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1. Introduction

Let IF, be a prime field of p elements. Let gc be a simple complex Lie algebra with
root vectors e, and G the universal Chevalley group of type gc over the algebraic
closure IF,. Let Uz be Kostant’s Z-form of the universal enveloping algebra of gc.
Then the associative IF,-algebra U = Uy @z F, is one of the hyperalgebras relative
to G. For r € Z+y, let U, be the IF,-subalgebra of U generated by all the divided
powers e&n) for roots a and integers n with 0 < n < p” — 1. It is known that the
algebra is related to the r-th Frobenius kernel of G. Let Ut be the F,-subalgebra
of U generated by all e for positive roots o and nonnegative integers n. Let U’
be an intersection of U™ and U, .

Let VI be the F,-subalgebra of U generated by 1 and all e for simple roots «
and integers s with 0 < s <r —1. Let V, be the F,-subalgebra of U generated by
1 and all e and e(f;) for simple roots a and integers s with 0 < s <r—1. Then
it is interesting to study the F,-subalgebras V.t and V,, connections between these
subalgebras and the [F,-subalgebras ;" and U, , and generating sets of U™ and U, .
Our goal is to give a series of facts about them. For example, it turns out that in
most cases VI and V. coincide with Ut and U, respectively, but they do not if the
type of gc is not simply-laced and p is 'very small’ (see Theorems 4.11 and 4.17).
On the other hand, it turns out that for each p and each type of gc, the F,-algebra

UT is generated by 1 and all e for simple roots o and nonnegative integers s,

)

and the F,-algebra U is generated by 1 and all e’ , e(_p;) for simple roots a and

nonnegative integers s (see Remark 4.10).
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The F,-algebra U and its subalgebras are important tools on modular representation
theory of algebraic groups (for example, see [2] and [3]). However, there seems to
be little literature written on the topics in the last paragraph. In the quantum
case, the corresponding properties for small quantum groups are described in [5,
§5] (but when the type is simply-laced). But in our case, unlike the quantum one,
the algebras U, and U are defined for infinitely many r’s for each p, and so it is
important to consider the above topics without excluding small p’s.

As preparation for the main results we establish a commutation formula of the
elements e&") in le% for positive roots a and nonnegative integers n in Section 3.
Then we give main results in Section 4. We determine FF,-bases of VI and a minimal
generating set of ;" in Theorem 4.11. As a sequence, we also determine FF,-bases
of V, and a generating set of U, in Theorem 4.17.

2. Preliminaries

Let gc be a simple complex Lie algebra. Fix a Chevalley basis
{ea,hp | a € @, 5 € A}

of gc, where @ is the set of all roots and A = {ay,...,q;} is the set of all simple
roots. In this paper, we number the simple roots following [1, 11.4]. Let ®* and
®~ be the sets of all positive roots and all negative roots respectively. For a simple
root «a;, we denote e,,, €_q,, and h,, by e;, fi, and h; respectively. Let [-,:] be
the Lie bracket in g¢. Then we have h; = [e;, f;] for ¢ € {1,...,1l}. For n > 3 and
Z1,---,2n € @cC, sSet

(21, 2n) = [21, [ -+ [2n—e, [2ne1, 20)] - )

Let Uc be the universal enveloping algebra of gc. For o € ® and n € Z>, set

e = en/nl. Let Uy be the subring of U generated by all el” with o € ® and
n € Zso, which is called Kostant’s Z-form. Then for i € {1,...,l}, ¢ € Z, and

n € Zxq, the element
(hi + c> I (hi+e—k+1)

n n!

lies in Uz. Let U, , Uy, , and UY be the subrings of Uy generated by
{ef | ae®t, nels}, el |ac®™, neLso}, and {(17) [i€{l, .., I}, n€Zso}
respectively. Then U (resp. U, ) has

{Tacor e8| na € Zoo} (vesp. {Tlaco- e | na € Zx0})
as a Z-basis, where an ordering of ®* (resp. ®7) in the product is fixed arbitrarily.
On the other hand, U is commutative and has {Hl (hl) ’ n; € Zzo} as a Z-

i=1 \n,
basis. The multiplication map U, ®zUI @z U, — Uz is a Z-linear isomorphism.
The following formulas in Uy are well-known:

min(m,n)
- hz - - 2 m—c
egm)fi(n) - Z fz'(n c)( mont C> 65 )7
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hi + s o) — o) hi + s+ (o, )n
m ) “ m ’

pmg) — (TN (metn)
(e (0% n o Y

) -E IO
<hi+nj+t) :;(ms_c) (hi:t)

for i,j € {1,...,1} (¢ #7j), m,n € Zsg, s,t € Z,and a € P.

Let F, be a prime field of p elements. Let us define an I, -algebra i/ as the tensor
product Uy ®z F,. We shall use the same symbols for images in U of the elements
of Uy (for example, e(n) (hﬁc), [21,...,2,], and so on). Let F, be an algebraic

n

closure of F, and G the universal Chevalley group of type gc over Fp. If we regard
G as a group scheme defined over [F,,, U can be identified with the hyperalgebra of
the base change Gy, of G to F, (see [4, 1.7.9]). Let U™, U, and U° be images in
U of U , Uy , and U respectively. Then images in U of the above Z-bases of U,
Uy , and UY form F,-bases of UT, U™, and U° respectively. The multiplication
map U~ Qp, U’ @r, UT — U is an F,-linear isomorphism.
For r € Zsq, let U, be the finite-dimensional F,-subalgebra of U generated by
{e&n) |lae ® 0<n<p — 1}. If » > 0, it is the hyperalgebra of the r-th
Frobenius kernel (G, ), of Gg,. On the other hand, if 7 = 0, we have Uy = IF,.
Set U = qu NU., U= =U NU,., and U’ = U° mu Then U" (resp. U, ) has
{Hae¢+ )10 < ng < p"—1} (resp. {Haeqr 10 < na <p —1})asan
»-basis, where an ordering of ®* (resp. ®~) in the product is fixed arbitrarily.
On the other hand, U is commutative and has {Hizl (ZZ) | 0<n; <p — 1}
as an F,-basis. The multiplication map U, ®g, U Qr, U — U, is an F,-linear
isomorphism. For details, see [4, I1.3].

There exists an [Fj-algebra endomorphism Fr : ¢/ — U defined by

n . h; .
Fr (e{V) = i’ ifp|n o ()) = { ) el
@ 0 otherwise ’ n 0 otherwise

for a € &, n € Z>p,and i € {1,...,1}.

3. A commutation formula

In this section we give a commutation formula in U, . Set v = |®T| (the number
of positive roots). Let W be the Weyl group generated by the simple reflections
$i(= 84,) with i € {1,...,1}. Let wy be the longest element of W and s;, ---s;, its
fixed reduced expression. Set 1 = o, and By = s, -~ s4,_, (o) for 2 <k <w.

Then we have @t = {f,...,08,} (see Problem (b) in [8, Appendix on Finite
Reflection Groups I1.25]). We define a total order < in & as

B = Br <= j < k.
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Lemma 3.1. Let j,k € Z with 1 < j < k <wv. Then the following hold.

(i) For b € Z~q, the element eﬂkeg;) _ e(ﬁ?e

combination of elements of the form 6(5?655 with 0 < ¢ < b and j < s < k if
k—j>2.
(a) (a)

(ii) For a € Zs, the element ey’es — e, 15 0 if k—j =1 and is a Z-linear

is 0 if k—7 =1 and is a Z-linear

Bk

combination of elements of the form eﬁse(ﬂck) with 0 < c < a and j < s < k if
k—j>2.
(aj)  (ax—1) (aj) (ak—1)

(ili) For aj,...,ap-1 € Zxo, the element ege5’ ez " —ey” - e5" Ve, is a
Z.-linear combination of elements of the form e(ﬁb ) eg:“ 1) satisfying the following:
o h; < aj

o« > b<zzjaland2fk—j>2 thenzlﬁlb <le+1al—|—1

(iv) For ajii,...,ax € Zso, the element eé ) e(ﬁi’“)eﬁj —eg, e(ﬁ ’:)- eg;’“) is a
Z.-linear combination of elements of the form eé”l) ( ’“) satisfying the following:
[ bk S Qg .

. Zf:jﬂbigzz;j“&l and if k —j > 2, then Zl it <Zf Jlﬂal—i-l

Proof. Note that any element in Uy is a Z-linear combination of elements of the
form ],_, egi”) with n; € Z>(. Since it is ensured that all the coefficients appearing
in (i)—(iv) are integers, we only have to argue the basis elements. We prove only (i)
and (iii) because (ii) and (iv) will follow by symmetry.

We shall show (i). Note that if 8,45, € ®, we have 5; < 8+ 5r < Br (see [7]). Note
also that if 8;+ B € @, then eg, es, = e, €5, and hence we have e/gkeg]) —eg)) =0
in Uy. Since B; + Bjr1 ¢ ®, we have nothing to do if £k —j = 1. So we may assume
that k —j7 > 2 and B; + By € ®. Then there is an integer ¢ with j < ¢ < k such
that 38; + By = B;. Use induction on b. If b =1, then we see that ez es —eg,eg, is
a multiple of eg, 5, = €5, by an element in Z. So suppose b > 2. In Uc, we have

(b) (b)

1
b—1 b—1
eﬁkeﬁj —eﬁj eg, = ( ( ) ( )

(b—-1)
€8s eﬁj - eﬂj €5k> €s; + 56,8]' (65k €8; — €8; 6/31@) :

S =

The element eg;_l) (es.es, — €s,€5,) is a multiple of eg;__l)egt. On the other hand, by

induction, the element |{eg el _ 7l eg, ) €s, is a linear combination of elements
k ﬁ 6] J

of the form e(ﬁcl)eg eg, with 0 < ¢ <b—1and j <t <k. Then eg;_/)egt/ eg, is equal

o (¢ +1)eg (C +1) egt, if B+ By ¢ ® and to (' + 1)eg (C e ep, + c”eg,/)egt,, for some
c” € Z and j <t" <t it B; + By € ®. Therefore, (1) is proved.

We turn to (iii). Use induction on k — j. It is clear that eg e(ﬂ k=) eg:“ 11) eg, =0

if k— 7 = 1. So we may assume that k —j > 2. Moreover we may also assume
that B8, 4+ B, € ® and a; > 0. We have

(aj) . (ar—1) (a;) (ap-1) ,  _ (a;) (a;) (aj+1) (ak—1)
eses’ g —eg eyt Veg = (eﬁkeﬁj” — ey’ ep, ) es, fll et

(a5) (aj+1) (ak—1) (aj+1) (ar—1)
+eﬁjj (66 6,8];;1 ’ eﬁkk 11 —eg 65: 11 6ﬂk>'

Bj+1
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By induction, the element eg eg ) e(ﬁi’“’ll) - gjfll) e eéi’:l)egk is a linear com-
bination of elements of the form eg]“) : eék V) satisfying the following:

® Cjiy1 < Qjy.

o Yl <Y aiandif k—(j+1)>2, then Y0 e < S a+ 1.

Therefore, setting (¢}, ¢}, y,...,¢._1) = (aj,¢j41,. .-, ck—1) We see that the element

(aj) (aj+1) (ag—1) (aj+1) (ag—1)
eﬁjj <65 6511 B T 5jj+1 T B 65’@)

is a linear combination of elements of the form e(ﬁcj ) e;k’“ V satisfying the following:

/ .
® Cj—CLJ.

) Zk Yol < Zf:_jl a; and if k—j > 2, then Zf:_jlﬂ < Zf ]1+1 a; + 1.

On the other hand, by (i), eg eé 2 e(ﬁij )eﬁk is a linear combination of elements of
the form eéj)egs with 0 <c<aj and j <s <k. If s—j > 2, then by induction we
see that

(aj+1) (as—1)
€Bs 5;‘J+1 B A

; (di11) (ds_1) (aj11) (as—1)
_ Z | m (derl’ o ,dsfl)eﬁjj_u C 655711 —+ 65;_:; . eﬂs 11 €35
(dj+17"'7d3_1)€Z;6371

where 11(dji1,...,ds—1) €Z and (dj4q, ..., ds—1) with 0y (djt1,...,ds—1) 7# 0 satisfies
® djt1 < aj+1

s—1
° Zz —jit1d Zi:j—i—l @i

Then we have

(e) (aj+1) (ak—1)
eﬁj €8s Bj]++1 T ﬁk—ll

c ds_ s ap_
= > ml o da)efegt g Vel ey

(dj+1 ,...,ds_l)EZ;Bj_l

c ((l ) As— as+1 as (ak-1)
o DRl g )

On the other hand, 1f s—7 =1, then

(e) (aj+1) (ak—1) (0) (aj41+1) (aj4+2) (ak-1)
€, 68565 ‘J+1 R (CL]+1 + 1)6/3 6311 eﬁj]+2 By -
Taking (dj,...,d; ;) as
(c,djy1,...,ds_1,0a5,...,a5—1) OT (C,@Qj41,...,05-1,05+1,a541,...,Q5_1)
if s—j>2and (c,aj41 + 1,aj49,...,a5-1) if s —j =1, we see that the element
(es, e(ﬁj i) eé ])65 )eg ]++11) e(ﬂk'“ ") is a linear combination of elements of the form

d,
e;jj) eé’“ 2 satisfying

.d/~<CLj.
o« Y 1d’<2 "a; and if k —j > 2, then YF ]Hd’ ijlﬂaz—i-l

Therefore, (iii) follows. L]
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The commutation formula described in the proposition below will be used in the
next section. It is a bit more refined than the specialization v — 1 of [9, Theorem
2.3].

Proposition 3.2.  For a,b € Z~q and j,k € Z with 1 < j < k < v, the element

e(ﬁi)eéb) e(ﬂb)e(ﬁk in Uy, is a Z-linear combination of elements of the form e(ﬁ L e(ﬂi’“)

satzsfymg the following:

® a; <band a; <a.
) Zf .ang andz i@ <a.

Proof. As in the proof of Lemma 3.1, it is ensured that all the coefficients
appearing in the proposition are integers. So we only have to show the result on
basis elements. If @ = 1, the proposition follows from Lemma 3.1 (i). Suppose that
a > 1. Then
(@) () _ ) (a) _ L (a-1) 4) _ () (a-1)) 1 () _ 0 (a-1)
€6, %8, T 8% T P <% €8, ~ €8, %8s ) T (eﬁk% Cs 66k> €8y
(in Uc). By Lemma 3.1 (i), the element (egkeg)) — eg’)egk)eg ~ is a linear combi-

nation of elements of the form eg?eﬂse(ﬂi Y satisfying 0 < c < band j < s < k.

On the other hand, by induction, the element e(ﬂa_l)e(ﬁb) e(ﬁb)e(ﬂa Y is a Z-linear

combination of elements of the form e(ﬁ] ) (b’“) satisfying the following:

e b <band by <a-—1.
QZ b<band27+1b§a—1.
Then by Lemma 3.1 (iii), we have

b b (b%) (b’ ) b
eﬁke(ﬁjj) o 6(5:711) - Z 772([);, o) ;C—l)eﬁjj o + é’] ’ o eékkfll)eﬁk
(b/ L ) Zk*j
and hence el

(b5)  (be_1)(bk)
eaey eg €

b
- > (b, bi1)es,
(b;, Wbl 1)eZ
where 7]2(bj7 ..., b_1) € Z and (b;-, o, bh ) with nQ(b;», ..., b_) # 0 satisfies the

following;:

° b’. <b;.

[ ] Zk ! b, Zf:_]l bz
Taking (aj,...,a;) as (b

ey U1, 0k) or (b, ... br1,by + 1) we see that the
element eg, (e(ﬁi_l)e(ﬁ? — eg)e(ﬁa 1)) is a linear combination of elements of the form

eg”) e(ﬁi’“) satisfying the following:

[

-) (b )( () (br—1) (be+1)
5: 11 Bk (bk + 1> ’ 6,3:—11 65: )

Qz—\

e a; <band a; <a.

ozf <bandZZ i <a.

Therefore, the proposition is proved. u
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Remark 3.3. Regarding a term eg;j) . --egzk) in the proposition, we see the

following:
(i) If there is an integer s with j < s < k such that as = b, then

(aj) (ag) _ (b) (ak)
eﬁjj o eﬁkk = €5, 65: )
(ii) If there is an integer s with j < s < k such that a5 = a, then

(a;) (ar) _ (a;) (a)
€5 s =5 s, -
(iii) If b = a and there is an integer s with j < s < k such that a5 = a, then

e(ﬁa') . eg:") = e(ﬁi) and (s = B + Bk

J
J

4. Main results

Let A be the subset of U consisting of 1 and all egpn), fi(pn) with ¢ € {1,...,l} and
n e ZZO . Set

A+:Aﬂu+:{1,€§pn) ‘ ZE{l,,l},TLEZzo},

A*:AHU’:{LﬁMWie{an&nEZE},

A, =ANU, = {1’ ez(lm)’ fi(pn)

ieﬂ,”JLOgngr—1}

Aj:Amujz{Léw

i

ieﬂw”JLOSngr—ly

A =any = {1,

ieﬂw”JLOSngr—l}

for r € Zo. Let V, VT, V=, V., VI, and V, be the F,-subalgebras generated
by A, AT, A=, A, A, and A respectively. In this section we give some results

about these F,-algebras. As preparation, we make some observations on the root
system .

Let E be an euclidean space with inner product (-,-) spanned by ®. For a € &,

we define the coroot a” of a as a¥ = 2a/{a, a).

For a root a = 22:1 cioa; (¢; € Zsp), the integer ht(a) = 22:1 ¢; is called the

height of a. For two positive roots a, 3 € &1, if there exists a simple root «;
(i € {1,...,1}) such that 8 = a + a;, we denote this by a <% 3. It forms a Hasse
diagram H(®T) of ®F, which is well-known in each type.

If & is not simply-laced (i.e. ® is of type B, (I > 2), C; (I > 2), Fy, or Gg), it
has two root lengths. Then let H(®F ) (resp. H(®P},.)) be the subdiagram of
H(Pt) whose vertices correspond to all short (resp. long) positive roots. Now we
shall observe the subdiagrams in each type.

e Suppose that @ is of type B; (I > 2). Then ’H((I)fgng
components whose vertices correspond to

j j l
{iak 1§i§j§l—1} and {iak%—QZak
k=i

k=i k=j+1

) has two connected

1§i§j§l—1}

respectively.
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On the other hand, H(®}_.) is a connected subdiagram as

IS o S a4 4y
e Suppose that ® is of type C; (I > 2). Then H(@ﬂ;ng) has [ connected components
and each of them has only one vertex corresponding to 2 Zf,:z ar+ o (1<i <.

On the other hand, H(®J ) is a connected subdiagram.
e Suppose that & is of type Fy. Then H(@fgng) has four connected components:

o 22 oq + o &0@,
s + 203 =5 aq + ag + 203 ga1+2a2+2a3,
g 4 203 + 200y =5 g + ag + 203 + 20 ga1+2a2+2a3+2a4,
a1 4 20 + das 4 200 2 aq + 3 + das + 204 25 204 + 3 + das + 20y
On the other hand, H(®} _..) is a connected subdiagram.

e Suppose that ® is of type Gy. Then H(@fg)ng) has two connected components:

as and 3 + as = 3a; + 2as.

On the other hand, H(®J, ) is a connected subdiagram as
a1 =2 ay + ag =5 209 + .

From the above observation, we see the following facts.
Proposition 4.1.  Suppose that ® is of type B, (1 > 2), C, (I > 2), Fy, or G,.
Then the following statements hold.
(i) H(CI)fgng) has a unique connected component which contains vertices correspond-
ing to long simple roots.

(ii) H(PL,.) is connected and contains at least one vertex corresponding to a short
simple root.

(iii) Any connected component of H(¢l—gng) which does not contain vertices corre-
sponding to long simple roots has a unique minimal vertex.

(iv) All the simple roots assigned to arrows in H(®\ ) are long.

Thus we write Cy for the unique component in Proposition 4.1 (i). Moreover, for
a subdiagram S of H(®T), by abuse of notation we denote by S again the set of
roots assigned to vertices in the diagram.

Lemma 4.2.  Suppose that ® is of type By (1 > 2), C; (I > 2), or Fy and that S
is a long root. Then if there is a root o such that 8 — « is a short root, then « is
a short root, B — 2a is a long root, and neither B — 3a nor B+ « is a root.

Proof. Set yv=f — a. Since

2(7,7) = (B,6) = (v.7) + 2(y,a) + (o, ),

we have (v,7)/(o,a) = (v,a") + 1. Since 7 is short and (v, «") is an integer, we
must have (a,a) = (7,7) and hence « is short and (y,a") = 0. Moreover, since
(y—a,y—a)/{a,a) = 2, y—a must be a long root. Finally, since (f—3a,a") = —4
and (8 + o, ) =4, it follows that neither 8 — 3« nor  + « is a root. [
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Remark 4.3. Under the assumption of the lemma, the a-string through £ is
6 - 20[, 6 - Q, ﬂ

Moreover, by [1, Theorem 25.2 (d)] we have [eq, €s—a] = 2¢1€5, [€a, €s-24] = C265-a,

and 6&2)65_2a - eﬁ_gaeg) = C109eg + C2€3_qCq = —CiCoeg + C2€q€3_q in Uz for some
C1,Co € {:l:l}

Lemma 4.4.  Suppose that ® is of type By (I > 2), C, (I > 2), or Fy and that
a 1s a long root satisfying o = B+~ for some roots B,y € ®. Then B and v have
the same length.

Proof.  Suppose that § is long. Then the equality (o, @) = (a—~, a—y) implies
(a,7Y) = 1. On the other hand, the inequality (o — v, — ) > (7v,7) implies
(v,a") < 1. Thus we must have (v,a") = 1. Therefore, we see that (o, a) = (v,7)
and hence that v is long.

Suppose that ( is short. Then the equality (o, ) = 2(a — 7, — ) implies
(a, 7Yy = (a,a)/2(,7) + 1. Therefore, we see that (a,a)/2(vy,7) is an integer
and hence that ~y is short. [ |

Lemma 4.5.  Suppose that ® is of type B, (I > 2), C, (I > 2), or Fy and
that « is a long root satisfying o = B+ for some B,v € ®*. If a & Cy and
B,y € CoUH(PL,..), then both B and ~ are short.

Proof. Let § € ®*. Then by Proposition 4.1 (iv) we see the following:
0 € Cy <= ¢ is a sum of some long simple roots.

It follows from Lemma 4.4 that 8 and + must have the same length. Suppose that
both 8 and v are long. Then since 3,7 € Cp, they must be sums of some long
simple roots. Thus we have a € Cy, which is contradiction. |

Now we study a connection between V' and U.

Proposition 4.6.  Suppose that ® satisfies one of the following:

e p is arbitrary and ® is of type A; (1 >1), D, (I >4), or E; (1 € {6,7,8}).
e p>3and P is of type B, (1 >2), C, (I > 2), or Fy.

e p>5 and O is of type Go.

Then VI =UT.

Proof. Let o € ®*. Consider a path

in H(®T), where n = ht(«a) and 41,...,4, € {1,...,1}.

Suppose that » = 1. We would like to show that e, € V;. It is clear when n =1,
so assume that n > 1. Consider the equality de, = [e;,,, e, ,| in Uz, where d € Z.
Use [1, Theorem 25.2 (d)]. If ® is of type A;, Dy, or E;, then since v,-1 —«;,, & P,
d must lie in {£+1}. If ® is of type B, C;, or Fy, then since v, 1 — aq;, € ® with
a € Z>o implies a € {0,1}, d must lie in {£1,£2}. If ® is of type Go, then since
Yn-1 — acy, € ® with a € Z>( implies a € {0,1,2}, d must lie in {£1,+2, £3}.
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Thus the assumption in the proposition implies that d # 0 in F,. In U, since
€., € Vi by induction on n, we have e, € V;". Therefore, we obtain V" = U;".
Suppose that r > 1. Since V", = U | by induction on r, it is enough to check
that e e V. Consider path (1) and use induction on n. It is clear for n =1,
so suppose that n > 1. By Proposition 3.2, we must have

i DA (i BN (s P B
ein 6771,71 e’Y'n,fl ein - Cea + z

in U, where ¢ € F, and z € U} ,. Applying the map Fr'~! to the equality we

have [e;,, e, ,] = ce,, and hence ¢ must be equal to the above d in F,. Since
e(ﬁ:l) € VI by induction and since d # 0 in F,, we have el e VT, Therefore,
we obtain V. =Ut. ]

In turn, we have to deal with the cases that ® is of type B, (I > 2), C; (I > 2),
or Fy when p = 2 and ® is of type Gy when p = 2 or 3. In type Gy, we will
often carry out some direct calculations. So for simplicity, we denote the positive
root vectors €n,, €ay;s €ajtass €2a1+ass €3a1tass aNd €34,424, DY €1, €2, €12, €112,
e1112, and eqq1100 respectively. Without loss of generality, we may assume that these
elements are chosen such that

€12 = €1€2 — €2€7,
2e112 = ej1€12 — €126y,
3e1112 = e1€112 — €112€1,

€11122 = €2€1112 — €1112€2,

o~ o~ o~ o~ o~
e N N N

3e11122 = €112€12 — €12€112

in gc (for example, see [6, §5]). Then for a,b € Z~q, we have

a) (b t1) (t2) (t: ta) (ts) (¢
eg )eé) = Z eé1)e§22)65131)226§142)65151)2€§ 6)> (7)
(tl,tz,tg,t4,t5,t6)E.A1
a) (b t1) (t2) (t:
eg )egl)z = Z 3t2€g112)€(1121)2€§ 3)a (8)
(t1,t2,t3)€A2
b t1) (t t
eﬁ)lﬁé) = Z (_1)t26é 1)65121)2265131)27 (9)

(t1,t2,t3)EA2
in Uy, where
Ay ={(t1, ... t6) € Z%, | t1 + to + 2t3 + bty + b5 = b, to + 3t5 + 2t4 + 3t5 + t = a},
AQ = {(tl,tQ,tg) € Z;O | tl —|—t2 = b,tg —|—t3 = CL}.

Proposition 4.7.  Suppose that p = 2 and ® is of type B, (I > 2), C; (I > 2),
or Fy. Then the following hold.

(i) V. contains U, .
(ii) Let « € . Then o € CoUH(®L,.) if and only if e e V.
Proof. Let o € ®*. Consider a path
ai1:71a£>72ai>"'%7n:04 (10)

in H(®"), where n = ht(a).
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Suppose that r = 1. Then since Uy = F,, (i) is clear. We shall show (ii). Suppose
that o € Co UH(P,.,;). Then we can choose the roots assigned to vertices in path
(10) such that all of them have the same length (see Proposition 4.1 (i) and (ii)).
Use induction on n. Now we write de, = [e;,, €, ,] for some d € Z. Then by [1,
Theorem 25.2 (d)] d must be £1. Indeed, the fact that ,—1 and o = v,—1 + a;,
have the same length implies (7,1, Oé;/n ) = —1, and hence 7,1 —aq;, is not aroot. In
U, since e,, , € V{7 by induction, we obtain e, € Vi". On the other hand, suppose
that a & Co U H(PJ,,.). We wish to show that e, & V;. Suppose that e, € V;".
Then there is a path as (10) such that e,, = [e;,, e, ,| in U for any integer k with
2<k<n (and e, = [e;,,..., €] in U). It follows from the assumption of « that
there is an integer m with 2 < m < n such that 7,,_; is short and ~,,(= Vm_1+a;,,)
is long. Then the fact that (v, ¥m)/(¥m-1,¥m-1) = 2 implies that (vy,—1,0; ) =0
and «;,, is short. Thus we see that (V-1 — @i, Ym-1 — )/ {Vm-1,Ym-1) = 2
and hence that ~,,_1 — «a;, is a (long positive) root. On the other hand, since
(Ym—1— 20,0} ) = =4, Ym—1 — 20y, is not a root. Thus by [1, Theorem 25.2 (d)]
we have [e;, .e,,. .| = 2ce,, in Uy for some ¢ € {£1}. But since p = 2, we have
€irs €] = 0 in U, which is contradiction. Therefore, we must have e, ¢ V™ and
hence (ii) for » =1 is proved.

From now on suppose that r > 1. We first show (i). Since V., contains U}, by

induction on r, it is enough to check that e((frﬂ) € V. We check it by considering
a path as (10) and using induction on n(= ht(a)). It is clear for n = 1 and hence
we may assume that n > 1. Suppose first that (v,,7) < (Vn—1,7n-1)- Then since
(Yn-1—,, ) ) < =3, Yp—1—0, isnot aroot. It follows from [1, Theorem 25.2 (d)]
that there eX1sts d € {£1} such that de, = [e;,, €, ,] in Uz. Thus by Proposition

3.2 we see that
(27 2)6(27‘—2) . 6(27”—2)6537‘72) _ deg?r—Q) + Zl

'ln Tn—1 Yn—1

; + : @) cvt by : N B
in U, where 2 €U,” ,. Since ey,_,’ €V," by induction on n, we obtain e, €V,".

In turn, suppose that (v,,V.) > (Yu_ 1,'yn_1>. Then a similar argument to the

prev1ous paragraph shows that v, 1 — «;, € &', so we can choose i,_; such that

= i,—1. We may assume that a; > o — 2q; because a similar argument works
even when «;, < o — 2q;, . Now Proposition 3.2 implies that

27‘71 27“72 27‘72 27"71 r—2 or— 2 or— 2

T I e T T W B

in U for some z, € V" | and ¢y, c; € Fy. By applying the map Fr"~? to the equality

we have

(2) (2) _ r—2
6in 604—2041-” - 6a—2ain ein = C1€q + 02€a—o¢in €iy + Fr (22>

in U. Then by Remark 4.3 we see that cj,co € {£1} (and Fr"?(z) = 0). Since
(2-2)

a—2a;,
have shown that VTJr contains U ; and (i) is proved.

Let us show (ii) (for 7 > 1). Suppose that a € CoUH (DL ..). We would like to show

that e ) € V. In path (10), we choose all the roots assigned to vertices such
that they have the same length. Use induction on n(= ht(«a)). It is clear for n =1,
so we assume that n > 1. Then there exists d € {£1} such that de, = [e;,, €, ,]
in Uy, as in the second paragraph.

e and ¢ lie in V*F by induction, we obtain 2 € V. Therefore, we

A=y,
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Thus we have e(y l)eg%:ll) — eg ll)ew D= e 4 z3 in U for some 23 € U,

by Proposition 3.2. Since e(ﬁ ./ € VT by induction on n, we obtain e&QH) eVr.

Finally, suppose a&Co U H (DL ). If e eV, we get e, = Fl‘r_l(e((fr_l)) eV,

which contradicts the result for » = 1. Therefore, we obtain ez ¢ VI and the
proof is complete. [ |

Proposition 4.8.  Suppose that p =2 and ® is of type B, (1 > 2), C; (I > 2), or
Fy. Let Cy,...,Cy (t > 1) be the connected components of H(P 1Ong) not containing
vertices corresponding to long simple roots and 0; a unique minimal root in C; for
1 < i < t. Then the subset A} U {eg_l) | 1 <4< t} in U generates the
[Fy -subalgebra U .

Proof. Let V be the F,-subalgebra generated by the subset A*U {egril) 11<i<t}
in U. We wish to show that ]7,T = U . Thanks to Proposition 4.7, it is enough to

show that for any a € C; U --- UC(;, the element e&yil) lies in )7,,* . Assume that
a € C;. Then there is a path

0, = 1 —2 qp —2y ol = (11)

in C; for some m € Zo, where all v;’s are long. It is clear that a = 6; and
ea = €, € VI when m = 1, so assume that m > 1. Since the root v,,_1 = m — 4,
is long, we see that v, — 2, (= Ym—1 — ,,) is not a root. Indeed, (Y, Vm) =
(Ym—1,Ym—1) implies that (v,, — 20, ,@; ) = —3. Thus by [1, Theorem 25.2 (d)]
there is an integer ¢ € {£1} such that [e;,, e, ,] = ce,, in Uz. Then Proposition
3.2 implies that

(27‘ 1) or—1 or— 1 (27‘ 1)

Zm e'(ym—l) e'(Ym 1) 7«m
in U, where 2 € U',. Since 6%2,,1,1) € @* by induction on m, we see that

r—1 r—1 A~ A~
e ) =el¥7) € V. Therefore, we obtain Vi = U/ ]

—ce(r 1)—1—2

Proposition 4.9.  Suppose that ® is of type Gy . Then the following hold.

(i) If p =2, then VI contains U}, 612 ) lies in V¥, and 611; R 652;121); and

r o’

651122 do not lie in V.
(ii) [fp =3, then VI contains U |, eg Y and 6112 ) lie in V¥, and 611;21) and

(3™ +
611122 do not lie in V,".

Proof.  Assume that p =2 or 3. Tt is clear from equalities (2)—(6) that e;o € Vi
and €112, €1112, €11122 & Vfr when p = 2, and ejg, €112 € Vfr and €112, €11122 & V1+
when p = 3. So assume that r > 1. It follows from induction on r that V¥ | DU’ ,

Choosing a = b = p"~2 in equality (7), we see that
eng—Q)eéprf% _ eépr72)6ng—2) + eggr72) + Zl

in U, where 2, € U, ,. Thus we obtaln eg’; e Vr.
Choosing a = 2p"~2 and b= p"2 in equality (7), we see that

r—2 r—2 r—2 r—2 7" 2 r—2
el >:€<2p 2 ) 0

in U, where 25 € V" ;. Thus we obtain egm eVr.
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Choosing a = 3p"~2 and b = p"2 in equality (7), we see that
r—2 r—2 r—2 r—2 r—2 r—2 r—2
I B B e Y BN e W o B e B

in U, where 23 € V. Thus we obtain e§m e V.

r—2

Choosing a = b = p"~* in equality (9), we see that

2 ") _ 0 (" (p"72)
61112 62 = €9 61112 — €yy192° T 24

: + ) + + +
in U, where z4 € U,",. Thus we obtain ey;,5,,’ € V;" and consequently V" D U,

r—1

Choosing a = b= p"~! in equality (7), we see that

egpr—l)egprfl) _ egprfl)egprfl) + eggrfl) + 25
in U, where z; € U, . Thus we obtain e\ e V.
Choosing a = 2p"~! and b= p"! in equality (7), we see that

€§2pr—1)€gpr—1) _ egpr—l)egZPT—l) + 6512 ) + ej(L 7‘ l)egpr—l) + 26

in U, where zg € V;'. Thus if p = 3, then 652.3T_1) lies in V' and hence we obtain
el €V

On the other hand, since e, = Frrfl(egpril)) ¢ Vi, we must have e(ypril) ¢ VI for
v € {201 + ag,30q + a9,3a1 + 2} when p = 2 and v € {3a; + az, 307 + 2}
when p = 3. [ ]

Remark 4.10. Tt follows from Propositions 4.6, 4.7, and 4.9 that U, , C VI
and similarly U, ;, C V_ for any n € Z-( in every case. This fact implies that
Vt=UT, V" =U",and V =U in every case.

The following theorem is one of the main results in this paper.

Theorem 4.11. VI has {Ha€¢+ ea” ‘ 0 < ng < ple— 1} as an I, -basis, where

an ordering of ®T in the product is fixed arbitrarily, and A} U {ea ) | a € @} s a
minimal generating set of the F,-subalgebra U of U. Here a, and © are defined
as follows:

(a) If one of the following conditions holds, then a, =r for any o € ®* and © is
empty:

e p is arbitrary and ® is of type Ay (1>1), D, (1 >4), or E;, (1 €{6,7,8}).

e p>3and O is of type B, (1 >2), C, (1> 2), or Fy.

e p>5 and P is of type Gg.

(b) If p=2 and P 25 of type Bl (1>2), then © = {oy_1 + 204} and aq =1 —1 if
a is of the form Z o+ QZk _j O (1<i<j<l) and a, =1 otherwise.

(¢) If p=2 and ® is of type C; (I > 2), then © = {QZk:iak—l—al 11<i<i-1}
and a, = r — 1 if a is of the form QZz;tozk—l—al (1<i<l—1)and a, =T
otherwise.
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(d) If p =2 and ® is of type Fy, then © = {as+2a3, aa+2a3+204} and a, =r—1
if a lies in
Q9 + 2063, a1 + Qg + 2043, aq + 20[2 + 20[3, Q9 + 2063 + 20[4,

aq + (0D —|— 20(3 —|— 20./4, aq —|— 20[2 —|— 20(3 —|— 20./4, aq —|— 20(2 + 40_/3 —|— 20[4,
ay + 3as + dag + 20, 200 + 3an + dag + 20y

and a, = r otherwise.

(e) If p=2 and ® is of type Ga, then © = {204 + a0} and a, =1 —1 if « lies in
{201 + g, 301 + an, 3a1 + 200} and a, = r otherwise.

(f) If p=3 and ® is of type Ga, then © = {3a; + as} and aq, =7 —1 if a lies in
{3aq + g, 31 + 200} and a, =1 otherwise.

Proof. Note that A} is a minimal generating set of the F,-algebra V,". So all the
claims under (a) follow from Proposition 4.6.

We first prove that A} U {e&p ) | o € ©} generates U™ under (b)—(f). The claim
under (b) or (c) follows from Proposition 4.8. We shall show the claim under (d).

Suppose that p = 2 and ® is of type Fy. Let 9;* be the Fs-subalgebra of U
r—1
generated by A U {6&2 ) | € ©}. In this situation we only have to show that

r—1 - ~
egl +22!2 tdast20, € ViT and then the claim (i.e. V[ = U,") follows from Proposition

4.8. By Proposition 3.2 we have

2 (2 h) @Y [

. 2'r—1) (2'r—1)
61 ag+2a3 T €a2+2a361 + C]-e

a1+az+2a3

+ 21,
(27‘—1) (27‘—1) . (27‘—1) (27‘—1) (21"—1)
€a1+a2+2a36a2+2a3+2a4 - €a2+2a3+2a4ea1+a2+2a3 + 62€a1+2a2+4a3+2a4 + 22
in U, where ci,co € Fy and 21,20 € U ;. Applying the map Fr"~! to these
equalities, we have

61€a2+2a3 - ea2+2a3€1 _'_ Clea1+a2+2a37

€ay+as+2asCant2as+2as = Can+2as+2asCantas+2as T C2€ay+2a0+4a3+204

in &. By [1, Theorem 25.2 (d)], we must have ¢; = ¢ = 1. Therefore, we see
r—1 r—1 ~ ~
that e((fl +a)2 120, and egi +22YZ tdast2a, i€ in VT (note that VI contains U," ), as

required. Now we shall show the above claim under (e) or (f). Suppose that p = 2
or 3 and ® is of type Gy. Let 17;* be the F,-subalgebra generated by AU {eﬁ;fl)}
(hence by V,FU {eﬁ;l)}) if p=2and by A} U {eﬁ;;)} (hence by VU {eg?ﬂ;l)})
if p = 3. Thanks to Proposition 4.9, to show that Vi = /"

7, it suffices to check
r—1 r—1 r—1 -~
that each of 6(12112 ) and 6521122) for p =2 and 6531122) for p =3 lies in V. Choosing

a=>b=p ! in equality (8), we see that

r—1 r—1 r—1 r—1 r— r—1
o — ) e 4

r—2

in U, where 23 € U ;. Thus we obtain 652112) € 17;“ when p = 2. Choosing
a=>b=p ! in equality (9), we see that

Y Y _ ™Y Y (")
€1112 €2 =€ €112~ — €l T 24

r—1 ~
in U, where z4 € U ;. Thus we obtain 6%22) € VI, as required.
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We next prove that the generating set AU {e&p ) | @ € ©} is minimal under (b)-

(f). Since VI # U™ in these cases, the minimality of AfU {e((f ) | v € O} is clear
if © is a singleton set. Thus we may assume that p = 2 and & is of type C; (I > 3)

or Fy. Let g € ©. We only have to show that e(ﬁ2r_1) is not contained in the Fs-

subalgebra generated by A U {egpl) |la€eO,a#p } Thanks to the map Fr" ™!,
it is enough to check that eg is not contained in the [Fy-subalgebra of U generated
by {ea | @ € T, o # B}. So suppose that eg lies in the Fy-subalgebra. Then there
must exist two positive roots y; and 7, such that § =y, +7 and eg = [e,,, €,,] in
U;". But in this situation, it is easy to see that both 4, and ~, must be short. Thus
by Remark 4.3 we have [e.,,e.,] =0 in U;", which is contradiction. Therefore, the
minimality is proved.

It remains now to show the first claim under (b)—(f). Note that the dimension of
the F,-span of the subset { [Lcor ele) |0 < ng < ple— 1} in U is independent of
a choice of a fixed total order in ®*. So it is enough to show the claim for a fixed
order in ®* and hence we write ®* = {3;,...,6,} (v =|®*|) as in Section 3. For
convenience, if ® is of type Go, set

fr = g, fo= a1+, B3 =30 + 20, fi =201+ a2, B5 =30 + s, fs= 1.

It gives a total ordering of ®* as in Section 3 relative to wy = 595152515251 .
All we need is to show the following proposition.

Proposition 4.12.  Suppose that one of the following holds.

e p=2and ® isof type B, (1 >2), C; (I >2), or Fy.

e p=2 or 3 and ® is of type G,.

Moreover, set a; = ag, for 1 <i <v and let 17,T be the F,-span of the subset

{ITS

i=1

0<nm<p"—1}

in U. Then VI =UT.

Proof. Since lN},T contains A}, it is enough to show that )7# is closed under

multiplication. For that, it is enough to show the following: For 1 < j < k < v
and 0 < b; < p% — 1 with ¢ € {j,k}, if we write the element eéi’“)egj) in U

as an [F,-linear combination of elements of the form e(ﬁij) .. eg;’“) with ¢; € Z>g

(j <i < k), then any such term satisfies 0 < ¢; < p* — 1 for each i € {j,...,k}.

So consider the element e(ﬁi’“)e(ﬁ? ) and let Virjk) be the Fyp-span of all e(ﬂcjj ). egc’c)

with 0 < ¢ < p% —1 (7 < i < k). We have to show that e;i’c)e(ﬁi7) € Virjik) -
As preparation, for n € Zsq, let Vénjk) be the IF,-span of all eéiﬂ---e%? with
0<¢ <p'—1 (j <i<k). Proposition 3.2 implies that V(In,j,k) is an [F,-subalgebra
of U;7. Since each a; is r — 1 or r, V. jx) contains V(/r—17j7k)'
Suppose that b, < p"~! — 1. Then by Proposition 3.2 we have
br) (b5) (b5) (b (dy) d
egk’“)eﬁjf = eg’ eék’“) + Z p(dj, ... di)eg’ - -egk’“)
(.. ndi) EZF =1

in U, where p(d;,...,dy) € F, and (d;,...,dy) with p(d;,...,ds) # 0 satisfies:
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° dj<bj.

o MU di<h(<pTt-1).

So eﬂbk)e(ﬁb) must lie in V. jx) . Similarly, e(ﬂik)egy) also lies in V. ;) even when

bj S pr ! — 1.

From now on, suppose that p"~! < b;,b, < p" — 1. Then a; = a; = r. Since

eék )eg’ i) — e(ﬁb )eﬁbk) € Vi jn if B+ Br € ©, we may assume that ;4 3, € ®. Then

there is an integer s with j < s < k such that ;4 8, = fs. If we write b; = p"~ !+
/ — T— b

with 0 < b, <p"~!'—1 for i € {j,k}, we have eﬂb’“)e(ﬁb i) — e(ﬁi )eg]’g l)eg; 1)6(55) in .

By Remark 3.3 we see that

r—1 r—1 r—1 r—1
e(ﬁi )e(ﬁﬁ ) = e(ﬁi )e(ﬁi ) + deg: )4 (12)
in U for some d € F, and 2; € V{r—l,j,k)‘ Then we have
(bk) o (b5) _ ) (") "), <b b) P, ( R C OB
es €5 =€p €5 € + deg,ep, +ep e (13)

Clearly, the summand eﬁb )zle; ) lies in VT Ljk) " In turn, since

b’ b’ pr—1
eék)egp )_e(ﬁp )(k)+z2 and egp )e(g )—6(5 )egk )_*_237

h eV U D@ el s an -l bination of clement
whnere zo, 23 (r—1,4,k)" eﬂk eﬁj eﬂk 6,8]- 1S an Ify-linear compinatlion oI elements

of the form e;j) (ﬂ’“) 1th0§c; <p' -1, Ogczgpr—l,andogcggprﬂ_l

for j+1 <4 < k—1 and hence lies in V, ;x). So we shall consider the term

degzc)eg: " /(Bij ' n (13). Using Proposition 3.2 repeatedly, we see that eg})e(ﬁi T_l)e/(g? :

is an F,-linear combination of elements of the form e(ﬁ ) e(ﬁ k) with 0 < ¢ <p'—1
and 0 < ¢/ < p"~! —1 for i # s. Therefore, we have to check that d =0 (of course
in Fp, not in Z) or a; = r in order to show that de(ﬁi’“)eg T_l)eg? ' e Virjk) - Note
that [eg,,eg,] = deg, in U by applying Fr"~' to (12).

Suppose that p = 2 and ¢ is of type B, (I > 2), C; (I > 2), or Fy. Then by
definition of a; we have

{ r if B; € Cy U H( short)
a; =

r —1 otherwise

So suppose that 3, & Co U H (P ..). Recall that B, = 3, + Bi. Since a; = a, =,
both 8; and B must lie in Co U H (P ..) and hence by Lemma 4.5 they must be
short. Then by Remark 4.3 we have d = 0.

Suppose that p =2 and ® is of type Go. Since

r if 51 & {Oél,Q’Q,Oﬂ + 052}7
a; = .
r—1 if B; € {201 + g, 301 + a2, 301 + 205}

and a; = a, = r, the possible 3-tuples (f;, B, fs) are (oo, a1,1 + ag) and
(a1 + ag, 1,200 + ag). If (B, Br, Bs) = (a2, 1, 1 + ), we have a, = ag = 7. If
(Bj, Br, Bs) = (a1 + o, a1, 201 + ), we have d = 0 by equality (3).
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Suppose that p =3 and ® is of type Go. Since

r if B; € {ay, ag, a1 + ag, 201 + as},
a; = .
r—1 if 8; € {3a1 + ag,3a1 + 205}

and a; = a, = r, the possible 3-tuples (5;, 0k, fs) are (oo, 1,1 + az), then
(o + g, 1,200 + @), (g + asg, 204 + ag, 31 + 2az), and (204 + ag, ag, 3aq + az).

If (ﬁja Bka ﬂs

) = (g, a1, 01 + ap), we obtain ag = ag = r.
If (B, Bk, Bs) = (o1 + g, 01,200 + ), we get a; = aq = 7.
)= (

If (B}, Bk, Bs a1 + ag, 201 + ag, 3a1 + 2as), we have d = 0 by equality (6).

If (Bj, Bk, Bs) = (2o + a2, 01,301 + a2), we have d = 0 by equality (4).

Therefore, we obtain de(ﬁ?)e(ﬁi r_l)eg;j ) e Virjk) and hence e(ﬁif“)egj ) € Virjk) - Thus
the proposition is proved and herewith also Theorem 4.11. [ ]

By symmetry, we see that a result similar to Theorem 4.11 also holds for V,” and U, .

Theorem 4.13.  Let © and a, for o € @ be as in Theorem 4.11. Then V" has
{TToco e | 0 < n_o < p — 1} as an F,-basis, where an ordering of ®* in

the product is fived arbitrarily, and A, U {6(_17;_1) | € @} is @ minimal generating

set of the Fy,-subalgebra U, of U.
Finally, we deal with V, and U, .

Proposition 4.14.  V, contains U°.

Proof. Use induction on r. It is easy when r = 1, so assume that r > 1.

Since V,_; contains U?_; by induction, we only have to check that (pfil) €V, for

1 < i <. Note that
p7'71—1 r—1
R B N ( hil) =y g (hi —2p +23) o0t )
pT_ s=1 s

in U. Since the right-hand side lies in V,_;, we see that (prhil) lies in V,. [ ]
Lemma 4.15.  For s,t € Zsg, let © = [];_, eikm’“) and y = [[_, f](:k) be two
elements in U with g, jr, € {1,...,1} and my,ng € Zso. Then U’ = Ux and

YUy =Uly.

Proof. The lemma follows from the fact that

(hi + C) S (hi + e+ D (i, O‘iv>mk)

n n
and (hi N )y - y<hz- + o= Tierlo ay>nk>
n n

for0<n<p —1,c€Z,and ie{l,...,l}. [
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Lemma 4.16.  For s,t € Zsg, let © = [];_, ei?k) and y = [[_, f](:k) be two
elements in U with iy, jr € {1,...,1}, 1 <myp <p"—1,and 1 <n, <p"—1. Then

the product xy is a sum of elements of the form

t s
(1) (11407
k=1 k=1

with 1 <mj <p"—1,1<n, <p —1, and z €U.

Proof. Use induction on s,¢ together with Lemma 4.15. |

Now we obtain the second main result.

Theorem 4.17. Let © and a, for a € ®* beasin Theorem 4.11. The following hold:
(i) The multiplication map p: V, @, U Qx, VI — V, is an F,-linear isomorphism.
In particular, V, has

l
(I eoTn() e

0<m; <p'—1
a’'ed— i=1 acdt =Mi=p

Ognagp“a—l,()ﬁn’a,Sp“—a’—l,}

as an F,-basis, where orderings of ® and ®~ in the products are fized arbitrarily.
(i) AU {egf;l), e(_p;il) | € ©} generates the F,-algebra U, .

Proof. (i) follows from Theorems 4.11 and 4.13. Let us prove (i). Proposition
4.14 implies that the map pu is well-defined. Since Imy contains A,., we only have
to show that the image is closed under multiplication. But it follows easily from
Lemmas 4.15 and 4.16. |
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