homogeneous spaces admitting compact Clifford-Klein forms is in
general difficult and is an active area of study (see for example [2, 3, 4, 10, 11, 12, 13]).
There is basically one known way of constructing non-trivial examples of compact
Clifford-Klein forms. Assume there exists a reductive connected subgroup L ⊂ G
such that L acts properly and co-compactly on G/H . Then one can choose a co-
compact lattice Γ of L so that Γ acts properly, co-compactly and freely on G/H .
In such case we say that G/H admits a standard compact Clifford-Klein form. The
notion of standard compact Clifford-Klein forms was introduced by Kobayashi in
[6], who also gave a list of examples of simple symmetric spaces admitting standard
compact Clifford-Klein forms in [9] and [11] (the terminology standard was first
used in [5]). There is a conjecture concerning standard Clifford-Klein forms (see
Conjecture 3.3.10 in [11]) stating that if G/H admits a compact Clifford-Klein form
then G/H also admits a standard one.
The classification of irreducible simple symmetric spaces which admit standard
compact Clifford-Klein forms was recently given in [16]. In [2] it is shown that
G/H does not admit standard compact Clifford-Klein forms when G is a simple
exceptional Lie group.
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Assume that the Lie algebra g of G is a direct sum of two absolutely simple ideals
(that is, ideals wit simple complexifications), gi, i = 1, 2;

g = g1 ⊕ g2.

Denote by h the Lie algebra of a connected reductive subgroup H ⊂ G . In this
paper we list all possible triples (g, h, l) such that g = h + l and l is a Lie algebra
of a connected reductive subgroup L ⊂ G that acts properly and co-compactly on
G/H . This gives the list of all homogeneous spaces G/H which admit standard
compact Clifford Klein forms such that G = HL and the Lie algebra of g is a sum
of two absolutely simple ideals. Notice that in [2, 16] triples (G,H,L) corresponding
to arbitrary standard compact Clifford-Klein forms were considered. On the other
hand in this paper we restrict our attention to the case when L acts transitively on
G/H . It is not known if co-compactness of the action of L on G/H implies that L
acts transitively on G/H.

Notice that we may assume that g1, g2 are of non-compact type. Also we may
assume that h, l are semisimple without ideals of compact type. This is because
the result of [1] which states that if a reductive homogeneous space of a semisimple
Lie group admits a compact Clifford-Klein form then the center of the isotropy
subgroup is compact. In other words if h = c ⊕ h1 where c is an ideal of compact
type then (g, h, l) induces a standard Clifford-Klein form if and only if (g, h1, l)
induces a standard Clifford-Klein form.
The main results of the paper are given in Theorem 2.1, Table 1 and in Propo-
sition 1.3. The proof of Theorem 2.1 is based on the classification of semisimple
decompositions of simple and semisimple Lie algebras given in [14, 15]. The proof
of Proposition 1.3 is carried out using the ideas and results of Kobayashi [6, 8, 10]
and Kassel [4].
Notice that it is reasonable to expect that the class of standard Clifford-Klein forms
of semisimple groups is significantly richer than the class of standard Clifford-Klein
forms of simple Lie groups. However, in this article we present a rather surprising
result that the class of standard compact Clifford-Klein forms of semisimple groups
is rather small. It suggests that basically one should not expect to greatly enrich
the class of compact Clifford-Klein forms beyond the double quotients Γ\G/H of
simple Lie groups G .
In fact, the only non-trivial (i.e. neither h nor l contains a non-zero ideal of g and
g ̸= (g1 ∩ h + g1 ∩ l) ⊕ (g2 ∩ h + g2 ∩ l)) semisimple compact Clifford-Klein forms
such that g = g1 ⊕ g2 = h+ l are the following

1. G×G/diag(G), L = G′×G′′, where the triple (G,G′, G′′) is given by a triple
in Table 1.

2. SO(4, 4)× SO(3, 4)/∆(SO(3, 4)), L = Spin(3, 4)× SO(1, 4), where
∆(SO(3, 4)) := {(ι1(g), g) | g ∈ SO(3, 4)} for ι1 : SO(3, 4) ↪→ SO(4, 4).

3. SO(4, 4)× SO(2, 4)/∆(SO(2, 4)), L = Spin(3, 4)× SO(1, 4), where
∆(SO(2, 4)) := {(ι2(g), g) | g ∈ SO(2, 4)} for ι2 : SO(2, 4) ↪→ SO(4, 4).

4. SO(3, 4)× SO(2, 4)/∆(SO(2, 4)), L = G2(2) × SO(1, 4), where
∆(SO(2, 4)) := {(ι3(g), g) | g ∈ SO(2, 4)} for ι3 : SO(2, 4) ↪→ SO(3, 4).
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Remark 1.1. In the item (k+1) in the above list the embedding of l into g1⊕g2
is given by ι′′ ⊕ jk, k = 1, 2, 3 where jk : g2 ∩ l → g2 is s.t.

ι′ = ιk ◦ jk,

and ι′, ι′′ are given in Table 1 (in the fourth row for cases 2., 3., and in the fifth row
for case 4.).

However, one may find in the above list interesting examples of reductive homoge-
neous spaces admitting non-standard Clifford-Klein forms. For the spaces listed in
part 1. One may use the following result to obtain such forms

Proposition 1.2 ([5], Proposition 2.1). Any standard compact Clifford-Klein
form Γ′ × Γ′′ \ G × G/diag(G), where Γ′ ⊂ G′, Γ′′ ⊂ G′′ are irreducible uniform
lattices, remains a manifold after any small deformation of Γ′ × Γ′′ inside G×G.

Using the above result we prove that

Proposition 1.3. The spaces
SO(4, 4)× SO(2, 4)/∆(SO(2, 4)) and SO(3, 4)× SO(2, 4)/∆(SO(2, 4))

admit non-standard compact Clifford Klein-forms.

Acknowledgments. The author acknowledges the support of the National Science
Center (grant NCN no. 2018/31/D/ST1/00083).

2. Results and proofs

We start with the following observation. If g = h+ l then (by Theorem 3.1 in [14])
we have G = HL. Therefore

G/H ∼= L/H ∩ L

as a L-manifold so L acts properly (and co-compactly) on G/H if and only if H∩L
is compact (a short proof of the fact that g = h + l implies G/H ∼= L/H ∩ L can
be found in [7], Lemma 5.1). In order to find all triples (g, h, l) corresponding to
standard Clifford-Klein forms we have to list all semisimple decompositions g = h+l
such that h ∩ l is of compact type. Denote by

πi : g → gi, i = 1, 2,

the projection on i-th simple factor of g.

Theorem 2.1. Let g = g1 ⊕ g2 be a semisimple Lie algebra which is a sum of
two absolutely simple ideals of non-compact type. Let h, l ⊂ g be two semisimple
subalgebras without non-trivial ideals of compact type, such that g = h + l. Then
the triple (g, h, l) gives a standard compact Clifford-Klein form if and only if it is
contained in the following list

1. g1, g2 are arbitrary absolutely simple Lie algebras, h = g1 ⊕ {0}, l = {0} ⊕ g2
and

π1(h) = g1, π2(h) = {0}, π1(l) = {0}, π2(l) = g2.
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2. g2 is an arbitrary absolutely simple Lie algebra, h = g′1 ⊕ {0}, l = g′′1 ⊕ g2,
the triple (g1, g

′
1, g

′′
1) is contained in Table 1 and

π1(h) = g′1, π2(h) = {0}, π1(l) = g′′1, π2(l) = g2.

3. h = g′1⊕g′2 , l = g′′1⊕g′′2 where the triples (g1, g
′
1, g

′′
1), (g2, g

′
2, g

′′
2) are contained

in Table 1 and
π1(h) = g′1, π2(h) = g′2, π1(l) = g′′1, π2(l) = g′′2.

4. g1, g2 are arbitrary absolutely simple Lie algebras such that g2 ⊂ g1 , h =
g1 ⊕ {0}, l ∼= g2 and

π1(h) = g1, π2(h) = {0}, π1(l) = g2, π2(l) = g2.

5. Take a triple (g2, g
′, g′′) from Table 1. Let g1 be an arbitrary absolutely simple

Lie algebra such that g′′ ⊂ g1 . Put h = g1 ⊕ g′, l ∼= g′′ and
π1(h) = g1, π2(h) = g′, π1(l) = g′′, π2(l) = g′′.

6. Take a triple (g1, g
′, g′′) from Table 1. Take any simple subalgebra g2 ⊂ g1 so

that g′′ ⊂ g2 ⊂ g1. Put h = g′ ⊕ g′′ and l = g2 so that
π1(h) = g′, π2(h) = g′′, π1(l) = g2, π2(l) = g2.

All triples of that type are listed in Table 2.

Remark 2.2. Given a triple (g, h, l) and corresponding groups G,H,L we see
that if G/H admits a standard compact Clifford-Klein form then G/L admits a
standard compact Clifford-Klein form. Therefore one of each triples (g, h, l), (g, l, h)
is described in Theorem 2.1 and given in Tables 1 and 2.
Proof. One easily verifies that in each case h∩ l is of compact type and g = h+ l.
Therefore we only need to show that there are no other possibilities.
Cases 1.–3. contain all decomposable triples, that is triples such that

gi = gi ∩ h+ gi ∩ l, i = 1, 2.

Thus decomposition of g is obtained from decompositions of simple Lie algebras
g1, g2. But all possible proper semisimple decomposition of a simple Lie algebras
(with h∩ l of compact type) are given in Table 2 (Theorem 4.1 and Table 2 in [14]).
So the triples (gi, gi ∩ h, gi ∩ l) are given in Table 1 or are equal to (gi, gi, {0}).
Cases 4.–5. One of the subalgebras from the triple (g, h, l) contains a non-zero
ideal of g . Without loss of generality assume that g1 ⊕ {0} ⊂ h .

Lemma 2.3. The subalgebra π2(h) ∩ π2(l) is of compact type.
Proof. Choose a Cartan involution θ of g . We may assume that θ(h) = h and
θ(l) = l . We obtain a Cartan decomposition g = (k1 ⊕ p1) ⊕ (k2 ⊕ p2) . Assume
that X ∈ π2(h) ∩ π2(l) does not lie in the maximal compact subalgebra of g2, k2 .
We see that (0, X) ∈ h and there exists (Y, 0) ∈ h such that (Y,X) ∈ l . But now
(Y,X) ∈ h∩ l and so (Y,X)−(θ(Y ), θ(X)) ∈ h∩ l is a non-trivial element of p1⊕p2.
A contradiction.
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Since π2(h)∩ π2(l) is of compact type and g2 = π2(h)+ π2(l) thus either π2(h) is of
compact type (and so equal to {0}) or (g2, π2(h), π2(l)) is contained in Table 1.
Notice that π2|l is injective. Indeed, l does not contain a non-trivial compact factor
and

Ker(π2|l) = (g1 ⊕ {0}) ∩ l ⊂ h ∩ l.

Since the triple (g, h, l) is indecomposable and l is simple so πt(l) ∼= l, t = 1, 2.

Case 6. describes all other triples. In [14, 15] such triples are called primitive
indecomposable and the classification of the triples is done using principal schemes.
In our setting (where g is a sum of two simple ideals), Theorem 4.3 in [14] can be
stated as follows

Proposition 2.4. If the triple (g, h, l) is indecomposable and neither h nor l
contains a non-zero ideal of g then there is a triple (g1, g

′, g′′) from Table 1 and a
subalgebra g2 ⊂ g, g′′ ⊂ g2 ⊂ g1 , such that (after switching h and l, if necessary)
h = g′ ⊕ g′′, l = g2 and π1(l) ̸= {0}, π2(l) = g2 .

This completes the proof of Theorem 2.1.

Proof of Proposition 1.3. Consider the space SO(4, 4)× SO(2, 4)/∆(SO(2, 4))
(the proof for SO(3, 4) × SO(2, 4)/∆(SO(2, 4)) is similar). Take L′ = SO(1, 4)
and L = Spin(3, 4) × L′ . Let ΓL′ be a torsion-free co-compact lattice of L′

and Γ̃ ⊂ Spin(3, 4) a torsion-free co-compact lattice of Spin(3, 4) . Since we
have (G × H)/diagH ∼= (G × G)/diag(G) thus by Proposition 1.2 there exists a
neighborhood Uϵ ⊂ Hom(ΓL′ , SO(2, 4)) of the natural inclusion such that for any
ρ ∈ Uϵ, Γ̃ × ρ(ΓL′) is a discrete subgroup that acts properly and co-compactly on
SO(4, 4) × SO(2, 4)/∆(SO(2, 4)) . By Lemma 6.2 in [4] we can chose ρ ∈ Uϵ so
that ρ(ΓL′) is Zariski dense in SO(2, 4) . In this way we obtain a discrete subgroup
Γ̃×ρ(ΓL′) that acts properly and co-compactly on SO(4, 4)×SO(2, 4)/∆(SO(2, 4))
with ρ(ΓL′) Zariski dense in SO(2, 4) . Assume that there exists a reductive sub-
group M ⊂ SO(4, 4) × SO(2, 4) such that M acts properly and co-compactly on
SO(4, 4) × SO(2, 4)/∆(SO(2, 4)) and Γ̃ × ρ(ΓL′) ⊂ M . As ρ(ΓL′) is Zariski dense
in SO(2, 4) thus Spin(3, 4)× SO(2, 4) ⊂ M.

Let G̃ be an arbitrary Lie group with finitely many connected components and
K̃ ⊂ G̃ its maximal compact subgroup. Put d(G̃) := dim G̃− dim K̃ . We have

Theorem 2.5 ([6], Theorem 4.7). If (G,H,L) corresponds to a standard compact
Clifford-Klein form then d(G) = d(H) + d(L).

But we have d(SO(4, 4) × SO(2, 4)) = 24, d(M) ≥ d(Spin(3, 4) × SO(2, 4)) = 20
and d(SO(2, 4)) = 8 . A contradiction. This way we obtain a non-standard compact
Clifford-Klein form of SO(4, 4)× SO(2, 4)/∆(SO(2, 4)).

3. Tables

Table 1 contains all possible proper semisimple decompositions of absolutely simple
real Lie algebras g, such that g = g′ + g′′ and g′ ∩ g′′ is of compact type (see [14],
Theorem 4.1, Table 2 and [7], Section 5).
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Decompositions of absolutely simple g

g g′ ι′ g′′ ι′′

su(2, 2n) sp(1, n) 1
◦ ◦ ◦ ks ◦

su(1, 2n) 1
◦ ◦ ◦

+N

so(2, 2n) su(1, n) 1 1
◦ ◦ ◦

so(1, 2n) 1
◦ ◦ ◦ +3◦

+N

+ 1
◦ ◦ ◦

so(4, 4n) so(3, 4n) 1
◦ ◦ ◦ +3◦

+N sp(1, n) 1
◦ ◦ ◦ ks ◦

+ 1
◦ ◦ ◦ ks ◦

so(4, 4) so(1, 4) 1
◦ +3◦

+3N so(3, 4) 1
◦ ◦ +3◦

so(3, 4) so(1, 4) 1
◦ +3◦

+2N g2(2) 1
◦ _*4◦

so(8, 8) so(7, 8) 1
◦ ◦ ◦ +3◦

+N so(1, 8) 1
◦ ◦ ◦ +3◦

Table 1: Proper semisimple decompositions of absolutely simple real Lie algebras inducing
standard compact Clifford-Klein forms. In the Table ι′, ι′′ denote the embeddings of
g′, g′′ into g, respectively (in the corresponding columns linear representations of the
complexified Lie algebras g′c, g′′c realizing these embeddings are given and N denotes the
null representation).

Table 2 contains triples described in Case 6 of Theorem 2.1.

Case 6 triples

g h l

su(2, 2n)⊕ su(2, 2n) sp(1, n)⊕ su(1, 2n) su(2, 2n)

so(2, 2n)⊕ so(2, 2n) su(1, n)⊕ so(1, 2n) so(2, 2n)

so(4, 4n)⊕ so(4, 4n) so(3, 4n)⊕ sp(1, n) so(4, 4n)

so(4, 4)⊕ so(4, 4) so(3, 4)⊕ so(1, 4) so(4, 4)

so(4, 4)⊕ so(3, 4) so(3, 4)⊕ so(1, 4) so(3, 4)

so(4, 4)⊕ so(2, 4) so(3, 4)⊕ so(1, 4) so(2, 4)

so(3, 4)⊕ so(3, 4) g2(2) ⊕ so(1, 4) so(3, 4)

so(3, 4)⊕ so(2, 4) g2(2) ⊕ so(1, 4) so(2, 4)

so(8, 8)⊕ so(8, 8) so(7, 8)⊕ so(1, 8) so(8, 8)

Table 2: Triples corresponding to Case 6 in Theorem 2.1.
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