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Abstract. Let G be a simple simply-laced algebraic group of adjoint type over the field C of
complex numbers, B be a Borel subgroup of G containing a maximal torus 7" of G. In this article,
we show that w, is a minuscule fundamental weight if and only if for any parabolic subgroup @
containing B properly, there is no Schubert variety X¢(w) in G/Q such that the minimal parabolic
subgroup P, of G is the connected component, containing the identity automorphism of the group
of all algebraic automorphisms of Xq(w).
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1. Introduction

We recall that if X is a projective variety over C, the connected component,
containing the identity automorphism of the group of all algebraic automorphisms of
X is an algebraic group (see [15, Theorem 3.7, p. 17]). On the other hand, M. Brion
proved that every connected algebraic group H over C is the connected component,
containing identity automorphism of the group of all algebraic automorphisms of
some normal projective variety X (see [4, Theorem 1]). Let G be a simple algebraic
group of adjoint type over C. Let T be a maximal torus of G, and let R be
the set of roots with respect to T'. Let R™ C R be a set of positive roots. Let
B* be the Borel subgroup of G containing T, corresponding to R*. Let B be
the Borel subgroup of G opposite to B* determined by T'. Let W = Ng(T)/T
denote the Weyl group of G with respect to 7. For w € W, let X(w) := BwB/B
denote the Schubert variety in G/B corresponding to w. In [8], Demazure studied
the automorphism group of the homogeneous space G/P, where P is a parabolic
subgroup of G. The connected component, containing the identity automorphism
of the group of all algebraic automorphisms of G/P is G, provided (G, P) is not
one of the following:

1. G is of type B, and P is the maximal parabolic subgroup corresponding to
the simple root a,.

2. G is of type (), and P is the maximal parabolic subgroup corresponding to
the simple root aj.

3. G is of type G5 and P is the maximal parabolic subgroup corresponding to
the simple root a;.
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The Lie algebra of G may be identified with the Lie algebra of global vector fields
H°(G/P,Tg/p). Let Aut’(X(w)) denote the connected component, containing the
identity automorphism of the group of all algebraic automorphisms of X (w). Let
ap denote the highest root of G with respect to 7" and BT . For the left action of G
on G/B, let P, denote the stabilizer of X (w) in G. In [13, p. 772, Theorem 4.2(2)],
the first named author proved that if G is simply-laced and X (w) is smooth, then
we have P, = Aut’(X(w)) if and only if w™'(ag) < 0. Therefore, it is a natural
question to ask whether given any parabolic subgroup P of G containing B properly,
is there a Schubert variety X (w) in G/B such that P = Aut’(X(w))? If P = B,
there is no such Schubert variety in G/B. In [14], authors gave an affirmative answer
to this question. Also, authors gave some partial results for Schubert varieties in
partial flag varieties of type A,,. In this article, we study minimal parabolic subgroup
P, for which there exists a Schubert variety X (w;) in a partial flag variety such that
P; = Aut?(X (w;)). We prove the following.

Theorem 1.1.  (see Theorem 9.2) Assume that G is simply-laced. A fundamental
weight we, is minuscule if and only if for any parabolic subgroup () containing B
properly, there is no Schubert variety Xq(w) in G/Q such that P, = Aut’(Xq(w)).

The organization of the paper is as follows. In Section 2, we recall some prelimi-
naries on algebraic groups and Lie algebras, a result from [6] and some results on
cohomology of vector bundles on Schubert varieties (see [7, p. 271-272]). Further, we
recall a lemma on indecomposable modules from [1] which will be used in computing
the cohomology modules. We conclude this section by proving a generalization of
the result [13, Theorem 4.2, p.772]. In Section 3, we prove some results on minus-
cule fundamental weights and co-minuscule simple roots. In Section 4, we prove
some results on non minuscule fundamental weights. In Section 5, we prove that
for any non minuscule fundamental weight w; in type D, there exists a Schubert
variety Xp (w;) in G/P; such that P; is the connected component, containing the
identity automorphism of the group of all algebraic automorphisms of Xp, (w;) (for
precise notation see section 2). In Section 6, we prove that for any non minuscule
fundamental weight w; in type Eg, there exists a Schubert variety Xp, (w;) in G/Py
such that P; is the connected component, containing the identity automorphism
of the group of all algebraic automorphisms of Xp, (w;) (for precise notation see
section 2). In Section 7, we prove that for any non minuscule fundamental weight
w; in type E;, there exists a Schubert variety Xp,(w;) in G/Ps such that P; is
the connected component, containing the identity automorphism of the group of all
algebraic automorphisms of Xp, (w;) (for precise notation see section 2). In Section
8, we prove that for any fundamental weight w; in type FEjg, there exists a Schubert
variety Xp.(w;) in G/P; such that P; is the connected component, containing the
identity automorphism of the group of all algebraic automorphisms of Xp, (w;) (for
precise notation see Section 2). In Section 9, we prove Theorem 1.1.

2. Notation and preliminaries

In this section, we set up some notation and preliminaries. We refer to [5], [10], [11],
[12] for preliminaries in algebraic groups and Lie algebras.
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Let G,B,T,R,R*, and W be as in the introduction. Let S = {ay,...,®,} denote
the set of simple roots in Rt. Every 8 € R can be expressed uniquely in the form
> kio; with integral coefficients k; all non-negative sign or non-positive. This
allows us to define the height of a root (relative to S) by ht(5) = > 1, k;. For
B=>" ko, € R, we define the support of 5 to be the set {o; : k; # 0}.

The simple reflection in W corresponding to «; is denoted by s;. Then (W, S) is a
Coxeter group (see [11, Theorem 29.4, p.180]). There is a natural length function
¢ defined on W. Let g be the Lie algebra of G. Let h C g be the Lie algebra of
T and b C g be the Lie algebra of B. Let X(T') denote the group of all characters
of T. We have X(7) ® R = Homg(hg,R), the dual of the real form of h. The
positive definite W -invariant form on Homg(hg, R) induced by the Killing form of
g is denoted by (, ). We use the notation (, ) to denote (u,a) = 2&’3, for every
we X(T)®R and a € R. For a subset J of S, we denote by W the subgroup of

W generated by {s,:a € J}. Let W/ :={w e W :w(a) € R" forall a € J}.

We denote by wgy the longest element of W. Note that for J C S, and w € W,
there are unique elements w; € W; and w’ in WY such that w = w/w;. We
denote by wp s the longest element of W;. Note that wy; = (wp)s. Further,
we denote by wg the minimal representative in W7 of wy. For w € W, let
R*(w) := {8 € RT : w(B) < 0}. For a root «, let U, be the root subgroup of

G corresponding «.

For each w € W;, we choose a representative element n, € Ng(T') and define
Ny = {n, : w € Wy}. Let P; := BN;B. For a simple root «;, we denote
by P, the minimal parabolic subgroup P,, of G. Let {w; : 1 < i < n} be the
set of fundamental dominant weights corresponding to {a; : 1 < i < n}. For
1 <i<mn,let h(a;) € b be the fundamental co-weight corresponding to «;. That
is, a;(h(ay)) = 0;;, where 0;; is Kronecker delta.

We recall the following definition and facts (see [2, p. 119-120]):

A fundamental weight w is said to be minuscule if w satisfies (w,3) < 1 for all
B € R*. The following is the complete list of minuscule weights in the simply-laced
root systems.

Table 1: Minuscule weight in simply-laced root system
no. Root System Minuscule weight

1. A, W1, Wy eeny Wn

2. D, W1, Whn_1,Wn

3. Eg w1, We

4. by wr

D. Ey none

A simple root « is said to be co-minuscule if « occurs with coefficient 1 in the
expression of the highest root . A fundamental weight w, associated to a simple
root « is said to be co-minuscule if o is co-minuscule.

Since G is simply-laced, the list of minuscule weights is also the list of co-minuscule
weights (see Lemma 3.1).

We recall the following Proposition from [6, Proposition 7.1, p. 342-343].
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n n
Let ag = Y ¢y, and dg = Y ¢;d;. We have
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hence ¢ = (Oé—cZ If G is simply-laced, we have ¢; = ¢;. The dual Coxeter

number of g is "
i=1

Proposition 2.1.  Let a be any long root. Then we have
(1) There is a unique element u, in W of minimal length such that u;'(ag) = «.
(2) If a isin S, then {(uy) =g — 2.

Proof.  See [6, Proposition 7.1, p. 342-343]. ]

Corollary 2.2.  If G is simply-laced and « is in S, then we have {(v,) = ht(ayp)
where vy = Uy Sy.

Proof. By Proposition 2.1, we have f¢(u,) = g — 2. Further, we note that
l(vo) = lua)+1=g—1=>"" ¢. If G is simply-laced, we have (ag, ) = (v, ;)
for all 1 <4 <n. Therefore, {(u,) = ., ¢; =ht(ag), as & = (o, O"))cl =q. [

(0,0

Now we discuss some preliminaries on the cohomology of vector bundles on Schubert
varieties associated to the rational B-modules.

Let V be a rational B-module. Let ¢ : B — GL(V) be the corresponding
homomorphism of algebraic groups. The total space of the vector bundle £(V') on
GG/ B is defined by the set of equivalence classes £L(V) = G xg V' corresponding to
the following equivalence relation on G x V':

(g,v) ~ (gb,(b7") - v) for g € G,b€ Byv e V.

We denote by the restriction of £(V) to X(w) also by L£(V). We denote the
cohomology modules H'(X (w), L(V)) by H'(w,V) (i € Z>o). If V. = C, is a
one dimensional representation A : B — C* of B, then we denote H'(w,V) by
Hi(w, \).

Let L, denote the Levi subgroup of P, containing 7. Note that L, is the
product of T" and the homomorphic image G, of SL(2,C) via a homomorphism
: SL(2,C) — L, (see [Jan, II, 1.3]). We denote the intersection of L, and
B by B,. We note that the morphism L,/B, — P,/B induced by the inclu-
sion L, < P, is an isomorphism. Therefore, to compute the cohomology modules
HY(P,/B,L(V)) (0 <i<1) for any B-module V, we treat V as a B,-module and
we compute H'(L,/Ba, L(V)).

For A € X(T') and w € W, we define the dot action by the rule w-A = w(A+p)—p,
where p is the half sum of positive roots of G.

The following lemma is due to Demazure (see [7, p.271-272]). We use this lemma
to compute cohomology modules.
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Lemma 2.3.  Let w=7s,, {(w) =L4(7)+ 1, and X\ be a character of B. Then
(1) If (\,a) >0, then H’(w,\) = HI (1, H(54,\)) for all j > 0.

(2) If (\,a) >0, then H'(w,\) = H'™ (w, s, - \) for all j > 0.

(3) If (N, a) < =2, then H' ™ (w,\) = H(w, 84 - \) for all j > 0.

(4) If (\,a) = —1, then H(w,\) vanishes for every j > 0.

Let m: G — G be the simply connected covering of G. Let Lo, (respectlvely,
Ba) be the inverse image of L, (respectively, of B,) in G. Note that La/Ba is
isomorphic to L,/B,. We make use of this isomorphism to use the same notation
for the vector bundle on L, /B, associated to a B,-module. Let V be an irreducible
L,-module and X be a character of B,.

Then, we have

Lemma 2.4.
(1) If (\,a) > 0, then the L., -module H°(Ly/B.,V ® C,) is isomorphic to the
tensor product of V and H°(Ly/Ba,Cy).
Further, we have H?(Ly/Ba,V @ Cy) =0 for every j > 1.
(2) If (\,a) < =2, then we have H(Lo/B,,V ® Cy) = 0. Further, the L, -
module H'(L,/B.,V ® C,) is isomorphic to the tensor product of V and
H°(Ly/Ba,Cs,.») .

(3) If (\,a) = —1, then H¥(Ly/Bs,V @ Cy) =0 for every j > 0.

Proof. By [12, I, Proposition 4.8, p.53] and [12, I, Proposition 5.12, p.77] for
7 >0, we have the following isomorphism as L,-modules:

H(Lo/Ba,V ®Cy) ~V ® HI(Ly/Ba, Cy).

Now the proof of the lemma follows from Lemma 2.3 by taking w = s, and the fact
that L,/B, ~ P,/B. [

We now state the following lemma on indecomposable B, (respectively, B, ) mod-
ules which will be used in computing the cohomology modules (see [1, Corollary 9.1,
p. 130]).

Lemma 2.5.

(1) Any finite dimensional indecomposable Be, -module V is isomorphic to V' ® Cy
for some irreducible representation V' of Ly, and some character A of B,.

(2) Any finite dimensional indecomposable B, -module V' is isomorphic to V! ® Ca
for some irreducible representation V' of L., and some character A\ of B, .

Proof.  Proof of part (1) follows from [1, Corollary 9.1, p. 130].
Proof of part (2) follows from the fact that every B,-module can be viewed as a
B,-module via the natural homomorphism. ]

We conclude this section by proving a generalization of [13, Theorem 4.2, p.772]
which describes the automorphism group of a smooth Schubert variety in the simply
laced case. We use this result frequently in our article.
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Assume that G is simply-laced. Let P = P; be the standard parabolic subgroup of
G corresponding to a subset I C S. Let w € W', and Xp(w) := BwP/P be the
Schubert variety in G/P corresponding to w. For the left action of G on G/P, let
P,, denote the stabilizer of Xp(w) in G.

Theorem 2.6.  Then we have
(1) The homomorphism ¢, : P, — Aut®(Xp(w)) induced by the action of P,
on Xp(w) is surjective.
(2) Yu : Py — Aut®(Xp(w)) is an isomorphism if and only if w™' (o) is a
negative 1oot.

Proof. (1) Let Tx,(w) (respectively, Tz p) be the tangent sheaf of Xp(w)
(respectively, of G/P). We denote the restriction of T¢;/p to Xp(w) also by Tg/p.
Note that Ti;/p = L(g/p), and T'x, () is a subsheaf of T¢/p.
Let 7 : G/B — G/P be the natural map. Then the restriction of 7 to X(w),
ie., m: X(w) — Xp(w) is a birational surjective morphism. Further, by [5,
Theorem 3.3.4(a), p.96], 7*: H/ (Xp(w),Lp(V)) — H(X(w),m*Lp(V)) (j > 0)
is an isomorphism for any P-module V. Thus we denote the cohomology modules
HI(Xp(w), Lp(V)) (= (X (w), 7" Lp(V))) by simply H(w, V).
Now we consider the short exact sequence

0—p/b—g/b—g/p—0

of B-modules. Let RT(P) be the set of positive roots of the Levi factor of P
containing 7. Observe that p/b has a filtration of B-submodules such that the
successive quotients are of the form Cg, where 8 € RT(P). Further, by [13,
Corollary 3.6, p. 771] we have H’(w,3) =0 (j > 1) for any positive root f3.
Hence, by using the long exact sequence associated to the above short exact sequence,
we see that H%(w,g/b) — H°(w,g/p) is surjective.

On the other hand, by using [13, Lemma 3.5, p. 770], the restriction map
H°(wo, g/b) — H°(w, g/b)

is surjective. Hence, the restriction map H°(w{, g/b) — H°(w, g/b) is surjective.

Further, we have the following commutative diagram:

Ho(wévg/b) *»Ho(wéag/p)

l |

Ho(wvg/b) 4»H0(w>g/p)

Hence, the natural restriction map r : H%(w(, g/p) — H’(w, g/p) is surjective.

Since P, is a parabolic subgroup of G containing B, the Lie algebra p,, is a Lie
subalgebra of g = H°(wl,g/p) containing b. Further, since Xp(w) is a P,-stable
subvariety for the left action of P, on G/P, we have the following commutative

diagram of B-modules: .
Py — HO(XP<w)’ TXP(“’))

|

HO(wg, g/p) —— H(w, g/p)
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Now, let q = r *(H°(Xp(w), Txpw))). Note that since g is a B-submodule of
g containing p,,, q is a parabolic subalgebra of g containing p,. We denote the
restriction of 7 to g also by r. We now show that p,, = q. Since g = H°(w/, g/p),
every element x € q C g is a tangent vector field on G/P. Further, by the definition
of q; the ideal sheaf of Xp(w) is = stable for every = € q. Therefore, q is contained
in the Lie algebra p,, of the stabiliser P, of Xp(w) in G. Thus, we have p,, = q.

Clearly, r:p,=q— H(Xp(w), Txp@)) is a homomorphism of Lie algebras. Hence
dpw: pw — HY(Xp(w), Txp(w)) is surjective. Let A = ¢,(P,) € Aut’(Xp(w)).
Consequently we have d,,(p.,) = Lie(4) € H*(Xp(w), Txp(w))- Since the mapping
dpw :pw — HY(Xp(w), Txpw) is surjective, we have Lie(A) = HY(Xp(w), Txpw))-
Therefore A=Aut’(Xp(w)) and hence, ¢, : P, — Aut’(Xp(w)) is surjective.

(2) Assume that w™!(ap) is a negative root. Then we claim that H°(w,p) = 0.

Note that p has a filtration of B-submodules such that the successive quotients are
of the form Cy or Cg for some 5 € R (P)UR™. So, every weight of H(w,p) is a
weight of HY(w,0) or H°(w, 3) for some 8 € RT(P)UR™. Now, if —aq is a weight
of H(w,p), then —ayq is a weight of H%(w, 8) for some 3 € R (P)U R~ . Further,
every weight p of H°(w, 3) satisfies p1 > —ag. Thus, we have w(3) = —ag. Since
w (o) < 0, it follows that 8 ¢ R™. So, we have 3 € RT(P).

Now we show that 3 € RT\ RT(P). Since w € W, we have R*(w)N R (wo ;) = 0.
Now, since 8 € R*(w), we have 8 ¢ R*(wo,), ie., f ¢ RY(P), which is a
contradiction to the fact that 8 € RT(P). Hence, —ay is not a weight of H°(w, p).

Now since H°(w,p) is a B-submodule of H°(w,g) = g such that H°(w,p) o, is
zero, and g_,, is the unique B-stable line in g, it follows that H°(w,p) = 0.
Therefore, the map H°(w,g) — H°(w,g/p) induced by the map g — g/p is
injective. Further, by [13, Lemma 3.4, p.770], the map H®(w,g) — H"(w,g/p)
is surjective. Thus, the map H®(w,g) — H°(w, g/p) is an isomorphism. Hence,
H°(w, g/p) is isomorphic to g as B-module. Therefore, H°(w,g/p) has a unique
B-stable line, namely g_,,. Note that since w™'(ag) < 0, we have w # id.

Therefore, the action of P, on Xp(w) is non trivial. Hence, the homomorphism
dpw : pw — HY(Xp(w), Txp(w)) of B-modules is non-zero. Therefore, the B-stable
line H%(w,g/p)—q, is in the image dpy,(p,) C HY(Xp(w), Txpw)) € H(w, g/p).
Hence, we have g_,, Nker(dp,) = 0. Thus, do, : p, — H(Xp(w), Txpw)) is
injective. Since the base field is C, it follows that ,, is separable. Hence, the kernel
of dy,, is the Lie algebra of the kernel of ¢,,. Therefore, ¢, : P, — Aut®(Xp(w))
is injective. Now, ¢,, is an isomorphism follows from (1).

Conversely, if ¢, : P, — Aut’(Xp(w)) is an isomorphism, then, the induced
homomorphism dy,, : p, — H(Xp(w), Txpw)) € H(w,g/p) is injective. In
particular, the —ag-weight space H(w, g/p)_a, is non-zero.

We now show that w™'(ag) < 0. For this, we first note that the B-module g/p
has a composition series of B-modules with each successive simple quotient is iso-
morphic to C,, where a € Rt \ RT(P). Applying [13, Corollary 3.6, p.771] we
see that the B-module H®(w, g/p) has a filtration of B-submodules with each suc-
cessive quotient is isomorphic to H°(w,a) for some o € R\ RT(P). Now, since
H(w,g/p) 0y #0, H(w,a)_q, # 0 for some a € R*\ RT(P). On the other hand,
there is a v € W such that v(ag) = a. Without loss of generality, we may assume
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that v is of minimum length among such elements. It follows from the Demazure
character formula that if H°(wv,ag), # 0, then u is in the convex hull of the set
{z(ap) : < wv} ( see [5, Theorem 3.3.8, p.97, equation (3)] and [12, Proposition
14.18(b), p.379]). Note that the convention for the signature of the weights in the
Demazure character formula in this paper is the same as the one in [12]. Further,
using the above arguments, we see that C, is a B-submodule of H°(v, ). There-
fore, H(w,a) is a B-submodule of H®(w, H%(v, ) = H°(wv, o). Hence, every
weight p of H°(w,«) satisfies u > w(a). Clearly, w(a) > —ap. Therefore, since
HOw, &) _a, # 0, we have w(a) = —ag. Thus, w™(ag) < 0. n

3. Preliminaries on minuscule fundamental weights

Now onwards we assume that G is simply-laced. Note that —wyq is an automorphism
of the root system R. Let o be the Dynkin diagram automorphism induced by —wy
ie., a; = g = —wo(oy) for 1 <i <.

Lemma 3.1. Let 1 <r <n. Then «, is co-minuscule root if and only if w, is
minuscule.

Proof. Let ag= Z:.L:l c;a; . Suppose that the coefficient of ;. in g is 1. Then
we have (w,,ap) = 1, as G is simply laced. Since G is simply laced, we have
(wr, ag) > (wy, B) for all § € RT. Hence w, is minuscule.

Conversely, we assume that w, is minuscule. Since G is simply laced, we have
(Wr, ag) = ¢,. Thus we have ¢, = 1, as w, is minuscule. [ |

Lemma 3.2.  w, is minuscule if and only if wo s\{a,}(0r) = 0.

Proof.  Assume that w, is minuscule. Note that —oa, is Lg\{q,} dominant.
Therefore, wovg\{ar}(—%) is Lg\{a,} negative dominant. Further, the coefficient
of o, in wos\fa,}(—r) is —1. On the other hand, if (wos\(a,}(—), ) > 1 the
coefficient of o, in s,(wp g\ (a,}(—0r)) is < —2. Since —ay < 5,wo 8\ ({a,}(—r), the
coefficient of «, in —qgp is < —2. This is a contradiction to Lemma 3.1. Hence
Wo,$\{a,} (—r) is negative dominant. Thus we have wg g\ 1a,}(0r) = .

Conversely, suppose that wg s\ a1 () = .

Let ap = > | cioy;. Since G is simply-laced, we have (w,, ag) = ¢,. Further, since
Wo,5\{a,} () = o, We have (w,, ap) = (Wr, Wo,5\{a,}(0r)). As (-,-) is W-invariant,
we have (wy, W s\{a,} (%)) = (Wo,8\{a,} (Wr), ). Since wo g\ (a,}(wWr) = Wy, we have
(wo, 5\ {ar} (Wr), ) = (Wr, @) = 1. Thus we have ¢, = 1. Therefore, by Lemma 3.1,

w, is minuscule. [

Lemma 3.3.  Assume that w, is minuscule. Let v € WMol - Then we have

v =wy " if and only if v(ag) < 0.

Proof.  Assume that v = wj ‘("

Since wy = wos\{a’”}woﬁg\{ar}, we have wg\{a’“} = WoWo,5\{a, } -
Therefore, by Lemma 3.2 we have w(‘?\{o‘r}(ao) = wo(ay.) = — Qg (r) -

Conversely, suppose that v(ag) < 0.
By Lemma 3.2, we have sg(r)wos\{ar}(ao) = Qg(r)-
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Therefore, we have v £ sg(r)wf)g\{a”}. Otherwise v(ag) > sa(r)wg\{a*}(ao) = Qo(r) -

Therefore, v(ayg) is a positive root, a contradiction. Since v, sg(,.)wg Mort ¢ JWS\ar}

S\{or}
0 .

we have sa(r)wos\{ar} < v. Therefore, we have v = w ]

4. Preliminaries on non minuscule fundamental weights

In this section, we prove a crucial lemma for a non minuscule weight of type D
or E associated to the fundamental weight «y. We recall the Dynkin diagram of
D, Es, E7, Es (see[10, Theorem 11.4, p. 57-58]):

Qn—1
oo o ——0o—
an Q9 as Qg Qi1 Op—3 Op_2
Figure 1: Dynkin diagram of D,, (n > 4). a,
ag =01 +2(ag+az+ -+ apg+ o)+ a1+ @, = ws.
6]
® | | ®
oy Q3 Oy Qs Qg
Figure 2: Dynkin diagram of Fj.
g = a1 + 200 + 203 + 30y + 205 + g = ws.
e%)
® | ® | |
aq Qg Qg (67 Qg ar
Figure 3: Dynkin diagram of F.
oy = 2001 + 209 + 3as + day + 3as + 20 + ar = wy.
65]
® | ® | @ ®
aq Qs oy Qs Qg Q7 ag

Figure 4: Dynkin diagram of Ej.
g = 201 + 3as + 4das + 6ay + das + dag + 3ar + 208 = ws.

In type D,,, FEgs, E., or Eg, we note that «g is a non minuscule weight. We now
prove
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Lemma 4.1.  Assume that G is of type D or E. Then, we have wys\{a,} (%) =
ag — o, where «, is the simple root such that cg = w,.

Proof.  Note that —a, is Lg\(a,} dominant. Therefore, wg g\(a,3(—r) i Lg\{a,}
negative dominant. Next we claim that (wg g\fa,}(—07), @) > 1. On the contrary,
if (wo,s\{ar} (=), r) < 0, then wg s\ fa,}(—0r) is negative dominant for S. Since
there is exactly one negative dominant root —aq in the root system, we have

Wo,$\{a,}(—r) = —ag. Therefore, by Lemma 3.2, oy = w, is a minuscule, a
contradiction. Since G is simply-laced, we have (wgg\(a,}(—@r), @) = 1. Thus
(8,0, 9\ {a,} (—r), ) = —1. Next we prove the Lemma by studying case by case.

Case I: G is of type D,.

Then we have ag = wy. Since (o, a0) = 0 for ¢ # 1,2,3, and wy g\ e} (—2)
is Lg\{as} Negative dominant, we have (sowog\(as}(—02),0;) < 0 for i # 1,3.
Further, (sowo s\ fas} (—02), i) = (Wo 5\ [as} (—2), a2 +0a;) for i = 1,3. By the above

discussion we have (wo s\{as}(—02),2) = 1. Moreover, since wy s\ {as} (%) = —
for i = 1,3, we have (Sawos\{as}(—2), ) =0 for i = 1,3. Thus sywg g\ {a,} (—2)
is negative dominant for S. Therefore, we have syw g\ (as}(—2) = —ag. So, we

have woﬁ\{az}(ag) =y — Qa.

Case II: G is of type Eg.

Then we have ap = ws. Since (o, ap) = 0 for i # 2,4, and wo s\ (s} (—02) 15 L\ {as}
negative dominant, we have (sowo g\{as}(—02),05) < 0 for i # 2,4. We note that
(82W0,5\ {as} (—Q2), Q1) = (W0 5\ fas} (—2), 2 + vs) . By the above discussion we have
(W0,5\{az} (—02), a2) = 1.

Since wo,g\{w}(oq) = —Oy4, (82wo,5\{a2}(—042)7044> = 0. Thus S2w0,$\{az}<_o‘2)
is negative dominant for S. Therefore, sywos\fas}(—2) = —ap. So, we have
W5\ {az} (2) = g — Q2.

Case I1II: G is of type FE7.

Then we have ap = w;. Since (a;, 1) = 0 for @ # 1,3, and wog\{a,;}(—01) is
Lg\{a,} negative dominant, we have (sq,wo s\ a1} (—1), ;) < 0 for i # 1,3. By the
above discussion we have (wo s\ {a,}(—1), 1) = 1.

Therefore, (51w s\{a,}(—a1), 1) = —1. On the other hand,

<S1w0,S\{a1}(—041), az) = <w0,S\{a1}<_a1)u a; + as).

Since wo s\ {a,}(03) = —az, we have (51w g\ a3} (—01), a3) =0. Thus s1wo s\ fa,} (1)
is negative dominant for S. Therefore, sijwgs\fa,3(—1) = —ag. So, we have
wO,S\{al}(al) = 0y — ay.

Case IV: G is of type Eg.

Then we have oy = ws. Since (a;,as) = 0 for i # 7,8, and wy g\ (g} (—0s) is
Lg\{ag} negative dominant, we have (sswo s\ {ag}(—0s),05) <0 for ¢ # 7,8.
Further, (sswo s\ {ag}(—s), @7) = (Wo 5\ {ag} (—8), s+ 7). By the above discussion
we have (wo g\ {ag}(—s),a8) = 1. Moreover, since wg s\{ag}(7) = —av7, we have
(88W0,5\{ag} (—8),a7) = 0. Thus sgwg g\ ag}(—s) is negative dominant for S.
Therefore, sswo g\(ag}(—Qs) = —ap. So, we have wy g\(ag}(05) = g — g. |
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5. G is of type D,, (n > 4)

In this section, we prove the following proposition:

Proposition 5.1.  Assume that w; is non minuscule. Then there exists a Schubert
variety Xp,(w;) in G/P; such that P; = Aut®(Xp, (w;)).

We recall that there exists a unique element of minimal length v; in W such that
v; Hap) = —ay for all 1 <i < n (see Corollary 2.2).
Forall 1 <i<mn—2,let u; = 5iSit1" " Sn—25n-15nSn—25n—3 * - Si+15;. Note that u;
is self inverse i.e., u; ' = u;.
Let wy = ug81, w3 = ugve, and finally w; = w;(s;_qu;) -+ (83 s;_1u;)v;_1 for all
4 <i<n-—2.
Lemma 5.2. For 1 <i<n-—2, let u; be as above. Then we have the following:
(1) ui(ej) =0 forall 1 <j<i—2.
(2) (1) wilai—1) = a1 +20+ 201+ 20, o+, 1+, forall2 <i<n-—2.
(i) wi(ay) = —(; + 20541 + -+ 202+ a1+ ) forall 1 <i<n-—2.
In particular, we have w;(c;—1 + ;) = ;1 + oy forall 2 <i<n-—2.
(3) (1) wi(ay) =aj foralli+1<j<n-—2.

(i) wi(n_1) = an, and u(ay) = g forall 1 <i<n-—2.

In particular, we have w;(a,—1 + ) = Qg + v, forall 1 <i<n-—2.
Proof. (1) Since 1 <i<n-—2, and 1 <j <i—2, we have (o, ;) =0 for all
i <k <mn. Therefore, u;(a;) = $iSi+1 - Sn—25n—15nSn—25n—3 - - - Si(Q;) = ;.

(2) Follows from the usual calculation using the description of w;.

(3) We note that w; = s;---sju;415j8j-1---s; forall i4+1 < j < n —3. Since
1 <i<n-—2and i+1 < j <n-—2 wehave s;s;_1---s;(ej) = aj_;. By
(1) we have wjy1(aj_1) = aj_1. Further, since s;js;_1---s;(aj) = o;j_1, we have
s; -+ 8j(a;j_1) = a;j. Therefore, the proof of (3)(i) follows.

(3)(ii) follows from the usual calculation. ]

Lemma 5.3.  Let v; be as above for 1 <i <n —3. Then we have the following:
(1) v; = (5283 Sn—2Sn_15nSn—2Sn—3 - Six1)(s1++-8;) forall 1 <i<n-—3.
(2) vi(aip1) =on+ag+ -+ +ajqq forall 1 <i<n-—3.
(3) wipi(ip1) =a1+as+ -+ a; +a;yq forall 1 <i<n-—3.
In particular, wiy1(ci11) s a non simple positive root for 1 <i <mn — 3.

Proof. (3) Assume v, = (S283°°Sp_2Sn-15nSn—28n—3 - Sit1)(s1--- ;) for all
1 <i < n—3. Then we note that (s283+--Sy_2S1-15nSn—25n—3 " Si+1)(S1 -+ 8;)
is a reduced expression v}. Further, we observe that v}~ (ag) = —as. Since £(v/y) =

{(vy), by Proposition 2.1 we have vy = v}.

(2) Follows from the usual calculation using the description of v; as in (1).

(3) Note that w41 = wir1(sitiv1) -+ (s3--- siuip1)v;. By (2) we have v;(q41) =
a; +as+ -+ a; + a;y1. By using Lemma 5.2 (1), (2) we have

Uppr(ar + g+ @+ i) =t ag o o+ Qg
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Since a; + as + - -+ + a; + o411 is orthogonal to ay for all 3 < k£ < i, we have
Sz Si(Oél +oag+---+ o+ Oéprl) =art+og+ - t+o;+ Qg Simﬂarly, we have
s Silon +ag 4+ o+ i) =g Fag+ o+ + ayq forall 3 <1< .
Therefore, we have
wi(Oél—i‘OéQ—i‘"'—i‘Oéi—FOéH_l):Oél+052+"'+05i+06i+1. |

Recall that v; = (s9- - Sp—2Sp—1SnSp—2 -+ Sit1)s1---s; forall 1 <i<n—3.
Lemma 5.4.  Then v; satisfies the following conditions:

(1) vt (o) = i + 2041 + -+ 2009+ Q1+ forall 1 <i<n-—3.

2) (i) vi'(aw) = —(a1 + 20+ + 20, 9+ a1 +ay).

(i) vyt () = —(a1 +ag+ -+ 20+ -+ 20, 9+ apq +ap)
forall 2 <1<n-—3.
(3) v[l(aj) = o forall1<i<n-—3, and 3 <j <1,
(4) /UZ-_1<OéZ‘+1) =1+ a;+ai forall2 <i<n-—3.

(5) (1) v;Yej)=q; forall1<i<n—3, andi+2<j<n-—2.
(i) v; Yan_1) = an, and v; Y ay,) = a1 forall 1 <i<n—3.
In particular, we have v[l(an_l +an) =an 1t a, forall1 <i<n-3.
Proof. (1) Follows from the usual calculation.

(2) Follows from the usual calculation.

(3) Since 3 < j <4, we have s;41 - Sp_25,5—15n—2 - - S2(j) = a;j_1. Further,
since 3 < j <, we have s;---s1(aj_1) = aj_2. So, we have v;l(aj) = o for all
3< <.

(4) For 2 < i < n—3, we have $;11- - Sy_28,8n_15n—2 -+ Sa(Qir1) = @ + Qy1.
Further, we have s; - - - s1(0; + @;41) = aj_o. So, we have v{l(aj) = 1+ o;+ai
forall 2<¢<n-—3.

(5) For i4+2<j<n-—2, wehave
Sit1 " Sn—28nSn—18n—2 - SQ(Oéj) = Qy.

Further, we have s, - - - 51 (a;) = a; forall i+2 < j < n—2. So, we have v; ' (q;) = q;
for all 24147 < j <n —2. We note that s;11 - S,_25.8n_15n—2" - Sa(@n_1) = Q.
Further, we have s;---5;(ay,) = a,,. Thus we have v; *(a,_1) = a,.

Similarly, we note that s;11 -+ Sp_28,Sn—_18n—2 - S2(,) = 1. Furthermore, we
have s; -+ 81(0n_1) = Q1. S0, v; () = p_1. m
Lemma 5.5. For 2 <i<n-—2, let w; be as above. Then we have w;l(aj) is a
positive root for j # i, and w; ' (o;) is a negative root.

Proof. Casel: i=2.

Note that wy = ugs;. By Lemma 5.2(2), we have

uy (o) = oq + 200 + -+ + 2050 + Q1 + .
Therefore, we have wy ' (a) = o + 20 + -+ 4+ 20,9 + Q1 + Q.

By Lemma 5.2(3), for 3 < j <n, u;'(a;) is a positive root whose support does not
contain a;. Hence, wy'(a;) is a positive root for all 3 < j <n.
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On the other hand, by Lemma 5.2(2), uy'(as) is negative of a non simple root.
Therefore, w; () is a negative root.

Case II: 7 = 3.
Note that w3 = uzvy. By Lemma 5.2(2), we have
us o) = ag + 203+ -+ 209 + Q1 + Qs
By using Lemma 5.4(2),(3),(4) and (5), we have
v Hag + 203 + 204 + - + 2009 + @y + ) = Q.
Therefore, we have w3 '(ay) = oy .

By Lemma 5.2, for j =1 or 4 < j <mn, ugl(aj) is a positive root whose support
does not contain ay. Therefore, by Lemma 5.2, w3 () = vy 'uz () is a positive
root for all 4 < j <n.

On the other hand, by Lemma 5.2, uz'(as3) is a non simple negative root whose
support does not contain ay. Therefore, by Lemma 5.4, w3 ' (az) = vy 'uz ' (a3) is a
negative root.

Case III: 4 <7< n—2.
Note that for 4 <i <n — 2, we have w; = u;(s;_1u;) -+ (S5 * $_1U;)V;_1.
Since ¢ > 4, by using Lemma 5.2(1), we have
(83 Si—lui>_l T (Si—wz‘)_lufl(%) = Qg.
On the other hand, by Lemma 5.4(1), we have
vio1 Hag) = iy + 20 + 4 2000 + Qg+ Q.
Thus we have w; ' (o) = a1 +20;+ -+ 20 o+ 1+, forall 4 <i<n—2.
Since i > 4, by using Lemma 5.2(1), we have
(83 5171%')_1 e (Siflui)_lui_l(oQ)
=y t+ag+- o+ 204+ 200 o1
On the other hand, by Lemma 5.4, we have
viy Hagtaz+ -t 20+ 200+ Qg Q) = Qg
Thus we have w; () = a;_» for all 4 <i <n— 2.
For 3 < j < i—2, we have u; ‘(o) = aj, (sp--siqw) (ay) = a; for all
j+2 <k <i—1. On the other hand, we note that (sj1---si_1u;) (o) =
u; ' (aj + ajy1 + -+ + ;1) Therefore, by Lemma 5.2(1),(2), we have
u; Moy + o+ )
=+t o+ o+ 205 + 20640 -+ 2000 + a1 + Q.
Now,
(858541 Sicaug) Moy + -+ Qg+ a1 4+ 204 + 205500 4+ 2002 + Qg + @)
= u; (o1 + 205 + 20001+ 2000 F Qg+ Q) = g

(see Lemma 5.2(2)). Hence (s; 158541 Si_1u;) Hai1) = u; ' (ay_9) = oo (see
Lemma 5.2(1)).
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Similarly, by recursion we have

tug (o) = Qi

(S5 8801+ Sioaws) L+ (Sim1t)
By using Lemma 5.4(3), we have v; | (o;_j12) = a;_j. Therefore, we have w; ' () =
a;_; forall i >4, and 3 < j <i—2. For i+ 1 < j <n, by Lemma 5.2(3),
(wi(si—1u;) -+ (83 si—1u;)) " Hay), is a positive root whose support does not contain
. Thus by Lemma 5.4, v, (u;(si—yu;) -+ (s3+ - si_1u;)) "Hey;) is a positive root.
Therefore, w;l(ozj) is a positive root for all i +1 < j < n.

Now, we consider ¢ > 4, and j = ¢ — 1. Then by Lemma 5.2(2), we have
u; (1) = i1+ 20 + -+ 2055 + a1 + . Again, by Lemma 5.2, we have
(si—1ui) Moy 1+ 20+ 4+ 20, o+ 1 +an) = a;_1. Now, (8, 98 1u;) oy 1) =
u; " (_2) =a;_o. Similarly, by recursionwe have (s3---5;8j11 - 8;1u;) ") =as.
By using Lemma 5.4(3) we have v; ', (a3) = a;. Therefore, we have w; *(a;_1) = a;.
By Lemma 5.2(2), we have u; (o) = —(c; + 2041+ -+ + 200 9+ 1 +,). Now
let 8; = a; + 2041 + -+ + 2042 + @1 + @y, Therefore, by Lemma 5.2(2), and
Lemma 5.2(3), we have (s;_1u;) "' (=f;) = u; (=B — a;_1) = —(ci_1 + ;). Then
by using Lemma 5.2(1),(2), and (3), we have

(sicasi—1us) (= (et + Bi)) = —u; a2 + a1 + Bi) = — (i + a1 + Bi).
Thus by recursion we have
(sa-- - Simaug) "t (simqug) g H(og) = —(ou + - 4 i1 + )

Therefore,
g sioqt) H(—(ag 4+ -+ aim1 + 5;))

= —u;NagFag+-Foai+0)=—(as+ag+-+ai_1+ 3).

Since the support of as + a4+ --- 4+ a;_1 + fB; does not contain oy, by Lemma 5.4,
v Y (—(as+ay+- -+ ;1 +B;) is a negative root. Thus w; *(«;) is a negative root.

Therefore, combining Case I, Case II, and Case III proof of the lemma follows. =

Proof of Proposition 5.1. We note that w; is not minuscule if and only if
2 <i<n—2. Fixaninteger 2 < i < n—2. Then by Lemma 5.3(3), we conclude that
w;(a;) is a non simple positive root. On the other hand, by Lemma 5.5, w; *(a;) is
a negative root, and w; '(a;) is a positive root for j # i. Thus P; is the stabilizer of
Xp,(w;) in G/P; for the natural action of G. Since sy £ u;(si—1u;) -+ (3 si—1u;),
and ag = wo, we further have (s3---s;_ju;) ™' - -+ (si_1u;) "'u; () = . Therefore,
w; () = v; ! (ap) is a negative root. Therefore, by using Theorem 2.6 the natural
homomorphism P; — Aut’(Xp,(w;)) is an isomorphism of algebraic groups. n

6. G is of type Eg

In this section, we prove our result for Eg. Note that by Lemma 3.1, the non-
minuscule weights are w; where ¢ = 2, 3,4, 5. In this section, we prove the following:

Proposition 6.1.  Assume that w; is non-minuscule. Then there exists a Schubert
variety Xp,(w;) in G/Py such that P; = Aut®(Xp, (w;)).

Recall that there exists a unique element vy € W of smallest length such that
vy M) = —as (see Corollary 2.2).
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Lemma 6.2.  Let vo € W be as above. Then we have the following:

(1) Vg = 85954555356545153555452 . In partz’cular, we have 1)2_1 = V2.

(2) vo(a1) = as, va(az) = ag, va(ay) = s + az + 204 + a5, and
Ug(wg — 042) = Wy — (9.

(3) (1) U}075\{a2}’l}2(054) = Wy — (CKQ + Q3 + 26(4 -+ 055) = -+ [6%) -+ Q3 + Qg + (673 + Qg .
(i) W09\ fas,0i} Wo,8\{az} V2 (Cta) s a non simple positive root for i = 3,4,5.

Proof. (1) Let v’y = $954855356545153555452. Note that Ulg_l(ao) = —ay. Since
0(v'y) = £(vy), by Corollary 2.2, we have vy = v}.

(2) Follows from the usual calculation.

(3)(1) By (2), we have vy(ay) = g + a3 + 2a4 + as. We observe that the Dynkin
subdiagram of Es corresponding to S\ {az} is of type As. Since wo g\{ay} is the
longest element of W\ (q,1, We have wyg\(as}(01) = —6, Wos\{as}(03) = —as,
and wos\{az}(4) = —ay. Thus by using Lemma 4.1, we have wo s\ {aq}v2(s) =
wy — (g + as + 20 + o).

(3)(ii) By (3)(i), we have wp s\{as}v2(0s) = a1 + g + a3 + g + a5 + . Since the
support of wo g\ (as}v2(0i4) contains oy, 1 < i <6, the proof of (3)(ii) follows. ]

Lemma 6.3. We have the following:
(1) (1) UJ075\{0427Q3}(042) = o + g + a5 + Qg
ii) w075\{a2}w5\{027a3}(a2) =ws — (1 + g + a3 + ).
iii) V2w, 9\ [as} WS\ faz,as} (O2) = Wo — (200 + a3 +204 + 205+ 06) = oy +ag+oy.

(2)

i) wWs\fas,aa)(2) = as.

(
(i
2) (i
(i) wo,5\fa} Ws\{az.as} (2) = W — 2.
(ii) v2Wo 9\ fas} WS\ fan,aq} (2) = W2 — iz
(3) (1) ws\{agsas)(2) = a1+ g + a3+ ay.
(i) 0,5\ {as} WS\ {az,as} (2) = wa — (g + ay + a5 + ag) -
(iii) V2Wo,9\{as} WS\ faz a5} (O2) = wa— (1 +2a2+203+ 20 +a5) = oy + a5+
(4) W\ fagei}(05) = 1 + g+ oy + a5 + ag for i =3,4,5.
Proof. (1)(i) Note that the Dynkin subdiagram of Eg, corresponding to the subset
S\ {as} of S (see Figure 2):
&%)

(0751 iy (0731 (673

Let I = S\ {as}. Now we observe that wg g\ fas,as}(2) = Won\{as}(02). We
note that the connected component of the Dynkin subdiagram associated to I,
containing as is of type Ay. Since «y is minuscule in type A4, by Lemma 3.2, we
have wo 1\ fas} (2) = g + g + a5 + .



1040 KANNAN AND SAHA

(ii) Note that the Dynkin subdiagram of Fjs corresponding to S\ {as} is of type
As. Since wy g\{a,} is the longest element of W\ (a,}, We have wy s\ {as) (1) = —a,
Wo,s\fas}(03) = —as, and wo g\ (as}(a) = —ay. By using the above discussion
together with Lemma 4.1 proof of (ii) follows.

(iii) By (ii), we have wo s\ {as}W0,5\{az,0s} (C02) = w2 — (@1 + a2 + a3 + ). Hence, by
Lemma 6.2(1),(2), we get VaW0,5\ {az} W0,5\ {as,a5} = W2 — (29 + a3 + 204 + 2005 + ) -
Further, simplifying we have v2ws\ {a,}W0,5\{as,a3} = Q1 + Q3 + Q4.

(2)(i) Next we consider the Dynkin subdiagram of Eg, corresponding to the subset
S\ {as} of S:

(8%
o

o——0 o—0
a1 a3 0% Qg

Let I = S\ {as}. Then we observe that wo s\{as,a}(2) = Wo, 1\ as}(a2). Further,
we note that the connected component of the Dynkin subdiagram associated to I,
containing aw is of type A;. Since as is minuscule in type A;, by Lemma 3.2, we
have wo 1\ (o} (2) = 2.

(ii) Proof is similar to the proof of (1)(ii).

iii) By using Lemma 6.2(2) and (ii), proof of (iii) follows.

(3)(i) Next we consider the Dynkin subdiagram of Ejg, corresponding to the subset
S\ {as} of S:

(%)

® ® L
(03] 3 iy (673

Let I = S\ {as}. Then we observe that wo s\{as,as}(¥2) = Wo,n\{az}(x2). Further,
we note that the connected component of the Dynkin subdiagram associated to I,
containing am is of type A4. Since «s is minuscule in type A4, by Lemma 3.2, we
have wo’[\{QQ}(Oég) = o1 + g + 3 + Qy.

(ii) Proof is similar to the proof of (1)(ii).

(iii) By using Lemma 6.2(2) and (ii), proof of (iii) follows.

(4) For a fixed i in {3,4,5}, let 1 = S\ {az}. Then we have wg g\(as,a,} (%) =
Wo, I\{ai}(ai). Then we observe that the Dynkin subdiagram associated to I is of
type As. Since q; is minuscule in type As, by Lemma 3.2, we have wo pn\ {a,} () =
a1 + az + ag + as 4+ ag. [ ]

Lemma 6.4.  Let w; = W $\{az,0,}W0,5\{as}V2 for i # 1,6. Then we have w; ' (ay)
is a positive root for j # i, and wi_l(ozi) 15 negative root.

Proof. Note that for i = 2 we have wy = vo. Then by Lemma 6.2(1),(2), we
are done. For i # 1,2,6, let wo s\ {as,a:} () = B. Then f§ is a positive root whose
support does not contain ap. Since wgs\{a,} 1S the longest element of W fa,y,
wo,g\{ag}(ﬂ) is a negative root whose support does not contain as.
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Further, since the support of wg g\{a,}(3) does not contain a,, by Lemma 6.2(2),
we have vaw s\ {as} () is a negative root. Hence, we have w; ' (a;) is a negative root
for i #1,2,6.

On the other hand, for i # 1,2,6 and j # 2,i, Wo.$\{as,a,}(®j) = —0u,, Where ay,
is a simple root different from a,. Therefore, woy g\(a,}(—ar) = oy for some | # 2.
Further, since «; is different from «s, by Lemma 6.2(2), vs(cy;) is a positive root.
Hence, w;'(«;) is a positive root when i # 1,2,6 and j # 2,i. Moreover, by
Lemma 6.3, we have ’UJi_1<042> is a positive root for 7 # 2,1,6. Hence, we have
w; () is a positive oot for i # 1,6 and j # i. [

Proof of Proposition 6.1. We note that w; is not minuscule if and only if
i # 1,6. Assume that w; is not minuscule. Recall that w; = wo s\ {as,0;}W0,5\{a2} V2 -
By Lemma 6.2(3), we conclude that w;(ay4) is a non simple positive root. On the
other hand, by Lemma 6.4, w;'(q;) is a negative root and w;'(a;) is a positive
root for j # i. Thus P, is the stabilizer of Xp,(w;) in G. Since oy = wo,

and vy (ag) = —a2, w;(ap) = vy () (a8 Wo s\ (4} W0.8\{an,0i} () = ) is
a negative root. Therefore, by using Theorem 2.6 the natural homomorphism
P, — Aut®(Xp, (w;)) is an isomorphism of algebraic groups. n

7. G is of type E;

We note that by Lemma 3.1, w; is not minuscule of F; if and only if ¢ # 7. In this
section, our goal is to prove the following proposition:

Proposition 7.1.  Assume that w; is not minuscule. Then there exists a Schubert
variety Xp,(w;) in G/Ps such that P; = Aut’(Xp,(w;)).

We recall that by Corollary 2.2, there exists a unique element v, in W of minimal
length such that v;'(ap) = —ay. We note that Wo,5\{ay} 15 the longest element of
the Dynkin subdiagram of E; corresponding to the subset S\ {a;} of S. Thus we
have wo g\ a3 () = —a; for i # 1.

Lemma 7.2.  Let vy be as above. Then we have the following:
(1) vy = $153545552545356555451525357565554-
(2) (i) wvy(az) =g+ as+ az + 2a4 + 2a5 + ag + az.
(i) wos\faryva(as) = o + g 4+ 203 + g + a5 + .
(ili)  Wo,9\far,0:}W0,8\{ar}Va(¥3) @5 @ non simple positive root for i # 7.
(3) vy'(ay) = —(a1 + 209 + 203 + 4ay + 3as + 206 + a7), vy Han) = ar,
vy (a3) = astagtas, vy () = ag, vy (as) = as+agtas, vy () = ay,
vyt ar) = as + az + ay.
Proof. (1) Let vy = $153545552545356555451525357565554. Note that v’4_1(a0) =
—ay. Since £(v'y) = l(vy), by Corollary 2.2, we have vy = v}.

(2) (i) Follows from the usual calculation. (ii) Follows from (2)(i), and using Lemma
4.1. Since the support of wg g\(a,3v4(a3) contains a; @ # 7, the proof of (2)(iii)
follows.

(3) Follows from the usual calculation by using the description of vy asin (1). =
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Lemma 7.3.  We have the following:
(1) (i) wos\{ar,a0}(01) = a1 + g+ u + a5 + ag + az.
ii) Wo,5\{a1}Wo,5\{a1,00} (1) = w1 — (1 + a3 + as + a5 + a6 + ag).
iil) 04 W0, fay }W0,5\ {00} (1) = 5 + v + Q7.
i) wos\far,as}(01) = 1.
i) wo, 8\ {a1}Wo,9\{ar,05} (1) = W1 — 1.
i) 04 W0 9\ {01} W0,5\ {05} (1) = @1 + 202 + 2003 + Bag + 3o + 206 + 7.

(2)

(3) (i) wos\{ar,au}(01) = @1 + 3.

i) wo,s\far}Wo,5\far s} (1) = w1 — (a1 + 3).

i) 04 W0 9\ {01} W0,5\ far,0u} (1) = @1 + p + 203 + 200 + 2005 + 206 + 7.
(4) (i) wo.8\{ar,as}(@1) = a1 + 2 + a5 + ay.

i) wo,8\{01}W0,5\{a1,a5} (1) = w1 — (1 + a2 + a3 + au) .

i) 04 W0, 9\ {01} W0,5\far 05} (1) = @1 + 2 + 203 + 2004 + 2005 + .-

S
(@)
N~—

i) wos\far,ae (1) = 1 + 203 + 204 + p + 5.
i) 0,9\ {a1}W0,5\{a1,06} (1) = w1 — (1 + 203 + 204 + @2 + a5) .

iil) 04~ W0 8\ {01 1W0,8\ {1 a6} (1) = 1 + Q3.

N N N N N N N N N N N N N N

Proof. (1)(i) We consider the Dynkin subdiagram of E7, corresponding to the
subset S\ {as} of S (see Figure 3):

@ @ L @ @
a as Oy Q5 Qg ar

Let I = S\ {a2}. Now we observe that wgg\fa;,a:}(01) = Wo\{ar}(a1). We
note that the connected component of the Dynkin subdiagram associated to I,
containing « is of type Ag Since «y is minuscule in type Ag, by Lemma 3.2, we
have wo’[\{al}(al) = (1 + (0% -+ Oy —+ (074 —+ Qg + ar.

(ii) Note that the Dynkin subdiagram of E;, corresponding to S\ {a;} is of type
Dg. Since wo g\{a,} is the longest element of W\ (4,1, We have wg g\ a,3(05) = —y
for all 7+ # 1. Therefore, from the above discussion together with Lemma 4.1 proof
of (1)(ii) follows.

(111) By (1)(11) we have wO,S\{al}wO,S\{al,az}(OQ) = W — (Oél + g+ oy + o5+ o +Oé7> .
Therefore, by using Lemma 7.2(3), we get

U4_1w075\{a1}11)075'\{0(17062}(Oél) = —ay + (o1 + 209 + 2003 + 4oy + 3as + 206 + ay)

— (et ag+as) —ag— (s + g+ a5) — g — (e + ag + o) = a5 + o + Q.

(2)(i) Next we consider the Dynkin subdiagram of E7, corresponding to the subset
S \ Oég} of S:

Qg
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Let I = S\ {as}. Then we observe that wo s\{a;,as}(1) = Wo, 1\ a1} (01). Further,
we note that the connected component of the Dynkin subdiagram associated to I,
containing ay is of type A;. Since «; is minuscule in type A;, by Lemma 3.2, we
have U}07]\{a1}(041) = Q1
(ii) Similar to the proof of (1)(ii).
(iii) By (2)(ii) we have wg g\{a,}W0,5\{a1,a2} (1) = w1 — a1. Therefore, by using
Lemma 7.2(3), we get
V4 W0,8\ {ar JW0,8\ far a0} (1) = —ua + (o1 + 200 + 203 + dovg + 3as + 206 + ar)
= aq + 205 + 2a3 + 3y + 3as + 2a6 + 7.
(3)(i) Next we consider the Dynkin subdiagram of E7, corresponding to the subset
S\ {as} of S:
Qo

o—Oo o @ o
o as (671 &7} a7

Let I = S\ {aa}. Then we observe that wo s\{as,as}1 (1) = Wo.n\{a,}(c1). Further,
we note that the connected component of the Dynkin subdiagram associated to I,
containing «; is of type A,. Since oy is minuscule in type A;, by Lemma 3.2, we
have wo 1\ (a3 (1) = a1 + a3

(ii) Similar to the proof of (1)(ii).
(iii) By (3)(ii) we obtain wo g\{a}Wo,9\{a1,as} (1) = w1 — (o + a3). Therefore, by
using Lemma 7.2(3), we get

U3 W0 8§\ {1 W0, 8\ {ar s} (1)

:—oz4+(a1+20z2+2a3+4a4—|—3a5+2a6+a7)—(oz2+oz4+a5)
:Oél+062+20é3+2044+2045+2046+047.

(4)(i) Next we consider the Dynkin subdiagram of E7, corresponding to the subset
S\ {as} of S:

&%)

® ® *—o

aq Q3 Qg Qg 0%

Let I = S\ {as}. Then we observe that wo s\{a;,a5} (1) = Wo,1\ a1} (01). Further,
we note that the connected component of the Dynkin subdiagram associated to I,
containing ay is of type Ay. Since «; is minuscule in type A4, by Lemma 3.2, we
have wo n\ a3 (1) = o1 + a3 + ag + as.

(ii) Similar to the proof of (1)(i).

(iii) By (4)(ii) we have w g\ {a,}W0,9\{a1,a5} (@1) = w1 — (01 +as+as+az). Therefore,
by using Lemma 7.2(3), we get



1044 KANNAN AND SAHA

VI 00,9\ {an 10,8\ {1 05} (1)
= —a4+(oq+2a2+2a3+4a4+3a5+2a6+a7)—(a2+a4+a5)—ozﬁ—oz7
= o1 + oy + 2a3 + 204 + 2005 + 0.

(5)(1) Next we consider the Dynkin subdiagram of E7, corresponding to the subset
S\ {ag} of S:

&%)

® @ @ o
o as Qg (671 a7

Let I = S\ {ag}. Then we observe that wo s\{a,as} (1) = Wo,n\{a,}(c1). Further,
we note that the connected component of the Dynkin subdiagram associated to I,
containing «; is of type Ds. Since a; is minuscule in type Ds, by Lemma 3.2, we
have wo n\ a3 (1) = o + 2(ag + ) + o + as.

(ii) Similar to the proof of (1)(ii).
(iii) By (5)(ii) we have

Wo,9\ {1 }W0,5\ {ar,05} (1) = w1 — (01 + 203 4+ 204 + ap + 5) .
Therefore, by using Lemma 7.2(3), we get

V3 W 8\ {1 }W0,8\ [} (1)
= —ay + (o1 + 209 + 203 + 4y + 3as + 206 + a7) — 2(e + g + as)
—2a6—a7—(a3+a4+a5)

= o1 + as. |

Lemma 7.4. Lel w; = W.8\{a1,0,}W0.5\{a1}V4 for @ # T. Then w; ' (a;) is a
positive root for j # i, and w; (o) is a negative root.

Proof. Note that for ¢+ = 1, we have w; = vy. Then by Lemma 7.2(3), we
are done. For i # 1, let wos\fa,a;3(;) = . Then S is a positive root whose
supports does not contain «;. Since wgg\(a,} is the longest element of W\ (a3
(Weyl group of type Dg), we have wo s\{a,}(s) = —a; for all i # 1. Thus we have
wo,5\{a1}(B) = —B. Further, since the support of 3 does not contain oy, by Lemma
7.2(3) we have v;'(—f3) is a negative root. Hence we have w; *(a;) is a negative
root for ¢ # 1.

On the other hand, for i # 1,7 and j # 1,4, wo,s\{a1,0:}(0j) = —a, Where oy, is
a simple root different from o . Therefore, wo s\ (a,}(—0u) = aj. Further, since ay,
is different from ay, by Lemma 7.2(3), v;'(ay) is a positive root. Hence w;*(a;)
is a positive root when i # 1,7 and j # 1,i. Moreover, by Lemma 7.3, we have
w; () is a positive root for i # 1,7. Hence, we have w; '(a;) is a positive root
for © # 7 and j # i. [

Proof of Proposition 7.1. We note that w; is not minuscule if and only if
i # 7. Assume that w; is not minuscule. Recall that w; = wo s\ {a;,0:}W0,9\{a1}V4 -
By Lemma 7.2(2) and (3), we conclude that w;(as) is a non simple positive root. On
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the other hand, by Lemma 7.4, w; ' (q;) is a negative root and w; '(«;) is a positive
root for j # i¢. Thus P; is the stabilizer of Xp,(w;) in G. Since oy = wy, and
vy '(ap) is a negative root, w; '(ap) = vy (o) (as Wo s\ a1} W0,5\{ar,ai} (0) = o)
is a negative root. Therefore, by using Theorem 2.6 the natural homomorphism
P, — Aut®(Xp,(w;)) is an isomorphism of algebraic groups. n

8. G is of type Eg

By Lemma 3.1, we note that all simple roots are non-minuscule. In this section, our
goal is to prove the following proposition

Proposition 8.1.  Assume that w; is non minuscule. Then there exists Xp, (w;)
in G/ Py such that P; = Aut’(Xp, (w;)).

We recall that there exists a unique element vg in W of minimal length such that

v (ap) = —ag (see Corollary 2.2). Further, we observe that w g\ (s} is the longest
element of the Dynkin subdiagram removing the node ag, which is of type E7. Thus
Wo,5\{ag} (i) = —ay for all i # 8. We use these observations very frequently.
Lemma 8.2.  Let vg be as above. Then we have the following:

(1) Vg — S85756555452535154535556545255575456555354525857515354555¢-
(2) (i) we(ar) = ag + 2an + 3as + day + 3as + 206 + a7 + ag.
(11) w07s\{a8}’06(047) =1+ oo+ a3+ 2064 + 2045 + 20[6 + 2047 + Og.
(iii) wo,9\{ag,0e} Wo,5\{as}V6(v7) s a non simple positive root for 1 < i < 8.
(3) v '(ay) = ag, vg (o) = g, v5 ' (a3) = as +ag + ar, v () = ay,
vg Has) = asz, vg ' (ag) = a1, v H(ar) = ag + az + 204 + 205 + g
vg (ag) = —(2a1 + 3as + 4az + +6ay + bas + dag + 207 + ag).

Proof. (1) Let
Ve = S857565554525351545355565452555754565553545258575153545556 -
Note that v/ '(ag) = —ag. Since €(v's) = £(vg), by Proposition 2.1 we have
Vg = Vg
(2) (i) follows from the usual calculation using description of vg as in (1). (ii)

follows from (i), and using Lemma 4.1. Since support of wg s\ {a,}v4(c3) contains o
(1 <i<8), (iii) follows.

(3) Follows from the usual calculation using the description of vg as in (7). ]

Lemma 8.3.  We have the following:
(1) (1) wo.s\{a1,0s}(8) = @2 + a3 + 204 + 205 + 206 + 207 + .
(i) wo,9\{as}W0,9\{a1,as} (8) = ws — (a2 + a3 + 204 + 205 + 206 + 207 + g).
(iil) v6 ™ W0,9\ {ag} W0,5\ {05} (O08) = 7 + €vs.
(2) (1) wo,s\{az,as}(@8) = a1 + a3+ g + a5 + ag + a7 + as.
(i) 0,9\ {ag}W0,9\{az,as} (8) = ws — (a1 + a3 4+ g + a5 + ag + a7 + ).
(

iil) 06~ W0, 5\ {ag} W0,8\ faz.as} (X8) = o + 200 + 2003 + 3o + 2005 + a6 + Q7.
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(3) (1) wo S\{ag,ag}(as) = Qo + Q4 + a5 + a5 + a7 + Qg.
11) Wy 5\{a8}w0 S\{a&as}(ag) = Wy — (CYQ + oy + a5 + o + ar + 048)-

iil) v~ W0, 9\ fas} W0, 8\ {as,as} (A8) = 1 + a2 + 2003 + 3y + 3o + 206 + 2007 + ag.

(4) (1) wos\{asast(as) = a5+ ae + a7 + as.
i) wo,9\ {ag} W0,9\{as,a5} (8) = Ws — (a5 + a6 + a7 + ).

iii) v~ W0, 5\ {as} W0,9\ {aa,as} (X8) = Q1 4202+ 2003+ 4wy + 3avs + 206+ 207+ ag.

i) 0,5\ {as}W0,5\{a5,05} (08) = ws — (@6 + a7 + ag).

iii) 6™ W0, 5\ {as} Wo,9\ {as a5} (Xs) = 1 4202+ 3z +4ovs + 3o + 206+ 207+ ag.

(
(
(
(
(
(
(5) (i) wo,5\{as,as}(8) = ag + a7 + as.
(
(
(6) (i) wos\{ag.as}(as) = a7 + as.
(i) 0,9\ {ag}W0,9\{as,05} (8) = wWs — (a7 + ag).
(111) Vg w075\{a8}w075\{a57a8}(ag) = 20(1 +2a2+3a3+4a4+30z5+2a6+2a7+a8.
(7) (1) wo,s\{ar.as}(as) = as.
(i) wo,9\{ag}W0,9\{as,a5} (¥8) = Ws — Q.
(iii) UG7111)0’5\{&8}10075\{0457&8}(O./g) = 2(1/1 +3012+4043+6Oé4+50z5+3C¥6+2047+Oz8.

Proof. (1)(i) We consider the Dynkin subdiagram of Ejg, corresponding to the
subset S\ {1} of S (see Figure: 4):

Qo

® ® L4 ® ®
(6% QY (0731 Qg [0%4 Qs

Let I = S\ {a1}. Now we observe that wgg\fa,,as}(08) = Won\{ag}(as). We
note that the connected Dynkin subdiagram of FEg associated to I containing
ag is of type D;. Since ag is minuscule in type D;, by Lemma 3.2, we have
Wo, 1\ {ag} (08) = 2 + a3 + 20 + 205 + 206 + 207 + ag.

ii) Follows from the observation that wg e\fas1 () = —a; for all i # 8, and by
S\{as}
using Lemma 4.1.

(iii) By (ii) we have
Wo,8\ {ag} W0,5\ {ar a5} (¥8) = ws — (a2 + a3 + 20 + 205 + 206 + 207 + ag).
Therefore, by using Lemma 8.2(3), we get v ws\ {ag} Wo,9\{a1,a5} = Q7 + Q.

(2)(i) Next we consider the Dynkin subdiagram of Ejg, corresponding to the subset
S\ {az} of S:

(03] Q3 iy (673 (875 (074 (67
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Let I = S\ {a2}. Now we observe that wg s\ {as,as}(¥8) = Wo,n\fas}(@s). We note
that the connected component of the Dynkin subdiagram of Eg associated to [
containing ag is of type A7. Since ag is minuscule in type A7, by Lemma 3.2, we
have wo 1\ fag} (8) = a1 + a3 + ay + a5 + a6 + a7 + as.

(ii) Follows from the observation that wg g\ (ag}(u) = —a; for all i # 8, and by
using Lemma 4.1.

(iii) By (ii) we have
W0, 8\ {as} W0,9\ {az,a5} (8) = wWs — (1 + a3 + g + a5 + a6 + a7 + ag).
Therefore, by using Lemma 8.2(3), we get
v{lws\{as}woﬁ\{w,ag} = a1 + 209 + 203 + 3oy + 205 + ag + .

(3)(i) Next we consider the Dynkin subdiagram of Eg, corresponding to the subset
S\ {as} of S:

%)

o @ @ L @
651 Oy (67 Qg 0% Qg

Let I = S\ {as}. Then we observe that wo s\{as,as}(¥8) = Wo,n\{ag}(s). Further,
we note that the connected component of the Dynkin subdiagram associated to [
containing ag is of type Ag. Since ag is minuscule in type Ag, by Lemma 3.2, we
have wo n\ fag} (8) = Q2 + g + a5 + a6 + a7 + as.

(ii) Follows from the observation that wg g\ (ag}(u) = —a; for all i # 8, and by
using Lemma 4.1.

(iii) By (ii) we have
W0,9\ {ag} W0,5\ {as,05} (A8) = wWs — (2 + ay + a5 + a6 + a7 + ag).
Therefore, by using Lemma 8.2(3), we get
V6™ WS\ {ag } 0,8\ fas,as} = Q1 + Qo + 203 + 3o + 35 + 206 + 207 + ag.

(4)(i) Next we consider the Dynkin subdiagram of Eg, corresponding to the subset
S\ {ag} of S

Qi

[

*—o ® ® ® ®

a7 (%] (€7 Qg Q7 Qg

Let I = S\ {as}. Then we observe that wo s\ {a4,as} () = Wo, 1\ fag}(as). Further,
we note that the connected component of the Dynkin subdiagram associated to [
containing ag is of type Ay. Since ag is minuscule in type A4, by Lemma 3.2, we
have wo n\fag} (a8) = a5 + a6 + a7 + as.

(ii) Follows from the observation that wg g\ (ag}(u) = —a; for all i # 8, and by
using Lemma 4.1.
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(iii) By 4(ii) we have wg g\ {ag}Wo,8\{as,a5} ((08) = ws — (a5 + s+ a7z +ag) . Therefore,
by using Lemma 8.2(3), we get

V6~ W8\ {ag } 0,8\ fas,as} = Q1 + 202 + 2003 + 4oy + 3o + 206 + 207 + as.

(5)(i) Next we consider the Dynkin subdiagram of Ejg, corresponding to the subset
S\ {as} of S:

%)

@ @ ([ L L

o a3 Oy (075 Q7 Qg
Let I = S\ {as}. Then we observe that wo s\{ag,as} (%) = Wo,n\{ag} (). Further,
we note that the connected component of the Dynkin subdiagram associated to [

containing g is of type As. Since ag is minuscule in type Az, by Lemma 3.2, we
have wo o} (0s) = 6 + a7 + as.

(ii) Follows from the observation that wg g\ (ag}(u) = —a; for all i # 8, and by
using Lemma 4.1.

(iii) By 5(ii) we have w g\ {ag}Wo,5\{as,a5} () = ws — (a6 + a7 + ag). Therefore, by
using Lemma 8.2(3), we get
Uﬁ_lwg\{%}woﬁ\{%’as} = a1 + 209 + 3a3 + day + a5 + 206 + 207 + as.

(6)(i) Next we consider the Dynkin subdiagram of Eg, corresponding to the subset
S\ {ag} of S:

Qo

® L4 ® o—0
(071 (0% QY (0731 [0%4 asg

Let I = S\ {ag}. Then we observe that wo g\ {ag,as}(8) = Wo, 1\ ag} (as). Further,
we note that the connected component of the Dynkin subdiagram associated to [
containing ag is of type As. Since ag is minuscule in type A, by Lemma 3.2, we
have wo 1\ {ag} (8) = a7 + Q.

(ii) Follows from the observation that wg g\ (ag}(u) = —a; for all i # 8, and by
using Lemma 4.1.

(iii) By 6(ii) we have wo s\ {ag}W0,5\{ag,as} (@s) = ws — (a7 +as). Therefore, by using
Lemma 8.2(3), we get
V6~ W8\ fag } W0, 8\ fag,as} = 201 + 200 + 3ai3 + 4o + a5 + 206 + 207 + ag.

(7)(i) Next we consider the Dynkin subdiagram of Ejg, corresponding to the subset
S\ {az} of S:

6%)

a7 Qg3 Qay (67 Qg ag
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Let I = S\ {ar}. Then we observe that wo s\{as,as} () = Wo, 1\ fag} (as). Further,
we note that the connected component of the Dynkin subdiagram associated to [
containing ag is of type A;. Since ag is minuscule in type A;, by Lemma 3.2, we
have U)OJ\{O@}(O@) = Osg.

(ii) Follows from the observation that wg g\ (ag}(u) = —a; for all i # 8, and by
using Lemma 4.1.

(iii) By 7(ii) we have w g\ {ag}W0,5\{ar,as}(@8) = ws — ag. Therefore, by using
Lemma 8.2(3), we get

vﬁflws\{as}woﬁ\{a%ag} = 201 + 3as + 4das + 6ay + bas + 3ag + 207 + ag. |

Lemma 8.4. Let w; = Wps\{a;,05}W0,5\{ag}V6 for 1 < @ < 8. Then we have
w; () is a positive root for j # i, and w; '(oy) is a negative root.

Proof. Note that for ¢ = 8 we have wg = vg. Then by Lemma 8.2, we are done.
For i # 8, let wo $\{a;,a5}() = B. Then 3 is positive root whose support does not
contain ag. Since wo s\{ag} is the longest element of W\ (a1, wo,g\{as}(ai) = —qy
for i # 8. Thus we have wy s\ {ag}(8) = —F. Further, since the support of 5 does
not contain ag, by Lemma 7.2(3) we have v;'(—f3) is a negative root. Hence we
have w; '(;) is a negative root for i # 8.

On the other hand, for ¢ # 8, and j # 8,4, Wo8\{a;,a5}(®) = —u, Where ay, is a
simple root different from ag. Therefore, wg g\ (ag} (—x) = . Further, since ay, is
different from ag, by Lemma 8.2(3), vg ' (i) is a positive root. Hence w; ' (a;) is a
positive root when ¢ # 8, and j # 7,8. Moreover, by Lemma 8.3, we have w;l(ag)
is a positive root for i # 8. Hence, we have wi_l(ozj) is a positive root for i # 8§,
and j # 1. [

Proof of Proposition 8.1. Recall that w; = wo s\ {a;,05)W0,5\{as} V6 - Note that
wi(7) = Ws\{as,a5}W0,9\{as}V6(7). By Lemma 8.2(2), we conclude that w;(ar)
is a non simple positive root. On the other hand, by Lemma 8.4, w; Yay) is a
negative root and w; '(«;) is a positive root for j # i. Thus P; is the stabilizer of
Xp, (w;) in G. Since ag = wg, and vy ' (ap) is a negative root, w; ' (ag) = vg ()
(as Wo,5\{ag} Wo0,5\{as,as} (0) = ) is a negative root. Therefore, by using Theorem
2.6 the natural homomorphism P; — Aut’(X p (w;)) is an isomorphism of algebraic
groups. [

9. Main theorem

In this section, our goal is to prove the following. A fundamental weight w; is
minuscule if and only if for any parabolic subgroup () containing B properly, there
is no Schubert variety Xq(w) in G/Q such that P, = Aut’(Xg(w)).

Theorem 9.1.  Assume that w, is minuscule. If there exists a Schubert variety
Xo(w) in G/Q (for some parabolic subgroup Q of G containing B) such that
P, = Aut’(Xg(w)), then we have Q = B.

Proof.  Assume that P, = Aut’(Xo(w)) where Xg(w) is a Schubert variety in
G/Q, for some Q # B. Then there exists a non-empty subset J of S such that
Q = P;. Since P, = Aut’(Xg(w)), we have w(a;) > 0 for all j # r, and we have
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w™t € WM} Since the action P, on X¢(w) is faithful, by Theorem 2.6 we have
w™(ag) < 0. Further, since w™(ap) < 0 and w™! € WS} by Lemma 3.3 we

S\{ar S\{ar}\—
Lo g\ WSy

have w™' =w . Thus we have w = (

Note that (w(f\{““})—l = W5\ {a,}Wo = Wo(WoWo 5\ {ay} Wo) = Woo,5\{ay ()} -

Therefore, we have w = wf\{““(”}. Hence, we have o(J) C S\ {a,}. Let 7
be the Dynkin diagram automorphism of S\ {a,} induced by —wqg\fa,}. Now
since J is nonempty, there exists o; € J such that a,; # a,. So there exists
a; € S\ {a} such that o,y = o). That is we have a,,(;) = o;. Now we have
w‘lsjw = WoWo,5\{a,}5jW0,5\{a,} W0 = Sor(j) = S;. This is a contradiction to the fact
that P, is the stabilizer of Xq(w) in G. Hence, we have Q) = B. [

Theorem 9.2. A fundamental weight w, is minuscule if and only if for every
parabolic subgroup @) containing B properly, there is no Schubert variety Xqo(w) in
G/Q such that P, = Aut’(Xg(w)).

Proof. Follows from Proposition 5.1, Proposition 6.1, Proposition 7.1, Proposi-
tion 8.1, and Theorem 9.1. [ |

In the following remark we label the simple roots for By as in [10, p. 58], namely
(aq,a0) = =2, and (ag, 1) = —1.

Remark 9.3. In non-simply-laced type, Theorem 9.2 may not hold. For instance
consider G = SO(5,C) and w = sy381. Here, wy is the unique minuscule weight.
Then, Xp,(w) is a Schubert variety in G /P, such that P, = Aut®(Xp,(w)).

Proof. Note that the tangent bundle of G/P, is L(g/p,). Further, g/p, has a
filtration of B-submodules with successive quotients are of the form Cg for some
p € {ay, a1 + ag, a1 +2a5}. Then we use Lemma 2.4, Lemma 2.5, and Lemma 2.3,
to compute the following cohomology modules:

H0<817 g/pl) = Coél D Ch(al) D C*Oq D (Ca1+a2 S Caz S Ca1+2042
and

Ho(wv g/pz) = HO(52317 g/pz) = H0(527 HO(Sh g/pl)) = Coq D (Ca1+a2 D (COt1+2012
S (Ch(al) S C—Otl S5 (C—Oq—om S C—011—2&2 D (Caz S5 (Ch(o@) S C—az =g

as T-module. Note that C,, is a B-submodule of g/p,. Thus, H%(w,q;) is a
B-submodule of H°(w,g/p,).

But, HO(w, 1) o, # 0, as s951(a1) = —a. Hence, H*(w, g/p,) o, # 0. Therefore,
the restriction map ¢ : H°(G/Py, L(g/p,)) — H°(w, g/p,) is injective. Further-
more, since G acts on G/P,, we have g C H°(G/P,, L(g/p,)). Thus by the above
discussion, ¢ is an isomorphism and hence we have H°(G/P», L(g/p.)) = ¢ and
H°(w,g/p,) = g as B-modules.

On the other hand, TXP2 (w) is a subsheaf of the restriction of the tangent bundle
Teyp, to Xp,(w). Hence, H(Xp,(w), Tx,, (w)) is a B-submodule of H(w, g/p,).
Further, since H°(w,g/p,) = g, Lie(Aut’(Xp,(w))) is a Lie subalgebra of g con-
taining b. Thus Aut’(Xp,(w)) is a parabolic subgroup of G containing B.
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Let P’ = Aut’(Xp,(w)) € G. Let a be a simple root such that s, € W (P'), Weyl
group of P'. Let n, € Np/(T) be a representative of s,. Then n, - wP,/P; is a
T-fixed point in Xp,(w).

Further, for any dominant character x of P, T acts on the fiber of the £(x) over
the point n,-wPy/ P, by the character sq,w(y). Therefore, ng-wP, /Py = sqwPy/Ps.
Since sqwPy /Py € Xp,(w), we have s,w € Wb and s,w < w or sqwPy = wh.

Thus, n, is in the stabilizer of Xp,(w) in G. Since P’ is generated by B and n,,
where a € S such that s, € W(P’), it follows that P’ is the stabilizer of Xp,(w)
in G. Hence, Aut’(Xp,(w)) is equal to the stabilizer of Xp,(w) in G. Now, the
remark follows from the fact that stabilizer of Xp,(w) in G is Ps.

We now describe Xp,(w) geometrically. Consider the Schubert variety X (w) in
G/B. Consider the open subsets BwB/B C X (w) and BwP,/P; C Xp,(w).

Let U = [],cp+(w-1)U-a- The morphisms U — BwB/B sending u — uwB/B
and U — BwP,/P; sending u +— uwP,/ P, are isomorphisms (see [5, Section 2.1,
(2) and (3), p. 62]). Therefore, the class groups of BwB/B and BwP,/P; are trivial.

We further see that Xp,(w) \ BwPy/P, = Xp,(s1) is an irreducible divisor. Also,
X(w) \ BwB/B is union of two irreducible divisors X(s;) and X(s;). By [9,
Proposition 6.5(c), p.133], rank(Cl(X (w)) < 2 and rank(Cl(Xp,(w))) < 1, where
Cl(X (w)) (respectively, Cl(Xp,(w))) denotes the class group of X (w) (respectively,
of Xp,(w)).

Hence, rank(Pic(X (w)) < 2 and rank(Pic(Xp,(w))) < 1, where Pic(X(w)) (respec-
tively, Pic(Xp,(w))) denotes the Picard group of X (w) (respectively, of Xp,(w)).
Further, the restriction of the line bundles £(w;) and L(ws2) to X (w) are linearly
independent. Therefore, rank(Pic(X (w))) = 2 and rank(Pic(Xp,(w))) = 1.

Now, consider the restriction of the morphism 7 : G/B — G/P, to X (w), which
also we denote it by 7. So, 7 : X (w) — Xp,(w) is a surjective birational morphism
such that m.Ox(w) = Ox,w) (see [5, Theorem 3.3.4(a), p.96]). Therefore, by [3,
Corollary 2.2, p.45], 7 induces homomorphism 7, : Aut’(X (w)) — Aut’(Xp,(w))
of algebraic groups. On the other hand, since w™*(ayg) < 0, by [13, Theorem 6.6,
p.781] P, C Aut’(X(w)). Therefore, 7, : Aut’(X(w)) — Aut’(Xp,(w)) = P, is
an isomorphism. [ |
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