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Introduction

In the present paper we consider 2-local and local derivations on Lie rings and Lie
algebras. The study of 2-local derivations began in the paper [17] of Semrl. In [17]
Semrl introduced the notion of 2-local derivations and described 2-local derivations
on the algebra B(H) of all bounded linear operators on the infinite-dimensional
separable Hilbert space H. Later a number of papers were devoted to 2-local maps
on different types of rings, algebras, Banach algebras and Banach spaces.

The main goal of this paper is to describe 2-local derivations on the Lie ring of skew-
adjoint matrices over a commutative involutive ring. If in an associative algebra A
we take the Lie multiplication [a,b] = ab — ba, then we obtain the Lie algebra
(A,[,]). In this case, every 2-local inner derivation of the algebra A is a derivation
if and only if every 2-local inner derivation of the Lie algebra (A, [,]) is a derivation.
In general, for any Lie algebra (£, [,]), the Lie multiplication [,] is generated by
an associative multiplication. Therefore in number of papers the proofs of results
on 2-local Lie derivations are based on associative multiplication. For example, in
[6] of Chen, Lu and Wang 2-local Lie derivations of operator algebras over Banach
spaces are described. In the paper [5] of Ayupov, Kudaybergenov and Rakhimov
2-local derivations of Lie algebras, which are not generated by associative algebras,
are described. They proved that every 2-local derivation on a finite-dimensional
semi-simple Lie algebra £ over an algebraically closed field of characteristic zero is
a derivation. They also showed that each finite-dimensional nilpotent Lie algebra £
with dim £ > 2 admits a 2-local derivation which is not a derivation. At the same
time, in [13] Lai and Chen give a description of 2-local Lie derivations for the case of
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finite dimensional simple Lie algebras. Liu characterized 2-local Lie derivations on
a semi-finite factor von Neumann algebra in [15]. In [9] it is proved by the authors
that every 2-local Lie derivation on factor von Neumann algebras, UHF algebras
and the Jiang-Su algebra is a Lie derivation. Recently, in [3], the first and second
authors of the present paper proved that every 2-local inner derivation on the Lie
ring K, (R) of skew-symmetric n X n matrices over a commutative associative ring
R is a derivation.

In the present paper we study inner derivations and 2-local inner derivations on Lie
rings of skew-adjoint matrices over a commutative involutive ring.

The paper is organized as follows. In Section 2 we prove that each 2-local inner
derivation on the Lie ring K, (R) of skew-adjoint n x n matrices over a commutative
unital involutive ring R is a derivation. As a corollary we establish that every 2-local
inner derivation on the Lie algebra K, (A) of skew-adjoint n x n matrices over a
commutative unital involutive algebra A is a derivation.

We also study 2-local spatial derivations on various Lie subalgebras of the algebra
M(Q, By, (H)) of all maps from Q to By, (H) for an arbitrary set 2 and the algebra
B(H) of all bounded linear operators on the infinite-dimensional separable Hilbert
space H in Section 3. We prove that every 2-local spatial derivation on these
subalgebras of the algebra M (€2, Bg.(H)), under some conditions, is a derivation.
The problems considered here are firstly mentioned in [2] (Problem 1).

Sections 4 and 5 are devoted to the description of local inner derivations on the
algebras mentioned in the previous paragraph. For this propose we apply a similar
technique to these Lie algebras of skew-adjoint operator-valued maps on a set and
prove that every local spatial derivation on such algebras is a spatial derivation. It
should be noted that a number of results concerning local derivations are obtained,
partially, in [4], [7], [8], [9], [10], [12], [14], [16].

1. Preliminaries

Let R be an associative ring. Recall that an additive map D: R — R is called a
derivation, if D(xy) = D(z)y + xD(y) for any two elements z, y € R.

A map A: R — R (not additive in general) is called a 2-local derivation, if for
any two elements x, y € R there exists a derivation D,,: ® — R such that
A(ZL‘) = D:my(x)’ A<y> - DIJJ(ZU)'

A derivation D on R is called an inner derivation, if there exists an element a € R
such that D(z) = ax — za, where z € R.

A map A: R — R (not additive in general) is called a 2-local inner derivation, if for
any two elements x, y € R there exists an element a €  such that A(x) = az—za,
Aly) = ay — ya.

Let R be a Lie ring with a Lie multiplication [, ]. Recall that an additive map
D: R — R is called a derivation, if D([z,y]) = [D(x),y] + [z, D(y)] for any two
elements z, y € R.

Given an element a in R, the map R,(z) = [a,z], x € R is a Lie derivation. Such
a derivation is called an inner derivation of ®. A map A is called a 2-local inner
derivation, if for each pair of elements x, y € R there is an inner derivation R, of

R such that A(x) = R.(z), A(y) = Ra(y).
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Let A be a unital associative ring. The vector space A with respect to the Lie
multiplication [a,b] = ab — ba, where a,b € A is a Lie ring. This Lie ring will be
denoted by (A,[,]). For a € A the map

R.(z) = [a,z], z € A.

is a derivation on A both as an associative ring and as a Lie ring. Every inner
derivation of the Lie ring (A, [,]) is an inner derivation of the associative ring A.
And also every inner derivation R, = axr — za, x € A is an inner derivation of the
Lie ring (A, [,]). Thus it is clear that every 2-local inner derivation of the Lie ring
(A, [,]) is a 2-local inner derivation of the associative ring A. And vice-versa, every
2-local inner derivation of the associative ring A is a 2-local inner derivation of the
Lie ring (A, [,]).

Definition 1.1. A x-ring (or involutive ring, or ring with involution) is an
associative ring with an involution x — x* :

(@) =z, (r+y) =2"+y" () =y'2"
When A is also an algebra, over a field with involution A — A* (the identity
involution is allowed), we assume further that (Azx)* = A*z* and call A a *-algebra.
Elements such that z* = —x are called skew-adjoint. ]

Let, now, A be a x-ring and Ay be the set of all skew-adjoint elements of A. Then
(Ag,[,]) is a Lie ring. We take a € Ay and the inner derivation

R,(z) = [a,z],z € Aj.

Then R, may be considered as an inner derivation on A. Therefore every inner deri-
vation of the Lie ring (Ag,[,]) is extended to an inner derivation of the *-ring A.

Concerning 2-local inner derivations, it is not possible, in general, to extend a 2-
local inner derivations from the Lie ring (A, [,]) to a 2-local inner derivation on the
involutive ring A. Therefore we have to give a straightforward proofs of the main
results below.

2. 2-Local derivations on the Lie ring of skew-adjoint matrices over a
commutative *-ring

Let R be a unital associative ring, M, (R) be the matrix ring over £, n > 1. Let
{eij}i =1 be the set of matrix units in M, (R), i.e. e;; is a matrix with components
ay =1 and o = 0 if (i,5) # (k,1), where 1 is the identity element, O is the
zero element of R, and a matrix a € M,(R) is written as a = Y7} _, aP'er,, where
a"t e R for k,1=1,2,...,n.

Let R be a commutative unital involutive ring, M,(R) be the associative ring of
n X n matrices over R, n > 1. In this case the vector space

K,(R) = {(a")}j= € My(R) : (¢™)" = —a¥,i,j = 1,2,...,n}
is a Lie ring with respect to the Lie multiplication

[a,b] = ab —ba,a,b € K,(R).
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Throughout this section, let s; ; = e; ; — e;; for every pair of different indices ¢, j
in {1,2,...,n}. Further we suppose that the ring R contains an imaginary unit I,
i.e. I? = —e, where e is an identity element of .

Lemma 2.1.  Let A be a 2-local derivation on K,(R) and fix arbitrary pairwise
different indices i, j, p.

(1) Let R,, Ry be the derivations on K, (R), generated by elements a,b € H,(R)
such that A(s; ;) = Ra(si;) = Ry(si;). Then the following equalities are valid

a4+ a¥t = b+ b att — el = b — b
(2) Let R,, Ry be the derivations on K, (R), generated by elements a,b € K,(R)
such that A(s;;) = Ra(si;), A(sip) = Ry(Sip). Then the following equality is valid:
a4 a?t = b+

Proof. (1) From R,(s;;) = Ry(s;;) it follows that as; ; — s; ja = bs; ; — s; ;b.

Hence, €},j08i,j€5, — €j;jSijAC)j = €j;jbsijej; — €j;8i;be;
and €4,5A€; 5€5 ; + €4,€5i0€;5 5 = ej,jbei,jej,j + ej,jej,ibej,j,
and aej;+ae;; =Vlej; +be;;.
AlSO, eiviasi,jem — ez»,isi,jaej’j = ei,ibsi,jej,j — ei,isi,jbej,j
and ei7iaei7jej7j — 61'71'62‘7]‘&8]‘7]' = ei,ibei,jej,j — ei,ieivjbej,j,
and ai”‘ei’j — (lj’jGiJ = bi’iGiJ‘ — bj’jei,j.

This ends the proof of (1).
(2) There exists x € K, (R) such that A(s;;) = Ru(sij), A(Sip) = Ru(Sip)-
We have as; ; — s; ja = xs; j — s;;x, and bs; , — 8; ,b = 18;, — 8; .

By assertion (1) of this lemma we obtain a*/ + a7 = 2% + 27,

We also have epp(bsip — Sipb)ej; = €pp(T5ip — SipT)ej;,
be.  — e 1o ble . — pble
and epibej; = epite;;, ey ; = 1%ey
i.e. b%9 = % . Similarly we have v* = /. Hence a*/ + a’* = b"J + b7, |

Lemma 2.2.  Let A be a 2-local derivation on K,(R) and, for arbitrary pairwise
different indices i, j, p, let R,, Ry be the inner derivations on K, (R), generated
by elements a, b € K,(R) respectively, such that

Alsip) = Ra(sip), Alsp;) = Ro(sp;).
Then the following equalities hold: e;;ae;; = e;;be;;, e; ae;; = €; be; ;.
Proof.  There exists z € K,,(R) such that

A(sip) = Ru(sip), Alspj) = Rulsp)-
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Then we obtain as;, — s; ,0 = x5;, — 5T, bs,; — 5, ;b = x5, ; — 55,7, €;,a€;, =
€jjTCip, CpiGLjj = €piTejj, €iibejp = €iile;jp, ey ibeii = ep rei;.

Hence e;;aei; = ¢ejjueis, eiiac; = eixej;, eibej; = €iirejy, ejibeii = €j;tei,,
and e;jae;; = e beii, eiiac;; = eibe;;. u
Let A be a 2-local derivation on K, (R) and, for arbitrary pairwise different indices

i, j, p, let R, be the derivation on K,(R), generated by an element a € K,(R),
such that A(s;,) = Ra(sip) and A(s, ) = Ra(sp;)-

By Lemma 2.2 the following elements are well-defined

Qi = €;0€5; = al’jem, a ¢ §R, and Qji; = €5,;0€;; = a“ej,i, a’t € §R,

n

a = E Qg 5.

i.j=1,i]

Using this notation the following lemma is valid.

Lemma 2.3. Let R be a commutative unital involutive ring. Let A be a 2-local
inner derivation on K, (R). For arbitrary but fized different indices i, j let

A(si;) = Ra(si;)
for an appropriate element d € K,,(R). Then
A(sij) = as;; — sija+ (d — d)e; ; + (d7 — d" e,
Proof. By (2) of Lemma 2.1 we have
A(s; ) =dsi;—sijd=(1—e;; —ejj)ds;; — sijd(l —e;; —ejj)
+ (ei; +ej;)ds;j — sid(ei; +e;;)
=(1—e,;—ej;)dei;—ei;dl—e; —e;;)— (1 —e; —ejj)de;,
+ejd(l —e;; —ejj) + (e +ejj)ds;; — sid(e; +ejj)
=1 —e;—ejjae;—eall —e;—e;;)—(1—e,;—ejjlaej;
+ejia(l —e;; —ejj) + (eii +ejj)ds;; — sid(e; +ejj).
At the same time we get
(€ +ejj)ds;;j — sid(e; +ej;)
=e;de; j —e;de;; +e;de; j —ejde;; — e; jde;; + e;de; ; — e; ;de; ; + ejde;
= (d"" —d7)e;; + (=d"7 —d"")e;; + (A" + d"7)ej; + (d — d™)e;,;
d" — d)e; ; + (—a™ — a?Me; + (@' + a)ej; + (A — d7)e;,

G G
d" —d")ei; — aijeji — €350 + ajiei; + €jiai; + (Y — d)ej;

= (
= (
by (1) of Lemma 2.1. Hence
A(s;;) = ae;j — e ja — aej; + ejia+ (A" — d)e; ; + (&7 — d™')e;,
= as;j — sija+ (d" — d)e; j + (&7 — d"")e;.
This ends the proof. [

Let R be a unital involutive ring and, let A be a 2-local inner derivation on K, (R).
Consider the element z, = ZZ;; skx+1 € K (R). Fix different indices i,, jo-
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Let ¢ € K,,(R) be an element such that
A(siij) = [67 Sio:jo]’ A(x()) = [07 xo]'

— \n bieo. g —=3S" . n .
Define ¢ = 370, c¥e;; € Kn(R) andalso a =370 . ai;+ 30 ai;, where
Qi = c”em-, 1= 1, 2, o,

Lemma 2.4. Let R be a unital involutive ring and, let A be a 2-local inner
derivation on K,(R). For arbitrary different indices k, 1, let b € K,(R) be an
element such that A(sg;) = [b, sk1] and A(z,) = [b,x,]. Then F—cbt = phk_pht,

Proof. We may assume that k£ < [. We have A(z,) = [c, x,] = [b,x,]. Hence
CTo — ToC = bTy — b, e k(cTo — ToC)epr1 i1 = € p(DTo — Tob)err1 41

and Rk ALk ki _ peLE+L

Then for the sequence (k,k+1),(k+1,k+2)...(l—1,1) we obtain

ok hHLEHL gl LRl ok LRL k22 g LR 22

NS W N NP RS R S A

ey

Hence we get

ol ok LR LRl L LRl k22 k202
TN gt g
Therefore ¥ —pFF = bt —pbl ie. PP — bt = bk — bl The proof is complete. =

Theorem 2.5. Let R be a commutative unital involutive ring, and let K,(R)
be the Lie ring of skew-adjoint n X n matrices over $. Then any 2-local inner
derivation on the matriz Lie ring K, (R) is an inner derivation.

Proof. We prove that each 2-local inner derivation A on K, (R) satisfies the condition
A(z) = Ra(x) = ax — za, x € K,(R),

where the element a is defined before Lemma 2.3. Let x be an arbitrary element in
K, (R) and, let d(ij) € K,,(R) be an element such that

A(sij) = Ragij (siz), Alx) = Ragj (z)
and i # j. Then A(s;;) = Dggjy(si;), A(x) = Dagj(x), ie
A(sij) = d(ij)(si;) = (si;)d(ij) and A(z) = d(ij)z — zd(ij).
By Lemma 2.3 we have the following equalities
Alsig) = d(zj)(si5) — (si5)d(i])
= (ei + €53)d(ij)(sij) — (si3)d(ij)(€ii + €5;)

+ (1 - (6“4—6”)) (45)(si5) — (8i3)d(i7)(1 = (eiq + €5;))
= asij — sija+ (d(if)" = d(ig)’? )ei; + (d(if} — d(i)")eji.

for all different indices i, 7.
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From this equality we get
(€1 + €5,5)d(2)(s15) — (si,5)d(ig) (i + €j)
= (i + 50855 — 8i4(ai; +aje) + (d(ig)" — d(ig)??)e;; + (d(if)™ — d(ig)™)e;.
Hence, (1—(es; +e;5))d(ig)e; = (1 — (e +ej ))ae;,
eiid(1g)(1 — (e + €5)) = eiaa(l — (i + €j5)),
€;;d(i7) (1 — (ei; + €55)) = eja(l — (&5 + €55)),
(1= (esi +€55))d(ig)ej; = (1 — (eii + €55))ae;
for all different 7 and j. At the same time
ejjd(ig)ei; +ejd(ij)e;; = (d(if)"" +d(if))e;; = (' +a™)e;; = ajeij + ejiai;,
e;id(ig)e;; + e jd(if)e;; = (d(if)™ + d(ij)"")ei; = (@™ + a’")e;; = a;jej; + € ja;;
by Lemma 2.1, and
e id(ij)ei; + ejid(ig)e;; = €5 ae5 + €j5ae;,;,

eiid(ij)e;; + € ;d(ig)e,; = e aej; + e; jae; ;.

Therefore (1 —e;)d(ij)ei; = (1 —e;i)ae;,
€;3d(i))(1 — ej;) = ejja(l —e;;).
Similarly we have eiid(ig)(1 —eis) = eiza(l —e; ),
(1 —ej;)d(ij)ej; = (1= ej;5)ae;;.

Let v € K,,(R) be elements such that
A(S@j) = US;; — Si, VU and A(J]O) = VT, — THU.

Let v = Zk U ’qek Then we get v"* — 177 = ¢ — ¢/J by Lemma 2.4. We have
Vi — i = d(zj) — d(zj)j’j since vs; ; — 8,0 = d(ij)s;; — si;d(i]).

Hence "' — @ =d(ig)™ —d(ij)?7, & — ' =d(ig)?7 — d(ij)™

Therefore

6j,jA(I)ei,i = 6]‘7j(d(ij>$ — xd(zy))ew

= emd(w)(l — ej,j)xei,i + ej7jd(ij)ej7jxei,i — 6]‘7]'.1'(1 — ez,l)d(@j)em — ej,jxei,id<ij)€i,i

n n

o &n o &m . o Ali e e — oo A1) e -
= €4 E A" €enl€ii — €j4L a~egpeiq + ejd(ij)e;jaei; — ejwe;d(if)e;
En=L8#n En=1,&#n
n n
=65 E : a~"eenkCi; — €55T aegyeii + Ve e — ejae; i ey
En=L8#n En=L8#n
n n
JJ Ent iy J>J Entisi
En=1,6#n En=1,6#n
n n

+ei () a%tece)mer; — ej (D attece)es

¢=1 ¢=1
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n n
— .. 5777 e .. 5177 J— .. — n ..
=65 E , ar"eenkCi; — €55T a~"eg e = ejj(ax — ra)e;;.

&n=1 En=1
Let d(ii), v, w € K,(R) be elements such that
A(le;;) = d(ii)le;; — le;;d(ii) and A(x) = d(ii)x — xd(ii),

A([em-) = ?)[61"1' — Iemfu, A(Si’j) = ’USi’j — Si’j'U

and A(Iew) = w[em — Iem-w, A(Si’j) = U)(Si,j) — (si’j)w.
Then (]_ — em)aei?i = (1 — 6i,i>vei,i = (]_ — ez,z)d<“)ez,z
and eiia(l —ei;) = e w(l —e; ;) =e;d(ii)(1—e; ;).
By the properties of the Peirce components we have
n n
(1—e;5)ae;,; = Z agqeii and e;;a(l —e;;) = e€;; Z Agy-
Hence, En=1&#n En=L&#n

eiiA(z)e;; = e;i(d(id)x — xd(ii))e; ;
= 6i,id(ii)(1 — 61'71').2761',1' + 6i,id(ii)€i,i$€i,i — ei’igp(l — ei,i)d(ii)ei,i _ €i,i$€¢,id(ii)ei,i

= €z‘,z‘a(1 - €i,i)$€i,z' + €i,z‘d(ii)€i,z$€z’,¢ - ez‘,ix(l - ei,i)aei,i - €i,¢$€i,z‘d(ii)€i,z‘

n n

= €i; Z ag’"egmxei,i — €% Z ag’"egmeiﬂ- + ei,id(ii)ei,ixei,i — ei’ixei’id(ii)em
En=1671 En=1671
n n
=€ Z ag’”egmxem — €T Z 0,6777657,761'71' + e e — e wce;
En=1.67#n Em=LE#n
n n
=eii Y, aeggren —er Y aeg e
6777:17£7£77 n 5»7]:1153&7] n
+ei(Y afece)ren; — () a el
=1 =1
n n
= e, Z aeg pTei i — € 4T Z a*Meg pei i = e;i(ar — xa)e; ;.
5777:1 E,'I]:l
From this it follows that A(z) = ax — za for each x € K, (R).
Therefore A is an inner derivation on K, (R). The proof is complete. ]

Let (£,[,]) be a Lie algebra. Recall that a linear map D: £ — L is called a
derivation, if D([x,y]) = [D(z),y] + [z, D(y)] for any two elements x, y € L. A
derivation D on L is called an inner derivation, if there exists an element a € L
such that

D(z) = [a,x], x € L.

A map A: L — L (not linear in general) is called a 2-local inner derivation, if for
any pair of elements x, y € £ there exists an element a € £ such that A(z) = [a, 2],
Aly) = [a,y].

Now, a x-algebra A is a x-ring, with involution * that is an associative algebra over
a commutative *-ring R with involution ’, such that (rz)* = r’z* for any r € R,
x € A. By Theorem 2.5 we have the following statement.
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Theorem 2.6.  Let A be a commutative unital involutive algebra, and let K,(A),
n > 1, be the Lie algebra of all skew-adjoint n x n matrices over A. Then any
2-local inner derivation on the matriz Lie algebra K, (A) is an inner derivation.

3. 2-local derivations on Lie algebras of
skew-adjoint operator-valued maps

Throughout the rest of the paper, let H be the infinite-dimensional separable com-
plex Hilbert space and, let B(H) be the von Neumann algebra of all bounded linear
operators on H. Let {e;}3°; be a maximal family of orthogonal minimal projections
in B(H) and, let {e;;}75_, be the family of matrix units defined by {e;}2;, i.e.
€i; = €i, €i; = €;;€;; and e;j; = e;,e; ; for each pair 7, j of natural numbers.

Let Bg(H) be the vector space of all skew-adjoint operators in B(H), i.e.
Bg.(H)={a € B(H) : a* = —a}.

Then with respect to the Lie multiplication [a,b] = ab— ba, a,b € Bg(H), Bsp(H)

is a Lie algebra.

Let, throughout the rest of the paper, Q be an arbitrary set, F'(Q, Bg(H)) be the
Lie algebra of all maps from Q to B (H) with the Lie multiplication

[a,b](t) = [a(t),b(t)],t € Q,a,b € F(Q, Bgy.(H)).
Put é.; = le;;,

where 1 is the identity element of the algebra F(£2) of all complex-valued maps
on (). Throughout the rest sections, put s; ; = €;; — €;, for every pair of different
natural numbers 7, 7, and, let I be the imaginary unit. Let (\,) be a sequence of
nonzero numbers from C such that

Z)\n)\;’; < oo and z, = Z)\nsnynﬂ € F(Q,Bgy(H)).

n=1 n=1

Let £ be a Lie subalgebra of F(Q2, Bsx(H)) containing the element x, and the family
{15321 U dsig}ig=1-

Definition 3.1. Let A be a Lie algebra and, let B be a Lie subalgebra of A. A deri-
vation D on B is said to be spatial, if D is implemented by an element in A, i.e.

D(z) = [a,z],z € B,

for some a € A. A 2-local derivation A on B is called 2-local spatial derivation
implemented by elements from A, if for every two elements x, y € B there exists
an element a € A such that A(x) = [a,z], A(y) = [a,y]. ]

Then the following lemmas hold.

Lemma 3.2.  Let A be a 2-local spatial derivation on L implemented by elements
from F(Q,Bg(H)) and i, j, p be arbitrary pairwise different natural numbers,
(1) Let R,, Ry be the spatial derivations on L, implemented by a,b € F (2, By.(H)),
respectively, such that A(s; ;) = Ra(si;) = R(si;)-
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Then the following equalities are valid

a + a¥t = b WA gt — el = b — b,
(2) let R,, Ry be the spatial derivations on L, implemented by a,b € F (S, By.(H)),
respectively, such that A(s;j) = Ra(si;) and A(s;p) = Ry(sip).

Then the following equality is valid a’ + o’ = b7 4 b+,

Proof. The proof of this lemma is similar to the proof of lemma 2.1. |

Lemma 3.3.  Let A be a 2-local spatial derivation on L implemented by elements
from F(Q, Bg.(H)), i,j,p be arbitrary pairwise different natural numbers and, let
R,, Ry, be the derivations on L, generated by elements a,be F (S, By, (H)) such that

A(sip) = Ra(sip), Alsp;) = Ru(sp;)-
Then the following equalities hold: €;;aé;; = €;;bé;;, €;;aé;; = €;;bé; ;.
Proof.  The proof of this lemma is similar to the proof of lemma 2.2. ]

Let A be a 2-local spatial derivation on £, implemented by elements from the Lie
algebra F(Q, B (H)), 4,j,p be arbitrary pairwise different natural numbers, and,
let R, be the derivation on L, generated by an element a € F(S2, By.(H)) suchthat

A(sip) = Ra(sip), Alsp;) = Ra(sp;)-
By Lemma 3.3 the following elements are well-defined:

_ 2 5. . — Abdp 0.J — 5 5. . — Adtp Jyt
am = 61"1'616]'7]' =a 61‘7]', a € 3%, a]’ﬂ' = 6]'7]'@61'71' = 6]'71', a € §R,

[
a = E Q-

i,j=1,i#]

Using this notation the following lemma is valid.

Lemma 3.4.  Let A be a 2-local spatial derivation on L implemented by elements
from F(Q, Bg(H)), and let i,j be arbitrary different natural numbers and

A(si;) = Ra(si;)
for some element d € K, (R). Then
A(SLJ‘) = as;; — 8,0 + (dm — dj’j)éi’j + (dj’j — diﬂ')éj’i.
Proof. The proof of this lemma is similar to the proof of Lemma 2.3. [ |

Fix different natural numbers i,, j,. Let ¢ € F(Q, Bgx(H)) be an element such that
A(‘Siojo) = [67 Siojo]’ A<m0) = [07 'IO]'

Put ¢ = Z;‘;:l e ; € F(Q,Bg(H)) and a = Z;};:Li;ﬁj aij + > ooy Gii, where
a;; = c"'é;; for any i. Then a € F(2, Bg(H)). In the above notations we have
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Lemma 3.5. Let k,l be arbitrary different natural numbers, and let d be an
element in F (S, Be(H)) such that A(sg;) = [d, ski], Alx,) = [d, x,).
Then &k — bt = gkt — ght,

Proof. @ We may assume that £ < [. We have

A(x,) = cxy — xoc = dxy — T0d.
Hence,
ek k(CTo — ToC)epi1 k1 = €k (dTo — Tod)€pi i1,
€k,k(0>\k8k,k+1 - )\ksk,k+lc)€k+1,k+1 = €k,k(d>\k8k,k+1 - )\ksk,k+1d)€k+1,k+l7
A€k kCCk k1 — M€l kit 1CCE+1 k1 = M€l kACk k1 — AkCh ot 1dCR11 kt1

and ok kLR gk gkl

Thus, this lemma is proved similarly to the proof of Lemma 2.4. |

Now we prove the key theorem of this section.

Theorem 3.6.  Let 2 be an arbitrary set and let F($2, Bg.(H)) be the Lie algebra
of all maps from Q to By, (H). Let L be a Lie subalgebra of F (S, Bg,(H)) containing
the element x, and the family {1€;;}32, U {si;}55_1 ;- Then any 2-local spatial
derivation on L implemented by elements from F(Q, Bg.(H)) is a spatial derivation.

Proof. = We prove that each 2-local inner derivation A on L satisfies the condition
A(x) = Rs(x) =ax —zxa, z €L

for the element a € F(Q, By (H)) defined above. Let i, j be arbitrary distinct
natural numbers. The proofs of the equalities

A~

€A @)éi; = € 5(ar — xa)éis, €;A(r)é;; = é;i(ar — a)é;,
are the same as the proofs of the appropriate equalities in Theorem 2.5. If, for
arbitrary elements y, z in F(, By(H)),
éfafyé”iﬂ? = é§7£2é7777]7 57 77 = ]‘7 27 37 et

then y = z. Hence, A(z) =ax —za € F(S, By(H)).

But, A(x) € L, since x € L. Therefore A(x) = axr —za € L for any element
x € L. So, A is a spatial derivation on £. This ends the proof. |

In particular, as a corollary of Theorem 3.6 we have the following theorem.

Theorem 3.7.  Fach 2-local inner derivation on the Lie algebra F(S), By (H)) is
an inner derivation.

Let © be a hyperstonean compact, C(£2) denotes the algebra of all C-valued
continuous maps on ). There exists a subalgebra N in F(Q, B(H)), containing
the family {é;;}7%_,, which is a von Neumann algebra with the center isomorphic
to C(Q) (see [1, Page 12]). More precisely A is a von Neumann algebra of type I.
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The vector space K = {a € N : a* = —a} of all skew-adjoint elements in N is a
Lie algebra with respect to the Lie multiplication

la,b] = ab—ba, a,be K.

The Lie algebra K is a Lie subalgebra of F(Q, Bg(H)) containing the element z,
and the family {7&;;}52_;U{si;}51 ;- So, by Theorem 2.1, we have the following
theorem.

Theorem 3.8.  FEwvery 2-local spatial derivation A on K implemented by ele-
ments from F(Q, Bsx(H)) s a spatial derivation, i.e., there exists an element

a € F(Q, Bg.(H)) such that A(x) = Rq(x), x € K.

Remark 3.9. Note that it is not necessary that for each pair of elements z € K
and y € F (9, Bg(H)) the elements yz, xy, R,(y) belong to K. But, by theorem
3.6, in theorem 3.8, for every x € K, the element R,(z) belongs to K.

Let IC(H) be the C*-algebra of all compact operators on the Hilbert space H over
C, Kk(H) be the Lie algebra of all skew-adjoint compact operators on the Hilbert
space H. Let  be a topological space. Then the vector space C'(Q, Kk (H)) of all
continuous maps from 2 to Kx(H) is a Lie subalgebra of F(Q, By (H)) containing
the element z, and the family {7¢é;;}7°; U {s;;}75_; ;. Therefore, by Theorem 3.6
we have the following result.

Theorem 3.10.  Every 2-local spatial derivation on the Lie algebra C(Q, Kk (H))
implemented by elements from F(Q), Bgx(H)) is a spatial derivation, i.e., there exists

an element a € F(Q, Bsx(H)) such that A(x) = R,(z), = € K.

Remark 3.11. Note that, as in Remark 3.9, it is not necessary that for each
pair of elements z € C(Q,Kx(H)) and y € F(S2, Bsx(H)) the elements yz, xy,
R.(y) belong to C(Q,Kx(H)). But, by theorem 3.6, in theorem 3.10, for every
x € C(Q,Kk(H)), the element R,(x) belongs to C(Q2, Kk (H)).

4. Local derivations on the Lie algebra of skew-adjoint operators
on a complex Hilbert space

Let (£,[,]) be a Lie algebra. A derivation D on L is called an inner derivation, if
there exists an element a € £ such that

D(z) =la,x], =€ L.
A linear map A: L — L is called a local inner derivation, if for any element = € £
there exists an element a € £ such that A(z) = [a, z].

Let V be a local inner derivation on Bg(H). Let 4,5 be pairwise distinct natural
numbers and e = ¢;; +¢; ;. We take the following map

V.;(x) =eV(x)e,x € eBy(H)e.

Then V,; is a local derivation on the subalgebra eBg,(H)e, and, by [4], it is an
inner derivation. Hence, there exists an element a € eBg(H )e such that

V.j(x) =ax —za,z € eBs(H)e.
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Put Qi 5 = €;4Q€;55, 1,] = 1, 2, 3, e

The set {a;;}{5_, is well defined. Indeed, let e; = Y7/ e; ; for some subset
{€ir.ji thi=12,. . m of elements in {eg‘n}gjn:l, including the elements e;;, e;;. Then,
if b is an element in ey By, (H)e; such that

e1V(x)ey = bxr — xb, x € e;Bg(H ey,
then a = ebe, i.e.,
i = eiibeis, ij = eigbej;, a5 = ejibeis, a5 = ejbe;;.

Lemma 4.1.  Let V be a local inner derivation on Bg.(H). Then for every pair
of different natural numbers i, j

(1) a= > [(aik + ajr) + (ari + ar;)] € Ba(H),
(2) V(Ieii)=Ra(leii), V(sij)=Ra(sij), V(e ;)=Ra(lé;;), V(lej;)=Ra(lej;),

where I is the imaginary unit and €;; = e; j + €;;.

Proof. Let d;;, d;;, d;; d;; be elements in By (H) such that
V(lei;) =diilei; — Ieid;, V(Sz‘,j) = di;Sij — Sijdiy,
V(l&;) =d;jlei; — I ;d;j, V(lej;) =djjle;; — Iejid;;.
Then, since
ek,k<di,iei,i - ei,idz

2

€11 = Qk,i€i €11 — €k k€ i,
erk(dijsij — sijdig)en = (an; + axj)sijers — exrsij(ain + aji),
eri(diglei; — 1€ jd; j)er) = (ar; + axj)eijers — exreijain + aj),

ek,k(dj,jejyj — €j5dj5)enn = Qrj€;€11 — €k k€; 05

for every pair k,[ of natural numbers, we have
ki iCii = Qri,  €id; €11 = g,

exkdjjei; = Qkj, €jjdjje = aj,
i.e., a € Bg(H), and

€Lk (di,iei,i - ei,idi

€1 = € kla

)

i — €iia)er,

e
Sij — Sig)ev,

Ql

ek (dijsij — sijdi

2
)
)

eri(digle;; — 18 jd;j)e = epp(ale;; — 1€ ja)er,

) (
)61,1 = €k,k(
) (a
) (a

1
2,
eri(djjesj — €jidjj)en = exrlae;; — ej a)en

for every pair k,[ of natural numbers. Hence,

) silei; —lejd;; = ale;; — le;;a,
) = dijsij — sijdi; = asij — si;0,

) =d;jle;; — e d;; = ale;; — I¢, ;a,
)=d

V(le;;) =dj;lej; — lejd;; = ale;; — Iejja.
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Theorem 4.2.  Every ultraweakly continuous local inner derivation on Bg(H) is
an inner derivation.

Proof. Let V: By (H) — Bs(H) be a local inner derivation. Then there exist
elements a;; € Bgy(H), i =1,2,3,... such that

V([ei,i) = ai,ilei,i - ]ei,z‘ai,i
for the elements e;;, i =1,2,3,.... Let a; be an element in By, (H) such that
V(e ) =ai(lé ) — (I&x)a
for i, k=1,2,3,.... Then, by additivity of V, we have

ar(le; ) — (L& p)ar = a;ile;; — e a;; + appleg — Leg pay .

. . . i,k ik ik ik
From this equality it follows that ay" —ay” = —a;; + aj;.
Similarl ki ki ki ki
arly aq ay” = G — Qi
Lk ik ki kg
Hence Q= Ay, G = Q). (1)

Let o = Y oo (ernt1 — ext16) € Bsp(H). Then z, € By (H) and there exists an
element ay in By (H) such that

V(z,) = asx, — Toas. (2)

We construct an element d as follows: its diagonal components are d* = aé’i,
i=1,2,3,... and its nondiagonal components are d*/ = a;’ when i,j =1,2,3, ...,

i # j. By equalities (1) the element d is constructed correctly. It is clear that
V(lei;) =ailei; — le;a;; =dle;,; — Ie;;d (3)
for i =1,2,3,.... Now we prove that
V(six) =d(sir) — (six)d and V(Ie;x) = d(Ié; ;) — (1€ )d.
For this propose it is sufficient to prove that

V(Si,k) = ai,k(si,k) - <3i,k)az’,k = d(si,k) - (Si,k)da <4)
V(IéM) = ai7k(]éi7k) — (]é@k)%k = d([él7k) — (Iél7k)d

To prove the equalities (4) it is sufficient to show

af = d, G e {1 np\ (k) ©)
aly =d", je{l,....n}\{i} (6)
az:z . afz’,]j: _ di,z’ . dk’k. (7)

By the additivity of V and Lemma 4.1 we have

as(Tepr + (exi —ein)) — (Tegr + (eri — eix))as

=dleyy — leprd + a;p(eri — €ix) — (€ — €ik)ik, (8)
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as(lepr +1€;x) — (Tegy + 1€ x)as = dleg — Legpd + a; 1€, — 1€; pa; k. (9)
as(Tej;+ (six)) — (Tei; + (six))ag = dle;; — Tej;d + aip(Sik) — (Sig)aik,  (10)
as(le;; +1e; ) — (lej; + 1e;)as = dle;; — Ie;;d+ a;plé;, — 1€; pa; . (11)
Multiplying by e;;, 7 # ¢, j # k, the last equalities from the left side we have
7k

gk g, 10k, gk, g
laz ejy + az”ej; — ay ejp = Id €kt @ Ch0 — A7 LEj ks

ke Ji ik raik g ik
lay“ejn + lag ej, + Lag e;; = [d™"e; + Lajye;r + Lajye;,

G, i, ki, VRS, SN

lagz'ej; +ag ej, —ag-ej; = Id"e;; + ajpejr — aj e,

i L G pdiie 4 TaRe. 1 T
lay'eji + Tag e;; + lag ey, = Id™e;; + Tajyej; + 1aj) ek

Bk _ gk Bk dit g5k g

Hence, ay’ = apy, ay ay =d ;s
Bk _ gk Jsk Jit ik Jst

az” = ay, a3 +a3 =d"7+apy,

Ji 0 Jit gk i Jsk
a3 = @y, a3 —az =d = ks

ag’i = afj,i, aé’i + aé’k =&+ afj’kf,

ie, aff =afy, @}’ =d*, o =afy, o} = .
So, aly = d'*, aly =d, j#i, j#k.
Similarly, multiplying by e;;, j # @, j # k the equalities (8)—(11) from the right
side we have ‘ N

ajf =dM, il =dv, j#i, j#£k
Hence equalities (5), (6) are valid.
Similarly, multiplying by e;; from the both right and left sides the equalities (8)

and (9) we have
€;i03€; T €; 1A3€; ; = €;;0; k€L i + € kQ; 1€,

€iia3€k,; — Iei,ka?)ei,i = ei,iai,kjek,i - Iei,kai,kei,i~

ik | ki ik | ki ik ki _ ik ki
Hence, as” +ag” =a;y +a;, and lag” — lag” = a; ] — lagy

ik _ ik ki _ ki
and ag’ =a;y, a3’ = a;). (12)

Multiplying the equalities (8) by e;; from the left side and by e from the right
side we get

eiiazleg ), — €;,;a3e; ) + € paser = €;idley  — €;;a; 1€k + € ki ke k,

ei,ia3lek,k + Iei,iagei,k - Iei,kaiiek,k = ei,idlek,k + ei,iai,klei,k - Iez,kai,kek,k,

Hence
3
as"lejp —ag e +as e =d" Ie;, — a;yCik + a; ) ik,

as"leir +1ag e, —lag e, =d""Ie;; + ai’kfei,k - Iai,k €i k-
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From this it follows that aj® =d** and al} = d** by (12).
Similarly, multiplying the equalities (10) and (11) by e, from the left side and by
e;; from the right side we get

lag" —a3™ +ay = 1d™ — a;y + a;y,
lag” + lag™ — Tay = Id™" + lagy, — La;).

Hence, alg’i =d* and aﬁ’,: = d*" by (12). Thus we have proved (5), (6).

Now, let us prove (7). Let ¢ be a natural number and, let

T =To — Si—1, — Sii+1 — Si+1,i+2-

Then, by the additivity of V and equality (2), the following equality holds

A2To — ToQ2 = Ai—1;Si—1i — Si—1,i0m,i T Qiit15ii+1 = Sii+1Qii+1

+ Qit1,i125i41,4+2 — Sit1it20iv1i+2 T br — xb.

Multiplying this equality by e;; on the left side and by e;41,+1 on the right side we
get the equalities

i i1+l i i1+l i 1,541
Qi1 — Qi1 = Qg — Qg =d" —d .

Let i,k be natural numbers. We suppose that ¢ < k. Then we similarly have

i i+1,i41

i+l i i+-1,i+1
ditl — Qi1 2 =d" —d )

it
a =ay, —a
i+1,i+1 4242 i1t 42,642 gitlit1 i+2,i+2
Ait142 = Qg1 5420 = A ) =d —d )

i+2,i+2 43,043 i+2,i4+2

i+3,i4+3 _ it242 i+3,i+3
Aiyoi+3 — Aiyoit3 = U2 =d —d )

Qg

k—2,k—2 k—1k—1 _  k-2k-2 k—1k—1 _ jk—2k—2 k—1,k—1

Ap o)1~ Qp_op 1 = G — Q9 =d —d )
k—1k—1 kk _ k—1k—1 kk  gk—1k—1 Kk
A1 — Qg1 = Q2 —ay =d —d™".

. . . . l
But, for any natural number m and a projection e in B(H )y, with e =", | €m,m,,
€emm = €m.m, Where {€m, mys €momas - - - s €mymy + C {€ii}52,, the maps

T = €mmVI(T)emm, T € €mmB(H)sk€mm

x — eV(x)e,x € eB(H)ge

are local derivations and, hence, are also derivations by [4]. Hence, there exist
elements v € e, B(H)skemm, w € eB(H)sce such that

emmV (T)emm = vT — 20,2 € epmB(H)skmm,

eV(x)e = wxr — zw,x € eB(H)ge.

Besides, €, mWen,m = v.
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Therefore we obtain

ii i i1+l Ll 2,42 2,42 i+3443
Qiiv1 = Qg A1 = Q1420 Bip1i00 = Gipo43, Aipoi43 = -
 k—2k-2  k-1k-1 _ k-1k-1 _kk _ kk
e = Qg op 1y O op 1 T Qg s Qp1p T Qi

by the first part of the present section and Lemma 4.1. Hence, we have equality (7):

i kk i kk i kK
Q) — Q) =Gy — ay =d"" — d™".

So, the equalities (4) are valid.

Now, let x be an arbitrary element in By (H) and
i, - i,
6,’71'1'6]'7]' =+ 6]'7]'1'61'77; = l‘ljSiJ + 11'2]61'73' and Gi,il’&;,i = IZIZ’l 267;77;,

where x77 x57, 2" are real numbers for every pair of different natural numbers i, j.

Then, by the equalities (3), (4), we have
V(217 s15) = 277V (si5) = 27/ Ra(si5) = Ra(2Vs4),
V(Il'é’jéivj) = ZL‘é’jV(IéZ‘J‘) = lL‘é’de(]éiJ‘) = Rd(]l'gjéid‘),
V(]xi’iei’i) = xi’iV(Iem) = J]i’iRd(IGi’i) = Rd(Ixi’iem-),

since V is linear. Let (z,) be the net of all elements of the form

m

m
E Uil o iyt 5 E kst Tp. .
(xl Siy iy + IxZ elkﬂz) + T Ie%kﬂk?
k=1,1=2,k<l k=1

where a = {iy,1s,...,7,, } is an arbitrary finite subset of natural numbers. Then the
net (z,) ultraweakly converges to x. We have

m m
E ' (7} (I E iyt
V( (331 Sik,iy + [xQ eik,iz) + " k[eikyik)

k=1, =2, k<l k=1

m m
= Z (xilk’ilv(sik,iz) + xémilv(]é’ikyil)) + Z "L‘ihikv(]eik,ik)
k=1, (=2, k<l k=1

= > (@ Ra(sicq) + 2" Ra(Ie;, ) + Y 2™ Ry(les, )

k=1, 1=2, k<l k=1

m m
_ k1] Ukt = Tk,0
- Rd( § (2" sip . + Tz "€, 4,) + § ' ’“fez'k,ik>7
k=1

k=1, =2, k<l

i.e.,, V(za) = Ra(xy) for every a. The Lie multiplication is ultraweakly continuous,
so the net (Ry(z,)) is ultraweakly converges to Ry(z). Since V is ultraweakly
continuous we have V(z) = Ry(z).

This completes the proof. [ ]
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5. Local derivations on Lie algebras of
skew-adjoint operator-valued maps

In this section we describe local derivations on some class of subalgebras of the Lie
algebra F(Q, By,(H)).

Given t € Q, ¢y: F(2, B(H)) — B(H) will denote the x-homomorphism defined by
di(x) = x(t), x€ F(Q,B(H)). The space F(, B(H)) is an B(H)-bimodule with
products (az)(t) = azx(t) and (za)(t) = z(t)a, for every a€ B(H), v€ F(Q, B(H)).
The map ¢: F(2, B(H)) — B(H) is an B(H)-module homomorphism.

Given an arbitrary set €2, the x-homomorphism which maps each element a in
B(H) to the constant function 2 — {a} will be denoted by a. The map

¥(a) =a, ac B(H),

is a B(H)-module homomorphism from B(H) to F (2, B(H)).

Let A be a Lie algebra and, let B be a Lie subalgebra of A. A local derivation V
on B is called local spatial derivation implemented by elements from A, if for every
element x € B there exists a spatial derivation D on B implemented by an element
in A such that V(z) = D(x).

Let A = Bgy.(H) or A = Ky(H), and let Q be a topological space. Let F(f,.4)
be the Lie algebra of all maps from € to A, and let C'(2,.A) be the Lie algebra of
all continuous maps from 2 to A. Then we have the following theorem

Theorem 5.1.  Let L be one of the Lie algebras F(Q2, A) or C(Q,A) and let
V be a local spatial derivation on L implemented by elements from F (S, Bg(H)).
Suppose that, for every t € Q, the map ¢,V is ultraweakly continuous on Bg(H).
Then V is a spatial derivation.

Proof.  Similar to the proof of [11, Theorem 2.4] we can prove that the map
0V Bg(H) — Bg(H) is a local inner derivation for every ¢ € 2. Hence, by
Theorem 4.2, ¢,V is an inner derivation on Bg(H) since ¢,V is ultraweakly
continuous.

Let a; be an element in By (H) such that

0 V() = apx — xay, = € Bg(H).
Let a(t) = at, t € Q. Then
V(x)(t) = (ax —xa)(t), xe L, te,
ie., V(x)=ax—xa, xe€ L and a € F(Q, By(H)).
Hence, V is a spatial derivation since V(x) € £ for any x € L. ]

Remark 5.2.  Let £ be one of the Lie algebras F(Q2, A) or C(Q2, A). Note that,
it is not necessary that for each pair of elements = € £ and y € F(Q, Bgy(H)) the
elements yz, zy, R,(y) belong to £. But, in theorem 5.1, for every = € L, the
element R,(z) belongs to L.
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