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Abstract. Connection coefficient formulas for special functions describe change of basis matrices
under a parameter change, for bases formed by the special functions. Such formulas are related
to branching questions in representation theory. The Askey-Wilson polynomials are one of the
most general 1-variable special functions. Our main results are connection coefficient formulas for
shifting one of the parameters of the nonsymmetric Askey-Wilson polynomials. We also show how
one of these results can be used to re-prove an old result of Askey and Wilson in the symmetric case.
The method of proof combines establishing a simpler special case of shifting one parameter by a
factor of ¢ with using a co-cycle condition property of the transition matrices involved. Supporting
computations use the Noumi representation and are based on simple formulas for how some basic
Hecke algebra elements act on natural ‘almost symmetric’ Laurent polynomials.
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1. Introduction

The Askey scheme [8] is a hierarchy of hypergeometric and ¢-hypergeometric orthog-
onal poynomials, which includes many families of classical polynomials, including
the Hermite, Laguerre, Gegenbauer, and Jacobi polynomials. Each family depends
on a number of auxiliary parameters, and lower families in the hierarchy can be
obtained from higher families by a suitable specialization of parameters.

If P={F,P,...} and P = {P},P,...} are two sequences of polynomials
satisfying deg(P,) = deg(P!) = n, then one has an expansion of the form

P, = ngn o (1)

(The coefficients ¢, ,, depend on the ordered bases P and P’ and so might be more
fully denoted by CZ;’E/. However to keep our notation more spare, we usually make
clear the bases by context and omit the superscripts.)

Now suppose P and P’ are from the same family in the Askey-Wilson scheme and
differ in only one auxiliary parameter. In this case one can sometimes obtain an
explicit formula for the “connection’ coefficients” ¢, ,, in (1) in terms of Pochammer
symbols and their g-analogs, which are defined as follows:
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For example, one has the following classical result:

Theorem 1.1. (340 in [2]) If P = {P{"P(x)} and P = {P*P(2)} are two

sequences of Jacobi polynomials differing in one parameter, then one has

PO (z) = i (B+h+ Dnosy = hnsB 7+ 0+ DiChtat S+1) plad) ) ()

k=0 (@+B+k+1Dnii(n—k)! k

Similarly equation (3.42) in [2] tells us for Gegenbauer polynomials

3]
M) = Y BBt Y ¢ (@), (5)

n—rka1k!
P (V)n—k41

M

(Equations (3.40) and (3.42) in [2] and elsewhere are often expressed in terms of
Gamma functions, but the identity

I'(k+a)=(a) (o) forkeN

readily leads to formulas (4) and (5).)

A similar result holds for the Askey-Wilson polynomials P,(z;a, b, ¢, d|q), which are
a 4 parameter g-hypergeometric family at the top of the Askey hierarchy.

Theorem 1.2.  ([3], Askey-Wilson) If P = {P.(z;a,b,¢,d|q)} = {P.} and
P = {P.(z;e,b,c,d|q)} = {P.} are two sequences of Askey-Wilson polynomials
differing in one parameter, then one has

P, = Z Cmnla,e;b,e,d)P), where (6)
m<n
n—m+1 m m m -1
Cmm(a’ e;b,c, d) — (¢ |@)m (beg™, bdg™, cdg™, ae™ *|q)n—m enTm. (7)

(q]q)m (abcdgnt™=1 bedeq®™|q)n—m

Here we follow the notation of [20] and regard the Askey-Wilson polynomials as
Laurent polynomials in z, symmetric under the inversion z — z~!. This is related
to the ordinary polynomial variable z of Askey-Wilson [3] by 2z = z + 27!, Our
normalization of P, as a monic Laurent polynomial in z is also different from [3].

As explained in [20], the Askey-Wilson polynomials admit nonsymmetric analogs
E, = E.(z;a,b,¢,d|q), defined for any integer r, which are eigenfunctions of certain
q-difference operators. While P, = P,(z;a,b,c,d|q) can be obtained from FE., by
a suitable symmetrization operator, the F, themselves are not symmetric under
2+ z~t. Also, while the P, depend symmetrically on a,b,c and d, the E, only
have the symmetries a <+ b and ¢ <> d.

We define the “zig-zag” order < on integers as follows:

0<-1<1<-2<2<---. (8)
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We say a Laurent polynomial F(z) has degree an integer r if there is a constant
¢ # 0 such that F(z) —cz" is in the span of {z°, s < r}. Such a Laurent polynomial
is called monic if the leading coefficient ¢ is 1. If F = {Fy, F_1, Fy,...} and F' =
{F{,F'{,F],...} are two families of Laurent polynomials satisfying the condition
deg(F,) = deg(F)) = r, then one can again consider connection coefficients (e.g.

denoted by b, ) such that
o /
Fo=Y" bk 9)

The nonsymmetric Askey-Wilson polynomials satisfy the degree condition, and our
main results are formulas of this form giving the connection coefficients for two
sequences of such polynomials differing in one parameter. In view of the a <+ b and
¢ <> d symmetries, there are only two distinct cases to consider: (1) the parameter
a is replaced by e, say, and (2) the parameter ¢ is replaced by g, say.

The first case is a change of basis relationship from basis {E,.(z;a,b,c,d|q)} to
basis {E,(z;e,b,¢,d|q)}. We often refer to the corresponding matrix transforming
components relative to these bases as a transition matriz.

Theorem 1.3. Let F ={FE,(z;a,b,¢,d|q)} ={E,} and F' = {E.(z;e,b,¢,d|q)} =
{E!} be sequences of nonsymmetric Askey-Wilson polynomials. Then
B, =) dpicp B,
r=s

where ¢,y is the symmetric connection coefficient cpn(a,e;b,c,d) as in (7), and
(q° " (abedg® ™)1

(abedq®*~!q)1

(¢~ +]g)

(¢, edg= TV q),
’ bedeq* =D (g7, edg= "tV ae 1 g* gy
(abedg?s—1, bedeq— 27+ |q),

(g7, cdg= "), bedeq—rH1]g),
\ (7%, edg= 5+ bedeq=(r+1) |q),

ifr>0,s>0

ifr>0,s<0

ifr<0,s>0

ifr<0,s<0

Remark 1.4. It is worth noting that if one were to replace E,.(z;a,b,c,d|q)
above by ¢(r)E,(z;a,b,c,d|q) then there is some simplification in the resultant d,.
formulas when ¢ (r) is defined to be

br) = 1 itr >0 (10)
Y (1—q¢ )1 —edg D) ifr <0.

(This corresponds to a change of normalization of the F, for r <0.) [

We now consider the case where the parameter c is replaced by g.

Theorem 1.5. Let F = {E,.(z;a,b,¢,d|q)} ={E.} and F" ={E.(z;a,b,9,d|q)} =
{E!'} be sequences of nonsymmetric Askey-Wilson polynomials. Then
By= ) dicf By
r=<s
where

(1) cm.n is the symmetric connection coefficient ¢y, (c, g; a,b,d)
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(2) d, isd; (c,g;a,b,d) and
( (abg®,abedq™ 7 q),
(abq™, abedg?s—1q)1

ifr>0,5>0

_abg"(q"""la)y ifr>0,5<0
. (g%, abq"|q): -
dT:S(C’ 9; @, b’ d> - —r—1 —r s -1 s+r
_dg7" g(q™" abg® g™ " g ifr<0s>0
(abedgs =1, abdgq=2"~|q)1 T

(g7, abdgq™""*"tq)1
\ (¢7*, abdgq=21|q):

ifr <0,s <0.
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Motivation and applications

For certain values of the parameters, formulas such as (4) in Theorem 1.1 and (5)
can be interpreted as describing aspects of branching theorems for spherical rep-
resentations of compact classical Lie groups. Spherical representations of compact
groups are isomorphic to irreducible subrepresentations of

LQ(G/K) = @, W,

for a compact symmetric space G/K . Here G acts on the left. (See [7] and chapters
1 and 2 of [23].) Each W, contains a K -bi-invariant function f, € C*(K, G/K).
In representation theory f, is referred to as a spherical function for G/K, but
sometimes in the literature the term zonal spherical function is used. Denoting
by T the one dimensional maximal torus of a rank 1 symmetric space, we have
G/K = KT by the maximal torus theorem for compact symmetric spaces and thus
we can consider f, as a function on T'. As described on page 59 of [6] (also e.g. page
65 of [1], chapter 3 of [23], or Table 1 in [4]), Gegenbauer and Jacobi polynomials
can be viewed (up to scaling) as spherical functions on the rank 1 symmetric spaces
S™ and CP™,

These observations extend to the other compact simply connected rank 1 symmetric
spaces: the quaternionic projective space and the Cayley plane. The classical
polynomial parameter values associated with these geometric examples are also

presented in these references. For the sphere S”, the parameter v in the Gegenbauer
—1

polynomial CY(x) is r . For the complex projective space CP", the parameters

in the Jacobi polynomial P,§°"5 ) are given by a =n—1 and g =0.

Recall how branching of spherical representations from G to G’ can give rise to
the connection coefficient formulas (5) and (4). The G’ C G situations will be
SO(2n) € SO(2n + 1) and SU(n — 1) € SU(n). We start with a spherical
representation 7 of G, realized as a subrepresentation of L?*(G/K). We then want
to consider G’ C G with an associated rank 1 symmetric space G'/K’. Since they
are both rank 1 symmetric spaces, their maximal tori in the sense of symmetric
spaces may be identified, so we may view

G'/K' =K'T.
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Let f, denote the spherical function associated to 7. When we restrict 7 to G’ we
obtain @7/ . For each summand 7/, we have the corresponding spherical function

f and a relationship
fr(x) = Z Cafo()

where the ¢, are non-negative constants. (Since spherical functions with respect
to G/K restricted to T are multiples of matrix elements < v,7(g)v > for v a
K -invariant vector of 7, the restricted functions f/(z) are spherical functions with
respect to G'/K'.)

For SO(2n) C SO(2n+1) and SU(n —1) C SU(n), this translates to the formulas
(5) and (4) for Gegenbauer and Jacobi functions respectively. So ¢, becomes a
connection coefficient in a formula like (5) and (4).

The connection coefficient relations (5) and (4) can also be viewed as being related
to calculating integrals of a product of two such special polynomials with different
parameters; as such one might for example use Rodriguez’ formula and integration
by parts to determine them.

In this paper we shall generalize these classical relations by purely combinatorial
methods. Although there could also be relations to deformations of algebraic struc-
tures such as double affine Hecke algebras via their generators and eigenfunctions,
and also possibly to the theory of spherical functions for certain quantum symmetric
spaces, we shall not go into these.

Structure of the proof of Theorem 1.3

One natural approach to proving this theorem would be to use the vector-valued
reformulation of the F, in [12], which extends earlier results in [11].

Our proof here uses an interesting alternative. We start with proving the special
case of a and e differing by a factor of ¢q. This is a ¢-shift analogous to a shift by
1 in one of the classical integer parameters. Since transition functions describing
change of basis matrices satisfy a natural co-cycle condition, we can establish the
case of a and e differing by an integral power of ¢ by showing that our asserted
expressions for the transition functions also satisfy the co-cycle condition. And
then, by observing that everything involved is given by rational functions agreeing
at infinitely many values, we obtain the theorem for arbitrary a and e.

The co-cycle condition in detail and proof plan A

The partition of powers of z into non-negative vs. negative (corresponding to the
same notions on the root system C sitting inside the affine root system C) gives
a direct sum decomposition of Laurent polynomials

R=R'pR!
where we can choose ordered bases
Eo,El,Eg,... for RO and E_17E_2,... for Rl.

We view connection coefficient relations like those given in Theorem 1.3 as describing
a change of basis in the space of Laurent polynomials, perhaps truncated in degree,
so as to reference a finite dimensional subspace.

Unless otherwise specified, we will henceforth treat the common parameters b, ¢, d,
and ¢ as unchanged and drop them from the argument lists of the F, (and associated
connection coefficients.) For example F,(a) is a shorthand for E,(z;a,b,c,d|q).
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We use T (a,e) for the ‘true’ transition matrix from components relative to the
{E,(a)} basis to components relative the {E,(e)} basis. The notation T'(a,e) will
refer to the transition matrix specified by the formulas in Theorem 1.3. Thus proving
Theorem 1.3 amounts to showing T (a,e) = T(a,e).

As described fully in Appendix A, this block decomposition and choice of ordered
bases corresponds to T'(a,e) having the block decomposition

7 TOO TOI
= |70 il
with
To,0 70,1 702 70,3 --- 00,-1 0¢0,—2 090,—3 00,—4
700 0 11 T12 71,3 --- 701 0 01,—2 01,-3 01,4
- 0 0 T22 T23 - 0 0 02-3 024
0 0 0o . 0 0 0
0 O-11 0-12 0-13 ... T-1,-1 T-1,-2 T-1,-3 T-1,-4
Tlo 0 0 022 023 ... Tll 0 T_2-2 T-2-3 T-2-4
— 10 0 0 033 ... o 0 0 T_3,-3 T-3-4
0 0 0 : 0 0 0 '

Here 7, and 0,4 (zero unless r < s) are the products of the ¢’s and d’s defined by
Trs = Oy sCir) |3 if (r>0and s>0)or (r<0ands<0) (11)

Ors = Ay sClrl,|s| if (r >0and s <0) or (r<0ands>0). (12)

We think of this transition matrix as acting on the left on column vectors of
components relative to one basis and producing a column vector of components
relative to the other basis.

The ‘true’ transition function 7T (a,e) satisfies the co-cycle condition
T(a,e) = T(f,e)T(a, f) (13)

since each side describes a valid way to go from a-coordinates to e-coordinates. In
particular this means a ‘discrete’ co-cycle condition; namely for any non-negative
integer p :

T (a,aq""") = T (aq”, ag""") T (a, aq”). (14)

Our proof of Theorem 1.3 has three steps which we refer to as

(PROOF PLAN A) (15)

1. Show that the entries of both T'(a,e) and T (a,e) are rational functions of e
with coefficients in the filed Q(a, b, ¢, d,q).

2. Show that T (a,aq) = T(a,aq).
3. Show that T also satisfies the discrete co-cycle condition
T(a,aq"*") = T(ag?, ag" )T (a, ag”)

for any p € N.
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Since both T'(a,a) and T (a,a) are the identity, and equation (14) says T satisfies
the discrete co-cycle condition, it is immediate from parts 2 and 3 above that
T (a,e) and T'(a,e) agree whenever e = ag” for non-negative p. Now using part 1
of Proof Plan A, we see that each entry of the two matrices is a rational function of
e agreeing with the other at infinitely many points. So they must agree (as rational
functions with coefficients in Q(a, b, ¢, d, q)) for all e.

Structure of the paper

We have already stated our main results above, explained how these kind of results
can relate to branching theorems in representation theory, and described the basic
approach of the proof.

The heart of the proof of Theorem 1.3 are the last two steps of (15), Proof Plan A.
These are carried out in Sections 5 and 6. We have written out the verification of
these two steps in a detailed step-by-step way, and so these two sections constitute
about one third of the main body of our paper.

Section 2 briefly recalls the basic double affine Hecke algebra (DAHA) and Noumi
representation points of view about the nonsymmetric Askey-Wilson polynomials.
Much of what we use is based on the approach of [19], which was specialized to
the one variable case in [20], and further enhanced (including some notational
adjustments) in [22]. At certain points, we need a little more detail than was
recorded in the statements of the theorems proved there, and so explain how those
come from this earlier work.

The zig-zag order leads to a filtration of the Laurent polynomials and Section 3
exploits some aspects of this. Some of the results are conveniently expressed in
terms of what we call ‘almost symmetric’ basis elements. These are based on
Laurent polynomials which are either symmetric or skew-symmetric under one of
the involutions z +— 27! or z — gz~ 1.
The recursive description of the {E,}, equations (26), plays a key role. It imme-
diately gives us the first step of (15), Proof Plan A. The filtration properties of
this ‘zig-zag recursion’ allow us to obtain explicit formulas for the three highest
zig-zag degree terms of each FE,.. The coefficients of these terms with respect to the
appropriate almost symmetric basis elements are determined in the later parts of
Section 3. Our determination of the last of these, Theorem 3.11, is a little involved,
and so we have also included a detailed step-by-step presentation of the argument.

Properties of the filtration allow us to quickly express T (a, aq) in terms of the three
highest zig-zag degree terms of the FE,.. Thus the later parts of Section 3 are exactly
what we need to carry out the second step of (15), Proof Plan A, in Section 5.

It is natural to compare our nonsymmetric Askey-Wilson connection coefficient re-
sults (Theorems 1.3 and 1.5) to the corresponding long known symmetric case,
Theorem 1.2. That is why those former statements are in terms of products like
dysCjr|,|s|- However, for carrying out the proof here, it is cumbersome to be con-
stantly writing out these products and so an alternate notation for these products
is introduced in Section 4.

Because of the natural 2 x 2 block structure of our transition matrices, verifying
the co-cycle condition in Section 6 has four somewhat similar pieces. It also turns
out that those verifications can be carried out more simply by first simplifying some
ratios, and that is done at the beginning of Section 6.
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Using our result, we also give a re-proof of Askey and Wilson’s Theorem 1.2 in Sec-
tion 7 of our paper. Here the d, ¢, s representation of the connection coefficients
in Theorem 1.3 greatly simplifies the exposition.

While the considerations are very elementary, making explicit how our conventions
lead to the precise matrices we use is important for being able to verify correctness
of our arguments. This is done in Section 8, Appendix A.

Section 9, Appendix B, a summary table, includes a few DAHA related formulas
that we do not use in this paper, but which are of the same nature as ones we fully
justify in the main body.

Since the technique is so close to the one we fully describe for Theorem 1.3, we omit
the details of the proof of Theorem 1.5.

We mention one striking feature, however. In the proof of the discrete co-cycle
condition for the shift-c case (Propositions 6.4, 6.5, 6.6, and 6.7 below in the shift-a
case), the polynomials ps, whose vanishing in the last quarter of the proofs we are
demonstrating, can in a natural way be chosen to be identical to the py of the
shift-a case.

2. Preliminaries

First we recall the double affine Hecke algebra (DAHA) point of view and the Noumi
representation on Laurent polynomials.

Let R denote the Laurent polynomials in one variable z with coefficients in a field
such as Q(a,b,¢,d,q).

111 1

Let F be the field Q(q2, ¢2,¢2,ué,u?). As described in [19] and [20], the Noumi rep-
resentation [16] is a faithful representation of a double affine Hecke algebra (DAHA)

‘H with coefficients in F. Here H is the F-algebra with generators Ty, T4, Uy, U;
and relations

To ~ to, Th ~ t1, Uy ~ ug, Uy ~uy, and T1ToUU; = q_%

where the meaning of F ~ f is F — F~! = f% — f_%. The scalars ¢,a,b,c,d,
to, t1, ug, u; are related by

! (16)
11 1 _1 p L1 ;L _1
a=tiu; b=—t{uy* c=qtju; d=—q2tiu,”

For our purposes, we mostly want to reason about Laurent polynomials with rational
coefficients Q(a, b, ¢, d, q). So we work with elements Tj, T, Uy, and U; (part of this
described in [22]) that are multiples of the usual Ty, T3, Uy, and U, :

~ 1 ~ 1 ~ 1 ~ 1
To = t2T, Ty = 27T, Uy = (qto)2Up. Uy = (t1)2 V).

These adjusted elements now satisfy the product relation ﬁf 0(70(71 = tot; and the
usual nicely symmetric DAHA inversion formulas, e.g.

1 1
Tr =Ti—tf +1, 7,
translate (as in [22]) to ones like

(f+1)(Fi-t)=0 iedi'=T_14l
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With these adjustments, the Noumi representation of the DAHA H on a Laurent
polynomial f € R looks like:

Tf] ) = tof(x)+ E2ESD[5(0) - 1) (17)
D] ) = afe)+ S22 16) - 1)) (18)
Uof :tﬁﬁXf:(ﬁX+u—mmjf (19)

since toTy " = Ty 4 (1 — t) and we use the multiplication operator

(Xf](2) = 2(f(2)).

We call the operator X because these DAHA preliminaries are often expressed in
terms of a Laurent series variable x while we consistently use z for the Laurent
variable and its related © = $(z + z~') for the ordinary polynomial variable.

The nonsymmetric Askey-Wilson polynomials are eigenvectors of

Y =TiTy (as well as of Y = T1Tp)

S~ ~ tot)q"  ifr >0
with Y E, = i, E, and i = (tot1)q ifr 2
q if r <0.
1 sq" 7 (t0t1)%qr ifr>0
» = (tot1)2q"), where T — t 20
(1r = (tot1)2q") q {<t0t1>—2qr fr<0 (20)

is the notation used in [20] for the eigenvalues of Y = T1Tj.

The definition of the E, on page 278 of [19] is via creation operators Sy and Sj .
Up to normalization, for n > 0, Sy takes E, to E_q,41) and &; takes E_(,,1) to
E, 1. This is the original recursive description of the nonsymmetric Askey-Wilson
polynomials.

Theorem 4.1 on page 402 of [20] makes this (in arbitrary rank) more explicit. The
proof of that theorem introduces a variant S’y of Sy which also takes E_(,41) to
a multiple of E, ;. It is not explicitly noted in the theorem, but the proof makes
clear that the formulas stated are simply the result of applying the operators &’y
and S;.

Using our usual ﬁg and fl, the corresponding creation operators are
So= [V, S = [Ih,Y]
with glo = to((]tl)%glo and §1 = (t(])%tlgl.
The normalization condition on F, is that the highest zig-zag degree term 2" has

coefficient 1; we refer to this as E, being zig-zag monic. We introduce the following
;- notation for the explicit rescaling factors (r of any sign):

S;,OET = 5077(r+1)E7(r+1) S;1EL(7“+1) = El,r—i—lE’r—l—l-

For n > 0 we will determine 5’07,(n +1) and Eln below in Proposition 3.7.
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In those terms, Theorem 4.1 of [20] for the rank 1 case translates to:

~ -1 - ~ -1 Tin ~ ~
E_(n41y = [C'o,_(n+1)] S'oEn = to |:C/0,—(n+1):| [(%) Uo + b—(n+1)] E, (21)

0

~ -1 - ~ -1 ~ ~ ~
o= [Ga] SEw=t 0] [(2)T+d) B mr0) (22)
where ) ( (abedq®™|q)1 ifn >0
an _ cdq™
to 1 — abedg—2(+1) .
T edg D itn <0
( 1 1 .
_ abedq™ <E+ﬁ> —(a+0b) ifn>0
b, =
o (24+3) —(a+d) ifn<0
\ c d
(0 ifn=0
2n—1
Cn _ (abedg™g)1 ifn >0
o 4 abg™
_ —2n—1
Lty .y
\ abq—”
(4 — abed ifn=20
q
~ n n—1
d, = _{abe"lo) ¥ (abedq”"a), ifn>0
abg™
—cdq™"(ab+ 1) + (cd + q) <0
\ q

Theorem 1.2 in [20] stated this, but as mentioned in [22], has some typos. The
formulas in equations (21) and (22) hold for any sign of n above, but we emphasize,
in this paper, the n > 0 cases because they, together with Ey = 1, give a straight-
forward way to determine the E, inductively, for r increasing in the zig-zag order
sense. And it is easier to prove, as we do later in Proposition 3.7, the (also simpler)

formulas for ¢y _,,41) and (i, in those n > 0 cases.

Comment on Some Awkward Looking Factors

CZ—" and i—" as well as the ¢; factors in relating S’y (respectively Sp) to C;—" —l—EZ
0 1 0

(respectively i—” + glvn) arise to make a, and ¢, differences of eigenvalues of Y just
1

as a, and ¢, are differences of eigenvalues of Y'; e.g. ¢, = fi_n, — fi, in analogy to
¢, =q " — ¢" (correcting a typo on page 397 of [20].)
More details on the translation from [20]

The starting point is Theorem 4.2 of [20] using the value n = 1 (1 variable case)
there. We now review the elements in the proof and application of this theorem.

Besides DAHA identity manipulation, the proof is based on three things:

1. The relations among eigenvalues of Y = 717, that correspond to the inter-
twining identities

VS =8 Yt Y8y = q 'SY ! where Sy = q2Y Sy, (23)
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2. The creation operator definition, up to normalization, in [19] of the FE,.

3. The fact that the creation operators Sy and &7 have squares which, when
restricted to their natural invariant 2-dimensional subspaces, are multiples of
the identity.

The eigenvalue relations may either be viewed:
1. As consequences of the formula (20) (above) for ¢", originally given in [20].

2. Or as applications of Theorem 5.1 in [19]. In particular, in Theorem 5.1, one
can choose 7 =14 00 € Z x Z§ satisfying

80(1) =—-1-9¢ 81<].) =—1.
The statements about S§§ and S are Corollary 5.2 for n = 1 in [19]. Here one
has to keep in mind that the FE, are eigenvectors of Y = T17,. The following table

summarizes many relationships between the original objects in [19], [20] and our
notation here.

Ty = t§T0 T, = t%T1 Y = (tot1)2Y
Up=q 2T, X | Uy =toTy' X Up = (qto)2Up
Uy = (T.X)"" | Uy = ty(TiX) ! 0, = 120,

TVTyUU, = q‘% Ty ToUs Uy = toty
Si=[T,Y] Si=[T,Y] S =248,
S'o = [Y, U] ST(/) = DN/, 170] g(l) = to(qtl)%slo

SIOE—(n—i—l) = (anUO + bn) E—(n+1)
SIE—n = (CnTl + dn) E—n

So=Wur | &=V, 0 So = (t0)2So

—~ I — 1 ~ ~ 1

i ()0, | Bam(ath | 00— ()} (@l + )
to to to

o= (t0>§cn CTn :tgdn @fl"i_cjn:tg (CnT1+dn)
131 tq i

To get the a, and b, (as in the above table) from Theorem 4.2 in [20] (and then

the asserted a,, and En), use A=A\ =n, u=pu; = —(n+1). Here the b, comes
from the statement about ¢y in Theorem 4.2.

To get the ¢, and d,, (as in the above table) from Theorem 4.2 in [20] (and then

the asserted ¢, and glvn), use A = A\ =n, u = pu; = —n. Here the d,, comes from
the statement about (a different) ¢, for n =1 in Theorem 4.2.

Expressing everything in terms of a,b, ¢, d, q, and n (of any sign) via equations (16)
gives the asserted formulas for a,, b,, ¢,, and d,.

3. Almost symmetric bases and their applications

For any integer n, let R, denote the elements of the Laurent polynomials R of
zig-zag degree at most n in the zig-zag order. This gives rise to a filtration

RoCRLICRICRL,CRyC...
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with both E,, and 2" projecting to the same nonzero generator of the 1-dimensionsal
R./R.—. Here n— denotes the predecessor of n in the zig-zag order.

In thinking about the operators 7;, it is natural to relate them to skew-symmetri-
zation. If we denote the involutions by s; : R — R, namely

(A (2) = £ (z7) [so(f)] (2) = f (¢27")

and the corresponding skew (respectively g-skew) symmetrizations by

M(f) = (1—s0) (f))

then A; (respectively Ag) has eigenfunctions which we denote for n > 0 as follows:

(1—1s1)(f) (respectively Ag(f) =

N
N

Eigenvalue +1: f, = (z+ 21" (resp. fn = (z+¢z")™)

Eigenvalue —1: g, = (z—27Y)(z+2z"1)""! (resp. gn ¢ = (z—qz" ") (z+gz"H)" 1)
Unfortunately neither f,,; nor g, belong to R_(,41), but their difference does.
So for n > 0 we define

Ppi1 = 2 Nz 4+ 27" (respectively h,y1 = qz 'z +qz" ™)

Now {fo,h1, f1,he, fo, ...} and {fo q.h1 ¢ f1_q P2 g fo o ---} both form bases
compatible with the filtration

RoCR_1CRiC....

We refer to these as the almost symmetric and almost q-symmetric bases respectively.
The operator ﬁ) involves division by z?—¢q. Easy argument shows that for any
Laurent polynomial f, its gq-skew symmetrization Ag(f) is divisible by 22—¢q. To
understand the operators TO, Uy and Ty more fully, we define Laurent polynomials

fskew ) fq_skew ) fskew_rdcd ) fq_skew_rdcd P fsym ) and fq_sym ; for any Laurent pOlynomial
S by:

fskew = A1 (f) fqﬁskew = AD(f)
fskew(z) = (22 - ]-) [fskewirdcd(z)] fqﬁskew(z) - (22 - Q) [fqiskewirdcd(z)]
fsym :%(1+51) (f) qusym :%(1+30) (f)
Thus f = fsym + fskew = fqisym + fiskew'

In terms of these we have:

Proposition 3.1.
Uof = (W) f—2q <w> fq_skew rded
= —202fy won riea+ [e+d+ (5) (2= 9) (24)

_ (%) (z + g)} (f +2qfy skew rded)

Tif = —abf +2[(1 — az)(1 — b2)] fekew rded (25)

= —abf + [_2(a +b) + (ab+1) <z + é) + (ab—1) (z - %)} (2 fskew_rdca)
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Proof.  To establish (24), using the definitions (17) and (19), we start with
(0of) (=) = (To+ (1= t0)) (=1£(2)])
= =12+ 1o (2] + (EZ2ED) (9 [ (9)] - = 1)

22 —q z

. 1 z q .
Since - — = — this gives
2z 22—gq 2(22—q)’ &

1

(Oof)() =2/ () = == [2f (1) - 5= (1 (1) = 1))
= 2 [fa_som(2) + fo_sen(2)]
~ (=== ) [ (a om(®) = fu sen2)) = 5 (<21 aen(2))]
= 2 [fa_om(2) + fo_sron(2)]
— EEIEZ DT (=) = fa_senl2)) +

- [fq bym(z) + fq,skew(z)] - W
= [fq sym(Z) + fq_skew<2)]

y [qusym(z) + fqﬁskew(z) + 22273(] (fqiskew(z))}

_ <z _ w> f— (2qw) fo_skew_rdcd(2)

z z

= (et p (2gCCD) f e al2)

z

222

2 sen(2)

22—

[Faom(2) + 5 (o aen(2)) |

The proof of the second form of (24) comes from further observing

St (3 (1) () ()

(z—c)(z—d) d) <(c+d)z cd)

z z

and

To establish the first form of (25), using the definition (18), we start with

- 22 -1
— —ab[f(= >]+(1 ) 121 ez

1 1 b
= —ab [f( )] < az : ) Z - 1 _ skew rdcd(z)]
= —ab[f(2)] +2(1 — GZ)( = b2) [f_skew_rded(2)]
which is the first form of (25). To get the second form, we use

V) s )z ) @b - 1)(= - L) ~20atn). o

z

An immediate corollary is that [70 and Tvl behave very nicely on our filtered bases:
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~ d ~
Corollary 3.2. Uy(f, 4) = — (%) b1, g+ (c+d)fr g, Uo(hn o) = qfuz1, 4,

fl(fn) = —(lbfn, T1<hn) = _abfn - hn + (a + b)fnfl .

Proof. (1) For f=f, = <z + g)n, we have fq skew rded = 0. So

Uo(f) = ((c+d) + (ﬁ) (Z - %) - (2%) (2 + %) ) o
= (0= (2) (5)) = e () b

:h
‘m
5
K
Il
VN VR
DO | =
~_
N
SIS
|
I
/N
N
+
ISHIESY
~
3
L
Il
|
~
)
z\z"‘
N——
—~
N
(V)
|
[t
SN—
~
N
+
[SEES)
N———
i
A

So fa_skew rded = — <i> (Z + Z)nl = — (%) hy o = —%.

Thus f + 2qufskewirdcd =0 and

1 n—1 1
qufskewirdcd = - (5) <Z + g) - - <§> fn—l,,Q‘

This gives us ﬁO(hn7q> =—2¢( - %fn_l_q) +0=qfn1, q-
(3) For f=f,= (z + %)n, we have foew raca = 0. So by (25), Tlfn = —abf,.

(4) For f=hy= (1) (z+ )",

= () () (4 ) - (B (e )

1

1 n—1 hn fn—l
So fskew_rdcd = - (g) (2 + ;) = _7 and Zfskew_rdcd = - 5

Thus by (25),

~ 1 1 fn—
Tihy = —(ab)h, + { — 2(a +b) + 2ab (z + ;) —2(ab—1) <;) } (—Tl)
= —(ab)h, + (a+b) fr—1 — (ab) fr + (ab — 1)h,
= —(ab)fn, — hy + (@ +b) fr_1. u
Remark 3.3.  Corollary 3.2 shows, for n > 0 :

(1) (70 maps R, to R_(n41) and R_(,41) to R_(n11).
(2) ﬁ maps R_(n+1) t0 Rpy1 and R, to R,. [

Because of Corollary 3.2 and the recursion (21) and (22), we will need to convert
between the almost symmetric bases in low zig-zag co-degree.
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Proposition 3.4.
fn = fn_q + (q—n - 1)hn_q mod R—(n—l) hn = q_nhn_q mod R—(n—l)
hot1 g = q" 1 hyr mod R,y fo g =fo+ (" —1)h, mod R,,—4

Proof. By =2z t+z )= = q "hy_q mod R_(p_1)
fn — (Z+Z_l)n =y = _|_qnz—n+ (1 _qn)z—n

=" 4 qnzfn + (qfn o 1)qnzfn
=fo g+ (@ " =1)hy qmod R_(_1)

Pni1 q=q2z (24 qz )" =" = "+ mod R,

+1_q +

fn—o—liq _ (Z + qZ—1>n+1 — Zn—i—l + qn—i-lz—(n—i-l)

_ Zn+1 + Z—(n-i—l) + (qn—i-l . 1)2—(n+1)

= fat1 + ("' = Dhypq mod R,y u

The almost symmetric bases allow us to make the rescalings involved in the recursive
computation of the FE, explicit. This also makes the rationality of the formulas
transparent.

Since the recursion in equations (21) and (22) is in terms of Uy and Ty, Corollary
3.2 makes an expansion of the F,. in terms of the almost symmetric bases natural.
For n > 0, we will use the notation (remembering e.g. ;i1 € R_(m+1)):

n n—1
E, = Z )\m,nfm + Z ,uf(erl),nherl
m=0 m=0
n n—1
En = Z )\m,niquiq + Z ,u—(m—l—l),nherl,iq
m=0 m=0
E_(ny1) = Z A (ma1),—(nt1) my1 + Z o, (n+1) fm
m=0 m=0

Ef(n+1) = Z >\f(m+1),f(n+1)7qhm+17q + Z Nm,f(nJrl)ququ-
m=0

m=0
Using Corollary 3.4, we quickly see

Proposition 3.5. Forn > 0:

At —(nt)) = A(nt1)—(nt1) @
Hn,—(n+1) =  Hn,—(n+1)_gq
An—(nt1) = Mn,f(nﬂ)_q(qn —1)+ )\—n,—(nﬂ)_qqn (n>1)
M g = Man
He(ntl)n+1_q = )\n+1,n+1(q7(n+1) - 1)+ :u—(n+1),n+1q7(n+1)

)\n,n—i— 1.q — )\n,n—i-l .
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Proof. Modulo R,_; :
E—(nt1) = A(nt1),~(+1)_altnt1,_a F Hn—(nr1)_afn_a + Aon—@i1)_ahn,_q
= A(r0).~(n1)_a (€ Pnga] F i~y o fn+ (¢ = 1]
+ A~ (n+1)_q [¢" P
= A i1),- 1o Pt + [fin—mi1)_a] o
+ [ftn 1) o(@" = 1) + A nr1) od"] o
from which we read off the first three statements.
Modulo R_(,—1) :
E, = infon + tpnhn + A1 0 fno1
= A [fo_a + (@7 = Dho_a] + ponn [0 n_a] + Anorn [fa1,_d]
= Do) foa+ P (@7 = 1)+ ponmg™"] b g+ Pain] fai g
from which we read off the last three statements. ]

The zig-zag monic condition on the E, immediately implies

Proposition 3.6. For any n >0

Ann =1, Ain =1, Ain—mr) =1, A —(nr1) ¢ = q_(”“).

For our purpose, we need the explicit scaling factors arising in the zig-zag increasing
cases of the creation operators acting on FE,. We use the following notation for the
exact coeflicients:

(Enegative Case) E—(n+1) - (d—(n+1)[70 + I;—(n—l—l))En

ot (26)
(Epositive C&SG) En = (CnTl + dn)E—n

Proposition 3.7. Forn > 0:

p - L Gy = ——
—(n+1) = cdq™ " ab
Co—(ns1y = —cdq~ (abedg®|q)1 G = —abg™"(abedg® ),
i _ (c+d) —cdg"(a+b) 7 (abg"|q)1 + ab(cdg" ()
—(n+1) cdg™(abedg®™|q)1 " ab(1 — abedg®r—1)

Proof. We use the combination of the creation operator point of view with
Corollary 3.2.

(1) For the ¢, and Zln determination, we start with
E, = (&,Ty + dy)E_, = é,T1h, mod R_, = —abé, f, mod R_,

Since E,, = f, mod R_,, this gives the asserted formula for ¢,.

This also means ﬁE’_n = [én]fl E, mod E_,,.
Then  GnBEn =SB = [T, Y]E_ = (fion — fiy) (:EE_”) mod E_,
= (Fin — i) [en] " B

gives the Zl,n determination.
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(2) For the G_¢,+1) and 50’,(%1) determination, we start with

Ef(n+1) = (df(nJrl)(ij + l;f(nJrl))En = &7(n+1)[70fn7q mod En

= i) (—%) hnir g mod R, = —cdq"i—na1)hnss mod R,

Since E_(,41) = hpq1 mod R, this gives the asserted formula for a_(,1). This
also means B .
U()En = [d—(n+1)] E—(n—H) mod En

Then
5/07—(n+1)E—(n+1) = gloEn = [?7 [70] E, = (/j—(n—&—l) - ﬁn) (ijEn) mod FE,,

= (A—(nt1) — [in) [&—(n-i-l)}_l E_(ny1

gives the 6’07,@ +1y determination.

(3) The 5_(n+1) and d,, formulas come from equations (21) and (22) together with
the previously translated formulas from [20] for b_(,;1) and d,,. [ ]

In this paper, we only use the zig-zag increasing cases above and so have included
just the proofs of those. However Appendix B includes a table with the zig—zag
decreasing cases as well. (Formulas (4.11) and (4.12) of [11] could be appealed to
since they are equivalent to the determination of the ¢,, d, for any sign of r.) We
mention the simplified forms of those others as well because they may be of interest.
They may be established, e.g. in the a,, by case, either using Corollary 5.2 of [19]
about S? or by noting that the relations

E—(n+1) = (d—(n—l-l)/[}a + 6—(n+1)>En En = (dnﬁa + l;n) E—(n+1)

are inverse to each other. (Corollary 3.2 also clarifies what happens in low zig-zag
co-degree.)

If using Corollary 5.2 of [19], one might first confirm, by thinking about the DAHA

relation, that ¢? and u? are mapped by the involution e of that paper to what one
might guess from its action on 7; and U;. That then makes immediate what ¢(a) and
¢(c) are. Then the automorphism property, together with to = —cdq™! and t; = —ab
gives the needed €(b) and €(d).

An immediate corollary of Proposition 3.7 and recursion relations (26) is the T (a, e)
part of the first step of (15), Proof Plan A :

Corollary 3.8.  The entries of both T'(a,e) and T (a,e) are rational functions of
e with coefficients in the filed Q(a,b,c,d, q).

(Rationality of entries of T'(a,e) is immediate from the formulas written down in
theorem 1.3, since T'(a, e) just refers to the matrix given by the formulas (37), perse.)

We now work out the details of the low zig-zag co-degree expansion of the nonsym-
metric polynomials in terms of the almost symmetric bases.

The recursive relations (26) with exact scaling factors implies the following for the
low zig-zag co-degree almost symmetric basis coefficients:
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Proposition 3.9. Forn > 0:

H—(n+1)n+1 = >\—(n+1),—(n+1) [_én+1 + dn+1i|
Mn,—(n+1)_q = /\nniq |:(C + d) CAL—(n—‘,—l) + b—(n+1)i|

)\n,n—l—l = /\f(n+1),f(n+1) [(CL + b)én-l—l] + Mn, —(n+1) [(_ab)én—l—l + dn+1

+ An—(n+1) [—abCpi1]
Cd)

. a— (n+1)]

Acn—(n+1)_q = H-nn_gb—(n+1) + An—1,n_g [(—

Proof.  For the first 2 assertions on the left and the next to last one, recall that
our standard notation is:

En+1 = )\n+1,n+1fn+1 + N—(n+1),n+1hn+1 + >\n,n+1fn

g Ef(nJrl) = )\f(nJrl),f(nJrl)hn-‘rl + Mn,f(n+l)fn + Afn,f(nJrl)hn-
(6}

(éns1 Tt + dng1) B—nyn) mod R,
= A_(n+1),—(n+1) [én—&-l [—abfusr — hngt + (@ +b) fa] + dusihnit

+ ity |Gt (20D ) 4 duifo] + Aoy [ [abfy]
= fam1 [)\—(n+1),—(n+1) [_abénJrlH
+ Nt |:)\—(n+1),—(n+1) |:_én+1 + Cin+1]:|
+ fn [ (n+1),—(nt1) [(@ + 0)Cny1]
T Mn,—(n41) [_abén—i—l + CZn—H] + An,—(nt1) [—abén+1]]
from which we can read off the three results.
For the other 3 assertions, start with our standard notation of:

E—(n+1) = )\—(n+1),—(n+1)7qhn+17q + /JLn,—(n-&-l)quniq + )\—n,—(nﬁ—l)fqhniq

En = )\n,n_qfn_q + ,ufn,n_qhn_q + )\nfl,n_qfnfl,_q-
So

(&—(n—&—l)ﬁo + l;—(n—&—l))En mod Rn—l
N d >
- >\n7n7q [af(nJrl) [<_%> hn—‘rliq + (C + d)fnfq} + bf(n+1)fn q]
+/Lfn,n_q |:d +1)[ fn 1 q] +b (n+1) hn q] + )\n 1,n_q |:A (n+1) |:< ) hn_qi|:|

= It o [An,u [( qu) Qi (ns1) H +fa g [An,n,q [(C+d)a ) (s H

7 d\ .
+ hn_q |:,ufn,n_q |:b_(n+1):| + )\nfl,n_q |:<_%> a_(n+1)]:|

from which we can read off the other three results. ]
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Proposition 3.10. Forn >0:
abq™(c+d) — (a+b)

Hn,—(n+1) = (abedg?™|q), = Hn,—(n+1)_q (27)
— " cdglgh
H—(n+1)n+1 = (abedg® 1 q), (28)
_ cd(g"t, abg" " g),
H—(n+1)n+1_g = q(abedg®+1|q)s (29)
Proof. By Proposition 3.9 we have
Hn,—(n41)_q = )‘n,n_q |:(C + d) &_("'H) + b_(n+1)
- ! (c+d) — cdg™(a +b)
= (c+d) ( cdq”> T edg (abedq? )
2n __ n
_ (c+d)abedg cdq"(a +b) (30)

cdg™ (abedq®™|q), ’
which equals (27) above. And by Proposition 3.5 this is also the value of ji, —(41)-
Similarly

P (n+1)ntl = A—(nt1),—(n+1) [—énﬂ + dn+1]

—_ (_1) + [ — (abg" M |a)s + abledg" |q)
ab ab(1 — abedg®n+1)

_ —abedg®™ ! + abg" ! — ab+ abedg™ (1= ¢"TH(1 — cdg™) (31)
N ab(l — abedg?nt1) o (1 — abedg?+1)
as in (28) above. And by Proposition 3.5
/'L—(n-l-l),n-‘,-liq - )\n+1,n+1(q_(n+1) - ].) + M_(n+1)7n+1q_(n+1)
— (g~ (n+1) _ —ntn) [ (A =q""H(A = cdg™)
(q 1)+gq < T abed )
= 1—q¢"*"! _ 2n41 n
- (q“+1(1 - abcdq2n+1)> (—abedg™" + cdg”)
which is equal to (29) above. =

Theorem 3.11.  The zig-zag co-degree 2 coefficients of the E.(a) are given, for
n>1 by:
A\ o= _ (c+d)(¢g" abq"|q)1 + (a +b)(q", cdq"[q)1
Bl q" (g, abedg®™(q)1
(c+d)(g", abg""q)1 + q(a + b)(¢", cdg"*|q):
(¢, abedg®|q)1
(c+d)(g", abg"|q)1 + g(a + b)(¢", cdg™ ' |g):
(¢, abedg® = tq)1 '

)\fn,f(n%»l) = -

)\nfl,n = )\nfl,n_q = -

Proof. We prove these A, and A, o formulas by induction on zig-zag degree r.

Note in the case r = —1, A_o_; is not even defined (there is a constant term g 1
in £_1), so we can treat it as 0 by convention; we are not assuming anything from
this proposition in proving the r = 1 case and so view this case as the start of the
zig-zag induction.
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Assuming correctness for r = —(n 4 1), we establish the r =n+ 1 > 1 case: (The
first case to prove is s =0, r = 1).
/\n,n—i—l = /\—(n+l),—(n+l) [(a + b)én-‘rl} + Mn, —(n+1) [(_ab)én-l—l + dn+1:|
+ An—(n+1) [—abCp 1]

= () [(a+b) [-5] ]+ (abqn((acbtdcgw(iw) |
{[con [-5]] - s mcarion

ab ab(1 — abedg?n+1)

+ (_(c+d)(q ,abq”“ICJ)l+q<“+b)(qn’0dqn_lq)l) [( ab) [ 1 H (82)

(g, abedg®™|q)1

The top line of the right hand side of the last equals sign combines to

- ! — 2n _ 2n+1
(s e ) { (o D0 = abed )1 = e

+ [abg"(c + d) — (a + b)] { — ab(1 — abedg®™ ™) + (1 — abg"*") + ab(1 — cdq")}}

- (_ 1 ) {(a + b)(1 — abedg®) (1 — abedg®™ ™)

ab(abedg?™, abedg?+1q),

+ [abg™(c + d) — (a + )] {(1 — abg"™)(1 — abcdq”)}} (33)

a+b){(1 — abedg®™)(1 — abedg™ ")

( ab(abedg?™, abcdqQ"“\q )
— (1 = abg™™)(1 — abedg™) } + (¢ + d){abg" (1 — abg"*')(1 — abcdq”)}}. (34)
For n = 0 (the start of the induction), this is all there is for Ag1, and we note this

simplifies to the asserted formula. Continuing for n > 1, combining equation (34)
with the bottom line of (32) gives:

— ! _ _ 2n o 2n+1
( P dqwqh) {(a+0){(1 = )1 - abedg®)(1 — abedg™ ") (35)
— (1= q)(1 — abg"™")(1 — abedg™) + abg(1 — abedg™ ) (¢", cdg™ *g)1) }

+ (c+d){(1—q)abg" (1 —abg"™")(1—abedq™) +ab(1—abedg® ™) (¢, abg" | q)1) }} .

. 1
We view (35) as (— o (q b abed By, ) {(a +b)p1 + (c+ d)pQ}

where p; and p, are polynomials. We will finish this step in the inductive proof of
the A\, 11 formula in the theorem (with n replaced by n + 1) by showing

p1 = abq(1 — abedg®™) [(¢"', cdq™|g)1]  p2 = ab(1 — abedg®™) [(¢"F, abg™ ' |q)1] -

To verify the py claim:
p2 = (1 — q)abg™ (1 — abq" ™) (1 — abedq™) + ab(1 — abedg® ) (q", abg™|q)1)
= (abg™*q)1 {(1 — q)abg"(1 — abedg™) + ab(1 — abedg®*)(1 — ") }

2b2 2n+1

(because the abg™ and a“b“cdq terms cancel)

= (abg"*'|q)1{ — abg"™" — a*bPcdg® + ab + a*bPedg®
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= ab(abg"[q)1 {(1 — ¢"*1)(1 — abedg®™)}
as asserted. The p; simplification is a little more involved:
pr=(1—q)(1 — abedg®™) (1 — abedg®*') — (1 — q)(1 — abg™**)(1 — abedq™)
+ abq(1 — abedg®™ ) (q", edq™ |q)1)
= (1 —q)(1 — abedg®™)(1 — abedg®™ ")
— (1 —¢q)(1 — abg"*")(1 — abedg®™ + abedg®™ — abedq™)
+ abq(1 — abedq™ + abedg®™ — abedq®™ ™) (q", cdq™*|q)1)
= (1 — abedg®){(1 = g)(1 — abedg®™*") — (1 — q)(1 — abg™*")
+abg(1 = ¢")(1 = cdg" ™)} — (1= q)(1 — abg"™") [abedq™ (¢" — 1))
+ [a*b?edg®™ (1 — )] (1 — ¢")(1 — cdg" ™)
= (1 — abedg®™){(1 — q)abg" ™" (1 — cdq™) + abg(l — ¢")(1 — cdg" ")}
+ (1 — q)abedq™ (1 — q”){(l —abg"™) + abg" (1 — cdq”_l)}
= (1 — abedg®™){(1 — q)abg" ™" (1 — cdq™)
+ abq(1 — ¢")(1 — cdg™™ ") + abedg™ (1 — q)(1 — q")}
= (1—abcdqzn){(l—q)abq”“(l—cdq”)+abq(1—q")[(1—cdq”_1)—|—cdq"_1(1—q)}}
= (1 — abedg®™)(1 — cdg™){(1 - q)abg" ™ + abg(1 — q")}
= abq(1 — abedg™)(1 — cdg™) {1 — ¢"*'}
as claimed. This finishes showing that the the zig-zag degree —(n + 1) case implies
the asserted A, ,+1 formula.
We have A, 411 = A\pnt1 g by Proposition 3.5 finishing induction starting as well as
going from r = —(n+1) to r =n+1.
Assuming correctness for r = n > 1, we now establish the r = —(n + 1) case:
By Proposition 3.9
An—(m+1)_q = Honn_qb-(mt1) + An-tm_q [<—g> &f(nﬂ)]

q
_ cd(q™, abq™|q)1 (c+d) —cdg™(a+b)
q(abedg®=1]q), cdqm (abedg®™|q)y

N (_<c+d><qn,abqn|q>1+q<a+b><qn,cdqn—1q>1) (=) (~L)

(g, abedg®™=*q)1 q/) \ cdg

~ (e ) {0 = et e+ ) = cdia-+ o)

¢, abedg? 1, abedg®[q),

— (1 — abedg®™) [(c + d)(abg"|q)1 + q(a + b)(cdg"|g)1] }

_ ( (¢"|g)1 ) {(C + d)(abq"|q)1 [abedg™ — g

q"*1(q, abedg® =1, abedg®™|q)1

+ (a+b) [-(1 = q)(1 — abg™)(cdq"™) — q(1 — abedg®™)(1 — cdg™ )] }

= (qn+1( (q"|g)1 ) {(c+d)(abq"|q)1 [—q(abcdq2n*1|q)1}

q, abedg*™ 1, abedq®(q),

+ (a +b) [abedg™ + cdg™™ — q — ab*d*q*"] }
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= (qn+1( (¢"|9)1 ) {(c+d)(abq”|q)1 [—q(abcdq2n*1|q)1}

q, abedg® =1 abedq®™|q)4

+ (a+0) [abcdqQ”(qu”|q)1 — q(cdq”|q)1] }

(qn|Q)1 n n
~ () (e el + G+ Do

,—

as asserted for the r = —(n + 1) case. Now that we have A_, _(41) q

n abq"(c+d)—(a+b
A ~(n+1) = Hn—(n+1)_a(@" = 1)+ A i) _qd" = (¢" = 1) ( ((abcdq)2”|q()1 )>

v (- (c+d)(g",abg"[q)1 + (a+b)(¢", cdq"|q)1
q"(q, abedg®™|q):

- _ (M) {abq" (c+d)(1—q)—(a+b)(1—q)+ (c+d)(1—abg™)

+ (a+b)(1 - cdg™)}

=— <(q;m;;;ml) {(c+d)(1—abg"*") + (a+b)(qg — cdg™)}.

which agrees with the asserted A_, _(,41). [ ]

The formulas (37) for T'(a, aq) involve factors (ae!|q),. When e = aq,, these vanish
for r > 2. Consequently the decomposition

T%(a,aq) T (a,aq)
T(a,aq) =
T"%a,aq) T"(a,aq)
specializes to
[100(a,aq) To1(a,aq) 0 0
T (a,aq) = 0 Ti1(a,aq) Ti2(a,aq)
. 0 '
_ao 1(a, aq) 0 0
7701 (a’ aq) e 0 0'17_2(0,, aq) 0
I 0
[0 o_11(a,aq) 0 0
Tlo(a, aq) = |0 0 0_22(a,aq)
0 0 0
T_1-1(a,aq) 7-1_2(a,aq) 0 0
Tll(aa aq) = 0 T_2,2(a,aq) T_2_3(a,aq)
| 0 0 T_3.-3(a, aq)

This has strong implications for the form of the discrete co-cycle condition (14) as
well, which we come back to in Section 6.
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4. Combining the d, ;c s products into the 7 and o

The most combinatorially involved part of our proof of Theorem 1.3 involves co-cycle
condition verification.

To facilitate its formulation and the clarity of correctness of our arguments, it is
useful to combine the d,scp. s expressions into more distinctive and mnemonic
expressions. As mentioned earlier, equations (11) and (12) give the main notation
we use, namely

Trs = Oy sCir| |3 if (r>0and s >0) or (r<0and s <0)
Ops = Ay sCir) || if (r >0and s <0) or (r<0and s >0).

In this way, the sign portion of the r < s relation leads to the natural 2 x 2 block
matrix form of the transition matrices. (This is where the 4 cases of the d,.s come
from.) Explicitly this means we are using the notation:

For n >0
Eu(z;a,b,¢.dlq) = Y [Tmal(a,e;b,c,dlq)] En(z;e,b, ¢, d|q)
- m=0
+ |:O-—(m+1),n<a7 €; b7 ¢, d|q)} E—(m—H) (27 €, ba Cy d‘Q)
m=0
E—(n+1) (Za a, b7 G, d|Q) = Z [T—(m+1),—(n+l) (CL, €, bv ¢, d|¢])} E—(m+1) (Za €, b7 ¢, d|Q)
m=0
£ 3 [0t (. €:br e, dla)] Enz:e.b,c,dlg) (36)
m=0

where for k,n >0

(" " q)k(eq)"*(beg®, bdq®, cdg®, ae™ q)n—r
(qlq)k (abedg™**, bedeq® | q)n—r
(" " q) e R (begk, bdg®, ae ™| q) g1k (cdg®|q) n—r
(q]q)x (abedg™t*, bedeq®*|q) nr1—k
(0" *|Q) kg1 (beg™ ™, bdg" | q) p—p—1(cdq”, ae™ |q)n—r
(qlq)x(abedg™+®, bedeq® 1| q) n—r
X bcdenfkqn+k

Tk,n(av €, b7 c, d|Q) =

Ok,—(n+1) ((I, €; ba ¢, d|Q) =

U—(k—i—l),n(aa €; ba ¢, d’Q) =

(" "t g)ke * (begh T, bdg T cdg", ae ™ q)n—r

(qlq)k (abedgmtF+1 bedeq? 41 q)pn—p (37)

Tf(k+1),7(n+1)(av e;b, c, d|Q) =
(The verification below is of 7,0 given previous definitions of ¢, d,s.)
Proof. For k,n >0,

(1) Tunla,ed c,dlq) = dpncrn

_ J @ Mabedg™ Y g)y | [ e (q M @) (beg”, bdg”, cdg®, ae” q)n—i
(abedg® 1 q), (qlq)k (abedg™t5=1 bedeq?*|q) i

_ (@""a)r(eq)"* (beg”, bdg", cdg”, ae™ |g)n—n
(qlq)r(abedg™ ¥, bedeq? |q)n—k
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(2) Ok, —(nt1)(a; € b, ¢,d|q) = di —(ny1)Chonia

_ { (qn—k+1|q)1 e”_k+1(qn_k+2|q)k(bch, bdq", cdg®, a€_1|Q)n—k+1
( )i

g™+, edgnlq (qlq)x(abedg™t*, bedeq®* |q)n 111

_ (@M g)we T R (beg", bdg®, e q) 1 -k (cdg® @) n—k
(qlg)r (abedgm+*, bedeq® | q) 11—k

(3) 0-—(k:+1),n(a7 €, b7 ) d|Q) = d—(k+1),nck+l,n

) bedeqm T (g" Y, cdg®, ae T g R )y
(abedg® =1, bedeq®+1|q),

. e Mg F ) kra (beg T bdgM T edg Y ae @) nka
(4|q) k41 (abedg™t®, bedeg?F+1|q),— -1

_ (0" *|@)rs1bede™ F g R (beg" T bdg | g) -1 (cdg”, ae” q)
(qlq)r(abedg™tF, bedeg® 1| q)p—k

(4)  To(es1)—me) (@, €0, ¢,d]q) = d_(ks1),—(n+1)Chr1n41

_ ) (" edg”, bedeqm 1 g),
(qn-i-l’ qu”, bcdeq2k+1 |q)1

. en—k(qn—k-‘rl |Q)k+1 (bch+la bqu+1a quk+17 a’e_l ‘q)nfk
(qla)k+1(abedgn+++1, bedeg 1) |q) i

B (gn—k+1 |q)k6n_k(bch+1, bdg*tt, cdg®, ae™? ) n—k
(ala)r(abedgm 1, bedeq? 2] q) i '

5. The true 7 (a,aq) matches the T'(a,aq) of Theorem 1.3

Here we use the notation

Dacf = f(e) = f(a)

for the change in values of a function f as one moves from argument a to argument e.

Since the {\,, s} are also entries in a change of basis relationship, the true
transition functions 7 (a,aq) may be expressed in terms of them. However, in the
low zig-zag co-degree cases, the transition matrix entries may also be conveniently

determined by a successive substitution argument.

Proposition 5.1.
T?L(ll,n(aa 6) = Tph—1n = _Aae)\nfl,n + [,unfl,fn(e)] AOLe/fon,n

T?L}n(a’ 6) = Onp,—(n+l1) = _Aaeﬂn,—(n+1)
7'711(,)n+1 (CL, 6) = O_(n+l)n+1 — _Aae,u—(n—l—l),n—l—l
:Ll—l,n(a’ 6) = T,n7,(n+1) = _Aae)\fn,f(nJrl) + [H—n,n(e)] Aaua,un,f(nJrlf

38
39

(38)
(39)
(40)
(41)

41

Proof.  We write down the proof of (38) and (40), the other two being similar.

Recall \,, =1 for all parameters and any sign of r.
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Then modulo R_,—) :
En—l(e) = [/\n—l,n—l(e)] foo1 = foo1 = En—l(e)

E_.(e) = [)‘—n,—n(e)] hy + [,Un—l,—n(e)fn—l(e)]
= hy=E_n(e) = [ttn-1,-n(e)] En1(e)

fn = En(e) - [N—n,n(e)] hn - [)‘n—l,n(e)] fn—l
= En(e)—=[p—nnle)] (E—N(e)_ [1n—1,-n(€)] En—l(e)) —[An—1m(e)] Eni(e)
So
En(a) = fu+ [-nn(@)] by + [An—1,0(@)] faaa

= Bo(e) — [nn€)] (Bon(€) = [in1,n(€)] Bu1(€)) = Por1(6)] B ae)
+ [onn(a)] (E—n<€) — [pn—1,-n(e)] En—l(e)) + [An—1n(a)] En-i(e)

Combining terms and comparing coefficients of E_,(e) (for (40)) and E,_1(e) (for
(38)) with the definition

En(a) = Ty nEn(e) + 0nnE_n(e) + ThoinFn1(e) mod R_(,_1)
gives the asserted formulas. [ |

The zig-zag co-degree 1 formulas (39) and (40) above have an obvious linearity
based on

Auwf = Bunf + Ay f since (f(w) = f(u)) = (f(v) = f(u)) + (f(w) = f(v)).

This immediately implies that the zig-zag co-degree 1 matrix entries of 1" satisfy
what is required by the discrete co-cycle condition. We shall need these special cases
in the next section, so we record them in the corollary below.

Corollary 5.2.  For any a,e, and f,
On—(nt1)(@; €) = On —(ng1) ([, €) + Tn—(nt1) (@, f)-
U—(n+l),n+l(aa 6) = U—(n+l),n+l(fa 6) + 0 —(n+1),n+1 (av f)
Proposition 5.3.  In the special case of e = aq, the zig-zag co-degree 1 transition
functions satisfy:

1 _ _ aq(beg”, bdg™, ¢ g)1
(1) T?L,n(a’7 CLQ) - Unﬁ(nJrl)(a’ aq) - (abedq®|q)1 (abedg?™+1|q),

abedg® ™+ ("L edg™, g q)1
(abedq?t1q)1 (abedg> ™) |q),

(2) T’}z(,)n—l—l(a’) GQ) = O-f(n+1),n+1(aa GQ) =

Proof. (1) By Proposition 5.1: T (a,aq) = 04— (n41)(a,aq) = —Daefin,—(n+1) -

o T (4, aq) = _{{ _ [(lag] bg"g)1 — 1] (¢ + d) + ([ag] +b)}

([aq] bedg®™|q)1
_ { _ (abg"|q)1 — 1] (c+d) + (a +b) }}
(abedq?™|q),




54 BACK, DRSTED, SAHI, SPEH

1
o { (abcdg®™|q)1 (abedg®+1q)q

— (abedg®™*|q)1 [—abg™(c + d) + (a + b)] }.

} {(abedg®™|q), [~abg" (c + d) + (aq + b)]

Comparing with the statement of the proposition and keeping in mind that

a(q 91 = —(qlo),

we see that we need to verify equality of the numerators, both of which are polyno-
mials; i.e. the vanishing of

(abedg®|q)1 [—abg™™ (c + d) + (ag +b)]
— (abedg® ™ |q), [—abq™ (¢ + d) + (a + b)]
+a(beq"|q)1(bdg"|q)1(glq)r = O

Introducing an additional variable u (intuitively, replacing ¢™), it suffices to show
that the linear in ¢ polynomial

(abedu®|q), [—abuq(c + d) + (aq + b)]
— (abedu®q|q), [—abu(c + d) + (a + b)] + a(beu|q): (bdulq)1(glq)1 = 0
vanishes for all a, b, ¢, d, u.
(a) For ¢ =0, we have
b(abedu®|q)y — [—abu(c + d) + (a + b)] + a(beulq) i (bdulg); = 0
(b) For ¢ =1, we have
(abedu?|q); [—abu(c + d) + (a+b)] — (abedu?|q); [—abu(c + d) + (a +b)] = 0

So, since the 1 variable polynomial in ¢ with coefficients in Q(a, b, ¢, d, u) is at most
degree 1 and vanishes at two distinct values of ¢, it must be identically zero and
the required identity has been established.

(2) By Proposition 5.1 we have

Trlz(,]n—l—l(a’ CI,Q) = O-*(TlJrl),nJrl(aa GQ) = _Aae,uf(nJrl),nJrL

So TH(a.a0) = ~{{ - <qu"lq>1<q”+1|q>1} {- (cdq"9)1 (4" |o)s 1

([aq] bedg® +1|q), (abedg®™+1|q)y

qu” q qn-i-l q " .

_ (edg"|q)1(q" ! |g)1{ — abedg® ' (qla)1} _ (cdg™|a)1(q™ " q)1 {abedg® ™V (g g)1 }
(abedg?+1q)1 (abedg? ™1 |q), (abedg®*|q)1 (abedg* ™ D]q)y

This completes the proof. [ ]
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Proposition 5.4.  In the special case of e = aq, the zig-zag co-degree 2 transition
functions satisfy:

n bcqnfl bdq”71 cdqn71|Q)1
1 T (a,aq) = T, — _oald”, ; 7
(1) n-1,(a, aq) n—1,n [(abedg?=1|q)]

", beg”, bdg", cdg™ Y |q)
2 T (a,aq) =T p_ -
(2) n—1.(@, aq) n=(n+1) [(abedg?|q)1)?

Proof. (1) By Proposition 5.1: 7o' (@, aq) = —AaeAn—10+[1n—1,-n(€)] Dacti—nn-
So

7-?L()71,n(CL7 aq)

_ (4"[a) n n-1
= U~ Tz e+ d)(agba’la)s + alfag] + b)(edq™ o] |

(¢"la) n o
N { - (q|q)1(abcdq21”*1|q)1 [(C+ d)(abq"|q)1 + q(a + b)(cdq 1|q)1} }}

+ { _ [([ag)bg" )1 = 1] (¢ + d) + ([aq] +b)}

(lagq] bedg?=V|q),
[ (edg"M@)i(g )\ S (edg"Mg)i(g"a)s
{{ ([aq] bcdqQ"‘1IQ)1} { (abedg®=1|q), }}

Using the notation [a,b,c,...] = (alg)1(b|g)1(c|g): ..., the abbreviation variables
u=q¢"', y = abed and multiplying by

2
(.01 [ o] (e la)r |4, yu?q, yuq, yu?e?

(q"g) (uqlg)1

it suffices to show the vanishing of
p1 = {aq (¢, yuq?, beu, bdu, cdu] }
+ { [(yuala))” [(c + d)(abug?lq)r + q(agq + b)(cdulg) ] }
{(?JUQQM) (yu*q®|g)r [(c + d)(abuglq)r + q(a + b)(cdulq),] }
+{ (@ a1 (yeala): | [(abugla)s = 1] (¢ + d) + (ag + b)| (cdulq), |
~{(@ 01yl | [(abual)s 1] (¢ + d) + (aq + 1) (cdulq). |
aq[q, yuq?, beu, bdu cdu]}

|
—

+ (ZUUZQ|Q)1{(C +d){(yu*qlg)i (abug®|q) — (yu®q?|q)1(abuglg): }
+ (cdulg)y {aq{ yu?qlg)i(q) — (yue®lah (1)} + ba{ (yu?qlg)r — (yu?qQIQ)l}}}
+[q, cdu] { (—abugq) (c + d) + (ag + b) }{ (yu*alg)r — (yu’e®|g): }

Note (keeping in mind, e.g., (yu2q)(q) — (yu2q?)(1) = 0) that

(yuqlg)i(q) — (vl (1) = ¢ — 1 = —(qlg)
(yu’qloh — (yu*e?lq)r = —yuq(qla)
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(yu?qlq)1(abug®|q)1 — (yu®q®|q)1(abug]q),
= —yu’q — abug® + yu’q® + abug = uq(q|q)1(ab — yu)
= uq(q|q)1(ab — abedu) = abuq(q|q)1(cdu|q)q (42)

So p; is also equal to
Do = {aq [q, yu?q®, beu, bdu, cdu}}
+ (y2qla)1 { (c + d) {abug(gla): (cdulq) }
+ (CdU\Q)l{aCJ{ — (qla)1} + baf — yuQCJ(qIQ)l}}}
+ [q, cdu] { (—abuq) (¢ +d) + (aq + b)}{ — yu2q(q]q)1}
Multiplying ps by [q(qlg)1 (cdu|q)i]™" we are reduced to showing the vanishing of
ps = {a[yw’q®, beu, bdu] } + (yuqlq):{(c + d){abu}
+ {a{ -1} +b{ —yu®q} } } + { (—abuq) (c + d) + (ag + b) } { — yu*(qlq)1 }
= a[abcdu2q2, beu, bdu} + a(abcdu2q|q)1{bu(c +d) — (1 + bQCduQQ) }
— abedu®(qlq)1{ (—abug) (c + d) + (ag + b) }
= alabcdu’q®, beu, bdu] + a(abcdu2q|q)1{ — (1 = beu)(1 — bdu) + bPcdu®(1 — q)}
— abedu®(qlq)1{ag(1l — beu) (1 — bdu) + b(1 — abedu®q) }
= afbcu, bdu] { (abedu®q?|q)1 — (abedu®q|q)1 — abedu®q(qlq): }
+ ab*cdu® [q, abcduQQ} {1 — 1}
= a[bcu, bdu] { (abedu®q(qlq)1 — abedu®q(qlq)1} = 0,
thus proving the first formula.

(2) By Proposition 5.1 we have

o 7111—1,71(0/7 GQ) - - Aae)\—n,—(n—i—l) + [M—n,n(eﬂ Aae,un,—(n-l—l)'
Tgllfl,n(a? CLQ)
= ~{{ - eagieama, [+ lladba™ s + allad] + D(eda™ )] }

(¢"9) n .
~{ - o s (e D abg™ la)s + a(a -+ b)(edg™ o] } |

~ (edg™Ma)i(gMor L S S [(ag]bg™|g)1 — 1] (¢ + d) + ([ag] + D)
T { ([aq] bedg?™—1|q)1 } {{ ([agq] bedg®™|q)4 }

_ { _ [(abq"IQ)l(a—bgéz ch)lz + (a+b) } }

Using the notation [a,b,c,...] = (alg)1(blg)i(c|g): ..., the abbreviation variables
u = q",y = abcd and multiplying by

(@)1 [(welon]” (wuldla)r  [g, yu?, yu?, yuq]

(ulg)h (ulg)
it suffices to show the vanishing of

)
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- {a (¢, yu2q, beu, bdu) (cdg™"|q), }
+{ [(yu, yu?] {(c + d)(abug?lq)s + qlaq + b)(edg"q)1} |

—{ [ye? yea] {(c + d) (abugla)s + g+ b)(cdg™ah } }

{ [a.9] (cdg )i = abug(c + d) +ag + )}

(9. yuq] (cdg™ g0 { - abu(c +d) + (a+ 1) }}

a g, yu?g, beu, bau] (cdg™ g}y |

<yu21q>1{<c+ A){ (yu? |1 (abug?lg)r — (yu®qla): (abugl): }
+ (cdg™ )1 { aa{ (ye?la)1 (@) — (yuala)i (D)} + ba{ (y?la)s — (yuala)i } } |
+ [g,edg"™"] { a1 = bu(c + d){(ye*la)1 () — (yu’ala)r (1)}
+b{ (vl — (tal)i} |

Note (keeping in mind, e.g., (yu?)(q) — (yu?q)(1) = 0) that

(yu?|q)1(q) — (yulqlq)i(1) = ¢ — 1 = —(qlq)

(yu|q)1 — (yu?qlg)r = —yu*(q|q):

+

’—“I

(yu®lg)1 (abug®|q): — (yu*qlq)1(abuglg),
= —yu® — abug® + yu*q + abuq = u(q|q)1(abg — yu)
= abu(q|q)1(q — cdu) = abuq(qlq)1 (1 — edg™*)
= abuq(qlq)1(cdg"*|g) (43)

So pi is also equal to
p2 = {a [0 yuq, beu,bau] (cdg™ ), |
+ (yel)i{ (e + d){abug(gla)s(cdug™"]g)1 }
+ (cdg"q) {aq{ (ala)r} + baf —?JUQ(Q|Q)1}}}
+ [q,cdg™ "] {a(l —bu(c+d)){ — (qlg)1} +b{ - yu?(qm)l}}

So, upon multiplying by [(q]c_[)l(cdqn_l|q)1r1 we are reduced to showing the van-
ishing of

ps = {a [yu?q, beu, bdu] } + (yu2|q)1{(c +d){abug}
+ {ag{ =1} +bq{ - pu?} }}
+ (alo)i{a = bule+ d){ = 1} +0{ - yu?}}
= a [abedu?q, beu, bdu] + q(abcdu2|q)1{abu(c vd)—a(l+ b2cdu2)}

+ a(q|q)1{ — (1 —=bu(c+d)) — b20du2}
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=a [abcdqu, beu, bdu} —aq [abcduz, beu, bdu} — a(qlq)1 [bcu, bdu)
= a [bcu, bdu) {(abcdu2qlq)1 — q(abedu?|q), — (q|q)1}
= a [bcu, bdu) {(q]q)l — (q|q)1} = 0.

Thus the proposition proof is complete. [ |

Propositions 5.3 and 5.4 complete the proof of the second step of (15) of Proof
Plan A.

6. Proof of the discrete co-cycle identity for T
The block form of the equation

T(aq",ag" )T (a,aq") = T(a, ag"*")

T%(ag”, ag?™ T (ag”, ag?™] [T (a,aq?) T°(a,aqP)
T"(ag”, ag?™ T''(ag”, ag’*"

T%(a,ag"*") = |T(aq”, ag"*")| [ T™(a, aq”)| + [T (aq?, ag"*")] [ T"(a. ag")
T%a, ag"*) = | T%(ag?, ag?*)| [T (a, ag?)| + TOl(aqp7aqp+l)- T (a, ag?)
T'(a,aq""") = | T°(aq”, aq"*)| [7%(a,aq?)| + | 1" (ag”,aq™)| | T (0, ag?)
T (a,ag"™) = —Tlo(aqp,aqpﬂ)_ _T01(a,aq”)_ - _Tll(aqp,aqp“)_ _Tll(a,aqp)

Keep in mind, as described at the end of Section 3, that the entries of each
T (agP, ag’™") are zero except (possibly) on the diagonal and the superdiagonal.

In terms of 7 and o, these equations are:

Tin(a, ag”™) = [mop(ag’, ag” ™)) [Tin(a, ag”)] + [Tipri(ag?, ag’™)]
Al wr1,0(a,aq”)] } + (o w1 (ad”, ag”™)] [0 s1)n(a, ag?)] (44)

Uk,—(n+1)(a7 aqp+1) = [Tk,k(aqp, aqp+1)] [Uk,—(n+1)(a7 aqp)] + [Tk,k+1(aqp7 aqp+1)]

Aokt (@ ag”)] }+ [0k ey (ad”, agd” ™) | [T k1) —(ns1) (@, ag”) ] (45)

U—(k+1),n(a CLQPH) = [ (k+1),k+1(aqp,aqp+l)} [TkJrl,n(a’aqp)}
+ [Tty — a1y (ag”, ag” )] - { [o—gs1)n(a, ag?)] }
+ [Tty (k2 (@G, ag” )] [0— e12) . (a, ag”)] (46)

T_(k+1),—(n+1) (@, ag” 1) [ k+1) kv1(ag”, ag® )] [Uk+1,—(n+1)(a>aqp)]
+ [T— k+1),—(k+1) (aq ,aq” )} [T—(k—i-l),—(n—l-l)(a?aqp)]
+ [Ty — ka2 (@@, ad” )] [T (hr2) — (1) (@, agP)] (47)

In the proofs of these identites, we will often reduce them to the vanishing of a
polynomial. To further that, the following easily proven identities will often be
used:



BACK, ORSTED, SAHI, SPEH 59

Lemma 6.1. a“(¢°la)1 = (¢*™¢[g)1 — (¢%]a)
¢* ("o = (" ?1a)1 — (¢“|g)
(¢ 99 = ¢ 9{ (' la)r — (¢°]a): }

(a7l = —q P(¢lah

It is feasible to directly check the identities (44), (45), (46) and (47) since there
is a great deal of cancellation. However the readability of the quantities involved
is enhanced by formulating some simplification lemmas for ratios which may be
interpreted as appearing in the identities.

It may be helpful motivationally to note that in both Lemmas 6.2 and 6.3, the first
index of the transition coefficient in the denominator is always the zig-zag successor
of that of the numerator. And in Lemma 6.2, there is a further difference in the
powers of ¢ between numerator and denominator; ag?™' in the numerator vs. ag?
in the denominator.

Lemma 6.2. For k,n>0
(1) Tin(a,ag?™) ¢ F(beg®, bdg*, g~ P Vq),

O_(kt1),n(a,aqP)  bedg?k(gn—k, gn=k=P=1q),

(2) Jk,—(n+1)(avaqp+1) _ aqn—k:-‘rp-i-l(bch:’bqu7q—(p+1)‘q)1
T_(k+1),—(n+1) (@, agP) ~ (abedgntk, abedgntRtrtllg),
3) O (kt1),n(@ ag?tt) _ abedg" TRIPHL (g cdg, g~ P Dg),
Tepim(a,aq?)  (abedg™tE abedgtRrllg),
(4) T (et 1)~ (o1 (@ ag? ™) "R (g edgb, =P |g)
Okt1,—(n+1) (@, agP) (qnFk, qn=F=P=1q)y
Proof.

© (@ l)lag™ 0" (beq @)}
(bdg* 1)k (cda"]q)n—r(a~**V|q),- })

(q]q)x (abedg™*|q)p—k (bed[agP]g leq)

q)k|G
(s 1 )
n—=k|q)1bcd[agP] * gk (b1 q) 1

) { (ql9)x (adeqn+kQ)n—k(de[aqp]q2k+1|Q)n—k})
(bdg**+tq)n—k—1(cdq®|q)n—1(q g n—k

g F(beg®, bdg", g~ P Vq),
"~ bedg® (qnk, qnhr—1g),

@ ({@ ) [ (beg )

{ (bdg"|q)ns1-1(cdg¥|@)n—w(g~ "V |@)ns1 })
(al@)x (abedq"*|q) pt1—k (bed [agP ] g% |q) pt1—k

_ ({ 1 }{ (qlq)k (abedgq™ ™* 1 q) i (bed [ag?] 42 |q)n— })
(qn7k+1|q)k [aqp]nik (bch+1‘Q)n—k(bquJrl|q)n—k(6qu|q)n—k(q7p|Q)n—k

ag" P (beg®, bdg®, g~ PV q),
(abedgmt®, abedgntk+rtl|q),
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(3) ( {(q”’k!qmlbcd [ag”']" " anrk(qukJrl’(ankfl}

{ (bqu+1|Q)n—k—1(quk|Q)n—k(q7(p+1)|Q)n—k })
(qlq)x(abedg™t*|q)n—r(bed [agPT] g2+ |q)n i

. <{ (" )k [aqlp}"_k_1 VA }

) { (ql9) k11 (abedg" 1 q)n g1 (bed [ag?] *F D q) k1 })
(beg* @) n—k—1(bdg* 1 q) n—r—1(cdg* 1 |q)n—k-1(¢7P|@)n—k-1

_ abedg™ TP (R edgk, g P |g),
(abedg™F | abedgnth+rtl|q),

@ ({1 foa "}

‘ { (beq™ | @) n—k (bdq* @) n—k (cdq"|q)n—r (g~ P |@)n— })
(qlq)x(abedgm i1 q), (bed [agPt1] 2+ |q) i,

<{ 1 k}{( (qlg)rr1(abedg™ 1 q) g (bed [ag?] ¢*FHD )k }>
(@ *|@) k41 [agr]"™

beg 1) (bdg* q)— i (cdg™ 1)1 (a Pl a)n

k+1

_ "M@ edg®, g P |g),
("%, qn~k=P=1g)

This completes the proof. [ ]

Lemma 6.3. For k,n>0:

(1) Ten(a,aq?)  (beg®, bdg®, abedg™ T tP|q),
o_ki1ynla,ag?)  bedg® (qn—F, abedg?*teq),’

(2) Jk,—(n+1)(a7aqp) — aqp(bchabquaqn_k_pm)l
T_(k+1),—(n+1) (@, agP) (abedgntk abedg? +P|q),

(3) o_(kt1)n(@,aq?) _ abedg® TP (gML gn R edgFlg),

Th1,n (@, agP) o (abedg™t® | abedg?k+r+1q),
(4) 71(k+1),7(n+1)<aa aqp> _ (qk+1’ cqu, abcdqn+k+p+1|q)l
Ok+1,—(n+1) (@, agP) (q"~*, abedg® P +1|q)
Proof.

n—k+1 pin—k n—k\ . (bch|Q)n—k(bqu‘Q)n—k(quk|Q)n—k(q7p|Q)n—k
(1) ({(q |q)rlag”]" " q } { (qla)% (abedq™F|q)n—r (bed[aqP]q2* [q)n—r })

1 }
<{ (" *|q) k+1bcd[agP]—Fgntk

. { (ql@)x (abedg"+*|q)r—i (bed[ag”)g** ) n—r })
(beg* ) n—r—1(bdg* 1 q)n—r—1(cdq®|Q)n—x(q ") n—k

_ (beg®, bdg", abedg™tFP|q),
~ bedg®F(qnF, abedg?ktr|g),
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2) ({@ " 1a) [ag" 7}

, (bch|q)n+1k(bquQ)nJrlk(quk|Q)nk(qp|Q)n+lk>
(¢19)x (abedq™*|q)n 1k (bed [agP] ¢2|q)n 1k

. ({ (@ )k [aqp]i_k (beg* 1 q)n—k }

. { (qlg)x (abedg"t* 1 |q) . (bed [ag?] ¢** 1 q) n—i })
(bqu+1 |q)nfk(0qu |Q)n7k(q_p|Q)n7k

_agP(beg®, bdg", " P q),
 (abedg™tF, abedg®tPlq),
(3> ( {(qn_k|Q)k+1de [aqp]n_k qn+k}

. (bch+1 |Q)n—k’—1 (bquJrl |Q)n—k—1 (quk|Q)n—k(q7P|Q)n—k >
(ql9)x (abedq™+*|q)n 1 (bed [agP] g2 q)n

( 1 }
(g F[q)+1 [agr)" "t gn—h-t
{ (qlq)r-+1(abedg™ ™+ |q) k1 (bed [agP] ¢**+V |q) 1 })
(beg* 1 q)n—k—1(bdg* 1 q) n—r—1(cdg* 1) n—r—1(¢"P|@)n—r—1

B abcdq2k+p+1(qk+1, qn—k—p—l’ cqu|q)1
(abedq™t*, abedq?k+r+1|q), )

(4) ({@ " 1g)i lag)"*}

_ { (beq | q)n—i (0dg* ) n—k (cdq® @) n—k (a7 |@)n—¢ })
(qlQ)x (abedgm 5+ |q) i (bed [agP] 2R q)n i,

' <{ <qn—kq>k+11 lagr)" " }

 (9lg)r+1(abedg™ 1 q)n g (bed [ag”) *F D |g) i )
(beg" 1 |q)n—k (bdg* 1) n—1(cdg" | @) n—k—1(a""|@)n—k

_ (g*Y, edg®, abedgm R P g),
(¢"~F, abedg®* P+t q)y

The T identity

Proposition 6.4. When 0 < k<n-—1

Tn(a,ag"™) = [mer(ag”, ag”™)] [1in(a, ag?)] + [Thria(ag”, ag”™)] [Ti1n(a, ag”)]
+ [0 ey (ag”, ag" )] [0k 11) (0, ag?)].

And Ton(a, aqp+1) = [Tnﬂ(aq”, aqpﬂ)} [Tnﬂ(a, aqp)} )

Proof. The second identity just says 1 =1- 1.
For the first, upon dividing by o_(x+1).(a, ag?), we see it is sufficient to prove

Tin(a,a0”) {mr(aq’, ag"")} Thn {2 04%)
) 3 )

O_(k+1),n(a, ag? O_(k+1),n(a, agP)

P
+ {7 pi1(ag?, ag”* )} { Tir1n(4, 4g”) )} + {0k @1y (ag’, ag”™h)} .

O_(k+1),n(a, ag?
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Using Lemmas 6.2 and 6.3, this means we need to show

bcquk( n—k qn k—p— 1|q bcdqQk n—k abcdq%ﬂ’\q)

+ {(QQIq)k[aq”“]Q(bcq |9)1(bdg"|q)1 (cdg" Iq)1(Q‘1|q)1}
)

(ql9)x([agP]bedg® 1 q)1 (bedagPt1]q?*|q)
_ { (abedg™ ™", abedg® P q), }

abedq?* TPHL (gL, qn kPl edglg)y
p+1 k k -1
N { (qlg)xlag” ] (beg*9)1 (bdg" q)1 (g |9) } _1 (43)

(919)x([agPlbedg®*|q) 1 (bed[agPt]q%*|q)

{ g (beg®, bdg*, gV q), } (1} (bed* ba", abedg™ +++7lg),

Multiplying (48) by

bedg® P (g, ¢k, abedg® TP abedg?t TP g R P g)y
(beg®, bdg*|q)q

we see it is sufficient to show the vanishing of the polynomial p; below. (To arrive at
the final form of p;, we use Lemma 6.1 above to simplify the following expressions:

(a ' 9)r, (=" Vg, (¢"*a)r, and (¢ g)r. )
We will eventually reduce this identity to the vanishing of a 1-variable polynomial
in ¢ with coefficients in the field Q(a, b, ¢,d,y, u, v, w) with the property that when

n

y=abcd u=gq v:qk w= ¢’

we obtain a unit in the coefficient field times the difference between the two sides of
equation (48) above. So, effectively, we can use the variables y, u, v, w as abbrevia-
tions for these expressions.

p1 == { (w101 (v P )1 (alg) 1P gV |g)r }
{3 { " Pl (v P )P (gl ) (@ ) )
+{(ya" ™M) (v 1) (@ a)1d" P (g )}
+ {(" M) (a2 (q  a) (P )1} (49)

= —{(wa®™™|q)1 (™ ") (qlg)1g" P [~ TV (Pg)] }
+ {1} {wa" ™ *19)1 (w7 9)1 (glg)r g
[ " [(q"|g)r — "““’“Iq 1]}
+ {(wd" )1 (v 11" [ [(¢" )1 — (¢"1)1]] [ Yalg)1] }
+{[a7" [(¢"a)1 — (¢"|on]] (ala)1ya®™ % [—¢" " (qla)1]
[ F (" g)1 — (@ )] }

= { Wl (y®* " ) (al@)rg™ (" g)1 }
+ {3 {wa" ™ P19)1 (w1 (alg)r [(¢"1a)r — (¢ P+ g)] }
—{(wa" ™91 (v 1q)1¢" " [(¢"]a)1 — (¢"]a)] (Q|Q)1}
— {1(¢"19)1 — ("10)1] (al@)ryd"*" [(ala)1] [(¢"1a)r — ("7 g)] }



BACK, ORSTED, SAHI, SPEH 63

Using the notation [a, b,c,.. ] = (alq)1(b|q)1(c|q)1 - . ., and multiplying by [(q]q)l]fl
it suffices to show the vanishing of
p2 = ulyv®w, yv*wg, wq] + (vwg — u)lyuvw, yv*wq|
— wg(v — u)[yuv, yv*w] — yow(v — u)(vwg — u)(glgh

This expression may be interpreted as a one variable polynomial of degree at most
2 in ¢ with coefficients in the field Q(y, u,v,w). The coefficient of ¢

u(1 — yo*w)(—yv*w)(—w) + (vw)(1 — yuvw)(—yv*w) — yvw(v — u)(vw)(—1) = 0.
So the polynomial ps is of degree at most 1 in ¢. Evaluating
at ¢ =0: p2(0) = u(l — yv?w) — u(l — yuvw) — yow(v — u)(—u) = 0;
at ¢ = u(vw)™!: Note at this point yv?wq = yuv and wqg = uv=*. So

p2 (u(vw) ™) = ufyv?w, yuv](1—uv ™) —uv ™ (v—u)[yv*w, yuwv] = 0.
Thus the polynomial p, is 0 and the proposition is proven. [ ]

The T identity
Proposition 6.5. When 0 < k<n-—1

Ok, (i) (@, ag” ) = 1 k(ag”, ag” )] [k, - (ni1) (@, ag)]
+ [Tk,kJrl(aqpa CLQPH)} [Uk+1,—(n+1))(a7 aqp)]
+ [Uk,—(k+1)(aqpa Clqpﬂ)} [T—(k—i-l),—(n—‘rl)(aa aqp)] . (50)

And Un,f(nJrl)(a? aqp-i-l) = [Tn,n(aqpa aqp-i-l)} [O—n,f(n+1)(a> aqp)]
+ [Jn,f(nqtl) (aqpa aqp-i-l)] [Tf(n+1),f(n+l) ((I, aqp)} : (51)

Proof.  The second is immediate from Corollary 5.2 together with the observation
that 7, =1 for any sign of r.

For the first, upon dividing by 7_(x41),—(nt1)(a, ag?), we see it is sufficient to prove

Uk,—(71+1)(a aqp+ {Tkk aq aqp+1)} 0k,—(n+1)(a»aqp)
T (k+1),—(n+1) (@, agP) T_(h+1),—(nt1)(@; agP)

—(n a,a
+ {71 (ag”, ag” ) } { Tttt (0,00 ))} + {0k~ (ag”, ag" )} - 1.

T_(k+41),—(nt1) (@, agP

That means we need to show

qn k+p+1(bch bdq q (p+1)|q { } qup bch bdq qn k— P|q)
(abedg™t® abedgntk+rtl|q), (abedg™ k| abedq?s+P|q),

{ (@®19)r [ag”*] q(beq®|q)1(bdg¥ |q)1 (cdq¥|q)1 (g |g) }
(ql9)x([agP] bedg?*+1|q)1 (bed [agPt] 2% |q)y

' (¢"~*, abedg® P+ |g),
(gk*1, cdgk, abedgntr+r+i|q)
p+1 k k —1
n { (ql@)x [ag?*] (beg®|q)1 (bdg®|q)1(q™ ) } 1 (52)

(q9)x ([agP) bedg?*|q)1 (bed [agPtt] g%F|g)r
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We will eventually reduce this identity to the vanishing of a 1-variable polynomial
in y with coefficients in the field Q(a, b, ¢, d, u,v,w, q) with the property that when

Y= adea U = qn’ v = qka w = C]p7
we obtain a unit in the coefficient field times the difference between the two sides of
equation (52) above. So, effectively, we can use the variables y, u,v,w as abbrevia-
tions for the above expressions. Multiplying (52) by

qk (abcdq"+k, abcdqn-‘rk-‘rp+l7 abcdqQk—i-p7 abcdq2k+p+1 |(J)1
a(beg®, bdg*|q):

(53)

we see it is sufficient to show the vanishing of the polynomial p; below. We use y
as an abbreviation for abed. (To arrive at the final form of p;, we use Lemma 6.1
above to simplify the following expressions:

(¢ M) (@ P9, (@ lg)r, (¢ *g)1, and (" lg)).

p=—{ a1 (g™ g P @ P g }
+ {1 { "™ ) (g™ P (@ gh )

+ { (0" *lo)1 (Y™ *19)1 (ya* P lq)1¢" P2 (g g }
(qlg)r

+ {(yqd" @)1 (yga" P ) 1P (g a) )

= — {5 7an (g g = (@ ) |

+ {1 {wa" ™)1 (v P ) L ) (M) — (@5 la)] )

n Ha [(@"10)1 = (d"19)1] }wa™ ™ ]a)1 (ya®P1q)1¢" P2 [—q¢  (ql9)1] }
(qlg)

+ {(yg""*|0)1(yg" " *P|g)1d" P [—q  (glg)1] }

= {wa™ an e lana { (a0 |}
{

+ {1 { ") (P ) { [0y — (6" Pla)] )
—{wa" M1 (™ la)” "} { [(@"a)1 — (¢"la)a] }

(
—{ a1 (" @)1 [(glg) 1] }

Using the notation [a,b, c, .. ] = (alq)1(blg)1(c|q)1 - . ., setting y = abed, u = ¢",
v=¢", and w = ¢P, we see it is sufficient to show the vanishing of

p2 = u [yo’*w, yv*wq, wq) + (vw — u) [yuvwg, yv*wq|

—wq(v —u) [yuv, yv2w} — vw [yuv, yuvwy, q|

his expression may be interpreted as a one variable polynomial of degree at most 2
in y with coefficients in the field Q(u,v,w,q). Evaluating

at y =0: p2(0) = u(l —wq) + (vw — u) — wq(v —u) —vw(l — q) = 0;

When y = (v2wq)™!, note yv*w = ¢!, yuv = u(vwqg)™!, and

yuvwqg = uv~t. So

at y = (v’wq)
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1

pQ((Uqu)_l) = —wq(v — u) [u(qu)_l,q_l} — vw [u(qu)_ ,uv_l,q]

= (1=u(vwg)™){ —wg(v—u) (~¢"'(1-q)) — vw(l-uv™")(1-q)}
=w(l —ulowg) N1 —g){v—u—v(l—uw )} =0;

at y = (wv)™': When y = (uv)™!, note yv*w = v 'vw, yv’*wq = v tvwg, and

yuvwq = wq. SO
pa((wv)™) = (1 — v rowg)(1 — wg){u(l — v ow) + vw —u} =0
Thus the polynomial p, is 0 and the proposition is proven. |

The T'° identity
Proposition 6.6. When 0 <k <n-—2

U—(k+1),n(a» @C]p+1) = [U—(k+1),k+1(aqp7 aqp+1)] [Tk+1,n(aa aqp)}
+ [Ty ey (@, ag? ) ] [0 g1y n(a; ag?)]
+ [T, -ere) (ad”, ag” )] [o-y2ynla, ag”)]  (54)
And o_pn(a,ag”™) = [o_pn(ag”, ag”™)] [Tan(a, ag)]
+ [T —n(ag®, ag”)] [o_nn(a, ag”)].

Proof. The second is immediate from Corollary 5.2 together with the observation
that 7, =1 for any sign of r.

For the first, upon dividing by 7411, (a, ag?), we see it is sufficient to prove

1
J—(k’—&-l),n("ﬂ a'q;lhL

Th+1,n(@, agP)

) _ {o-(k1ypir(ag?, ag™ )} -1

—(k nl@,a D
{7 g, (ag?s ag” ) } {U (k+1)n(2, a9 )}

Th+1,n(a; agP)

P
+ {7 k) -2y (ag”, ag”t ) } {"—(k+2>,n(a,aq )} .

Th+1,n(a; agP)

That means we need to show

abcdqn+k+p+1 (qk+1’ quk7 q*(IH”l) ‘q) 1
(abedg™tk, abedgntktrtl|q)

_ ) _(@la)xsabed [ag”*!] ¢**+ (edg®la)i (g M) |
(qlq)r([agP] bedq?*+1|q) 1 (bed [agPt1] ¢2F 1 q)y

{1} abedg®* TPH (g, g kP edgg)y
(abedgntk, abedg?k+P+1|q),

{ (@®la)x [ag?*] (beg*|q)1 (bdg**|q)1 (cdq®|q)1 (a a)s }
(ala)k (Jag?] bedg>k+Dq) (bed [agr+1] ¢2F+1]q),

| bedg?®HV (g R abedg P2 g), (55)
(begk+t, bdgh+1, abedgnHr+rHi]q), [
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We will eventually reduce this identity to the vanishing of a 1-variable polynomial
in y with coefficients in the field Q(a, b, ¢, d, u,v,w, q) with the property that when

y=abcd u=q" v:q’C w=¢q’

we obtain a unit in the coefficient field times the difference between the two sides of
equation (55) above. So, effectively, we can use the variables y,u, v, w as abbrevia-
tions for the above expressions. Multiplying (55) by

(q7 abcdq"+k, U,bcdqn+k+p+l, abcdq%“’H, abcdq2k+p+2|q)1
abed (g7, edg¥lq),

we see it is sufficient to show the vanishing of the polynomial p; below. (To arrive at
the final form of p;, we use Lemma 6.1 above to simplify the following expressions:

(¢ 'g)1, (¢ Plg)y, and (¢ g)s.)

p1 == { W™ a)1 (™ P (gl @) T (g |g) }
+ {1 (ya™ P @)1 (al) 1P (g ) )
+ {1} - {wa™ ™) (v )1 (g PP g )
+ {(yqd" @)1 (ya®* M @)1 (¢ )1 PR (g 9)1 }

= — { (™" g1 (g™ 2 lg)1(qlq) 1" [—q T (@7 g)] }
+ { g ™M) (a1 (gl9) 17 [—a alo)] }
+ {13 - {(wa" ™91 (e g)1 (gl
[q—(k+p+1) [(qn|q)l _ (qk+p+1’q)1]:| }
+ {1 ™ ) [a " (0"l — (@ o] ] P (=g (glan] }

= {1 (w2 9)1(dl @)1 (@ )1 }
— {(wa" ™)1 (g )1 [(glg)a)* P}
+ {1} { ") (v P ) (gl [[(@ )1 — (P g)1] ]}
— {(wa" ™)1 (v a)1 [[(a*a)r — (@M a)1] ] P (glg)1}

Using the notation [a,b,c,...] = (a|q) (blq)1 (c]q)l ..., recalling our abbreviation
variables u, v, w, and multiplying by v~!(¢|q)™" it suffices to show the vanishing of

P2 = u[yv*wg, yv’wg’, wg) — vwglyw, yuvwg, gl
+ (vwg — u) [yuwwy, yo*wq®] — wq(vg — u)[yuv, yo*wq|

This expression may be interpreted as a one variable polynomial of degree at most
2 in y with coefficients in the field Q(u, v, w,q). Evaluating

at y =0: pa(0) = u(l —wq) —vwgq(l — q) + (vwqg — u) — wq(vg —u) =0}

at y = (v>wq)~': Note that yv*wq¢®=¢q, yuvwg=uv~! and yuv=u(vwq)~*. So

p2((v*wg)™") = (1 —wv™){ — vwq(l — u(vwg) ™) (1 — q) + (vwg — u)(1 — q)}
(I —w (1 —q)(vwg —uw){ -1+ 1} =0;
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1

at y = (vwwq)™': Note that yv*wg=u"tv, yv?*we¢* =u"'vg and yuv=(wq)*. So

p2((wowg) ™) = (1 — uw){u(l — u™"vg)(1 — wq) — wq(vg — u)(1 — (wq) "}
=(1-—u'v)(vg—uw)(l—wg){—1+1} =0.

Thus py being of degree at most 2 and vanishing at 3 points implies p, is identically
0 and the proposition proof is complete. [ ]

The T'! Identity
Proposition 6.7. When 0 < k<n-—1

T (k1) (1) (@5 ") = [0y w1 (ad?, ag” )] [Ohs1,— sy (@, ag?) ]
+ [Ty — a1y (@@, ad” )] [T ety — (1) (@, agP) ]

+ [Tty sy (@@, ad” )] [T (ht2) — (1) (@, ag?) . (56)
And T (i1) —(nr1y (@, ag?T) = [T g1y, — ey (ag?, ag? ™) ] [T sty — (1 (@, agP) ] -

Proof. The second identity just says 1 =1-1.

For the first, upon dividing by oy41,—m+1)(a, ag?), we see it is sufficient to prove

T—(k+1),—(n+l)(a7 aqp+1
Okt1,—(nt1) (@, agP)

+ {Tf(k+1),f(k+1) (aq?, aqpﬂ) } {

) - {U—(k+1),k+1(aqp>aqp+l)} -1

T—(k+1),—(n+1) (@, ag’) }
Ok+1,—(n+1) (@, AGP)

T_(k+2),—(n+1)(a; aqP) }
Okt1,—(mt1) (@, ag?) )~

+ {7 k1)~ (12 (ag”, ag”) } {

That means we need to show

¢ * (g, edg®, ¢~ Pt V|q),
(qnF, qn=k—r=1|q);
_ | _(@a)esibed [ag"*!] ¢ (edg g o | 4
(qlq)k([agP] bedq?*+1|q) 1 (bed [agPt1] ¢2F L q)y

k+1 k n-+k+p+1
N {1}{(q ,cdg", abedg qh}

(q"—*, abedq?k+r+i|q),

{ (@®a)r [ag”t] (beg™q)1 (bdg"* ] q)1 (cdq¥|q)1 (¢ )1 }
(lq)x([agP] bedg?R+Dq) 1 (bed [agPH1] 2R+ q)

bed n+k+1 bed 2k+p+2
R L M L L (57)
agP(begh 1, bdgh T, gn—k—r=tq),

Multiplying (57) by

¢ g, q"F, ¢ P abedg?t TP, abedg® P2 g),
(q**1, cdq*|q):

we see it is sufficient to show the vanishing of the polynomial p; below.
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(To arrive at the final form of p;, we use Lemma 6.1 above to simplify the following
expressions:

(¢ o)1, (@191, (¢ Vg)y, and ¢" 77 g)1.)

We will eventually reduce this identity to the vanishing of a 1-variable polynomial
in y with coefficients in the field Q(a, b, ¢, d, u, v, w, q) with the property that when

y = abed, u=q", v:qk w = ¢,

we obtain a unit in the coefficient field times the difference between the two sides of
equation (57) above. So, effectively, we can use the variables y, u, v, w as abbrevia-
tions for the above expressions.

p1=—{ ") (™ 0)1 (gl )rd™ P (g PV ]g)1 }
+ L@ M1 (@) (g e (P g )
+ {1 { " P )1 (v P )1 () @)1 PP ) )
+ { ("™ )1 (w9 (@ 9)1 (g g™ )
= —{ w1y )1 (gl g [~ P (g7 9]
+{ [¢7" [(¢"ah = (¢"la)]] (al@)rya®™ " [=q~ (alg):]
e ("9 = (@ ah]] )
{1 (g™ )1 (g™ )1 (glg) P
[P (@) = (¢ gh]] }
+{ ™)1 (a1 [ (@)1 — (¢Flan]] [—a  (ala)a] PR
= { (™" ) (™21 (gl )" (@ a)1 }
— { [(¢"0)1 = (¢"@)1] ya" "+ [(alg)a]” [(¢" @)1 — (6" P+ ]g)] }
+ {1} { " P )1 (PP )1 () (@) — (P )] }
—{ ("™ M) (™ P o [(¢"ah — (¢"la)] (gla)ra?*}

Using the notation [a,b,c,...] = (a|q)1(blg)1(c|g)1 ..., recalling our abbreviation
variables u, v, w, and multiplying by [(q\q)l]_l it suffices to show the vanishing of

P2 = ulyv*wg, yv*wg’, wel — yowg(v — u)(vwg — u)(glg)
+ (vwg — u)[yuwvwg, yo*we?] — we(v — u)[yuvg, yv*wq]
This expression may be interpreted as a one variable polynomial of degree at most
2 in y with coefficients in the field Q(u, v, w,q). Evaluating
at y =0: pa2(0) = u(l —wq) + (vwg —u) — wq(v —u) = 0.
at y = (viwg)™ '

p2((v*wg) ™) = (vwg —uw){ —v (v —w)(1—q) + (1 —uww™)(1 - q)}
= (vwg—uw) (1 —w (1 —g){-1+1} =0;

. Note that yv?wq? = q, yvwg = v=!, and yuvwg = uv=*. So
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at y = (v*wqg®)™': Note that yv*wg=q¢~!, yowg=(vq)~}, and yuvg=u(vwg)™t. So

p2((VPwg®) ™) = (v —u){ = (vg) ' (vwg — u)(1 — q) — wq(1 — u(vwg) ") (1 —q ")}
= (v —u)(1 = ¢){ = (w—ulvg)™") + (w—u(vg) )} = 0.

Thus p, being of degree 2 and vanishing at 3 points implies p, is identically 0 and
the proposition proof is complete. [ |

The combination of Propositions 3.8, 5.3, 5.4, 6.4, 6.5, 6.6, and 6.7 finishes the proof
of all 3 steps of (15), Proof Plan A, and so completes the proof of Theorem 1.3.

7. Reproof of the Askey-Wilson Result Using the
Nonsymmetric Version

Having given a direct proof of the shift-a connection coefficient formula Theorem 1.3,
we now show that it can be used to give another proof of the original Askey-Wilson
result Theorem 1.2.

For this purpose, consistent with z = cos#, z = €, so 2o = (z + 271), we view the
n’th Askey-Wilson polynomial P, as a zig-zag monic Laurent polynomial in z. So
as an ordinary polynomial in z, the leading coefficient would be 2.

As earlier for the E,, we will shorten P,(z;a,b,c,d|q) to P,(a).

First note that the usual DAHA relation on 7}

1

1 _
T T =t —t,2

translates to the quadratic relation
_1 1
<T1+t12) <T1—tf) —0. (58)
_1 1
showing that the possible eigenvalues of T} are —t, > and ¢} . Define

L1 = T1 + t;i and L2 = —T1 -+ t1§ (59)

Definition 1.2 in [20] defined the Askey-Wilson P, (respectively @, ) as normalized
multiples of L1 E, (respectively LoFE,) for n > 0. Theorem 1.3 there (referring to
[19]) pointed out that this definition of P, agrees with the usual P, .

It was pointed out in Theorem 1.3 of [20] that, up to a normalizing factor, P, is
gt
(Ty +t, *)E, for n > 0.

A similar fact holds when F, is replaced by E_,, for n > 0. The reason for this
is that by the recursion (21) and (22), (originally proved in [20]) for n > 0, the
2-dimensional subspace spanned by E_,, and F,, is invariant under 77. So Li + Lo
is a multiple of the identity on these 2-dimensional subspaces and easy DAHA
calculations show:

Lemma 7.1. Up to scalar factors, the operators Ly and Lo are algebraically
orthogonal projections onto 1-dimensional subspaces of the 2-dimensional subspace
(for n > 0) spanned by E_, 11y and Eyiq. In fact

1 _1 1 _1
(1) LiLo=LoLy =0, (2) L?=(t} +t %)L, (3) L3=(t? +1t,2)L,.
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Remark 7.2. By algebraically orthogonal projections, we are referring to endo-

morphisms 7; and 7y = Identity —m; satisfying 72 = m;. This of course also implies

7r§ = 1y and mymy = mom; = 0. These projections can also be related to the natural

inner product specified in Definition 1.4 of [20] but we omit the details here. ]

Proof of Lemma 7.1. (1) By the basic DAHA relation we have
Ll :T1—|—t1_§ :T1_1+t1§

1 1 1
Then LiLy— (Tfl . tf) (—T1 i tf) — 11— (T = T7Y) + 1y

=—1—1t <tf —tﬁ) +1t, = 0.
And LQLl = L1L2.
(2) L2 = Li(L1 + Ly) = (tf n t{?) L.

1 _1
(3) Lg:(Ll—FLQ)LQ: <t12+t12)L2 |

1

Consequently, for n > 0, P, is also a multiple of (T1 + 1 2)E_n. (The operator

Ly, up to constant factors, is sometimes referred to as Hecke-symmetrization.)
~ 1

Translating to the operator T} = ¢ 77 which we have mostly been using (and which

avoids square roots), we see that P, for n > 0 is a multiple of (71 + 1)E_,,.

With the zig-zag monic normalization conventions, Proposition 3.7 and equation
(26), give us more explicitly for n > 0

7Aﬂ/lE—(n—i-l) = [énJrl]_l {En+1 - CszrlE—(n—&-l)}- (60)
PR S i _ _ (abg"™*g)1 + ab(cdg”|q)
where Gl =T T b o1 = = ab(1 —1abcdq2"+1) :

Proposition 7.3. Forn>0: P, = tl’l(ﬁ +1)E_(n11y. (Also Py=Ey=1.)
More explicitly: Poii(a) = Epia(a) + s (0)] By (@),
where Yny1(a) (really a function of a,b,c,d, and q) is the scalar defined by

_ (g™, cdg™g)
1) = ey, (61

Proof. We've already argued tl_l(ﬁ +1)E_(n41) is a multiple of P, ;. Equation
(60) implies t;* [én“]*l = 1. And P.y1 = Epp1 = faor1 mod R_(41) while
E_(ny1) € R_(n41)- SO tl_l(Tl + 1)E_(n+1) gives P,., exactly.

Remembering t1¢,.;7 = 1 and plugging the formulas of (60) into the equation
Py =t (T + 1)E_(n41) gives us

Po1=E,q+ <én+l - dn+1) E_(ny1)-

(Since our normalization convention is that both P, and E,; are zig-zag monic,
the coefficient 1 above in front of E,; was known in advance.) Our definition of

Yni1(a) is just a simplification of ¢,41 — d,41 as demonstrated in the easy Lemma
7.4 below. ]
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(¢"*t*, edg™|q):

(abedg®|g)1 -
This quantity is the vn,11(a) (really vni1(a, b, c,d|q)) defined in Proposition 7.3.
Proof.

~

~ 1
Cpn+1 — dn+1 = _% +

Lemma 7.4. Forn>0: ¢,11 — cfnﬂ =

(abg"*t|q)1 + ab(cdg" ),
ab(1 — abedg?n+1)

1 . : )
= — (ab(l _ abcdq2”+1)) {]- - abcdqz +1 + (abq +1 1) + ab(qu . 1)}

_ (1=g¢"")(1 = cdg™) -
1 — abedg?n+t 7

Now that we know
Poii(a) = Enpa(a) + [ynsa(a)] [E,(n+1)(a)}
Poi(e) = Enpi(e) + [mri(e)] [E-miny(e)]

a natural way to obtain the Askey-Wilson connection coefficient relation Theorem
1.2 is:
(PROOF PLAN B) (62)

1. Start with the top line for P,,;(a).

2. Apply Theorem 1.3 to express each of E,(,41)(a) in terms of the E,(e). (Here
r can be of any sign.)

3. Show that the combinations of E.(,41)(e) (for m > 0) which result are in
fact the ¢ni1nt1Pmt1(e) of the Askey-Wilson result. (As well as the Ejy(e)
coefficient matching g ,41.)

We will now show that PROOF PLAN B can be carried out to prove the Askey-
Wilson result. Recall our generic notation for the E connection coefficient relations.
For n > 0:

En(a) = Z [Tmn + Z 0—(m+1),n (m+1)(e)' (63)

E_ni1)(a) = Z [ 1)~ nsn)] By (€) + Z [om 4] Em(e)- (64)
m=0

m=0
Our original formulation of Theorem 1.3, introduced the notation d,s which is
related to the (variously subscripted) 7,0 by:

0. — {Tr,s/cr|7|5| if (r>0and s>0)or (r<0ands<0) (65)
Ors/Cps) if (r>0and s <0)or (r<0ands>0).
We return to that notation now and write:
n n—1
En(a) = Z [dnnCmn] Em(e) + [d—(m—&-l),ncmﬂ,n} E_(m+1)(e). (66)
m=0 m=0

n

E_niny(a) = Z [d_(ms1)— (1) Cmt1nt1] B—mei1)(€)

+Z (1) Cnt1] B (€). (67)
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Plugging these two into Py11(a) = Eni1(a)+[Ynr1(a)] [E-(ns1)(a)] and considering
the coefficients of E, (,,+1)(e) which result makes clear the relevance of the following
two propositions.

Proposition 7.5. For 0<m <n
dmt1nt1 + ’Yn+1<a>dm+1,—(n+1) =1 (68)

Proof. dimi1nt1 + Ynt1(@) it~ (ns1)
_ {q”"m(abcdq"+m+1|q)1} n {( q"*t, cdg" \q)l}{ O }
(abedg®"+1q) (abedg®*tq)1 J (g™, edg™|g)s

. ; n—m 2n+1 _on—m\ __
((abcdq2"+1|q >{q — abedq +1—q } =1 |

Proposition 7.6. For 0 <m <n
d—(m-l—l),n-i-l + '7n+1(a>d—(m+1),—(n+1) = Tm+1 (6) (69)

Proof.  d_gni1)n+1 + Vnt1(@)d—(mi1),—(nt1) =
_ { bedeq™ ™ (g™ edg™, ae g™ q)1 }
B (abedg?™+1, bedeq®™ 1 [q),

{ (¢", cdg"|q): }{ (g™, cdg™, bedeq™ ™™ q)4 }
(abedg®™+1|q)y (g"+1, edq™, bedeq®™ 1 q)y

qm-‘rl qum o1 B
{(abcdiﬂn+1 bcdeq2n)7.+1|q }{deeqn+m+1( gn ™q)1 + (bcdeq”+m+1|q)1}

(¢™, edg™|q)1 n4+m+1 on+1 —
{(abcdq2n+1 bedeq™+1|q), }{deeq — abcdq + 1 — bedeq }

_ (g™ cdg™g)
- (b6d6q2m+1|q)1 _7m+1(6)

as asserted. ]

Now we prove the Askey-Wilson connection coefficient result:

Proof of Theorem 1.2. The case of n = 0 checks since F, is 1, independent of

parameters, and coo = 1.

For n > 0, using equations (66) and (67) as well as Propositions 7.5 and 7.6
Poii(a) = Epy1(a) + [Yas1(a)] E-(ni1)(a)

n+1
= Z -1 Cmnt1] ) + Z —(m+1),n+1Cm+41 n+1} E_mi1y(e)

+ B (@) { 5 [t —enmstna] B (©)

m=0
n

+ Z [dm»*("+1)cm,n+l ] Em(e)}

m=0
= Co,n+1{d0,n+1Eo(€) + %+1(6L)d0,—(n+1)}E0(€)
+ Z Cm,nJrl{dm,nJrl + Yn+1 (a>dm (n+1) }E + 1- En+1( )

m=1

+ Z cm—l—l,n-‘rl{d—(m—i—l),n—i—l + ’7n+1(a)d (m+1),—(n+1) }E m+1)( )

m=0
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= (by Propositions 7.5 and 7.6 )

n—1
= Cont1 - 1+ Epe) + Z Crmt1nt1 - 1 Epyi(e) + cnrint1Enga(e)
m=0
n—1
+ Z Cm+1,n+1 " ’Vm+1(€) : E—(m+1)(€) + Cntint1 ’Yn+1(€) : E—(m+1)(€)
m=0
n+1
= Z Cm,n+1Pm
m=0
completing the re-proof of the Askey-Wilson Theorem 1.2. [ |

Remark 7.7. Instead of proving Lemma 7.1 and Proposition 7.3, we could have
based those aspects of our proof on the discussion in Section 3 of [11]. In particular,
that reference clearly explains how, for n > 0, using the alternate choice

D=Y +q labedY ™" (with Y = TyTp)

for second order operator with Askey-Wilson polynomials P, as eigenfunctions, the
corresponding eigenspace of D is 4 dimensional and spanned by the polynomials
Py, Qn, By, and E_,,. Moreover D commutes with both T} and Ty, with P,
and @, being eigenfunctions of 7T;. The respective eigenvalues are t; and —1.
Exact formulas expressing E., as linear combinations of P, and the eigenvalue —1
eigenfunction Q! of Ty are also written down there. ]

8. Appendix A on Change of Basis Conventions

Let B = {es}acz be an ordered basis of a vector space V where the index set
7=0,1,2,.... For x € V, we represent the linear combination z =) _;v%e, by
the column vector

(2] = v

s ="

is the column vector corresponding to the linear combination z =3, ; Peg.
Then a change of basis relationship e, = > ser Ipa€p corresponds to

o 0

where the row 3 column o entry of T is Tjg,.
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This is easily confirmed by noting
p= Y e =D 0 ety = 3 (D Taar)es = vl = .
« a,f B8 « B
In the case
n>0: E,(zabcdq) =

n—1

= ZTmn (z;€,b,¢,d|q) + Za_(mﬂ),nE_(mH)(z;e,b, c,d|q)

m=0

n>0: E_(n+1)(z, a,b,c,dlq) =
= Z Tf(m+1),f(n+1)E7(m+1)(Z; €, b, ¢, d|Q> + Z O-m,f(n+1)Em(Z; ¢, b7 Gy d|Q)
m=0 m=0

we are viewing Fy, F1, ... as an ordered basis for R” and E_;, E_,, ... as an ordered
basis for R*

Note that E_; is in the initial position (index 0) of the second list, in conformity
with viewing it as E_(,1) for n = 0.

Thinking of parameter e as giving rise to the eg basis and parameter a the e, basis,
then our generic change of basis formula

€q = Z Tgaég
B

00 701
becomes, in block form, T = {;m 511]

so that for column vectors of (blocks of length n or n+ 1) components relative to

these bases
B 00 T00 017 [0
ol =T n = R A PR

n—1
E,(z;a,b,c,d|q) = ZTmn (z;€,b,¢,d|q) + ZO-—(m-l—l),nE—(m—f—l)(Z;e’b? ¢,d|q)
m=0

Thus for n >0

corresponds to

n

E.(z;a,b,¢,d|q) = ZTOO m(z;e,b,c,d|q) + ZTlo —mi1) (216, b, ¢,d|q).

m=0

Note the second matrix entry above really is 7%, (rather than T))' ) in line with
the general property (of our conventions) that the first n + 1 columns of T are
expressing the decomposition of the first n+ 1 vectors Ei(z;a,b,c,d|q) (0 <k <n)
as linear combinations of the ordered basis

EO(Za €, b7 G, d|Q)7 El(Z, €, b7 ) d|Q)7 )
E.(z;e,b,¢,d|q), E_1(z;e,b,¢,d|q), ..., E_,(z;e,b,¢,d|q).
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Similarly
E—(n+1) (27 a, ba C, de) =

Z T (m41),—(n+1) E—ma1) (25 €,b,¢,d|q) + Z Om,—(nt+1)Em(2; €, 0, ¢, d|q)
m=0 m=0
corresponds to
E—(n+1) (27 a, b7 ¢, d|q> =
=Y T0 By (zie,bcdlq) + > TR En(zie,b,c.d|q)
m=0

m=0

These tell us that the row index m and column index n entries of the four matrices
are given by

00 __ 01 __
Tm,n - Tm,n Tm,n - O'm,—(n—l—l)
0 1
Ton = 0—(m+1)n Tn = T=(m+1),—~(n+1)-

9. Appendix B

In this paper, we only use the zig-zag increasing cases in the following table and so
have included just the proofs of those. We mention the others, which we have also
proven, because they may be of interest.

~ ~

Table 1: Summary of a,,, by, émydmy, m=mn or —(n+1), n>0.

n >0 (Non-Negative Cases) —(n+1) <0 (Negative Cases)
. " [(abedg®(q)1]? . 1
b, = q" [(abedg®(q):] R

N cdq™

(c+d) —cdg™(a+b)
cdq™(abedg®™|q)1

(acq™, beq™, adg™, bdg™|q):

Bn = [quzn(adeq%M)l] : l;—(n-i-l) =

[ab(c+ d)g™ — (a + b)]
(acq™, beg™, adq™, bdg™|q):

R 1 . [(abedg®*+|q): ]
Cp = —— C_(n+1) = n+1 n+1 n n
ab (g™, abgn*t, cdq™, abedg™|q)y
5 abq™ — 1) 4+ ab cdq”’1 -1 5 n "
d, = ab(l)— abcc(zqzn—l) ) d—(n+1) = [abg" (abedg® +|g)] -
[q(abedq™|q)1 + cd (g™ q)1]
(qn+1a a‘bqn+17 qun) adeqn|q)1
[, = tot1q™ = abedg™ ™! fe(n41) = g~ )

— i — ~ . 1 N
Con = [Gn] ! [Mn - M—(n+1)} Co,—(n+1) = [a—(n—i-l)} [M—(n+1) - Mn]
_ (acqn’bcqn’adqn7bdqn‘q)1 _ -1 2n

- " (abedg® |q) = —cdq (adeq IQ>1

e A 1—=1 [~ ~ = ~ -1~ ~
Cin = [Cn) ' —— C17—(n+1) = [C—(n+1)j| [,un+1 - M—(n—&-l)]
_ —-n 2n—1 _ (qn+1’ abqn-&-l’ cdq", abedq™ ‘q)l

abq (abcdq |Q>1 - q"+1(abcdq27l+1|q)l




76

BACK, DRSTED, SAHI, SPEH

For any signs of n, k :

E—(n+1) = CAL—(n—i—l)ﬁvO (En> + Z;—(n-l—l)En
E, = dnﬁ() <E—(n+1)> + 6n-E—(n—Q—l)
B =iTi(B,) +d B,

E, =¢&,T (E,n> v d,E_,

A -1 »
= [a—(k+1)] [E—(kﬂ) - b—(k—&-l)Ek}

‘§/0En = Z(),f(n#»l)Ef(nJrl) §/0E7(n+1) = a],nEn
‘§1En = El,—nE—n glE—n = ElnEn

Since the multiplication operator X = toT, L 1}7[70, the above imply general 4-
dimensional invariant subspaces for X and X~!. Simplifications of the matrix
entries of these rel the {E,} arise. The simplified expressions are mostly products
and quotients of g-Pochhammer symbols, with an occasional monomial or sum of 2
symbols factor.
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