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Abstract. We study a special class of weakly associative algebras: the symmetric Leibniz
algebras. We describe the structure of the commutative and skew-symmetric algebras associated
with the polarization-depolarization principle. We also give a structure theorem for the symmetric
Leibniz algebras and we describe the low dimensional classification. We finally study formal
deformations in the context of deformation quantization.
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1. Introduction

The notion of weakly associative algebra was introduced in [10] in order to broaden-
ing the notion of deformation quantization of Poisson algebras. In fact, a deforma-
tion quantization of a Poisson algebra (A, e[, ]) is given by a formal deformation
of the associative commutative algebra (A, ¢) whose linear term (the term of degree
1 in the series expansion of the formal deformations) satisfies the Lie-admissible
identity and determines by taking the skew-symmetric part the Lie bracket |, ].
Recall that (A, e,[,]) is a Poisson algebra if

1. (A, ) is a associative commutative algebra,
2. (A,[,]) is a Lie algebra,
3. these two multiplications on A are related by the Leibniz Identity
(XY, Z] = XY, Z]| + [ X, Z]oY
for all XY, Z € A.

In this context, a formal deformation (A, ;) of (A, ¢) is a formal associative algebra
and the set of all these deformations are governed by the deformation cohomology
which coincides in this case with the Hochschild cohomology of (A, ). It has been
shown in [10] Theorem 10 that a Poisson algebra (A, ,[,]) can be obtained from a
formal deformation of the associative commutative algebra (A, e) but in a larger
category of algebras namely the weakly associative one. This class of algebras
contains in particular Lie algebras, associative algebras and commutative algebras.
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We show that the symmetric Leibniz algebras, that is algebras (A, *) satisfying the
pair of identities

Xx(Y*2Z)=(X*Y)xZ4+Y x(Xx2),
YxZ)« X=Y*X)«Z+Y x(Z*xX)
for all X,Y,Z € A, are also weakly associative. We use this property to describe

these algebras which leads to a structure theorem (Theorem 6.3). As an application
we reprove some results of [1].

In Section 1 we recall the definition and properties of weakly associative algebras,
the polarization-depolarization principle which permits to consider these algebras as
nonassociative Poisson algebras. Then in Section 2 we first study the properties of
symmetric Leibniz as one multiplication nonassociative algebra: they are weakly
associative algebras. But we also study symmetric Leibniz algebras considered
as Poisson algebra after polarization and show in Section 3 that the associative
commutative product e is 2-step nilpotent and the Lie bracket [, | has the property
that [X,YeZ] = 0 and Xe[Y,Z] = 0 for all vectors X,Y,Z. Then in Section 4
we give a classification of symmetric Leibniz algebras for the small dimensional
cases. We finally investigate formal deformations of symmetric Leinbiz algebras and
determine which Poisson algebras are obtained by deformation quantization.

I would like to thank the referee for its valuable remarks and suggestions.

2. Weakly associative algebras

Let K be a field of characteristic 0 and (A, %) a nonassociative K-algebra. Recall
that an algebra (A,x*) is a nonassociative algebra if it is a K-vector space with a

bilinear binary multiplication * which may be associative or not. The associator of
the algebra (A, *) is the trilinear map A, defined for all X,Y,Z € A by

AX)Y, Z) =X« (Y xZ)— (X xY)x Z.
Definition 2.1. ([10] Definition 1) A K-algebra (A, ) is called weakly associative
if its associator A, satisfies, for all X,Y,Z € A,
AXY, 2) + ALY, 2, X) — AV, X, Z) = 0. =

To simplify, we shall denote by WA, (X,Y, Z) the trilinear map
WA(X,)Y, Z)=A(X,) Y, Z2)+ A(Y, Z, X)) — A(Y, X, Z)
and a K-algebra (A, x) is weakly associative if and only if, for all XY, 7 € A,
WA.(X,Y,Z) =0.

Examples 2.2.  ([10] Section 2.1)
(1) Any associative algebra is weakly associative.
(2) Any Abelian (i.e. commutative) algebra is weakly associative.

(3) Any Lie algebra is weakly associative. In fact, if (g,[,]) is a Lie K-algebra,
the associator of the Lie bracket satisfies, for all X,Y,Z € A,

AH(X,Y,Z) - [Xa D/a ZH - HX>Y]7Z]
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From the Jacobi identity we get
‘AH(X> Y, Z)=[[Z X],Y].

Then WALX, Y, Z) = [[Z,X],Y] + [[X, Y], Z] + [V, 7], X]
so from the Jacobi identity WA (X,Y,Z) = 0.
(4) In Section 5, we will show another important example of weakly associative
algebras given by the class of symmetric Leibniz algebras. [ |
We can also recall a characterization of weakly associative algebra
Proposition 2.3.  ([10], Theorem 2) Let (A,*) be a nonassociative K-algebra.
Then for all X € A, the endomorphism Lx — Rx defined by

(Lx —Rx)(Y)=X*xY -YxX

is a derivation of (A,x) if and only if (A,x*) is weakly associative.

3. Polarization-depolarization of K-algebras

The polarization technique consists in representing a given one-operation K-algebra
(A, %) without particular symmetry as an algebra with two operations, one commuta-
tive and the other skew-symmetric. Explicitly we will decompose the multiplication
« of the K-algebra (A, *) using:

(1) XY =3(X*Y +Y % X) its symmetric part,

(2) [X,Y]=21(X*Y —Y % X) its skew-symmetric part,

for XY € A. The triplet (A, ,[,]) will be referred to as the polarization of (A, x).

Conversely, starting with an algebra (A, e, [, ]) with a commutative nonassociative
product e and a skew-symmetric multiplication |, ], we obtain an algebra (A, %)
with only one nonassociative multiplication defined by X «Y = XY +[X,Y]. The
algebra (A, ) is called the depolarization of the algebra (A,s,[,]).

The polarization-depolarization technique of [7] then makes a link between Poisson
algebras and some nonassociative algebras and permits to present a Poisson algebra
as a nonassociative algebra (A, *) satisfying

Jrxy)xz—3xx(yx2)=(v*x2)xy+ (yx2)xx— (y*xx)*x2— (2%2)xy.
Other applications of this technique are found in [3].
The polarization technique also permits to study weakly associative algebras as

nonassociative Poisson algebras.

Definition 3.1. Let (A, e,[,]) be a triple where A is a K-vector space with
two multiplications ¢ and [, ]. We say that (A, e,[,]) is a nonassociative Poisson
algebra if

(1) (A, ) is a nonassociative commutative algebra,

(2) (A,[,]) is a Lie algebra,

(3) the Leibniz identity between [, | and e is satisfied, that is, for all X|Y,Z € A
(XoV,Z] = X[V, Z] + [X, Z]+Y. .
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As the terminology suggests, nonassociative Poisson algebras generalize Poisson
algebras by relaxing the associativity condition on the underlying commutative
algebra.

The relation between Poisson algebras and weakly associative algebras is summarized
in the following result:

Theorem 3.2.  Let (A,e,[,]) be a nonassociative Poisson algebra.
Consider on A the third multiplication X xY = XY 4+ [X,Y].

Then the algebra (A,x), that is the depolarization of (A,e,[ ,]), is weakly asso-
ciative. Conversely, if (A,*) is a weakly associative algebra, then its polarization
A(e,[,]) is a nonassociative Poisson algebra.

Proof.  See [10], Theorem 8 and 9. ]

4. Polarisation of a Lie-admissible algebra
Let (A, *) be a Lie-admissible algebra, that is the bracket
(X, Y]=X*xY -V xX
is a Lie bracket. Recall the following result:

Lemma 4.1.  Consider (A,e,[ ,]) the polarization of (A,x). The following
relations are equivalent:

(1) Leibniz([, |,*): [X*xY,Z] =X *[Y,Z] - [X,Z]*Y =0 forall X,Y,Z € A,
(2) Leibniz([, ],*): [XY,Z] = X[V, Z] — [X, Z]eY =0 foral X,Y,Z € A.

Notice also that in order to obtain the classical notion of Poisson algebra, the
multiplication ¢ has also to be associative. A direct computation gives

dJAXY, Z2) =X *x (Y Z+ZxY)+ Y *xZ+ZxY)*x X
—(X*xY+Y*xX)«Z—-Zx(X*xY +Y xX).
Denote by B, the trilinear map associated to the multiplication * defined by
B.X,)Y,Z)=Xx(Y*Z)+ (Y x Z) x X.
Then 4A(X,Y,Z)=B.(X,Y,Z2)+B.(X,Z,)Y) - B.(Z,X,Y) - B.(Z,Y, X)
and therefore a sufficient condition for the associativity of e is that B.(X,Y,Z) = 0.

Theorem 4.2.  Let (A, x) be a Lie-admissible algebra, (A, e[, ]) its polarization
and B, the trilinear map defined by

B.(X,)Y,Z) =X« (Y*xZ)+ (Y *xZ)xX
for all X,Y,Z € A. If the map B, is trivial the algebra (A, ) is associative.

5. Symmetric Leibniz algebras

A symmetric Leibniz algebra is an algebra (A, x) such that for all X|Y,Z € A, we
have

{X*(Y*Z):(X*Y)*Z+Y*(X*Z), (1)

YxZ)«x X =Y «X)xZ+Y x(ZxX).
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Denote by A, the associator of the multiplication *, that is
AX)Y, Z) =X« (YxZ)— (X*xY)*xZ

for all X,Y,Z € A, the defining identities (1) become

AX)Y, Z) =Y (X *Z) and A(Y,Z, X)=—-(Y *X)x*Z.
We deduce that (A, *) is a symmetric Leibniz algebra if and only if

A(X)Y, Z) =Y %« (X xZ) and A(X,Y,Z)=—(X*2Z)xY,
or equivalently

A (XY, Z)=Y % (X xZ) and B.(X,Y,Z)=0.

In particular we deduce

AXY, )+ A, Z,X) =Y« (XxZ)— (Y« X)xZ =AY, X, Z)
that is AXY, 2)+ AV, Z,X) - A(Y, X, Z) =0
and A is a weakly associative algebra.
Proposition 5.1.  Any symmetric Leibniz algebra is weakly associative.

Since any symmetric Leibniz algebra (A, x) is weakly associative, it is also Lie-
admissible [5] and its polarized algebra (A,e,[ ,]) is a nonassociative Poisson
algebra. But we also have that B.(X,Y,Z) =0 for all X,Y,Z € A so we obtain by
using Theorem 4.2 the following result:

Proposition 5.2.  Let (A, *) be a symmetric Leibniz algebra and A(e,[ ,]) its
polarization. We have the following properties:

(1) (A, %) is weakly associative,
(2) (A, ) is commutative associative algebra,
(3) A(e,[,]) is a Poisson algebra.

So a Poisson algebra can be naturally obtained from a symmetric Leibniz algebra
by polarization. This result is already proved in [2].

Remark 5.3. In [6], we have studied some classes of nonassociative algebras in
terms of action of the symmetric group >3: the identites of nonassociativity are
defined by the action of the symmetric group ¥3 on the associator. In this list we
find the symmetric Leibniz algebras. [ |

6. Structure of symmetric Leibniz algebras

Recall that a symmetric Leibniz algebra is an algebra (A, *) which satisfies the

identities
{ Xx(YxZ)=(X*xY)xZ+Y *x (X *x2),

YxZ)«x X =Y «xX)xZ+Y x(ZxX).
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In particular it satisfies the following relation
BV, X, Z) =Y« (X*xZ)+ (X xZ)xY =0.
Using the polarization, this equation reads
V[ X, Z]]+ [V, XeZ]| + Y[ X, Z] + YVe(XeZ) + [[X, Z],Y]
+H[XZ Y]+ [X, Z]eY + (XeZ)sY =0
which is equivalent to
Yo X, Z]+Ye(XeZ) + [X,Z]oY + (XeZ)oY =0
or YelX,Z]+Ye(XeZ) = 0. (2)
We deduce that we also have Ye[Z X]+Ye(ZeX) =0.

If we add these two identities we obtain:

Proposition 6.1.  Let (A, ) be a symmetric Leibniz algebra and (A, e[, ]) its
polarization. Then o is an associative commutative multiplication which satisfies

Xe(YeZ)=0 forall X,Y,Z € A.

Hence the associative commutative algebra (A, o) is two-step nilpotent.

Denote by A? the subalgebra of (A,e) generated by the products XeY when
X,Y € A and by Al a vector subspace of A isomorphic to A/A? then we have
the grading

A=Alg A2

with ALl = A2, ALeAZ = 4242 =0,

Now let us look at the properties of the Lie bracket associated with the polarization
process of the symmetric Leibniz multiplication. Let [A, A] be the derived Lie
subalgebra of the Lie algebra (A,[ ,]) that is the Lie subalgebra generated by
[X,Y] for all X,Y € A. Equation (2) says that Ye[X,Z] + Ye(XeZ) =0 for all
X,Y,Z € A. Since Ye(XeZ) =0, we deduce

Proposition 6.2.  Let (A, x) be a symmetric Leibniz algebra and (A, e[, ]) its
polarization. Then [A, A] is contained in the center of the associative algebra (A, ).

Since for all X,Y,Z € A we have Xe¢(YeZ) =0 and Xe[Y,Z] = 0, the relation
A (XY, Z) =Y % (X * Z) = 0 is equivalent to

[X,YeZ] = [XoY,Z] - [V, XZ] =0.

Then we also have [X,Ze¢Y] —[XeZY]|—[Z, XY]=0.

Since ¢ is commutative, by adding these relations we obtain that

(X, YeZ] =0 forall X|Y,Z € A.
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Theorem 6.3.  Let (A,*) be a K-algebra and (A, e,|,]) its polarized algebra.
Then (A, %) is a symmetric Leibniz algebra if and only if the following conditions
are satisfied:

(1) Xo(YeZ)=0 forall X,Y,Z € A
(that is (A, ) is an associative commutative 2-step nilpotent algebra),
(2) [,] is a Lie bracket with the property that

(X, YeZ]| =0and Xe[Y,Z] =0 forall X,Y,Z € A.

Proof. We have to prove only the converse implication. By hypothesis, e is
commutative and [, | is a Lie bracket satisfy therefore

Xe(YeZ)=0, [X,YeZ] =0, Xe[Y,Z]=0
for all XY, Z € A. Then
20A.( XY, Z) =Y % (X Z)) = Xe(YeoZ) — (XY )oZ + Xo[Y, Z]| + [X,Y o2
+HX,YoZ| — [ XY, Z] + [X,[Y, Z]| + [Z,[ X, Y]] = Ye(XeZ) — Ye[X, 7]
-V, X Z+[Y,[Z,X]| = [X,[Y.Z]] + [Z,[ X, Y]] + [Y,[Z, X]| = 0.
The second identity of symmetric Leibniz algebras is shown in the same way. |
Consequence. We have already proven that the polarization of a symmetric Leibniz

algebra (A, %) has a Poisson algebra structure (Proposition 5.2). Moreover, Theorem
6.3 shows that the Leibniz identity

(XoY,Z] — Xo[Y, Z] — [X, Z]sY =0

is trivially satisfied because each term vanishes. Notice also that from Lemma 4.1
the pair (x,[, ]) satisfies also the Leibniz identity, that is

(X*Y,Z| - X«*[Y,Z] - [X,Z]*Y =0
but (A,*,[,]) is not a Poisson algebra because the multiplication * is not associa-
tive. It is a nonassociative Poisson algebra (see Definition 3.1).
7. Finite dimensional cases and structure constants

From now on we consider that the field K is of characteristic different from 2 or 3.
Let (A, ) be a symmetric Leibniz K-algebra and (A, s,[, ]) its polarized Poisson
algebra. Consider the subalgebra of (A4, e) :

ZJA)={X € A/VY € A, XY}

This subalgebra contains A2. Assume moreover that A is finite dimensional and
consider a basis {uy, -, up,v1, -+ ,Vp, w1, -+ ,w,} of A satisfying

(1) {wy, -+ ,w,} is a basis of A2
(2) v, -, vp,wy, -+, w,} a basis of Z,(A).

The nontrivial structure constants associated with this basis are given by

q
k=1
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Since A7 is contained in the center of (A,[,]) and A?, is contained in Z,(A),
where A[Q’] is the derived Lie subalgebra of (A, [, ]), we have

[uj,wij] =0, 1<i<r, 1<j<g,
[vi,w;] =0, 1<i<p, 1<j<gq

q
and [wi, u;] = E vk+ E D;jwl,
k !
[ui, v;] = E E”vk+ g F”wl,
!
[vi,v;] = E G vk+E H; jw
=1

satisfying the Jacobi identities.

Example 7.1.  Consider dim A = n and dim A2 = 1. In this case the structure
constants associated with the basis {u1, vy, -+ ,v,_9, w1} of (A, e) are given by the
only non-trivial product wjeu; = w;.

We define Lie algebra structures (A, [, ]) as follows:

« We consider on the K-vector space g = K{vy, -+ ,v,_2} any (n — 2)-dimen-
sional Lie algebra structure.

o Let 6 be a 2-form on g. We consider a central extension g; = g ® K{w;} of
g associated with 6, that is the bracket of g; is defined from the bracket of g
and by the relation

[Vi, V5]g, = [Vi,V5]g + O(vs,v5)wy for 4,57 =1,--- ,n—2.

o Let g be a derivation of g; satisfying g(w;) = 0. We consider an extension of
g1 by the derivation g, that is if A = K{u,} & g1, the bracket of A is that of
g1 and [uy, X| = g(X) for all X € g;.

The Lie structures obtained on A satisfy the required conditions. [ |

Let us give examples of such a construction:
(1) If dimg =1 that is g = K{v,}, the Lie algebra g; = {v;,w;} is Abelian. Thus
the Lie bracket on (A, [, ]) is given by [uy, v1] = avy + bw; .

In this case we obtain the 3-dimensional symmetric Leibniz algebras whose multi-
plication is defined by

(3)

Up * Uy = Wy,
U % V] = —U1 * U] = avy + bw;.

(2) If dimg = 2 then g = K{vy, vy} is Abelian. Thus g; = K{vy, v, w1} is
isomorphic to the Heisenberg algebra defined by [vi,vs] = w; as soon as 6 # 0.
Considering a general derivation g of g; the Lie bracket of (A,[,]) is:

[u1, 1] = a1v1 + byve + crwy, [ug, v2] = agvy — ayvy + cowy, [v1, V2] = wy
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and we obtain the following 4-dimensional symmetric Leibniz algebras

Uy * U3 = Wy,

Uy * V] = —U1 % U = a1V + bivg + crwy,
U * Vg = —Vg * U = AV] — A1V + CoWH,
V1 ¥ Vg = —Vg ¥ VU1 = Wq.

Particular case: the four-dimensional oscillator Lie algebra. This case
corresponds to as = —b; = 1 and the other parameters equal to zero. Then the Lie
bracket of (A,[,]) is given by

[ug, v1] = va, [ur,v2] = —v1, [v1, 2] = wy.

This Lie algebra is usually called the oscillator Lie algebra. It is a linear Lie algebra
whose elements are the matrices

0 —2 y 2t
0 0 —z vy
0 =z 0 =z
0 0 0 O

The corresponding symmetric Leibniz algebra is given by

Uy * Uy = Wy,

Uy ¥ V1 = —V1 *Up = —Va,
Uy * Vg = —Vg * U] = Vq,
V1 % Vg = —Vg * U1 = Wq.

We find again the result proved in [1] that the oscillator Lie algebra can be endowed
with a symmetric Leibniz algebra structure and with a Poisson algebra structure.

8. Classifications

The classifications in small dimensions of the associative commutative 2-step nilpo-
tent algebras have already been established in [4, 8]. Recall these results:

1. dimA =2
(a) A2 =0, that is A =K{vy, vy} and vyevy = 0.
(b) A=K{up, w1} and ujeu; = w;.

2. dim A =3 (From now on, we do not write the decomposable algebras).
(a) A =K{us,uz, w1} and uysu; = wy, ugeus = wy.
(b) A =K{u,us, w1} and ujeu; = wy, ugeus = —wy.
(C) A= K{U17U2,w1} and ujeus = useu; = wy.

These three cases are isomorphic if K is algebraically closed.

3. dimA =4 (K is algebraically closed)
(a) A=K{uy,ug,uz} ®K{w} and uyeu; = wy, ugeus = wy, uzeug = wy.
(b) A=K{uy,us} & K{wy,wy} and ujeu; = wy, ujsus = ugeu; = ws.
(c) A=K{up,us} & K{wy,ws} and ujeu; = wy, useus = wy,
UpoUy = Ug U] = Wy.
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Using this list we describe, when K is algebraically closed, the symmetric Leibniz
algebras in dimension less than or equal to 4.

1. dim A = 2.

1. A2 =0, that is A = K{vy,v2} and vyevy = 0. In this case [v1, vo] = av| + bvy
and we obtain two classes of symmetric Leibniz algebras: the trivial one, that
is, v; *v; = 0 for all 4,5 € {1,2}, and a second one defined by the relation
U % Vg = —Ug %X V] = Us.

2. A = K{uj,w1} and ujeu; = wy. Its center is 1-dimensional and coincides
with A2 = K{w;}. We deduce that [u;,w;] =0 and the associated symmetric
Leibniz algebra is given by

{ Uy * Uy = Wi,
up *x wy = wy xup = 0.
2. dim A = 3.
1. Assume that dim A = 3 and the multiplication e is given by
UpeU] = Ug®Upy = W1.

The Lie bracket satisfies [u;,w;] = 0. We define [uy, us] = aw;. We obtain
the symmetric Leibniz algebra

Ul * U = Ug * Uy = W
U1 * Ug = —Ug * U1 = QW1.

Remark 8.1. For K =R we obtain two non isomorphic classes symmetric
Leibniz algebras:

Up * U = Ug * U = W1
(a)

U ¥ Uy = —Ug ¥ UL = Wq.

UL * UL = Ug k Uy =0
(b) uy * ug = (14 a)wy
ug * up = (1 — a)w;.

2. Assume that (A, ) is decomposable with a non trivial product e. In conse-
quence {uj, vy, w;} is the basis of A and we obtain the following symmetric
Leibniz algebra

Uy * Uy = Wy,
Uy * UV = —vp k up = avy + bwy,

that is the algebra construct in the previous section (see Equations (3)).
3. dimA=4.
1. A =K{uy,ug,us} & K{w;} and
UpeU = Wi, UgeUy = Wy, U3®U3 = W1.
In this case, we have [w;,u;] = a;w;, 1<i<j<3.

The Lie algebra (A, ,]) is a nilpotent Lie algebra isomorphic to the direct
sum of the 3-dimensional Heisenberg algebra with a 1-dimensional Abelian
Lie algebra.
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This gives the following symmetric Leibniz algebras:

Uy * U = U * Uy = U3 * U3 = W,

U * Uy = —Ug XU = Qg 2Wh,
Ul * U3 = —U3 * UL = a1 3Wq,
Ug * U3 = —U3 * Uy = (g 3W1.

- A=K{uy,us} & K{wy,ws} and
Ur*U; = Wi, Up*U = Ug°U] = W2.

In this case, the non trivial Lie bracket is [uj,us] = aw; + fwy, that is
(A,[,]) is the Heisenberg algebra or the Abelian Lie algebra. We deduce the
corresponding symmetric Leibniz algebras:

Uy * U3 = Wy,

uy x ug = awq + (B + 1)ws,

U2 ¥ U] = —QW1 — (ﬁ — 1)'LU2

A =K{uy,us} ® K{wy,ws} and
UpU; = Wi, Ug®U = W1, UI®U2 = Uz°U] = W2

In this case, we also have [uj,us] = aw; + Pws and the corresponding
symmetric Leibniz algebra is

Uy * U = U * Uy = W7,
U * Uy = QW1 + (6 + 1)?1]2,
ug ¥ up = —awy — (B — 1)ws.

. Assume that (A, e) is decomposable. The first case is when (A, ) is trivial
that is A = K{vy,v2,v3,v4} and v;ev; = 0. In this case (A,[,]) is any 4-
dimensional Lie algebra and the symmetric Leibniz algebra coincides with this
Lie algebra and the product * is then skew-symmetric.

A= K{ul} D K{Ul,vg} D K{wl}

In this case wuj;eu; = w; and we have
2

[wr,v;] = > BFjup + Frjwy, j=1,2
k=1

2
§ k
[’Ul, ’UQ] = G172vk + HLle.
k=1

This case has also been studied in a previous example. In particular, we find
the 4-dimensional oscillator Lie algebra.

A =K{ug,uet & K{v} & K{w}.
In this case wujeu; = useus = wy; and the Lie bracket reads:
[u1, ug] = Ci 201 + Dy 2wy,

[ui,v1] = Eiqv1 + Fqwy, i=1,2

with the Jacobi condition Fy1Ey — Fy1F11 = 0.
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Every symmetric Leibniz algebra A = K{uy,us} & K{v,} & K{w;} is of the

form below:
Uy * U3 = Uy * U = Wy,

UL * Ug = —Ug X UL = 0172111 + DLQUJl

up * v = —v; * up = By v+ Fhwy,

U * V] = —V1 * Uy = Py v + Fo ;.
with Fi 1By, — Fy By = 0.

9. Deformation quantization of Poisson algebras in a symmetric
Leibniz formal deformation

As it was recalled in the introduction, formal deformations of commutative weakly
associative algebras give a construction of nonassociative Poisson algebras. An
interesting case corresponds to a formal deformation of an associative commutative
algebra in the category of weakly associative algebras. This gives a Poisson algebra
and enlarges the spectrum of deformation quantization. Moreover the class of weakly
associative algebras is the only one which permits to construct such a Poisson
algebra. In this section we investigate the formal deformation of commutative
symmetric Leibniz algebras in the class of symmetric Leibniz algebras.

Notation

Consider ¢ a bilinear map from A to A. We denote by %, and p, the bilinear

maps defined by )
Po(X,Y) = 5(p(X,Y) + oV, X)),
for every X,Y € A which correspond to the polarization of .
Definition 9.1. Let (A,x) be a commutative symmetric Leibniz algebra. A
symmetric Leibniz formal deformation (A[[t]],*:) of (A, *) is given by a symmetric

Leibniz formal product on A[[t]] the algebra of formal series in ¢ with coefficients
in A. It can be represented by a formal series

XuY =XxY 4> tp(XY)
i>1
for all X,Y € A, where ¢; are bilinear maps in A and which satisfies
X (Y Z)— (X YY) Z =Y 5 (X %, Z) =0,
{Y*t(Z*tX)—(Y*tZ)*tX+(Y*tX)*tZ:O. ]

This system of equations implies

o at order 0 that * is a symmetric Leibniz product,

o at order 1 that the linear bilinear map ¢; satisfies
6o (XY, Z) =X, Y % 2) = (X %Y. Z) = 1 (Y, X + 2)
00P(X,Y, Z) =1 (V, Z % X) —o1(Y % Z,X) + o1 (Y % X, Z)
+Y 01 (2, X)) — o1 (Y, Z)« X + p1(V, X))« Z =0,
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where 6V (respectively §)) corresponds to the deformation cohomology
operator of the right-symmetric (respectively left-symmetric Leibniz algebras).

o at order 2 that the linear bilinear map - satisfies
{ A (X,Y, Z) — a1(Y, 01X, 2)) + 86 (X, Y, Z) = 0
A (Y, Z,X) + p1(p1(Y, X), Z) + 057 (X, Y, Z) = 0
which is equivalent, since * is assumed to be commutative, to
A, (XY, Z)+ A, (YZ X)—- A, (Y, X, Z)+5g02 (XY, Z2)

+5(X,Y, Z) =0
P1(01(X, 2),Y) + o1V, 01(X, 2)) + 062 (2,X,Y) = 63 (X, Y, Z) = 0.

The map dps = 5g0(1) + 59052) satisfies

0o X, Y, Z) = (X, Y % Z) — po( X, Y) % Z =Y % 0o( X, Z) — (Y % Z, X)
+Y*302(Z7X) + 902(Y7X) * Z
— W, (X, Y % Z) — 2y (X, Y) % Z — 2V %0, (X, Z)

where 2¢,, (U, V) = po(U, V) — pa(V,U) for U,V € A. Then
6902(X7}/7Z) - 5902(X7 Z> Y) = 0.
We deduce that

“4¢1(X7Ya Z) +-’4901(Ya ZvX) _'Am(YaXﬂ Z) _A%(Xv Z7Y>
_A@1(Z7KX) +A901<ZaX7Y> =0

which is equivalent to say that ¢, is Lie-admissible or equivalently that v, is a Lie
bracket.

Lemma 9.2.  Let (A[[t]],*) be a formal deformation of the commutative sym-
metric Leibniz algebra (A, ). The algebra (A,,,) is a Lie algebra.

Since 5g0§1) = 5@52) = 0 we deduce also from this computation that

5@1(X,}/,Z)

: = (X, Y % Z) — o (X, Y) % Z =V 1, (X, Z) =0.  (4)

Then the Lie bracket 1, and the commutative nonassociative (symmetric Leibniz)
product * satisfy the Leibniz rule. We deduce

Lemma 9.3.  Let (A[[t]],*:) be a formal deformation of the commutative sym-
metric Leibniz algebra (A,x). The algebra (A, *,1,,) is a nonassociative Poisson
algebra.

So we find the same result obtained for the weakly associative algebras in the
symmetric Leibniz algebras’ context. But in this case, we shall show that the pair
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(%,1,,) satisfy the relations of Theorem 6.3 which are more restricted than the
Leibniz rule. In fact the algebra (A[[t]],*;) is a commutative symmetric Leibniz
algebra. Consider (A[[t]], *s, [, ]:) its polarization. The polarization of (A,x) is

(A,»,[,]) = (A, *,0) because x is commutative which implies that ¢ = % and
[, ] =0. Moreover [, ]; is a formal deformation of [, | that is
[7]t:0+t¢¢1+"'

and e; a formal deformation of ¢ that is
o=k lpy, o

From Theorem 6.3 we have X, [Y,Z], =0, [X,YZ],=0 forall X,Y,Z € A.

At order 1 we obtain

psm(Xv [Y> Z]) +X'¢<,01(Y7 Z) =0, ¢¢1(X7Y.Z) + [Xa p%(Y, Z)] =0.

Since [, ] =0 and ¢ = %, these equations read
Xx, (Y, Z) =0, ¢, (X, Y % Z) = 0. (5)
Theorem 9.4. Let (A, %) be a commutative symmetric Leibniz algebra and

(A[[t], % = * + 251 t'0i) a symmetric Leibniz formal deformation of (A, ). Con-
sider the skew-symmetric map v, given by ¥, (X,Y) = 3 (01(X,Y) — o1 (Y, X)).
The triple (A,*,v,,) is a nonassociative Poisson algebra and the Lie bracket 1,

satisfies
X xp,, (Y, Z) =0, ¢, (X, Y x Z) = 0.

forall X)Y, 7 € A.
Thus from Theorem 6.3, we have:

Theorem 9.5. Let (A,x) be a commutative symmetric Leibniz algebra and
(A[[t]], % = % + Yo, t'pi) a symmetric Leibniz formal deformation of (A,x). The
depolarization (A, x,,) of (A,*,1,,) is a Leibniz symmetric algebra.

Remark 9.6. (1) An associative commutative algebra is always weakly asso-
ciative ([10] see examples Section 1.1). But it is a symmetric Leibniz algebra if
and only if it is 2-step nilpotent. Then Theorem 9.4 permits to construct from an
associative commutative 2-step nilpotent algebra a classical Poisson algebra via a
formal symmetric Leibniz deformation process.

(2) When we consider a deformation quantization of a Poisson algebra, that is
when the Poisson algebra comes from a deformation of an associative commutative
algebra, contrary of the previous theorem, we have no other identities on the Lie
bracket than those coming from the Jacobi and Leibniz identities. In fact dzp; =0
implies in this case

{ VXY, Z) = XY, Z) — (X, Z)Y =0, ©)

Xp(Y,Z) - p(XY, Z) + p(X,YZ) = p(X,Y)Z = 64p(X,Y, Z) = 0.
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Denote by L(v, ) the default of satisfying the Leibniz identity between the multi-
plications v and pu, that is

‘C(V’ [L)(X,Y;Z) = ;L(V(X,Y),Z) - V(X,M(K Z)) - V(M(X’ Z),Y))7
System (6) is equivalent to

L(x)X,Y,Z)=0,

—L(s, )XY, Z) + L, p)(Y, Z,X) = 0.
For example for the algebra A = C*(R,R) of C* fonctions with values in R we
have ¢ =0 and ¢, = p. Thus ¢1(1, f) = af where a = p1(1,1). A particular case
corresponds to L(*,p) = 0. In this case a = 0. Another example but in the finite

dimension case is the following: Consider the 2-dimensional algebra (A, *) given in
a basis {e1,es} by

epxe; =e;, 1=1,2, e;*xey=eg%xe; = es.

It is a commutative associative algebra. From [9] Section 2.4, ¢» = 0 and if ¢; is
the linear term of a formal deformation of *, then ¢; = p; and we have

901(61761) =a, @1(61, 62) = 901(62761) = aey, 901(62762) = aep

that is ¢y = a*. This last relation shows that for every formal deformation of * the
first term ¢; which is always a 2-cocycle for the deformation cohomology of * is
also a 2-coboundary. Then any deformation is trivial that is, isomorphic to * and
we say that * is rigid.

(3) However for a weakly associative formal deformation of the associative commu-
tative multiplication *, that is

(A[[t]], #e = = + Z t'p;)

is a formal weakly associative algebra, the algebra (A, *,,,) is also a Poisson alge-
bra [10]. Denote by %, 41 the coboundary operator of the deformation cohomlology
of weakly associative cohomology, that is,

Siyaer = 01 (X, Y, Z) + 63,01(Y, Z, X) — 6501(Y. X, Z)
with
o1 =X (Y, Z) — (X *Y, Z) + o1(X,Y x Z) — 0o1(X,Y) x Z.

The condition &7, 41 = 0 is equivalent to L(x,1,,) = 0 because 03,40, = 0 (it is
the case for every commutative multiplication).
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