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1. Introduction

The fundamental object of harmonic analysis on a locally compact group G is the
set of equivalence classes of its irreducible unitary representations. It is called the
unitary dual of G and denoted GG. The notable example of the classification of G
for G = GL,, can be found in [23]. Besides some low-rank cases (e.g. [7],[11]), it is
still an open question when G is a classical group.

The aim of this paper is to give an insight into the structure of G for a symplectic or
special odd-orthogonal group G over a non-archimedean local field F'. Our approach
follows the strategy proposed by Harish-Chandra: classify the equivalence classes of
smooth irreducible representations of G' and then identify unitarizable classes among
them. The first step is also known as the problem of the non-unitary dual. Results
in the scope of the first step are obtained in this paper and in author’s previous
work [4]. Using these results, we determine the first reducibility point of certain
complementary series and thus identify unitary irreducible representations of G.

More precisely, using the Langlands classification (cf. Preliminaries), we define
representation

ms = L(6(["p, v°p]), 6([v** p, "1 p]))

of a general linear group, for a character v of a general linear group such that v(g) =
|det(g)|F, cuspidal representation p € Irr(GL) and real numbers a,b such that
b—a € Z>y. Note that mg belongs to the class of essentially Speh representations.
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They play a role of the building blocks of the unitary dual of general linear groups.

This motivates the study of the induced representation
Ind$(7g ® 0.) =: mg % 0o,

for a cuspidal representation o. € Irr(G) and a maximal standard parabolic sub-
group P of G. Since the composition series of the representation mg x o. such that
a > 0 is determined in [4], it suffices to consider the case a < 0.

Recently, in [2], Atobe determined the socle and the reducibility criterion for rep-
resentations induced from an essentially Speh representation on the general linear
part and an Arthur type representation on the classical part.

We describe the method of obtaining unitary representations at the ends of com-
plementary series. We denote by 7¢ a Speh representation such that 7§ x o, is
an irreducible representation. From the Section 3 of [24], we see that representa-
tions v*m¢ x 0. are unitarizable for 0 < x < xy, where zy is the minimal positive
number such that the induced representation v"°7§ X o, is reducible. Moreover, all
irreducible subquotients of v*°7§ X o, are unitarizable.

The irreducible subquotients of the considered induced representations are deter-
mined in terms of the Langlands classification, see [3]. For the description of the
associated tempered parameters, we use Moeglin-Tadi¢’s classification of discrete se-
ries representations [17] and Tadi¢’s classification of tempered representations [26].
In the course of determining candidates for the subquotients of g x 0., it became
evident that we need to determine irreducible tempered subquotients of a represen-
tation 7 x o.. Here 7 is isomorphic to L(d([v%p,v°p]), 6([v*Lp, 1"+ 1p])), for a real
number x such that 0 <z <b and —a <b.

Among the used methods, the most prominent role is taken by the structural formula
for the Jacquet modules of induced representations from [25]. It is an algebraization
of the Geometric Lemma of Bernstein and Zelevinsky, which enables us to narrow
down the set of possible subquotients of considered representations. Also, counting
multiplicities of certain constituents of Jacquet modules enables us to prove the
existence of subquotients of the considered induced representations. Additionally,
we often use the embeddings of representations and the Frobenius reciprocity. This
is motivated with Lemma 2.13 and the fact that the embeddings are used in the
classifications of irreducible tempered representations.

Let us briefly describe the content of the paper. In the second section we introduce
the notation and results which are used throughout the paper. The third section
deals with the description of the irreducible tempered subquotients of the induced
representation mxo.. In the last two sections we determine the composition series of
the induced representation mg X o.. Moreover, we determine unitary representations
as subquotients of the end of the considered complementary series. For a reader’s
convenience, we state the theorem about unitary irreducible subquotients of g % o..

Let us fix cuspidal representations p € Irr(GL) and o. € Irr(G) such that p is
selfdual and o« > 2 is the unique non-negative real number such that v%*p x o.
reduces. If an induced representation ([v®1p, vp]) x 6([v¥p,vYp]) X o, has a
strongly positive discrete series subquotient, we denote it o(,,). We define the
following representations:
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S([r= 2 p, v 2p)) X opprr) =T BT,
o = L((S([V_ap, I/_a+2b+1p]), 5([1/—04—&-1p7 V—a+2b+2p]); Oc)’

m1 = LG py v ), 6 (D p ).

Theorem 1.1.  The irreducible subquotients of the induced representation
L8[ 2p, v p]), ([ p,vp))) X o, (1)

for a real number b such that o —b € Z and —% <b< a-—1, are unitarizable. The
composition series of the induced representation (1) is equal to:

e mo+ L(v7'p;7y) + L(6([v2p,vp));00), if a —2=0=0,
o mo+ LOO([v " Vp, v 3p])i7), if a —2=0b2> 1,

o mo+m + L(6([v™%p, v p]);00), if a—2=2b>1,

o Ty + m, otherwise.

The author would like to thank her PhD advisors Ivan Mati¢ and Marcela Hanzer for
the introduction to the representation theory of classical p-adic groups and for the
constant support during the PhD studies. This work has been supported in part by
Croatian Science Foundation under the project 1P-2018-01-3628. Also, the author
is grateful to the reviewer whose comments improved the style of presentation in
the paper. Part of this paper was written during the author’s stay at the Erwin
Schrodinger Institute in Vienna as Junior Research Fellow. In this way, the author
would like to express the gratitude for their support and hospitality.

2. Preliminaries

In the sequel, F' will denote a local non-archimedean field of characteristic zero. We
denote by GL,, the general linear group of rank n over F'. Also, G,, denotes a rank
n group from a fixed series of symplectic or split special odd-orthogonal group over
F'. The matrix realizations of these groups can be found in [25, Sections 3,6].

Let C(G) denote a category of admissible representations of finite length of group G,
where G is isomorphic to GL,,, G,, or to a Levi factor of some parabolic subgroup
of any of these two groups. Let us denote the Grothendieck group of C(G) with
R(G). For m € C(G) and its irreducible subquotients 7y, ..., 7, in R(G) we have
™ = 7 + ...+ m. The sum on the right hand side of the equality is called the
semisimplification of w. We denote R(G) = ®,>0 R(G,), R(GL) = &,>0 R(GLy,).

Also, the set of irreducible representations in R(G) or R(GL) is denoted by Irr(G) =
@0, Irr(Gr), Irr(GL) = @p>0 Irr(GL,). The contragredient of a representation
7 in R(GL) or R(G) is denoted by 7. We say that 7 is selfdual if 7 ~ 7. For
m,m,me € Irr(GL), in R(GL) we have m X mg = my X m1. Moreover, for 0 € R(G),
in R(G) we have m X Mg X0 = my X m X o and T X 0 = w x 0. The cuspidal
support of m € C(G) is denoted [r]. The multiset [7]gr contains all elements of [r]
which are representations of general linear groups.

We fix a Borel subgroup B of upper triangular matrices in G, where G equals GL,
or (G,. Consider standard parabolic subgroups which contain B. Let P = MN
be a standard parabolic subgroup of G with its Levi decomposition. The main
constructions with representations 7 € C(G) and o € C(M) are the normalized
parabolic induction Ind%(s) and the normalized Jacquet module JMy (7).
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The mappings Ind% : C(M) — C(G) and JMy : C(G) — C(M) are exact and
transitive functors. Their interplay is described by the Frobenius reciprocity. For a
representation m ® ... @ m, ® 0 € C(M), where the Levi factor M is isomorphic
to GLpy, X ... X GLpy, X Gy g for = (mq,...,my), the normalized parabolically
induced representation Indg”(m ®...Qm®0) of G, is denoted 7 X ... X T X 0.

For a k-tuple 5 = (my,...,my), which corresponds to the parabolic subgroup Ps of
G, and a representation 7 € C(G), the normalized Jacquet module of 7 is denoted
rg(m). Also, we define

m*(mw) = Zr(k) () for m € C(GL) and p*(7) = Zr(k)(w) for m € C(G).
k=0 k=0

For a cuspidal irreducible representation p of the group GL,, we denote the set
{p,vp,...,v"p} for m € N with [p,v™p] and call it a segment. The set of all
segments is denoted S. The set D(GL) of all essentially square-integrable repre-
sentations of general linear groups is described in terms of segments. Namely, the
induced representation v px---xvpX p has the unique irreducible quotient denoted
d([p,v™p]). Then D(GL) = {6(A) : A € S}. For § € D(GL), there is a unique real
number e(§) such that v=%®)§ is unitarizable. If § >~ §([v”p,¥p]), then e(d) = ZEL.
To obtain a uniform description of results, we define o([v*p, v¥p]) ~ 1 for y =z —1,
where 1 stands for one-dimensional representation of the trivial group. Moreover,
0 € D(GL) is square-integrable if and only if e(d) = 0.

Let us recall the Langlands classifications for groups GL, and G,,. For d1,...,d
in D(GL) such that e(d;) < ... < e(d;), the induced representation §; X - -+ X ¢
has the unique irreducible subrepresentation, which we denote L(d1,...,d;). For
every non-tempered representation m € Irr(GL) there is the unique representation
L(d1,...,8,), of the form as above, such that m ~ L(d1,...,9;). For tempered
7 € Irr(G) and 6y,...,9, € D(GL) such that e(6;) < ... < e(d) < 0, the
induced representation d; X - - - X §; X 7 has the unique irreducible subrepresentation
which we denote L(d1,...,0;; 7). For every non-tempered representation o € Irr(G)
there is the unique representation L(d1,...,0;;7), of the form as above, such that
o~ L(0y,...,0;7).

Definition 2.1.  For a positive integer m and a square-integrable representation
0 € D(GL), an irreducible representation

L(V_mT_l(S, VmT_lH(S, o VmT_lé)
is called the Speh representation and denoted u(d,m).

Definition 2.2. A ladder representation is a representation of the form

L([v™p, v p)), ... 0([v* p, v p])) (2)

for m € N and representations §([v%p,v’p]) € D(GL) such that a; < ... < an,
and by < ... < b, forte=1,....m—1. If a;41 = a; +1 and b;;; = b; + 1 for
i=1,...,m —1, then we call (2) the essentially Speh representation.

Throughout the paper, we fix cuspidal representations p € Irr(GL) and o, € Irr(G)
and define for real numbers a, b with b—a € Zx( the essentially Speh representation

ms = L(6(["p, v°p]), ([v* ' p, "1 p])).
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The following two lemmas are easy consequences of the representation theory of
general linear groups, mainly developed by Zelevinsky in [27].

Lemma 2.3.  Let L(&gi), . ,57(«2)) for i = 1,2 denote two ladder representations
such that the cuspidal support of
mo=LW, 6N x L(6®?, .. 62)

is a segment A. If there exist iy € {1,2} and jo € {1,...,n, — 1} such that
53(;0) X (5%021 reduces, then my does not contain essentially square-integrable subquo-
tient.

Lemma 2.4.  Let m =~ L(5([v™ p, " p]), ..., 5([v%p,vPmp])), m =~ 6([v2mp, vemp])
and my ~ L(§([v®p,v%p)), ..., 0([vsmip, vPmpl), ..., 0([v%p, v p])) denote ladder
representations for some m € {1,...,n}. Then w is a subquotient of m X my of
multiplicity one.

Results of [9] give the semisimplification of m*(7) for a ladder representation 7.

Theorem 2.5. For a ladder representation ©= L(5([v* p, V"' p]), ..., §([v* p, v’ p])),
m*(7) is in R(GL) equal to

S L M), ([, ) 3)
b ® L™ py v pl), .. 6™ p, 1" p])),

where Lad(m) denotes the set of all m-tuples (cq,...,c¢m) of real numbers such that
a<...<cm,a;,—1<¢;<b;and c;—a; €7Z fori=1,....,m.

The Geometric Lemma implies that the map m* is multiplicative, that is, whenever
71, T € R(GL) we have m*(m X my) = m*(m) x m*(me). We define a map

M*: R(GL) = R(GL) ® R(GL), M* = (m® 1) o (~ @m*) o s om",

where m is a parabolic induction x: R(GL)® R(GL) — R(GL) and s: > x;Qy; —
> y; ® x;. Note that M* is a multiplicative map. The next theorem is the main
result of [25].

Theorem 2.6. For m € R(GL) and o € R(G) we have
(3 ) = M* () 5 i (0),

where the right hand side of the equality is computed as (m @ m) X (7' ® o) =
(m X 7') ® (my X 0).

Let 7 denote the ladder representation L(J([v®p, % p]),...,d([v%p, v p])). We
define Lad(7)" as the subset consisting of pairs of m-tuples in Lad(r) x Lad(w)
such that for every ((ci,...,¢n),(d1,...,dy)) € Lad(m)" holds ¢; < d; for all

i=1,...,m. Since we know m*(7) from (3), for o € Irr(G) we have
pHr 3 o) = me L([v=p, v p)), ..., 6([v=p,v="p]))
XL p, v pl), o 5[ p, P p])) (4)

QLG p, v M pl), ., 6([emHp,vTm pl)) 2 (o).



1078 BOSNJAK

We shall now describe the Maeglin-Tadi¢ classification of square-integrable repre-
sentations in Irr(G), also called discrete series representations, which is obtained in
[15, 17]. These results now hold unconditionally, due to [1], [16, Théoréeme 3.1.1] and
[5, Theorem 7.8]. The classification attaches to a discrete series representation three
invariants: a partial cuspidal support, Jordan block and e-function, and claims it is
uniquely determined by them.

Let o denote a discrete series representation of group G,. We say a cuspidal
representation o.,s, € Irr(G) is a partial cuspidal support of o if there exists
m € Irr(GL) such that o < 7 X 0eusp. The second invariant of o is the set
Jord(o) of pairs (a,p), for a € Z-y and selfdual cuspidal p from Irr(GL,,,), such
that we have the following: «a is even if and only if L(s, p,r), defined by Shahidi in
20, 21], has a pole in s = 0 and an induced representation 8([v="2 p,v"z p]) X &
is irreducible.

Remark 2.7.  (Basic Assumption) Let p € Irr(GL) and o.ysp € Iir(G) denote
cuspidal representations such that p is selfdual. Results of [22] imply the existence
of the unique «,4.,,, > 0 such that v®eewrp 3 04, reduces. Moreover, the
results of [16, Théoreme 3.1.1] and [5, Theorem 7.8] imply 20,,.,,,, € Z. The
set Jord,(ocysp) is equal to {2(a — [a] +1)+1,...,2(a — 1)+ 1}, if 2w+ 1 is even
or {1,2(a— Ja]+1)+1,...,2(a — 1)+ 1}, if 2a+ 1 is odd.

Let us describe the set Trip of all triplets (Jord,o’,€). Jord is a finite set of pairs
(a, p) such that p is a selfdual cuspidal representation from Irr(GL) and a € Z~q is
even if and only if L(s, p,r) has a pole in s = 0. For a fixed cuspidal representation
p € Irr(GL), we write Jord, = {a : (a,p) € Jord}. For a € Jord,, a  denotes the
maximal element of Jord, which is strictly less than a, if such exists. ¢’ € Irr(G) is
a cuspidal representation. e is a function defined on a subset of JordU (Jord x Jord)
with codomain {£1}, under certain conditions which can be found in [17]. We note
that to define the e-function on the elements of Jord(o) x Jord(o), it is enough to
define the e-function on the elements of the form ((a_, p), (a,p)). Let (Jord,o’,¢)
and (a, p) € Jord, such that a__is defined, and €e(a, p)e(a_, p)~' = 1.

If we denote Jord" = Jord \ {(a, p),(a_,p)} and € a restriciton of e-function on
Jord' U (Jord" x Jord'), then it follows (Jord',o’,€’) € Trip. We say that the triple
(Jord’, o', ¢) is subordinated to (Jord,o’,¢). We say that (Jord,o’,¢) € Trip is an
admissible triple of alternated type if e(a,p)e(a_,p)~' = —1, when a__is defined,
and if there is an increasing bijection ¢, : Jord, — Jord),(c”), where

Jord,(¢’)U{0} , if a is even and e(minJord,, p) =1,

Jord)(o") = {

Jord, (") , otherwise.

The set of all admissible triples of alternated type is denoted Trip,;,. We say that
(Jord, o', €) € Trip dominates a triple (Jord”,o’,€”) € Trip if there is a sequence
of triples (Jord;,o’,¢;) for i = 1,...,k such that (Jord,o’,€) = (Jordy,o’, ),
(Jord;;1,0’,€;41) issubordinated to (Jord;, o’ ¢;) fori=1,..., k=1, (Jord", o’ €") =
(Jordy, o', ;). We say that a triple (Jord, o’, €) € Trip is admissible if it dominates a
triple of alternated type. The set of all admissible triples is denoted Trip,,,,. Thus
we have Trip,; C Trip,,,, C Trip. Now we state the main theorem of classification.
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Theorem 2.8. There is a bijection between the set of discrete series repre-
sentations in Irr(G) and the set of all triples (Jord,o',e) € Trip,,, denoted
0 = O(Jordo' ), Such that

(i) Jord(o) = Jord and 0cysp >~ 0.

(ii) Let (Jord, o', €) € Trip,,. Then we can give an explicit description of o. For

every p such that Jord, # 0, denote elements of Jord, in an increasing order
ay < ay <...<ap . Now o is the unique irreducible subrepresentation of

X p X2y B[P p AN p]) 0 0.

(iii) Let (Jord,o’',€) € Trip,y,, and (2b+1, p) € Jord such that 2b__+1 := (2b+1)__
is defined and €(2b+1,p)e(2b__+1,p)"t = 1. Denote

Jord” = Jord\ {(2b+1,p), (2b_ +1,p)}

and €' a restriction of € on Jord” U (Jord” x Jord"”). Then it follows that
(Jord", o', €") € Trip,q,, and

g 8([v™"=p,%p]) x 0",
where 0" = 0(jorgn o vy . Additionally, §([v==p,v"=p]) x 0" is a direct sum
of two non-equivalent irreducible tempered representations T+ and there is a
unique T € {7_, 7.} such that

o — o[-

psV°p]) X .

Definition 2.9. We say that a representation o € Irr(G) is a strongly positive
representation if for every embedding o < v™1p; X - -+ X V" pp X 0pysp, for unitary
pi € Irt(GL,,) for i =1,... k and cuspidal representation o.,s, € Irr(G), we have
x; > 0 for every 1.

Strongly positive representations in Irr(G) are the discrete series representations
which are in a bijection with the alternated triples. We will see that the only
interesting case is when the earlier fixed p € Irr(GL) is selfdual. In that case,
we denote by a the unique non-negative real number such that v%p x o. reduces.

Also, denote r = [a]. We say that r-tuple of real numbers (iy,...,4,) is sp-
acceptable if 41 < ... <4, i —a€Zand a—r+j—1<4; for j =1,...,r.
For sp-acceptable r-tuple (z1,...,,), we denote 0 = 0(4,,..4,), if o is the unique

irreducible subrepresentation of
S "o, v p]) x ... x S([vp, v p]) X O

For the simplicity, the non-cuspidal discrete series representation o, . ., is denoted
O(ay,...0r)» Where t is the minimal element of the set {1,...,r} such that a—r+t < z.
We will now describe the classification of tempered representations in Irr(G) ob-
tained in [26]. According to the results of [6], every tempered 7 € Irr(G) is a sub-
representation of an induced representation of the form d; x ... X d; X o, where the
square-integrable representations 0; € Irr(GL) for i = 1,...,k and o € Irr(G) are
unique up to a permutation. Assume that 6, x o ~ g5, ®o_s, forevery t =1,... k.
Let ji,...,7x € {£}. Then there is the unique irreducible subrepresentation 7 of
01 X ... X 0 X o, which is a subrepresentation of

(51><...><5i,1><(5¢+1><...X(SkNaji(gi,foreveryizl,...,k.
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Such a representation 7 is denoted 0,5, .5, - In this way, it suffices to parametrize
os to obtain the classification of all tempered representations from Irr(G). It is the
content of Theorem 1.2 from [26] which we now state.

Theorem 2.10.  Let o denote a square-integrable representation from Irr(G), p
cuspidal selfdual representation from Irr(GL) and b € Zo. Assume that the induced
b—1 b—1
representation 0(p,b) x o reduces, where 6(p,b) ~§([v~"2 p,v =z p|).
(i) Assume Jord,(c)N[1,b] #0 and define a = max(Jord,(o) N [1,0]).

Then there is a unique irreducible subrepresentation of §(p,b) X o, denoted oy,
such that the following is equivalent:

(1) o5 embeds into §([v“z 1p, 1/%;)])2 x O[T p,v T pl) x 0.

(2) o5 embeds into §([v°T Tp,v"T p|)2 X A for some A € Irr(G).

(i) Assume Jord,(o) N[1,b] = 0. Assume that b is even.

Then there is a unique irreducible subrepresentation of §(p,b) X o, denoted oy,
such that the following is equivalent:

(1) o5 embeds into §([v2p, 1/%p])2 X 0.

(2) o5 embeds into §([v2p, vz p)2 x A for some A € Irr(G).

Assume that b is odd and Jord, # 0. Define a := min(Jord,(o)).

Then there is a unique irreducible subrepresentation of d(p,b) X o, denoted oy,
such that the following is equivalent:

(1) o5 embeds into 6([vp, l/biTlp])2 x 8([vp, v T pl) x p x o' for a square-
integrable representation o' € Irr(G).

(2) o5 embeds into 5([vp,v"7 p)2 x 8([vp,vT p|) x A for some X € Irr(G).

Moreover, o < 8([vp,v°T p]) x o' for the square-integrable representation o
as in the last item (1).

In the sequel we denote 7, ;=051 7 :=0_5.

Remark 2.11. The representation ¢’ from Theorem 2.10 can be described in
terms of the classification of discrete series representations, as in [26, Theorem 8.2
(5)]. For o, p as in the theorem, let a € Jord,(c) and a > 3. Assume that there is
k € Z~¢ such that [a —2k,a — 2] N Jord, (o) = 0.

. a=1 a=3 a=2(k-1)-1
Then o embeds into VZPpXVZpPpX...XV 2  pXo (5)

for square-integrable ¢’ € Irr(G). Let ¢’ € Irr(G) be an arbitrary square-integrable
representation such that o embeds into (5). If ¢” € Irr(G) such that

a—1 a—3 a—2(k—1)—1
O"—)I/2p><V2,O><...XV 2 p><]0',

then ¢’ ~ ¢”. Hence, ¢” is uniquely determined with o.
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We will now introduce some restrictions on the cuspidal representation p and real
numbers a, b from the definition of 7g. Note that from [12, Lemma 4.2] we get that
in R(G) we have

L(&([v"p, v¥p]), 6([v** p, " p])) 4 0
= L™ o, v ), 8([v ™5, v™"p))) % 0. (6)

The equality (6) enables us to pose additional conditions on real numbers a and
b. Note that knowing the composition series of mg X o, in case —a = |a| < b is
equivalent to knowing it in the case | — b — 1| < —a — 1. Since the composition
series of mg % 0, is determined for b+1 < 0 in [4], we can assume b+1 > 0. In this
way, assuming —a < b, we also solve the case —a > b+ 2. Therefore, determining
the composition series of mg X 0, in case —a < b+ 2 solves the problem in general.
The next lemma can be easily shown using the Langlands classification and the
classification of irreducible tempered representations.

Lemma 2.12.  Assumep % p ora & %Z. Then the induced representation wg X o,
is irreducible.

In the sequel we assume p ~ p and a € %Z. From Lemma 2.12 and earlier discussion
we conclude that it suffices to determine a composition series of a representation
mg X o, for —a < b or —a = b+ 1. For the sake of completeness, we state often
used Lemma 5.5 from [§].

Lemma 2.13. Let w denote an irreducible representation of G, and M, L Levi
factors of parabolic subgroups of G, such that M C L. Let A denote an irreducible
representation of M such that © < Ind{7(\). Then there exists an irreducible
representation p of L such that

(1) ™= Ind;"(p),
(2) p is a subquotient of Indi; ().

3. Representation m, % o,

Let us define the representation

o = L(8([v"p,v"p)), 8([v" p, 0" p]))

for real numbers x,a,b such that 0 < x < b and —a < b. In this section we classify
irreducible tempered subquotients of the representation m, x o.. The obtained
results will be extensively used to determine the composition series of 7g X o..

Since @ < 0 and b > 0, we conclude that [r, x ¢ ] contains p, or vzp with
multiplicity two. In any case, it follows that 7, X o. does not contain a strongly
positive subquotient. Hence, if 7 is an irreducible tempered subquotient of the
representation 7, X 0., then 7 embeds into an induced representation of the form
([v=*p,v¥p]) x 7'. Here z,y are real numbers such that 0 < z <y and 7" €Irr(G)
is a tempered representation. We will first determine irreducible tempered subquo-
tients of m, X 0. which are not discrete series representations.

Firstly, we determine all constituents of p*(m, % o.) of the form §([v~¥p,Yp|) @ 7,
for a non-negative real number y and some 7 € Irr(G).
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In R(G), the semi-simplification of p*(m, % 0.) equals

> L[ 2p, v p)), 6 p, v )
) < L(O([h 1 p, vPp]), 6([" 1 p, 1)) (7)
® LO([v 1 p, v p]), 6([+ p, v p])) % 0. (8)

Since §([v~Yp,¥p]) is a subquotient of (7), we have y € {—a,b,b+ 1}. We analyze
the candidates in each of these cases.

If y=b+1, then we have d; +1 <band do+1<b+1 for 1/b+1p to be contained
in the cuspidal support of the representation (7). From Lemma 2.3 now it directly
follows that the representation (7) does not have an essentially square-integrable
subquotient. Thus we see that this case is not possible.

Let us now assume [v%%1p vp] # () and y = b. Then we have dy = b+ 1. Since
—a < b, Lemma 2.3 implies (c1,¢2) € {(b,z), (a — 1,0),(a — 1,2)}.

o If (¢1,¢0) = (b,x), then b = ¢; < ¢ = z, which contradicts the assumption

xz <b.

o If (¢1,c0) = (a — 1,b), then d = —x — 1. The constituents we search for
are the subquotients of &([v=p,vbp]) ® v*Tip x §([v* p,v7%]) x o.. Here
we assume r < —a, since a — 1 =¢; < dy = —x —1. If + = —a, then

necessarily b+ 1 =a. If 0 <z < —a — 1, then [14, Lemma 3.6] implies that
the candidates are equal to §([v~"p, 1°p]) @ op41), for z =a—1 and —a =,
or 6([v=p,p]) @ o(pps1y, for —a=b=a—1 and v = o — 2.

o If (¢1,¢2) = (a — 1,2), then dy + 1 = —b. From the assumption ¢; < dy
it follows b < —a. Hence, we have b = —a and all candidates are the
subquotients of §([v=p, v p]) @ ([v* 1 p, "+ p]) xo.. Now it follows r = a—1
and it is easy to notice that these constituents are contained in the second item.

For the meaning of notation o)y and o1y, we remind the reader of the notations
below the Definition 2.9.

Let us now assume [v“p,v %] # () and y = —a. Then we have d; = b and
dys = b+ 1. Now Lemma 2.3 implies ¢y = x and ¢; = —a, so that the constituents
in this case are subquotients of

S([vp,v=p)) @ LO([v= " p, 1)), 8([v" o, v"H 1)) X o

Note that from ¢; < ¢y it follows —a < x. Since on the general linear part we
have a ladder representation with positive exponents in the cuspidal support, the
irreducible tempered subquotients of

L(3([v™ " p,v%p)), 6([v™ " p, ")) X 0

are determined in [4, Theorem 3.1]. Thus it is a strongly positive representation and
the assumption x < b implies —a+1=a —1 and z+ 1 = «. Thus we have proved
the following proposition.
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Proposition 3.1.  If the induced representation m, X o. contains an irreducible
tempered subquotient which is not discrete series representation, then we have one
of the following disjoint cases:

i) z=—-a and b=a—-1, (i) z=a—-1<-a—-1 and —a=0",
(ili) z=—-a+1=a—1, (iv) r=a—-2 and —a=b=a—1.

Let us define tempered representations which occur in the analysis in case y = b.
Assume 1 < a <b. For a real number x5 such that a — 1 < x5 < b, the results of
[17, Section 13] imply

S([v 2 p,v"p)) X oy = T @ T, (9)

From [18, Theorem 4.1 (ii)] it follows that the representatlon S([r=@Vp, vt pl) 0,

has a common tempered subquotient with §([v= @Y p, v*~1p]) x 0341y, which is its

unique irreducible subrepresentation. We parametrize the tempered representations
(”) following Theorem 2.10.

If a > 2, then Jord,(o(p41))N[1, 229+1] # 0. Now the parametrization of irreducible

subrepresentatlons of 6 ([v="2p,v™2p]) X o(p41) follows from Theorem 2.10 (i). More

precisely, 7'2(72) embeds into

([ o, w72 p]) x ([ p, ™ pl) X 6([ ™2 p, 22 p]) X o).

If o € {1,2}, then Jord,(o(p11)) N[1, 222 + 1] = 0. For the parametrizations in this
case we use Theorem 2.10 (ii).

e If a =5, we get 72(’9:%) < 0([vzp,v™2p]) x 8([v2p, v*2p]) % O(b+1), Which is a

spemal Case of analysis in the case a > 2.

e If a=1, we get 7‘2( — §([vp, v=2p]) x §([vp, v®2p]) x 6([vp, V" ip]) X p X 7.

In this embeddmg 7' € Irr(G) is a discrete series representation such that
o1y = 6([vp, "™ p]) x 7', From the embedding o1y < 6([vp, "™ p]) x 0.
and the Remark 2.11, we conclude 7’ ~ o..

a—1 i

Note that for oo > % and 75 = o — 1, a representation of the form v* 'p@v*lp@r
for 7 € Irr(G) is a constituent of the Jacquet module of TQ(’TD with respect to the
appropriate parabolic subgroup. Nevertheless, the same is not true for Jacquet
modules of &([v= @ Yp, **1p]) x o,. This follows easily from the formula (7) and

1)

the assumption b+ 1 > «. Thus 7'2(’6“: is the unique irreducible subrepresentation

of §([v=(@Vp, P+ p]) x o,

We prove the next proposition under the assumptions from Proposition 3.1 (i). Here
the representation 7, is isomorphic to L(§([v=%p,v* 1)), 8([v"p, v¥p])).

Proposition 3.2.  Assume b = a — 1 and —a = x. The induced representation
e X 0. contains an irreducible tempered subquotient which is not a discrete series
representation if and only if x = a—1. In that case it is unique, embeds into m, X o..

and for a« =1 1is isomorphic to 7‘2(?_), while for a > % is isomorphic to 72(0_1 b,

Proof. 1If @« =1, then since 0 <z <b=a—1=0, we have m, ~ L(p,vp),
7‘2( J)r D7y ( ) ~ ~ px o and 7'2(’01 is parametrized by embedding into vp x p x o.. From

Lemma 2.13 it follows that 72(?2 embeds into §([p, vp])xo. or L(p,vp)Xo. ~ 7, X0..



1084 BOSNJAK

Because of the embeddings 7'2(703 — §([p,vp]) X 0. = vp X p x 0. and the definition
of 7'2(?J)r, we see that the first option is not possible. Thus it follows that 7'2(?2 is a

subrepresentation of m, X o..

If a > %, then we have two possibilities: © = a—1 and 0 <z < o — 2. For
r=a—1 we have m, =~ L(§([v=@Yp, 02 1p]),v%p). Let us define the induced
representation IT = §([v=(@=Yp, 271 p]) x v%p x 0. Note that the embeddings

Tyt ' ® 7'2(?‘:1) ~ §([r= @ Vp, 21 p]) x O(a) = S([v= @ Vp, 2 L)) x v X o,

and Lemma 2.13 imply that irreducible representations 7'2(70:1) and 72(?:_1) embed

into 7, x o, or §([v~@Vp,v%p]) x 0. Since we have seen earlier that 72(?:1)

a subquotient of §([=(=Yp, v¥p]) x .., we obtain that 7'2(,0:1)

of m, X o,.

is not

is a subrepresentation

For 0 <z < a—2 we prove that the induced representation 7, x o, does not contain
a tempered subquotient Téit_l). Namely, if it contains 7'2(70‘;1), then the Frobenius
reciprocity implies that 7, x 0. contains v* L p@ v p@d([v= (=2 p, 12 p]) @ o (p11)
or §([v=@Vp v°p]) ® o, in the Jacquet module with respect to the appropriate

parabolic subgroup. We respectively show that it is not possible.

Note that ((—(z + 1),z), (¢ — 2,«)) is the unique element of Lad(,)" for which
the corresponding constituent in p*(m, x o.) is of the form v*~'p @ ' for some
' € R(G). Let us denote m = L(§([v"p, v 2p]), 8([v" p,v%p])) and observe
that 7' ~ m; % 0.. Furthermore, p*(m % 0.) does not contain a constituent of the
form v*p@a” for some 7" € R(G). Note that for every element ((c1,c2), (di,d2))
of Lad(m;)’, the induced representation

L(3([v=2p, v D)), 6([v = p, v7p])) x L(S([v™ p, 0272 p]), 6([ " p, vp)]))

is not isomorphic to v 1p since every element of {—(x +1),z,a — 2, a} is different
from o — 1.

On the other hand, ((¢,d), (¢,d)) for real numbers ¢, d such that ¢ < d are the only

elements of Lad(m,)" such that my from m ® my < p*(m, % 0.) is isomorphic to o.
Note that Lemma 2.3 implies that if representation

L(([vp, v V), 6([v=p, v7pl)) x L(S([v p, v p]), 6([v " p, %))

contains ([~ @ Vp,v%p]), then ¢ = a — 1 or d = «a. Since §([v=@Vp,v%p)])
contains v%p in a cuspidal support and we have 0 < x < a — 2, it follows that
c=a—1. From ¢ < d < « it follows d = «, a contradiction.

Finally, let us denote with 7 the tempered representation 7'2(:1_1) for which we showed
that it is a subrepresentation of 7, x .. If it has the multiplicity in 7, % 0. greater
than or equal to two, we have the following embeddings:

TOT =y X oe = 6([r" Vo, v 1)) x 1Y x 0.
Using Lemma 2.13 and [18, Proposition 3.1], we have two possibilities: 7 & 7

embeds into d([v= @ Vp, 27 1p]) x 014y or §([v= @ Vp, 2 1p]) x L(v=p;0.). The
first embedding is not possible since 7 has the multiplicity one in that induced
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representation. The second embedding is not possible because of the following
embeddings and the Casselman’s criterion:

T&T = o[ Vo, v ) x L(v™ps00) = 0([v™ P, p]) x v x 0.
This finishes the proof of the proposition. [ |

Let us assume the conditions from Proposition 3.1 (ii) in the next proposition. It is
proved in a similar manner as Proposition 3.2.

Proposition 3.3. Assume —a = b and v = a — 1 < —a — 1. The induced
representation m, X 0. contains the unique irreducible tempered subquotient which
is not discrete series representation. It embeds into m, x o. and for a« = 1 is
isomorphic to Tg(f)z, while for a > % is isomorphic to 7'2(?_

Let us define tempered representations which occur in the analysis in case y = —a.
Assume 0 < o — 1 < b. For a real number x; such that « — 2 < a7 < b —1, the
results of [17, Section 13] imply

5[V p, ™)) 2 oy 2 T @ 7.

From Theorem 4.1 (i) in [18] it follows that §([v= "2 p,1¥p]) X 0,41y has a com-
mon tempered subquotient with §([v= @2 p, v*=2p]) X 03,441y, Which is its unique

. . . . . -2
irreducible subrepresentation. Let us parametrize representations 7'1((1 )

If o > 3, then Jord,(o@pps1)) N [1,2(a —2) + 1] # 0. According to Theorem 2.10

(i), the representation Tl(f)_fQ) embeds into the induced representation
v x v 2p x S([v TV p, v pl) Moy,

If a € {2,2}, then Jord,(o@p11)) N[1,2(cc — 2) 4+ 1] = @. For the parametrizations
in this case we use Theorem 2.10 (ii).

(

o If a =3, it follows Tlf:Q)

1 1 . . .
5 — V2p X V2p X 0@ p41), Which is a special case of
the parametrization in case a > 3.

o If =2, it follows Tl(g)r — 0([vp, V%p]) x pxw’, where 7’ € Irr(G) is such that

Tbpr1) — O([vp,vp]) x ', The embedding o p11) — 6([vp,V"p]) X o1y
and Remark 2.11 imply 7’ >~ o(y41).

Note that if a > g, then a representation of the form v 2p ® v*2p @ n”, for

some 7" € Irr(G), is a constituent of the Jacquet module of Tl(ifz) with respect to
the appropriate parabolic subgroup. This is not a case with the Jacquet modules
of §([v=@Pp,vbp]) X 0441y, which easily follows from the formula (7) and the
assumption b > o — 1. Thus 7*% < ([ @D, vbp]) X 11

Let us assume the conditions from Proposition 3.1 (iii) in the next proposition.
Proof of the following proposition follows the lines of the proof of Proposition 3.2.

Proposition 3.4. Assume v = —a+1 = a — 1. The induced representation

e X 0. contains the unique irreducible tempered subquotient which is not a discrete
series representation. It embeds into m, X 0. and for a = 2 is isomorphic to 7‘1(2)_,
while for a > % s isomorphic to Tl(fy:Q).
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We have seen that, under the assumptions from Proposition 3.1 (iv), the irre-
ducible induced representation &([v=( @~V p, 12 1p]) X 0414 is a candidate for a
subquotient of representation m, X o.. Here, the representation m, is isomorphic
to L(5([v= @Y p, 2 1p]), ([ 'p,v%p])). Note that a representation of the form
v lp@ v lp@uvelp @l for some 7' € Irr(G), is a constituent of the Jacquet
module of §([v= @Y p, v 1p]) X (41,4 With respect to the appropriate parabolic
subgroup. This follows easily from the formula (3) and the fact that v* 'p® oy is
a constituent of 1*(0(a—1,0)). On the other hand, this is not the case for the Jacquet
modules of 7, X 0.. Namely, every constituent of the form v* 'p®@v*1p® ", for
some 7" € Irr(G), of the Jacquet module of 7, x o, with respect to the appropriate
parabolic subgroup is a subquotient of

vV p @t @ LS([v 2 p, v 2p)), 6([v* ' p, v7p])) % o
But from the formula (3) we see that if m ® 7, is a constituent of

p (L p, 0272 p]), 6([v o, vp])) X o)

such that v !p € [m], then v°p € [m]. Hence, §([v= @ Vp, v 1p]) X 01414 is
not a subquotient of m, X o.. In this way, we have finished the analysis of irreducible
tempered subquotients of the induced representation 7, X o..

Let us now analyze the discrete series subquotients of 7, x o.. We use the classi-
fication of discrete series representations to determine possible discrete series sub-
quotients of m, x o.. More precisely, a non-strongly positive discrete series repre-
sentation ¢ embeds into an induced representation of the form

S([v%p,vYp]) x o,

where o' is a discrete series representation and y,z are real numbers such that

0 < z < y. Moreover, in Jord,(c) we have (2y + 1) = 2z + 1. The Frobenius
reciprocity implies that 0([v~*p,¥p]) @ o’ is a constituent of p*(o). In this way,
we determine candidates for discrete series subquotients of 7w, x o, according to the
constituents of p*(m, x o.) of described form.

In the same way as in the analysis of tempered subquotients of 7, x o. which are
not discrete series representations, we get y € {—a, b}. Let us first analyze the case
where [v4t1p 1%p] # 0 and y = b. The following constituents of p*(m, x o.) are of
the required form:
L 6([vep, PR L+ p, v-29]), 8([ L p, 14 p])) 0, for dy = —a, ¢ = @
and ¢; > 0,
2. 0([v=2p,%p]) @ L(([v*p, v p]), 6([2H p, ¥ p])) ¥ o, for dy = —2 — 1,
ci=a—1and ¢ >0,
3. 6([vhtip, vPp)) @ L(§([v%p, v¥p)), 8([v*Hp, P 1p])) ., for ¢y =a—1, ¢y =
and d; +1 < 0.

In the first case, from ¢; +1>1, x +1>1 and ¢; < ¢y = x, it follows that

LO(vp, v o)), 6([v o, "))

is a ladder representation with exponents in the cuspidal support greater than or
equal to one.
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Theorem 3.1 from [4] describes irreducible tempered subquotients of the induced
representation L(5([vHp, v=p]), 6([v" 1 p, P 1p])) x 0.

Let us consider the case ¢; = —a. We necessarily have * = a — 1. Hence, the
candidates for discrete series representations are subquotients of &([v%p, vbp])
ow+1)- The classification of discrete series representations implies (2b + 1) =
2(—a) + 1. Now from the form of the set Jord,(op41)) we get o — 1 = = < —a.
This is a contradiction with the assumptions —a = ¢; < ¢s = .

On the other hand, if both square-integrable parameters are non-trivial representa-
tions, then cy +1=a—1and z+1= a Hence, the candidates for discrete series
representations are subquotients of §([v= ("2 p, vbp]) x 0(_ap41). Note that we have
(20+1) =2(a—2)+1, 2(—a)+ 1 € Jord,(0(—qp+1)) and o —1 < —a < b. This
is a contradiction with the classification of discrete series representations. Hence, in
the first case we do not have candidates for discrete series subquotients of 7, x o..

In the second case, the result [14, Lemma 3.6] determines discrete series subquotients
of the induced representation L(§([v%p, v~ 1p]),d([v2p, " 1p])) x o.. In the
Grothendieck group R(G), it is equal to

3([v* v pl) x 8([v= T p, " p]) @ g (10)

If 0 <2 < —a—1, then the discrete series subquotient of (10) is isomorphic to
O(—apt+1) OF it embeds into &([%p, v°p]) X o(,11). Repeating the arguments from the
first case, we see that it is not isomorphic to o(_q+1). The second option assumes
r=a—1and ¢ = —a. If x = —a, then the discrete series subquotient of (10)
embeds into §([r~ @V p, vp]) x O@+1)- Here we assume c; = a — 1. Altogether,
note that the conditions under which we have obtained these candidates are —a > «
and r=a—1,f0<zr<-a—-1,and —a=x<a-—1,if —a <zx.

In the third case, we need to determine the discrete series subquotients of the induced
representation L(3([v%p, v%1pl), 6([v" 1 p, v*T1p])) x o.. In the Grothendieck group
R(G), it is equal to

S([v="p,v=%]) x 0(["  p, "+ p]) X 0. (11)

Again by the result [14, Lemma 3.6], the induced representation (11) contains a
discrete series subquotient if (dy,z) € {(—a, —a),(a — L,a — 1), (—a+ 1,a — 1)}.
If (di,z) = (—a+1,a—1), the candidates are discrete series subrepresentations of
§([v= @D p,1Pp]) X 0(_4p11) Obtained by the classification. We have seen in the first
case that there are no such candidates. Hence, we are left to analyze the possibilities
with o(11) on the classical part. We consider discrete series representations which
embed into the following induced representations:

* §<[U—(a—1)p, pr]) X O(b+1) if (dlwx) = (—CY, _a)a
o 0([v2p, V%)) X o(py1), if (di,2) = (a— 1,0 — 1).

Note that —a > a — 1 is the common assumption under which we obtain these
discrete series representations for the candidates.

Note that we have showed that §([v*p, 1°p]) ® o(p+1) is a constituent of p*(m, x o)
of multiplicity two, if 0 <z < —a—1 and z = a—1. If x = —a, the representation
§([v= @ Yp,12p]) ® 041y is a constituent of p*(m, x o.) of multiplicity one.
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Let us finally analyze the case where [v™p, v %] # () and y = —a. We obtain
candidates from the constituent

S([v=p,vp]) @ L(([v* p,v°p]), 6([v" o, ¥ p])) X 0 (12)

of p*(my @ o.) for ((c1,),(b,b+1)) € Lad(m,)". Since we have assumed ¢; > 0, the
only candidate for tempered subquotient of a representation on the second factor
of (12) is a strongly positive representation. From Theorem 3.1 in [4] it follows
ci+1=a—-1and 2+ 1= a. According to [18, Theorem 2.1], if —a < b, the
induced representation §([v~(*"2p,v=%]) x 05,1y contains exactly two discrete
series subrepresentations. We conclude that at most one of them is a subquotient
of 7, x o.. Namely, we have shown that all candidates are subquotients of (12) and
Omp+1) is the multiplicity-one subquotient of the representation on the classical part.
If —a <z, then from —a<r=a—1and a—2 < —a it follows —a=z=a — 1.
If 0<z< —a-1, then from z = o — 1 it follows a < —a. The next lemma will
be useful throughout the paper.

Lemma 3.5. Let o denote a discrete series representation which embeds into
the induced representation 6([v=p,1°p]) X o1y for real numbers y,b such that
max{0,a — 1} <y <b and ((2b+1,p),(2(b+1)+1,p)) = —1.

Then the representation of the form v"*lp @ 7' for some n' € Irr(G) is not a
constituent of pu*(o).

Proof. Firstly, note that Lemma 2.13 and the following embeddings
o = 8([v™"p,17p]) X aprn) = ([ Vp, 1)) x VT p x o

imply that o embeds into 6([v=¥p, V" p]) x o) or L(6([v7¥p, %)), V" p) X o).
If it embeds into 6([v~Yp, "™ p]) X o), then from the result [13, Proposition 3.2]
it follows o ~ o0y4,, for the discrete series representation oy defined there. This
is not possible since the values of €, and €,,. on ((2b + 1,p),(2(b + 1) + 1,p))
differentiate. Hence, o < L(6([v™Yp,v%p]), " 'p) x o). The formula (3) implies
that p*(L(6([v¥p, 1 p]), "™ p) X o)) does not contain a constituent of the form
1 p @ 7 for some 7' € Irr(G). This proves the lemma. n

Let us denote a discrete series subrepresentation of d([v%p, %p]) X o4+1) such that
€0 ((20+1,p), (2(b+1) +1,p)) = —1 with o¢. The other one is denoted of.

Proposition 3.6. If the induced representation m, X o. has a discrete series
subquotient, then 0 < x < —a < b and x = a — 1. In that case, if a > 2, discrete
series representation embeds into §([v= "2 p,v=]) X 11y, while if a € {1,3},
it is isomorphic to oy.

Proof.  Analyzing the constituents of p*(m, % o.), we have seen that candidates
for discrete series subquotients of m, X o, are subrepresentations of

(1) 8([v*p, v p]) X o1y oOF S([v= @2 p, v7p]) x Tpr1), f o < —aand v =a—1,
(i) o(v=Vp,vtp]) X op41), if t = —a and  # o — 1.

Note that the Jordan blocks of discrete series representations in (i) are equal.
Namely, we have Jord, = {2(—a)+1,2b+1,2(b+1)+1}UJord, (o) \ {2(v—1) +1}.
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The discrete series subrepresentations of 6([v%p,%p]) x 041y are characterized by
the values of the e-function:

e((2(a=2) +1,p),(2(=a) + L, p)) - e((2b+ 1,p), (2(b+ 1) + 1,p)) = -1,
€((2(—a)+1,p),(2b+1,p)) =1 and €e((z_,p),(x,p)) = —1 on other z € Jord,.

The discrete series representation of, such that
606((2(a - 2) + 1,P), (2(—&) + 1,P)> =—1, 606((2b + 1710)7 (2(b + 1) + l,p)) =1,

embeds into §([v=tp, *T1p]) x 0. — Vp x §([v~bp,vbp]) % o.. The Frobenius
reciprocity now implies that p*(o}) has a constituent of the form v**!p& =’ for some
7" € Irr(G). The formula (3) shows that the same is not the case for the Jacquet
modules of 7w, x o.. Hence, the only candidate is the discrete series representation
0o such that

€ro((2(=2) +1,p), 2(=a) + 1,p)) = 1, €, ((20+1,p),(2(b+1) + 1,p)) = —1.
Hence, we see that for a > 2 discrete series representation oy also embeds into
S([v= 2 p,v=p]) X (11 -
Next we show that, in case © = —a and x # a — 1, the discrete series subquotients
of representation in (ii) are not subquotients of 7, x o.. Let us denote by o a
discrete series subquotient of (ii) such that e,((20+ 1,p),(2(b+ 1)+ 1,p)) = —1.
For the other discrete series subquotient o', in the analogous way as for o(,, one can
see that it is not a subquotient of 7, x o.. In the following cases we prove that o
is also not a subquotient of 7, % 0.
Assume that a = 1. According to the classification of discrete series representations,
o embeds into &([vp,%p]) x Tg(fi. The parametrization of TQ(?J)F implies 7-2(7042 —
§([vp, v*1p]) x p x o.. Hence, we have the following embeddings

3([vp, vPp)) 3 7L < 8([vp, v pl) x 8([vp, " p]) x p x o

b+1p X 7T”,

for some 7" € Irr(G). From Lemma 3.5 it follows o’ < §([vp, v°p]) ><172(70J)r. Moreover,

from the parametrization of 7'2(7(2 and Lemma 2.13, it follows that 72(?2 embeds into

L(p, 5([vp,**1p])) x 0. If o is a subquotient of 7, x 0., then §([vp, vPp]) @ i” is

a constituent of u*(m, % 0.). From the analysis of the constituents of p*(m, % o.)
of the form §([vp,’p]) @ 7 for some m € R(G), it follows that 7 is isomorphic to

L(5([v==p, p)), 0([v= L p, *1p])) x o, and 7'2(?2 <. Since x # 0, in R(GL) we have

L(é([y_xpv p]), (5([y$+1p7 l/b+1p])) — 5([p7 V:Cp]) % (5([Vz+1p, Vb+1p])
= 6(lp, V1)) + L3 ([p, v* ), 6 ([ p, 17 ).

It is easy to see that we necessarily have 75 < L(6([p, v*p]), 8([v" 1 p, 1+ p])) % .

On the other hand, one can see that L(p, (57(_[1/;), "*1p])) ® o, is not a constituent of
W (L(([o, v7p]), 0([v* o, v+ p])) X o).

Now assume o > % We will show that o embeds into a representation of the form
v lp x 7’ for some 7' € Irr(G). The Frobenius reciprocity then implies that o is
not a subquotient of m, x o.. Precisely, the assumptions z # o —1 and o — 1 < b
imply that p*(m, % 0.) does not have a constituent of the form v* 1p@7’. We have

shown 72(7&:1) — (v~ p, vt p]) % 0.

~ §([vp, l/pr]) x 0([vp, pr]) X pPXNO. =V

)
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Because of the isomorphism

3([v°p,v"p]) x 6([v= @V p, ")) e = 5[V, p]) X 6([%p, 1)) M 0

and Lemma 3.5, we have o < §([v%p, 1°p]) Tz(ff:l). The parametrization of Tz(ifl)

implies o < 0([v%p, 1°p]) x v tp x v p x 7/, for some 7' € Irr(G). If o embeds
into §([v*1p,vbp]) x 2 tp x 7/, then the claim is true because of the isomorphism
S([vtp, vPp]) x 12l p = b2 p x §([1* 1 p, 1Pp]). Otherwise, the claim follows from
the embedding L(v*1p,d([v%p,°p])) — v*~1p x §([v*p,v’p]). This finishes the
proof of the proposition. [ |

Proposition 3.7. The induced representation m, X o. has a discrete series sub-
quotient if and only if 0 < x < —a < b and x = a—1. In that case, 7w, X o. has the
unique discrete series subquotient; it is isomorphic to oy and embeds into m, X o..

Proof. If the induced representation 7, X o. has a discrete series subquotient,
then Proposition 3.6 implies 0 < x < —a < b and * = a — 1. Conversely, assume
that these conditions hold. Because of the following embeddings
oo = 6([V*p, V°p]) X oi1) = O([%p, v7p]) x §([v*p, V" p]) x o,
and Lemma 2.13, the discrete series representation o, embeds into the induced
representations 7, X . or §([v%p, V" p]) x §([v¥p, °p]) % o.. If 0y embeds into
[V, ")) < 6([vp, v p]) X o = VP p < 8([v7p, 0p]) X% 8([v2p, v7p]) X o

the Frobenius reciprocity implies that p*(og) contains a constituent of the form
W p @' for some 7 € Irr(G). But according to Lemma 3.5, this is not possible,
and thus o9 embeds into 7, X o..

Now we are in a position to prove that the other discrete series representation of
§([v= @D p,v7%]) x oppe1) 1S nOt a subquotient of 7, x .. We have shown that
S([v= @2 p, v=p]) ® O p41) 1 a constituent of p*(m, x 0,) of multiplicity one. From
the exactness of Jacquet modules, it follows that it is obtained from p*(og) since oy
is a subquotient of m, X o,. ]

Results of this section are summarized in the following theorem.

Theorem 3.8.  The induced representation
e X 0 = L(6([v"p,v°p]), ([v*+ p, "1 p])) 1 o
such that 0 < x <b and —a <b has

(i) an irreducible tempered subquotient which is not a discrete series representation
ifand only if rt = —a+1=a—-1andr=a—-1< —a=0>.

(ii) a discrete series representation if and only if t = o —1 < —a < b.

In that case, the irreducible tempered subquotient is unique and it is a subrepresen-
tation of m, x o.. We denote it by T.

If r=—a+1=a—1, 7 is isomorphic to Tl(g)r for a =2 and to 7'1(?‘:2) for a > g
Ifr=a—-1< —a=D>, 7 is isomorphic to 7'2(62 for a =1 and to 7'2((1 for a > %

Ifr=a—-1< —a<b, 7 is isomorphic to oy.
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Proof. Note that the proof of this theorem follows from Proposition 3.4 in the
first case, from Propositions 3.2 and 3.3 in the second case and from Proposition 3.7
in the third case. |

4. Tempered subquotients of g % o,

In this section we determine irreducible tempered subquotients of the induced rep-
resentation mg X o.. Recall, the representation 7g is isomorphic to

L([v*p, V")), 6([v*F p, "))

for real numbers a,b such that a < 0 and —a < b or b = —a — 1. The following
lemma will be important in the rest of this section. It is a direct consequence of the
classification of discrete series representations.

Lemma 4.1.  Let © denote a representation in R(G) such that the multiset [7]ar
is non-empty and its elements are of the form v*p for real number x and the cuspidal
representation p fized earlier. Let M denote the mazximal exponent in [r|qr -

(i) If a discrete series representation o is a subquotient of 7, then 2M + 1 is an
element of Jord,(o).

(il) If M s of multiplicity at least two in 7]y, then m does not contain a discrete
series subquotient.

We will first resolve the case b = —a — 1. Note that mg is the Speh representation
since it is isomorphic to the Langlands subrepresentation of

vTES([V v T p]) X v (VR p, v ).

From the formula (3), it follows that an irreducible tempered subquotient 7 of
Tg X 0. embeds into

° ([ %p,vp]) x 7',
where 7/ is an irreducible tempered representation and y, z are real numbers such
that 0 <z <y and y € {—a — 1, —a}.
If y = —a, then we have 7 — §([v?p, v %)]) x 7/ = v =% x §([v2p, v 1p]) x 7.
Hence, p*(7) has a constituent of the form v=%p ® ', for some ©” € R(G). This is
not the case for p*(mgxo.). In this way we see that the tempered subrepresentations
which occur in that case are not subquotients of mg X o..

Let us analyze the case y = —a— 1. In p*(7g X 0.), the representations of the form
§([v¥p,v="1p]) @ 7' are subquotients of

S,y @ L3 (o p, ), 6 p ) e (13)
for ((a —1,a),(d1,—a)) € Lad(mg)" and
S([v=2p, v o)) @ L(S([v°p, v ™" p]), 6([v* p, %)) % o (14)

for ((a —1,¢2),(—a — 1,—a)) € Lad(rs)'. Let us denote with 7 ® 7 any of
the representations (13) and (14). Since —a is the maximal exponent in [ms]gr of
multiplicity at least two, from Lemma 4.1 (ii) it follows that 7o does not contain a
discrete series subquotient.
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In this way, we have reduced the set of candidates for the tempered subquotient of
mg X 0. to the set of subquotients of

([ o, v p]) < L(3([vp, v ™ p]), v p) X

obtained for d; = a or ¢ = —a — 1. Furthermore, note that the candidates
for tempered subquotients of L(§([v%p, v 1p]), %) % o, are not obtained from
([ p, v 1p]) @ v x 1% % 0,. Namely, the assumption —a > 1 implies that
the induced representation v%pxv~%pxo,. does not contain a tempered subquotient.
Hence, the tempered subquotients necessarily embed into 6([v%p,v=%p]) x 7", for
some tempered representation 77 € Irr(G). Thus 7 embeds into

([ o, v p]) < 3([v v p]) X} T = 8 ([ p, v p]) X S([p T T p]) T
In an analogous way as in the beginning of the case, the embedings show that 7 is
not a subquotient of 7g X o..

In the rest of this section we consider the case —a < b. Firstly, we determine
tempered subquotients of mg x 0. which are not discrete series representations. As
earlier, denote with 7 an irreducible tempered representation which is a candidate
for a subquotient of mg % o.. Note that y # —a, if —a < b, and y # b+ 1. Let us
analyze the candidates for y = —a — 1. All such candidates are subquotients of

([ p, v pl) @ L(3([vp, v p]), 6([v = p, " 1 p])) x 0 (15)

obtained for ((a —1,—a —1),(b,b+ 1)) € Lad(ms)". In terms of Theorem 3.8, for
r = —a — 1, the induced representation

Lo, ), 6([v~p, #*10])) x 0, (16)
contains an irreducible tempered subquotient if and only if + = —a — 1 = a — 1.
If —a = b, then it is isomorphic to 72“’1 for « = 1 and to Tz(bj_ for a« > 3. If

—a < b, then the representation (16) has the discrete series subquotient oy. Since
the tempered subquotients from Theorem 3.8 are unique and the representation
(15) contains all constituents of u*(7g x 0.) of the form §([v*™p, v~ 1p|) @ 7', for
some 7' € Irr(G), we conclude that there is at most one candidate for tempered
subquotient of mg X 0. of the desired form.

We will first deal with the case —a < b. Let us denote candidates for tempered
subquotients of mg X 0, with 754, such that 75 @ 75 ~ §([v= @Y, 21 p]) x 0y.
From Theorem 2.10 we get the parametrization of 75 , :

e T54 —vpx pxn, fora discrete series representation 7', if a =1,

o 5. = lpx vl x §([v @D 122p]) X 0y, if a > %

Proposition 4.2. Assume 1 < a = —a < b. Then the induced representation msX o,
contains the unique irreducible tempered subquotient of &([v=*"Yp, v 1p]) x 0y,
which is a subrepresentation of mg X o, and it is isomorphic to T5_ .

Proof.  From the embedding oy < §([v*p,v’p]) % 041y, we conclude
(1~ p, v p]) ¢ 0 < 61w~ p, 1)) x ([~ p, 1)) X 1
31,0l % 8,17 g]) 3 01,
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Let us analyze the case @« = 1. From the embeddings above, we conclude that
75+ embed into &([v1p, %)) 72(%):. Note that these representations have p ® oy
in the Jacquet modules with respect to appropriate parabolic subgroup with the
multiplicity one. Hence, each representation 75 1 embeds into exactly one represen-

tation &([v=tp, vbp]) x 7'2(7(1. From the parametrization of 7'2(2 in Theorem 2.10(ii),

it follows that 7'2(2 < §([p, "™ p]) x 0.. Using Lemma 3.5 and the embedding
Ts+ <> p X 09, we see that p*(75+) do not have a constituent of the form **'p@n’,
for some 7’ € Irr(G). Hence, the representation from the set {75_,75_}, which

embeds into

(

5[ p, ")) mf = 8(w 7 p o pl) X 8([p, v

pl) X e,

also embeds into mg x o.. We will show that 75 _ is the wanted representation.
From the formula (3), it is easy to note that the constituent of the form vp ® 7',
for some 7' € Irr(G), is not a constituent of p*(mg % 0.). Therefore, 754 is not a
subquotient of mg % o.. Hence, 75 _ — mg X 0,.

In the rest of the proof, we assume a > % The tempered representations TQ(i‘t_l)

embed into §([v=(@"Yp, 121 p]) x§([v2p, v*T p]) xo... According to Theorem 2.10, we
have 7,
2,4

tempered subquotient of §([r

— 12 L px v px§([v= @2 p, v 2p]) 0441y The common irreducible

a—1) a-1)

v pl) Moy and §([v @ Vp, v p)) 3oy,

as in [18, Theorem 4.1 (ii)], is isomorphic to 72(?:1). We conclude that

ri o ([, vPp]) 3 T < (w2 p, 1)) x B(Iv @V p, ) o

It remains to notice that 75_ does not embed into the induced representation
S([v=p,v*1p]) x o([v=@Vp,v¥p]) x .. On the contrary, p*(75_) would contain a
constituent of the form 1**'p @ 7', for some 7’ € Irr(G). But then the same holds
for p*(og), since a —1 < b+ 1. According to Lemma 3.5, this is not possible, and
we conclude 75— — mg X 0. ]

Let us now assume —a = b. The candidates for irreducible tempered subquotients
of mg X 0. are subrepresentations of induced representations

. pré}z,forazl,

o S([r~@Vp valp]) X 7'2(:1), for > 2.
Since the representations TZ(C:_L) embed into 6([v™%p,v*p|) X 0(a+1), the parametriza-

tion of the tempered candidate for a subquotient of mg X . is determined with its

embedding into o([v~%p, v*p]) X 7'2(1_1). We define the following representations:

e 74, which embeds into §([v'p, vp]) x 72(2, for a =1,
e 75, which embeds into d([v=%p, v%p]) X 7'2(?‘:1), for o > 3.

We prove the following proposition in a similar manner as Proposition 4.2.

Proposition 4.3. Let —a=b= «a > 1. Then the induced representation wg X o,
contains the unique irreducible tempered subquotient of p T2(12 , fora =1, or
S([r=@Yp, v2"1p]) 7'2(0_‘2 , fora > % It is a subrepresentation of mg X 0. and it
is isomorphic to 14, for « =1, and to 75, for a > %
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We are left to analyze the subquotients of the form §([v="p,v%p]) ® 7, for some
7 € Irr(G). They are subquotients of the following constituents of p*(7g x o.):

« 5([vlp,vPp]) @ L(6([vp, v~ 1)),V p) M e, for ((a—1,b),(—a—1,b+1))
in Lad(wg)’,

o §([vtp,vPp))@6([v= OV p, ¥ p]) %0, for ((a—1,a), (a—1,b+1)) in Lad(rs)’,
if —a=0.

An easy argument shows that, in case —a < b, the representation
L(3([v"p, v p]), " 1 p) % 0 (17)

does not contain a tempered subquotient. Let us determine its irreducible tempered
subquotients in case —a = b. In the Grothendieck group R(G), we have

L(8([v™"p, ")), "1 p) 3 0o 2 8([v " p, "7 p]) X VP p M g
~ 1" < S([vp, ")) xo = P x 5[0 Vp, b)) X o

— §([v= "V, p]) 3 0.+ L(S([r D p, 1)) )

In case b > 1, Theorem 3.8 and [18, Theorems 2.1, 4.1] determine tempered
subquotients of (17).

Let us first resolve the cases where b € {0,3}. The representation (17) contains
a tempered subquotient in case b = 0 if and only if a = 1, in which case it

is isomorphic to (). Hence, the tempered representations 72(703[ are candidates for

subquotients of mg X 0.. According to Theorem 2.10 (ii), we have 7-2(701 S UPXPXO,.

As earlier, an easy application of Lemma 2.13 gives us the next proposition.

Proposition 4.4. Let a = b= 0. The induced representation wg X 0. contains
an irreducible tempered subquotient which is not a discrete series representation if
and only if o = 1. In that case, it is unique, embeds into wg X o, and it is isomorphic
to 7'2(?2.

The representation (17) contains a tempered subquotient in case b = % if and only
if a equals % or % If a = %, then it is isomorphic to o3y, and if a = %, then to

0(1,3). The representation 7g is isomorphic to L(6([v=zp,v2p]), 8([vzp, v2p])).

1
Tempered representations 7'2(1) are candidates for subquotients of mgx0o.. According

1
to Theorem 2.10 (ii), we have 7'2(%3 <> VIp X vEp X 0(3)-

Proposition 4.5. Let —a=b= % The induced representation wg X o. contains

an irreducible tempered subquotient which is not a discrete series representation if

and only if a = % . In that case, it is unique, embeds into mg X o. and it is isomorphic
1

to 7'2(2’_)

Proof. Let us first show that, for a = %, there is an irreducible tempered

subquotient of mg % g.. As before, Lemma 2.13 and the embedding

(3) _1 1 1 3
2 o 51 3 p,vip)) x 3([Vip, v p)) % o

imply that each of them is a subrepresentation of g0, or §([v2p, v2p]) X2 pXoe.
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Note that in R(G) we have v2p x g, = oyt L(v~2p;0,). Assume that any of

these tempered representations embeds into 5([1/_%p, l/%p]) X V%p X 0. and denote it
7. Then the Casselman’s criterion implies that 7 embeds into §([v=2p, v2p]) % oL

From the result [18, Theorem 4.1 (ii)] it follows that the induced representation
o ([1/_% P, V%p]) X 01 has a unique irreducible tempered subquotlent As we will see,

T is isomorphic to T, Jr) From the formula (3), it follows that Ve PR wp ® o3y i

not a constituent of the J acquet module of mg X o, w1th respect to the approprlate

parabolic subgroup. Thus 7'2(+) — o([v~ 2p, 1/2p]) X 1/2p X 0. and 72( 2 o Tg X Oc.

On the other hand, we can easily see that, for a = 5, the irreducible tempered
representation §([v~2p, v2p]) x 0(1,3) Is not a subquotient of g x 0. It is again
a consequence of the fact that a representation of the form % p R % p®x', for
7' € Irr(G), is a constituent of the Jacquet module of §([v=2p, v2p]) ¥ 0(1,2), while
the same is not true for the Jacquet modules of g % 0. [ ]

Let us now consider the case where b > 1. In the analysis of the induced represen-
tation
5(1v= D p, 1)) o,

we differentiate the cases when the set [2(b—1)+1,2(b+1)+1]NJord,(o.) is empty
or not.

In case b — 1 > a, from [18, Theorem 2.1], it follows that it has two non-equivalent
discrete series representations o3, 04.

In case of non-empty intersection, we have 2(b—1)+1¢& Jord,(o.), since the elements
of Jord,(o.) are consecutive integers of the same parity. If 2(b+1) + 1 € Jord, (o)
it follows immediately from [18, Theorem 4.1 (i)] that the induced representation
§([v=®=Vp, *1p]) x 0. does not have any tempered subquotient. In this way, the
result [18, Theorem 4.1 (ii)] solves the only remaining case. It shows that the induced
representation §([v~®"Yp, v**1p]) x 0. has an irreducible tempered subquotient if
and only if b = «. As we have seen in the proof of Proposition 4.2, it is isomorphic
to 7'2(?1, for o« =1, and 7'2(?‘__1), for a > %

On the other hand, from Theorem 3.8, it follows that the induced representation
L(6([v=Yp,p]), v**1p) x 0, has an irreducible tempered subquotient if and only

if b= a — 1. Precisely, it is isomorphic to Tl(g)r, for « =2, and to 7‘1(706__2), for a > g

All together, for b > 1, we have the following candidates:
o ([ "p,v°p]) X 1( forb=a-1=1,
(a—
1

o O([vlp,vp]) x T ,forb:a—lzg,

(0)

o (v Pp, ) M1y, for b=a=1,

)

o §([v™0p, 1)) x 7'2(?‘__1), for b=a>3,

o d([vtp, %)) x o3 and §([v"p, %)) X a4, for b > a + 1.
In case b > a+1, we define tempered representations 7; y &7, = 6([v=°p, %)) x 04,
for ¢ = 3,4. Since 2(b— 1) +1 € Jord,(o;) N [1,2b + 1], we are in the setting of
Theorem 2.10 (i). Hence, 7; + is the unique irreducible tempered subrepresentation
of §([v="p,Pp]) x 0; which embeds into 1°p x v°p x §([v=C"Vp, P~ p]) x ;.
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Proposition 4.6. Let —a = b > 1. The induced representation mg X 0. has
a tempered subquotient which is not a discrete series representation if and only if
b > «a. If b= «, then the unique irreducible tempered subquotient of mg X 0.
which is not a discrete series representation is isomorphic to 14, for a = 1, and
to 15, for a > % If b > o+ 1, then the irreducible tempered subquotients of
Ts X 0. are isomorphic to T3_ and T4_. In each case, tempered subquotients are
subrepresentations of mg X o,.

Proof.  We need to analyze if the candidates from the list before the statement
of this proposition are subquotients of mg X o..

If b = a—1, then the candidate 7 is subrepresentation of a representation of the form
S([v=@=2p,v272p]) x 7/, for some tempered 7' € Irr(G). Since —a—1 = a — 2, the
earlier analysis implies that, if 7 is a subquotient of g x 0., then 7’ is a subquotient
of the induced representation (16). This is not possible since representation (16) has
a tempered subquotient if and only if —a = «.. Hence, these candidates do not give
subquotients of g % o,.

If b = «, the candidates for subquotients of mg X o, are tempered subrepresentations
of §([v~=%p,v*p]) x 72(’(2, for a =1, and o([v=p, v%¥p]) T2(a Y for a > 2 We have
seen in Proposition 4.3 that 7, and 75, defined earlier, are their only subrepresen-
tations which are subquotients of g % 0.

If b>a+1, from o; — 6([v=CYp, ")) x 0., we get
T = ([0, 17p]) x 8([v ™"V p, " p]) % o,

for i = 3,4. Then Lemma 2.13 implies that representation 7 € {734, 74+} embeds
into g x 0. or 6([v"""Vp,p]) x §([vbp, " 1p]) x o.. The following intertwining
operators and the parametrization of tempered representations 7; 1, for ¢ = 3,4,
imply that 73 _ and 74_ are subrepresentations of mg % 0.

o([r= D p,vPp]) x 8([v"p, " p]) X o

o Bl 0 ) Bl x

~ o([v=""Yp, V"p]) x 8([v= OV p, " p]) x vPp 2 o, (18)
~vp x §([v "V, v p]) x ([ =D p, ")) % 0 =

=0, 7 p]) x 6([= D p, " p]) 2 o,

where we have the isomorphism (18) because of the assumption b > « + 1. Since
a representation of the form 1°p ® v’p @ 7', for «' € Irr(G), is not in the Jacquet
module of g % 0. with respect to the appropriate parabolic subgroup, we conclude
that 7, ., for ¢ = 3,4, are not subrepresentations of mg < o.. [ |

— vPp x P x 6([v™

Let us now consider discrete series subquotients of mgxo.. Let —a € {0,1}. Assume
that the representation mg x 0. has a discrete series subquotient o. Counting the
multiplicities of p or l/%p in the cuspidal support of 7g, we conclude that ¢ embeds
into d([v~*p, v¥p]) xoy,. Here oy, denotes a strongly positive representation and y, z
are real numbers such that 0 < z < y and z = y_. In this way, a representation
of the form 1v¥p ® n’, for a positive number y and 7’ € Irr(G), is a constituent
of u*(mg x o.). According to the formula (4), we have y = b. Since b+ 1 is
the maximal exponent in [7g], we conclude [v%p, "™ p] C [o,]. The Frobenius
reciprocity implies that §([v=2p, v°p]) ® o, is a constituent of u*(7g % o.).
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Thus it is necessarily a subquotient of
o ([ @ Vp,v1p]) x 6([p, vPp]) @ 6([v¥p, P p]) % o, for a =0,

§([vap,vPp)) @ v=2p x §([v*p, "+ p]) x o, |
3
2>

Land a=1.

« 8([vzp,vbp]) @ 8([vep, M) X oy, for —a = 5 5

In each case we have z = a — 1.
If a=0and a > 2, then {2(a—2)+1,2(a—1)+1,20+1,2(b+1)+1} C Jord,(o).

From the following values of the e-function:

e ((2(a—=2)+1,p), 200+ 1) +1,p)
&((2(a—1)+1,p),(2b0+1,p)) =1,
(20 +1,p),(2(b+1) +1,p)) = -1,

we get 6, ((2(a—2)+1,p), (2(a—1)+1,p)) = 1. Hence, v* 'p@7’ is a constituent
of u*(mg x 0.). This implies « — 1 = b, contradicting the assumption o — 1 < b.
Hence, oo = 1.

If —a = 1, the induced representation v=2p x 0([v°p, " p]) x o, has a strongly
positive subquotient if and only if a = % But then 2 is an element of the set
Jord, (o) \ {2,2b+ 1}, which is impossible. Hence, o = £

For a« = 0 and a = 1, the candidate for a discrete series subquotient embeds
into §([p, v°p]) X o(p41). From [18, Theorem 2.1], it follows that there are two such
representations. We denote them o5 and of. Clearly,

Jord,(o5) = Jord,(o3) = {1,20+ 1,2(b+ 1) + 1}

and their partial cuspidal support is o.. The epsilon functions €, and €, are
defined as follows: €, ((1,p), (20 +1,p)) = €. ((1,p), (20 + 1,p)) = 1,

€05 ((20+1,p), 200+ 1)+ 1,p)) = =1, € ((20+1,p), (2(b+ 1)+ 1,p)) = 1.

Proposition 4.7. Let a =0<b and a = 1. The induced representation wg X o,
has the unique irreducible tempered subquotient, which is its subrepresentation and
is isomorphic to os.

Proof. Because of € ((20+1,p),(2(b+1)+1,p)) = 1, we have that oy embeds
into d([v~tp,*1p]) x o.. Hence, u*(ol) has a constituent of the form v**!p @ 7/
for 7' € Irr(G). Since the same is not true for p*(rg % o.), we conclude that of is
not a subquotient of mg X o.. Let us now show that o5 embeds into mg % o.. From
the embeddings

o5 = 8([p,1°p]) X opr1y = 8([p,1°p]) % 6([vp, V"' p]) % 0.

=75 X 0+ 8([p, " p]) x 8([vp,v°p]) X o (19)

and Lemma 2.13, we get that o5 embeds into one of representations from (19). From
Lemma 3.5 we know that p*(o5) does not contain v*™p® 7’ for n € Irr(G). Thus
it necessarily embeds into 7g X o..
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It remains to verify the uniqueness of the irreducible tempered subquotient of mgxao..
Note that we have shown earlier in the section that under the assumptions of the
proposition there is not an irreducible tempered subquotient which is not a discrete
series representation. |

Fora:—% and a =

embed into &([v~2p, vPp

, the candidates which are discrete series representations

[

[}

) X 041y We denote them og and og. Clearly,
Jord,(o6) = Jord,(og) = {2,260+ 1,2(b+ 1) + 1}
and their partial cuspidal support is o.. The epsilon functions are defined as follows:

60’6(27p) =—1, 60’6(<27p)7 (2b+ 1>p)) =1, 60’6<<2b+ 17p>7 (2(b + 1) + 1,P)) =—1,
€or(2,0) =1, € ((2,0), 20+ 1,p)) =1, € ((2b+1,p),(2(b+1) +1,p)) = 1.

The proof of the next proposition follows the lines of the proof of Proposition 4.7.

Proposition 4.8. Let —a = % < b and a = % The induced representation

T X o, has the unique irreducible tempered subquotient, which is its subrepresentation
and is isomorphic to og.

In the rest of this section, we assume a + 1 < 0. Again, we analyze constituents
of u*(mg x o.) of the form o([v=*p,Yp|) ® o, for a discrete series representation
o € Irr(G) and 0 < z < y. Also, the only possibilities for y are —a — 1 and b.

If y=—a — 1, the wanted constituents are subquotients of

0([v=p, ™" pl) @ L(3([v"p, v7p]), 8([v " o, v p])) % o,

obtained from ((a —1,¢2), (b,b+ 1)) € Lad(ms)’. In the notation of Theorem 3.8,
we have © = ¢y. Additionally, from Theorem 3.8 it follows that the representation
L(5([v2p, v°p)), 0([v* tp, v2T1p])) x o, has a discrete series subquotient if and only if
r=a—1< —a<b. Hence, if a—1 < —a—1, the candidates which are discrete series
representations embed into §([v=@Vp, v 1p]) x 0y. Again, from [18, Theorem
2.1, it follows that the candidates are two discrete series representations obtained
by the classification. They are characterized by the expansion of e-function of oy

such that e((2(a — 1)+ 1,p),(2(—a—1)+1,p)) =1 and
e((2(a=2)+1,p), 2 =1) +1,p)) - e((2(=a = 1) + 1,p),(2(=a) + 1,p)) = 1.

If e((2(—=a—1)+1,p),(2(—a) + 1,p)) = 1, then the discrete series representation
embeds into d([v*p,v™%]) x o', for discrete series representation o’ € Irr(G).

Thus it has a constituent of the form v~%p ® 7’ in the Jacquet module with respect
to the appropriate parabolic subgroup. We have already noted that this is not true
for Jacquet modules of g X 0.. In this way, for the only discrete series candidate
we have

€(2la=2)+1,p),2(a=1)+1,p) =e(2(-a—1)+1,p),(2(=a) +1,p)) = -1

This discrete series representation embeds into §([v%p, v°p]) x §([v2 1 p, V1 p]) x o,.
As we will soon show, this property is true for every discrete series representation
of m g XN 0.
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The candidates in the case y = b are obtained from the following constituents of
w(ms X o.):

S p, o)) @ L(5([v7p, v pl), 6 ([v* o, "1 p])) X 0 (20)
for ((a —1,a),(d1,b+ 1)) € Lad(rs)’ and
S([v=2p,v’p]) @ L(([v°p, v p)), 6([v= " p, "1 p])) X 0 (21)
for ((a —1,¢),(—a—1,b+1)) € Lad(ms)’.
Lemma 4.9. Let o denote a discrete series subquotient of mg X o.. Then
o = 6([vp,v°p]) x 6([v**p, 1" p]) x 0.

Proof. Counting multiplicities of p or vzp in [ms], we conclude that o embeds
into an induced representation of the form d([v="'p, v¥1p|) x 6([v~"2p,V¥?*p]) X 0.
Here oy, is a strongly positive representation and z;,y;, ¢ = 1,2 are real numbers
such that 0 < z; < y; and y; < yo. Also, we assume that this embedding is by

the classification of discrete series. In particular, (y;) = x;. Since W'p ® 7’
is a constituent of u*(mg % o.), we get y; = —a — 1 or y; = b. Since the case
y1 = —a — 1 is proved above the lemma, we consider y; = b. Also, yo = b+ 1,

because b+ 1 is the maximal exponent in [7g] of multiplicity one. Let us analyze
the candidates obtained from the constituents (20) and (21) of p*(wg % 0.). If we
denote —z = d; + 1, the representation (20) equals

5(1vp. 1)) ® L(S([v"p, v~ p]), ([ p, P p])) o (22)

for 0 < z < —a. For z = —a, the representation (22) is isomorphic to the repre-
sentation §([v%p, %p]) ® 0([v?p, v*T1p]) x o.. Hence, we get the desired induced
representation.

Let o’ denote a discrete series representation such that o’ < 6([v=2p, V"1 p]) x o,
and o < 6([v™1p,vbp]) x o’. Assume that o’ is a subquotient of

([ p, v~ ), 8([" o, v+ p]) 3 0, (23)
for 0 <z< —a—1.1If 2= —a—1, the representation (22) is isomorphic to
S([v**p, v0p]) © L(vp, 6([v**p, " p))) x o

Let m ® m be a constituent of u*(L(v%p,d([v*p,v*T1p])) % o.) such that the
representation &([v="2p, v"*1p]) is a subquotient of 7;. From Lemma 2.3, it follows
that 7 is not isomorphic to a representation of the form

LO([v™p,v=" p]), v "p) x i,

for a real number ¢y and 7] € Irr(GL). Thus we have —xs = a or v % € [m],
which together with Lemma 4.1 (i) implies 2(—a) + 1 € Jord,(oy,). From the
equality (2b+1) = 2(—a—1)+1, we get a contradiction to 2(—a)+1 € Jord,(o).
If 0 <2z < —a— 2, then Remark 2.11 and the fact that p*(7s x o.) does not
contain a constituent of the form v%p ® 7’ imply —xy = —z + 1. Again, let
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7 ® Ty be a constituent of p*(L(5([v%p, v=*"1p]), 6([v?p, P 1p])) x o.) such that
§([v=*1p, 1 p]) is a subquotient of ;. Since —z — 1 > a + 1, we conclude that
v~%1p appears in the cuspidal support of representation (23) with the multiplicity
three. On the other hand, [m] is a segment so there is v™*1p in [my]. Therefore,
the maximal exponent x in [my] is greater than or equal to —a — 1. In consequence
of Lemma 4.1(i) we obtain 2z 4+ 1 € Jord,(c). This is in a contradiction with
assumptions (2b+ 1) = 2z + 1 and z < —a — 2. Hence, we also do not have
candidates which are discrete series representations in this case.

Analyzing the candidates for discrete series representations obtained from (21), we
see that for ¢, = —a they embed into &([v%p, vbp]) x (v p, V1)) % 0.

If ¢ > —a + 1, there is no constituent m; ® my of

pLO([vp, v p)), 6([vetp, v 1 p])) X o)

such that &([v=*2p,v**1p]) is a subquotient of ;.

If 0 <cy < —a—1, then v~ % appears in the cuspidal support of the representation
L(§([vep,v=2"1p)), 6([ve2tLp, v**+1p])) x 0. with the multiplicity two. Again, from

Remark 2.11, it follows —x9 = —co +1 > a+ 2 so v % € [oy] and —a is the
maximal exponent in [oy,|. This is again a contradiction by Lemma 4.1 (i), since in
Jord, (o) we have (20 +1) = 2cy + 1. This finishes the proof. n

It remains to note that in case a + 1 < 0, according to [18, Theorems 2.1, 4.1], the
induced representation &([v™p, *T1p]) x o, has a discrete series subquotient only
in the cases

(i) 2(-=a—1)+1,2(b+ 1)+ 1N Jord,(o.) =0,
(i) 2(—a—1)+1,2(b+1)+1 ¢ Jord,(o.) and [2(—a—1)+1,2(b+1)+1]NJord,(o,)
is a singleton.

Note that (ii) is not possible, since the elements of Jord,(o.) are consecutive numbers
of the same parity and the minimal is equal to 1 or 2. In the case (i), which is
equivalent to —a > « + 1, the discrete series subquotients of §([v*"1p, "+ 1p]) x o,
are obtained by the classification. We denote them o3 and o4. Clearly,

Jord(o;) ={(2(—a—1)+1,p),(2(b+ 1) + 1, p)} U Jord(o.).

The epsilon function is defined such that €,,((2(—a—1)+1,p), (2(b+1)+1,p)) = 1.
In case Jord,(o.) =0, we have €,,(2(—a—1)+1,p) = €,,(2(b+ 1)+ 1,p) =1 and
€r,(2(—a—1)+1,p) =€, (2(b+1)+1,p) = —1.

Otherwise, we define €, ((x_, p), (z,p)) = —1, for x € Jord(c.) and i = 3,4, then
€os(2(—1)+1,p),(2(—a—1)+1,p)) = 1 and finally

(20— 1)+ 1,p), (2(~a— 1) + 1,p) = 1.

Additionally, if the set Jord,(o.) is non-empty and its elements are even numbers,
then the minimum of Jord,(¢;) is equal 2 and we have €,,(2,p) = €,.(2,p) = —1.
The classification of discrete series representations implies that, for ¢ = 3,4, there are
two discrete series representations o; 4 which embed into §([v%p, %p]) x 7;. Clearly,
Jord(o; +) = {(2(—a)+1, p), (2041, p) }UJord(o;). The epsilon functions are defined
such that they are equal to €, on Jord(c;), €5, ,((2(—a)+1,p),(20+1,p)) =1 and
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e (2(=a—1)+1,p), (2(=0) + 1,p)) - €5, (2b+ 1,p), (2(b+1) +1,p)) = 1. The
discrete series representations o; . and o; _ differentiate because of the definitions
of epsilon functions:

o ((2(=a = 1)+ 1,), (2(=a) + 1,)) = €5, ((2b+ 1,p), 20+ 1) + 1,p)) = 1.

€, ((2(=a—1)+1,p),(2(=a) + 1,p)) = €, _((2b+1,p), (2(b+ 1) +1,p)) = —1.
For o € {0, 1,0, _}, there is the unique irreducible tempered representation 7 which
embeds into 0([v%p,v~%]) x o; such that o — §([v=*"1p,%p]) x 7. Additionally,
we define o([v*p,v%]) X 0; ~ 7, @& 7; . From Theorem 2.10 (i), it follows that
7;+ embeds into v =% x v™% % \; for \; € Irr(G). One can show that o; . embeds
into §([v="p, Pp]) X 7i 4.

Lemma 4.10.  The unique irreducible tempered representation T such that o; 4
embeds into 6([v="p,Pp]) x T is isomorphic to Ti, for i = 3,4.

Proposition 4.11.  Let b > —a > a+1. The discrete series representations os _
and o4, are the only discrete series subquotients of mg X o.. Additionally, they are
its subrepresentations.

Proof. From Lemma 2.13 and the embeddings
die = 6([Vp, v p]) x ([ p, 1" p]) % o,

for 1 = 3,4, we see that o, 1 are Subrepresentatlons of the induced representation
g X a. or 0([v%p, V" 1p]) x §([v*Tip, 1Pp]) ¥ o.. Note that the following intertwining
operators

&[“wwpnxawa ) %0,
= 0 p, v p]) x O[T p, v %)) x 6
= (™) B o) 81 P x 0
~ §([v= p,v "p) x v x 6([v T p, v %)) X O ([T

%5([V p,Pp]) X v p x v x ([, T pl) X A p, v p)) o

(0.0 p)) x p 0

Vb+1p]> X 0,

and Lemma 4.10 imply that o3 _ and o4 are not subrepresentatlons of the induced
representation &([v%p, V" p]) x §([v*Ttp, 1Pp]) xo.. Hence, o; _ embeds into 75X 0.,
for i = 3,4. By the definition of representations o; ., it follows that u*(o; ) has a
constituent of the form **1p ® 7/. In this way we see that o, , for i = 3,4, are
not subquotients of the induced representation mg % o. [ ]

This finishes the analysis of tempered subquotients of mg % o, in case —a < b. To
conclude the section, we state the theorem which unifies the obtained results.

Theorem 4.12.  The induced representation

s X e = LO([v"p,v"p)), 6([v**p, " p])) % o,
such that 0 < —a < b, has

(i) an irreducible tempered subquotient which is not a discrete series representation
ifand only if —a=b=a—-1=0o0or —a=b=a=1% or —a=b>a+1 or

2
1<a=-—-a<hb.

(ii) a discrete series representation if and only if a =a—1=0<b or —a=a«a =
%<b orb>—-a>a+1.

In that case, the irreducible tempered subquotients are subrepresentations of wg X o,..
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If —a = b, the irreducible tempered subquotients of mg X 0. are given by the cases:
e b=a-1=0: 7,

1
e b=ua: 7'2(2_) fora:%,7'4f07“oz:1,7'5f0r042%,

e b>a+1: m_,7_.

If —a < b, the irreducible tempered subquotients of wg X o, are given by the cases:
e —a=a—1=0: o3,
e —a=uw: og for a= %, Ts— for a > 1,

e —a>a+1:03_,04_.

5. Non-tempered subquotients of wg x o,

In the last section of the paper we give a description of irreducible non-tempered
subquotients of mg x o.. In this way, we complete the description of the composition
series of representation mg X o.

Let L(dy,...,d;7) denote a subquotient of the induced representation g xo.. Then
w*(mg X o.) has a constituent of the form 6, ® 7', for some 7" € Irr(G). Hence, there
is a pair ((c1,¢2), (di,d2)) € Lad(ms)' such that &, is a subquotient of the induced
representation (4). Since e(d;) < 0, we necessarily have dy = b+ 1. Furthermore,
—a — 1 and —a differentiate by one, so Lemma 2.3 implies two possibilities:

1. ¢; =a— 1. Here §; is a subquotient of §([v=2p,v=271p]) x §([v1H1p, vbp]).

2. ¢y = a. Note that the inequalities a — 1 < ¢; < ¢p imply ¢; = a — 1. Here 0,
is isomorphic to §([v%H1p, 1Pp]) and we see that this case is contained in the
first one.

Let us now analyze the first, and the only, case. If d; +1 < b, then there are two
possibilities:

e 3 = a. Because of the assumption e(d;) < 0, we necessarily have d; + 1 =
—b—1. For a = —b — 1, the obtained constituent of p*(7s % o.) equals
o([v=""p,vPp]) @ O([v="p, v p]) X 0.

e ¢y > a+1. Here the only option is dy = —a—1 and ¢ = b+ 1. The obtained
constituent of p*(rs x o) equals §([v=0"1p,vbp]) @ §([v2p, v ="1p]) X o.
If d; = b, the obtained constituents of p*(mg x o.) are of the following form:

S([v=2p, v pl) @ L(6([v°p, v°p)), 6([v " p, ")) % o,

for a real number ¢, such that —a < ¢y < b+ 1. This is the place where we
use the results of Section 3. Namely, the tempered parameter T from L(d1;7) is a
subquotient of the representation m, xo., for a real number z such that —a < z <b.

Firstly, let us analyze the case b = —a — 1. From the first item above, we see that
the composition series of 6([v=°p, v*T1p]) x 0. determines the candidates in this case.
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If b= —%, the candidates are the following:
L(v=zp, v 2p; o.) and L(vzp; a(%)), if o = 4,
L(u*%p, V*%p; Tc)s otherwise.

If b > 0, along with the representation L(5([v=""1p,%p]),d([v=""1p,vPp]); 0.), we
have the following candidates:

L ([ p, vhp)); ), ifb=a—1=0,
LS([v 2, vhp)); ), ifb=a-1>3,
L(§([v="p,vbp]);01) and L(§([v=""1p,vbp]);00), if b > a.
Here 01 and o9 denote discrete series representations which embed into the induced
representation &([v=p, V" 1p]) x o..
Note that the listed candidates are subquotients of the induced representation
S([v="1p,vbp]) x §([v=p, " 1p]) x o.. In the Grothendieck group R(G), it equals
Ts X o+ 0([v 0 p, ")) x 8([vlp, vPp]) X o

Note that the representation §([v=0"1p, " 1p]) x 6([v="p,vbp]) % o, is tempered.
Hence, all listed candidates are subquotients of mg x o.. Additionally, note that all
subquotients of g x o, are its subrepresentations. Namely, it is unitary and thus
semisimple.

In the rest of the section, we analyze the case —a < b. We have seen that the
following constituents of p*(mws X 0.) give candidates for non-tempered subquotients
of mg X o.:

Loo(v="p, v~ 1p]) @ 6([v7p,v*p]) o,
2. 0([v=*p, v pl) @ L(8([v*p, vPp]), 6([v*+ p, "1 p])) X o, for —a <@ < b,
3. ("1, vp)) @ o([vep, v 1p]) X 0.

To obtain candidates in the first case, we need to describe the composition series of
the induced representation §([v%p,v°p]) x .. If —a = b, then the representation
§([v=tp,vbp]) x o, is

{irreducible, ifo0<b<a-—1,

isomorphic to Téf’l D Téf’l, it b > a.

If —a < b, along with L(6([vp, v %p]); 0.), in case b > a we also have the following
irreducible subquotients:

LS(v= @Yo, v %)) 0p), f0<—a<a-2,

T8, if —a=a-—1,

o7 + o3, if —a>a.
If we denote §([v=@"Vp, v p]) x o4 = 7 @7, then 75 ~ 7_, for a > 2, and
s >~ 74, for @« = 1. The discrete series representations o; and og are obtained by
the classification.
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We denote by my any irreducible subquotient of &([v%p,1%p]) x .. Note that,
under the corresponding assumptions on o and —a, the irreducible representations
L(§([v=" p, v~ 1)), 0([v=tp, v %)); 00), L(5([v="Lp, v~ 1p]); mo), for a tempered
7o, and L(0([v=""1p,v=271p]), 6([v=@"Vp,v=%]); 04)) are subquotients of

L= 6([v"p,vp]) x 8([v** p, " p]) 4 0.
We denote by 7 any of these irreducible representations.

Lemma 5.1.  The above defined representation m; is a subquotient of mg X 0.

Proof. Firstly, note that mg x 0. is a subquotient of II. Hence it suffices to show
that §([v=""1p, v~ 1p]) @7 is a subquotient of u*(II) of the multiplicity one. Here
we take for my also the non-tempered irreducible subquotients of §([v%p, 1°p]) x o..
Namely, we have seen that 6([v=""tp,v7271p]) @ my is a constituent of u*(ms x o.)
in the course of determining candidates for subquotients of mg x 0.

From the embedding 7 — §([v=0"1p, v=¢"1p]) x 7y and the Frobenius reciprocity, it
follows that §([v=0"1p, v=71p]) ® 7y is also a constituent of p*(m;). In this way, we
see that if it appears in p*(II) with the multiplicity one, then 7; is a subquotient of
7g X 0,. One can easily see that this is true since the representation v =*~1p appears
in the cuspidal support of II with the multiplicity one. Hence, the representation
§([v=t"tp, v tp]) ® mp is a subquotient only of

O p, v pl) @ 1) ) p* (8([v7p, v°p)) X o).

Now the claim follows from the fact that 7 is a subquotient of §([v%p, vp]) % 0. of
the multiplicity one. [ |

In the second case, candidates are determined by the composition series of represen-
tation m, x o., for —a < x < b. Following the lines of the proof of Lemma 5.1, one
can prove that the candidates of the form L(&([v=p, v~ 1p]); 7), for a real number
x such that —a < x < b and a tempered subquotient 7 of 7, X 0. described in
Theorem 3.8, are subquotients of mg X .. We state it in the next lemma.

Lemma 5.2.  The representation L(6([v~"p,v="'p]);T) is a subquotient of the
induced representation mg X 0., where T is an irreducible tempered subquotient of
e X 0., for a real number x such that —a < x < b.

It remains to consider the candidates for subquotients of mg x 0. obtained from
the non-tempered subquotients of 7, x o.. From the restrictions of the Langlands
classification and structural formula (4), one can see that in this case the only
candidates for the subquotients of g xa, are L(5([v%p, v="1p]),6([v=""1p, v%p)); o)
and mo = L(§([v~ @ Yp, v 1)), 6([v= @2 p,v7%]); 0pp11)). Note that the first
one is the representation that will be studied in the third case. Similarly as in the
proof of Lemma 5.1, we obtain the following lemma.

Lemma 5.3. [f0< —a<a—-—3 and a —1 < b, then my is a subquotient of
g XN O¢.
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In the third case, candidates for the subquotients of mg x 0. are obtained from the
constituents of p*(rg x o.) of the form &([v="1p,%p]) @ 6([vep,v=271p]) x 0.. In
the rest of this section, we denote L := L(§([v=""1p,v°0]), 6([v%p, v~ 1p]); o).

Proposition 5.4.  Assume —a > «. Then L is a subquotient of mg X 0.

Proof.  The proof will be an adaptation of the proof of Theorem 3.1 in [19]. To
do this, firstly note that —a > « implies that the representation §([v%p,vbp]) x o
contains two non-equivalent discrete series representations obtained by the classifica-
tion or two non-equivalent tempered irreducible subrepresentations. More precisely,
if —a < b and Jord,(o.) = 0, then from [18, Theorem 2.3 (ii)] it follows that the
representation &([v%p, °p]) x 0. has two discrete series subquotients obtained from
the classification.

On the other hand, if Jord,(o.) # 0 and —a > «, the same claim is true because of
[18, Theorem 2.1]. If —a = b, then the representation 6([v=°p,%p]) x 0. is isomor-
phic to the direct sum of two non-equivalent tempered irreducible representations,
according to [26, Theorem 1.1].

In the proof of Theorem 3.1 in [19], it is shown that L is a subquotient of the
induced representation §([v*p, P+ p]) x §([v%p, 1°p]) % 0. of the multiplicity two.
Here we assume a < 0, —a < b and 6([v%p, v°p]) x 0. has exactly two discrete series
subquotients obtained by the classification. It is easy to check that an analogous
argumentation proves this claim about the multiplicity of subquotient L also in
the case —a = b, where 6([v="p,%p]) x o, is the direct sum of two non-equivalent
irreducible tempered representations. Now the assertion of this proposition follows
from the count of the multiplicity of §([v=""p, v°p]) @5 ([vp, v~ 1p]) ¥ 0. in p*(I1),
where IT = 6([v2™ p, v*T1p]) x §([v%p, Pp]) x 0. Namely, in the Grothendieck group
R(G), the representation &([v2*p, v*T1p]) x 6([v%p, %)) X o, equals

ms X o, + 6([v p, vp]) x 8([vep, P p]) X 0. (24)

Note that §([v=>"1p,v=%1p])®1 is the only constituent of M*(§([v**tp, " 1p])) or
M*(6([v%p,v°p])) with v=°"1p in the cuspidal support. Namely, this follows from
the fact that —b — 1 is the minimal exponent of the multiplicity one in the cuspidal
support of II. Now from the following constituents of M*(§([v%p, 1%p])):

([, 0]) 8 v ),
e v x 8([v T p,vPpl) @ ([T p, v ),

we get that §([v=0"1p, vbp]) @ §([v2p, v 1p]) % o, is of multiplicity two in p*(II).

We have seen that it is of multiplicity one in p*(7gx0.), and as §([v%p, v ="' p]) R0,
is of multiplicity one in pu*(§([v*p, v~ 271 p]) % 0..), we have the same conclusion for

S, ")) @ 6([vep, v p]) @ o (25)

The Frobenius reciprocity implies that (25) is a constituent of rg(L), for the appro-
priate parabolic subgroup Ps. Hence, L is a subquotient of each of summands of
(24). n
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Lemma 5.5. If % < —a<a-1, then L is not a subquotient of g X 0.

Proof. From the following intertwinning operators

L= o([v="" p,v’p]) x 8([vp,v™ "1 p]) x 0
~ §([v="" p,v’p]) x 8([v*H v p]) X o
~ 5[ p, v p]) x O([v " p, 0p]) X o,

it follows that p*(L) contains a constituent of the form v~*p® ', which is not true
for p*(ms X o.) in the case —a < b. Here we have the first isomorphism because the
representation §([v%p, v="1p]) x o, is irreducible, according to [18, Theorem 4.1(i)].
If —a = b, then rg(L) contains a constituent of the form ’p ® v’p @ n” for the
corresponding parabolic subgroup Pgs, which again is not true for rg(mg x o.). Thus
we have shown that L is not a subquotient of 7g % 0. [ |

Let us now assume —a > 1. Along with the representation L, we have candidates
for subquotients of mg x 0. which are determined with the following tempered

subquotients of §([v*™p, v™p]) X o,
Tot, if —a—1=a-12>0,
091, 022, if—a—lzazlorae{o,%}.

Note that this covers both cases when Jord,(o.) is empty or not. We denote with
7 a tempered subquotient of §([v*™p, v™%p]) x o, and with 7y the representation
L(§([v=""1p,vPp]); 7). Similarly as in the proof of Lemma 5.5, we conclude that m,

is not a subquotient of wg X o..

If —a =1, then for @ = % we have a candidate L(J([v=""'p,%p]); o(1,). It can be
2 2 (3)

shown that it is not a subquotient of g x 0. in an analogous way as in the case

—a>1.

If a =0, then L ~ L(§([v~""p,1%]); 0.) is the only candidate for a subquotient.
Thanks to Proposition 5.4, it remains to analyze it in the case Jord,(o.) # 0.

If0<b+1<a-—1,then §([v"1p,vbp]) x 0. is an irreducible representation
and we have L ~ 6([v="p,v*™1p]) x o.. Thus p*(L) has a constituent of the form
Hp @ ' for some 7' € Irr(G), which is not true for p*(rs x o.). Hence, in this
case, L is not a subquotient of g X 0.

If b4+1 > «, then we have the following decomposition of the intertwinning operator
o[, v p]) }oe — 0([v" " p,v0p)]) X o

5([v 0,11 p]) % 0 <5 8([vp, 1 p]) X 8([v 0, p]) 2 o D

3([vp, " p]) x 8([p,v"p]) o =
5([p. ")) x 6<[up, ) 2o L
S p, ")) x o = 8([p, ")) x 6([v""p, v p)) X o

Therefore, we have j = fogohoi. Note that Im(g) ~ mg X .. As L is the unique
irreducible subrepresentation of 6([v=""1p, %p]) x o, and Im(j) also embeds into this
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induced representation, we obtain L < Im(j). From the decomposition it follows
L — Im(j) <= Im(f|im(g)). Thus we conclude that the embedding L — f(Im(g))
implies the existence of an irreducible subquotient 7y of Im(g) ~ mg X 0. such
that f(mp) ~ L. Since my and L are irreducible representations, f induces their
isomorphism. Accordingly, L is a subquotient of mg X o.

Theorem 5.6. [If 0 < —a < b+ 1, the induced representation mg X o. has the
following non-tempered irreducible subquotients by cases:

. —a—4ﬂ=b'L@GV**pJ”M)5GV%*pJﬁM%UJ and

L(v 2p;o. 1)) ifb=a—1=-1,

L([="1 p,vp]) 7'2+ N, ifb=a-1=0,
LG( ool Y) if b=a—1>}
LO(v=""p, %)) 0 ) LO(v="" o, v%0]);02), if b > av.

e —a=b: L(5([ ) 6([v 0 vPp)) }ooe), if 0 < b < a1,

L(o([r=" p, v p]); TO:l:)? L(o([v=""p, %)) 0([v =", " pl)s 0c) , if b >
LO(vbp, v o) 7Y, ifb=a—1=0,
M&w*mw4mxé;>,ﬁb=a—1z§
L(6([v=""tp,vbp]);00), if b=0 and a = 1.

e —a<b: LI6([v="tp,v 1)), 8([v="p,v=)); 0.) and

LS(v=>p, v 1p)), 0([v=@Vp,v=%]);00)), if —a<a—2 and b> «,
L§([v=p, v~ p]); 1), if —a=a —1,

Lo~ p, v pl)so0), L(S([v=" " p, v p])s 09),

L(3([v="" p,v*p]), 6([vp, v Ypl)s00), if —a = a,

LG(= e Vp, v ]y, if —a=a—2=0,

L (@, ) ) if —a=a— 2>},
L(§([v="p,vbp]);00), if a=0 and b> a —1,

L(6(v= 2 Vp, v p])i00), if —a>a—1>1,

L(o([v=“Dp,v=e 1)), 6([v= "D p,v=%p]); 0p41)) , if —a < =3 and
b>a—1

As a direct application of the results of this paper and [4], we get irreducible unitary
representations in the end of certain Complementary series.

Let ng) denote the Speh representation L(§([v=""1p,v°p]), 6([v"p, v*T1p])), for real
number b such that —5 < b < a —1. In the beglnnlng of the Section 4, we have
shown that ﬂg) X O, does not have any irreducible tempered subquotient. More-
over, from Theorem 5.6 it follows that the representation ngb) X 0. is irreducible.
Using the ends of complementary series, we determine unitary irreducible subquo-

tients of representation induced from the essentially Speh and cuspidal irreducible
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representation. More precisely, let v be a non-negative real number such that the
induced representation

Vxﬂéb) X 0y o L(é([lj—b—l—i-xp’ I/b+xp]), (5([V_b+xp, yb—i-l—i-a:p])) X o, (26)

is irreducible for 0 < x < v and reducible for z = . It is a classical result that
the irreducible subquotients of V”Wéb) X 0. are unitary representations. Our aim is
to determine ~. Let us consider x = o — b — 1, for which the representation (26) is
isomorphic to

L(o([v2p, v p]), ([ p, %)) % o

For real numbers x such that 0 < z < a—b—1and —b—1+ 2 > 0, we see
that the representation (26) is irreducible from Theorems 1.1 and 1.2 in [10]. For
real numbers z such that 0 < z < a—b—1 and —b— 1+ x < 0, we see that
the representation (26) is irreducible from Theorems 4.12 and 5.6. Therefore, if

z/o‘_b_lﬂ(sb) X 0. is reducible representation, then v = a — b — 1. Let us define

o = L((S([Vﬁap, l/fa+2b+1p])’ 5([1/70&1% y7a+2b+2p]); Uc)

and 1 = L(§([v= @V p, y=ot 2+ )y 5[ (@D p, v t242p]): 50y ).

Corollary 5.7. For a —b € Z and —% <b< a—1, the induced representation

Vo"b’lﬂéb) X 0. has the following composition series by cases:

7o+ L(v~tp; ng)r) + L(6([v2p,vpl);0e), if a —2=0b=0,

mo + L(S([v= @ Vp, v p)); 7 Y) if a —2=b > 4,

7o+ m + LO([v™=%p,v* 1)) 00), if a —2=2b>1,
e Ty + 1, otherwise.

—b—1,_(b)
« Tg XN 0O

Proof. Note that in the case b < a — 2 < 2b, the representation v
is reducible for every o — 2 in [b,2b]. This makes Vaib*lﬂ'g)) X 0. the end of the
complementary series for every —% <b<a-—1and a > 0. Theorem 5.6 describes
irreducible subquotients in case b < a — 2 < 2b, while in case a« — 2 > 2b+ 1
subquotients are described in Theorem 4.2 from [4]. Namely, from Theorem 4.12
and [4, Theorem 3.1] we see that u“_b_lﬂéb) X 0. does not have any irreducible

tempered subquotients. [ ]
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