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Abstract. Besides the oscillator group, there is another four-dimensional non-abelian solvable
Lie group that admits a bi-invariant pseudo-Riemannian metric. It is called hyperbolic oscillator
group (sometimes also split oscillator group or Boidol’s group). We parametrise the set of lattices
in this group and develop a method to classify these lattices up automorphisms of the ambient
group. We show that their commensurability classes are in bijection with the set of real quadratic
fields.
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1. Introduction

In this paper, we study lattices in a certain solvable four-dimensional Lie group.
A lattice in a Lie group G is a discrete subgroup L with the property that the
quotient space L\G has finite invariant measure. Lattices in a solvable Lie group
are uniform, that is, the quotient space is compact. We are particularly interested
in the case where G is solvable and admits a bi-invariant metric. This is motivated
by the following result by Baues and Globke [2]: Let M be a compact pseudo-
Riemannian manifold, and let G be a connected solvable Lie group of isometries
acting transitively on M. Then M is diffeomorphic to a quotient of G by a lattice
and the pseudo-Riemannian metric on M pulls back to a bi-invariant metric on G.

The smallest non-abelian solvable Lie groups that admit a bi-invariant metric are
four-dimensional. Omne of them is the (ordinary) oscillator group Oscg;, which
admits a Lorentzian bi-invariant metric. Recall that the oscillator group is a semi-
direct product of the Heisenberg group H and the real line, where R acts trivially
on the centre Z(H) of H and by rotations on H/Z(H). The other group has a
similar structure. It is also a semi-direct product of the Heisenberg group and the
real line, but now R acts by hyperbolic rotations. It is called hyperbolic oscillator
group. Other names in the literature are split oscillator group or Boidol’s group. We
will denote it by Oscy . The bi-invariant metric on this group has signature (2,2).

Lattices in the oscillator group Oscy; were classified up to automorphisms of Oscg
in [4] and up to inner automorphisms of Oscy; in [5]. Lattices in Osco; are not
rigid, that is, there occur continuous families of lattices that are isomorphic as

ISSN 0949-5932 / $2.50 © Heldermann Verlag



1140 GALIAY AND KATH

discrete groups but cannot be mapped into each other by an automorphism of
Oscy 1. The classification is given in form of a list. For each isomorphism class of the
possible discrete groups, a bijective parametrisation of the set of lattices (modulo
automorphisms of Oscp ) is given whose underlying discrete group belongs to this
class.

The situation changes if we consider the hyperbolic oscillator group. On the one
hand it becomes easier since, unlike the ordinary oscillator group, the hyperbolic one
is completely solvable. Hence we can apply a general rigidity result by Saito [13],
which yields that isomorphism classes of lattices modulo Aut(Oscy ) are the same
as the isomorphism classes of the underlying discrete subgroups. On the other hand,
it is more complicated. While the classification of lattices in the ordinary oscillator
group is linked to conjugacy classes of matrices of finite order in GL(2,Z), now a
description of conjugacy classes of matrices of infinite order is needed and such a
description cannot be given in form of an explicit list. Thus we cannot expect to
obtain a list of all lattices here. However, there are several classical methods to
describe conjugacy classes in GL(2,7Z). Here we want to apply the one developed
by Aicardi [1].

A discrete group that can be embedded into Osc; as a lattice will be called a
discrete hyperbolic oscillator group. Such a group is a semi-direct product of a dis-
crete Heisenberg group Hy by Z with respect to a homomorphism ¢: Z — Aut(Hy)
for which the map B := ¢(1) induced by ¢(1) on Ha/Z(Hg) = Z? is conjugate in
GL(2,R) to a hyperbolic rotation.

In this paper,

we give a description of the set of isomorphism classes of discrete hyperbolic
oscillator groups, see Proposition 5.4;

- we parametrise the set of all lattices in the hyperbolic oscillator group, see
Proposition 6.7;

- for each lattice, we determine the isomorphism class of the underlying discrete
hyperbolic oscillator group, see Corollary 7.2;

- using Proposition 5.4 and the description of conjugacy classes in GL(2,Z)
developed in [1], we derive a classification method for isomorphism classes of
discrete hyperbolic oscillator groups, see Theorem 8.5;

- we apply this general method to obtain an explicit classification of isomor-
phisms classes of discrete hyperbolic oscillator groups with T :=tr B < 7, see
the table in Section 8.3;

- we give a bijection from the set of commensurability classes of discrete hyper-
bolic oscillator groups to the set of real quadratic fields, see Theorem 9.2.

In the last section we relate our results to those obtained by Maeta [9], who consid-
ers compact Clifford-Klein forms of solvable pseudo-Riemannian symmetric spaces.
More exactly, Maeta considers compact quotients of solvable symmetric spaces by
discrete subgroups of their transvection group. He proved that for signature (2,2)
such quotients exist only for two solvable symmetric spaces. One of these spaces
is the hyperbolic oscillator group endowed with its bi-invariant metric. On the
other hand, each lattice of Osc;o gives rise to a compact quotient. However, we
will see that these quotients cannot be obtained as a quotient of the symmetric



GALIAY AND KATH 1141

space X = Osc1p by a discrete subgroup of its transvection group. Indeed, the

transvection group G of X is properly contained in the identity component G of
the isometry group. In particular, we will see that the subgroup of G that consists of
left-translations by group elements of Osc; ¢ is not contained in G'. Consequently,
we have to consider Oscyo as a homogeneous space of G in order to understand
L\Oscy o as a Clifford-Klein form. In particular, the compact quotients of the sym-
metric space Oscy o considered in [9] are not of the form L\Oscyo. We will see that
the quotients of X constructed in [9] are straight in the sense of [8] and we will
prove that there exist also non-straight quotients.

2. The hyperbolic oscillator group

2.1. Definition and basic properties

The hyperbolic oscillator group is a semi-direct product of the Heisenberg group H
and the real line, where R acts trivially on the centre Z(H) of H and by hyperbolic
rotations on H/Z(H). To make this more precise, we start by recalling the definition
of the three-dimensional Heisenberg group.

Definition 2.1. The Heisenberg group H is defined as the group R x R? with
multiplication given by

(2,8) - (,&) = (z + 2" + qw(§,€), £+ &),

where w is the symplectic form defined by w(&,¢&') = xy' — 2’y for £ = (z,y),
5/ — (x/7 y/> u
The automorphism group of the Heisenberg group is isomorphic to the semi-direct
product GL(2,R) x R?. The elements P € GL(2,R) and n € R* act by the
automorphisms Fp and F; given by

Fp(z€) = (det(P)- 2, PE),

Fﬂ(zag) = Ad(O,n)(Z7€) = (2+W(77af)7f)

In this paper, let A be the matrix A = <(1) (1)) € SO*(1,1).

Definition 2.2.  The hyperbolic oscillator group Osci is defined as the semi-
direct product H x R, where ¢t € R acts on H by

t(2,6) = Fua(z,6) = (2,e¢). = (1)
Hence the multiplication in Oscy o is given by
(z,6,8) - (2,&, 1) = (24 2 + 3w(& e4¢), £+ e T+ 1) .

The group Oscyo admits a bi-invariant metric of signature (2,2). The induced ad-
invariant inner product (-,-) on the Lie algebra osc; o of Oscyg is given as follows.
Since Osc1p =R x R? X R as a set, we can identify osc; o with R @ R* ® R. Then

((Z2,X,1),(Z", X", T")) = (X, X")y+ ZT" + Z'T,

where (-,-), = diag(—1,1) is the standard pseudo-Euclidean scalar product of
signature (1,1) on R?.
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2.2. The automorphism group of Osc;

In this subsection we determine the automorphism group of the hyperbolic oscillator
group Oscy. The automorphism group of its Lie algebra was already described in
[14].  Of course, one could use this result to compute the automorphism group
of Osci. However, we prefer a more concise presentation similar to that for the
ordinary oscillator group of arbitrary dimension given by Fischer [4].

We define the group S := {5 € GL(2,R) | SA = pAS, u=+£1}.

Then S = diag(1,—1)-ST = S*-diag(1,—1) for ST := {S € GL(2,R) | SA = AS}.
Analogously to the case of the (ordinary) oscillator group one checks that the
following maps are automorphisms of Oscyp :

(i) Fy: Oscro— Oscig, (2,€,t) — (2 +ut, &, t) for u e R;
(ii) F,: Oscig — Oscyg for n € R?, where F, restricted to H equals F, and
Fy(0,0,t) = (= gw(n, ), n — en, 1),

(ili) Fg: Oscio — Oscip, (2,&,t) — (det(S)z, SE, ut) for S € S such that we have
SA = puAS.

Proposition 2.3. The automorphism group of Oscy isisomorphic to the semi-direct
product (R x R?) xS, where S € S acts on R x R? by S - (u,n) = (udet(S)u, Sn).
The isomorphism is given by

(R x R?*) xS — Aut(Oscyp), (u,n,S)+— F, 0 F,o Fs.

Proof. Let F' be an automorphism of Osc;o. The Heisenberg group H is the
commutator subgroup of Osc;o. Hence F' leaves invariant H and induces an
automorphism of Osc;o/H. In particular, F(0,0,t) = (2(¢),&(t), p - t) for some
€ R*. The condition F(0,0,s)- F(0,0,t) = F(0,0,s +t) yields

§(s+1) = &(s) + g (t).
Differentiation with respect to s gives &'(t) = £'(0) + pA(£(t)) in s = 0. We define
n by —&(0) = pAn and obtain £(t) = n — e#4n because of £(0) = 0.

Now we consider Fy := F_, o F'. We have
F1(0,0,t) = F_,(F(0,0,t)) = F_,,(2(t),n — e“tAn,ut) = (21(t), 0, ut)

for some z; = z;(t). Since F} is an automorphism, z; is linear, i.e., z;(t) = ct for
some ¢ € R. Thus Fy := F_,0F] for u:= ¢/p maps (0,0,t) to (0,0, ut). Moreover,
F, = F5|y is an automorphism of the Heisenberg group. This implies F, = Fn’ oFy
for some S € GL(2,R) and ' € R%. Since F; is an automorphism of Osc; o, Eq. (1)
implies Fy 0 F,ia = FLua o Fy, hence

Fn/ o FS o FetA = F’e#tA e} Fn/ o FS = Fe#“‘n’ o FeutA o FS,

which gives 1/ = "4y’ and Se!* = e*4S for all t € R. Differentiating with respect
to t, we get n’ =0 and SA = pAS. In particular, 4 = £+1. We obtain

FQ(ngat) = (FQ(Z,&B),,Mt) = (FS(va)ay’t) = FS<Z7£at)’
Finally, F'= F,,o F| = I}, 0o I}, 0 Fy = F, 0o I, o F. ]
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3. Basic notions and first examples of lattices

3.1. Lattices in the Heisenberg group

Lattices in the (2n + 1)-dimensional Heisenberg group were classified by Tolimi-
eri [15]. However, note that, in [15], it is assumed that a lattice I' satisfies the
additional technical condition [[',I'] = I' N Z, where Z denotes the centre of the
Heisenberg group.

Let e, e denote the standard basis of R?. For each r € Ny, the elements (1/7,0),
(0,e1) and (0,e) generate a lattice I, in H. It is called standard lattice. By
definition, we have

FT:{<Z>€)EH |£:(§1a£2)€Z2, 26%61524—%2}. (2)

If 7 is even, then this simplifies to I', = (1Z) x Z* (as sets).

An arbitrary lattice of H equals F,Fp(T',) for some 7 € Nug, P € GL(2,R) and
n € R%.

Definition 3.1.  For each r € Ny, we define the group B, to be the subgroup of
R? x GL(2,R) = Aut(H) consisting of all elements (£, B) that stabilise the lattice
I',, i.e., for which we have

FeFp(l,) =T,. (3)

d
is in B, if and only if B is in GL(2,Z) and the following condition for & holds. If

r is even, then £ € %Z X %Z and, if r is odd, then

Lemma 3.2. Let (¢, B) be in R? x GL(2,R), where B = (CCL b> . Then (£, B)

17 x 17, if ab and cd are even,
¢ e %Z X (% + %Z), if ab is even and cd is odd, (4)
(5 4+ 2Z) x 2Z, if ab is odd and cd is even.

Proof. @ We have
F%FB«O, 61)) = (516 — 52@, ((1,7 C)T>, and F_%FB((O, 62)) = (gld — ggb, (b, d)T)

Suppose that FzFg(I',) = T',. Then these equations imply that a,b,c and d are
integers and we obtain

FgFB((O, 61)) = (&e—&a— %ac, 0)(0,e1)*(0, e2)¢,
FeFp((0,e0) = (&d — &b — 3bd,0)(0,e1)°(0, e0) .
In particular, (2) gives
Ge—&a—tac € 12, &d—&b— Lbd € 12 (5)

Conversely, if B is an integer matrix and if (5) holds, then FzFg(I',) =T,. If r is
even, Eq. (5) is equivalent to & € 1Z x 1Z. If r is odd, then (5) is equivalent to
(4). n
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3.2. Examples of lattices in Osc

Let B € SL(2,Z) be an integer matrix with trace 7" > 2. Then B is conjugate to
e’ for a unique s € Ryy. Choose P € GL(2,R) such that B = P~ 1e*AP and let
¢ € R? be such that (£, B) is in B,, i.e., such that ¢ satisfies (4).

Example 3.3.  The subgroup L, (P,§) of Oscy that is generated by the lattice
Fp(I'y) of H C Oscyo and the element 6 := (0, P¢,s) € Oscyp is a lattice in
OSCL(). |

Indeed, let F denote the conjugation by §. Then F(H) = H and F|g = FpeF,oa.

Hence FFP(FT) = FpﬁFesAFp(Fr) = Fpgﬁpﬁ]g(FT) = FPF5F3<FT> = Fp(Fr> by
Lemma 3.2, which proves the claim.

In the next subsection we will define isomorphy of lattices. Later on, we will see
that each lattice in Oscy g is isomorphic to one of the lattices L, (P, §).

4. Isomorphy of lattices and rigidity

Two lattices L, L’ in a group G are called isomorphic if there exists an automorphism
F of G such that F(L) = L'. If two lattices are isomorphic, then their underlying
discrete groups are isomorphic. The converse is not true in general. In particular,
it is not true for the (ordinary) oscillator group ([4], see also [5]). However, the
hyperbolic oscillator group is a completely solvable Lie group. Therefore a classical
result of Saitd applies, which states that lattices in completely solvable Lie groups
are rigid, see [13], Theorem 5. For a more recent presentation of rigidity in solvable
Lie groups see also [3]. This implies

Theorem 4.1.  Two lattices L and L' of Osci are isomorphic if and only if
their underlying discrete groups are isomorphic.

Due to this result we will only use the term ‘isomorphic’ and do not distinguish
between ‘isomorphic as lattices” and ‘isomorphic as discrete groups’. Nevertheless,
it is often useful to consider both kinds of isomorphisms since, depending on the
situation, sometimes it is easier to consider isomorphisms of discrete groups and
sometimes it is easier to consider isomorphisms of Lie groups.

5. Discrete hyperbolic oscillator groups

There exist different non-equivalent definitions of what a discrete Heisenberg group
should be. Here we will use the following one.

Definition 5.1. A discrete Heisenberg group Hgy is a non-trivial central extension
of 72 by 7Z. [

Obviously, the commutator subgroup of Hy is contained in the centre Z(Hq) of Hy.
Note that, unlike other authors, we do not assume that it is equal to the centre.
Our definition is chosen in such a way that every lattice in the (continuous) three-
dimensional Heisenberg group is isomorphic to a discrete Heisenberg group as an
abstract discrete group.
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For a discrete Heisenberg group Hgy, the group Z(Hg)/[Ha, Hq4) is a finite cyclic
group of order r € N5y and Hy is isomorphic to

H'(Z) = (o, 8,7 ] apa™ 7" =97, ay =ra, By =18). (6)
In particular, for different r, these groups are non-isomorphic.

Definition 5.2. A discrete generalised oscillator group is a semi-direct product of
a discrete Heisenberg group Hy by Z with respect to a homomorphism ¢: Z —
Aut(Hy) for which the map ¢(1) induced by ¢(1) on Hy/Z(Hy4) = Z? is conjugate
in GL(2,R) to a rotation or to a hyperbolic rotation. ]

If ¢(1) is conjugate to a rotation, i.e., to an element of SO(2), the group is an
ordinary discrete oscillator group in the sense of [5]. Here we are interested in
the case where ¢(1) is conjugate to a hyperbolic rotation, i.e., to an element of

SO™(1,1) \ {I»}. This condition is satisfied if and only if ¢(1) is an element of
B:={B eSL(2,Z) | tr B > 2}.

We will call the corresponding generalised oscillator groups hyperbolic discrete os-
cillator groups.

a b

For B = (C d) € B and [ € (Z,)?, we define

Osc"(B,l) .= H"(Z) X4 Z - 6,
where ¢(6)(a) = a*B97"2, ¢(6)(8) = o’y and ¢(6)(v) = 7.

Lemma 5.3.  The definition of Osc’(B,l) is correct, i.e., it does not depend on

the representative of the congruence class of 1 in (Z,)?.

Proof. = We show that there is an isomorphism
F: Osc"(B, (l1,13)) — Osc"(B, (I1 4+ r,12))

that is the identity on H"(Z) and maps § to da~'. As above, let ¢(d) be the
automorphism of H"(Z) that is determined by B and (l,l3). We will shorten the
notation and write just ¢ instead of ¢(d). Analogously, let ¢’ be the automorphism
determined by B and (I; + r,l). We defined F' on generators and have to prove
that F' maps relations to the identity. This is clear for relations within H"(Z).
Furthermore, we have

F(30™(6(0))™) = da~"a(d0™) 7 ($(a) ™ = dad ™ (6/(a) ™ = 1
since ¢(a) = ¢'(«). Similarly, ¢(5) = ¢'(B8)y" implies

F(6867 1 (0(8)™) = da~'p(da) " (d(8) ™
= 0By (9(B)TH = 685N (B) Tt =1
Analogously, there is an isomorphism Osc"(B, (I1,12)) — Osc"(B, (l1,l2 + 1)) that is
the identity on H"(Z) and maps § to 6571, n

By definition, every discrete hyperbolic oscillator group is isomorphic to a group
Osc"(B, 1) for some B € B and [ € (Z,)*. For different (B,l), these groups are
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not necessarily non-isomorphic. In the next step, we clarify, what the isomorphism
classes are. More exactly, we will parametrise the set G of isomorphism classes of
discrete hyperbolic oscillator groups. Obviously, we have

B = GBT, B;:={BeB|tx(B) =T}

T=3
We define an action of the group Z, x (GL(2,Z) x Z*) on Br x (Z,)* by

(K,m)-(B,l) = (KBK',K(l— (I, —B")(m))) (7)
k-(B,l) = (B™' —BI) (8)

for (K,m) € GL(2,Z) x Z* and k = —1 € Z,.

Proposition 5.4. (1) For Osc"(B,l), the numbers r and T := tr(B) depend only
on the isomorphism class of Osc"(B,1).

(2) Let G,r be the set of isomorphism classes of discrete hyperbolic oscillator
groups with the same fized r and T'. Then

g:H Hg'r,T

r=1 T=3

and the map By x (Z,)? > (B,1)

sc"(B,1) induces a bijection

0
Zo x (GL(2,Z) x 22)\ BT — Gur. (9)

Proof. The commutator subgroup I'g := [I',I'] of I" := Osc"(B, ) is the discrete
Heisenberg group H"(Z), hence r is uniquely determined by the group structure of
Osc”(B, 1), thus it is invariant under isomorphisms. The same holds for 7'. Indeed,
choose an element A of I' such that I' is generated by I'y and A. Then the action
of A on Ty/Z(Ty) = Z* equals that of 6 or of §~'. Thus the trace of this action
equals T and therefore T is determined by the group structure of I'. This proves
the first assertion.

For K = (gl ]/-22> € GL(2,Z), m = (my,my) € Z* and k € Zy, we define
3 ka

isomorphisms
Fg Osc”(B,l) — Osc"(B,1), (B,l) = (K,0) - (B,1),
F,: Osc"(B,l) — Osc’(B,1), (B,l) = (I,m) - (B,1),

Then Fy o Fx o F,,: Osc"(B,l) — Osc’(B,l), (B,l) = k- (K,m) - (B,l), is an
isomorphism. In particular, the map (9) is well-defined. Obviously, it is surjective.
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Let us prove that it is also injective. Assume that Osc”(B,l) and Osc"(B,l) are
isomorphic and let F': Osc”(B,1) — Osc"(B,1) be an isomorphism. Since H"(Z) is
the commutator group of Osc”(B,1) and of Osc’(B,1), the isomorphism F maps
H"(Z) C Osc"(B,1) to H"(Z) C Osc"(B,l). Thus F restricted to H"(Z) is an
automorphism of the discrete Heisenberg group. Consequently, F' is of the form

Fa—s Ozklﬁk3’)/_m2det(K), B N ak26k4,ym1det(K)7 v — ,ydet(K)7 5 — (5 . h)ﬁ,

where K € GL(2,Z) is defined as above, m = (my,mq) € Zy, h € H"(Z) and
k = +1. Hence F = F,, 0 FxoF, o Fy, where Fj is the identity on H"(Z) and maps
d to § - h. Then Fy maps Osc"(B,l) to Osc"(B,!') for some " with I’ =1 mod r.
We have seen this in the proof of Lemma 5.3 for h = o~! and h = 87!, hence this
is true for arbitrary h € H"(Z). Consequently,

F: Osc"(B,1) =% Osc” (B, 1) ™55 0sem (B, 1),

hence (B,1) = (I,m)-(K,0)-x-(B,l'). Thus (B,l) and (B,l') = (B,l)€Br x (Z,)?
are in the same orbit of Zy x (GL(2,Z) x Z?). ]

Definition 5.5. For B € SL(2,7Z), we say that M € GL(2,Z) is a symmetry
of B if MBM™' = B and we say that M € GL(2,Z) is a reversing symmetry if
MBM~' = B~'. If B admits a reversing symmetry, it is called reversible. Let
S(B) € GL(2,Z) denote the group of all symmetries of B and R(B) C GL(2,Z)
the group of all symmetries and reversing symmetries of B. |

By definition, R(B) is equal to S(B) if B is not reversible. Otherwise, R(B) is
generated by S(B) and a single reversing symmetry of B.

Remark 5.6. Take B € By and let A > 1 and A™! be the (real) eigenvalues
of B,ie., A+ X! =T. We denote by K the field Q(\) and by O the ring of
integers in K. Then S(B) is a subgroup of {zl, + yB | z,y € Q, x +yX € O }.
The latter group is isomorphic to Zs X Z, where the generators correspond to —1
and to the fundamental unit ¢ in Okx. Hence S(B) is also isomorphic to Zs X Z.
Its generators correspond to —1 and to the smallest power ¥ = zy + yo\, k € N,
of the fundamental unit such that zqls + yoB is an integer matrix. [ ]

Fix B € Br. We define an action of R(B) x Z? on (Z,)* by

K(l - (I, — B™Y)(m)), it K € S(B),

(K,m) -1 :=

—B7'K(l — (I — B™Y)(m)), if K € R(B)\ S(B).
Corollary 5.7.  For B € By, the groups Osc"(B,l) and Osc"(B,l') are isomor-
phic if and only if | and I' are in the same R(B) x Z*-orbit.

Proof. By Prop. 5.4, Osc"(B,l) and Osc"(B,!') are isomorphic if and only if
there exists an element (r, K, m) € Zyx (GL(2,Z)x Z?*) such that (x, K, m)-(B,l) =
(B,l"), where the group action is defined by (7) and (8). This implies that either
k =1 and K is in the symmetry group of B or K = —1 and K is a reversing
symmetry of B. Now the assertion follows from (7) and (8). ]
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In Section 7, Corollary 7.2, we will see that for each discrete oscillator group there
is a lattice in Oscy that is isomorphic to this group. Moreover, we will prove that
every lattice in Oscy o is isomorphic to a discrete hyperbolic oscillator group and we
will determine this group.

6. Parametrisation of the set of lattices

6.1. Arbitrary lattices in the hyperbolic oscillator group

The aim of this subsection is to parametrise the set of all lattices in Oscio. The
main result is Proposition 6.7.
For our first observations on lattices in Oscy o, we will use the following facts.

— Let G be a connected solvable Lie group and N be its maximal connected
normal nilpotent Lie subgroup. If T" is a lattice in G, then ' N is a lattice
in N (see [12], Cor.3.5.).

— If T'y is a lattice in the simply-connected nilpotent Lie group N, then the
image of T’y in the factor group N/[N, N] is also a lattice (see [10], Thm.4 or
[12], proof of Thm. 2.21).

Now let L be a lattice in Oscyo. Then the first fact implies that LN H is a lattice in
the Heisenberg group. By the second fact, the image A of LN H in H/Z(H) = R?
is a lattice in R?. Let p denote the projection of Osc;gp = H x R onto the R-
factor. Then the subgroup p(L) of R is discrete. Indeed, e'4(A) = A holds for each
t € p(L). If p(L) were dense in R, then e*4(A) = A would hold for all + € R. This
would imply that e is equal to the identity for all ¢ € R, which is a contradiction.

We want to use these observations to define a positive integer r(L) and a positive
real number s(L) that is contained in the discrete set

S:={seRyo|e’+e° €N}

Since the intersection L N H is a lattice in the Heisenberg group, it is isomorphic
to some I', as defined in (2). We put r(L) := r. Furthermore, we have seen
that p(L) C R is discrete, hence p(L) = s-7Z for a real number s > 0. We
define s(L) := s. Let § be an element of L such that p(L) = s. Then ¢ acts on
H/Z(H) = R? with eigenvalues e**. Since this action preserves A, the trace T' of
the matrix of this action is an integer, hence T'=¢e® + ¢7® € N.

We denote by £ the set of lattices in Osc; . Furthermore, for given r € Ny and
s € S, we define
L.s:={LeLl]|r(L)=r s(L)=s}.

Next we turn to the set of parameters. We will use the set B,., see Definition 3.1.

We put P,o:={(P,&) | P € GL(2,R), (¢, B := P 'e**P) € B,},
Prs:={(n,Pz¢&) | neR? (P¢) eP,, 2 €R},

117

r=1 seS

and P
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Lemma 6.1.  Let (n, P,z,€) be in P.s. Then the conjugation by
§ = (det(P)z, P, s) = (Fp(z,£), )
stabilises the lattice Fp(T',) C H.
Proof. By definition of P,,, the pair (§,B := P~ 'e*AP) is in B,. Hence,

(0, P€, s) stabilises Fp(I',) as we have seen in Example 3.3. Thus this is also true
for § since (det(P)z,0,0) is in the centre of Oscy. ]

The lemma shows that we can define lattices in Oscy in the following way.

Definition 6.2.  Let (1, P, z,§) bein P, ;. We denote by L, (n, P, z,§) the image
under F, of the lattice generated by Fp(I';) C H and (Fp(z,§),s), i.e

Lrs(n, P, z,€) == F,)({ Fp(T,), (Fp(2,€),5) ). n

Although we will not use explicit formulas for generators in this paper, we want to
include them here. The lattice L, 4(n, P, z,£) is generated by

(% det P7070)7 (W<777P€1)7P6170), (w(na P62)7P6270)

and (2det P — Lw(PE +n,n + e¥4n), P&+ — ey, s).

Remark 6.3. TFor r € Nyg, s € S and (P, &) € P,,, the lattice L, (P, ) defined
in Example 3.3 equals L, (0, P,0,&). n

Proposition 6.4.  For each r € Nyy and s € S, the map
Pr,s — Lr,sa (na P7 2, 6) — Lr,s(na P7 2, 6) (10)
is surjective. In particular, this defines a surjection from P to L.

Proof. Let L be a lattice in Oscyo such that (L) = r and s(L) = s. Then
L N H is a lattice in the Heisenberg group and isomorphic to I',. Consequently,
LNH = F,Fp(T,) for some P € GL(2,R) and n € R?. Now choose an element §
of L such that L is generated by L N H and §. By assumption, the action of  on
H/Z(H) = Z is conjugate to e**. Hence we can write & as F,((Fp(z,£),s)) for
suitable z € R and £ € R?. It remains to prove that (P,€) € P,,. Since conjugation
by § stabilises L N H = F,Fp(T',), conjugation by (Fp(z,£),s) stabilises Fp(L,).
Hence also conjugation by (0, P¢, s) stabilises Fp(I',). Now the same calculation
as in Example 3.3 shows that (£, B := P~1e*AP) is in B,. [

The map defined in (10) is not injective. Therefore, our next aim is to form a
quotient of P, ; such that the induced map becomes bijective. By Definition 3.1, B,
acts on I'.. Thus we can consider the group I', x B,. We want to define an action
of this group on the right of P,.,. Let (k,[,(, K) be an element of I', x B, , where
(k,l) eI, € H and (¢, K) € B,. Then we put

(n, P, z,&) - (k,1,{, K) = (7, P, 2,€), (11)
where (7, ) ( ,P)-(¢,K) (12)
and (2,€) = Fr-1((0, =) (k, 1) (2,€)(0, BQ)), (13)
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where, as usual, B = P~1e*AP. The multiplication in (12) is the multiplication in
the group R? x GL(2,R) and the multiplication in (13) is the multiplication in H.

Remark 6.5. Evaluating the second component in (13), we obtain the equation

E=K'(E~1+(B-1)). (14)
Lemma 6.6.  Equations (11)—(13) define an action of 'y x B, on P,.;.

Proof. We show that (7], P, %, €) is again in P, . We have to check that (£,B)eB
holds for ¢ as given by (14) and B = P~'e*4P = K~'BK . This follows from

(&, B) = (K "6~ 1+ (B~1)Q),K'BEK) = (¢, K)"' (=1, 1)(&, B)((, K)

in R? x GL(2,R) and the fact that each factor on the right hand side is in B,.. It is
now a straightforward calculation to check that (11) is indeed a group action.  ®

Proposition 6.7. (1) The sets L, are pairwise disjoint, i.e.,

E:ﬁﬂﬁm.

r=1 seS

(2) The map defined in (10) induces a bijection P, s/(Ly ¥ B,) — L,.5.

Proof.  The first assertion is obvious since, for L € £, the numbers r(L) and
s(L) are determined by L. Suppose that L,(n, P, 2,§) = L,s(7, P, Z,§). Then
F,Fp(I',) = F;Fs(TI',) holds, which is equivalent to

Uy = Fpr Fy FF (1)) = Fpgog Fpoip( 1)),

thus to (¢, K) € B, for ¢ := P7(jj —n) and K := P7'P. We obtain (7, P) =
(n, P) - (¢, K). Furthermore,

Fy(Fp(2,6).5) = Fy((Fp (k l)*l 0) - (Fp(2,£),9))
- (FF Z7£))a0)'Fn<O,O,S)

is equivalent to

( 15(27 5)7 S) = (FfP(FP((kv l)il('%f))v O) : FfPC(Oﬂ 0, 8)
(k},l)_l(z7§>>,0) : (07 _PC70) ' (07078) ' (O’PC70)
= (F—PCFP((kvl)_l(z7£))’ O) ’ (07 _PC70) ) (0’ 68APC>0) ’ (0,0,S)

I
—
-
)
Y
T

thus to the equality

(5,8) = Fpoa(FopcFp((k,1)7(2,€))(0, = P¢)(0, e P())
PE (k1) (2,€)(0, =PC)(0, e PC))
p((0,=C)(k, 1)1 (2,6)(0, P~1e™ P()))
= Fi1((0, =Q)(k, 1)} (2,€)(0, BY))

in the Heisenberg group. [ |
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6.2. Normalised lattices and their parametrisation
Consider a lattice L in Oscy . Then we let Lo denote the projection of Ly := LNH
to H/Z(H) = R?.

Deﬁnition_ 6.8. The lattice L is called normalised if Ly is a normalised lattice in
R2, i.e., if Ly C R? has covolume one with respect to the standard metric of R2. =

Let £° denote the set of normalised lattices in Oscy .
Proposition 6.9.  The map L° X R.o — L, (L,a)— Fs(L), S=al,, isa
bijection.

Proof. We prove the assertion by determining the inverse map. Take L € L.
Let a(L) be the square root of the covolume of Ly C R%. Then the inverse map is
given by L+ (Fs(L),a(L)) for S =a(L)™ 1. ]

We can also obtain a parametrisation of £°. We put
Plo={(n,P.2,&) € Py | det P =1}, PO =[] P

r=1 seS
In analogy to Proposition 6.7, we obtain:

Proposition 6.10.  The set L° equals the disjoint union [~ 1]
L), is in bijection with PY,/(T; x B,.).

scS L’%S , where

7. Isomorphism classes of lattices

In Section 6, we defined a lattice L, s(n, P, z,§) for every (r,s) € Nog xS and every
(n, P,z,&) € P.s. This gave us a parametrisation of the set £ of all lattices, see
Prop. 6.7. Now we want to decide for which parameters (r,s,n, P, z,£) we obtain
isomorphic lattices. In the end of this section we show that each lattice L, s(n, P, z, §)
is isomorphic to a discrete hyperbolic oscillator group and we determine this group.
Recall that L, (P, &) = L, (0, P,0,§).

Proposition 7.1. (1) The lattice L, (n, P, z,£) is isomorphic to L, (P,¢§).

(2) The lattices L, s(P,§) and L. ¢(P',&') are isomorphic if and only if (r,s) =
(r',s") and if there exists an element ((, K) € B, such that

(a) BB=KBK™', and (b) ¢ - K+ (B —1)¢eZ?,
or
(a) B'= KB 'K, and (b) &+ KB '€+ (B' —I) € 72.
Proof.  Obviously we have F_,(L,s(n, P,z,&) = L.4(0, P, z,§). Moreover, put
u:= —det(P)z/s. Then
FU(LKS(Ov P, Z?S)) = FU(<FP<PT)’ (FP(Z7£>7 3)>) = <FP(FT)7 FU<FP(Z7§)7 S)>

and

F.(Fp(z,€),5) = F,(det(P)z, P¢,s) = (det(P)z +us, P¢,s) = (0, PE,0)
= (Fp(O,&),S),

which implies F,(L, (0, P, z,€)) = L, (0, P,0,¢). This proves the first assertion.
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For any lattice L € £, the numbers s(L) and r(L) only depend on the isomorphism
class of L, which gives the first assertion in Item (ii). It remains to study under which
conditions L, (P,¢) and L, (P’ £') are isomorphic. An arbitrary isomorphism of
Oscy g is of the form F := F, o Fgo F),, see Subsection 2.2. We have

F(L,s(P§)) = (Fn oFgo Fu)(<FP(Fr)a (FP<07€)> 5)>)
= (F, o Fs)((Fp(T), (us, P§, 5)))
= Fn(<135p(1“r),(usdet(S),SPf,us)>),
where g is the sign of det S.
If u =1, then (usdet(S),SPE, us) = (Fsp(usdet(P)™1,€),s).
If £ =—1, then
(usdet(S), SPE us) = (usdet(S), SPE,—s)
(—usdet(S), —e**SPE, s)
= (Fsp(—usdet(P)™!, —(SP) e A5 Pg),5) ™
(Fsp(—us det(P)_l,—P_le_SAPS),s)f1
— (Fsp(—usdet(P)™', —B7¢),s) ™"

L, s(n, Pyusdet(P)™*,¢), if p=1,

Thus F(L,.(P,£)) =
(Lrs(P8)) { Ly, s(n, SP,—usdet(P)™', —B7Y¢), if u=—1.

Consequently, L,s(P,§) and L, (P’ ') are isomorphic if and only if there are
u,m, S, k, 1, K, such that

(n, SP,usdet(P)~",¢), if =1,

(07P707§) ’ (k7l’C7K) - { (U,SP, —USdet(P)ilv_Bilg)a lf:u: -1

This is equivalent to the existence of S,1,(, K such that P’ = SP and

£, if p=1,

—1/¢r I —
K7 =14 (B~ 1)) {_B_%’ fae 1

see (14). The existence of S is equivalent to P’KP~! € S, that is, to the condition
P KP 'esAPK~1P'~! = ets4 . The last equation can be rewritten as KBK™' =
(B')*. Then the existence of [ is equivalent to Condition (b) in the proposition. =

Corollary 7.2.  The lattice L,s(n, P,z,£) is isomorphic to the discrete group
Osc"(B, 1) for

1 a b _ . (—bd
B:}’%AP::(C(D, l:rB1§+§( ) (15)

ac

In particular, every lattice in Oscy o is isomorphic to a discrete hyperbolic oscillator
group.

Moreover, for every discrete oscillator group there is a lattice in Oscio that is
isomorphic to this group.
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More exactly, given a discrete hyperbolic oscillator group Osc"(B,l), choose P such
that B = P~'e*4P and put

—bd a b
§:= Bl 2B(ac)’ where B <c d)'
Then the lattice L, (P, &) is isomorphic to Osc™(B,1).

Proof. By Proposition 7.1, we know that L, (n, P, z,&) is isomorphic to the
lattice L, (P, ), which is generated by a := (0, Pey, 0), f = (0, Pes, 0),
= (% det P,0,0) and 0 := (0, P, s). The elements «, 8 and ~ generate a discrete
group isomorphic to H"(Z). Then

506(571 = FP&FESA(O,Pel,()) = (W(ngeSApel)aeSApelao)

= (det(P)-w(, Bey), PBey,0).
Furthermore,

(det(P) - w(§, Bel)apBel) = FP(W(f, B€1)>B€1) = FP(flc — &aa, (G:C)T)
= Fp((&c— &a— Ltac,0)(0,e1)(0, e2)°)
= (Ldet P,0)72(0, Pey)*(0, Pey)°

for Iy = —r(&1c — §a) + Fac. Together with a similar calculation for 53571 this
proves Equation (15).

It remains to prove the last assertion. Note first that (B,&) is in B,. Indeed, if we

define ¢ as above, then ¢ satisfies the second equation in (15), which implies that

(5) holds, which is equivalent to (B,&) € B,, see the proof of Lemma 3.2. Hence

L, (P,¢) is a lattice in Oscyo. Now (15) shows that L, (P, &) is isomorphic to

Osc"(B,1). ]
8. Classification

We know that two lattices in Osc; o are isomorphic if and only if the underlying
discrete hyperbolic oscillator groups are isomorphic, see Section 4. In Prop. 5.4
we gave a description of the set G of isomorphism classes of discrete hyperbolic
oscillator groups. In this section, we want to make this description more explicit.

8.1. Conjugacy and reduced cycles

In Proposition 5.4, we proved that each G,r is in bijection with a quotient space
given by the left hand side of (9). If we want to use this bijection in order to study
G.r, we need a good description of the quotient GL(2,Z)\Br, where GL(2,7Z)
acts on By C SL(2,Z) by conjugation. This is a classical problem and there are
several methods to describe these conjugacy classes. Here we want to apply the
one developed by Aicardi [1]. In the appendix we give a short introduction to this
method, where we slightly modify it in order to adapt it to our needs. It relies on
the notion of cycles in a finite subset H’, of B, which we want to introduce in
the following.

Let T e N, T > 2, be fixed.
Definition 8.1.  Let A and B be elements of SL(n,Z). We say that A and B are

extendedly conjugate if B is conjugate to A or A™! in GL(n,Z). The corresponding
equivalence classes in SL(n,Z) are called extended conjugacy classes. |
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11

We put A := (0 1

> ) B:= G ?) and consider the finite set

HY, = {(Z Z) € By | a,b,c,d >0, max{a,b,c,d} € {a,d}}.

Definition 8.2. A cycle of length t in HY, is a cyclic sequence [Bj, ..., B;] of
t > 1 distinct matrices in H®, such that B;y; = M;B;M; ' (i =1,...,t —1) and
By = M,B,M; ", where each of the matrices M, ..., M, is a power of A or B. =

Remark 8.3. (1) We consider the index 7 of the elements in a cycle of length ¢
as an element of Z;, = Z/tZ,i.e., weput i +1=1ifi=tand i— 1=t if i =1.
(2) We can describe cycles explicitly in the following way. Let B; := <Z’ 2’),
i € Zy, be the elements of a cycle in H’,. Then a; # d;. Moreover, a; > d; holds
if and OIlly if Qi1 < di+1 It a; < di, then M; = A? for

q:{ %], e,
d;

— 1, else,
and, if a; > d;, then M; = B9 for

w], £,

q= ’
{ a; — 1, else.

The statement follows from Corollary A.9 in the appendix and the remark that a
reduced cycle in HY is the same as a cycle in HY;. u

The importance of cycles lies in the following

Fact. The set H°, decomposes into pairwise disjoint cycles. Fach SL(2,Z)-orbit

re
in By contains exactly one cycle in HY,.

For a proof, see Propositions A.2 and A.8. We introduce two further matrices

~ 01 = 0 -1
pe (00, e (05

For B € HY,, we define B := (A]B@_l. If z = [By,...,B] is a cycle in H,,
then z" := [B,...,B/] and z := [By,..., B;] are also cycles in H’,. The cycles

z and z are in the same conjugacy class in GL(2,Z). For B € z, the inverse
B~! and the elements of z' are in the same conjugacy class in SL(2,Z). Indeed,

WB'W-'=pBT.

Example 8.4.  We want to decompose H’, into cycles for T' € {3,4,20}. Instead
of writing the cycles in the formal way introduced above, we will display them as
graphs. The elements of the cycle constitute the nodes of the graph and an arrow
with label A? or B? stands for conjugation by the label.
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For T'= 3, we have only one cycle: B
N
2 1 11
N
N~
For T'= 4, we have two cycles: A
B A
TN N
. (32 12 4 (11 31
o 13)° #=TATH g 3 2 1)
N~ N~
A2 B2
For T' = 20, there are six cycles: 5
TN
L. (19 18 118 L
o 1 19) 0 #TARTA
"
Al8
B2
TN

We have chosen T = 20 as an example since this is the smallest number for which
there exists a cycle z such that z, zZ, z' and zZ' are pairwise different. |

8.2. Classification strategy

In this subsection we give a method to determine the isomorphism classes of lattices
in Oscy o or, equivalently, of all discrete hyperbolic oscillator groups.

Let us fix integers T' > 2 and r > 0. For a fixed map B € By, we define ~5 on Z?2
as the smallest equivalence relation that contains the relation defined as follows.

Two elements [,I' € Z? are related if
(i) there exists an element m € (Z,)? such that I' =1+ (B — I5)(m) or

(ii) there exists a map K € R(B) such that I' = KI.

Next we describe a procedure how we can find a complete set of representatives of
G,r. The final result for G will be formulated in Theorem 8.5.

1. Decompose H’, into cycles. To find this decomposition, start with an

element of H®, and determine its cycle by conjugating by powers of Aand B
according to Remark 8.3, 2. Then take one of the remaining elements of H?,
and determine its cycle. Proceed until all cycles are determined. This happens
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after finitely many steps since H' is finite. Instead of separate cycles now
consider pairs of cycles z,z, which may coincide. Choose a representative of
each set z Uz in this decomposition. Let us denote these representatives by
Bi,....B,.

2. Determine the reversing symmetry group of each representative.

(a) Determine the symmetry group of each representative. For each
representative B;, j = 1,...,n, determine an element G; € GL(2,Z)
such that S(B;) = {+G] | ¢ € Z}, see Remark 5.6 for how to find Gj.
If B; is not reversible, then R(B;) = S(B;).

(b) Determine a reversing symmetry of each reversible representa-
tive. An element B of H, is reversible, if and only if its cycle z satis-
fies z" € {z,z}. For each reversible representative B; we find a reversing
symmetry in the following way. If BjT € z, then we can read a matrix

M from the cycle z such that B = MB;M~'. Then R; = WM isa
reversing symmetry of B;. If B; isin z, then BjT = MB;M™!, where
M can be read from z. Now R; := WIMU is a reversing symmetry.
In both cases, R(B;) is generated by S(B;) and R;.

3. Determine the equivalence classes of (Z,)* for ~p , for each Bj,
j=1...,n.

Since n and By,...,B, depend on T, we will use the notation n(7") and BjT,
j=1,...,n(T) in the following.

oo oo n(T)
Theorem 8.5.  The map H H H (Z0)?)~ o — G, [I] — Osc"(B] 1) is
r=1 T=3 j=1 J
a bijection onto the set G of isomorphism classes of discrete hyperbolic oscillator
groups.

Proof. The statement almost follows from Proposition 5.4 and Corollary 5.7. It
remains to show that the quotient (R(B) x Z?)\(Z,)? is in bijection with the set
of equivalence classes (Z)?/~, for each B := B]. Suppose first that [ and I’ are
in the same (R(B) x Z?*)-orbit. Then we have ' = K(I — (I — B~')(m)) for some
KeS8B)and meZ*orl' =B 'K(I—(I,—B™!)(m)) for some K € R(B)\S(B)
and m € Z*. In both cases we obtain I’ ~p [ — (I — B™')(m) since K and —B™'K
are in R(B). Furthermore, | — (I, — B~')(m) =1 — (B — I,)(B~'m) ~p [, which
proves I’ ~p .

Conversely, suppose that I’ ~p [. We may restrict to the relations defined by (i) and
(ii) since these relations generate ~p. Thus we may assume that I" = [+ (B —1I3)(m)
for some m € (Z,)? or that I’ = Kl for some K € R(B). In the first case, we obtain
I'!=1— (I — B Y)(=Bm). Thus, I' = (I,,—Bm) - [, which shows that [ and [’
are in the same orbit. In the second case, we have I' = (K,0) -1 if K € §(B). If
K € R(B)\S(B), then also —BK € R(B)\S(B) and we get I’ = (—BK,0)-1. =

For given T' € N, T' > 3, we define sy > 0 by e’ 4+ e °7 = T'. For each BJT, we
choose a matrix P! such that B = (PF)~'es74PT' . Corollary 7.2 now implies
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=

00 )
H ZE/NB]T 2 [l] — LT,ST(PJ‘T7£)7

1 T=3

where £ = %B]Tl — %Bj <_bd) for BjT = (z Z) ,

n(

Corollary 8.6.  The map

e
?,

ac

is a bijection onto the set of isomorphism classes of lattices in Oscyyp.

8.3. Explicit results for small T

For each discrete oscillator group Osc”(B,[), the number 7' = tr B € N depends
only on the isomorphism class of the group. Here we want to classify all discrete
oscillator groups with 7' < 7 up to isomorphism. We proceed as described in
Subsection 8.2.

We already know that there is only one cycle in HC ,, see Example 8.4. Tt

is represented by B = G %) The matrix B — I, = G é) is invertible, which

already implies Z2/., = {(0,0)}.

Here we have exactly one pair z,z of cycles, see Example 8.4. The union
3 2
1 1
according to Remark 5.6. The matrix B has the eigenvalue A = 2 + /3 > 1.
Hence K := Q()\) = Q(v/3). The fundamental unit of O equals € = 2+ /3 = \.
Therefore, S(B) is generated by B and —I;. The matrix B is reversible since
BT € z. From Example 8.4, we see that B = ABA™! holds. Hence

._/\_1’\’\_ —1 0
R:=W AU—<1 1)

z U Z is represented by B = < ) We determine the symmetry group of B

is a reversing symmetry. Thus R(B) is generated by B, —I, and R. Now we can
determine (Z,)?*/~.,. We first consider the equivalence relation generated by (i).

We have B — [, = % (2)> . If r is odd, then there is only one equivalence class,

which is represented by (0,0) and we are already done. If r is even, then there
are two equivalence classes, namely {(l1,l5) | [; is even} represented by (0,0) and
{(l1,12) | 1y is odd}, which is represented by (1,0). The matrices B, —I5 and R
map each of these sets to itself, thus also R(B) preserves these sets. Hence the
set (Z,)?/~, consists of one element represented by (0,0), if r is odd, and of two
elements represented by (0,0) and (1,0), if 7 is even.

In this case, H’, consists of four elements and we have one pair z,z of
cycles, where z is represented by B = (41L ?) The eigenvalue A > 1 equals

A = 1(5+4+/21). As in the last example, the fundamental unit of O for K :=
Q(\) = Q(v/21) equals ), thus S(B) is generated by B and —I,. Moreover, also

here R = W-'AU is a reversing symmetry and R(B) is generated by B, —1I, and
R. Let us determine (Z,)?*/.,. As above, we first consider the equivalence relation

generated by (i). Here we have B — I, = <Z13 g) . Therefore, if 31 r, then there is
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only one equivalence class, which is represented by (0, O) and we are already done. If
3| r, then we have three equivalence classes, namely, O, := {(l1,l2) | [y = j mod 3}
for j = 0,1,2. Obviously, O; is represented by (j,O), = 0,1,2. The generators
B, —1I5, R of R(B) act in the following way on these sets. The matrix B preserves
each O;, while —I, and R preserve Oy and interchange O; and O,. Consequently,
the set (Z,)?/~, consists of one element represented by (0,0), if 317, and of two
elements represented by (0,0) and (1,0), if 3 | r.

In this case, H), consists of six elements and decomposes into three cycles.
We have one pair zy, z; = le, and a single a cycle zy, = 7o = z2 The pair z; Uz, is

represented by By = G %) , and z, is represented by By = <g %) . The matrices

B; and B, have the eigenvalue A\ = 3 + 2v/2. Furthermore, K := Q(\) = Q(v/2)
and £ =1+ /2= 1(A—1) is the fundamental unit of O-.

Let us first consider B; and proceed as in Remark 5.6. The matrix %(Bl — )
corresponding to € is not an integer matrix but its square is integral and equals
By. Hence S(Bj) is generated by B; and —I. As in the above examples, R
is a reversing symmetry and R(B;) is generated by By, —I, and R. In order to

apply (i), we need By — I = <111 g) Suppose that r is odd. Then all elements

of (Z,)* are equivalent to (0,0) with respect to ~p,, which can be seen from (i).
Now let us consider the case where 4 | r. Then there are four equivalence classes
Oy, ..., 05 of the equivalence relation ~;, defined by (i). They are represented
by (j, 0), j=0,...,3. If we identify the set of equivalence classes with Z, in the
obvious way, then we can describe the action of R(Bj) on them as follows. While B,
acts as identity, R and —I5 act as —id. Hence (Z,)?/~, consists of three elements
represented by (0,0), (1,0) and (2,0). Finally, suppose that » = 2 mod 4. Then
~( has only two equivalence classes Og, O1, which are represented by (0,0) and
(1,0). The reversing symmetry group of B; preserves each of the two sets Oy and
O;. Consequently, (Z,)?/., consists of two elements represented by (0,0) and
(1,0).

Now we turn to B,. The matrix B’ := l(32 - L) = (% [1)> corresponding to € is

an integer matrix. Hence S (By) is generated by —I and B’. Since B, = - By, the
matrix W is a reversing symmetry of By. We obtain R(Bs) = (B’, [2,W> We

have By — I, = (3 8) . If r is odd, then (i) implies that all elements of (Z,)? are

equivalent to (0,0) with respect to ~p,. If r is even, then there are four equivalence
classes with respect to ~. These are O;;, 1,7 € {0 1}, represented by (7, 7). The
generator —I of R(Bs) preserves each of these sets. The remaining generators B’

and W preserve Opy and Oy, and interchange Oy and Og;. Hence, (Z,)*/~,,
consists of three elements represented by (0,0), (1,0) and (1,1).

Also here H?, consists of six elements and decomposes into three cycles.
We have one pair zy, z; = le, and a single a cycle zo = 29 = 22 The pair z; Uz, is

represented by B; = (? ?) , and z, is represented by By = <g g) . The matrices

By and By have the eigenvalue A = 1(7+3V5). Furthermore, Q(A) = Q(v/5) has
fundamental root € = (1 4+ v/5) = 1(A —2).
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We first consider B;. Then the matrices corresponding to € and £? are not integral
and the one that corresponds to €* equals B;. Thus, S(B;) is generated by Bs
and —I5. Because of the special structure of By, which we already met above, R
is a reversing symmetry and R(Bj) is generated by B;,—I, and R. As for (i),

we have By — I, = (‘;’ 8) In particular, if 51 7, then all elements of (Z,)? are

equivalent to (0,0) with respect to ~p,. If 5| r, then there are five equivalence
classes with respect to ~;). They are represented by (j,0), j =0,...,4. Using the
map (7,0) — j € Zs, we identify the set of equivalence classes with Zs for describing
the action of R(B;). The matrix B acts as identity, R and —I, act as —id. Thus
(Zy)?/~p, consists of three elements represented by (0,0), (1,0) and (2,0).

Finally, we turn to B;. The matrix B’ := %(BQ —20) = G é) corresponding

to € is an integer matrix. Hence S(B,) is generated by —I, and B'. We again
use that By is symmetric and conclude that W is a reversing symmetry of Bs,

which implies R(By) = (B, _]2,W>. The image of the map By — I, = <§ ‘;’)
equals spany{(0,5),(1,2)}. Hence all elements of Z? are equivalent to (0,0) with
respect to ~p, if 51 r. Now suppose that 5 | . Then there are five equivalence
classes with respect to ~(, which are respresented by (0,7), j = 0,...,4. As
above, we identify the set of equivalence classes with Zs in the obvious way. Then
the generators of R(Bz) act by multiplication on this set. Indeed, the matrix B’
acts by multiplication by —2, —I, by —1, and W by 2. Consequently, (Z,)? [~p,
consists of two elements represented by (0,0), (0,1).

T| B :

i h

) <3 2) r=0(2) ] (0,0), (1,0)
1 1) 1r=1(2) ] (0,0)

] <4 3) r=0(3) | (0,0), (1,0)
L 1)1 r£0(3) ] (0,0)

. (5 4> r=0(4)(0,0), (1,0), (2,0)
1 1) 1 =2(4) (0,0, (1,0)
r=1(2)|(0,0)

(5 2) r=0(2)(0,0), (1,0), (1,1)
2 1) 1r=1(2)11(0,0)

i (6 5) r=0(5)1(0,0), (1,0, (2,0)
L) 1r#£0(5) | (0,0
(5 3> r=0(5) | (0,0), (0,1)
3.2/ | r#£0(5)](0,0)
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The results are summarised in the table above. For each T' < 7, it contains a list of
data B,r, [, where the possible values for [ depend on divisibility properties of r.
The groups Osc”(B, () for these data constitute a complete system of representatives
for the isomorphism classes of discrete oscillator groups with 7" < 7.

9. Commensurability

Definition 9.1.  Two groups G; and G5 are said to be abstractly commensurable
if there are subgroups H; C G; and Hy C (G5 of finite index such that H; is
isomorphic to Hy. Two subgroups G; and G, of the same group G are said to be
commensurable if their intersection G N G4 is of finite index in both of them. We
say that G| and Gq are weakly commensurable if there is an automorphism F of G
such that Gy and F(G,) are commensurable. ]

Obviously, two subgroups GG; and G4 of a group G are weakly commensurable if and
only if there are finite index subgroups H; C G; and Hy C G5 and an automorphism
F of G such that F'(Hy) = H;. Finite index subgroups of lattices are again lattices.
Hence Theorem 4.1 implies that two lattices in Osc; are weakly commensurable if
and only if the underlying discrete groups are abstractly commensurable.

Theorem 9.2.  For an element B € SL(2,7Z) with tr B > 2, let A\(B) be any of
the two eigenvalues of B. The map

G— K, Osc"(B,l)— Q(A(B))

induces a bijection from the set of abstract commensurability classes of discrete
hyperbolic oscillator groups to the set IC of real quadratic fields.

Note that Q(A(B)) = Q(v/1? — 4) for every B € By, T > 2.

In order to prove Theorem 9.2 we need the following lemmata.

Lemma 9.3.  [6] Let G be a finitely generated group. For a fired n € N, G has
a finite number of subgroups of index n.

We define an equivalence relation on GL(2,Z) by By ~ By if and only if there exist
integers m,n € Zy and a matrix M € GL(2,Q) such that B = MByM~*.

Lemma 9.4. Let By, By € B have eigenvalues N1 and M, respectively. Then

By ~ By if and only if Q(\1) = Q(As).

Proof. The characteristic polynomial pg for any B € B is irreducible over Q.
Hence B is conjugate over Q to the companion matrix of pg(z) = 22 —Tx+1, where
T = tr(B) (Frobenius normal form). Thus two matrices B, B’ € B are conjugate
in GL(2,Q) if and only if they have the same trace. Consequently, B; ~ By holds
for B, By € B if and only if there exist n,m € Z,o such that

AT 4 1A = tr(B]") = tr(BY) = A} + 1/AL,

which is equivalent to AT* = A} or A" = A\;".
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Suppose that B; ~ By. Then the above considerations imply that A" is in
Q(A1) NQ(A2). This shows that the latter intersection is not equal to Q. Indeed,
AT' is a root of the characteristic polynomial of B]*, which has integer coefficients
and is irreducible over Z thus also over Q. Hence A" is irrational. Consequently,
QA1) = Q(X2).

Conversely, suppose that Q(A;) = Q(X\2) =: K. Since A\; and Ay are units in
O, they are positive or negative powers of the fundamental unit. Hence there

are integers m,n € Zyo such that A" = Aj. The above argument now implies
Bl ~ BQ . |

Lemma 9.5.  Two discrete hyperbolic oscillator groups Osc™ (B, 1) and
Osc™(Bs, ly) are abstractly commensurable if and only if By ~ Bs.

Proof. In this proof ‘commensurable’ always means ‘abstractly commensurable’.
We introduce the notation I'(B) := Osc'(B,0). First we claim that every discrete
hyperbolic oscillator group Osc”(B,[) contains a finite index subgroup that is iso-
morphic to I'(B¥) for some k € N. To show this, we consider the discrete Heisenberg
group H"(Z), r € N, r > 0, as defined in (6). Its subgroup generated by «, 5,~" is
isomorphic to H'(Z). Of course, the action of § € Osc"(B,1) does not necessarily
preserve this subgroup. However, by Lemma 9.3 some power of § does. Let § := ¥
be this power. Then the group generated by «, ,7" and ¢’ is a finite index sub-
group of Osc"(B,1). It is isomorphic to H(Z) x Z§', hence to I'(B¥), which proves
the claim.

Next assume that I'(B) and I'(B’) are commensurable. Let I' be a finite index
subgroup of I'(B) that can be embedded as a finite index subgroup into I'(B’). Then
[ is also a discrete hyperbolic oscillator group. Indeed, I'(B) can be embedded
as a lattice into Osc;o. Hence, the image of I' is also a lattice in Osci, thus
isomorphic to a discrete hyperbolic oscillator group. More exactly, I' is isomorphic
to Osc"(B*,1) for suitable r,k € N5y and | € (Z,)?>. On the other hand, T is
isomorphic to a finite index subgroup of I'(B’). Thus the same reasoning implies
that T is isomorphic to a group Osc” (B, 1') for suitable 1/, j € Ny and I' € Z2.
Proposition 5.4 now implies that B* is conjugate to B” or to (B')™.

Now we can prove the lemma. Suppose that Osc™(Bj,l;) and Osc™(By,ls) are
commensurable. Then I'(BY) and T'(BjJ) are commensurable for suitable p,q € N+
by the above consideration. Hence there exist numbers k, j € N5y such that Bfk is
conjugate to B? or to B,??. This implies By ~ B.

Conversely, suppose that B; ~ By holds. Choose m,n € Zy, such that B"
and BY are conjugate. Furthermore, choose p,q € Ny such that Osc™ (B, ;)
is commensurable with T'(B}) and Osc"(Bs,[3) is commensurable with I'(B]). We
have to show that I'(BY) and I'(Bj) are commensurable. We use that I'(B}) and
I'y := I'((BY)™) are commensurable and that I'(Bj) and I'y := T'((B§)"™) are
commensurable. Since B{""? and Bj"? are conjugate, I'; and I'y are isomorphic by
Proposition 5.4. [ |

Proof of Theorem 9.2. Lemmata 9.4 and 9.5 show that the map ¢ — K
indeed descends to a map from the set of abstract commensurability classes of
discrete hyperbolic oscillator groups to the set K and that this map is injective.
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It remains to show that it is also surjective. Let K be a real quadratic field. We
choose a unit A > 1 of norm 1 in Okg. Then K = Q(A). The minimal polynomial
of X is of the form p(z) = 2? + ax + 1, a € Z. The companion matrix C, of p is
in SL(2,Z) and A is an eigenvalue of C,. Consequently, the isomorphism class of
I'(C,) is a preimage of K. [

10. Compact Clifford-Klein forms of the symmetric space Oscq

The aim of this subsection is to relate our results to those obtained by Maeta in [9].
Maeta considers compact quotients of solvable pseudo-Riemannian symmetric spaces
by discrete subgroups of the transvection group. He proved that for signature (2, 2)
such quotients exist only for two solvable symmetric spaces. One of these spaces is
the hyperbolic oscillator group, which becomes a symmetric space if we endow it
with the biinvariant metric defined in Subsection 2.1.

Before we proceed, let us recall some facts about the transvection group of a
pseudo-Riemannian symmetric space X. A transvection along a geodesic v is an
isometry ¢ that maps 7 to 7 such that d¢|, is the parallel transport along . The
transvection group of X is the subgroup of the isometry group Iso(X) generated by
all transvections along smooth geodesics. It is the smallest subgroup of Iso(X) that
acts transitively on X and is invariant under conjugation by the geodesic reflection
at a chosen base point. The isometry group of a pseudo-Riemannian symmetric
space can have a larger dimension than the transvection group.

Of course, each lattice L of Oscy gives rise to a compact quotient. We will see
that these quotients cannot be obtained as a Clifford-Klein form if we consider
the symmetric _space Oscy as a quotient G / G+ of its transvection group G by
the stabiliser G+ For the symmetric space Oscy g, the transvection group G is
properly contained in the identity component of the isometry group, which we want
to denote by G. In particular, we will see that the subgroup of G that consists of
left-translations by group elements of Osc; is not contained in G'. Consequently,
we have to consider Oscyo as a homogeneous space G/G in order to understand
L\Oscy as a Clifford-Klein form. Here G C G denotes the stabiliser of the base
point. In particular, the compact quotients of the symmetric space Oscy oy considered
in [9] are not of the form L\Oscy .

Let us explain this in more detail as follows. We use the two-form w and the map
A € SO*(1,1) defined in Section 2.1 in order to define a 6-dimensional generalised
oscillator group. As usual, we identify R? = C and consider the 5-dimensional
Heisenberg group Hs = R x C x C with group multiplication

(2,6,6) - (3.6,6) = ( + 2+ 3(w(6,&) —w(€,&)), & + &, 6 + &),
We define an action of R on H, by
t.(2,&1,8) = (2, ey, etA&)
Using this action we obtain a semidirect product
Oscap(1,1) :== Hy x R.
This notation for the generalised oscillator group was introduced in [8].

Since we want to distinguish between the symmetric space Osc;o and the group
Oscy o, we will denote the symmetric space by X and the group by Q.
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Proposition 10.1.  The transvection group G of X is isomorphic to Oscap(1,1).
The identity component G of the isometry group of X is isomorphic to Oscan(1,1)
R, where R acts on Oscao(1,1) by

8'(Z7£1a§2at) = (Z,€8¢(€1,€2),t), (16)
and ¢(&1, &) = (&2,&1). The stabilisers of the base point are, respectively, equal to

é\"r = {(07iy17iy270) | Y1,Y2 c R} and G+ = 6_1_ X R.
The map Q= G, (22,26,2t) — (2,€, A&, t,t) (17)

is a homomorphism. Its image equals the group of left translations on X .

Proof.  The action of @ xQ on X defined by (q1,q2)-7 = q1zq, * is isometric since
the metric on X is biinvariant. The kernel of this action is equal to the subgroup
{(2,2) €eQxQ|z€ Z(Q)} = Z(Q) of @ x Q. Hence I := (Q x Q)/Z(Q) is a
subgroup of the isometry group of X. This subgroup acts transitively on X. It
is invariant under the conjugation by the geodesic reflection of X at the identity,
which we denote by 6. In particular, it contains the transvection group G. The
Lie algebra i of I equals (q @ q)/3(q), where q denotes the Lie algebra of q. Now
we consider the eigenspace decomposition of i with respect to the differential of 6.
The (-1)-eigenspace i equals the anti-diagonal {(X,—X) | X € q}. The (41)-
eigenspace iy equals {(X,X) | X € q}/3(q). Next we turn to the Lie algebra g
of the transvection group G C I. While its (—1)-eigenspace g_ equals i_, the
(+1)-eigenspace equals

0 ={(X, X) | X €[q,q]}/((a) N[g,a]) Ciy.

A direct calculation shows that g =g, @ g_ can be identified with the Lie algebra
of Osce(1,1) such that we obtain, under this identification,

/g\+ = {(O>iy1>iy2>0) ‘ Y1, Y2 € R}a ﬁ, = {(Z,.Z'l,l'g,t) ’ $17x2727t € R}

Next we want to show that the identity component G of the isometry group is equal
to I. Note that the elements of g, have to act as derivations on g. Moreover, they
have to preserve the subspaces g, and g_ and the scalar product on g_ = T.X.
It is easy to see that this implies dimg, < 3. Since iy C g4 and dimi; = 3, we
get g =1, which proves the assertion. Since dimg, =2, we obtain G = G x R.
Under the identification of G with Oscg(1,1) the action of R on G is given by
(16).

Finally, the subgroup of left translations equals @ x {e} C I. With the identification
of I and Oscyp(1,1) x R, this subgroup equals

{(z,& A&, t,t) | € C,2,t €R}.

It can be checked directly that the map in the proposition that maps () to this
subgroup is a homomorphism. [ ]

Finally we want to show that quotients by lattices are straight in the sense of [8].
Moreover, we will see that there are also non-straight quotients. This is analogous
to the case of the (ordinary) oscillator group, which has been considered in [8]. Let
L be a discrete subgroup of G acting freely and properly on X such that I'\ X is
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compact. We consider the projection of I' to the R-factor of G= Hy xR CG,ie.,
the subgroup p(I') C R for

p:G=Hyx RoR) — R, (z,&,&,t,s)—t.

The quotient '\ X is called straight if p(I') C R is discrete. Otherwise it is called
non-straight.

Lemma 10.2. The set N = {(z,§,—A¢t,t) | £ € C,z,t € R} C G is a
subgroup of G. It is isomorphic to the direct product H X R of the three-dimensional
Heisenberg group H and R. The map

N—X=G/Gy, n—nGy (18)

is a diffeomorphism. The action of N on X corresponds to the left translation on
N under this diffeomorphism.

Proof. The map ¢ + diag(A, A) acts trivially on {(§, —A¢) | £ € C} since

(¢ + diag(A, A))(§, —AE) = (—AE,§) + (Ag, —A%) = 0.

Hence n:= {(z,£,—A&,t,t) | € € C, z,t € R} C g is a subalgebra. The set N C G
is the analytic subgroup corresponding to n, which proves the first assertion. The
second one follows from w(&y, &) — w(—A&, —A&) = 2w(&, &).

Since g, = {(0,iy1,192,0,5) | y1,92,8 € R}, we obtain that g = n @ g, is a
direct sum of subalgebras. Hence, G = N - G,. Moreover, G, N N = {e}, since
(2,6, —AE, t,t) = (0,4yy,iy2,0,s) implies z =& =y, = yo =t = s = 0. This yields
the remaining assertions. [ |

Proposition 10.3.  Quotients of X = Oscy o by lattices are straight. The symmet-
ric space X also admits non-straight quotients by discrete subgroups of the isometry

group.

Proof. Let L be a lattice in ) = Oscyo. In Section 6.1, we have seen that the
projection of L to the R-factor of Osc;o = H x R is discrete. Hence also p(¢(L))
is discrete, where ¢: @ < G is the embedding defined in (17). This proves the first
assertion.

In order to construct non-straight lattices, we use the diffeomeorphism defined by
(18). We see that every lattice in N defines a compact quotient of X . Recall that
N = H x R, where the projection to the R-factor corresponds to p|y under this
isomorphism. Thus it suffices to construct lattices I' in H x R whose projection
to R is dense in R. Let Iy be a lattice of the Heisenberg group H, and let
¢: H — R be a group homomorphism such that ¢(I'g) is not contained in Q.
Then I' := {(y0, v(70) + k) | 70 € Lo, k € Z} is such a lattice. ]

Remark 10.4. Maeta [9] constructed compact quotients of X = Osciy by
discrete subgroups of the transvection group GG. He uses that

G = Liap - @+, where Lo = {(2, 2z +ix,y —iy,t) | z,y,2,t € R}.
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Obviously, Liqo N @Jr = {e}. Note that Liqo = R® x R, where ¢ € R acts on R?® by
e™M for M = diag(0,1,—1). Analogously to the above considerations, it suffices to
construct lattices in Liq . Such lattices can be obtained in the following way. Let r
be a positive real number such that r + =1 is an integer and put ¢y := Inr. Then
the characteristic polynomial of €™ has integer coefficients. Hence there exists a
lattice Ty in R? that is preserved by e . Consequently, 'y x t,Z is a lattice in
Liap.

Compact quotients of X = Osc; by lattices of Liqo are straight. Indeed, if I" is a
lattice in Liq, then the projection of I' C R* x R to the R-factor is discrete since
the action of R on R? is non-trivial, compare the argument for Osc; ¢ in Section 6.1.
This projection is equal to the projection p on Liqo. Hence, I'\ X is straight. |

A. Appendix: On conjugacy classes of integer matrices

Recall that we defined By = {B € SL(2,Z) | tr B = T} for T > 2. The group
SL(2,Z) acts by conjugation on this set. Obviously, this is in fact an action of
PSL(2,Z). We want to describe the orbits of this action. There are various known
methods to do this. Here we want to present the one developed by Aicardi [1], which
we adapt to our situation.

Recall that SL(2,Z) is generated by the elements

-~ 11 = 10 = 0 1

() a0 A (0 ))
Definition A.1. A cycle of length t > 1 in By is a cyclic sequence [By, Ba, ..., By
of distinct matrices such that Bi:Mi_lBi_lMl:ll (1=2, ...,t) and B :MtBtMt_l,

where each of the matrices My, ..., M; equals A or B. The matrices My, ..., M,
will be called cycle operators. u

In the following, we consider the index 7 of the elements in a cycle of length ¢t as an
element of Z, = Z/tZ,ie., weput i+1=1if i=t and i —1=1¢ if i = 1.

Now let us consider the subset

H° = {(Z Z) €Br | a,b,c,d>0}

of Br. A cycle [By,Bs,...,B;] in By is called cycle in HY, if B; € H° for all
j=1,... .t

Proposition A.2. Fach PSL(2,Z)-orbit in By contains ezactly one cycle in H°.

Proof. = We show that the assertion directly follows from [1], Theorem 4.10. We

~

define a homomorphism ¢: SL(2,Z) — SO(2,1) by ¢(R) = diag(—1,—1,1) and

111 1 -1 1
e(A)=|-1 1/2 —1/2|, B =1 1/2 1/2
1 1/2 3/2 1 —1/2 3/2

The kernel of ¢ equals {5, —I5}, thus the image of ¢ is isomorphic to PSL(2,Z).
In [1], this image is denoted by T .
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We consider the subset Hy of the hyperboloid 22 +y? — 22 = Ay := T? — 4 defined
by
Hy = {[K,D,S| € Z* | K>+ D* — S* = Ay, D = S mod 2}.

In the language of [1], this is the set of good points in Ha for A = Ap. The map

¢Z BT—>HT7 (CCL Cbl)'—>[K,D,S]:_[G—d,b+0,—b+6]

is a bijection and d(MBM™1) = o(M)(¢(B))

holds for all M € SL(2,Z). Hence, we can identify the action of PSL(2,Z) on By
with the action of 7 on Hp. The image of HY under ¢ is the set

{IK,D,S)€Hr | |S| <D, D> 0},

which is also denoted by H? in [1]. Note that Ar is never a square for 7' > 2. Thus
[1], Theorem 4.10, applies and gives the assertion. [

Proposition A.2 shows that the finite set H° decomposes into cycles and every
PSL(2,Z)-orbit in By contains exactly one of these. If we choose an element in
each of these cycles, we obtain a system of representatives of the conjugacy classes
contained in By. The following lemma tells us how the decomposition of H° can
be determined. It directly follows from [1], Lemma 4.6 and [1], Figure 9.

Lemma A.3. Let B be in fAIO. Then either ABA-' or BBB~' is in HP°.
Furthermore, either A~*BA or B~'BB is in H°.

Hence we can proceed in the following way. We start by choosing a matrix B € H". 0
The next element in the cycle of B is ABA™! if this matrix is in H° , otherwise it
equals BBB~'. We continue in this way until we reach again B. ThlS gives us the
first cycle. Then we proceed in the same way with a matrix that is not in this cycle,
etc. Since HY is finite, this procedure finishes and gives the wished decomposition
of H® into cycles.

In the following we want to modify this method of describing the PSL(2,Z)-orbits
in By in order to make it more efficient. Instead of H° we consider the set

H, = {B = (Z Z) € Br|a,b,c,d> 0, max{a,b,c,d} € {a,d}}

Remark A.4. Note that for B € H, the condition a = max{a,b,c,d} is
equivalent to d = min{a,b,c,d}. Similarly, d = max{a,b,c,d} is equivalent to
a = min{a, b, ¢,d}. Indeed, suppose that a = max{a, b, c,d} holds and assume that
d>b. Then 1 = ad — bc > ad —dc = d(a —c¢) > 0. Hence a = ¢ = 1. Now
a = max{a,b,c,d} implies that also b = d = 1, which is a contradiction. Thus
d < b. Analogously, d < ¢ holds. Hence, d = min{a,b,c,d}. The remaining
statements follow in a similar way. [ |
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Definition A.5. A reduced cycle in H is a cyclic sequence [By, Bs, ..., B] of
distinct matrices By, ..., B, € HY, such that Biy1 = M;B;M; " for all mdlces i,

where each matrix M; is a power of A or B and where M; is a power of A if and
only if M, is a power of B. Here the index i is again taken modulo ¢ as explained
above. |

By definition, a reduced cycle in H? is the same as a cycle in H in the sense of
Subsection 8.1.

With each cycle z = [By,...,B;] in H°, we will associate a reduced cycle Zq
by combining all consecutive cycle operators that are equal as shown in Figure 1,
where z,.q is displayed in blue. More exactly, we put z,q = [B],..., B.], where

{B},....,B.} C {By,...,B;} and B; belongs to {B],..., B/} if and only if the
cycle operators M;_y and M, are different. The order of the matrices By, ..., B,
in Z,eq is the same as in z.

SRS
R P
G2 ()

N
A
Figure 1: Reduced cycle.

Proposition A.6.  For each cycle z = [By, ..., B;] in H°, the sequence Zq is a
reduced cycle. It consists of exactly those B; € z that belong to HY,. For the cycle
opemtors M, ..., M of Zwq, the followmg holds. The operator M; is a power of

7‘

A if and only if M}, is a power of B.

Before we prove this assertion, we want to show a technical lemma. As usual, we

use the notation
a b a; bl
s=(ca) s d):

Then
R Loy 2
IBi— — <a +nc b+n(d—a)—n c) ’ (19)
c d—nc
o e-n a —nb b
B'BB T = (c +n(a—d)—n?b d+ nb) ' (20)

Lemma A.7.  An element B; of a cycle [By, ..., By] in H® satisfies the conditions
B, = A\Bi_lgfl and By, = EBZ»B\*1 if cmd only zf a; = max{a;,b;, ¢, d;}.
Similarly, the identities B; = B\Bi_lg and By, = ABA L hold true if and
only if d; = max{a;, b;, ¢;, d; }.
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Proof. Suppose that B; = A\Bi_lg_l and By, = §Bl~§_1. Then B;, /Al_lBZ-fAl
and BB B! are in H°. Therefore all their entries are positive. We use formulas
(19) and (20) for n = —1 and n = 1, respectively. This yields a; > ¢; and a; > b;.
Now det(B;) = 1 implies that also a; > d; holds.

Conversely, suppose that a; = max{a;, b;, ¢;,d;}. Then we have d; = min{a;, b;, ¢;, d;}
by Remark A.4. Now (19) implies that AB;A! is not in H°. Hence we conclude
By = EBié_l. Furthermore, (20) shows that §_1Bi§ is not in H°, which implies
B, = E‘lBig . The proof of the second assertion is analogous. |

Proof of Proposition A.6. Let us first note that z,q is not empty. Indeed, if
it were empty, then all cycle operators of z would be equal. Hence By = A”B A
or By = B BlB_” for some n > 0, which is impossible since B; is in Hy.

By construction, all cycle operators are powers of A or B. In order to prove that
Zreq is a reduced cycle, it remains to show that all matrices B} belong to Hroed.
However, this is a consequence of Lemma A.7. The same Lemma also implies that
Zrea contains all B; € z that belong to HY,. The last assertion of the proposition
follows from the construction of z,.q. [ |

The following proposition shows that we have a one-to-one correspondence between
cycles and reduced cycles in H°. Roughly speaking, the reduced cycles in H? are
exactly the intersections of the cycles in H° with HC .

Proposition A.8.  The map R: z — Z.q 1S a bijection from the set of cycles in
H° to the set of reduced cycles in H°.

Proof. We show the assertion by constructing an inverse U of R. Let z’ be a
reduced cycle in HY. All elements of z' are conjugate to each other. Hence z’ is
contained in a unique cycle z in H° and we put U(z') = z. Obviously, this is a
left inverse of R. Let us show that it is also a right inverse. Let z’ be a reduced
cycle in H°. We have to show that z,q = z' for z = U(2z'). By construction, z’
is a reduced cycle contained in z. Since z,q contains all elements of z that are in

Hred, the elements of z’ are contained in Zz,.q.

Assume that z' were not equal to z..q. Then there would exist an element B of
7' whose successor B’ in z’' is different from that in z,.q, which we will denote by
Brea- Suppose that d = max{a,b,c,d} holds for B. Then a = min{a,b,c,d} < b,
thus B"BB~" & H° for all n > 1, see (20). This would imply B’ = A*BA~F and
Byeq = A'BA~! for some positive numbers k # [.

Let ared, bred, Cred, Ared denote the entries of Bieq. Since Bi.q is the successor of B
in Z,q, the matrices A"BA- " . n=1,...,1—1, would belong to z but not to H,

by Lemma A.7. Thus p:=k—1> 0. Then ApBredA P = B’ belongs to H°. Thus
drea > Plrea by (19). In particular, dyeq is not the minimal entry of Biq. Hence
min{aed, - - -, dred} = Grea Since Bieg € Hroed. On the other hand, the successor of
Bieq In Zpeq equals AEqBredé_q for some ¢ > 0 since the previous cycle operator in
Zreq is a power of A. This successor is also in H°. Thus ayeq — ¢brea > 0 by (20),
which is a contradiction. The case a = max{a,b,c,d} can be treated similarly. m
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Corollary A.9.  Let [By,..., By be a reduced cycle in H°. Then a; # d; for all
indices 1. Moreover, a; > d; holds if and only if a;11 < di;q .
If a; < d;, then M; = A9 for
{ |:(j_1:| ) Zf G 7& 17
q = ‘
d;

— 1, else,

and, if a; > d;, then M; = B for

q:{ BRIt

a; — 1, else.

Proof. For each B € H’,, we have a = max{a,b,c,d} and d = min{a,b,c,d}
or a = min{a, b, c¢,d} and d = max{a,b, c,d}, see Remark A.4. Hence a = d would
imply a = b = ¢ = d, which contradicts det B = 1. This proves the first assertion.

Now take an element B; of the reduced cycle z’' = [By,..., B;] and suppose that
a; < d;. By Proposition A.6, the reduced cycle z’ equals z.q for a cycle z in H". 0
Consequently, B,; = A’B;A~9 € H° for some ¢ > 0 and B’ := AT, A=+ ig
not in H® by definition of z..q and Lemma A.3. The first condition implies g¢; < d;.

We will show that the second condition implies (¢ + 1)¢; > d; and that equality
holds only if ¢; = 1, which implies the claimed formula for q.

Since a; + (¢ + 1)¢; > 0 and ¢; > 0, the second condition says that one of the
remaining entries of B’ is not positive. On the other hand, det B’ = 1 implies that
both remaining entries are non-positive or both are non-negative. Hence both are
non-positive, thus (¢ + 1)¢; > d;. If equality holds, then d; is divisible by ¢;, hence
det B’ =1 is divisible by ¢;, which implies ¢; = 1. [ ]
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