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Abstract. Let g be a transitive, finite-dimensional Lie algebra of rational vector fields on a
projective manifold. If g is primitive, i.e., does not locally preserve any foliation, then it determines
a rational map to an algebraic homogenous space G/H which maps g to Lie(G).

Mathematics Subject Classification: 16W25, 17B66, 32M25.
Key Words: Lie algebras of vector fields.

1. Introduction

The integration of a transitive Lie algebra g of complete vector fields on a differen-
tiable manifold X gives rise to a transitive action of a Lie group G on X . Through
this action, X is locally identified with G/H where H is a Lie group integrating
the isotropy subalgebra h C g. In general, the action can be highly transcendental
even if the manifold and vector fields in question are algebraic.

This paper studies transitive Lie algebras of rational vector fields on complex pro-
jective manifolds.

By a rational vector field on X, we mean a derivation of the field of rational functions
on X . Such a derivation induces a holomorphic vector field on a Zariski open subset
of X, which extends meromorphically to the whole of X. Our main results, roughly
speaking, give sufficient conditions for the existence of an algebraic (hence global)

conjugation, or more generally semi-conjugation, of the action with the standard
model G/H.

The case where X has dimension 1 was considered in [8]: such a Lie algebra is
naturally deduced from the Frobenius integrability of codimension 1 foliations on
transversal curves. A factorization through G/H is therefore established and used
in [8, Theorem 6.5] (see 3.2) to prove some stronger integrability property for the
foliation. We expect the results of this paper to be useful for investigating the
transverse dynamics of higher codimension foliations on projective manifolds.

1.1. Algebraic normalization

Let X be a projective manifold and let g be a finite-dimensional Lie subalgebra of
the Lie algebra of rational vector fields on X . Suppose p € X is any sufficiently
general point. In that case, we define the isotropy subalgebra of g at p, denoted by
b, as the subalgebra of g consisting of vector fields vanishing at p.
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A Lie algebra g as above is called transitive if it contains a basis of the C(X)-
vector space of rational vector fields on X. When g is transitive, two sufficiently
general points p,p’ € X have isomorphic (through an isomorphism of g) isotropy
subalgebras b, and b,,. Thus when g is transitive, we can safely refer to the isotropy
subalgebra b, meaning the isotropy subalgebra for a sufficiently general point p € X.
We will denote the normalizer of b in g by Ny(h), i.e.,

Ny(h) = {v € g| ad(v)(h) C b},
where ad(v)(-) = [v, -] stands for the adjoint action.
We will say that a Lie algebra is complete, following [7, Chapter I, Section 3], if all
its derivations are inner derivations, and if it has a trivial center.
For a Lie group G and a Lie subgroup H, we will denote by G/H the orbit space of
the action of H on G by right translations ((h, g) — gh™'). Elements of G/H are
also called left cosets. Right invariant vector fields on G are infinitesimal generators
of the action of G on itself by left translations. They commute with the infinitesimal
generators of the action by right translations, the left-invariant vector fields.
The result below is an alternative version of [1, Theorem 5.12], which, although less
general, is formulated in terms of intrinsic properties of the Lie algebra g and of its
isotropy subalgebra h. This point is discussed in subsection 2.7.

Theorem 1.1.  Let g be a finite-dimensional Lie algebra of rational vector fields
on a projective manifold X with isotropy algebra equal to h. If g is transitive,
complete and Ny(h) = b then there exists a dominant rational map ¢ : X --» G/H
to a homogeneous algebraic space such that g coincides with the pull-back under ¢
of the Lie algebra of fundamental vector fields on G/H .

As usual, by fundamental vector fields on G/H , we mean vector fields induced by
right invariant vector fields on G.

Theorem 1.1 is not optimal. As shown by Proposition 3.3, there exist non-complete
transitive Lie algebras of rational vector fields, for instance the Lie algebra aff’ =
sl, X C" of the group of affine motions of C" (n > 2) with determinant 1 for which
the conclusion of Theorem 1.1 still holds. Indeed, one can exhibit an outer derivation
on aff? by considering the Lie bracket with the radial vector field R = or x,0/0z;.
It acts trivially on the isotropy subalgebra sl, and non-trivially on C™.
Nevertheless, we point out that the assumption Ny(h) = b cannot be disregarded
entirely. Indeed there are transitive actions of the complete Lie algebra s[(2,C) on
C? which are transitive but not algebraically conjugated to the Lie algebra of right
invariant vector fields on SL(2,C), see [1, Section 3.5] for examples. The paper [6]
thoroughly studies other explicit examples of Lie algebras of polynomial vector fields
on C? isomorphic to s[(2,C).

1.2. Primitive Lie algebras

A transitive finite-dimensional Lie algebra of rational vector fields g on X is called
primitive if its isotropy subalgebra  is maximal among all Lie subalgebras of g.

The existence of an intermediate Lie algebra h C [ C g would correspond at a
general point p of X to the existence of a foliation on the germ of neighborhood
(X,p) =~ (C",0) invariant under g. Indeed, such Lie algebra [ provides a vector
subspace [(0) of the tangent space of (C™,0) at the origin isomorphic to [/h; one
can use transitivity of g to propagate [(0) into a distribution D on (C",0). There
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is no ambiguity in the definition of D since the isotropy algebra b preserves [. The
distribution D turns out to be Frobenius integrable: the leaf through 0 is the local
orbit of [ through 0, and the other leaves are obtained by g-translation. See Section
2 where we discuss the relationship between intermediate subalgebras containing the
isotropy and invariant foliations in a more general setting.

Theorem 1.2.  Let g be a finite-dimensional Lie algebra of rational vector fields
on a projective manifold X of dimension at least two. If g is transitive and primitive,
then there exists a rational map ¢: X --+ G/H to a homogeneous algebraic space
such that g coincides with the pull-back under ¢ of the Lie algebra induced by the
fundamental vector fields on G/H .

Remark 1.3. When X has dimension one, the conclusion of Theorem 1.2 re-
mains true except when g is one-dimensional (see Proposition 3.2 ). Observe also
that, in dimension two or higher, primitiveness automatically implies that g is non-
abelian. ]

Remark 1.4. The hypothesis of Theorem 1.2 force the equality Ny(h) = b.
Indeed, thanks to the inexistence of intermediate Lie subalgebras, either Ny(h) = b,
either Ny(h) = g. In the latter case, this would imply that b is an ideal and then
would provide for any v € g— b the Lie subalgebras h’ = h @ Cuv, thus contradicting
primitiveness and the fact that § is supposed to have codimension > 2. |

Remark 1.5. The obvious necessary condition for the existence of ¢ is that b
is algebraic, that is, there exists one can realize h as the Lie algebra of a Zariski
closed subgroup H of an algebraic group G with Lie algebra g. This condition
holds under the assumption of both theorems. Indeed, according to Remark 1.4,
one has Ny(h) = b so that one can choose H to be the stabilizer of h with respect
to the adjoint action G x g — g. [ ]

Remark 1.6. Consider the Lie algebra aff = gl,, x C" of the group of affine
motions of C" (n > 2). This Lie algebra is complete and Cy;(D"(aff)) = {0}.
From these properties, one gets that g = aff @ aff and h = diag(aff) C aff & aff
satisfy the hypothesis of Theorem 1.1. However, the subspace C" x {0} + b is a
non-trivial Lie subalgebra of g containing b, therefore (g,h) does not satisfy the
hypothesis of Theorem 1.2. |

1.3. Lie algebras of rational vector fields

A theorem by Deligne [1, appendix B] ensures that any finite-dimensional Lie algebra
g can be realized as a transitive Lie algebra of rational vector fields on a projective
manifold X . In this Theorem, dim g = dim X . On the other hand, every projective
manifold admits many transitive Lie algebras of rational vector fields. To see this,
let X be an arbitrary n-dimensional projective manifold. First, embed it on a
projective space PV and then consider a linear projection PV --» P" to obtain a
generically finite dominant rational map 7: X --+ P". The pull-back of vector fields
from P™ to X (well defined since we are working with rational vector fields and 7 is
generically finite) gives a Lie algebra morphism from the Lie algebra of vector fields
on P" to the Lie algebra of vector fields on X . Since P" has many transitive Lie
algebras of vector fields (e.g., the Lie algebra of holomorphic vector fields), the same
holds for X.
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There exist pairs (g, h) not realizable as transitive Lie algebra of rational vector field
on an algebraic variety. Some examples are known where the coefficients of vector
fields must be rational in the variables and their exponentials. To prove that the
exponential is the only transcendental function needed to realize any pairs as a Lie
algebra of vector fields is known as the Lie Conjecture [4].

It is interesting to compare Theorem 1.1 with the discussion carried out there
about the following question: which pairs (g,h) can be realized as Lie algebras
of polynomial or rational vector fields?

At several points of our exposition, we will use results presented by Jan Draisma in
the survey [5].
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Lebesgue ANR-11-LABX-0020-01, Foliage ANR-16-CE40-0008 and the program
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26/202.530/2019). We also acknowledge the “Acordo Brasil-Franga”.

2. Transitive and complete Lie algebras

Throughout the text, we fix n > 1, and we denote by X,, the (infinite-dimensional)
Lie algebra of germs of complex analytic vector fields at the origin of C". In this
paragraph, we present some simple facts about transitive Lie subalgebras of X,, and
its formal counterpart X,,, the Lie algebra of formal vector fields in n variables.
In these contexts, transitivity of a Lie subalgebra g C X, (or X,,) means that the
evaluation at 0 from g to 7oC" is onto.

A transitive Lie subalgebra g C %n has an isotropy subalgebra h at 0 of codimension
n, and the vector space g/h is identified with the tangent space T,C" by the
evaluation at 0. Although our main result only involves finite-dimensional Lie
algebra of rational vector fields, many of the transitive Lie algebras properties
mentioned in this work remain valid in the infinite-dimensional and formal case.
A good account of their structure is given in [3] to which we will refer at multiple
places.

Lemma 2.1. Let g C %n and h C g be as above. Then b contains no non-zero
g-ideal.

Proof. Denote by M = (x1,...,x,) the maximal ideal of C[[z1,...,z,]], and
define the order ord(w) of an element w # 0 of X, as the smallest integer m > 0
such that the image of w in %n//\/lmﬂin is not zero. When w € b, i.e ord(w) > 1,
there exists, by transitivity, an element v € g such that ord([v, w]) = ord(w) — 1.
Let now & C bh be a g-ideal, and, assuming non-trivial, let w € € be of minimal
order. Then £ should also contain [v, w]|, what contradicts minimality. ]

2.1. Guillemin-Sternberg Theorem

According to [5, Theorem 3.3 and Remark 3.6], a version of Lemma 2.1 led Guillemin-
Sternberg to introduce the concept of effective primitive pair (g,h) — g and b are
abstract Lie algebras with h C g and b contains no non-trivial g-ideal — and to
prove that effective primitive pairs can be realized as Lie subalgebras of X,, where
n =dimg — dim b as stated in the result below.
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Theorem 2.2.  Let g be a Lie algebra over C with a Lie subalgebra by of finite
codimension n. Then there exists a Lie algebra homomorphism ¢ : g — X, such
that by is sent to the isotropy subalgebra at 0. Moreover, the kernel € = ker(¢) is the
largest g-ideal contained in by, and the homomorphism ¢ is unique up to the action

—

of Diff(C",0), i.e., the group of formal diffeomorphisms of (C",0).
In particular, ¢ is an embedding if, and only if (g, b) is an effective pair.

2.2. The case g has finite dimension

When g has finite dimension, one can easily describe the construction of ¢ as
follows. Let G be a Lie group with Lie algebra g. The isotropy subalgebra b is the
Lie algebra of a (not necessarily closed) subgroup H of G'. The orbits of the right
action of H on G define a smooth foliation H. When H is a closed subgroup of
GG, then the leaf space of H is naturally identified with the space of left H-cosets
G/H . Notice that the left action of G on itself preserves the foliation #.

Restrict now to a sufficiently small neighborhood U of the identity in G'. Since the
foliation H is smooth, we can consider the local leaf space of H, well defined as a
Hausdorff manifold of dimension n = dim g — dim h. Denote it by U/H. The Lie
algebra of right invariant vector fields on GG descends to a Lie algebra of vector fields
on U/H. Let us denote its image by @ign.. We can identify the germ of U/H at the
identity with (C",0), and ¢ is the natural morphism ¢: g — guigne C X(U/H,id)
induced by the above construction.

We note that an element gy € GG sufficiently close to the identity will act trivially by
left translations on U/H if, and only if, for all ¢ € G close enough to the identity,

we have
gH = gogH ( =g(9 "909) H )
H
S

meaning that ¢~'gyg belongs to H for all g, i.e., that gy belongs to the intersection

K = ﬂ gHg™!

geG

which is the largest normal subgroup in G contained in H. Its Lie algebra ¢ =
Lie(K) is the largest g-ideal contained in b.

2.3. Relationship between invariant foliations and intermediate
subalgebras

We follow the exposition given in [3, pp. 3-4] from where we borrow notations.

Let g C X, be a transitive Lie algebra of formal vector fields. By a codimension m
formal regular foliation, we mean a subset F of X,, which is both a Lie subalgebra
and a free Cl[xy,...,z,]]-module of rank n —m such that

ToF = {v(0)|v € F}

has dimension n — m over C.

According to Frobenius’ theorem, there exists a formal change of coordinates

(x1>"'7xn)'_> (ylv--wyﬂy?b"'azn—m)

' Vo
=y =z
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such that the foliation F is generated over C[[zy,...,x,]] by the vector fields
and P = C[[y]] is the ring of first integrals of F, i.e.,

821

P={feCllxy,...,z.]]Jv(f) =0 for every v € F}

which is canonically attached to F.

Of course, one can define a germ of regular convergent foliation G along the
same way, replacing X by X, C[[z1,...,z,]| by the ring of convergent power series
C{z1,...,z,} and so on.

Suppose that F is now preserved by g, i.e., [g,F] C F. The ring P is then
preserved under the action of g by derivations. In terms of the previous coordinates,
each element of g expresses as

£=26W) 5, + 2 Eni(v:2)
j=1 i=1

The vector fields of g for which & (0) = ... =¢,,(0) = 0 determine a Lie subalgebra
of g, namely the unique subalgebra [ O § such that [(0) = Ty F. Note that one
inherits a natural morphism of Lie algebras

=~ 0
©: [—>%n_m:@C[[Zl,...,zn_mﬂa—zj, & Z{mﬂ (0, 2)
J

J=1

whose image is nothing but the restriction of [ to the leaf through 0 defined by
{y = 0}. Identifying X,_,, with a subalgebra of X,, (depending on the choice of
z), any element of g takes the form

§=Z§j( + Z y Na
j=1

aeN™

with the usual multi-index notation and

_Z 1 0% §m+] (0 2)8% cX, .
J

Moreover, up to rechoosing the coordinates zi,..., z,_,, one can assume that the
na’s lie in @([), the closure of (l) with respect to the Krull | topology (see 3, p.4
and Corollary 2.1] ). In partlcular any formal vector field in Xpnom C X, belonglng
to the centralizer of ¢(I) in %n m also belongs to the centralizer of g in f{ (this
property will be used in the proof of Proposition 2.5).

It turns out that this process can be reversed. The correspondence F +— [(F) defined
above between g-invariant foliations F and subalgebra [ of g containing b is one
to one and onto (see [3, Theorem 1.3]). Moreover, if g C X,,, and [ = [(F), then the
foliation F is clearly convergent, i.e F = G ® C|[xy,...,x,]] where G is convergent
in the sense specified above. Indeed, let F C g a n-dimensional complementary
subspace to h. Because of the g invariance [g, F| C F, F necessarily coincides with
the germ of distribution obtained by propagating the vector subspace [(0) from the
origin to a full neighborhood using the local flows of vector fields v € E. Or, if one
prefers, F is given by parallel transport of [(0) along the germs of analytic curves
exp tv(0) with respect to the unique connection V on X,,, such that V,X = [v, X].
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2.4. Relationship between Ny(h), Cx(g) and zeros of §

In this subsection, we will consider the case of primitive pairs (g, b), i.e., there is
no intermediate Lie algebra between h and g. Let I C C[[xy,...,x,]] the ideal
generated by the coefficients of elements of . Denote by M the maximal ideal of
the local Noetherian ring A = Cl[[zy,...,x,]]/I. We will use the notation Tp(Z(h))
for the Zariski tangent space (M/M?)* C TyC" of the subscheme Z(h) = SpecA
at the closed point.

An obstruction to primitiveness is given by Ny(h), which can be strictly larger than
h. The following lemma characterizes this case.

Lemma 2.3. Let g C %n be a transitive Lie subalgebra and b C g be the isotropy
Lie subalgebra of g at 0. The schematic zero locus Z(h) of b is smooth at the closed
point, and is the leaf through the origin of a reqular formal g-invariant foliation Z
on (C" 0). This foliation is convergent whenever g C X,,. Moreover, the tangent
space Ty Z(B) of Z(h) at 0 is given by the exact sequence of vector spaces

0—bh— Ny(h) =Ty Z(h) = ToZ — 0

where the right arrow is evaluation evy : v — v(0). In particular, Ny(h) = b if, and
only if, b has isolated zero set.

Proof. Let v € g. From the Lie algebra structure, the following properties are
obviously equivalent:

(1) v e Nyg(h); (2) v(I)C I (3) forall fel,v(f)(0)=0.

If one combines these observations with the transitivity of g, then one obtains the
exact sequence
0—=b— Ny(h) = TpZ(h) =0

It remains to show that Z(h) is smooth, or in other words, that A is regular.
By classical properties of Noetherian local rings, this amounts to prove that the
associated graded ring Gra(A) = :;Og M/ ML is isomorphic to the C-algebra
C[Xy, ..., X4] of polynomials with d indeterminates where d is the dimension of the
C linear space TpZ(h). To do this, note firstly that any vector field v € i%n such
that v(I) C I induces a derivation on A, hence a derivation D on Grp(A) which
is a C-linear operator of degree —1 since

D(MZ/M’L+1) C szl/Mz

Now, let us choose vector fields v; € Ny(h),i =1,...,d such that (v;(0),i =1,...,d)
form a basis of Ty(Z(h)). Up to performing a linear change of coordinates in
Cllz1,...,z,)], one can assume that v;(z;)(0) = d;;, ¢ = 1,...,d. Nakayama's
Lemma implies that the z;’s modulo I generate M. Let D; be the associate
derivation of v; on Gr(A) (well defined according to the three equivalent properties
listed above). Observe that D;(z;) = d0;;, where the z;,j = 1,...,d are regarded as
homogeneous elements of degree 1 in Gr (A). Consequently, the natural surjective
morphism of graded rings C[Xy,..., X4 — Grap(A) induced by the evaluation
P +— P(xy,...,24) is indeed an isomorphism. Actually, it is an isomorphism of
differential rings with respect to the set of derivations {aiXi} and {D;}. This proves
the regularity of A, as wanted.
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Because Ny(h) -1 C I and from the correspondance foliation-subalgebra recalled
in Subsection 2.3, note also that Z(h) is nothing but the leaf through 0 of the
foliation Z associated to Ny(h). In more geometric terms, Z(h) is the "orbit” of
Ny(h) through the origin. According to Subsection 2.3, Z is convergent if g is so
and the foliation Z is obtained by translation of this orbit as a particular case, with
[ = Ny(h), of the g-invariant germ of the foliation constructed in Subsection 1.2. =

We will denote by C5 (g) := {v € X[[v,g] = 0} the centralizer of g in X,

Lemma 2.4. Let g C i%n be transitive and b C g be its isotropy Lie subalgebra
at 0. Then the evaluation map defines an embedding:

evy: Cz (9) = ToZ, v v(0)

where Z is as in Lemma 2.3. In particular, if Ny(h) = b, or equivalently b has
isolated zero set, then Cs (@) is trivial (and g is centerless).

Proof. As in the proof of Lemma 2.3, the action of C3, (g) must preserve b, as
it commutes with it. Therefore, the action of C3 (g) must also preserve the zero
set of h. We deduce that the evaluation map sends C3 (g) into ToZ. It remains
to show that its kernel is trivial. For this, consider an element w € C (g) such
that w(0) = 0. Assume for a while that w does not vanish identically. Consider the
positive integer ord(w) as defined in Lemma 2.1. By transitivity, there exists v € g
such that ord([v,w]) = ord(w) — 1. On the other hand [v, w] = 0: absurd. ]

2.5. Centralizers of transitive Lie algebras of formal vector fields

Our next result shows that the map of Lemma 2.4 is an isomorphism. In this way,
we obtain a description of centralizers of transitive Lie algebras of formal vector

fields.

Proposition 2.5. Let g C %n be a transitive subalgebra and bt C g be the isotropy
Lie subalgebra at 0. Then we have isomorphisms

Cs (9) 2 THZ ~ Ngh(h) :

Moreover, Cz (9) C X, if g C X,

Proof. Because of Lemmas 2.3 and 2.4, it only remains to prove that NE‘T“’) can

be embedded in Cg (g) (then dimensions will coincide, making the morphism of
Lemma 2.4 an isomorphism). In view of this, let us first assume that g is finite-
dimensional. According to Theorem 2.2, we can suppose that g is convergent and
its local action on (C™,0) is given in Section 2.2: the right action of H defines a
foliation H, and the infinitesimal action of g on (C™,0) identifies with the action
of @right on the quotient U/H of a neighborhood U of the identity in G.

The right action of G' on itself does not preserve the foliation H in general. If an
element g € G maps left H-cosets to left cosets through right multiplication, then
it must map the coset gH to H since the set gH g™ ' contains the identity. It follows
that the set of elements in G preserving H through right multiplication is formed
precisely by Ng(H) the normalizer of H in G.
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From the infinitesimal point of view, left-invariant vector fields are not, in general,
infinitesimal automorphisms of H. Only those in the normalizer of b in g will
be infinitesimal automorphisms and will descend to the leaf space U/H. The left-
invariant vector fields in b descend to zero, and the quotient Ny(h)/b injects into
the centralizer of gyign on U/H.

This conclusion still holds in general. Indeed, from Lemma 2.3, one remarks that
b is the kernel of the surjective Lie algebra morphism induced by the restriction
Ny(h) — Ng(B) @ - In particular, N = Ng(h), 7 18 transitive with trivial isotropy.
Indeed, Z(h) coincides with the leaf through the origin of the foliation associated to
Ny(h) according to the observations made in the proof of Lemma 2.3 and Subsection
2.3. By Theorem 2.2, N is formally conjugated to the Lie algebra of right invariant
vector fields of a Lie group G near eq. Its centralizer C'(N) in the Lie algebra of
formal vector fields tangent to Z(h) thus corresponds by this isomorphism to the
left-invariant vector fields on (G, eg) and then is a transitive subalgebra (of the Lie
algebra of formal vector fields on Z(h)) with trivial isotropy, isomorphic as a Lie
algebra to N. According to the remarks given in Subsection 2.3, each element of
C (N ) extend as a vector field lying in X,, and commuting with g. One obtains in
this way the sought isomorphism. As a result of the above description, and according
to the classical relationship between right-left invariant vector fields on a Lie group
G (namely the structure of opposite Lie algebras induced on T.G), we see that one
inherits a natural isomorphism of Lie algebra

N, _

0 05 (), v —ens ™ (0(0))
Retaining the notations and arguments of Subsection 2.3, one can conclude too that
Cz, (g) is analytic if g is so. [

2.6. Complete Lie algebra

Recall some basic notions of [7, Chapter I, Sections 2-3]. A derivation of a Lie
algebra g is a morphism 0 : g — g of C-vector spaces satisfying the Leibniz rule
Jlv, w| = [Ov,w] + [v,0w]. The set Der(g) of derivations forms a Lie algebra with
respect to the Lie bracket {0y, 0o} = 0105 — 020, .

A natural example of derivation of a Lie algebra g is provided by the adjoint action

of elements of g:
ady,: g —> g, wr [v,w).

The Jacobi identity for g implies the Leibniz rule
ad,[wy, wy| = [ad,wy, we] + [wy, ad,ws]
and also the identity {ad,,,ad,,} = ad, ad,, —ady,ad,, = adp, .-
We, therefore, have an exact sequence
0 — Cy(g) — g % Der(g)

where Cy(g) is the center of g. The image in Der(g) is the subalgebra of inner
derivations. We say that g is complete when the morphism ad above is an isomor-
phism: ~
g — Der(g)

i.e., when g is centerless (Cy(g) = 0), and all its derivations are inner.
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When g C X,,, we can have more derivations by considering the normalizer

Nz, (g) ={v e X,|[v,g] Cg}.

Indeed, g is stabilized by the adjoint action of Ny, (g) on X,,, and we have

Lemma 2.6. Let g C X,, be a Lie algebra of germs of analytic vector fields.
Then, the normalizer Nx,(g) fits into the exact sequence

0 — Cx,(g) — Nx,(g) % Der(g)

where Cx, (g) = {v € X,,|[v,g9] = 0} is the centralizer of g in X,,, and Der(g) is
the algebra of derivations of g.

Proof.  One has just to observe that for any element v € Ny, (g) the restriction
of ad,(-) = [v,-] to g is a derivation of g since [v,g] = ad,(g) C g. The kernel of
the morphism v — (ad,)|q is, by definition, Cx,(g). ]

Of course, one can rewrite these left exact sequences in the formal setting, replacing
X, with X,,.

2.7. The main ingredient for the proof of Theorem 1.1

As already mentioned in the Introduction, Theorem 1.1 is a straightforward conse-
quence of [1, Theorem 5.12]. If X is a complex manifold and p € X is a point,
we will denote the Lie algebra of germs of analytic vector fields at p by X(X,p) or
simply by X.

Theorem 2.7.  [1, Theorem 5.12] Let X be a smooth irreducible complez algebraic
variety and let g be a finite-dimensional Lie subalgebra of rational vector fields on
X. For a general p € X, X = X(X,p) and b is the isotropy subalgebra at p.
If g is transitive, Nx(g) = g, Cy(g) = 0 and Ny(h) = b, then there exists a

dominant rational map f : X ——» G/H such that f.g coincides with the Lie algebra
of fundamental vector fields on G/H .

This theorem is proved in several steps.

Step 1. A general point p € X and a local analytic chart (X,p) — (C",0) are
fixed. In this chart g is isomorphic to go C X,,. One considers

V ={¢:(C" 0) = X germs of biholomorphisms. s.t. ¢*g = go}
Under the hypothesis g is transitive and Nx(g) = g it is proved that V is an
algebraic variety and dimV = dim g, the evaluation map 7: V — X; ¢ +— ¢(0)
being dominant.
Step 2. From the definition of V', both Lie algebras gy, and g can be prolonged as
go and g, two commuting parallelisms on V' (, i.e. transitive Lie algebra of rational
vector fields of dimension equal to dim V). Morevover hg generates ker dr and g is
m-projectable on g.
Step 3. Step 2 together with Cy(g) = 0 implies that g = Lie(G), G being an
algebraic group and implies the existence of a rational map f : V' — G such that
f*Lies (G) = go and f*Lieygn(G) = g where Liejs(G) (resp. Lieygnt(G)) is the
Lie algebra of left (resp. right) invariant vector fields of G.
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Step 4. A fiber of 7: V — X is the union of orbits of Hg. The image of these
orbits by f are orbits by the right translation of a connected algebraic subgroup H
of G, and f induces a rational map f : X — G/H, which is the sought rational
map.

We refer to [1] for details.

2.8. Proof of Theorem 1.1

Consider now g C X(X,p) and b satisfying assumptions of Theorem 1.1, that is g
is transitive, complete, with isotropy subalgebra b, and Ny(h) = b.

Since g is complete, we have an isomorphism Der(g) ~ g induced by the adjoint
action of g. Moreover, we derive from Lemma 2.6 the exact sequence

0 — Cx(g) — Nx(g) 2% Der(g) — 0

as the restriction of ad to g C Nx(g) is onto. On the other hand, since Ny(h) = b,
we deduce from Proposition 2.5 that Cx(g) = {0}; therefore Cy(g) = {0} and (from

the above sequence)
Nx(g) ~ Der(g) ~ g.

We can apply Theorem 2.7 to conclude the proof of Theorem 1.1. [ |

The proof shows that the hypothesis of Theorems 1.1 and 2.7 differ by the assump-
tion on the outer derivations of the Lie algebra g. In Theorem 2.7, Nx(g) = g is
an hypothesis on the pair (g,h) : there is no outer derivations of g given by the
Lie bracket with a vector field, in a realisation of the pair. But in Theorem 1.1, the
completeness of g is an hypothesis on the abstract Lie algebra independently from
the realisation as Lie algebra of vector fields.

3. Primitive Lie algebras
3.1. Structure of primitive Lie algebras [after Morozov]

Let g be a primitive Lie subalgebra of %n Equivalently, invoking Guillemin-
Sternberg (see Section 2.1), we obtain an effective pair (g,b), i.e., b has finite
codimension n, contains no non-zero ideal and is maximal among proper Lie subal-
gebras of g. In [5, Section 4] the following result by Morozov clarifies the structure
of finite-dimensional effective primitive pairs.

Theorem 3.1.  Suppose that (g,b) is an effective primitive pair where g is finite-

dimensional. Then either g is simple, or else we are in one of the following two

sttuations:

(1) g is the direct sum 1 @& | of two isomorphic simple Lie algebras and b is the
diagonal subalgebra; or

(2) g is the semi-direct product h x m where b is the direct sum of a semisimple
Lie algebra with a Lie algebra of dimension at most 1, and m is an irreducible
and faithful b-module equipped with trivial Lie bracket: [m,m] =0.

Conversely, in the latter two cases, (g,h) is primitive and effective.

The primitive Lie algebras fitting the description given by Item (1), respectively
Item (2), of Morozov’s Theorem, will be called primitive Lie algebras of diagonal
and affine type, respectively. The primitive Lie algebras with g simple will be called
simple primitive Lie algebras.
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3.2. The case of curves
The following result is extracted from the proof of [8, Theorem 6.5].

Proposition 3.2. Let C be a projective curve and g a finite-dimensional Lie
algebra of rational vector fields on C'. If dimg > 2, then there exists a morphism
o : C — P! such that g coincides with a subalgebra of the pull-back under ¢ of the
Lie algebra of holomorphic vector fields on P!, i.e., g C ¢*sl(2,C).

Proof. A classical result of Lie (cf. [5]) says that a finite-dimensional Lie subal-
gebra of (C(z)% has dimension at most three. Moreover, if its dimension is two then
it is isomorphic to the affine Lie algebra aff(C), and if its dimension is three, then
it its isomorphic to the projective Lie algebra s[(2,C). Therefore g has dimension
at most three.

In both cases there exists vy, vy € g satisfying [v1,vs] = v1. Consider the morphism
¢ : C — P! defined by the quotient —2.

At an arbitrary point of C', choose a local analytic coordinate w. We can write
v = a(w)Z, vy = b(w)Z, p(w) = —b(w)/a(w) locally. On the one hand, the
relation [vq,v5] = v; implies ab’ — ba’ = a. On the other hand,

010w 9 _ 0,
L (b/a)(w) ow  (ab—ab) Ow  ow O
Similarly cp*za% = vy. This proves the proposition when g ~ aff(C).

To conclude the proof when g ~ s[(2,C) it suffices to verify that v3 = 90*22%

belongs to g. Let vz € g be such that [vy,v3] = 2vy. Clearly [vq, 03] is also equal
to 2vy. Thus [v1,v3 — U3] = 0 and 03 must be linear combination with constant
coeflicients of v; and vs. ]

3.3. Algebraic normalization of primitive Lie algebras of affine type

A natural generalization of the argument used to prove Proposition 3.2 gives the
algebraic normalization of primitive Lie algebras of affine type.

Proposition 3.3.  Let g be a non-abelian primitive Lie algebra of rational vector
fields on a projective manifold X of dimension n. If g is of affine type then there
exists a rational map p : X --+ C™ which conjugates g to a Lie algebra of polynomial
vector fields of degree at most one.

Proof. Ascase n =1 has already been treated in Proposition 3.2, we will assume
n > 2. Since g is of affine type, we can write g = h x m with [m,m] = 0. Near
a general point p of X and up to isomorphism of g, one can suppose that § is
the isotropy algebra b, and m is generated over C by 8%1, ..., 22 in suitable local

) OTn
analytic coordinates (z1,...,x,).

In order to establish the proposition, we are going to produce a C-vector space
V C C(X) of dimension n + 1, containing the constants C, and invariant by the
action of g by derivations.

To construct V' let us consider Oy € det Tx ® C(X) defined by the determinant of
m, i.e., if vy,...,v, is a basis for m then Oy =v; A--- Av,.
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Notice that for any v € g, L,0¢ = Tr(ad(v))Oy, (1)

where L, is the Lie derivative with respect to v (acting on multivector fields),
ad(v) € End(m) is the endomorphism ad(v)(m) = [v,m], and Tr is the trace of an
endomorphism.

Let us consider the g-module W = A" 'm ® g. The action of g on W is obtained
by distributing its action on factors employing Leibniz’s rule, that is

v-(0@w) =LlRw+0® [v,w)].

Consider the C-linear map

0Nw
SN

v W — C(X), 0@w—

and let V denote its image. One can, in addition, regard ¢ as a morphism of
g-modules if one endows C(X) with the structure of g-module defined by

v fi=v(f)+ Tr(adv)f

where v(f) is the usual derivative with respect to v. In particular, this implies that
the image V' of W is stable by g-derivations. Observe also that the splitting (as a
vector space) g = h @ m induces the splitting

Vi=¢(W)=Cal,

and that C = (A" 'mem), Vo = (A" 'm®b). Indeed, non-zero functions in Vj
are non-constant as they vanish at the point p fixed by the isotropy subalgebra §.
Remark finally that V4 is not reduced to {0}, as h # {0} (non-abelian case).

Consider the action of g by derivations on V. The subspace V} is invariant by
the action of h and is mapped to C by m. In particular, in the local coordinate
chart defined above, the elements of V|, are nothing but linear forms in the variables
(X1, ..., Tp).

Let us prove that dimVy = n. On the one hand, the dimension of Vj is at most
n as an immediate consequence of the previous description. On the other hand,
the dimension of V[ is at least n as otherwise, the functions in Vj would define
a foliation of positive dimension = n — dim¢ V invariant by the Lie algebra g,
contradicting the primitiveness of g.

It is now clear that the rational map ¢ : X --+ C" with entries given by a basis of
Vo sends g = h X m to a Lie algebra of vector fields of degree at most one. ]

3.4. Proof of Theorem 1.2

Let g be a non-abelian primitive Lie algebra with isotropy h. By the observations
made in Subsection 3.2, one can assume that h has codimension at least two in
g. This easily implies that Ny(h) = bh. Otherwise, Ny(h) would provide either an
intermediate Lie algebra between g and b, or Ny(h) = g. However, this latter case
is excluded by effectiveness.

Thus if g happens to be a complete Lie algebra, then it satisfies the assumptions of
Theorem 1.1 and the result follows. Theorem 3.1 tells us that g is of affine type or
semi-simple in the two other cases. In the semi-simple case, g is complete. Indeed,
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it is centerless, and all derivations are inner as shown in [7, Chapter III, Theorem
9]. We can therefore conclude with Theorem 1.1 in the semi-simple case.

On the other hand, when g is a primitive Lie algebra of affine type, we conclude with
Proposition 3.3 provided that b is an algebraic subalgebra of gl(m) or, equivalently,
that one can integrate the isotropy Lie subalgebra at 0 given by ¢(h) (see proof of
Proposition 3.3 ) to a closed subgroup H of GL(C™) C Aff(C™). If this is the case,
then we can identify C", the target of the rational map given by Proposition 3.3,
with the homogeneous space (H x C")/H in such a way that ¢,g is the Lie algebra
of right invariant vector fields on (H x C")/H .

If b is semi-simple, then the algebraicity of h follows from a result by Chevalley,
which shows that the derived algebra [g, g] of any lie algebra g C gl(C™) is algebraic,
see [2, Chapter II, Corollary 7.9]. If instead b is the direct sum of a semi-simple
Lie algebra and a one-dimensional Lie algebra £, then the h-irreducibility of m
together with Schur’s Lemma imply that £ coincides with the center of h and acts
on m by scalar multiplication, cf. discussion in [5, Section 4] after the statement of
Morozov’s Theorem. The algebraicity of § follows. |
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