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Abstract. Consider the maximal nilpotent subalgebra n, (Agl)) of the simplest affine algebra

A(ll) which is one of the N-graded Lie algebras with minimal number of generators. We show
that truncated versions of this algebra in positive characteristic admit the structure of a family of
restricted Lie algebras. We compute the ordinary and restricted 1- and 2-cohomology spaces with
trivial coefficients by giving bases. With these we explicitly describe the restricted 1-dimensional
central extensions.
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1. Introduction

N-graded Lie algebras over a field F are a special important class of infinite dimen-
sional Lie algebras. By N-graded we mean that the Lie algebra g is the direct sum
of subspaces g;,7 € N, such that [g;, g;] C giy;. Such algebras obviously must have
at least two generators. A special class of these algebras are Lie algebras of maximal
class where dimg; = dimgs = 1, dimg; <1 for i > 3 and [g1,¢;] = giy1 for i > 1.

These are also called filiform Lie algebras, and it is known (see [8]) that exactly
three of them are N-graded. If we denote the basis elements by e;,7 € N, then these
three are the maximal nilpotent subalgebra L; of the Witt algebra with nonzero
brackets [e;, e;] = (j — 7)e;4j, the algebra my with nonzero brackets [e1, e;] = ;41
for ¢ > 2, and the Lie algebra my with nonzero brackets [e;, e;] = e;41 for all ¢ > 2
and [es, e;] = ej1o for all j > 3.

The filiform algebras L;,mg and my are well-studied, and some of their important
invariants, such as 1- and 2-cohomology spaces with trivial and adjoint coefficients,
are computed. Finite dimensional versions of these algebras are also studied in
characteristic p > 0. Namely, in [3, 4, 5] we considered restricted algebras of these
types, and computed the ordinary and restricted 1- and 2-cohomology spaces with
trivial coefficients.

There are other types of N-graded Lie algebras with the minimal number of genera-
tors e; and ey. One of these is the maximal nilpotent part n+(A§1)) of the simplest
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affine Lie algebra Agl) (see [14]) with Cartan matrix
2 =2
-2 2
which has a basis {e; | ¢ € N} with brackets
eir; if j—i=1(mod 3);
lei, e;] = 0 ifj—i=0(mod 3);
—e;4j if j—1=—1(mod 3).

The other N-graded nilpotent affine Lie algebra is the maximal nilpotent subalgebra
ny(BAs) of BAy (see [14]), which is defined by the Cartan matrix

(%)

It has a basis {e; | i € N} with brackets [e;, e;] = bjje;r; where the coefficients b;;
depend on the residue obtained when dividing ¢ and 7 by 8, according to the rule

bij + by =01if i +4 and j+ j' are divisible by 8.

The Table below gives the numbers b;; (the others are determined from b;; = —bj;
and bij + bg_@g_j = 0)

J (mod 8) i (mod 8)

1 2 3 4 5 6 7
0 1 -2 -1 0 1 2 -1
1 0o 1 -1 3 -2 0 1
2 -1 0 0 0 1 -1 0
3 10 0 3 1 1 =2

In addition to these five N-graded algebras with two generators there is a family of
Lie algebras with countably many parameters Ay, € FP!, see [8].

The cohomology with trivial coefficients of the affine subalgebras n+(A§1)) and
ny(BA;) are computed, but nothing is known about restricted cohomology, even

though it gives an important invariant of those algebras.

As in the case of the three filiform algebras with two generators, it is interesting to
consider whether there is a restricted Lie algebra structure on the truncated algebras
n+(A§1))(p) where p > 0 is a prime, and to describe their central extensions, as we
did for the three filiform cases [3, 4, 5].

In this paper we concentrate on the algebras n+(Agl))(p). The goal of the paper is

to classify the restricted one-dimensional central extensions of these restricted Lie
algebras. To do this, we compute the ordinary and restricted 1- and 2-cohomology
spaces with trivial coefficients.

The structure of the paper is as follows. In Section 2 we define finite dimensional
truncated versions of the algebra n+(A§1)) in characteristic p > 0, and show that
they admit the structure of (a family of) restricted Lie algebras. Explicit formulas



EvANSs AND FIALOWSKI 197

for the Lie brackets and [p]-operators are given. In Section 3 we use the Chevalley-
Eilenberg cochain complex to explicitly describe bases for the ordinary 1- and 2-
cohomology spaces with trivial coefficients. In Section 4 we use Hochschild’s six-
term exact sequence and the partial complex in [6] to compute the restricted 2-
cohomology spaces with trivial coefficients, again with descriptions of the bases.
Finally, in Section 5 we explicitly describe the restricted one-dimensional central
extensions corresponding to the non-trivial restricted 2-cocycles.

Acknowledgements. The authors are grateful for the referee’s valuable sugges-
tions as they greatly improved the exposition.

2. Restricted Lie Algebra structures
Let p be a prime and F a field of characteristic p. For 7,5 € N, define

—1 if j—i=—1(mod 3);
a;; = 0 if j—i=0(mod 3); (1)
1 ifj—i=1(mod 3).
Throughout the paper, we will let [m]3 denote the congruence class of an integer

m modulo 3 so a;; = [j —i|s. Let g = n+(A§1)) = @;°, Fe; with bracket
lei, ;] = aijeirj, i = (epq1) the ideal generated by e,;; and

a(p) = n (A (p) = (A /i

Then g(p) is a finite dimensional, N-graded Lie algebra with basis {ei,...,e,}. The
k-th graded component of g(p) is gp(p) = Fep for 1 < k < p, and gx(p) = 0 for
k>p. If a;, 0, €F, g=>7"  ase; and h =>"_, Bie;, then

(r—1)/2 p—i
9.0 = > D ai(cify — Biay)ess. (2)
=1 j=itl

For ¢1,...,9, € g(p), denote the n-fold bracket by

H [[gla92]7g3] ]agn] = [glag%--'?gn}-
Note that [g1,92,...,9,] =0 for all gi,...,g, € g(p) so for all g,h € g(p), we have

(ad g)?(h) = [h,g,...,9] = 0.

p

If, for each 1 < k < p, we choose an element egf] in the center of g(p), we have

ad e[,f] =0= (adeg)?,

so the operator — : g(p) — g(p) gives g(p) the structure of a restricted Lie algebra
[11, 15]. Since p-fold brackets are 0 in g(p), we have (g + h)P) = glP! + plP! for all
g,h € g(p). The center Z(g(p)) is given by

Fe, if p # 2 (mod 3);

Z(g(p)) = { Fe,_, & Fe, if p=2 (mod 3).
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If p # 2 (mod 3), then choosing e,[f] € Z(g(p)) is equivalent to choosing A\, € F and

setting e,[f} = A\p€p, hence A € FP determines a restricted Lie algebra structure on

g(p) which we denote by g*(p). Conversely, if — : g(p) — g(p) is any restricted
Lie algebra structure on g(p), then ad e,[f] = (adeg)? = 0 forall 1 < k < p so
that e,[f} = A\gep for some A\, € F. For any such restricted Lie algebra structure, if

g="_ ae;, then )
gl = (Z af)\i> ep. (3)
i=1

Likewise, if p = 2 (mod 3), the restricted Lie algebra structures on g(p) correspond

to pairs of elements u, A € FP where e,[f} = prep—1 + Apep. Denote this restricted Lie

algebra by g"*(p). If g = > " | aye;, then

p »
g[P} - <Z afp,i) ep—1+ (Z Ozf)\i> ep- (4)
=1 1=1

If p = 2, then ny(A)(2) = mo(2), and if p = 3, n.(4]")(3) = mo(3) = my(3) =
Ly(3) and hence the possible restricted structures are the same. These filiform
algebras were already studied in [3, 4] so everywhere below we assume p > 5.

3. Ordinary cohomology

Our primary interest is in classifying (restricted) one-dimensional central exten-
sions, so we describe only the (graded) Chevalley-Eilenberg cochain spaces C7 =
C(g(p)) = Cg(p),F) for ¢ =0,1,2,3 and differentials d? : C(g(p)) — C7"(g(p))
for ¢ = 0,1,2 (for more details on the Chevalley-Eilenberg cochain complex we refer
the reader to [1] or [9]). Set C° = F and C? = (Alg(p))* for ¢ = 1,2,3. We will
use the following bases, ordered lexicographically, throughout the paper.
c?: {1}
C':{ef |1 <k <p}
C?: {7 |1<i<j<p}
C*: e | 1<u<v<w<p}
Here e, e and e“*™ denote the dual vectors of the basis vectors e, € g(p),
ei; = e; Ne; € N*g(p) and ey = ey Aey A ey, € A3g(p), respectively. The
differentials d? : C? — C9™! are defined for ¢ € C', ¢ € C? and g,h, f € g by
d:C*=cCt d’=0
d':C'— % d'(¥)(g Ah) = (lg. )
d*:C% = C% (@) (gNhAf)=d(lg. WA f) = d(lg. fIAR) + d([h, fI A g).
The cochain spaces C?(g(p)) are graded, and
Ci(g(p)) = spanf{e” | 1 < k < p}
Ci(g(p)) =span{e™ |1 <i<j<pi+j=k3<k<2p—1}
C¥(g(p)) =span{e”*™ |1 <u<v<w<put+v+w=~k6<k<3p—3}



EvANSs AND FIALOWSKI 199

We have dim(C}) =1 for 1 < k < p, dim(C?) = s(k) for 3 < k < p+ 1 and
dim(C}) = dim(C3,,, ;) for p+2 < k < 2p — 1, where the map s : N — N is
defined by {

%—1 if k£ is even;

E=l o if kis odd.

2

s(k) =

The differentials d? : C{ — CI*' are graded maps so HI = @, H for ¢ =1,2.
Note that d} = d} =0 and d2 = d% = d2 = 0. If 3 < k < p, direct computation
shows that

s(k)
dip(e") =) " aipie . (5)
i=1
The expression (5) together with d} = d} = 0 immediately gives the following

Theorem 3.1. A basis for kerd* is {e',e?}, hence dim H'(g(p)) = 2, and the
classes of {e',e*} form a basis.

Remark 3.2. It is possible to simultaneously determine both the ordinary and
restricted 1-cohomology without reference to any complex. In this Remark, we will
abuse notation and write g(p) in place of g*(p) or g**(p). Since we are assuming
p > 5, the bracket formula (2) shows [g(p), g(p)] = ,~; Fe; and hence

dimr(g(p)/[g(p), 8(p)]) = 2.

Moreover, the [p]-operator formulas (3) and (4) give (g(p)P)r C [g(p), g(p)]. For

any restricted Lie algebra g, [9, (1.4.2)] and [10, Theorem 2.1] respectively state

that
H'(g,F) = (g/l,0])" and H,(g.F) = (8/([g, 0] + (a")z))".
It follows that H'(g(p),F) = H!(g(p),F) and the classes of {e!,e?} form a basis.

The situation for H? is more complicated. If 6 < k < 2p—1, ¢ € C?(g(p)) (so
i +j = k), then the formula for the differential d*> and the restricted bracket (2)

ives
give (ki)

5(4)
20 6,0\ __ n,i—n,k—i n,k—i—n,i
dp () = apine = > npione

n=1

i n:k—2z‘;—_12 (6)
" Z i€ = Z A foip €T
n=1 n=i+1
We will use the following notation to describe index ranges in our computations:
1 if 3<k<p+1;
M(p, k) = '
k—p ifp+2<k<2p-1,
1 it6 <k <2p;
I+k=2p if2p+1<k<3p-—3,
§- if £ =0 (mod 3);
F(p,k)=1{ "1 -1 ifk=1(mod 3);

E2 1 if k=2 (mod 3).
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If ewvh=v=v € O3 then G(p, k) <u < F(p,k) and u+1<v < s(k—u). If

di < : aiije”> - Z Qi,j 2 : A;]vweu,v,w = 07
1<i<j<p 1<i<j<p 1<u<v<w<p
i+j=k i+j=k ut+v+w=k

then the term e“v*~v=" gives the “basic equation”

—Qy k—ulv k—v—u + Oy k—v Ay k—v—u + Qytv,k—v—uQupv — Vk—v—uutvlup = 0. (7)
k—u<p k—v<p utv<k—v—u<lp k—v—u<u+v<p
WV
never both non-zero

The kernel of d; is the space of solutions to the “basic equation” system (7), where
G(p, k) <u< F(p,k) and u+1 < v < s(k—wu). For 3 <k <2p— 1, define the

cochains s(k)

or = Z i€ (8)

i=M (p,k)

The next Theorem is the main result of this section.

Theorem 3.3. A basis for ker d? is {e'*,e*® ¢3, ¢, ..., Gpi1}, so dimker d®=p+1.
Moreover, ¢y, = d'(e*) for 3 < k < p, hence dim H?(g(p)) = 3 and the classes of
{e!,e*® ¢,i1} form a basis.

We have already remarked that the cochain spaces and differentials are graded, so
Theorem 3.3 follows from

Theorem 3.4. If k>p+2, then kerd: =0. If k < p+ 2, then kerd; = {¢x}
unless k=5 or k=7T. Forall p >5, kerd2 = {e", ¢5}, and ker d? = {€*°} when
p=>5 and kerd2 = {e*°,¢7} when p > 5. Moreover, ¢ = d*(e*) for 3 <k < p,
hence H(g(p)) = 0 unless k = 5,7,p+ 1. Bases for H:(g(p)), H?(g(p)) and
H, (a(p)) consist of the classes of {e"*}, {€*°} and {¢p11}, respectively.

Proof. We have already noted that d3 = di = d2 = 0, and hence {e'?},
{e'?} and {e', e} form bases for kerd; for k = 3,4,5, respectively. A direct
computation using formula (6) for d? gives a basis for ker d2 which is {¢g}, a basis
for ker d2 is {€**} when p =5, and a basis for ker d? is {€®®, ¢7} when p > 5.
For the remainder of the proof we assume p > 5 and k > 8. The proof is
combinatorial and consists of three parts:

(i) k>p+2; (i) k=p+2; (ili) k<p+2.
In each part, we will treat the cases Kk = 6t +r where 0 < ¢t and 0 < r < 6

separately, and only use the basic equations (7) with v = 1 or u = 2. We have
included examples for p = 23 in the Appendix to illustrate the computations.

(i) k>p+2=kerd? =0.

If u=1and v=1—1, then (7) reduces to
Qp—pplr —p+1]3=0 (i=Fk—p) ©
Qi p—ipr[r — 1= 1z +aipili +1]3=0 (k—p+1<i<s(k)),
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and if u =2 and v =i — 2, then (7) reduces to

Qp—pplr —p—1]3=0 (i=k—p)

g—pr1p—1[" —pls =0 (it=k—p+1) (10)

Ckifgyk,prg[?" —1+ 1]3 + ai,kfi[i — 1]3 =0 (k —p+ 2 S 1 S S(k‘))
Suppose [r|3 = 1. If [i]s = 0, then (9) shows a;x—; = 0. If [i]3 =1, then i —1]3 =0
so (9) again gives a;—; = 0. If [i]3 = —1, then (10) shows «a;;—; = 0.
Suppose that [r]s = —1. If [i]3 = 1, then (9) gives a;,—; = 0. If [i]3 = 0, then
(9) shows ;1 —i+1 + ig—i = 0 and (10) gives a;—; = 0, hence @;_1 ;41 =0 as
well. (If » =5, then [s(k)]s = —1 # 0, but [s(k) — 2]3 = 0 so again (10) implies
Qs(k) k—sk) = 0.)
Finally suppose [r]s = 0. If [i]3 = 0, then (9) applied to ¢ and i + 1 gives

Q1 f—it] = Qi = QU] k—i—1- (11)

Moreover, using (10) and (11), we see that if k —p+2 < i and @;_9 442 = 0, then
Qi1 il = Qi = Qg1 p—i—1 = 0. If [p]s = —1, then (9) shows aj_,, = 0 and
(10) gives a—py1p—1 = 0, and hence «a; ,—; = 0 for all ¢ by the previous remark. If
[p]s = 1, then (10) shows aj_,, = 0 so again, a;,_; = 0 for all 7. This completes
the proof of part (i).
(ii) k=p+2=kerd: =0
Since p > 5 is a prime, p+2 =k = 6t +r implies r = 1 or r = 3. Moreover, r =1
if and only if [p]s = —1, and r = 3 if and only if [p]s = 1.

Suppose that r = 1. If w =1 and v =i —1, then the basic equation (7) still reduces
to (9). If u =2 and v =i — 2, then (7) reduces to

— 0127:0[2']3 + Ozi_27k_,~+2 [7“ — 1 + 1]3 + Ozi,k_,‘ [Z — 1]3 =0

(k—p+3<i<sk) (12)

In particular, taking ¢ = 5 and ¢ = 7, we have, respectively,

a9 p + Q5 p—3 = 0 and — Qap + Q5 p—3 = 0.
It follows that as, = 0, and hence (12) reduces to (10), and the argument for
[r]3 =1 in part (i) shows that «;x_; = 0 for all 7.

Suppose r = 3. If u =1 and v =i — 1, then the basic equation (7) again reduces
to (9), and applying (9) to ¢ and i + 1 for [i]3 = 0, we have

Q1 k—i+1 = O k—i = O41 k—i—1- (13)

Let A, = agm—3m for 1 <m <t. Now, we use (12) for all [i]3 = 1 to get a system
of equations
—Al - Al + AQ - 0
—A—An+A4,=0 2<m<t-1) (14)
—A - A — A =0.
These equations imply A; = —tA; and (2t — 1)A; = 0 so that A; = A, = 0. From

this it follows that A,, = 0 for all m, and hence (13) gives «;x_; = 0 for all . This
completes the proof of part (ii).
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(iii) %k <p+ 2= kerd? = spang{¢;}

Recall dim C?(g(p)) = s(k) for k < p+ 2. A direct calculation shows that if
k < p+ 2, then the element ¢, defined in (8) is a solution of the basic equation (7),
so ¢y € ker(d?). We complete the proof by showing that the set

{di(e™™) 11 << s(k) -1} (15)
is linearly independent.
If u=1 and v =1 satisfies 2 <17 < s(k) — 1, then (7) reduces to
—aqpa[r+i— s+ qp_i[r — i+ 15 + @ip1p—i—1[t — 1]3 = 0. (16)
If w=2 and v =1 satisfies 3 <i < s(k) — 2, then (7) reduces to
17)

(
We begin by showing that if [r]3 =1 or 2, then aj x—1 = az,—2 = 0 and hence (16)
and (17) reduce to (9) and (10), respectively. The proof in (i) then shows a; ;—; =0
for 2 <7 < s(k) — 1 and the set (15) is linearly independent.

The following Table lists selected values of v for each value of r and the resulting
simplified equations from (7). Since we are considering only linear combinations of
the elements of the set (15), these equations show oy ;1 = a2 = 0 by inspection.

—&27k,2[7” + 17+ 1]3 + O f—g [7” — 7 — 1]3 + Oéi+2’k7i72[i — 2]3 =

u=1
r=1 |v=s(k)-1 Q1 k-1 + (k) k—s(k) = 0
r=2,4|v=sk) — Q1 o1+ Q) sy [1/2 — 13 =10
r=5 |v=s(k)—-2 —Q k-1 — Q(k) 1 k—s(k)+1 = 0
v=s(k)—1 a1 k-1 — Qs(k)—1,k—s(k)+1 = 0

U =2
r=1 |v=s(k)—3 2 k—2 + Olg(k)—1,k—s(k)+1 = 0
v=s(k)—1 —Qg 2+ Qg(k)—1,k—s(k)+1 = 0
r=2 v=s(k)—2 —00 -2 + (k) —s(k) = 0
r=4 |v=s(k)—1 —Qgp—2 =10
r=5 |v=s(k)—-1 —Q k-2 + (k) k—sk) = 0

If » =0, then selecting w =1 and v = s(k) shows a; ;-1 = 0 as above. Using this,
(16) reduces to (9), and applying (9) to ¢ and ¢ + 1 for [i]3 = 0, we again have

Qi1 k—i+1 = O f—i = Oy 1 k—i—1- (18)

Let A, = agmp—sm for 1 <m <t—1. Letting u =2 and v =1 (3 <7 < s(k) —2)
in the basic equation (7), we have

—g -2t + 13 — @ p—i[i + 1]3 + Qo p—i—2[i + 1]3 = 0. (19)
Using (19) for all [i]; = 0, we get a system of equations
—A—An+ A1 =0 (1<m<t-2)
—A;— A1 =0.
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These equations imply tA; = 0 and hence A,, = 0 for all m. This, together with
(18), implies o x—; =0 for all 1 <i < s(k) — 1.

Finally, assume r = 3. Letting u = 1 and u = 2, respectively, with v =7 = s(k) —1
in (7), we have

1 -1+ Qs(k)—1,k—s(k)+1 — Qs(k) k—s(k) = 0
—Q2 k-2 — Qg(k)—1k—s(k)+1 — Us(k),k—s(k) = 0

We are considering linear combinations of elements of (15), hence these equations

show that
A1 k-1 = —Ols(k)—1,k—s(k)+1 = Q2 k2. (20)

Now, for u =1 and u = 2 respectively, we have

Qi1 i1l — Uz = o pafi = s+ aipi — 13 (2 < i < s(k) — 1)

Qipak—i-[i + 13 = agpo[i + 1z + ipli + 13 (3 <@ < s(k) —2) (21)

Together, (20), (21) and an induction shows that
;i = c(i)ag 1,2 <i<s(k)— 1
Moreover, c(i) <7 for all 7, hence, in particular,
c(s(k)—1)<s(k)—1=3t<6t+1<p-—1

This implies that

As(k)—1,k—s(k)+1 = —A1k—1 and As(k)—1,k—s(k)+1 = C(S(k) - 1)a1,k—1
with ¢(s(k) — 1) # —1 in F. This is a contradiction, unless a; 1 = 0, so (15) is
linear independent and the proof is complete. |

Remark 3.5. It is interesting to note that dim H2(n, (A")(p)) = 3 is indepen-
dent of the prime p, just as for the filiform algebras my(p) [3]. On the other hand,
dim H?(my(p)) depends on p [4]. It would be interesting to see whether or not the
dimension of the 2-cohomology for the other affine algebras n.(BAs)(p) depends
on p. Of course, in all cases, the dimension of the ordinary 1-cohomology spaces is
2 as all of these algebras are 2-generated. [ |

4. Restricted cohomology

For general information on restricted cohomology of restricted Lie algebras, we refer
the reader to [7, 13, 12]. We have already computed the restricted cohomology spaces
Hl(g*(p);F) and H!(g"*(p);F) (see Remark 3.2). We wish to explicitly describe
bases for the restricted cohomology spaces H2(g*(p);F) and HZ(g"*(p);F). We
will use the partial cochain complex described in [6] along with Hochschild’s six
term exact sequence linking ordinary and restricted 1- and 2-cohomology spaces [10,
p.575]. For completeness and to establish notation, we briefly describe the partial
complex in [6].

Where no confusion can arise, for notational simplicity we denote by C¢ both the
spaces C{(g*(p)) = C{(g*(p);F) and C¥(g"*(p)) = C{(g"*(p);F). We have only
the restricted cochain spaces C? for ¢ = 0,1,2,3 and the restricted differentials
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d? : C?1 — 9! for ¢ = 0,1,2. The computations of the restricted cohomology
spaces H2(g*(p);F) and H2(g"*(p);F) will be carried out in separate subsections.

Given ¢ € C?, a map w : g(p) — F is ¢-compatible (in [6], the authors use the
term w has the x-property with respect to ¢) if for all g,h € g(p) and all a € F,
w(ag) = a?w(g) and

w(g+h) =w(g) Z # o([91,92, 935 - Gp-1] A gp)- (22)

=gorh
91 g,92=h

Remark 4.1. A map w: g(p) — F is 0-compatible if and only if w is an element
of the space Hompg,(g(p),F) of Frobenius homomorphisms from g(p) to F. That is

Homp, (g(p),F) = {f: a(p) = F | flaz + By) = o”f(z) + 5" f(y)}
for all o, € F and all z,y € g(p). [

If ¢ € C3, then a map 7 : g(p) x g(p) — F is ¢-compatible (in [6], n has the *x-
property with respect to ¢) if for all « € F and all g, h, hq, hs € g(p), n(-, h) is linear
in the first coordinate, (g, ah) = aPn(g, h) and

1
1(g, i+ he) =nlg;h) £ nlg.he) = D —esClg Al T AR
l1,...lp=1or2 #{lz = 1}
ll:lv lo=2

Define the restricted cochain spaces as C? = C?, C! = O,
C?={(¢p,w) | p € C*,w:g— Fis p-compatible}

C?*={(¢,n) | C€C?n:gxg—TFis (-compatible}.
If $ € C?, we can assign values w(e;) arbitrarily to elements e; of a basis
{e1, ..., ep} for g(p), set w(aey) = aPw(ey) for all @ € F and use (22) to determine
a unique ¢-compatible map w : g(p) — F [4]. In particular, we can define ¢(ex) =0
for all £ and use (22) to determine a unique ¢-compatible map 5 :g(p) — F. Note
that, in general, 5# 0 but 5(0) =

e~ —

Lemma 4.2. If ¢1,¢2 € C? and a € F, then (ad) + ¢o) = a&ﬁ} + 52.

Proof. An easy computation shows (a(;l + ¢)(ex) = 0 for all k, and g, + ¢o
satisfies the compatibility condition (22) with ¢ = a¢; + ¢2. The result now follows
from uniqueness. [

For 1 < k < p, define the mapping €": g(p) — F by " (3_Y_, ane,) = of. The set
{e* | 1 <k < p} is a basis for Hompg,(g(p),F). It is shown in [6] that

: +1 p
dimC? = (*
met= (1) ()

{(€,e9) [ 1< i< j<pru{(0,8") | 1<k <p}

hence it follows that

is a basis for C2. We use this basis in all computations that follow.
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Remark 4.3.  The (p— 1)-fold bracket in (22) always gives a multiple of e,. For
p>5,if k<p+ 1, then ¢ is identically zero on e, A g*(p) (or e, A g**(p)), and
hence &; = 0 because &;(ei) = 0 for all 7. Likewise el* = 0 and e2?5 = 0, unless
p = 5. The restriction of ¢,1 to e, A g*(p) (or e, A g"*(p)) is equal to e, hence

Opt1 = elr. We can then compute, using (22):

For ¢ € C!, define the map ind'(¥): g(p) — F by ind'(¥)(g) = 1 (g?).
The mapping ind'(¢) is d'(v)-compatible for all ¢» € C!, and the differential

dl: C! — C? is defined by dl(y)) = (d'(¢),ind'(¢))). For (¢,w) € C?, define the
map ind?(¢,w) : g(p) x g(p) — F by the formula

ind*(¢,w)(g,h) = ¢(g A hF).
The mapping ind?(¢,w) is d?(¢)-compatible for all ¢ € C?, and the differential
d?: C? — C? is defined by d?(¢,w) = (d*(¢),ind*(¢,w)) (see [6] for details).
Note that (with trivial coefficients) if w; and ws are both ¢-compatible, then
ind?(¢,w;) = ind*(¢, ws).

Lemma 4.4. If (¢,w) € C? and ¢ = d'(xp) with ¢p € C*, then (¢,ind' (v)) € C?
and ind*(¢,w) = ind*(¢, ind" (1))

Proof. We know that ind'(¢) is d'(z)-compatible for all ¢ € C' = C! [6]. If
¢ = d* (1), then (¢,ind"(¥)) = (d'(¥),ind"(x)) € C?, and ind* depends only on ¢

by the last sentence in the previous paragraph. |

If g is any restricted Lie algebra and M any restricted g-module, there is a six-term
exact sequence [10, p. 575]:

0 — Hl(g,M) — H'(g, M) —— Homp, (g, M®) —
(23)
Hf(gv M) - H2(g7 M) - HOInFr(ga Hl(ga M))

If we let g = g*(p) or g"*(p) and M =T, the map
A H*(g, M) — Homp(g. H' (g, M))
in (23) is given by
Aglg) - h = (g A W) = ind? (¢, w)(g, h)

where ¢ € C*(g) and g, h € g [16]. Remark 3.2 shows that the map H}(g) — H'(g)
is an isomorphism so the sequence (23) decouples to the exact sequence

0 Homp(g, F) — H3(g) — = H*(g) —> Hom(g, H'(g)). (24)
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The map Homp(g,F) — HZ(g) sends w to the class of (0,w) (see Remark 4.1
above). The image of this map is a p-dimensional subspace of H2(g) spanned by
the classes (0,"). This space corresponds to the space of restricted one-dimensional
central extensions that split as ordinary Lie algebra extensions.

We will use the following notation throughout the remainder of this section:

g=> e, h=>3 Bie;, =D vie" and ¢ = 0; €.

Restricted cohomology for p # 2 (mod 3).

Assume p is a prime and p #Z 2 (mod 3) so p > 5. Using the [p]-operator (3) and
the definition of the map ind* we have

p p—1
ind2(¢7 UJ) <gv h) = (Z Bf)‘z) (Z Ui,pai) . (25)
i=1 i=1
Theorem 4.5. Ifp>5 and p # 2 (mod 3), then

H(9*(p)) = Homp (a(p), F) @ H*(g(p)),
and the classes of {(0,e'),...,(0,e"), (61’4,6/1/4), (62’5,6/5’/5), (¢p+1,¢?]:1)} form a

basis.

Proof. If the map A = 0, the sequence (24) reduces to the short exact sequence

Homy: (g*(p), F) — HZ(g*(p)) — H*(3(p))

and the Theorem follows immediately from this and Theorem 3.3.

If A =0, then (25) shows that ind®(¢,w) = 0 for all (¢,w) € C? so the map A = 0.
For any n such that A, # 0, if (¢,w) € C2, then (25) shows

ind?(p, w)(em, en) = AnOm.p

for all 1 <m < p—1. By Theorem 3.3, if ¢ = >0, ;€™ is an ordinary cocycle,
then o9, = -+ = 0,1, = 0 (p > 5). Moreover, the coefficient of e’ in ¢, is
o1p=a1, =p— 1 (mod 3) =0 (mod 3), showing A =0 in this case as well. ]

0

0, (26)

Restricted cohomology for p = 2 (mod 3).

Assume p > 5 is prime and p = 2 (mod 3). Using the p-operator formula (4) and
the definitions of the map ind?, we have

p—2
md2(¢ w)(g,h (Z 5]3#%) (Z OipQi — Up—l,pap>

&) )

Theorem 4.6. Ifp>5, p=2(mod 3) and u+ A =0, then

H?(g"*(p)) = Homp(g(p), F) ® H*(9(p)).

(27)
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Proof. If (¢,w) € C?, then (27) shows for 1 <n <p

ind? (¢, w)(em,en) = (—fin + A)Omyp fm=p—1 (28)
0 m=7p

Since 0,-1, = 0 in any cocycle ¢ = > 0,4, (28) shows if p+ A = 0, then the
map A = 0. [
If p=2(mod 3) and p+ A # 0, then the map A # 0 and the sequence (24) does
not give a short exact sequence (26).

Theorem 4.7. If p > 5, p = 2(mod 3) and p+ A # 0, then it follows
dim H2(g"*(p)) = p+ 2 and the classes of

{(61’47 6/_1\:21)7 <€2’57 6/5_/75)7 (0761>7 MR (07Ep)}

form a basis. If p =75, then dim H2(g"*(5)) = 6 and the classes of

{(e"*,e14), (0,8"),...,(0,2%)}

form a basis.

Proof.  Suppose p+ A # 0. An element (¢,w) € C? is a restricted cocycle if and
only if ¢ € C? is an ordinary cocycle and ind?(¢,w) = 0. If ¢ is an ordinary cocycle,
then (28) shows that ind*(¢,w) = 0 if and only if ¢,,, = 0 forall 1 <m < p—2
(0p-1, =0 if ¢ is a cocycle). For p > 5, Theorem 3.3 shows that if d?(¢) = 0, then
Omyp = 0 for 2 <m < p—1. Moreover for ¢,41, 01, = a1, =p—1 7% 0 (mod 3), and
hence d?(¢pi1, qg:l) # (0,0). For any other ordinary cocycle ¢, we have oy, = 0.
Therefore the kernel of d? is

{(eM,e14), (€22, €25), (63, B3). - - -, (bps D), (0,21, (0, )},

If p=5, then ¢ = €5 is a cocycle with ga5 = 1 # 0 so that d2(e>5,e25) # (0,0).
For any other ordinary cocycle ¢, we have o35 = 0 so the kernel in the case p =5
is the set

{( h 614) (¢37¢3) (¢4a$4)>(¢57Q’;5)7(0>El)>""(07€5}'

If 3 <k <p,then ¢, = d'(e¥), and Lemma 4.4 shows that we can replace ;#5; with
ind'(e*), so dl(e*) = (¢, ind'(e*)). If p > 5, it follows that dim H2(g"*(p)) = p+2
and the classes of

{(61’4; 61’4)7 (62’5’ 6275)7 (O’ él)’ T (0’ ép)}

form a basis. If p = 5, we lose the class (¢2°,¢25) and dim H2(g"*(5)) = 6. u

5. One-dimensional central extensions

Classes of one-dimensional central extensions £ = g Fc of an ordinary Lie algebra
g (that is, classes of short exact sequences 0 — F — E — g — 0) are characterized
by the cohomology space H?(g) [9, 1.4.6], and restricted one-dimensional central
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extensions of a restricted Lie algebra g with ¢/l = 0 are characterized by the
restricted cohomology space H2(g) [6, Corollary 4]. If (¢, w) € C?(g) is a restricted
2-cocycle, then the corresponding restricted one-dimensional central extension E =
g @ Fc has Lie bracket and [p]-operator defined by

[9,h] = [9,h]g + (g AR)e; [g,d =0; g =plle rw(g)e; =0,  (29)

where [+, -], and -Pls denote the Lie bracket and [p]-operator in g, respectively. We
can use (29) to explicitly describe the restricted one-dimensional central extensions
corresponding to the restricted cocycles in Theorems 4.5, 4.6 and 4.7. For the rest
of this section, let ¢ = > aye; and h = > fBie; denote two arbitrary elements of
g*(p) or g"*(p).

Just as in [2, 3, 4], if Ey = ¢*(p) ®Fec denotes the one-dimensional restricted central
extension of g*(p) (or g"*(p)) determined by the cohomology class of the restricted
cocycle (0,e%), then (29) gives the bracket and [p]-operation in Ej:

9. h] = [0, kg lgnd =0; g¥ = gPleo) +abe; o =0,

The central extensions FEj form a basis for the p-dimensional space of restricted
one-dimensional central extensions that split as ordinary Lie algebra extensions.
For the restricted cocycles (¢4, el4), (2%, e25) and (¢ps1, dps1), We summarize the
corresponding restricted one-dimensional central extensions £ in the following Table
(see Remark 4.3). Everywhere in the Table below we omit the brackets [g,c] = 0
and [p]-operation c?! =0 for brevity.

Table 1: Restricted one-dimensional central extensions
with p =2 (mod 3) and p+ A =0
P>
[97 h] = [97 h]gw(p) + (04154 - 04451)0
(e"4,0) g = gVerw
[gv h’] = {gu h’]g”)‘(p) + (OQBE) - 05552)0
(€*°,0) g = gVerw
[gv h’] = {gu h’]g“)‘(p)
(Opt1s Ppy1) + <Zf(:pl+l) @i pr1—i (i Bpr1—i — O‘p+17iﬂi)) c
g[P] = g[p}g”*A(:v) + 0411)710420

If p =5, the extensions (e'* 0) and ((bpﬂ,(bfp:l) are as in Table 1, but the map
e25 = (0 and the [p]-operator for the extension (e?°,e2?) is given by

g = g0+ Zalad

The bracket for (e2%,¢25) is unchanged.

If i+ X # 0, then Theorem 4.7 states that (¢p41, Q;p\:l) is not a cocycle, and neither
is (e*°, e/2v5) if p = 5. The other two (or one if p = 5) restricted one-dimensional
extensions in Table 1 are unchanged.
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If p# 2 (mod 3), then p > 5 and Theorem 4.6 implies H2(g"*(p)) = H2(g*(p)),
and hence the restricted one-dimensional central extensions are the same as those
in Table 1 with p > 5 and g**(p) replaced with g*(p).

Appendix to the proof of Theorem 3.4

The examples below illustrate the computations in the proof of Theorem 3.3 for the
prime p = 23 and values of k = 6t +r for » = 0,1,2,3,4,5. The examples are
listed in the order they appear in parts (i), (ii) and (iii) of the proof. In part (ii),
the example for » = 3 uses p = 19 because necessarily p = 1 (mod 3) in this case.
In each matrix, only the rows for © = 1 and u = 2 are shown. The circles indicate
entries for which there is exactly one non-zero entry in the row which shows the
corresponding coefficient «;;_; = 0. The boxes indicate terms from the simplified
equations from (12).

(i) ([r]zs=1) k=28=6-444 with r =4. Table Al

£5:23 06,22 7,21 8,20 9,19 10,18 11,17 12,16 13,15

e1,4,23 0

e1,5,22 0 @
et 02!
1

el,7:20
el,8,19 0 @

el,9,18
e1,10,17 1 0
el,11,16 0

e1:12,15

el 13,14 1
e2,3,23 @

02:4,22 1

e2:5,21 1 0

e2,6,20 0 @

e2:7,19 -1 -1

e2,8,18 1 0

2,9,17 0 @

£2,10,16 1 1
62‘11‘15 1 0

2,12,14 0
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(i) ([r]ls=—1) k=29=6-4+5 with r = 5. Tabel A2

6,23 7,22 8,21 9,20 10,19 11,18 12,17 13,16 14,15

€ (& € €

1,523 1

o1,6,22 0 @

oli7.21 1 0

018,20

019,19 0 @

£1,10,18 _1

e1,11,17

Ho
> [

o1,12,16
£1.13,15 . 0
02,4,23 @

02,5,22 0

62,6,21 1 1

£2:7,20 0 @

62,8,19 1 0

£2,9,18 1 1

£2:10,17 0 @

£2:11,16 1 0

62‘12‘15

£2,13,14 0 1

() ([r]3=0and [ps=—1) k=30=6-5+0 with r = 0. Table A3

7,23 8,22 9,21 10,20 11,19 12,18 13,17 14,16

e

o | O

e1,7,22 0 0

£1,9,20

€ €

[=][=]

-1
e1,10,19 0

el:11,18

112,17

[=] =]
o |
L

e1,13,16
e1,14,15 1
£2:5,23 0

£2:6,22 1

£2:8,20 0 0

£2:9,19 _1 1

£2,10,18

211,17 0 0

£2,12,16 @ @

£2:13,15 1
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(i) (r=1so[p]s=-1) k=25=6-4+1. Table A4

2,23 3,22 4,21 5,20 6,19

e e et ed €6 718 8,17

e85 916 10,15 11,14 12,13

e1,2,22 0 1
el:3:21 _1 _1

e1,4,20 1 0

e1,5,19 0 1

e1,6,18 -1 -1

1,717 1 0

e1,8,16 0 1

el,9:15 _1 _1

el,10,14 1 0

el 11,13 0 1
£2,3,20

£2,4,19

0

£2,5,18 0
£2:6,17 1
£2,7,16 0
£2:8,15 _1
£2:9,14 1
0

£2:10,13

e2:11,12 _1 1 0

(ii) (r=3so0[pls=1, p=19), k=21 =6-3+3. Table A5

Ar Az As

2,19 3,18 4,17 5,16 6,15 7,14 8,13 9,12 10,11
1,3,17
‘ i
61’4’16 0 0
61’7’13 0 0
e2415 1 1 -1
e 14 0 0 0
27,12 1 1 -1
62’8’11 0 0 0
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(iii) (r=1) k=19=06-3+1. Table A6

1,18 2,17

els e2s £3:16 4,15 5,14

e e

6,13

e

£7:12

811

e1:2,16
e1:3,15
el4,14
e1,5,13
e1,6,12
el,7,11
e1,8,10
e2:3,14
24,13
25,12
£2:6,11
e2:7,10

2,8,9

1,19 2,18

e7:13

e

e’

1,217
e1:3,16
e1:4,15
el,5,14
e1,6,13
e1,7:12
el,8,11
e1,9,10
£2:3,15
02:4,14
£2:5,13
£2:6,12
e2:7,11

£2:8,10
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) (r=4)k=22=6-3+4. Table A8

eli21 2,20 3,19 418 5,17 6,16 7,

7,15

213

£8:14 9,13

9 210,12

(iii) (r =5) k=23 =6-3+5. Table A9

o122 52,21

8,15 914 10,13 ell;12

e1,2,20

1
e1,3,19
e14,18
e1:5,17
£1,6,16
e1,7,15
el:8,14
e1,9,13

£1,10,12

£2:3,18
02:4,17
£2:5,16
£2:6,15
e2:7:14
e2:8,13
£2:9,12

£2,10,11
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A1 AQ A3

eli23 2,22 3,21 4,20 5,19 6,18 7,17 8,16 9,15 10,14 el1,13
el2,21 1
1,320 1
61’4’19 0 0
e1,6,17 1
el,7,16 0 0 0
e1,8,15 1
el,9,14 1
e1,10,13 0 0 0

e1,11,12 @ 1

e2418 1 1 -1
62’5’17 0 0 0
62’7’15 1 1 1
£2:8,14 0 0 0
£2:9,13 1
£2,10,12 1 1
(iii) (r=3) k=21=6-3+3. Table A1l
Here the rows consisting only of boxed entries indicate o x—1 = —Qst)—1,k—s(k)+1 =

Qs -2 as in (20), and the single boxed entries indicate the terms ;14,1 and
Q42 k—i—2 from (21)

eli20 2,19 3,18 417 5,16

61’2’18 —1 —1
el:3,17 1 1

61’4’16 0 0 0

6,15 7,14 8,13 /9,12 el10,11

[=1[=]
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