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Abstract. In the hyperalgebra of the r -th Frobenius kernel of a universal Chevalley group over
a field of characteristic p > 0 , we study some subsets and the subalgebras generated by them and
give some results. We are particularly interested in the case that p is ’very small’ and the Dynkin
diagram is not simply-laced.
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1. Introduction

Let Fp be a prime field of p elements. Let gC be a simple complex Lie algebra with
root vectors eα and G the universal Chevalley group of type gC over the algebraic
closure Fp . Let UZ be Kostant’s Z-form of the universal enveloping algebra of gC .
Then the associative Fp -algebra U = UZ ⊗Z Fp is one of the hyperalgebras relative
to G . For r ∈ Z>0 , let Ur be the Fp -subalgebra of U generated by all the divided
powers e

(n)
α for roots α and integers n with 0 ≤ n ≤ pr − 1 . It is known that the

algebra is related to the r -th Frobenius kernel of G . Let U+ be the Fp -subalgebra
of U generated by all e(n)α for positive roots α and nonnegative integers n . Let U+

r

be an intersection of U+ and Ur .
Let V+

r be the Fp -subalgebra of U generated by 1 and all e
(ps)
α for simple roots α

and integers s with 0 ≤ s ≤ r− 1 . Let Vr be the Fp -subalgebra of U generated by
1 and all e(p

s)
α and e

(ps)
−α for simple roots α and integers s with 0 ≤ s ≤ r−1 . Then

it is interesting to study the Fp -subalgebras V+
r and Vr , connections between these

subalgebras and the Fp -subalgebras U+
r and Ur , and generating sets of U+

r and Ur .
Our goal is to give a series of facts about them. For example, it turns out that in
most cases V+

r and Vr coincide with U+
r and Ur respectively, but they do not if the

type of gC is not simply-laced and p is ’very small’ (see Theorems 4.11 and 4.17).
On the other hand, it turns out that for each p and each type of gC , the Fp -algebra
U+ is generated by 1 and all e

(ps)
α for simple roots α and nonnegative integers s ,

and the Fp -algebra U is generated by 1 and all e
(ps)
α , e

(ps)
−α for simple roots α and

nonnegative integers s (see Remark 4.10).
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The Fp -algebra U and its subalgebras are important tools on modular representation
theory of algebraic groups (for example, see [2] and [3]). However, there seems to
be little literature written on the topics in the last paragraph. In the quantum
case, the corresponding properties for small quantum groups are described in [5,
§5] (but when the type is simply-laced). But in our case, unlike the quantum one,
the algebras Ur and U+

r are defined for infinitely many r ’s for each p , and so it is
important to consider the above topics without excluding small p ’s.
As preparation for the main results we establish a commutation formula of the
elements e

(n)
α in U+

Z for positive roots α and nonnegative integers n in Section 3.
Then we give main results in Section 4. We determine Fp -bases of V+

r and a minimal
generating set of U+

r in Theorem 4.11. As a sequence, we also determine Fp -bases
of Vr and a generating set of Ur in Theorem 4.17.

2. Preliminaries
Let gC be a simple complex Lie algebra. Fix a Chevalley basis

{eα, hβ | α ∈ Φ, β ∈ ∆}

of gC , where Φ is the set of all roots and ∆ = {α1, . . . , αl} is the set of all simple
roots. In this paper, we number the simple roots following [1, 11.4]. Let Φ+ and
Φ− be the sets of all positive roots and all negative roots respectively. For a simple
root αi , we denote eαi

, e−αi
, and hαi

by ei , fi , and hi respectively. Let [·, ·] be
the Lie bracket in gC . Then we have hi = [ei, fi] for i ∈ {1, . . . , l} . For n ≥ 3 and
z1, . . . , zn ∈ gC , set

[z1, . . . , zn] = [z1, [. . . , [zn−2, [zn−1, zn]] · · · ]].

Let UC be the universal enveloping algebra of gC . For α ∈ Φ and n ∈ Z≥0 , set
e
(n)
α = enα/n! . Let UZ be the subring of UC generated by all e

(n)
α with α ∈ Φ and

n ∈ Z≥0 , which is called Kostant’s Z-form. Then for i ∈ {1, . . . , l} , c ∈ Z , and
n ∈ Z≥0 , the element (

hi + c

n

)
=

∏n
k=1(hi + c− k + 1)

n!

lies in UZ . Let U+
Z , U−

Z , and U0
Z be the subrings of UZ generated by{

e
(n)
α | α∈Φ+, n∈Z≥0

}
,
{
e
(n)
α | α∈Φ−, n∈Z≥0

}
, and

{(
hi

n

)
| i∈{1, . . . , l}, n∈Z≥0

}
respectively. Then U+

Z (resp. U−
Z ) has{∏

α∈Φ+ e
(nα)
α | nα ∈ Z≥0

} (
resp.

{∏
α∈Φ− e

(nα)
α | nα ∈ Z≥0

})
as a Z-basis, where an ordering of Φ+ (resp. Φ− ) in the product is fixed arbitrarily.
On the other hand, U0

Z is commutative and has
{∏l

i=1

(
hi

ni

) ∣∣∣ ni ∈ Z≥0

}
as a Z-

basis. The multiplication map U−
Z ⊗Z U0

Z ⊗Z U+
Z → UZ is a Z-linear isomorphism.

The following formulas in UZ are well-known:

e
(m)
i f

(n)
j = f

(n)
j e

(m)
i ,

e
(m)
i f

(n)
i =

min(m,n)∑
c=0

f
(n−c)
i

(
hi −m− n+ 2c

c

)
e
(m−c)
i ,
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hi + s

m

)
e(n)α = e(n)α

(
hi + s+ ⟨α, α∨

i ⟩n
m

)
,

e(m)
α e(n)α =

(
m+ n

n

)
e(m+n)
α ,

(
hi

m

)(
hi

n

)
=

min(m,n)∑
c=0

(
n+m− c

m

)(
m

c

)(
hi

n+m− c

)
,

(
hi + s+ t

m

)
=

m∑
c=0

(
s

m− c

)(
hi + t

c

)
for i, j ∈ {1, . . . , l} (i ̸= j) , m,n ∈ Z≥0 , s, t ∈ Z , and α ∈ Φ .
Let Fp be a prime field of p elements. Let us define an Fp -algebra U as the tensor
product UZ ⊗Z Fp . We shall use the same symbols for images in U of the elements
of UZ (for example, e

(n)
α ,

(
hi+c
n

)
, [z1, . . . , zn] , and so on). Let Fp be an algebraic

closure of Fp and G the universal Chevalley group of type gC over Fp . If we regard
G as a group scheme defined over Fp , U can be identified with the hyperalgebra of
the base change GFp of G to Fp (see [4, I.7.9]). Let U+ , U− , and U0 be images in
U of U+

Z , U−
Z , and U0

Z respectively. Then images in U of the above Z-bases of U+
Z ,

U−
Z , and U0

Z form Fp -bases of U+ , U− , and U0 respectively. The multiplication
map U− ⊗Fp U0 ⊗Fp U+ → U is an Fp -linear isomorphism.
For r ∈ Z≥0 , let Ur be the finite-dimensional Fp -subalgebra of U generated by{
e
(n)
α | α ∈ Φ, 0 ≤ n ≤ pr − 1

}
. If r > 0 , it is the hyperalgebra of the r -th

Frobenius kernel (GFp)r of GFp . On the other hand, if r = 0 , we have U0 = Fp .
Set U+

r = U+ ∩ Ur , U−
r = U− ∩ Ur , and U0

r = U0 ∩ Ur . Then U+
r (resp. U−

r ) has{∏
α∈Φ+ e

(nα)
α | 0 ≤ nα ≤ pr − 1

}
(resp.

{∏
α∈Φ− e

(nα)
α | 0 ≤ nα ≤ pr − 1

}
) as an

Fp -basis, where an ordering of Φ+ (resp. Φ− ) in the product is fixed arbitrarily.
On the other hand, U0

r is commutative and has
{∏l

i=1

(
hi

ni

)
| 0 ≤ ni ≤ pr − 1

}
as an Fp -basis. The multiplication map U−

r ⊗Fp U0
r ⊗Fp U+

r → Ur is an Fp -linear
isomorphism. For details, see [4, II.3].
There exists an Fp -algebra endomorphism Fr : U → U defined by

Fr
(
e(n)α

)
=

{
e
(n/p)
α if p | n,
0 otherwise , Fr

((
hi

n

))
=

{ ( hi

n/p

)
if p | n,

0 otherwise

for a ∈ Φ , n ∈ Z≥0 , and i ∈ {1, . . . , l} .

3. A commutation formula
In this section we give a commutation formula in U+

Z . Set ν = |Φ+| (the number
of positive roots). Let W be the Weyl group generated by the simple reflections
si(= sαi

) with i ∈ {1, . . . , l} . Let w0 be the longest element of W and si1 · · · siν its
fixed reduced expression. Set β1 = αi1 and βk = si1 · · · sik−1

(αik) for 2 ≤ k ≤ ν .
Then we have Φ+ = {β1, . . . , βν} (see Problem (b) in [8, Appendix on Finite
Reflection Groups II.25]). We define a total order ≼ in Φ+ as

βj ≼ βk ⇐⇒ j ≤ k.
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Lemma 3.1. Let j, k ∈ Z with 1 ≤ j < k ≤ ν . Then the following hold.
(i) For b ∈ Z>0 , the element eβk

e
(b)
βj
− e

(b)
βj
eβk

is 0 if k − j = 1 and is a Z-linear
combination of elements of the form e

(c)
βj
eβs with 0 ≤ c < b and j < s < k if

k − j ≥ 2.
(ii) For a ∈ Z>0 , the element e

(a)
βk
eβj
− eβj

e
(a)
βk

is 0 if k − j = 1 and is a Z-linear
combination of elements of the form eβse

(c)
βk

with 0 ≤ c < a and j < s < k if
k − j ≥ 2.
(iii) For aj, . . . , ak−1 ∈ Z≥0 , the element eβk

e
(aj)
βj
· · · e(ak−1)

βk−1
− e

(aj)
βj
· · · e(ak−1)

βk−1
eβk

is a
Z-linear combination of elements of the form e

(bj)
βj
· · · e(bk−1)

βk−1
satisfying the following:

• bj ≤ aj .
•
∑k−1

i=j bi ≤
∑k−1

i=j ai and if k − j ≥ 2, then
∑k−1

i=j+1 bi ≤
∑k−1

i=j+1 ai + 1.

(iv) For aj+1, . . . , ak ∈ Z≥0 , the element e
(aj+1)
βj+1

· · · e(ak)βk
eβj
− eβj

e
(aj+1)
βj+1

· · · e(ak)βk
is a

Z-linear combination of elements of the form e
(bj+1)
βj+1

· · · e(bk)βk
satisfying the following:

• bk ≤ ak .
•
∑k

i=j+1 bi ≤
∑k

i=j+1 ai and if k − j ≥ 2, then
∑k−1

i=j+1 bi ≤
∑k−1

i=j+1 ai + 1.

Proof. Note that any element in UZ is a Z-linear combination of elements of the
form

∏ν
i=1 e

(ni)
βi

with ni ∈ Z≥0 . Since it is ensured that all the coefficients appearing
in (i)–(iv) are integers, we only have to argue the basis elements. We prove only (i)
and (iii) because (ii) and (iv) will follow by symmetry.
We shall show (i). Note that if βj+βk ∈ Φ , we have βj ≺ βj+βk ≺ βk (see [7]). Note
also that if βj+βk ̸∈ Φ , then eβk

eβj
= eβj

eβk
and hence we have eβk

e
(b)
βj
−e

(b)
βj
eβk

= 0
in UZ . Since βj + βj+1 ̸∈ Φ , we have nothing to do if k− j = 1 . So we may assume
that k − j ≥ 2 and βj + βk ∈ Φ . Then there is an integer t with j < t < k such
that βj + βk = βt . Use induction on b . If b = 1 , then we see that eβk

eβj
− eβj

eβk
is

a multiple of eβj+βk
= eβt by an element in Z . So suppose b ≥ 2 . In UC , we have

eβk
e
(b)
βj
− e

(b)
βj
eβk

=
1

b

(
eβk

e
(b−1)
βj

− e
(b−1)
βj

eβk

)
eβj

+
1

b
e
(b−1)
βj

(
eβk

eβj
− eβj

eβk

)
.

The element e
(b−1)
βj

(
eβk

eβj
− eβj

eβk

)
is a multiple of e(b−1)

βj
eβt . On the other hand, by

induction, the element
(
eβk

e
(b−1)
βj

− e
(b−1)
βj

eβk

)
eβj

is a linear combination of elements
of the form e

(c′)
βj

eβt′
eβj

with 0 ≤ c′ < b− 1 and j < t′ < k . Then e
(c′)
βj

eβt′
eβj

is equal
to (c′ + 1)e

(c′+1)
βj

eβt′
if βj + βt′ ̸∈ Φ and to (c′ + 1)e

(c′+1)
βj

eβt′
+ c′′e

(c′)
βj

eβt′′
for some

c′′ ∈ Z and j < t′′ < t′ if βj + βt′ ∈ Φ . Therefore, (i) is proved.
We turn to (iii). Use induction on k − j . It is clear that eβk

e
(ak−1)
βk−1

− e
(ak−1)
βk−1

eβk
= 0

if k − j = 1 . So we may assume that k − j ≥ 2 . Moreover, we may also assume
that βj + βk ∈ Φ and aj > 0 . We have

eβk
e
(aj)
βj
· · · e(ak−1)

βk−1
− e

(aj)
βj
· · · e(ak−1)

βk−1
eβk

=
(
eβk

e
(aj)
βj
− e

(aj)
βj

eβk

)
e
(aj+1)
βj+1

· · · e(ak−1)
βk−1

+ e
(aj)
βj

(
eβk

e
(aj+1)
βj+1

· · · e(ak−1)
βk−1

− e
(aj+1)
βj+1

· · · e(ak−1)
βk−1

eβk

)
.
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By induction, the element eβk
e
(aj+1)
βj+1

· · · e(ak−1)
βk−1

− e
(aj+1)
βj+1

· · · e(ak−1)
βk−1

eβk
is a linear com-

bination of elements of the form e
(cj+1)
βj+1

· · · e(ck−1)
βk−1

satisfying the following:
• cj+1 ≤ aj+1 .

•
∑k−1

i=j+1 ci ≤
∑k−1

i=j+1 ai and if k − (j + 1) ≥ 2 , then
∑k−1

i=j+2 ci ≤
∑k−1

i=j+2 ai + 1 .
Therefore, setting (c′j, c

′
j+1, . . . , c

′
k−1) = (aj, cj+1, . . . , ck−1) we see that the element

e
(aj)
βj

(
eβk

e
(aj+1)
βj+1

· · · e(ak−1)
βk−1

− e
(aj+1)
βj+1

· · · e(ak−1)
βk−1

eβk

)
is a linear combination of elements of the form e

(c′j)

βj
· · · e(c

′
k−1)

βk−1
satisfying the following:

• c′j = aj .

•
∑k−1

i=j c
′
i ≤

∑k−1
i=j ai and if k − j ≥ 2 , then

∑k−1
i=j+1 c

′
i ≤

∑k−1
i=j+1 ai + 1 .

On the other hand, by (i), eβk
e
(aj)
βj
− e

(aj)
βj

eβk
is a linear combination of elements of

the form e
(c)
βj
eβs with 0 ≤ c < aj and j < s < k . If s− j ≥ 2 , then by induction we

see that

eβse
(aj+1)
βj+1

· · · e(as−1)
βs−1

=
∑

(dj+1,...,ds−1)∈Zs−j−1
≥0

η1(dj+1, . . . , ds−1)e
(dj+1)
βj+1

· · · e(ds−1)
βs−1

+ e
(aj+1)
βj+1

· · · e(as−1)
βs−1

eβs ,

where η1(dj+1, ..., ds−1)∈Z and (dj+1, ..., ds−1) with η1(dj+1, ..., ds−1) ̸= 0 satisfies
• dj+1 ≤ aj+1 .
•
∑s−1

i=j+1 di ≤
∑s−1

i=j+1 ai .
Then we have

e
(c)
βj
eβse

(aj+1)
βj+1

· · · e(ak−1)
βk−1

=
∑

(dj+1,...,ds−1)∈Zs−j−1
≥0

η1(dj+1, . . . , ds−1)e
(c)
βj
e
(dj+1)
βj+1

· · · e(ds−1)
βs−1

e
(as)
βs
· · · e(ak−1)

βk−1

+ (as + 1)e
(c)
βj
e
(aj+1)
βj+1

· · · e(as−1)
βs−1

e
(as+1)
βs

e
(as+1)
βs+1

· · · e(ak−1)
βk−1

.

On the other hand, if s− j = 1 , then

e
(c)
βj
eβse

(aj+1)
βj+1

· · · e(ak−1)
βk−1

= (aj+1 + 1)e
(c)
βj
e
(aj+1+1)
βj+1

e
(aj+2)
βj+2

· · · e(ak−1)
βk−1

.

Taking (d′j, . . . , d
′
k−1) as

(c, dj+1, . . . , ds−1, as, . . . , ak−1) or (c, aj+1, . . . , as−1, as + 1, as+1, . . . , ak−1)

if s − j ≥ 2 and (c, aj+1 + 1, aj+2, . . . , ak−1) if s − j = 1 , we see that the element(
eβk

e
(aj)
βj
− e

(aj)
βj

eβk

)
e
(aj+1)
βj+1

· · · e(ak−1)
βk−1

is a linear combination of elements of the form
e
(d′j)

βj
· · · e(d

′
k−1)

βk−1
satisfying

• d′j < aj .

•
∑k−1

i=j d
′
i <

∑k−1
i=j ai and if k − j ≥ 2 , then

∑k−1
i=j+1 d

′
i ≤

∑k−1
i=j+1 ai + 1 .

Therefore, (iii) follows.
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The commutation formula described in the proposition below will be used in the
next section. It is a bit more refined than the specialization v → 1 of [9, Theorem
2.3].

Proposition 3.2. For a, b ∈ Z>0 and j, k ∈ Z with 1 ≤ j < k ≤ ν , the element
e
(a)
βk
e
(b)
βj
−e(b)βj

e
(a)
βk

in UZ is a Z-linear combination of elements of the form e
(aj)
βj
· · · e(ak)βk

satisfying the following:
• aj < b and ak < a.

•
∑k−1

i=j ai ≤ b and
∑k

i=j+1 ai ≤ a.

Proof. As in the proof of Lemma 3.1, it is ensured that all the coefficients
appearing in the proposition are integers. So we only have to show the result on
basis elements. If a = 1 , the proposition follows from Lemma 3.1 (i). Suppose that
a > 1 . Then

e
(a)
βk
e
(b)
βj
− e

(b)
βj
e
(a)
βk

=
1

a
eβk

(
e
(a−1)
βk

e
(b)
βj
− e

(b)
βj
e
(a−1)
βk

)
+

1

a

(
eβk

e
(b)
βj
− e

(b)
βj
eβk

)
e
(a−1)
βk

(in UC ). By Lemma 3.1 (i), the element
(
eβk

e
(b)
βj
− e

(b)
βj
eβk

)
e
(a−1)
βk

is a linear combi-
nation of elements of the form e

(c)
βj
eβse

(a−1)
βk

satisfying 0 ≤ c < b and j < s < k .
On the other hand, by induction, the element e

(a−1)
βk

e
(b)
βj
− e

(b)
βj
e
(a−1)
βk

is a Z-linear
combination of elements of the form e

(bj)
βj
· · · e(bk)βk

satisfying the following:
• bj < b and bk < a− 1 .

•
∑k−1

i=j bi ≤ b and
∑k

i=j+1 bi ≤ a− 1 .
Then by Lemma 3.1 (iii), we have

eβk
e
(bj)
βj
· · · e(bk−1)

βk−1
=

∑
(b′j ,...,b

′
k−1)∈Z

k−j
≥0

η2(b
′
j, . . . , b

′
k−1)e

(b′j)

βj
· · · e(b

′
k−1)

βk−1
+ e

(bj)
βj
· · · e(bk−1)

βk−1
eβk

and hence

eβk
e
(bj)
βj
· · · e(bk−1)

βk−1
e
(bk)
βk

=
∑

(b′j ,...,b
′
k−1)∈Z

k−j
≥0

η2(b
′
j, . . . , b

′
k−1)e

(b′j)

βj
· · · e(b

′
k−1)

βk−1
e
(bk)
βk

+ (bk + 1)e
(bj)
βj
· · · e(bk−1)

βk−1
e
(bk+1)
βk

,

where η2(b
′
j, . . . , b

′
k−1) ∈ Z and (b′j, . . . , b

′
k−1) with η2(b

′
j, . . . , b

′
k−1) ̸= 0 satisfies the

following:
• b′j ≤ bj .

•
∑k−1

i=j b
′
i ≤

∑k−1
i=j bi .

Taking (aj, . . . , ak) as (b′j, . . . , b
′
k−1, bk) or (bj, . . . , bk−1, bk + 1) we see that the

element eβk

(
e
(a−1)
βk

e
(b)
βj
− e

(b)
βj
e
(a−1)
βk

)
is a linear combination of elements of the form

e
(aj)
βj
· · · e(ak)βk

satisfying the following:
• aj < b and ak < a .

•
∑k−1

i=j ai ≤ b and
∑k

i=j+1 ai ≤ a .
Therefore, the proposition is proved.
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Remark 3.3. Regarding a term e
(aj)
βj
· · · e(ak)βk

in the proposition, we see the
following:
(i) If there is an integer s with j < s < k such that as = b , then

e
(aj)
βj
· · · e(ak)βk

= e
(b)
βs
e
(ak)
βk

.
(ii) If there is an integer s with j < s < k such that as = a , then

e
(aj)
βj
· · · e(ak)βk

= e
(aj)
βj

e
(a)
βs

.
(iii) If b = a and there is an integer s with j < s < k such that as = a , then

e
(aj)
βj
· · · e(ak)βk

= e
(a)
βs

and βs = βj + βk .

4. Main results

Let Λ be the subset of U consisting of 1 and all e(p
n)

i , f (pn)
i with i ∈ {1, . . . , l} and

n ∈ Z≥0 . Set

Λ+ = Λ ∩ U+ =
{
1, e

(pn)
i

∣∣∣ i ∈ {1, . . . , l}, n ∈ Z≥0

}
,

Λ− = Λ ∩ U− =
{
1, f

(pn)
i

∣∣∣ i ∈ {1, . . . , l}, n ∈ Z≥0

}
,

Λr = Λ ∩ Ur =
{
1, e

(pn)
i , f

(pn)
i

∣∣∣ i ∈ {1, . . . , l}, 0 ≤ n ≤ r − 1
}
,

Λ+
r = Λ ∩ U+

r =
{
1, e

(pn)
i

∣∣∣ i ∈ {1, . . . , l}, 0 ≤ n ≤ r − 1
}
,

Λ−
r = Λ ∩ U−

r =
{
1, f

(pn)
i

∣∣∣ i ∈ {1, . . . , l}, 0 ≤ n ≤ r − 1
}

for r ∈ Z>0 . Let V , V+ , V− , Vr , V+
r , and V−

r be the Fp -subalgebras generated
by Λ , Λ+ , Λ− , Λr , Λ+

r , and Λ−
r respectively. In this section we give some results

about these Fp -algebras. As preparation, we make some observations on the root
system Φ .
Let E be an euclidean space with inner product ⟨·, ·⟩ spanned by Φ . For α ∈ Φ ,
we define the coroot α∨ of α as α∨ = 2α/⟨α, α⟩ .
For a root α =

∑l
i=1 ciαi (ci ∈ Z≥0) , the integer ht(α) =

∑l
i=1 ci is called the

height of α . For two positive roots α, β ∈ Φ+ , if there exists a simple root αi

(i ∈ {1, . . . , l}) such that β = α + αi , we denote this by α
αi−→ β . It forms a Hasse

diagram H(Φ+) of Φ+ , which is well-known in each type.
If Φ is not simply-laced (i.e. Φ is of type Bl (l ≥ 2) , Cl (l ≥ 2) , F4 , or G2 ), it
has two root lengths. Then let H(Φ+

short) (resp. H(Φ+
long)) be the subdiagram of

H(Φ+) whose vertices correspond to all short (resp. long) positive roots. Now we
shall observe the subdiagrams in each type.

• Suppose that Φ is of type Bl (l ≥ 2) . Then H(Φ+
long) has two connected

components whose vertices correspond to{
j∑

k=i

αk

∣∣∣∣∣ 1 ≤ i ≤ j ≤ l − 1

}
and

{
j∑

k=i

αk + 2
l∑

k=j+1

αk

∣∣∣∣∣ 1 ≤ i ≤ j ≤ l − 1

}

respectively.
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On the other hand, H(Φ+
short) is a connected subdiagram as

αl
αl−1−−→ αl−1 + αl

αl−2−−→ · · · α1−→ α1 + · · ·+ αl−1 + αl.

• Suppose that Φ is of type Cl (l ≥ 2) . Then H(Φ+
long) has l connected components

and each of them has only one vertex corresponding to 2
∑l−1

k=i αk + αl (1 ≤ i ≤ l) .
On the other hand, H(Φ+

short) is a connected subdiagram.
• Suppose that Φ is of type F4 . Then H(Φ+

long) has four connected components:

α1
α2−→ α1 + α2

α1←− α2,

α2 + 2α3
α1−→ α1 + α2 + 2α3

α2−→ α1 + 2α2 + 2α3,

α2 + 2α3 + 2α4
α1−→ α1 + α2 + 2α3 + 2α4

α2−→ α1 + 2α2 + 2α3 + 2α4,

α1 + 2α2 + 4α3 + 2α4
α2−→ α1 + 3α2 + 4α3 + 2α4

α1−→ 2α1 + 3α2 + 4α3 + 2α4.

On the other hand, H(Φ+
short) is a connected subdiagram.

• Suppose that Φ is of type G2 . Then H(Φ+
long) has two connected components:

α2 and 3α1 + α2
α2−→ 3α1 + 2α2.

On the other hand, H(Φ+
short) is a connected subdiagram as

α1
α2−→ α1 + α2

α1−→ 2α1 + α2.

From the above observation, we see the following facts.

Proposition 4.1. Suppose that Φ is of type Bl (l ≥ 2), Cl (l ≥ 2), F4 , or G2 .
Then the following statements hold.
(i) H(Φ+

long) has a unique connected component which contains vertices correspond-
ing to long simple roots.
(ii) H(Φ+

short) is connected and contains at least one vertex corresponding to a short
simple root.
(iii) Any connected component of H(Φ+

long) which does not contain vertices corre-
sponding to long simple roots has a unique minimal vertex.
(iv) All the simple roots assigned to arrows in H(Φ+

long) are long.

Thus we write C0 for the unique component in Proposition 4.1 (i). Moreover, for
a subdiagram S of H(Φ+) , by abuse of notation we denote by S again the set of
roots assigned to vertices in the diagram.

Lemma 4.2. Suppose that Φ is of type Bl (l ≥ 2), Cl (l ≥ 2), or F4 and that β
is a long root. Then if there is a root α such that β − α is a short root, then α is
a short root, β − 2α is a long root, and neither β − 3α nor β + α is a root.

Proof. Set γ = β − α . Since

2⟨γ, γ⟩ = ⟨β, β⟩ = ⟨γ, γ⟩+ 2⟨γ, α⟩+ ⟨α, α⟩,

we have ⟨γ, γ⟩/⟨α, α⟩ = ⟨γ, α∨⟩ + 1 . Since γ is short and ⟨γ, α∨⟩ is an integer, we
must have ⟨α, α⟩ = ⟨γ, γ⟩ and hence α is short and ⟨γ, α∨⟩ = 0 . Moreover, since
⟨γ−α, γ−α⟩/⟨α, α⟩ = 2 , γ−α must be a long root. Finally, since ⟨β−3α, α∨⟩ = −4
and ⟨β + α, α∨⟩ = 4 , it follows that neither β − 3α nor β + α is a root.
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Remark 4.3. Under the assumption of the lemma, the α-string through β is

β − 2α, β − α, β.

Moreover, by [1, Theorem 25.2 (d)] we have [eα, eβ−α] = 2c1eβ , [eα, eβ−2α] = c2eβ−α ,
and e

(2)
α eβ−2α − eβ−2αe

(2)
α = c1c2eβ + c2eβ−αeα = −c1c2eβ + c2eαeβ−α in UZ for some

c1, c2 ∈ {±1} .

Lemma 4.4. Suppose that Φ is of type Bl (l ≥ 2), Cl (l ≥ 2), or F4 and that
α is a long root satisfying α = β + γ for some roots β, γ ∈ Φ. Then β and γ have
the same length.

Proof. Suppose that β is long. Then the equality ⟨α, α⟩ = ⟨α−γ, α−γ⟩ implies
⟨α, γ∨⟩ = 1 . On the other hand, the inequality ⟨α − γ, α − γ⟩ ≥ ⟨γ, γ⟩ implies
⟨γ, α∨⟩ ≤ 1 . Thus we must have ⟨γ, α∨⟩ = 1 . Therefore, we see that ⟨α, α⟩ = ⟨γ, γ⟩
and hence that γ is long.
Suppose that β is short. Then the equality ⟨α, α⟩ = 2⟨α − γ, α − γ⟩ implies
⟨α, γ∨⟩ = ⟨α, α⟩/2⟨γ, γ⟩ + 1 . Therefore, we see that ⟨α, α⟩/2⟨γ, γ⟩ is an integer
and hence that γ is short.

Lemma 4.5. Suppose that Φ is of type Bl (l ≥ 2), Cl (l ≥ 2), or F4 and
that α is a long root satisfying α = β + γ for some β, γ ∈ Φ+ . If α ̸∈ C0 and
β, γ ∈ C0 ∪H(Φ+

short), then both β and γ are short.

Proof. Let δ ∈ Φ+ . Then by Proposition 4.1 (iv) we see the following:

δ ∈ C0 ⇐⇒ δ is a sum of some long simple roots.

It follows from Lemma 4.4 that β and γ must have the same length. Suppose that
both β and γ are long. Then since β, γ ∈ C0 , they must be sums of some long
simple roots. Thus we have α ∈ C0 , which is contradiction.
Now we study a connection between V+

r and U+
r .

Proposition 4.6. Suppose that Φ satisfies one of the following:
• p is arbitrary and Φ is of type Al (l ≥ 1), Dl (l ≥ 4), or El (l ∈ {6, 7, 8}).
• p ≥ 3 and Φ is of type Bl (l ≥ 2), Cl (l ≥ 2), or F4 .
• p ≥ 5 and Φ is of type G2 .
Then V+

r = U+
r .

Proof. Let α ∈ Φ+ . Consider a path

αi1 = γ1
αi2−−→ γ2

αi3−−→ · · · αin−−→ γn = α (1)

in H(Φ+) , where n = ht(α) and i1, . . . , in ∈ {1, . . . , l} .
Suppose that r = 1 . We would like to show that eα ∈ V+

1 . It is clear when n = 1 ,
so assume that n > 1 . Consider the equality deα = [ein , eγn−1 ] in UZ , where d ∈ Z .
Use [1, Theorem 25.2 (d)]. If Φ is of type Al , Dl , or El , then since γn−1−αin ̸∈ Φ ,
d must lie in {±1} . If Φ is of type Bl , Cl , or F4 , then since γn−1 − aαin ∈ Φ with
a ∈ Z≥0 implies a ∈ {0, 1} , d must lie in {±1,±2} . If Φ is of type G2 , then since
γn−1 − aαin ∈ Φ with a ∈ Z≥0 implies a ∈ {0, 1, 2} , d must lie in {±1,±2,±3} .
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Thus the assumption in the proposition implies that d ̸= 0 in Fp . In U , since
eγn−1 ∈ V+

1 by induction on n , we have eα ∈ V+
1 . Therefore, we obtain V+

1 = U+
1 .

Suppose that r > 1 . Since V+
r−1 = U+

r−1 by induction on r , it is enough to check
that e

(pr−1)
α ∈ V+

r . Consider path (1) and use induction on n . It is clear for n = 1 ,
so suppose that n > 1 . By Proposition 3.2, we must have

e
(pr−1)
in

e(p
r−1)

γn−1
− e(p

r−1)
γn−1

e
(pr−1)
in

= ce(p
r−1)

α + z

in U , where c ∈ Fp and z ∈ U+
r−1 . Applying the map Frr−1 to the equality we

have [ein , eγn−1 ] = ceα , and hence c must be equal to the above d in Fp . Since
e
(pr−1)
γn−1 ∈ V+

r by induction and since d ̸= 0 in Fp , we have e
(pr−1)
α ∈ V+

r . Therefore,
we obtain V+

r = U+
r .

In turn, we have to deal with the cases that Φ is of type Bl (l ≥ 2) , Cl (l ≥ 2) ,
or F4 when p = 2 and Φ is of type G2 when p = 2 or 3 . In type G2 , we will
often carry out some direct calculations. So for simplicity, we denote the positive
root vectors eα1 , eα2 , eα1+α2 , e2α1+α2 , e3α1+α2 , and e3α1+2α2 by e1 , e2 , e12 , e112 ,
e1112 , and e11122 respectively. Without loss of generality, we may assume that these
elements are chosen such that

e12 = e1e2 − e2e1, (2)
2e112 = e1e12 − e12e1, (3)

3e1112 = e1e112 − e112e1, (4)
e11122 = e2e1112 − e1112e2, (5)
3e11122 = e112e12 − e12e112 (6)

in gC (for example, see [6, §5]). Then for a, b ∈ Z>0 , we have

e
(a)
1 e

(b)
2 =

∑
(t1,t2,t3,t4,t5,t6)∈A1

e
(t1)
2 e

(t2)
12 e

(t3)
11122e

(t4)
112e

(t5)
1112e

(t6)
1 , (7)

e
(a)
1 e

(b)
112 =

∑
(t1,t2,t3)∈A2

3t2e
(t1)
112e

(t2)
1112e

(t3)
1 , (8)

e
(a)
1112e

(b)
2 =

∑
(t1,t2,t3)∈A2

(−1)t2e(t1)2 e
(t2)
11122e

(t3)
1112, (9)

in UZ , where

A1 = {(t1, . . . , t6) ∈ Z6
≥0 | t1 + t2 + 2t3 + t4 + t5 = b, t2 + 3t3 + 2t4 + 3t5 + t6 = a},

A2 = {(t1, t2, t3) ∈ Z3
≥0 | t1 + t2 = b, t2 + t3 = a}.

Proposition 4.7. Suppose that p = 2 and Φ is of type Bl (l ≥ 2), Cl (l ≥ 2),
or F4 . Then the following hold.
(i) V+

r contains U+
r−1 .

(ii) Let α ∈ Φ+ . Then α ∈ C0 ∪H(Φ+
short) if and only if e

(2r−1)
α ∈ V+

r .

Proof. Let α ∈ Φ+ . Consider a path

αi1 = γ1
αi2−−→ γ2

αi3−−→ · · · αin−−→ γn = α (10)

in H(Φ+) , where n = ht(α) .
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Suppose that r = 1 . Then since U+
0 = Fp , (i) is clear. We shall show (ii). Suppose

that α ∈ C0 ∪H(Φ+
short) . Then we can choose the roots assigned to vertices in path

(10) such that all of them have the same length (see Proposition 4.1 (i) and (ii)).
Use induction on n . Now we write deα = [ein , eγn−1 ] for some d ∈ Z . Then by [1,
Theorem 25.2 (d)] d must be ±1 . Indeed, the fact that γn−1 and α = γn−1 + αin

have the same length implies ⟨γn−1, α
∨
in⟩ = −1 , and hence γn−1−αin is not a root. In

U , since eγn−1 ∈ V+
1 by induction, we obtain eα ∈ V+

1 . On the other hand, suppose
that α ̸∈ C0 ∪ H(Φ+

short) . We wish to show that eα ̸∈ V+
1 . Suppose that eα ∈ V+

1 .
Then there is a path as (10) such that eγk = [eik , eγk−1

] in U for any integer k with
2 ≤ k ≤ n (and eα = [ein , . . . , ei1 ] in U ). It follows from the assumption of α that
there is an integer m with 2 ≤ m ≤ n such that γm−1 is short and γm(= γm−1+αim)
is long. Then the fact that ⟨γm, γm⟩/⟨γm−1, γm−1⟩ = 2 implies that ⟨γm−1, α

∨
im⟩ = 0

and αim is short. Thus we see that ⟨γm−1 − αim , γm−1 − αim⟩/⟨γm−1, γm−1⟩ = 2
and hence that γm−1 − αim is a (long positive) root. On the other hand, since
⟨γm−1− 2αim , α

∨
im⟩ = −4 , γm−1− 2αim is not a root. Thus by [1, Theorem 25.2 (d)]

we have [eim , eγm−1 ] = 2ceγm in UZ for some c ∈ {±1} . But since p = 2 , we have
[eim , eγm−1 ] = 0 in U , which is contradiction. Therefore, we must have eα ̸∈ V+

1 and
hence (ii) for r = 1 is proved.
From now on suppose that r > 1 . We first show (i). Since V+

r−1 contains U+
r−2 by

induction on r , it is enough to check that e
(2r−2)
α ∈ V+

r . We check it by considering
a path as (10) and using induction on n(= ht(α)) . It is clear for n = 1 and hence
we may assume that n > 1 . Suppose first that ⟨γn, γn⟩ ≤ ⟨γn−1, γn−1⟩ . Then since
⟨γn−1−αin , α

∨
in⟩ ≤ −3 , γn−1−αin is not a root. It follows from [1, Theorem 25.2 (d)]

that there exists d ∈ {±1} such that deα = [ein , eγn−1 ] in UZ . Thus by Proposition
3.2 we see that

e
(2r−2)
in

e(2
r−2)

γn−1
− e(2

r−2)
γn−1

e
(2r−2)
in

= de(2
r−2)

α + z1

in U , where z1∈U+
r−2 . Since e

(2r−2)
γn−1 ∈V+

r by induction on n , we obtain e
(2r−2)
α ∈V+

r .
In turn, suppose that ⟨γn, γn⟩ > ⟨γn−1, γn−1⟩ . Then a similar argument to the
previous paragraph shows that γn−1 − αin ∈ Φ+ , so we can choose in−1 such that
in = in−1 . We may assume that αin ≻ α − 2αin because a similar argument works
even when αin ≺ α− 2αin . Now Proposition 3.2 implies that

e
(2r−1)
in

e
(2r−2)
α−2αin

− e
(2r−2)
α−2αin

e
(2r−1)
in

= c1e
(2r−2)
α + c2e

(2r−2)
α−αin

e
(2r−2)
in

+ z2

in U for some z2 ∈ V+
r−1 and c1, c2 ∈ F2 . By applying the map Frr−2 to the equality

we have
e
(2)
in
eα−2αin

− eα−2αin
e
(2)
in

= c1eα + c2eα−αin
ein + Frr−2(z2)

in U . Then by Remark 4.3 we see that c1, c2 ∈ {±1} (and Frr−2(z2) = 0). Since
e
(2r−2)
α−2αin

and e
(2r−2)
α−αin

lie in V+
r by induction, we obtain e

(2r−2)
α ∈ V+

r . Therefore, we
have shown that V+

r contains U+
r−1 and (i) is proved.

Let us show (ii) (for r > 1). Suppose that α ∈ C0∪H(Φ+
short) . We would like to show

that e
(2r−1)
α ∈ V+

r . In path (10), we choose all the roots assigned to vertices such
that they have the same length. Use induction on n(= ht(α)) . It is clear for n = 1 ,
so we assume that n > 1 . Then there exists d ∈ {±1} such that deα = [ein , eγn−1 ]
in UZ as in the second paragraph.
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Thus we have e
(2r−1)
in

e
(2r−1)
γn−1 − e

(2r−1)
γn−1 e

(2r−1)
in

= de
(2r−1)
α + z3 in U for some z3 ∈ U+

r−1

by Proposition 3.2. Since e
(2r−1)
γn−1 ∈ V+

r by induction on n , we obtain e
(2r−1)
α ∈ V+

r .
Finally, suppose α ̸∈C0 ∪H(Φ+

short) . If e
(2r−1)
α ∈V+

r , we get eα = Frr−1
(
e
(2r−1)
α

)
∈V+

1 ,
which contradicts the result for r = 1 . Therefore, we obtain e

(2r−1)
α ̸∈ V+

r and the
proof is complete.

Proposition 4.8. Suppose that p = 2 and Φ is of type Bl (l ≥ 2), Cl (l ≥ 2), or
F4 . Let C1, . . . , Ct (t ≥ 1) be the connected components of H(Φ+

long) not containing
vertices corresponding to long simple roots and θi a unique minimal root in Ci for
1 ≤ i ≤ t. Then the subset Λ+

r ∪
{
e
(2r−1)
θi

| 1 ≤ i ≤ t
}

in U generates the
F2 -subalgebra U+

r .

Proof. Let V̂+
r be the F2 -subalgebra generated by the subset Λ+

r ∪
{
e
(2r−1)
θi

|1≤ i≤ t
}

in U . We wish to show that V̂+
r = U+

r . Thanks to Proposition 4.7, it is enough to
show that for any α ∈ C1 ∪ · · · ∪ Ct , the element e

(2r−1)
α lies in V̂+

r . Assume that
α ∈ Ci . Then there is a path

θi = γ1
αi2−−→ γ2

αi3−−→ · · · αim−−→ γm = α (11)
in Ci for some m ∈ Z>0 , where all γj ’s are long. It is clear that α = θi and
eα = eθi ∈ V̂+

r when m = 1 , so assume that m > 1 . Since the root γm−1 = γm−αim

is long, we see that γm − 2αim(= γm−1 − αim) is not a root. Indeed, ⟨γm, γm⟩ =
⟨γm−1, γm−1⟩ implies that ⟨γm − 2αim , α

∨
im⟩ = −3 . Thus by [1, Theorem 25.2 (d)]

there is an integer c ∈ {±1} such that [eim , eγm−1 ] = ceγm in UZ . Then Proposition
3.2 implies that

e
(2r−1)
im

e(2
r−1)

γm−1
− e(2

r−1)
γm−1

e
(2r−1)
im

= ce(2
r−1)

γm + z

in U , where z ∈ U+
r−1 . Since e

(2r−1)
γm−1 ∈ V̂+

r by induction on m , we see that
e
(2r−1)
α = e

(2r−1)
γm ∈ V̂+

r . Therefore, we obtain V̂+
r = U+

r .

Proposition 4.9. Suppose that Φ is of type G2 . Then the following hold.
(i) If p = 2, then V+

r contains U+
r−1 , e

(2r−1)
12 lies in V+

r , and e
(2r−1)
112 , e

(2r−1)
1112 , and

e
(2r−1)
11122 do not lie in V+

r .
(ii) If p = 3, then V+

r contains U+
r−1 , e

(3r−1)
12 and e

(3r−1)
112 lie in V+

r , and e
(3r−1)
1112 and

e
(3r−1)
11122 do not lie in V+

r .

Proof. Assume that p = 2 or 3 . It is clear from equalities (2)–(6) that e12 ∈ V+
1

and e112, e1112, e11122 ̸∈ V+
1 when p = 2 , and e12, e112 ∈ V+

1 and e1112, e11122 ̸∈ V+
1

when p = 3 . So assume that r > 1 . It follows from induction on r that V+
r−1 ⊇ U+

r−2 .
Choosing a = b = pr−2 in equality (7), we see that

e
(pr−2)
1 e

(pr−2)
2 = e

(pr−2)
2 e

(pr−2)
1 + e

(pr−2)
12 + z1

in U , where z1 ∈ U+
r−2 . Thus we obtain e

(pr−2)
12 ∈ V+

r .
Choosing a = 2pr−2 and b = pr−2 in equality (7), we see that

e
(2pr−2)
1 e

(pr−2)
2 = e

(pr−2)
2 e

(2pr−2)
1 + e

(pr−2)
112 + e

(pr−2)
12 e

(pr−2)
1 + z2

in U , where z2 ∈ V+
r−1 . Thus we obtain e

(pr−2)
112 ∈ V+

r .
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Choosing a = 3pr−2 and b = pr−2 in equality (7), we see that

e
(3pr−2)
1 e

(pr−2)
2 = e

(pr−2)
2 e

(3pr−2)
1 + e

(pr−2)
12 e

(2pr−2)
1 + e

(pr−2)
112 e

(pr−2)
1 + e

(pr−2)
1112 + z3

in U , where z3 ∈ V+
r . Thus we obtain e

(pr−2)
1112 ∈ V+

r .
Choosing a = b = pr−2 in equality (9), we see that

e
(pr−2)
1112 e

(pr−2)
2 = e

(pr−2)
2 e

(pr−2)
1112 − e

(pr−2)
11122 + z4

in U , where z4 ∈ U+
r−2 . Thus we obtain e

(pr−2)
11122 ∈ V+

r and consequently V+
r ⊇ U+

r−1 .
Choosing a = b = pr−1 in equality (7), we see that

e
(pr−1)
1 e

(pr−1)
2 = e

(pr−1)
2 e

(pr−1)
1 + e

(pr−1)
12 + z5

in U , where z5 ∈ U+
r−1 . Thus we obtain e

(pr−1)
12 ∈ V+

r .
Choosing a = 2pr−1 and b = pr−1 in equality (7), we see that

e
(2pr−1)
1 e

(pr−1)
2 = e

(pr−1)
2 e

(2pr−1)
1 + e

(pr−1)
112 + e

(pr−1)
12 e

(pr−1)
1 + z6

in U , where z6 ∈ V+
r . Thus if p = 3 , then e

(2·3r−1)
1 lies in V+

r and hence we obtain
e
(3r−1)
112 ∈ V+

r .
On the other hand, since eγ = Frr−1

(
e
(pr−1)
γ

)
̸∈ V+

1 , we must have e
(pr−1)
γ ̸∈ V+

r for
γ ∈ {2α1 + α2, 3α1 + α2, 3α1 + 2α2} when p = 2 and γ ∈ {3α1 + α2, 3α1 + 2α2}
when p = 3 .

Remark 4.10. It follows from Propositions 4.6, 4.7, and 4.9 that U+
n−1 ⊆ V+

n

and similarly U−
n−1 ⊆ V−

n for any n ∈ Z>0 in every case. This fact implies that
V+ = U+ , V− = U− , and V = U in every case.

The following theorem is one of the main results in this paper.

Theorem 4.11. V+
r has

{∏
α∈Φ+ e

(nα)
α

∣∣ 0 ≤ nα ≤ paα−1
}

as an Fp -basis, where
an ordering of Φ+ in the product is fixed arbitrarily, and Λ+

r ∪
{
e
(pr−1)
α | α ∈ Θ

}
is a

minimal generating set of the Fp -subalgebra U+
r of U . Here aα and Θ are defined

as follows:
(a) If one of the following conditions holds, then aα = r for any α ∈ Φ+ and Θ is
empty:
• p is arbitrary and Φ is of type Al (l ≥ 1), Dl (l ≥ 4), or El (l ∈ {6, 7, 8}).
• p ≥ 3 and Φ is of type Bl (l ≥ 2), Cl (l ≥ 2), or F4 .
• p ≥ 5 and Φ is of type G2 .
(b) If p = 2 and Φ is of type Bl (l ≥ 2), then Θ = {αl−1 + 2αl} and aα = r − 1 if
α is of the form

∑j−1
k=i αk + 2

∑l
k=j αk (1 ≤ i < j ≤ l) and aα = r otherwise.

(c) If p = 2 and Φ is of type Cl (l ≥ 2), then Θ =
{
2
∑l−1

k=i αk + αl | 1 ≤ i ≤ l− 1
}

and aα = r − 1 if α is of the form 2
∑l−1

k=i αk + αl (1 ≤ i ≤ l − 1) and aα = r
otherwise.



912 Yoshii

(d) If p = 2 and Φ is of type F4 , then Θ = {α2+2α3, α2+2α3+2α4} and aα = r−1
if α lies in

α2 + 2α3, α1 + α2 + 2α3, α1 + 2α2 + 2α3, α2 + 2α3 + 2α4,
α1 + α2 + 2α3 + 2α4, α1 + 2α2 + 2α3 + 2α4, α1 + 2α2 + 4α3 + 2α4,
α1 + 3α2 + 4α3 + 2α4, 2α1 + 3α2 + 4α3 + 2α4


and aα = r otherwise.
(e) If p = 2 and Φ is of type G2 , then Θ = {2α1 + α2} and aα = r− 1 if α lies in
{2α1 + α2, 3α1 + α2, 3α1 + 2α2} and aα = r otherwise.
(f) If p = 3 and Φ is of type G2 , then Θ = {3α1 + α2} and aα = r − 1 if α lies in
{3α1 + α2, 3α1 + 2α2} and aα = r otherwise.

Proof. Note that Λ+
r is a minimal generating set of the Fp -algebra V+

r . So all the
claims under (a) follow from Proposition 4.6.
We first prove that Λ+

r ∪
{
e
(pr−1)
α | α ∈ Θ

}
generates U+

r under (b)–(f). The claim
under (b) or (c) follows from Proposition 4.8. We shall show the claim under (d).
Suppose that p = 2 and Φ is of type F4 . Let V̂ ′+

r be the F2 -subalgebra of U
generated by Λ+

r ∪
{
e
(2r−1)
α | α ∈ Θ

}
. In this situation we only have to show that

e
(2r−1)
α1+2α2+4α3+2α4

∈ V̂ ′+
r and then the claim (i.e. V̂ ′+

r = U+
r ) follows from Proposition

4.8. By Proposition 3.2 we have

e
(2r−1)
1 e

(2r−1)
α2+2α3

= e
(2r−1)
α2+2α3

e
(2r−1)
1 + c1e

(2r−1)
α1+α2+2α3

+ z1,

e
(2r−1)
α1+α2+2α3

e
(2r−1)
α2+2α3+2α4

= e
(2r−1)
α2+2α3+2α4

e
(2r−1)
α1+α2+2α3

+ c2e
(2r−1)
α1+2α2+4α3+2α4

+ z2

in U , where c1, c2 ∈ F2 and z1, z2 ∈ U+
r−1 . Applying the map Frr−1 to these

equalities, we have
e1eα2+2α3 = eα2+2α3e1 + c1eα1+α2+2α3 ,

eα1+α2+2α3eα2+2α3+2α4 = eα2+2α3+2α4eα1+α2+2α3 + c2eα1+2α2+4α3+2α4

in U . By [1, Theorem 25.2 (d)], we must have c1 = c2 = 1 . Therefore, we see
that e

(2r−1)
α1+α2+2α3

and e
(2r−1)
α1+2α2+4α3+2α4

lie in V̂ ′+
r (note that V̂ ′+

r contains U+
r−1 ), as

required. Now we shall show the above claim under (e) or (f). Suppose that p = 2

or 3 and Φ is of type G2 . Let V̂+
r be the Fp -subalgebra generated by Λ+

r ∪
{
e
(2r−1)
112

}
(hence by V+

r ∪
{
e
(2r−1)
112

}
) if p = 2 and by Λ+

r ∪
{
e
(3r−1)
1112

} (
hence by V+

r ∪
{
e
(3r−1)
1112

})
if p = 3 . Thanks to Proposition 4.9, to show that V̂+

r = U+
r , it suffices to check

that each of e(2
r−1)

1112 and e
(2r−1)
11122 for p = 2 and e

(3r−1)
11122 for p = 3 lies in V̂+

r . Choosing
a = b = pr−1 in equality (8), we see that

e
(pr−1)
1 e

(pr−1)
112 = e

(pr−1)
112 e

(pr−1)
1 + 3p

r−1

e
(pr−1)
1112 + z3

in U , where z3 ∈ U+
r−1 . Thus we obtain e

(2r−2)
1112 ∈ V̂+

r when p = 2 . Choosing
a = b = pr−1 in equality (9), we see that

e
(pr−1)
1112 e

(pr−1)
2 = e

(pr−1)
2 e

(pr−1)
1112 − e

(pr−1)
11122 + z4

in U , where z4 ∈ U+
r−1 . Thus we obtain e

(pr−1)
11122 ∈ V̂+

r , as required.
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We next prove that the generating set Λ+
r ∪
{
e
(pr−1)
α | α ∈ Θ

}
is minimal under (b)–

(f). Since V+
r ̸= U+

r in these cases, the minimality of Λ+
r ∪

{
e
(pr−1)
α | α ∈ Θ

}
is clear

if Θ is a singleton set. Thus we may assume that p = 2 and Φ is of type Cl (l ≥ 3)

or F4 . Let β ∈ Θ . We only have to show that e
(2r−1)
β is not contained in the F2 -

subalgebra generated by Λ+
r ∪

{
e
(2r−1)
α | α ∈ Θ, α ̸= β

}
. Thanks to the map Frr−1 ,

it is enough to check that eβ is not contained in the F2 -subalgebra of U generated
by {eα | α ∈ Φ+, α ̸= β} . So suppose that eβ lies in the F2 -subalgebra. Then there
must exist two positive roots γ1 and γ2 such that β = γ1 + γ2 and eβ = [eγ1 , eγ2 ] in
U+
1 . But in this situation, it is easy to see that both γ1 and γ2 must be short. Thus

by Remark 4.3 we have [eγ1 , eγ2 ] = 0 in U+
1 , which is contradiction. Therefore, the

minimality is proved.
It remains now to show the first claim under (b)–(f). Note that the dimension of
the Fp -span of the subset

{∏
α∈Φ+ e

(nα)
α | 0 ≤ nα ≤ paα − 1

}
in U is independent of

a choice of a fixed total order in Φ+ . So it is enough to show the claim for a fixed
order in Φ+ and hence we write Φ+ = {β1, . . . , βν} (ν = |Φ+|) as in Section 3. For
convenience, if Φ is of type G2 , set

β1 = α2, β2 = α1 + α2, β3 = 3α1 + 2α2, β4 = 2α1 + α2, β5 = 3α1 + α2, β6 = α1.

It gives a total ordering of Φ+ as in Section 3 relative to w0 = s2s1s2s1s2s1 .
All we need is to show the following proposition.

Proposition 4.12. Suppose that one of the following holds.
• p = 2 and Φ is of type Bl (l ≥ 2), Cl (l ≥ 2), or F4 .
• p = 2 or 3 and Φ is of type G2 .
Moreover, set ai = aβi

for 1 ≤ i ≤ ν and let Ṽ+
r be the Fp -span of the subset{ ν∏

i=1

e
(ni)
βi

∣∣∣∣∣ 0 ≤ ni ≤ pai − 1
}

in U . Then Ṽ+
r = U+

r .

Proof. Since Ṽ+
r contains Λ+

r , it is enough to show that Ṽ+
r is closed under

multiplication. For that, it is enough to show the following: For 1 ≤ j < k ≤ ν

and 0 ≤ bi ≤ pai − 1 with i ∈ {j, k} , if we write the element e
(bk)
βk

e
(bj)
βj

in U
as an Fp -linear combination of elements of the form e

(cj)
βj
· · · e(ck)βk

with ci ∈ Z≥0

(j ≤ i ≤ k) , then any such term satisfies 0 ≤ ci ≤ pai − 1 for each i ∈ {j, . . . , k} .
So consider the element e

(bk)
βk

e
(bj)
βj

and let V(r,j,k) be the Fp -span of all e
(cj)
βj
· · · e(ck)βk

with 0 ≤ ci ≤ pai − 1 (j ≤ i ≤ k) . We have to show that e
(bk)
βk

e
(bj)
βj
∈ V(r,j,k) .

As preparation, for n ∈ Z≥0 , let V ′
(n,j,k) be the Fp -span of all e

(cj)
βj
· · · e(ck)βk

with
0 ≤ ci ≤ pn−1 (j ≤ i ≤ k) . Proposition 3.2 implies that V ′

(n,j,k) is an Fp -subalgebra
of U+

n . Since each ai is r − 1 or r , V(r,j,k) contains V ′
(r−1,j,k) .

Suppose that bk ≤ pr−1 − 1 . Then by Proposition 3.2 we have

e
(bk)
βk

e
(bj)
βj

= e
(bj)
βj

e
(bk)
βk

+
∑

(dj ,...,dk)∈Zk−j+1

ρ(dj, . . . , dk)e
(dj)
βj
· · · e(dk)βk

in U , where ρ(dj, . . . , dk) ∈ Fp and (dj, . . . , dk) with ρ(dj, . . . , dk) ̸= 0 satisfies:
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• dj < bj .
•
∑k

i=j+1 di ≤ bk(≤ pr−1 − 1) .

So e
(bk)
βk

e
(bj)
βj

must lie in V(r,j,k) . Similarly, e
(bk)
βk

e
(bj)
βj

also lies in V(r,j,k) even when
bj ≤ pr−1 − 1 .
From now on, suppose that pr−1 ≤ bj, bk ≤ pr − 1 . Then aj = ak = r . Since
e
(bk)
βk

e
(bj)
βj

= e
(bj)
βj

e
(bk)
βk
∈ V(r,j,k) if βj +βk ̸∈ Φ , we may assume that βj +βk ∈ Φ . Then

there is an integer s with j < s < k such that βj+βk = βs . If we write bi = pr−1+b′i

with 0 ≤ b′i ≤ pr−1− 1 for i ∈ {j, k} , we have e
(bk)
βk

e
(bj)
βj

= e
(b′k)

βk
e
(pr−1)
βk

e
(pr−1)
βj

e
(b′j)

βj
in U .

By Remark 3.3 we see that

e
(pr−1)
βk

e
(pr−1)
βj

= e
(pr−1)
βj

e
(pr−1)
βk

+ de
(pr−1)
βs

+ z1 (12)

in U for some d ∈ Fp and z1 ∈ V ′
(r−1,j,k) . Then we have

e
(bk)
βk

e
(bj)
βj

= e
(b′k)

βk
e
(pr−1)
βj

e
(pr−1)
βk

e
(b′j)

βj
+ de

(b′k)

βk
e
(pr−1)
βs

e
(b′j)

βj
+ e

(b′k)

βk
z1e

(b′j)

βj
. (13)

Clearly, the summand e
(b′k)

βk
z1e

(b′j)

βj
lies in V ′

(r−1,j,k) . In turn, since

e
(b′k)

βk
e
(pr−1)
βj

= e
(pr−1)
βj

e
(b′k)

βk
+ z2 and e

(pr−1)
βk

e
(b′j)

βj
= e

(b′j)

βj
e
(pr−1)
βk

+ z3,

where z2, z3 ∈ V ′
(r−1,j,k) , e

(b′k)

βk
e
(pr−1)
βj

e
(pr−1)
βk

e
(b′j)

βj
is an Fp -linear combination of elements

of the form e
(c′j)

βj
· · · e(c

′
k)

βk
with 0 ≤ c′j ≤ pr−1 , 0 ≤ c′k ≤ pr−1 , and 0 ≤ c′i ≤ pr−1−1

for j + 1 ≤ i ≤ k − 1 and hence lies in V(r,j,k) . So we shall consider the term
de

(b′k)

βk
e
(pr−1)
βs

e
(b′j)

βj
in (13). Using Proposition 3.2 repeatedly, we see that e

(b′k)

βk
e
(pr−1)
βs

e
(b′j)

βj

is an Fp -linear combination of elements of the form e
(c′′j )

βj
· · · e(c

′′
k)

βk
with 0 ≤ c′′s ≤ pr−1

and 0 ≤ c′′i ≤ pr−1 − 1 for i ̸= s . Therefore, we have to check that d = 0 (of course
in Fp , not in Z) or as = r in order to show that de

(b′k)

βk
e
(pr−1)
βs

e
(b′j)

βj
∈ V(r,j,k) . Note

that [eβk
, eβj

] = deβs in U by applying Frr−1 to (12).
Suppose that p = 2 and Φ is of type Bl (l ≥ 2) , Cl (l ≥ 2) , or F4 . Then by
definition of ai we have

ai =

{
r if βi ∈ C0 ∪H(Φ+

short),
r − 1 otherwise

.

So suppose that βs ̸∈ C0 ∪ H(Φ+
short) . Recall that βs = βj + βk . Since aj = ak = r ,

both βj and βk must lie in C0 ∪ H(Φ+
short) and hence by Lemma 4.5 they must be

short. Then by Remark 4.3 we have d = 0 .
Suppose that p = 2 and Φ is of type G2 . Since

ai =

{
r if βi ∈ {α1, α2, α1 + α2},
r − 1 if βi ∈ {2α1 + α2, 3α1 + α2, 3α1 + 2α2}

and aj = ak = r , the possible 3-tuples (βj, βk, βs) are (α2, α1, α1 + α2) and
(α1 + α2, α1, 2α1 + α2) . If (βj, βk, βs) = (α2, α1, α1 + α2) , we have as = a2 = r . If
(βj, βk, βs) = (α1 + α2, α1, 2α1 + α2) , we have d = 0 by equality (3).
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Suppose that p = 3 and Φ is of type G2 . Since

ai =

{
r if βi ∈ {α1, α2, α1 + α2, 2α1 + α2},
r − 1 if βi ∈ {3α1 + α2, 3α1 + 2α2}

and aj = ak = r , the possible 3-tuples (βj, βk, βs) are (α2, α1, α1 + α2) , then
(α1 +α2, α1, 2α1 +α2) , (α1 +α2, 2α1 +α2, 3α1 +2α2) , and (2α1 +α2, α1, 3α1 +α2) .
If (βj, βk, βs) = (α2, α1, α1 + α2) , we obtain as = a2 = r .
If (βj, βk, βs) = (α1 + α2, α1, 2α1 + α2) , we get as = a4 = r .
If (βj, βk, βs) = (α1 + α2, 2α1 + α2, 3α1 + 2α2) , we have d = 0 by equality (6).
If (βj, βk, βs) = (2α1 + α2, α1, 3α1 + α2) , we have d = 0 by equality (4).
Therefore, we obtain de

(b′k)

βk
e
(pr−1)
βs

e
(b′j)

βj
∈ V(r,j,k) and hence e

(bk)
βk

e
(bj)
βj
∈ V(r,j,k) . Thus

the proposition is proved and herewith also Theorem 4.11.

By symmetry, we see that a result similar to Theorem 4.11 also holds for V−
r and U−

r .

Theorem 4.13. Let Θ and aα for α ∈ Φ+ be as in Theorem 4.11. Then V−
r has{∏

α∈Φ+ e
(n−α)
−α | 0 ≤ n−α ≤ paα − 1

}
as an Fp -basis, where an ordering of Φ+ in

the product is fixed arbitrarily, and Λ−
r ∪

{
e
(pr−1)
−α | α ∈ Θ

}
is a minimal generating

set of the Fp -subalgebra U−
r of U .

Finally, we deal with Vr and Ur .

Proposition 4.14. Vr contains U0
r .

Proof. Use induction on r . It is easy when r = 1 , so assume that r > 1 .
Since Vr−1 contains U0

r−1 by induction, we only have to check that
(

hi

pr−1

)
∈ Vr for

1 ≤ i ≤ l . Note that

e
(pr−1)
i f

(pr−1)
i − f

(pr−1)
i e

(pr−1)
i −

(
hi

pr−1

)
=

pr−1−1∑
s=1

f
(pr−1−s)
i

(
hi − 2pr−1 + 2s

s

)
e
(pr−1−s)
i

in U . Since the right-hand side lies in Vr−1 , we see that
(

hi

pr−1

)
lies in Vr .

Lemma 4.15. For s, t ∈ Z>0 , let x =
∏s

k=1 e
(mk)
ik

and y =
∏t

k=1 f
(nk)
jk

be two
elements in U with ik, jk ∈ {1, . . . , l} and mk, nk ∈ Z>0 . Then xU0

r = U0
r x and

yU0
r = U0

r y .

Proof. The lemma follows from the fact that(
hi + c

n

)
x = x

(
hi + c+

∑s
k=1⟨αik , α

∨
i ⟩mk

n

)

and
(
hi + c

n

)
y = y

(
hi + c−

∑t
k=1⟨αjk , α

∨
i ⟩nk

n

)
for 0 ≤ n ≤ pr − 1 , c ∈ Z , and i ∈ {1, . . . , l} .
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Lemma 4.16. For s, t ∈ Z>0 , let x =
∏s

k=1 e
(mk)
ik

and y =
∏t

k=1 f
(nk)
jk

be two
elements in U with ik, jk ∈ {1, . . . , l}, 1 ≤ mk ≤ pr−1, and 1 ≤ nk ≤ pr−1. Then
the product xy is a sum of elements of the form(

t∏
k=1

f
(n′

k)
jk

)
z

(
s∏

k=1

e
(m′

k)
ik

)
with 1 ≤ m′

k ≤ pr − 1, 1 ≤ n′
k ≤ pr − 1, and z ∈ U0

r .

Proof. Use induction on s, t together with Lemma 4.15.
Now we obtain the second main result.

Theorem 4.17. Let Θ and aα for α∈Φ+ be as in Theorem 4.11. The following hold:
(i) The multiplication map µ : V−

r ⊗FpU0
r ⊗FpV+

r → Vr is an Fp -linear isomorphism.
In particular, Vr has{ ∏
α′∈Φ−

e
(n′

α′ )

α′

l∏
i=1

(
hi

mi

) ∏
α∈Φ+

e(nα)
α

∣∣∣∣∣ 0 ≤ nα ≤ paα − 1, 0 ≤ n′
α′ ≤ pa−α′ − 1,

0 ≤ mi ≤ pr − 1

}
as an Fp -basis, where orderings of Φ+ and Φ− in the products are fixed arbitrarily.
(ii) Λr ∪

{
e
(pr−1)
α , e

(pr−1)
−α | α ∈ Θ

}
generates the Fp -algebra Ur .

Proof. (ii) follows from Theorems 4.11 and 4.13. Let us prove (i). Proposition
4.14 implies that the map µ is well-defined. Since Imµ contains Λr , we only have
to show that the image is closed under multiplication. But it follows easily from
Lemmas 4.15 and 4.16.
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