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Abstract. We define a natural basis for the algebra of gosp(1]|2n)-invariant differential operators
on the affine superspace C'?". We prove that these operators lie in the image of the centre of
the enveloping algebra of gosp(1|2n). Using this result, we compute explicit formulas for the
eigenvalues of these operators on irreducible summands of P((Cm"). This settles the Capelli
eigenvalue problem for orthosymplectic Lie superalgebras in the cases that were not addressed
in recent papers by Sahi, Salmasian, and Serganova. Our main technique relies on an explicit
calculation of a certain determinant with polynomial entries.
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1. Introduction

The Capelli identity, discovered by Alfredo Capelli [2], is an equality between
a differential operator on the space of n x n matrices, and a non-commutative
determinant whose entries are natural generators of the universal enveloping algebra
of gl(n). This identity played an integral role in Hermann Weyl’s proof of the
FFT in invariant theory [15]. Howe and Umeda’s seminal work [5] transcends this
identity from the viewpoint of multiplicity-free actions and formulates the abstract
Capelli problem, see Problem 1. In [10], Sahi introduced a natural basis (the Capelli
operators) for the algebra of invariant polynomial coefficient differential operators on
a multiplicity-free module of a reductive Lie algebra, and a multi-parameter family
of polynomials whose special values yield the eigenvalues of these operators. The
Capelli operators of [10] include the Capelli element as a special case. The Capelli
eigenvalue problem is the problem of describing the eigenvalues of this natural basis,
see Problem 2.5. Other examples of Capelli operators were explored by Kostant,
Sahi, and Wallach, see [8] and [14].

The solution to the Capelli eigenvalue problem was followed by a further investiga-
tion of interpolation Jack polynomials by Sahi, Knop-Sahi, and around the same time
by Okounkov-Olshanski [7], [9], [10]. In the past few years, the Capelli eigenvalue
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problem has emerged again in the setting of Lie superalgebras, and nearly completely
solved for multiplicity-free actions that arise from the Tits-Kantor-Koecher construc-
tion for Jordan superalgebras [1], [11], [12], [13]. However, for a small number of
cases the uniform methods used in the aforementioned works did not apply. In par-
ticular, for the Lie superalgebra gosp(m,2n) := C®osp(m, 2n) acting on its natural
representation C™?" which corresponds to the Jordan superalgebra (m — 1,2n),
in Kac’s notation [6], the problem was solved for all cases in [12] and [13], except
for when m = 1 and n > 0. The reason why the case m = 1 is different is that
the highest weights of the irreducible components in the decomposition of S(C™?")
into gosp(m|2n)-modules look different from the generic case: they are of the form
01 + -+ + 9;, unlike the generic case which has highest weights of the form kd;.
Furthermore when m = 1, the number of irreducible components in S%(C'?") does
not tend to infinity. Therefore, a priori it is not clear how to parametrize irreducible
components suitably by partitions to obtain a polynomial formula for the eigenval-
ues of the Capelli operators. Another issue is that the general argument of [12] for
surjectivity of the map from the centre of the enveloping algebra (gosp(1]|2n)) onto
the algebra of invariant differential operators fails. This surjectivity is a crucial step
in the proofs of [12].

In this paper, we circumvent the above issues and give solutions to both the
Capelli eigenvalue problem and the abstract Capelli problem for the Lie superal-
gebra o0sp(1]2n), see Theorem 2.6 and Theorem 2.7 respectively. The two new ideas
that arise are a proper indexing of the irreducible components by partitions and an
explicit formula for the determinant of a matrix whose entries are the eigenvalues of
the operators C'E’, where C is the Casimir operator and E is the Euler operator.

2. Main results

Let V := C'?" be the super vector space over C of dimension 1|2n. Equip V with
the non-degenerate even supersymmetric bilinear form B: V x V' — C given by the
(1|n 4+ n)-block matrix

1 0 0
31|2n = (0 0 I,
0 -1, 0

Denote by o0sp(1]|2n) the orthosymplectic Lie superalgebra that leaves B invariant.
Let b be the standard Cartan subalgebra of osp(1]2n) with basis

B ={Eit1i+1 — Eivnititn+1}ie1,
where the E; ; denote the usual matrix units. Let {d1,...,d,} be the basis of h* dual
to #. Let b be the Borel subalgebra of 0sp(1|2n) corresponding to the fundamental
system L
XY= {61 - 57j+1 ?:_1 U {671}
Set g := gosp(1]2n) := CZ @ osp(1|2n),

where Z is a central element of g. We can extend the natural osp(1]2n)-module
structure on V' to g by defining the action of Z to be —1Iy .

Let P(V) be the superalgebra of (super)polynomials on V. We denote the genera-
tors of V' dual to the standard basis of V' by {y,z1,...,zs,}, where y is even and
T1,...,T9, are odd.
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Define the (super)derivations {0,,0;,...,0,} for all 1 < 4,5 < 2n and homoge-
neous u,v € P(V) by the relations

Oy(y) =1, Oy(z;) =0, Oy(uv) 1= Oy(u)v + udy(v),
0;(y) := 0, 0i(xj) == 6;;, 05 (uv) := 0 (w)v + (—1)"ud;(v).

Let D(V) be the superalgebra of constant-coefficient (super)differential operators
generated by {0,,0,...,02,} and let PD(V) be the superalgebra of (super)poly-
nomial coefficient (super)differential operators. We can consider PD(V) as the
subalgebra of End(P(V)) generated by y,x1,...,22,,0,,0,...,0s. As a vector
space we have PD(V) =2 P(V)® D(V) and we use PD*(V) to denote the image of
PE(V)@DFE(V) in PD(V), where P*(V) and D*(V) are the homogenous degree k
components. For more details on our notation see [11, Sec. 2].

The g-module structure on V' induces a g-module structure on P (V). Explicitly,
the action of osp(1|2n) is given by the restricted action from gl(1|2n) to osp(1]2n),
where the action of gl(1]2n) on P (V) is defined for all 1 <i,j < 2n by

El,l — yﬁy, El,j—i—l = yaj7

Eii11 = ;0,, Ei1 41— 2;0;.

Furthermore, Z acts on P(V') by the degree operator. That is,

2n

i=1
Since V' is self-dual, then D(V') = P(V*) = P(V). Thus, the action of g on P(V)
induces an action on D(V') and hence on PD(V) = P(V) ® D(V). Observe that
the action of g on P(V) induces a map

U(g) = PD(V),

where $1(g) denotes the universal enveloping algebra of g. An element D € PD(V)
is g-invariant if and only if Dz = (—=1)!PIFlzD for all = € g. Denote by PD(V)?
the subalgebra of g-invariant polynomial coefficient differential operators. Notice
that the image of the centre of $i(g), denoted by Z(g), lies in PD(V)?. That is, we

have a ma,
P Z(g) = PD(V)". (1)

Problem 2.1 (Abstract Capelli Problem for osp(1|2n)). Determine whether or
not the map (1) is surjective.

To put Problem 2.1 in perspective, recall that in the non-super setting, this problem
was investigated in the work of Howe and Umeda [5]. In [12] this problem was studied
in the general setting of multiplicity-free modules of basic classical Lie superalgebras
that arise from the super Tits-Kantor-Koecher construction. More precisely, in [12,
Corollary 1.18] the authors addressed Problem 2.1 for pairs (g, V') associated to
a simple unital Jordan superalgebra J such that J; # {0} and J is not of type
(0,2n); or JP(0,n), in the Kac notation. The answer turns out to be affirmative
for all such pairs (g,V’), except when V is a gosp(2|4)-module constructed from
the exceptional Jordan superalgebra of type F'.
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The proof technique of [12] uses the connection between the image of the Harish-
Chandra homomorphism and Sergeev-Veselov interpolation polynomials. This tech-
nique is not available when g = osp(1]2n) and V = C!?"  corresponding to
J=(0,2n),.

Our first main result of this paper is an affirmative answer to Problem 2.1 (see
Theorem 2.7). This resolves the abstract Capelli problem for pairs (g, V') associated
to the Jordarn superalgebra (0,2n); which were left out in [12].

To explain our second main result, we begin by constructing the Capelli basis of
PD(V)®. Let us define two operators R? and V? on P(V) as follows: R? is
the operator of left multiplication by y? — 2 Y i<icn TitnT; and V2 is the constant
coefficient differential operator 9, — 2", ;. Di4n0;. We call V? the super Laplace
operator. These operators admit the following relations

[(1/2)R* —(1/2)V?] = E + ! _22",
[E+ L—2n (1/2)32} - R,
{E Ll —(1/2)V2] = V2.

That is, the elements {E + =22 (1/2)R?, —(1/2)V?} form a standard sly(C)-triple.

Furthermore, one can check directly that the actions of sly(C) and osp(1|2n) com-
mute, so that P(V) is an osp(1|2n) x sly(C)-module. There is a natural grading
of P(V) by degree and we have Ep = kp for p € P¥(V). Furthermore, define
H = ker(V?) and H, = PH(V) N H. The elements of H are called harmonic
superpolynomials. The next Lemma is a special case of [3, Th. 5.2].

Lemma 2.2. For 0 < k < 2n+ 1, the space Hy is an irreducible osp(1|2n)-

module of highest weight
min(2n—k+1,k)

Ne= Y4

J=1

Using Lemma 2.2 and the fact that multiplication by R? commutes with the
0sp(1]2n) action it follows that R*H,, is an irreducible osp(1|2n)-module of highest
weight A, for all ¢ € Zsq. For the following Lemma see [3, Lemma 2.1].

Lemma 2.3 (Fischer Decomposition).  For k € Zso and { = | ], the decompo-
sition of P(V) as an osp(1]2n)-module is given by

Pk(V Hi ®RPHp o ® - O R*Hy_op  fork<2n+1 and
| R2PF2(V) for k> 2n+1.

Thus as a g-module, the space P(V) admits a multiplicity-free decomposition.
Define P := {(v1,10): v1,15 € Z>g, 11 > 1}, and for any v € P set |v| := vy + 1s.
We will parametrize the irreducible submodules of P*¥(V) by the set

Py, = {V eP: |v|=kand v, > {SJ - n} : (2)
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via the assignment v — V,, := R**H,, _,,, for v € P} .- Then we have

PFV) = P Vi (3)

Z/EPZ’n

Let D¥(V) @ P*(V) — C be the canonical non-degenerate pairing between D*(V)
and P*(V). This pairing induces a g-module isomorphism D*(V) ~ P*(V)*, i.e.

D'V~ P vy (4)

*
VG]Pk,n

We remark that the latter isomorphism can be chosen such that for every v € P,
the restriction of the natural map D*(V) @ P*(V) — C to V ®V, is the standard
duality pairing. Define

d
Ao =P, and A= ]JP;,. (5)
k=0

k>0

Using (3) and (4) we have

POV~ P VeV~ @ Homy(Vir,V,) ~ @) Homy(V;,. V,).  (6)

v, eAy, v,V €N}, veEA}

Definition 2.4 (Capelli Operator). For v € A%, define D, € PD(V)® to be the
element mapped to I, € Homy(V,,V,) by (6). The operator D, is called a Capelli
Operator.

Indeed, Schur’s Lemma implies dim Homgy(V,,V,) = 1 and therefore the family
{D,}vens forms a basis of PD(V)®. Schur’s Lemma also implies that for any
w,v € Ay the Capelli operator D, acts on V, by a scalar. This gives rise to
the following problem called the Capelli Eigenvalue problem for osp(1|2n):

Problem 2.5 (Capelli Eigenvalue Problem for osp(1|2n)). Let p,v € Af. Deter-
mine the scalar ¢, (p) by which D, acts on V,.

Our answer to Problem 2.5 makes use of a special case of Knop-Sahi polynomials.
These polynomials are uniquely defined by certain vanishing conditions. In partic-
ular, we let p := (—n — 3,0) and let P?, for v € P, be the polynomial defined in
[7] that satisfies the following conditions:

1. P? is symmetric in two variables x and y,

2. deg(P?) < v,
3. P(u+p) =0 forall p€P with |u| <|v| and p # v,
4. PO(v+p) = (1 — )l () (1 — (n + 3))2,

where 2t =z(x —1)--- (z —i+1).
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Theorem 2.6.  Let p,v € A},. Then

_ PL(uy —n— 5, p2)
) = o~ =

In particular, the explicit formula is given by c¢,(u) = ab, where

v2

5 (pn — (n+ 4))2
(o) (v1 — (n+ 3))2(n + )=

v1—Vs n+ 1 n+ 1 ‘ '
_ 2 2 \V1—U2—1 1
and b= E (Vl o 2) ( ) >(,u1 — vy — )2 1y — 1),

Even though the formula obtained for eigenvalues is typical of Capelli operators,
i.e. Knop-Sahi polynomials for a specific p, we note that the standard technique of
verifying the vanishing conditions (used in [12]) does not apply. The reason is that
for v such that |v| > 2n + 1, there are not enough vanishing conditions to allow us
to use the uniqueness of the Knop-Sahi polynomials. However, we circumvent this
issue by reducing the formula for D, to one for another operator, for which there
are enough vanishing conditions.

a =

The proof of Theorem 2.6 needs Theorem 2.7 below, which answers the abstract
Capelli problem (Problem 2.1) for the action of gosp(1|2n) on C'?" affirmatively.
d

Define Pin:={pe€P:|ul=kand us <n} and Ay, := U Py . (7)
k=0

Let C denote the Casimir operator of osp(1|2n).

Theorem 2.7.  Lel d € Z>o and v € Ay, The Capelli operator D, can be
expressed as a linear combination of elements from the image of Bq,, under the map
(1), where

Bd,n = {C“QZM_}QZ n e Ad,n}- (8)

We remark that Theorem 2.7 cannot be proven by the general technique of [12].

3. The matrices My and M].

The strategy to prove Theorem 2.7 is as follows. We define a family of square
matrices denoted by My, for d € Z~(, with coefficients in the polynomial ring Z[z].
For all d € Z>o the matrix M, will have the following property: if det(My)(n) # 0
then D,, for all v € A}, can be written as a linear combination of images of
elements of By, .

We equip Ay, from (7), and A}, , from (5), with the following total orderings.
Definition 3.1.  For p,p' € Ay, define

pp = ' if and only if py < py or (p2 = py and py < py)

/

and for v," € Ay, define v <" if and only if

m-w| _|n-n| o (|ln-wl|n-n and ] < 1] ) .
2 2 2 2
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Lemma 3.2.  For any d € Z>q, we have |Agy,| = |A}

nl

Proof.  This follows from the definition of Afz,n and Ay, and the observation that
for all k € Zso, [Prp| =min ([5],n) +1=|P},,|. n

Remark 3.3.  In particular, Lemma 3.2 implies |By,| = [{D,: v € A}, }|.

For 0 < j < min (ng , n) define a family of subsets of Agq, and A}, by
Aags = {0 € M 2 2 7}, Ny = {vetm< | Y] -5}, )

and éh\inJ = {(ulaj): M1 :Ij,j +-1,...,d'—'j},
ON;, 5 = {(k:— EJ 45 EJ —j) : k::2j,2j+1,...,d}. (10)
Observe that the following unions are disjoint:

*
Nang = Nanjr1 U0Aan;, A

_ * *
dng = Nanjr1 UOA

d7n7j :

The next corollary follows inductively from Equations (11), Lemma 3.2 and the
equalities Ay, = Agno and Aj, = A7, 4.

Corollary 3.4.  We have [Agp ;| = [N}, |, for 0 <j <min([2],n).

znj
Definition 3.5.  For p € Ay, and v € A}, set
(, :=min(v; — e, 2n+ 1 — (11 — 1)) (11)

and set Ao (1) 1= (22 + 1)0, — 2)2 (1) + )" 2 € Z[z]. (12)

Definition 3.6.  Let M, and M) be square matrices defined by

Mgy = [)\,U':V];u'EAd,n (13)
VGA;n
and My = [(20,)"* (11 4 v2)" 2 ueng.- (14)
VEAzn

The rows and columns of M,y and M}, are ordered according to the total orderings
given in Definition 3.1.

Notice that the entries of M) are the leading coefficients of the polynomials A, .
Remark 3.7. For v € A}, the Casimir operator C' acts on V, by the scalar
(2n+1)¢, — (2. Furthermore, for any p € P the central element C*2Z*1~#2 of §l(g)
acts on V,, by A\, (n).

Lemma 3.8.  If det(M)) # 0, then det(M,) = det(M))p(z) where p(x) € Q|x]
8 Mmonic.
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Proof.  Notice that deg(\,.(7)) = pa, for all p € Ay, and all v € A,
Furthermore, any monomial in the Leibniz determinant formula of M, is a product
of distinct row entries from My. That is, all the non-zero monomials in this formula
have the same degree, which is equal to ZMEAd,n p2. Thus if det(M)) # 0 then

det(M])) is the leading coefficient of det(Mj). ]

Remark 3.9. It follows from the proof of Lemma 3.8, if det(M)) # 0 then
deg(det(My) = Xyen, , o

The remainder of this section is dedicated to showing that det(M}) # 0. The final
results are given in Theorem 3.17.

Definition 3.10. For v € A%, and 0 < j < [!4], define

d,n 2

v .| v . *
vy = (vl = |2+, | Y| - 5) € 05,0,
Corollary 3.11. Letve Ay, , 0<7 < L%J , and set V' = ;). Then v, = vy,
for 0 <k <M.
Lemma 3.12.  Let v,v' € A}, , such that v # ' and |v| = |[V|. Then {, # (.

Proof. Straightforward by contradiction and considering all the possibilities of
¢, and {, according to Equation (11). [

Corollary 3.13.  Let 1 <j<min ([§],n) =1, let v € A}, ;1 and set v/ = 1),
Then £, # 0.

Proof.  Notice that vy < {UJ (j+1) =vh—1. That is, v # v/. Furthermore,
lv| = || and therefore Lemma 3.12 implies ¢, # (. n

Definition 3.14.  Let 0 < j < min ([£],n).

1. Let p € Mgy and v € Ay, ;. Define
o if j =0,
Suws =41 if 1y = §,
—1 to—1 ti_ 1 1— 1— 1—t .
Dotomj Doti—jo1" " 2aty=0 e toffle) g Yt (7 otherwise.
2. Define the square matrix N; := [2“2*3 (1 + VQ)HI*MS%V]]HGAM]
VGAZ n,J

Lemma 3.15. LetOSjSmin(L%j ) 1, veNg,,;, and v € A}
S/""Vv.j - Sﬂvy(j)»j = (gy - gl/(j))Sﬂ’V’j‘Fl‘

Proof. Using Corollary 3.11 we have

Then

dn,j*

p2—1 to—1 tj—1—1

) § § § ,uzlt()toltl. ti—1—1—t; (pt; t;
S,uﬂllv.j }Ll/(]) .7 gV(o) gl/(l) gllu 1) (g gll( ))

to=j+1t1=j t;=1
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Now apply the identity

tj—].
Lot Z ti—1—t 41 ptjp1
(6 éy( )) (fy - gl’(j)> g'jm " g”ﬁ
tj+1=0
to obtain Spwg = Spwiyd =

pu2—1 tg—1 tji—1—1 tj—1

— o ,U,Q 1—tg pto—1— t1 tji—1—1—t; pti—1—tj11 ptjt1
by l’u) Z Z Z Z g £V<1) KV(] 1) 6% £

to=j+1 t1=j ti=1 tj11=0
= (gv - éy(j)>5/"yzj+1' u
For the next lemma, recall the Vandermonde matrix defined for aq,...,as € C by
Viag,...,aq) = [042_1]19,]‘35,

where 0°:= 1. Indeed, det(V(ay, ..., ) = [[1<jic (@i — o).
Lemma 3.16. For 0 < j < min (ng,n) -1,

det(NJ) = det(V(Qja 2] + 17 B ’d)) det(Nj-‘rl) H 2 (KV - fV(J))

I/EAdn 1

Proof. Fix 0 <j <min (|2],n) — 1. Observe that N; has a submatrix

(1 + v2)" peong,, = V(24,25 +1,....d).

VG@A; nj

Therefore for each v € Aj, ;. we have v € JAj, ; and when we subtract the
column indexed by v(;) from the column indexed by v, the entries at the (u,v)
position, where p € aAW, will vanish. The matrix obtained from N; after

the above column operations is block lower triangular of the form [I S] . The

determinant of the latter matrix is equal to det(N;) and hence

det(N;) = det(V(24,25+1,...,d)) det ([2“2_j(yl +V2)M1_M2(SM7V7]'_SNJ/(].)’])]MGAd n ;+1> :

dng+1

Applying Lemma 3.15 to the columns of the second factor on the right hand side

det(N])
= det(V(Qj, 2] —+ 1, .. ,d)) det <[2“2—j(y1 + y2)u1—u2 (fl, — gl’(j))SM,V,j+1]H€Ad,7L,j+1)
VEA;YHJ.Jrl
=det(V (25,25 + 1,...,d)) det(N;1) ( H 2(0, —&,(j))>. m
VGAd 1

Theorem 3.17.  Let M), be as defined in Equation (14). Then det(M}) = ab

where
min(\_%],n)—l
a= [I det(vi2zi+1....d)| [[ 2 (6,, - zym)

j:1 VEAd n,j+1

and b= det (v <2min<{gJ n) ,2min(EJ n) +1,...,d>>.
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Proof. This follows from the fact that Ny = M/ and by applying Lemma 3.16

min([4],n) — 1 times to observe that

ot (N1 = et (v (2 (2] ) 2in (| 2] o) 1,0 d)) . m

4. Factorization of det(My)

Theorem 3.17 implies that det(M}) # 0. Hence by Lemma 3.8 there exists a monic
polynomial p(z) € Q[z] such that

det(My) = det(M})p(z).

This section is dedicated to factoring p(z) into linear terms. The final results are
given in Theorem 4.7.

Lemma 4.1.  Let p € Ay, and let v,V € A}y, such that v # V' and |v| = |V/'].

d,n’
Then the polynomial N, , — N\, is divisible by (x — WTV'_1> , where A\, is defined
in Equation (12).

Proof. Let p€Ag, and v, €A}, , such that |v| = |[/|. Then v+, = |+ and
Mo — A = (V1 + 02) 1712 (22 + 1)0, — )2 — (22 + 1)0, — £2))1?)

_ w2 (a(0, — 1) (o — Lot b =1
— (1 + )" H2(2(0, e,,))(x . )

(ﬂij ((2z + 1), — 2)=" 142z + 1)L, — Ez,)t> N

=0

The next lemma will justify that Definition 4.3 is valid.

Lemma 4.2.  Let v, € A}, , such that v # V' and |v| = |V'|. Then
0,46, —1€{0,1,...,2n—2}.

Proof. Let 0 <k <d and v,/ € A}, such that k = |v| = [/[. This proof is
divided into three cases:

o If kK <n,then ¢, ¢, €{k—-2j:j=0,1,..., ng} Lemma 3.12 implies that
¢, # (, and therefore

€V+€V/—1e{2k—2j—1:j:1,2,...,2EJ —1}.

e If n4+1<k<2n+1, then ¢, and ¢,/ take distinct values in the sets

(i-mes= e 254 4] =

{2n+1—k+2j:j:0,...,k—V;kJ—l}. (16)

— If ¢,,¢,, are both in (15) then

€u+€,ﬂ—1e{2k—2j—1:j:2k—2EJ+1,...,2EJ —1},
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— For there to be at least two distinct £,,¢,, in (16) then k£ > n + 3. In
which case we have

€V+€V/—1€{4n—2k:—|—2j—|—1:j: 1,2, ... 2%k +2 L”*;_’ﬂ —2n—3}.

— If ¢, isin (15) and ¢, in (16) then

k

bo+ty—1e{m=-2j: =12 |5}

o If k> 2n+ 2 then ¢, and ¢, take values from {0,1,...,n}. It then follows
for distinct ¢, and ¢,, that ¢, + ¢, —1¢€{0,1,...,2n — 2}. [ |

For s € {0,1,...,2n — 2} and v € A}, there is at most one v/ € A}, such that
by <t,, |v|=|V|,and £, + £, — 1 = s. Thus we can define the following matrix.

Definition 4.3. For s =0,1,...,2n — 2, define the square matrix

Mg := [Aﬂﬂij]HEAd,n
VGAZl,n

where A, , s € Z[z] is defined by

Muw — Ay ifthereis v/ € AY | |v| = |V, by < l,, s=10,+ 1, — 1,
>‘u7v,5(1’) = ’

A otherwise.
Lemma 4.4. Let s € {0,1,...,2n — 2}. Then det(M,;) = det(Mys). Further-
more, det(My) is divisible, in Q[z], by (3: — g)f(d’s), where
f(d,s) = ‘{(1/, V') e Ay, x Ny vl = |V, b, < b, 0, + 0, —1= SH (17)

Proof. Notice that through column operations M, is obtained from M. In
particular, for v € Aj ,, column v of My is either column v of My or is column v
minus column v/ of My, where |v| = |V'|, ¢, > {,, and ¢, +(,, — 1 = s. These op-
erations can be done simultaneously by starting with the largest ¢, and performing
the necessary column operations. This leaves all other columns untouched. Thus
we continue to the second largest ¢, and likewise for all ¢,. Thus it follows that
det(My) = det(M,5). Next take any

(v, ) e{(v,V) € Ay, x Ny, o v = V| by < by, b, + 4y — 1 = s}

Lemma 4.1 implies that the column v of Mg is divisible by (x — 3). Thus (z — 3)
divides det(My ) = det(M,) with multiplicity

f(d,s) = ’{(1/, V') e Ny x Ny v = Wl < by, b, + L0, —1= s}} [ |

Remark 4.5.  Notice that f(d,s) = Zi:o gr(s) where

gi(s) = [{(n,V)) € Py x Pyt by < by, by + €y — 1 = s}

Lemma 4.6.  Let d € Zso. Then 3.-".% f(d,s) = D uen,, Mo
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Proof. First, we have the identity

S 0t = (5] (s ] ) 1)

for gr(s) defined in Remark 4.5. This identity follows from the fact that the left
hand side is counting the cardinality of

2n—2
UL ) ePy, x Py : b < by, Lyl —1 = s} ={(v,V) €P;,, x Pp,: by < 4,}

s=0

and the fact that there are min (Lk J ) + 1 possible ¢,,. Therefore we have

2n—2 2n—2 d d 2n-2
D ) =3 > gl =2 > als)
s=0 s=0 k=0 k=0 s=0

o) = ()9

Next Lueh,, e 1s calculated for the following two cases.

. F0r0§d<2n—i—l

H1 d—p1
> he= Z S Y Yo
HEAG #1=0 p2=0 p1= L |+1 #2=0

2 2
H1=0 MlZL%J'H #1=0
o For d > 2n + 2 we have the following analogous calculation
n d—mn—1 n d—p1
)DRTED 35 SIS Db SIS Db By
HEA4 R p1=0 p2=0 pr=n+1 p2=0 pr=d—n p2=0
_Z (b )+(d—2n—1)@.
H#1=0
For both of these cases, it is easy to verify that 23152 f(d,s) = ZHEAdn 1o [

Finally, we have all the tools needed to prove the main result of this section.

Theorem 4.7.  Let d € Z>y. Then

2n—2 s f(d,s)
det(M,) = des(M)) T <x - 5) ,

s=0

where f(d,s) is given in Lemma 4.4.

Proof.  Recall that Lemma 3.8 and Theorem 3.17 imply det(M,;) = det(M})p ( ),

for some monic p(z) € Q[z]. Furthermore, Lemma 4.4 implies that (z — 5) )
divides p(z), for all s =0,...,2n — 2.
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Therefore there is some monic g(x) € Q[x] such that

2n—2

p) =) IT (== 3)""

s=0

In particular, deg(p(z)) > 322", f(d,s). Furthermore Remark 3.9 tells us that
deg(p(z)) = >_,ca,, H2- 1t then follows from Lemma 4.6 that

2n—2
Yo o= f(ds) <deg(p() = D o
#EAd,n s=0 HeAd,n
2n—2 s F(d,s)
That is, ¢(x) =1 and det(My) = det(M})p(x) = det(M)) H <x — 5) . n
s=0

Thus we can prove Theorem 2.7 and thereby answer Problem 1 in the affirmative.

Proof of Theorem 2.7. Let d € Z>y. Recall that the image of C*2Z*17#2 is a
differential operator of order |u| and therefore is an element of @lkuzl o, PDF(CH2mys,
Lemma 3.2 implies |Bg,| = [{D,: |v|] < d}|. Therefore if By, is a linearly
independent set then it is a basis of @Z:o PDF(CH2m)s
Identify C*2Z#~#2 with its image and fix non-zero v, € V,, for each v € A}, . Let
a, € C be such that

> acrzmTr =0, (18)

HEAG n

We evaluate (18) on each v,. Since C*2ZM~F2 acts on v, by A,,(n) we have the
following matrix relation

[au]ueAd,n [)‘MW (n)]uel\d,n =0,
VEA:;’n

where [a,]uen,, denotesarow vector. The matrix [A,,(n)]uen,, is exactly My with
VEAZ,n
entries evaluated at © = n. Theorem 4.7 implies that det(My)(n) # 0 and therefore

[Auw(n)]peny,, is invertible. In particular, a, = 0, for all 4 € A4, and hence By,
I/EAZ,n
is linearly independent. [ |

5. Solution of the Capelli Eigenvalue Problem

In the previous section we proved Theorem 2.7 and thereby answered Problem 1.
For the remainder of this article we will answer Problem 2.5 by proving Theorem
2.6. We will need the following lemma, which can be found in [4, Lemma 1].

Lemma 5.1.  Let w € P*(V). Then
V3(R*w) = 2t(2k +1 — 2n + 2(t — 1)) R2 "V + R¥*V?w.

Proof. By induction on ¢, using [V? R?] = 4F + 2(1 — 2n) we have
V2(R*w) = (4k + 2(1 — 2n))w + R*V?w. ]
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Lemma 5.2.  Let A € AY such that \y > 1 and set v = (A — 1, o — 1). The
Capelli operators Dy and D, are related by

2X2(2\; — 2n — 1)Dy = R*D,V~.

Proof. Let {R*?vy,..., R*?v,}, with v; harmonic, be a basis to V,, and let
{vi,...,v;} be its dual basis. It follows that D, = Zle (R*2v;) vi. Furthermore,
{R** 20, ..., R??y,} is a basis to V). Notice that Lemma 5.1 implies that for all
1 <i,5 < /¢ we have

vi V(R 0;) = v} (2X2(2A1 — 2n — 1) R*?v; + R** V)

= 2)\2(2)\1 —2n — 1)5z,j
Thus {505y | 1< < ¢} is dual to {R0y,..., BP0} and

L (R0 (0P V?) R2D,V?

Dy = = .
v=2 222  —2n— 1) 202\ —2n—1)

=1

Proposition 5.3.  Let A\, € A¥ be such that Ao, s > 1. Set v = (A —1, 9 —1)
and n = (uy — 1, o — 1). Then
pra(pn — (n+ 3))

CA(“) = /\2(/\1 _ (n + %))Cu(n>

Proof. Take any R*2w € V,, with w harmonic, then using Lemma 5.1 and
Lemma 5.2 we have

R?D,V?
ex(p) R*2w = Dy\(R*?w) = 2X0(2A; — 2n — 1)

_ pa(2m —2n—1)
)\2(2/\1 —2n — 1)

(Ru)

pa(pn — (n+ 3))
Ao(A = (n+3))

R?’D,R*y = c(mR*w. =
Indeed, applying Proposition 5.3 recursively relates the eigenvalues of D, to those
of D, , where V, is harmonic. That is, this reduces Problem 2.5 to calculating the
eigenvalues of D, , for v such that V, harmonic.

Corollary 5.4.  Let \,pn € A},. Let { = min(Ag, u2) and set v = (Ay — {, Ay — ()
and 1= (uy — o — £). Then

A2 (1))
R s () (19

Proof. If ps < Ay, then the right hand side of Equation (19) is 0. Furthermore,
Lemma 5.2 can be applied Ay times to write dy ,Dy = R?*2D,V*2 for some non-
zero dy,, € Z. Thus for all R*2w € V,,, with w harmonic, we have the following

1
ex(p)R¥*2w = DyR* 2w = d—Rz’\szV2A2R2“2w =0,
A

where the last equality follows by applying Lemma 5.1 puo + 1 times. Thus for
t2 < Ao we have Equation (19).
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If Ay < o, then Lemma 5.3 can be applied ¢-times to get

A2 . .
(2 — i+ 1) — ) + 1 - 2n)
exli) = (11 (/\2—i+1)(2()\1—i)+1—2n)> () -

Thus we focus on computing the eigenvalues of D, , for V,, harmonic. The set of
irreducible harmonic submodules of P(V') are indexed by

Afg = 1{(3,0) [0 <i < 2n+1}.

The following lemma will allow us to relate the eigenvalues of D,, for v € A} 5/, to
Knop-Sahi polynomials P?, see [7].

Lemma 5.5. Let v € A} 4 and p € A}, Then c, (i) is a polynomial in piy, i
such that

(1) c(p) is symmetric in x = p — (n + %) and y = pa,

(2) deg(c,(u)) < |v|, and

(3) c(p) = by for all |u] < |v].

Proof. Identify C' and Z with their images under the map in Equation (1).
Theorem 2.7 alows us to write D, = Z)\GAly‘na,)\CA2Z>\l—>\2 for some ay, € C.
Observe that the actions of C' and Z on V), are given by scalar multiplication by
(1 — p2)(2n + 14 po — 1) and py + pe, respectively. Indeed, the action of D, on
V, is given by

() = Y ax(u = 2)2(2n 4+ 14 pg — )2 (s + p2) (20)
)‘EA\J/Ln
1\ A2 1\ A 1\ M—Ae
= Z aA(x—y+n+§> (y—x+n+§> (w%—y—n—g) ,
)‘EA\J/Ln
where © = py —n — 3 and y = ps. Condition (1) follows from Equation (20).

Furthermore, every summand of (20) has degree |A|. This yields Condition (2).

For Condition (3), the argument is similar to [11, Lemma 5.4] the point being

antd P, ={n€P: [u] <2n+1}. Indeed, if |u| < |v| then the order of D, is |v|

and the degree of V, is |u|. That is, ¢,(u) = 0. If |v| = |p|, then D, results in a
g-module homomorphism V,, — V,, which can be non-zero only if u = v. ]

The next proposition which follows from [7, Prop. 3.4] gives an explicit expression
for PP for v € A} 4.

Proposition 5.6.  Let v € A}, ;. Then

-1 1 1 1 v1—1
n+1 Z n+s\[/n+s 1 N,
v ( 1z 2) <V1 —22> ( 1 2> <x " 2 Z) ()"
i=0

Lemma 5.5 and the uniqueness the Knop-Sahi polynomials yield the following.

Proposition 5.7.  Let v € A, 5, and p € A},. Then

o=y (n N %.) (n * %) (1 — 2= (gt

(n+3)a o\t i
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The proof of Theorem 2.6 follows immediately.

Proof of Theorem 2.6. Notice that D, corresponds to a harmonic irreducible
module if and only if v5 = 0. Thus we apply Proposition 5.7 and Corollary 5.3.
When v, > 0 we use the fact that P?(x,y) = zyP’(z — 1,y — 1) if we have
V' = (v — 1,1, — 1), see [7, Prop. 2.3]. [
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