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Abstract. We prove that every 2-local inner derivation on the Lie ring of skew-adjoint matrices
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Introduction

In the present paper we consider 2-local and local derivations on Lie rings and Lie
algebras. The study of 2-local derivations began in the paper [17] of Šemrl. In [17]
Šemrl introduced the notion of 2-local derivations and described 2-local derivations
on the algebra B(H) of all bounded linear operators on the infinite-dimensional
separable Hilbert space H . Later a number of papers were devoted to 2-local maps
on different types of rings, algebras, Banach algebras and Banach spaces.
The main goal of this paper is to describe 2-local derivations on the Lie ring of skew-
adjoint matrices over a commutative involutive ring. If in an associative algebra A
we take the Lie multiplication [a, b] = ab − ba , then we obtain the Lie algebra
(A, [, ]) . In this case, every 2-local inner derivation of the algebra A is a derivation
if and only if every 2-local inner derivation of the Lie algebra (A, [, ]) is a derivation.
In general, for any Lie algebra (L, [, ]) , the Lie multiplication [, ] is generated by
an associative multiplication. Therefore in number of papers the proofs of results
on 2-local Lie derivations are based on associative multiplication. For example, in
[6] of Chen, Lu and Wang 2-local Lie derivations of operator algebras over Banach
spaces are described. In the paper [5] of Ayupov, Kudaybergenov and Rakhimov
2-local derivations of Lie algebras, which are not generated by associative algebras,
are described. They proved that every 2-local derivation on a finite-dimensional
semi-simple Lie algebra L over an algebraically closed field of characteristic zero is
a derivation. They also showed that each finite-dimensional nilpotent Lie algebra L
with dimL ≥ 2 admits a 2-local derivation which is not a derivation. At the same
time, in [13] Lai and Chen give a description of 2-local Lie derivations for the case of
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finite dimensional simple Lie algebras. Liu characterized 2-local Lie derivations on
a semi-finite factor von Neumann algebra in [15]. In [9] it is proved by the authors
that every 2-local Lie derivation on factor von Neumann algebras, UHF algebras
and the Jiang-Su algebra is a Lie derivation. Recently, in [3], the first and second
authors of the present paper proved that every 2-local inner derivation on the Lie
ring Kn(ℜ) of skew-symmetric n× n matrices over a commutative associative ring
ℜ is a derivation.
In the present paper we study inner derivations and 2-local inner derivations on Lie
rings of skew-adjoint matrices over a commutative involutive ring.
The paper is organized as follows. In Section 2 we prove that each 2-local inner
derivation on the Lie ring Kn(ℜ) of skew-adjoint n×n matrices over a commutative
unital involutive ring ℜ is a derivation. As a corollary we establish that every 2-local
inner derivation on the Lie algebra Kn(A) of skew-adjoint n × n matrices over a
commutative unital involutive algebra A is a derivation.
We also study 2-local spatial derivations on various Lie subalgebras of the algebra
M(Ω, Bsk(H)) of all maps from Ω to Bsk(H) for an arbitrary set Ω and the algebra
B(H) of all bounded linear operators on the infinite-dimensional separable Hilbert
space H in Section 3. We prove that every 2-local spatial derivation on these
subalgebras of the algebra M(Ω, Bsk(H)) , under some conditions, is a derivation.
The problems considered here are firstly mentioned in [2] (Problem 1).
Sections 4 and 5 are devoted to the description of local inner derivations on the
algebras mentioned in the previous paragraph. For this propose we apply a similar
technique to these Lie algebras of skew-adjoint operator-valued maps on a set and
prove that every local spatial derivation on such algebras is a spatial derivation. It
should be noted that a number of results concerning local derivations are obtained,
partially, in [4], [7], [8], [9], [10], [12], [14], [16].

1. Preliminaries

Let ℜ be an associative ring. Recall that an additive map D : ℜ → ℜ is called a
derivation, if D(xy) = D(x)y + xD(y) for any two elements x , y ∈ ℜ .
A map ∆: ℜ → ℜ (not additive in general) is called a 2-local derivation, if for
any two elements x , y ∈ ℜ there exists a derivation Dx,y : ℜ → ℜ such that
∆(x) = Dx,y(x) , ∆(y) = Dx,y(y) .
A derivation D on ℜ is called an inner derivation, if there exists an element a ∈ ℜ
such that D(x) = ax− xa , where x ∈ ℜ .
A map ∆: ℜ → ℜ (not additive in general) is called a 2-local inner derivation, if for
any two elements x , y ∈ ℜ there exists an element a ∈ ℜ such that ∆(x) = ax−xa ,
∆(y) = ay − ya .
Let ℜ be a Lie ring with a Lie multiplication [ , ] . Recall that an additive map
D : ℜ → ℜ is called a derivation, if D([x, y]) = [D(x), y] + [x,D(y)] for any two
elements x , y ∈ ℜ .
Given an element a in ℜ , the map Ra(x) = [a, x] , x ∈ ℜ is a Lie derivation. Such
a derivation is called an inner derivation of ℜ . A map ∆ is called a 2-local inner
derivation, if for each pair of elements x , y ∈ ℜ there is an inner derivation Ra of
ℜ such that ∆(x) = Ra(x) , ∆(y) = Ra(y) .
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Let A be a unital associative ring. The vector space A with respect to the Lie
multiplication [a, b] = ab − ba , where a, b ∈ A is a Lie ring. This Lie ring will be
denoted by (A, [, ]) . For a ∈ A the map

Ra(x) = [a, x], x ∈ A.

is a derivation on A both as an associative ring and as a Lie ring. Every inner
derivation of the Lie ring (A, [, ]) is an inner derivation of the associative ring A .
And also every inner derivation Ra = ax− xa , x ∈ A is an inner derivation of the
Lie ring (A, [, ]) . Thus it is clear that every 2-local inner derivation of the Lie ring
(A, [, ]) is a 2-local inner derivation of the associative ring A . And vice-versa, every
2-local inner derivation of the associative ring A is a 2-local inner derivation of the
Lie ring (A, [, ]) .

Definition 1.1. A ∗-ring (or involutive ring, or ring with involution) is an
associative ring with an involution x→ x∗ :

(x∗)∗ = x, (x+ y)∗ = x∗ + y∗, (xy)∗ = y∗x∗.

When A is also an algebra, over a field with involution λ → λ∗ (the identity
involution is allowed), we assume further that (λx)∗ = λ∗x∗ and call A a ∗-algebra.
Elements such that x∗ = −x are called skew-adjoint.

Let, now, A be a ∗-ring and Ak be the set of all skew-adjoint elements of A . Then
(Ak, [, ]) is a Lie ring. We take a ∈ Ak and the inner derivation

Ra(x) = [a, x], x ∈ Ak.

Then Ra may be considered as an inner derivation on A . Therefore every inner deri-
vation of the Lie ring (Ak, [, ]) is extended to an inner derivation of the ∗-ring A .
Concerning 2-local inner derivations, it is not possible, in general, to extend a 2-
local inner derivations from the Lie ring (Ak, [, ]) to a 2-local inner derivation on the
involutive ring A . Therefore we have to give a straightforward proofs of the main
results below.

2. 2-Local derivations on the Lie ring of skew-adjoint matrices over a
commutative ∗-ring

Let ℜ be a unital associative ring, Mn(ℜ) be the matrix ring over ℜ , n > 1 . Let
{ei,j}ni,j=1 be the set of matrix units in Mn(ℜ) , i.e. ei,j is a matrix with components
ai,j = 1 and ak,l = 0 if (i, j) ̸= (k, l) , where 1 is the identity element, 0 is the
zero element of ℜ , and a matrix a ∈Mn(ℜ) is written as a =

∑n
k,l=1 a

k,lek,l , where
ak,l ∈ ℜ for k, l = 1, 2, . . . , n .
Let ℜ be a commutative unital involutive ring, Mn(ℜ) be the associative ring of
n× n matrices over ℜ , n > 1 . In this case the vector space

Kn(ℜ) = {(ai,j)ni,j=1 ∈Mn(ℜ) : (ai,j)∗ = −aj,i, i, j = 1, 2, . . . , n}

is a Lie ring with respect to the Lie multiplication

[a, b] = ab− ba, a, b ∈ Kn(ℜ).
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Throughout this section, let si,j = ei,j − ej,i for every pair of different indices i, j
in {1, 2, . . . , n} . Further we suppose that the ring ℜ contains an imaginary unit I ,
i.e. I2 = −e , where e is an identity element of ℜ .

Lemma 2.1. Let ∆ be a 2-local derivation on Kn(ℜ) and fix arbitrary pairwise
different indices i, j , p.
(1) Let Ra , Rb be the derivations on Kn(ℜ), generated by elements a, b ∈ Hn(ℜ)
such that ∆(si,j) = Ra(si,j) = Rb(si,j). Then the following equalities are valid

ai,j + aj,i = bi,j + bj,i, ai,i − aj,j = bi,i − bj,j.

(2) Let Ra , Rb be the derivations on Kn(ℜ), generated by elements a, b ∈ Kn(ℜ)
such that ∆(si,j) = Ra(si,j),∆(si,p) = Rb(si,p). Then the following equality is valid:

ai,j + aj,i = bi,j + bj,i .

Proof. (1) From Ra(si,j) = Rb(si,j) it follows that asi,j − si,ja = bsi,j − si,jb .

Hence, ej,jasi,jej,j − ej,jsi,jaej,j = ej,jbsi,jej,j − ej,jsi,jbej,j

and ej,jaei,jej,j + ej,jej,iaej,j = ej,jbei,jej,j + ej,jej,ibej,j,

and aj,iej,j + ai,jej,j = bj,iej,j + bi,jej,j.

Also, ei,iasi,jej,j − ei,isi,jaej,j = ei,ibsi,jej,j − ei,isi,jbej,j

and ei,iaei,jej,j − ei,iei,jaej,j = ei,ibei,jej,j − ei,iei,jbej,j,

and ai,iei,j − aj,jei,j = bi,iei,j − bj,jei,j.

This ends the proof of (1).
(2) There exists x ∈ Kn(ℜ) such that ∆(si,j) = Rx(si,j), ∆(si,p) = Rx(si,p).

We have asi,j − si,ja = xsi,j − si,jx , and bsi,p − si,pb = xsi,p − si,px .
By assertion (1) of this lemma we obtain ai,j + aj,i = xi,j + xj,i .

We also have ep,p(bsi,p − si,pb)ej,j = ep,p(xsi,p − si,px)ej,j,

and ep,ibej,j = ep,ixej,j, b
i,jep,j = xi,jep,j,

i.e. bi,j = xi,j . Similarly we have bj,i = xj,i . Hence ai,j + aj,i = bi,j + bj,i.

Lemma 2.2. Let ∆ be a 2-local derivation on Kn(ℜ) and, for arbitrary pairwise
different indices i, j , p, let Ra , Rb be the inner derivations on Kn(ℜ), generated
by elements a, b ∈ Kn(ℜ) respectively, such that

∆(si,p) = Ra(si,p), ∆(sp,j) = Rb(sp,j).

Then the following equalities hold: ei,iaej,j = ei,ibej,j , ej,jaei,i = ej,jbei,i.

Proof. There exists x ∈ Kn(ℜ) such that

∆(si,p) = Rx(si,p), ∆(sp,j) = Rx(sp,j).
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Then we obtain asi,p − si,pa = xsi,p − si,px , bsp,j − sp,jb = xsp,j − sp,jx , ej,jaei,p =
ej,jxei,p , ep,iaej,j = ep,ixej,j , ei,ibej,p = ei,ixej,p , ep,jbei,i = ep,jxei,i .
Hence ej,jaei,i = ej,jxei,i , ei,iaej,j = ei,ixej,j , ei,ibej,j = ei,ixej,j , ej,jbei,i = ej,jxei,i ,
and ej,jaei,i = ej,jbei,i , ei,iaej,j = ei,ibej,j .

Let ∆ be a 2-local derivation on Kn(ℜ) and, for arbitrary pairwise different indices
i , j , p , let Ra be the derivation on Kn(ℜ) , generated by an element a ∈ Kn(ℜ) ,
such that ∆(si,p) = Ra(si,p) and ∆(sp,j) = Ra(sp,j) .
By Lemma 2.2 the following elements are well-defined

ai,j = ei,iaej,j = ai,jei,j, ai,j ∈ ℜ, and aj,i = ej,jaei,i = aj,iej,i, aj,i ∈ ℜ,

a =
n∑

i,j=1,i ̸=j

ai,j.

Using this notation the following lemma is valid.

Lemma 2.3. Let ℜ be a commutative unital involutive ring. Let ∆ be a 2-local
inner derivation on Kn(ℜ). For arbitrary but fixed different indices i, j let

∆(si,j) = Rd(si,j)

for an appropriate element d ∈ Kn(ℜ). Then
∆(si,j) = asi,j − si,ja+ (di,i − dj,j)ei,j + (dj,j − di,i)ej,i.

Proof. By (2) of Lemma 2.1 we have

∆(si,j) = dsi,j − si,jd = (1− ei,i − ej,j)dsi,j − si,jd(1− ei,i − ej,j)

+ (ei,i + ej,j)dsi,j − si,jd(ei,i + ej,j)

= (1− ei,i − ej,j)dei,j − ei,jd(1− ei,i − ej,j)− (1− ei,i − ej,j)dej,i

+ ej,id(1− ei,i − ej,j) + (ei,i + ej,j)dsi,j − si,jd(ei,i + ej,j)

= (1− ei,i − ej,j)aei,j − ei,ja(1− ei,i − ej,j)− (1− ei,i − ej,j)aej,i

+ ej,ia(1− ei,i − ej,j) + (ei,i + ej,j)dsi,j − si,jd(ei,i + ej,j).

At the same time we get

(ei,i + ej,j)dsi,j − si,jd(ei,i + ej,j)

= ei,idei,j − ei,idej,i + ej,jdei,j − ej,jdej,i − ei,jdei,i + ej,idei,i − ei,jdej,j + ej,idej,j

= (di,i − dj,j)ei,j + (−di,j − dj,i)ei,i + (dj,i + di,j)ej,j + (di,i − dj,j)ej,i

= (di,i − dj,j)ei,j + (−ai,j − aj,i)ei,i + (aj,i + ai,j)ej,j + (di,i − dj,j)ej,i

= (di,i − dj,j)ei,j − ai,jej,i − ei,jaj,i + aj,iei,j + ej,iai,j + (di,i − dj,j)ej,i

by (1) of Lemma 2.1. Hence

∆(si,j) = aei,j − ei,ja− aej,i + ej,ia+ (di,i − dj,j)ei,j + (dj,j − di,i)ej,i

= asi,j − si,ja+ (di,i − dj,j)ei,j + (dj,j − di,i)ej,i.

This ends the proof.

Let ℜ be a unital involutive ring and, let ∆ be a 2-local inner derivation on Kn(ℜ) .
Consider the element xo =

∑n−1
k=1 sk,k+1 ∈ Kn(ℜ) . Fix different indices io , jo .
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Let c ∈ Kn(ℜ) be an element such that

∆(sio,jo) = [c, sio,jo ],∆(xo) = [c, xo].

Define c =
∑n

i,j=1 c
i,jei,j ∈ Kn(ℜ) and also ā =

∑n
i,j=1,i ̸=j ai,j +

∑n
i=1 ai,i , where

ai,i = ci,iei,i , i = 1, 2, . . . , n .

Lemma 2.4. Let ℜ be a unital involutive ring and, let ∆ be a 2-local inner
derivation on Kn(ℜ). For arbitrary different indices k , l , let b ∈ Kn(ℜ) be an
element such that ∆(sk,l) = [b, sk,l] and ∆(xo) = [b, xo]. Then ck,k−cl,l = bk,k−bl,l .

Proof. We may assume that k < l . We have ∆(xo) = [c, xo] = [b, xo] . Hence
cxo − xoc = bxo − xob , ek,k(cxo − xoc)ek+1,k+1 = ek,k(bxo − xob)ek+1,k+1

and ck,k − ck+1,k+1 = bk,k − bk+1,k+1 .
Then for the sequence (k, k + 1), (k + 1, k + 2) . . . (l − 1, l) we obtain

ck,k − ck+1,k+1 = bk,k − bk+1,k+1, ck+1,k+1 − ck+2,k+2 = bk+1,k+1 − bk+2,k+2,

. . . , cl−1,l−1 − cl,l = bl−1,l−1 − bl,l.
Hence we get

ck,k − bk,k = ck+1,k+1 − bk+1,k+1, ck+1,k+1 − bk+1,k+1 = ck+2,k+2 − bk+2,k+2,

. . . , cl−1,l−1 − bl−1,l−1 = cl,l − bl,l.

Therefore ck,k− bk,k = cl,l− bl,l , i.e. ck,k− cl,l = bk,k− bl,l . The proof is complete.

Theorem 2.5. Let ℜ be a commutative unital involutive ring, and let Kn(ℜ)
be the Lie ring of skew-adjoint n × n matrices over ℜ. Then any 2-local inner
derivation on the matrix Lie ring Kn(ℜ) is an inner derivation.

Proof. We prove that each 2-local inner derivation ∆ on Kn(ℜ) satisfies the condition

∆(x) = Rā(x) = āx− xā, x ∈ Kn(ℜ),

where the element ā is defined before Lemma 2.3. Let x be an arbitrary element in
Kn(ℜ) and, let d(ij) ∈ Kn(ℜ) be an element such that

∆(si,j) = Rd(ij)(si,j),∆(x) = Rd(ij)(x)

and i ̸= j . Then ∆(si,j) = Dd(ij)(si,j),∆(x) = Dd(ij)(x) , i.e.,

∆(si,j) = d(ij)(si,j)− (si,j)d(ij) and ∆(x) = d(ij)x− xd(ij).

By Lemma 2.3 we have the following equalities

∆(si,j) = d(ij)(si,j)− (si,j)d(ij)

= (ei,i + ej,j)d(ij)(si,j)− (si,j)d(ij)(ei,i + ej,j)

+ (1− (ei,i + ej,j))d(ij)(si,j)− (si,j)d(ij)(1− (ei,i + ej,j))

= asi,j − si,ja+ (d(ij)i,i − d(ij)j,j)ei,j + (d(ij)j,j − d(ij)i,i)ej,i.

for all different indices i , j .
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From this equality we get

(ei,i + ej,j)d(ij)(si,j)− (si,j)d(ij)(ei,i + ej,j)

= (ai,j + aj,i)si,j − si,j(ai,j + aj,i) + (d(ij)i,i − d(ij)j,j)ei,j + (d(ij)j,j − d(ij)i,i)ej,i.

Hence, (1− (ei,i + ej,j))d(ij)ei,i = (1− (ei,i + ej,j))aei,i,

ei,id(ij)(1− (ei,i + ej,j)) = ei,ia(1− (ei,i + ej,j)),

ej,jd(ij)(1− (ei,i + ej,j)) = ej,ja(1− (ei,i + ej,j)),

(1− (ei,i + ej,j))d(ij)ej,j = (1− (ei,i + ej,j))aej,j

for all different i and j . At the same time
ej,jd(ij)ei,j + ej,id(ij)ej,j = (d(ij)j,i + d(ij)i,j)ej,j = (aj,i + ai,j)ej,j = aj,iei,j + ej,iai,j ,
ei,id(ij)ej,i + ei,jd(ij)ei,i = (d(ij)i,j + d(ij)j,i)ei,i = (ai,j + aj,i)ei,i = ai,jej,i + ei,jaj,i

by Lemma 2.1, and

ej,jd(ij)ei,j + ej,id(ij)ej,j = ej,jaei,j + ej,iaej,j,

ei,id(ij)ej,i + ei,jd(ij)ei,i = ei,iaej,i + ei,jaei,i.

Therefore (1− ei,i)d(ij)ei,i = (1− ei,i)aei,i,

ej,jd(ij)(1− ej,j) = ej,ja(1− ej,j).

Similarly we have ei,id(ij)(1− ei,i) = ei,ia(1− ei,i),

(1− ej,j)d(ij)ej,j = (1− ej,j)aej,j.

Let v ∈ Kn(ℜ) be elements such that

∆(si,j) = vsi,j − si,jv and ∆(xo) = vxo − xov.

Let v =
∑n

k,q=1 v
k,qek,q . Then we get vi,i − vj,j = ci,i − cj,j by Lemma 2.4. We have

vi,i − vj,j = d(ij)i,i − d(ij)j,j since vsi,j − si,jv = d(ij)si,j − si,jd(ij) .
Hence ci,i − cj,j = d(ij)i,i − d(ij)j,j, cj,j − ci,i = d(ij)j,j − d(ij)i,i.

Therefore

ej,j∆(x)ei,i = ej,j(d(ij)x− xd(ij))ei,i

= ej,jd(ij)(1− ej,j)xei,i + ej,jd(ij)ej,jxei,i − ej,jx(1− ei,i)d(ij)ei,i − ej,jxei,id(ij)ei,i

= ej,j

n∑
ξ,η=1,ξ ̸=η

aξ,ηeξ,ηxei,i − ej,jx
n∑

ξ,η=1,ξ ̸=η

aξ,ηeξ,ηei,i + ej,jd(ij)ej,jxei,i − ej,jxei,id(ij)ei,i

= ej,j

n∑
ξ,η=1,ξ ̸=η

aξ,ηeξ,ηxei,i − ej,jx
n∑

ξ,η=1,ξ ̸=η

aξ,ηeξ,ηei,i + cj,jej,jxei,i − ej,jxei,ic
i,iei,i

= ej,j

n∑
ξ,η=1,ξ ̸=η

aξ,ηeξ,ηxei,i − ej,jx
n∑

ξ,η=1,ξ ̸=η

aξ,ηeξ,ηei,i

+ ej,j(
n∑

ξ=1

aξ,ξeξ,ξ)xei,i − ej,jx(
n∑

ξ=1

aξ,ξeξ,ξ)ei,i
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= ej,j

n∑
ξ,η=1

aξ,ηeξ,ηxei,i − ej,jx
n∑

ξ,η=1

aξ,ηeξ,ηei,i = ej,j(āx− xā)ei,i.

Let d(ii) , v , w ∈ Kn(ℜ) be elements such that
∆(Iei,i) = d(ii)Iei,i − Iei,id(ii) and ∆(x) = d(ii)x− xd(ii),

∆(Iei,i) = vIei,i − Iei,iv, ∆(si,j) = vsi,j − si,jv

and ∆(Iei,i) = wIei,i − Iei,iw, ∆(si,j) = w(si,j)− (si,j)w.

Then (1− ei,i)aei,i = (1− ei,i)vei,i = (1− ei,i)d(ii)ei,i

and ei,ia(1− ei,i) = ei,iw(1− ei,i) = ei,id(ii)(1− ei,i).

By the properties of the Peirce components we have

(1− ei,i)aei,i =
n∑

ξ,η=1,ξ ̸=η

aξ,ηei,i and ei,ia(1− ei,i) = ei,i

n∑
ξ,η=1,ξ ̸=η

aξη.

Hence,
ei,i∆(x)ei,i = ei,i(d(ii)x− xd(ii))ei,i

= ei,id(ii)(1− ei,i)xei,i + ei,id(ii)ei,ixei,i − ei,ix(1− ei,i)d(ii)ei,i − ei,ixei,id(ii)ei,i

= ei,ia(1− ei,i)xei,i + ei,id(ii)ei,ixei,i − ei,ix(1− ei,i)aei,i − ei,ixei,id(ii)ei,i

= ei,i

n∑
ξ,η=1,ξ ̸=η

aξ,ηeξ,ηxei,i − ei,ix
n∑

ξ,η=1,ξ ̸=η

aξ,ηeξ,ηei,i + ei,id(ii)ei,ixei,i − ei,ixei,id(ii)ei,i

= ei,i

n∑
ξ,η=1,ξ ̸=η

aξ,ηeξ,ηxei,i − ei,ix
n∑

ξ,η=1,ξ ̸=η

aξ,ηeξ,ηei,i + ci,iei,ixei,i − ei,ixc
i,iei,i

= ei,i

n∑
ξ,η=1,ξ ̸=η

aξ,ηeξ,ηxei,i − ei,ix
n∑

ξ,η=1,ξ ̸=η

aξ,ηeξ,ηei,i

+ ei,i(
n∑

ξ=1

aξ,ξeξ,ξ)xei,i − ei,ix(
n∑

ξ=1

aξ,ξeξ,ξ)ei,i

= ei,i

n∑
ξ,η=1

aξ,ηeξ,ηxei,i − ei,ix
n∑

ξ,η=1

aξ,ηeξ,ηei,i = ei,i(āx− xā)ei,i.

From this it follows that ∆(x) = āx− xā for each x ∈ Kn(ℜ) .
Therefore ∆ is an inner derivation on Kn(ℜ) . The proof is complete.

Let (L, [, ]) be a Lie algebra. Recall that a linear map D : L → L is called a
derivation, if D([x, y]) = [D(x), y] + [x,D(y)] for any two elements x , y ∈ L . A
derivation D on L is called an inner derivation, if there exists an element a ∈ L
such that

D(x) = [a, x], x ∈ L.
A map ∆: L → L (not linear in general) is called a 2-local inner derivation, if for
any pair of elements x , y ∈ L there exists an element a ∈ L such that ∆(x) = [a, x] ,
∆(y) = [a, y] .
Now, a ∗-algebra A is a ∗-ring, with involution ∗ that is an associative algebra over
a commutative ∗-ring ℜ with involution ′ , such that (rx)∗ = r′x∗ for any r ∈ ℜ ,
x ∈ A . By Theorem 2.5 we have the following statement.
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Theorem 2.6. Let A be a commutative unital involutive algebra, and let Kn(A),
n > 1, be the Lie algebra of all skew-adjoint n × n matrices over A. Then any
2-local inner derivation on the matrix Lie algebra Kn(A) is an inner derivation.

3. 2-local derivations on Lie algebras of
skew-adjoint operator-valued maps

Throughout the rest of the paper, let H be the infinite-dimensional separable com-
plex Hilbert space and, let B(H) be the von Neumann algebra of all bounded linear
operators on H . Let {ei}∞i=1 be a maximal family of orthogonal minimal projections
in B(H) and, let {ei,j}∞i,j=1 be the family of matrix units defined by {ei}∞i=1 , i.e.
ei,i = ei , ei,i = ei,jej,i and ej,j = ej,iei,j for each pair i , j of natural numbers.
Let Bsk(H) be the vector space of all skew-adjoint operators in B(H) , i.e.

Bsk(H) = {a ∈ B(H) : a∗ = −a}.

Then with respect to the Lie multiplication [a, b] = ab− ba , a, b ∈ Bsk(H), Bsk(H)
is a Lie algebra.
Let, throughout the rest of the paper, Ω be an arbitrary set, F (Ω, Bsk(H)) be the
Lie algebra of all maps from Ω to Bsk(H) with the Lie multiplication

[a, b](t) = [a(t), b(t)], t ∈ Ω, a, b ∈ F (Ω, Bsk(H)).

Put êi,j = 1ei,j,

where 1 is the identity element of the algebra F (Ω) of all complex-valued maps
on Ω . Throughout the rest sections, put si,j = êi,j − êj,i for every pair of different
natural numbers i , j , and, let I be the imaginary unit. Let (λn) be a sequence of
nonzero numbers from C such that

∞∑
n=1

λnλ
∗
n <∞ and xo =

∞∑
n=1

λnsn,n+1 ∈ F (Ω, Bsk(H)).

Let L be a Lie subalgebra of F (Ω, Bsk(H)) containing the element xo and the family
{Iêi,i}∞i=1 ∪ {si,j}∞i,j=1 .

Definition 3.1. Let A be a Lie algebra and, let B be a Lie subalgebra of A . A deri-
vation D on B is said to be spatial, if D is implemented by an element in A , i.e.

D(x) = [a, x], x ∈ B,

for some a ∈ A . A 2-local derivation ∆ on B is called 2-local spatial derivation
implemented by elements from A , if for every two elements x , y ∈ B there exists
an element a ∈ A such that ∆(x) = [a, x] , ∆(y) = [a, y] .

Then the following lemmas hold.

Lemma 3.2. Let ∆ be a 2-local spatial derivation on L implemented by elements
from F (Ω, Bsk(H)) and i, j , p be arbitrary pairwise different natural numbers,
(1) Let Ra , Rb be the spatial derivations on L, implemented by a, b ∈ F (Ω, Bsk(H)),
respectively, such that ∆(si,j) = Ra(si,j) = Rb(si,j).
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Then the following equalities are valid
ai,j + aj,i = bi,j + bj,i, ai,i − aj,j = bi,i − bj,j.

(2) let Ra , Rb be the spatial derivations on L, implemented by a, b ∈ F (Ω, Bsk(H)),
respectively, such that ∆(si,j) = Ra(si,j) and ∆(si,p) = Rb(si,p).

Then the following equality is valid ai,j + aj,i = bi,j + bj,i.

Proof. The proof of this lemma is similar to the proof of lemma 2.1.

Lemma 3.3. Let ∆ be a 2-local spatial derivation on L implemented by elements
from F (Ω, Bsk(H)), i, j, p be arbitrary pairwise different natural numbers and, let
Ra, Rb be the derivations on L, generated by elements a, b∈F (Ω, Bsk(H)) such that

∆(si,p) = Ra(si,p), ∆(sp,j) = Rb(sp,j).

Then the following equalities hold: êi,iaêj,j = êi,ibêj,j, êj,jaêi,i = êj,jbêi,i.

Proof. The proof of this lemma is similar to the proof of lemma 2.2.

Let ∆ be a 2-local spatial derivation on L , implemented by elements from the Lie
algebra F (Ω, Bsk(H)) , i, j, p be arbitrary pairwise different natural numbers, and,
let Ra be the derivation on L , generated by an element a∈F (Ω, Bsk(H)) such that

∆(si,p) = Ra(si,p), ∆(sp,j) = Ra(sp,j).

By Lemma 3.3 the following elements are well-defined:

ai,j = êi,iaêj,j = ai,j êi,j, a
i,j ∈ ℜ, aj,i = êj,jaêi,i = aj,iêj,i, a

j,i ∈ ℜ,

a =
∞∑

i,j=1,i ̸=j

ai,j.

Using this notation the following lemma is valid.

Lemma 3.4. Let ∆ be a 2-local spatial derivation on L implemented by elements
from F (Ω, Bsk(H)), and let i, j be arbitrary different natural numbers and

∆(si,j) = Rd(si,j)

for some element d ∈ Kn(ℜ). Then

∆(si,j) = asi,j − si,ja+ (di,i − dj,j)êi,j + (dj,j − di,i)êj,i.

Proof. The proof of this lemma is similar to the proof of Lemma 2.3.

Fix different natural numbers io, jo . Let c ∈ F (Ω, Bsk(H)) be an element such that

∆(siojo) = [c, siojo ],∆(xo) = [c, xo].

Put c =
∑∞

i,j=1 c
i,j êi,j ∈ F (Ω, Bsk(H)) and ā =

∑∞
i,j=1,i ̸=j ai,j +

∑∞
i=1 ai,i , where

ai,i = ci,iêi,i for any i . Then ā ∈ F (Ω, Bsk(H)) . In the above notations we have
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Lemma 3.5. Let k, l be arbitrary different natural numbers, and let d be an
element in F (Ω, Bsk(H)) such that ∆(sk,l) = [d, sk,l], ∆(xo) = [d, xo].

Then ck,k − cl,l = dk,k − dl,l .

Proof. We may assume that k < l . We have

∆(xo) = cxo − xoc = dxo − xod.
Hence,

ek,k(cxo − xoc)ek+1,k+1 = ek,k(dxo − xod)ek+1,k+1,

ek,k(cλksk,k+1 − λksk,k+1c)ek+1,k+1 = ek,k(dλksk,k+1 − λksk,k+1d)ek+1,k+1,

λkek,kcêk,k+1 − λkêk,k+1cek+1,k+1 = λkek,kdêk,k+1 − λkêk,k+1dek+1,k+1

and ck,k − ck+1,k+1 = dk,k − dk+1,k+1.

Thus, this lemma is proved similarly to the proof of Lemma 2.4.

Now we prove the key theorem of this section.

Theorem 3.6. Let Ω be an arbitrary set and let F (Ω, Bsk(H)) be the Lie algebra
of all maps from Ω to Bsk(H). Let L be a Lie subalgebra of F (Ω, Bsk(H)) containing
the element xo and the family {Iêi,i}∞i=1 ∪ {si,j}∞i,j=1,i ̸=j . Then any 2-local spatial
derivation on L implemented by elements from F (Ω, Bsk(H)) is a spatial derivation.

Proof. We prove that each 2-local inner derivation ∆ on L satisfies the condition

∆(x) = Rā(x) = āx− xā, x ∈ L

for the element ā ∈ F (Ω, Bsk(H)) defined above. Let i , j be arbitrary distinct
natural numbers. The proofs of the equalities

êj,j∆(x)êi,i = êj,j(āx− xā)êi,i, êi,i∆(x)êi,i = êi,i(āx− xā)êi,i

are the same as the proofs of the appropriate equalities in Theorem 2.5. If, for
arbitrary elements y , z in F (Ω, Bsk(H)) ,

êξ,ξyêη,η = êξ,ξzêη,η, ξ, η = 1, 2, 3, . . . ,

then y = z . Hence, ∆(x) = āx− xā ∈ F (Ω, Bsk(H)).

But, ∆(x) ∈ L , since x ∈ L . Therefore ∆(x) = āx − xā ∈ L for any element
x ∈ L . So, ∆ is a spatial derivation on L . This ends the proof.

In particular, as a corollary of Theorem 3.6 we have the following theorem.

Theorem 3.7. Each 2-local inner derivation on the Lie algebra F (Ω, Bsk(H)) is
an inner derivation.

Let Ω be a hyperstonean compact, C(Ω) denotes the algebra of all C-valued
continuous maps on Ω . There exists a subalgebra N in F (Ω, B(H)) , containing
the family {êi,j}∞i,j=1 , which is a von Neumann algebra with the center isomorphic
to C(Ω) (see [1, Page 12]). More precisely N is a von Neumann algebra of type I.
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The vector space K = {a ∈ N : a∗ = −a} of all skew-adjoint elements in N is a
Lie algebra with respect to the Lie multiplication

[a, b] = ab− ba, a, b ∈ K.
The Lie algebra K is a Lie subalgebra of F (Ω, Bsk(H)) containing the element xo
and the family {Iêi,i}∞i∈=1∪{si,j}∞i,j=1,i ̸=j . So, by Theorem 2.1, we have the following
theorem.

Theorem 3.8. Every 2-local spatial derivation ∆ on K implemented by ele-
ments from F (Ω, Bsk(H)) is a spatial derivation, i.e., there exists an element
a ∈ F (Ω, Bsk(H)) such that ∆(x) = Ra(x), x ∈ K.

Remark 3.9. Note that it is not necessary that for each pair of elements x ∈ K
and y ∈ F (Ω, Bsk(H)) the elements yx , xy , Rx(y) belong to K . But, by theorem
3.6, in theorem 3.8, for every x ∈ K , the element Ra(x) belongs to K .

Let K(H) be the C∗ -algebra of all compact operators on the Hilbert space H over
C , KK(H) be the Lie algebra of all skew-adjoint compact operators on the Hilbert
space H . Let Ω be a topological space. Then the vector space C(Ω,KK(H)) of all
continuous maps from Ω to KK(H) is a Lie subalgebra of F (Ω, Bsk(H)) containing
the element xo and the family {Iêi,i}∞i=1 ∪{si,j}∞i,j=1,i ̸=j . Therefore, by Theorem 3.6
we have the following result.

Theorem 3.10. Every 2-local spatial derivation on the Lie algebra C(Ω,KK(H))
implemented by elements from F (Ω, Bsk(H)) is a spatial derivation, i.e., there exists
an element a ∈ F (Ω, Bsk(H)) such that ∆(x) = Ra(x), x ∈ K.

Remark 3.11. Note that, as in Remark 3.9, it is not necessary that for each
pair of elements x ∈ C(Ω,KK(H)) and y ∈ F (Ω, Bsk(H)) the elements yx , xy ,
Rx(y) belong to C(Ω,KK(H)) . But, by theorem 3.6, in theorem 3.10, for every
x ∈ C(Ω,KK(H)) , the element Ra(x) belongs to C(Ω,KK(H)) .

4. Local derivations on the Lie algebra of skew-adjoint operators
on a complex Hilbert space

Let (L, [, ]) be a Lie algebra. A derivation D on L is called an inner derivation, if
there exists an element a ∈ L such that

D(x) = [a, x], x ∈ L.
A linear map ∆: L → L is called a local inner derivation, if for any element x ∈ L
there exists an element a ∈ L such that ∆(x) = [a, x] .
Let ∇ be a local inner derivation on Bsk(H) . Let i, j be pairwise distinct natural
numbers and e = ei,i + ej,j . We take the following map

∇i,j(x) = e∇(x)e, x ∈ eBsk(H)e.

Then ∇i,j is a local derivation on the subalgebra eBsk(H)e , and, by [4], it is an
inner derivation. Hence, there exists an element a ∈ eBsk(H)e such that

∇i,j(x) = ax− xa, x ∈ eBsk(H)e.
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Put ai,j = ei,iaej,j, i, j = 1, 2, 3, . . . .

The set {ai,j}∞i,j=1 is well defined. Indeed, let e1 =
∑m

k=1 eik,jk for some subset
{eik,jl}k,l=1,2,...,m of elements in {eξ.η}∞ξ,η=1 , including the elements ei,i , ej,j . Then,
if b is an element in e1Bsk(H)e1 such that

e1∇(x)e1 = bx− xb, x ∈ e1Bsk(H)e1,

then a = ebe , i.e.,

ai,i = ei,ibei,i, ai,j = ei,ibej,j, aj,i = ej,jbei,i, aj,j = ej,jbej,j.

Lemma 4.1. Let ∇ be a local inner derivation on Bsk(H). Then for every pair
of different natural numbers i, j
(1) ā =

∑∞
k=1[(ai,k + aj,k) + (ak,i + ak,j)] ∈ Bsk(H),

(2) ∇(Iei,i)=Rā(Iei,i), ∇(si,j)=Rā(si,j), ∇(Iēi,j)=Rā(Iēi,j), ∇(Iej,j)=Rā(Iej,j),
where I is the imaginary unit and ēi,j = ei,j + ej,i .

Proof. Let di,i , di,j , d̄i,j dj,j be elements in Bsk(H) such that

∇(Iei,i) = di,iIei,i − Iei,idi,i, ∇(si,j) = di,jsi,j − si,jdi,j,

∇(Iēi,j) = d̄i,jIēi,j − Iēi,j d̄i,j, ∇(Iej,j) = dj,jIej,j − Iej,jdj,j.

Then, since
ek,k(di,iei,i − ei,idi,i)el,l = ak,iei,iel,l − ek,kei,iai,l,

ek,k(di,jsi,j − si,jdi,j)el,l = (ak,i + ak,j)si,jel,l − ek,ksi,j(ai,l + aj,l),

ek,k(d̄i,jIēi,j − Iēi,j d̄i,j)el,l = (ak,i + ak,j)ēi,jel,l − ek,kēi,j(ai,l + aj,l),

ek,k(dj,jej,j − ej,jdj,j)el,l = ak,jej,jel,l − ek,kej,jaj,l

for every pair k, l of natural numbers, we have

ek,kdi,iei,i = ak,i, ei,idi,iel,l = ai,l,

ek,kdj,jej,j = ak,j, ej,jdj,jel,l = aj,l,

i.e., ā ∈ Bsk(H) , and
ek,k(di,iei,i − ei,idi,i)el,l = ek,k(āei,i − ei,iā)el,l,

ek,k(di,jsi,j − si,jdi,j)el,l = ek,k(āsi,j − si,j ā)el,l,

ek,k(d̄i,jIēi,j − Iēi,j d̄i,j)el,l = ek,k(āIēi,j − Iēi,j ā)el,l,

ek,k(dj,jej,j − ej,jdj,j)el,l = ek,k(āej,j − ej,j ā)el,l

for every pair k, l of natural numbers. Hence,

∇(Iei,i) = di,iIei,i − Iei,idi,i = āIei,i − Iei,iā,

∇(si,j) = di,jsi,j − si,jdi,j = āsi,j − si,j ā,

∇(Iēi,j) = d̄i,jIēi,j − Iēi,j d̄i,j = āIēi,j − Iēi,j ā,

∇(Iej,j) = dj,jIej,j − Iej,jdj,j = āIej,j − Iej,j ā.
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Theorem 4.2. Every ultraweakly continuous local inner derivation on Bsk(H) is
an inner derivation.

Proof. Let ∇ : Bsk(H) → Bsk(H) be a local inner derivation. Then there exist
elements ai,i ∈ Bsk(H) , i = 1, 2, 3, . . . such that

∇(Iei,i) = ai,iIei,i − Iei,iai,i

for the elements ei,i , i = 1, 2, 3, . . . . Let a1 be an element in Bsk(H) such that

∇(Iēi,k) = a1(Iēi,k)− (Iēi,k)a1

for i , k = 1, 2, 3, . . . . Then, by additivity of ∇ , we have

a1(Iēi,k)− (Iēi,k)a1 = ai,iIei,i − Iei,iai,i + ak,kIek,k − Iek,kak,k.

From this equality it follows that ai,k1 − ai,k1 = −ai,ki,i + ai,kk,k.

Similarly ak,i1 − ak,i1 = ak,ii,i − ak,ik,k.

Hence ai,ki,i = ai,kk,k, a
k,i
i,i = ak,ik,k. (1)

Let xo =
∑∞

k=1(ek,k+1 − ek+1,k) ∈ Bsk(H) . Then xo ∈ Bsk(H) and there exists an
element a2 in Bsk(H) such that

∇(xo) = a2xo − xoa2. (2)

We construct an element d as follows: its diagonal components are di,i = ai,i2 ,
i = 1, 2, 3, . . . and its nondiagonal components are di,j = ai,ji,i when i, j = 1, 2, 3, . . . ,
i ̸= j . By equalities (1) the element d is constructed correctly. It is clear that

∇(Iei,i) = ai,iIei,i − Iei,iai,i = dIei,i − Iei,id (3)

for i = 1, 2, 3, . . . . Now we prove that

∇(si,k) = d(si,k)− (si,k)d and ∇(Iēi,k) = d(Iēi,k)− (Iēi,k)d.

For this propose it is sufficient to prove that

∇(si,k) = ai,k(si,k)− (si,k)ai,k = d(si,k)− (si,k)d,

∇(Iēi,k) = ai,k(Iēi,k)− (Iēi,k)ai,k = d(Iēi,k)− (Iēi,k)d.
(4)

To prove the equalities (4) it is sufficient to show

ak,ji,k = dk,j, j ∈ {1, . . . , n} \ {k} (5)

aj,ii,k = dj,i, j ∈ {1, . . . , n} \ {i} (6)

ai,ii,k − ak,ki,k = di,i − dk,k. (7)

By the additivity of ∇ and Lemma 4.1 we have

a3(Iek,k + (ek,i − ei,k))− (Iek,k + (ek,i − ei,k))a3

= dIek,k − Iek,kd+ ai,k(ek,i − ei,k)− (ek,i − ei,k)ai,k, (8)
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a3(Iek,k + Iēi,k)− (Iek,k + Iēi,k)a3 = dIek,k − Iek,kd+ ai,kIēi,k − Iēi,kai,k. (9)
a3(Iei,i + (si,k))− (Iei,i + (si,k))a3 = dIei,i − Iei,id+ ai,k(si,k)− (si,k)ai,k, (10)
a3(Iei,i + Iēi,k)− (Iei,i + Iēi,k)a3 = dIei,i − Iei,id+ ai,kIēi,k − Iēi,kai,k. (11)

Multiplying by ej,j , j ̸= i , j ̸= k , the last equalities from the left side we have

Iaj,k3 ej,k + aj,k3 ej,i − aj,i3 ej,k = Idj,kej,k + aj,ki,kej,i − aj,ii,kej,k,

Iaj,k3 ej,k + Iaj,i3 ej,k + Iaj,k3 ej,i = Idj,kej,k + Iaj,ii,kej,k + Iaj,ki,kej,i,

Iaj,i3 ej,i + aj,i3 ej,k − aj,k3 ej,i = Idj,iej,i + aj,ii,kej,k − aj,ki,kej,i,

Iaj,i3 ej,i + Iaj,k3 ej,i + Iaj,i3 ej,k = Idj,iej,i + Iaj,ki,kej,i + Iaj,ii,kej,k.

Hence, aj,k3 = aj,ki,k , aj,k3 − aj,i3 = dj,k − aj,ii,k,

aj,k3 = aj,ki,k , aj,k3 + aj,i3 = dj,k + aj,ii,k,

aj,i3 = aj,ii,k, aj,i3 − aj,k3 = dj,i − aj,ki,k ,

aj,i3 = aj,ii,k, aj,i3 + aj,k3 = dj,i + aj,ki,k ,

i.e., aj,k3 = aj,ki,k , aj,k3 = dj,k , aj,i3 = aj,ii,k , aj,i3 = dj,i .
So, aj,ki,k = dj,k , aj,ii,k = dj,i , j ̸= i , j ̸= k .
Similarly, multiplying by ej,j , j ̸= i , j ̸= k the equalities (8)–(11) from the right
side we have

ak,ji,k = dk,j, ai,ji,k = di,j, j ̸= i, j ̸= k.

Hence equalities (5), (6) are valid.
Similarly, multiplying by ei,i from the both right and left sides the equalities (8)
and (9) we have

ei,ia3ek,i + ei,ka3ei,i = ei,iai,kek,i + ei,kai,kei,i,

ei,ia3ek,i − Iei,ka3ei,i = ei,iai,kIek,i − Iei,kai,kei,i.

Hence, ai,k3 + ak,i3 = ai,ki,k + ak,ii,k and Iai,k3 − Iak,i3 = ai,ki,kI − Iak,ii,k

and ai,k3 = ai,ki,k, ak,i3 = ak,ii,k. (12)

Multiplying the equalities (8) by ei,i from the left side and by ek,k from the right
side we get

ei,ia3Iek,k − ei,ia3ei,k + ei,ka3ek,k = ei,idIek,k − ei,iai,kei,k + ei,kai,kek,k,

ei,ia3Iek,k + Iei,ia3ei,k − Iei,ka3ek,k = ei,idIek,k + ei,iai,kIei,k − Iei,kai,kek,k,

Hence,
ai,k3 Iei,k − ai,i3 ei,k + ak,k3 ei,k = di,kIei,k − ai,ii,kei,k + ak,ki,k ei,k,

ai,k3 Iei,k + Iai,i3 ei,k − Iak,k3 ei,k = di,kIei,k + ai,ii,kIei,k − Iak,ki,k ei,k.
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From this it follows that ai,k3 = di,k and ai,ki,k = di,k by (12).
Similarly, multiplying the equalities (10) and (11) by ek,k from the left side and by
ei,i from the right side we get

Iak,i3 − ak,k3 + ai,i3 = Idk,i − ak,ik,k + ai,ii,k,

Iak,i3 + Iak,k3 − Iai,i3 = Idk,i + Iak,ki,k − Iai,ii,k.

Hence, ak,i3 = dk,i and ak,ii,k = dk,i by (12). Thus we have proved (5), (6).
Now, let us prove (7). Let i be a natural number and, let

x = xo − si−1,i − si,i+1 − si+1,i+2.

Then, by the additivity of ∇ and equality (2), the following equality holds

a2xo − xoa2 = ai−1,isi−1,i − si−1,iam,i + ai,i+1si,i+1 − si,i+1ai,i+1

+ ai+1,i+2si+1,i+2 − si+1,i+2ai+1,i+2 + bx− xb.

Multiplying this equality by ei,i on the left side and by ei+1,i+1 on the right side we
get the equalities

ai,ii,i+1 − ai+1,i+1
i,i+1 = ai,i2 − ai+1,i+1

2 = di,i − di+1,i+1.

Let i, k be natural numbers. We suppose that i < k . Then we similarly have

ai,ii,i+1 − ai+1,i+1
i,i+1 = ai,i2 − ai+1,i+1

2 = di,i − di+1,i+1,

ai+1,i+1
i+1,i+2 − ai+2,i+2

i+1,i+2 = ai+1,i+1
2 − ai+2,i+2

2 = di+1,i+1 − di+2,i+2,

ai+2,i+2
i+2,i+3 − ai+3,i+3

i+2,i+3 = ai+2,i+2
2 − ai+3,i+3

2 = di+2,i+2 − di+3,i+3,

. . .

ak−2,k−2
k−2,k−1 − ak−1,k−1

k−2,k−1 = ak−2,k−2
2 − ak−1,k−1

2 = dk−2,k−2 − dk−1,k−1,

ak−1,k−1
k−1,k − ak,kk−1,k = ak−1,k−1

2 − ak,k2 = dk−1,k−1 − dk,k.

But, for any natural number m and a projection e in B(H)sk with e =
∑l

t=1 emt,mt ,
eem,m = em,m , where {em1,m1 , em2,m2 , . . . , eml,ml

} ⊂ {ei,i}∞i=1 , the maps

x→ em,m∇(x)em,m, x ∈ em,mB(H)skem,m

x→ e∇(x)e, x ∈ eB(H)ske

are local derivations and, hence, are also derivations by [4]. Hence, there exist
elements v ∈ em,mB(H)skem,m , w ∈ eB(H)ske such that

em,m∇(x)em,m = vx− xv, x ∈ em,mB(H)skem,m,

e∇(x)e = wx− xw, x ∈ eB(H)ske.

Besides, em,mwem,m = v .
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Therefore we obtain

ai,ii,i+1 = ai,ii,k, ai+1,i+1
i,i+1 = ai+1,i+1

i+1,i+2, ai+2,i+2
i+1,i+2 = ai+2,i+2

i+2,i+3, ai+3,i+3
i+2,i+3 = ....

.... = ak−2,k−2
k−2,k−1, ak−1,k−1

k−2,k−1 = ak−1,k−1
k−1,k , ak,kk−1,k = ak,ki,k

by the first part of the present section and Lemma 4.1. Hence, we have equality (7):

ai,ii,k − ak,ki,k = ai,i2 − ak,k2 = di,i − dk,k.

So, the equalities (4) are valid.
Now, let x be an arbitrary element in Bsk(H) and

ei,ixej,j + ej,jxei,i = xi,j1 si,j + Ixi,j2 ēi,j and ei,ixei,i = Ixi,iei,i,

where xi,j1 , x
i,j
2 , x

i,i are real numbers for every pair of different natural numbers i, j .
Then, by the equalities (3), (4), we have

∇(xi,j1 si,j) = xi,j1 ∇(si,j) = xi,j1 Rd(si,j) = Rd(x
i,j
1 si,j),

∇(Ixi,j2 ēi,j) = xi,j2 ∇(Iēi,j) = xi,j2 Rd(Iēi,j) = Rd(Ix
i,j
2 ēi,j),

∇(Ixi,iei,i) = xi,i∇(Iei,i) = xi,iRd(Iei,i) = Rd(Ix
i,iei,i),

since ∇ is linear. Let (xα) be the net of all elements of the form

m∑
k=1,l=2,k<l

(xik,il1 sik,il + Ixik,il2 ēik,il) +
m∑
k=1

xik,ikIeik,ik ,

where α = {i1, i2, ..., im} is an arbitrary finite subset of natural numbers. Then the
net (xα) ultraweakly converges to x . We have

∇
( m∑

k=1, l=2, k<l

(xik,il1 sik,il + Ixik,il2 ēik,il) +
m∑
k=1

xik,ikIeik,ik

)
=

m∑
k=1, l=2, k<l

(xik,il1 ∇(sik,il) + xik,il2 ∇(Iēik,il)) +
m∑
k=1

xik,ik∇(Ieik,ik)

=
m∑

k=1, l=2, k<l

(xik,il1 Rd(sik,il) + xik,il2 Rd(Iēik,il)) +
m∑
k=1

xik,ikRd(Ieik,ik)

= Rd

( m∑
k=1, l=2, k<l

(xik,il1 sik,il + Ixik,il2 ēik,il) +
m∑
k=1

xik,ikIeik,ik

)
,

i.e., ∇(xα) = Rd(xα) for every α . The Lie multiplication is ultraweakly continuous,
so the net (Rd(xα)) is ultraweakly converges to Rd(x) . Since ∇ is ultraweakly
continuous we have ∇(x) = Rd(x) .
This completes the proof.
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5. Local derivations on Lie algebras of
skew-adjoint operator-valued maps

In this section we describe local derivations on some class of subalgebras of the Lie
algebra F (Ω, Bsk(H)) .
Given t ∈ Ω , ϕt : F (Ω, B(H)) → B(H) will denote the ∗-homomorphism defined by
ϕt(x) = x(t) , x∈F (Ω, B(H)) . The space F (Ω, B(H)) is an B(H)-bimodule with
products (ax)(t) = ax(t) and (xa)(t) = x(t)a , for every a∈B(H) , x∈F (Ω, B(H)) .
The map ϕt : F (Ω, B(H)) → B(H) is an B(H)-module homomorphism.
Given an arbitrary set Ω , the ∗-homomorphism which maps each element a in
B(H) to the constant function Ω → {a} will be denoted by â . The map

ψ(a) = â, a ∈ B(H),

is a B(H)-module homomorphism from B(H) to F (Ω, B(H)) .
Let A be a Lie algebra and, let B be a Lie subalgebra of A . A local derivation ∇
on B is called local spatial derivation implemented by elements from A , if for every
element x ∈ B there exists a spatial derivation D on B implemented by an element
in A such that ∇(x) = D(x) .
Let A = Bsk(H) or A = Ksk(H) , and let Ω be a topological space. Let F (Ω,A)
be the Lie algebra of all maps from Ω to A , and let C(Ω,A) be the Lie algebra of
all continuous maps from Ω to A . Then we have the following theorem

Theorem 5.1. Let L be one of the Lie algebras F (Ω,A) or C(Ω,A) and let
∇ be a local spatial derivation on L implemented by elements from F (Ω, Bsk(H)).
Suppose that, for every t ∈ Ω, the map ϕt∇ψ is ultraweakly continuous on Bsk(H).
Then ∇ is a spatial derivation.

Proof. Similar to the proof of [11, Theorem 2.4] we can prove that the map
ϕt∇ψ : Bsk(H) → Bsk(H) is a local inner derivation for every t ∈ Ω . Hence, by
Theorem 4.2, ϕt∇ψ is an inner derivation on Bsk(H) since ϕt∇ψ is ultraweakly
continuous.
Let at be an element in Bsk(H) such that

ϕt∇ψ(x) = atx− xat, x ∈ Bsk(H).

Let â(t) = at , t ∈ Ω . Then

∇(x)(t) = (âx− xâ)(t), x ∈ L, t ∈ Ω,

i.e., ∇(x) = âx− xâ, x ∈ L and â ∈ F (Ω, Bsk(H)).

Hence, ∇ is a spatial derivation since ∇(x) ∈ L for any x ∈ L .

Remark 5.2. Let L be one of the Lie algebras F (Ω,A) or C(Ω,A) . Note that,
it is not necessary that for each pair of elements x ∈ L and y ∈ F (Ω, Bsk(H)) the
elements yx , xy , Rx(y) belong to L . But, in theorem 5.1, for every x ∈ L , the
element Ra(x) belongs to L .
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