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Abstract. We study degenerate Whittaker vectors in scalar type holomorphic discrete series
representations of tube type Hermitian Lie groups and their analytic continuation. In four different
realizations, the bounded domain picture, the tube domain picture, the L2 -model and the Fock
model, we find their explicit K -type expansions. The coefficients are expressed in terms of the
generalized Laguerre functions on the corresponding symmetric cone, and we relate the K -type
expansions to the formula for the generating function of the Laguerre polynomials and to their
recurrence relations.
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1. Introduction

For a Lie group G , the study of its unitary representations π : G → U(H) has
roughly speaking two aspects, namely the question of (1) classifying the irreducible
ones up to equivalence, and (2) finding models of these, including concrete Hilbert
spaces H and unitary actions of G here. For (1), great progress has been achieved,
in particular for reductive groups G , and when G is of Hermitian type, the work of
Harish-Chandra on the holomorphic discrete series gave very explicit Hilbert spaces
H of holomorphic sections of vector bundles over the corresponding Riemannian
symmetric space G/K . Such spaces are reproducing kernel Hilbert spaces, and
together with related L2 -spaces they are among the most natural concrete Hilbert
spaces. The question (2) often relates to classical harmonic analysis in the sense of
involving classical special functions, and it is this aspect which we shall study in
the present paper, continuing our previous work [5]. Hence, we shall work with four
different models of the scalar holomorphic discrete series of groups of tube type,
and study degenerate Whittaker vectors in each, and also the integral operators
exhibiting the intertwining operators; in particular, we find explicit expansions of the
Whittaker vectors in terms of orthonormal bases of K -types in each H . This is in the
same spirit as the celebrated Segal-Bargmann transform, where the corresponding
integral kernel is essentially the generating function for the Hermite functions. In
the same way, the Whittaker vectors we find play a role of generating functions of
generalized Laguerre polynomials on symmetric cones.
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The starting point of this work was indeed the formula for the generating function of
the classical Laguerre polynomials Lαn(x) , or rather for the corresponding Laguerre
functions `αn(x) = e−xLαn(2x) :

∞∑
n=0

`αn(x)t
n = (1− t)−α−1e−x

1+t
1−t . (1)

This formula appeared in a paper of Kostant [6, formula (5.15)] in the context
of the analytic continuation of the holomorphic discrete series of the universal
covering group of SL(2,R) . (Note the slightly different normalization of the Laguerre
polynomials in [6], see Remark 2.1 for our notation which seems to be standard in
the mathematics literature, for instance in [1, Chapter 6.2].) More precisely, Kostant
considers a realization of these representations πν on L2(R+) and uses (1) to show
that the Laguerre functions are eigenfunctions of the Hankel transform, and then
concludes that the Hankel transform is essentially the action of a certain group
element in the representation.
On the other hand, the right hand side of (1) has a striking similarity with the
Whittaker vectors we found in [5] in a different realization of the analytic continu-
ation of the representation πν , namely the bounded domain realization on a space
H2
ν(D) of holomorphic functions on the unit disc D ⊆ C . Although Kostant also

studies Whittaker vectors on πν in his paper [6], he does not connect the formula
(1) to Whittaker vectors on H2

ν(D) . In this paper, we obtain such a relation in the
more general setting of scalar type unitary highest weight representations of tube
type Hermitian groups.
Let G be a connected simple Hermitian Lie group. The scalar type unitary highest
weight representations πν of the universal cover of G (ν a complex parameter) can
be realized in various different ways (see Section 3 for details). The most prominent
realization is on a weighted Bergmann space H2

ν(D) of holomorphic functions on
the associated bounded symmetric domain D ' G/K , where K ⊆ G is a maximal
compact subgroup. If G is of tube type, there is a Cayley transform that gives a
biholomorphic equivalence between D and a tube domain TΩ = V + iΩ ⊆ VC , where
V is a real vector space and Ω ⊆ V a symmetric cone. Hence, H2

ν(D) ' H2
ν(TΩ) , and

we obtain a realization of πν on H2
ν(TΩ) . The vector space V has a natural structure

of a Euclidean Jordan algebra and the cone Ω can be viewed as the Riemannian
symmetric space L/(K∩L) of the Levi subgroup L of the Siegel parabolic subgroup
of G . Moreover, a generalization of the classical Laplace transform gives a unitary
isomorphism between H2

ν(TΩ) and a weighted L2 -space L2
ν(Ω) on the cone Ω ,

thus providing yet another realization of πν , the so-called L2 -model. Finally, in
a more recent work [8], the first author found a generalization of the classical Segal–
Bargmann transform, establishing an isomorphism between L2

ν(Ω) and a Fock space
F2
ν (VC) of holomorphic functions on VC .

The K -types in πν can be parameterized by m = (m1, . . . ,mr) ∈ Zr with the
property m1 ≥ . . . ≥ mr ≥ 0 , where r = rk(G/K) . Each K -type contains a unique
(up to scalar multiples) (K ∩L)-invariant vector. In the realization on H2

ν(D) , this
vector is a spherical polynomial Φm(w) on VC , and in the realization on L2

ν(Ω) it
is a generalized Laguerre function `νm(u) (see Sections 2.2 and 2.5 for details). Note
that for G = SL(2,R) we have V = R , Φm(w) = wm1 and `νm(u) = m1! · `ν−1

m1
(u) ,

the classical Laguerre functions.
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The formula (1) has a generalization to this context:∑
m≥0

dm
(n
r
)m

Φm(w)`νm(u) = ∆(e− w)−ν
∫
K∩L

e−(ku|(e+w)(e−w)−1) dk, (2)

where dm is the dimension of the K -type associated with m , (n
r
)m a multivariate

Pochhammer symbol where n = dimV , ∆(z) the Jordan algebra determinant on
VC , (z|w) the Jordan algebra trace form and z−1 the Jordan algebra inverse of
z ∈ VC (see Section 2 for the precise definitions). This formula was stated in [4,
Exercise 3 in Chapter XV], and we give two different proofs of it in Section 4. The
first proof follows the hints in [4] and is more or less a direct computation (see
Section 4.1), and the second proof uses the intertwining operator L2

ν(Ω) → H2
ν(D)

given by composing Laplace and Cayley transform and mapping `νm to a multiple of
Φm (see Section 4.2). The second proof can also be applied to the Segal–Bargmann
transform L2

ν(Ω) → F2
ν (VC) and yields new identities for the multivariate I -Bessel

function on the cone Ω (see Section 4.3).
Now, for u = te , t ∈ R and e the identity element of the Jordan algebra V , the right
hand side of (2), as a function of w ∈ D , is a degenerate Whittaker vector in the
realization H2

ν(D) with respect to the unipotent radical N of the Siegel parabolic
subgroup. Hence, the left hand side of (2) can be viewed as the K -type expansion
of the Whittaker vector. In Section 5 we provide a different proof of this expansion,
starting with the expansion of the Whittaker vector in the L2 -model and mapping it
to the other realizations, thus establishing K -type expansion formulas for Whittaker
vectors in all four realizations. In all cases, the coefficients of this expansion contain
the factor `νm(te) , the special value of the generalized Laguerre functions at u = te .
Finally, in Section 6 we explore the relation between the K -type expansion of
Whittaker vectors and the recurrence relations for the Laguerre functions obtained
in [2]. In rank r = 1 , the recurrence relations turn out to be equivalent to the
Whittaker property for the expansion.
Acknowledgements. Part of the research in this paper was carried out within
the online research community on Representation Theory and Noncommutative
Geometry sponsored by the American Institute of Mathematics. The first author
was partially supported by a research grant from the Villum Foundation (Grant No.
00025373). The second author was partially supported by Simons grant 586106.

2. Preliminaries
We recall the construction of Hermitian Lie groups of tube type via Euclidean Jordan
algebras as well as several special functions on Euclidean Jordan algebras that play a
role in the construction of different models of unitary highest weight representations.
The main reference is [4], and for the last section also [8].

2.1. Euclidean Jordan algebras and related groups
Let V be a simple Euclidean Jordan algebra of dimension n and rank r , Ω ⊆ V
the symmetric cone of invertible squares and TΩ = V + iΩ ⊆ VC the corresponding
tube domain. The group G = G(TΩ) of biholomorphic automorphisms of TΩ is a
simple Hermitian Lie group of tube type generated by the group of translations

N = {nv : v ∈ V }, where nv : TΩ → TΩ, z 7→ z + v,
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the group of linear automorphisms

L = G(Ω) = {g ∈ GL(V ) : gΩ = Ω},

and the inversion j : TΩ → TΩ, j(z) = −z−1 .
The map θ : G → G, g 7→ jgj−1 defines a Cartan involution on G and we write
K = {g ∈ G : θ(g) = g} for the corresponding maximal compact subgroup. Since
θ leaves L invariant, the intersection K ∩ L is a maximal compact subgroup of L ,
and it turns out that it equals the automorphism group of the Jordan algebra V :

K ∩ L = Aut(V ) = {g ∈ G(Ω) : ge = e}.

The tube domain TΩ is biholomorphically equivalent to a bounded symmetric do-
main D ⊆ VC , the biholomorphic isomorphism being the Cayley transform

c : D → TΩ, c(w) = i(e+ w)(e− w)−1

with inverse p : TΩ → D, p(z) = (z − ie)(z + ie)−1 .
We can therefore also think of G as the automorphism group of D .
We further denote by LC ⊆ GL(VC) the complex linear group with Lie algebra
lC , the complexification of the Lie algebra l of L . It contains a maximal compact
subgroup U with Lie algebra (k ∩ l) + i(p ∩ l) , where g = k ⊕ p is the Cartan
decomposition of the Lie algebra g of G with respect to the Cartan decomposition
θ . Then LC acts on VC with an open dense orbit {z ∈ VC : ∆(z) 6= 0} , and every
element in this orbit can be written as z = ux with u ∈ U and x ∈ Ω ⊆ V .

2.2. Spherical polynomials
Denote by L : V → End(V ) , L(x)y = xy the multiplication map and the quadratic
representation of V by P : V → End(V ) , P (x) = 2L(x)2 − L(x2) . The linear
polynomial tr(x) = r

n
TrL(x) on V is called the Jordan trace, and it gives rise to

an inner product (x|y) = tr(xy) on V which extends to a bilinear form (z|w) on
VC . Further, there exists a unique polynomial ∆(x) of degree r with ∆(e) = 1 , the
Jordan determinant, such that

∆(x)
2n
r = DetP (x).

The Jordan determinant is a relative invariant for the action of the group L , i.e.
there exists a character χ : L→ R+ such that

∆(gx) = χ(g)∆(x) (g ∈ L, x ∈ V ).

Let c1, . . . , cr ∈ V be a maximal set of pairwise orthogonal primitive idempotents
such that c1 + · · ·+ cr = e . If we denote by V (cj, λ) the eigenspace of L(cj) to the
eigenvalue λ , then we have the Peirce decomposition

V =
⊕

1≤i≤j≤r

Vij,

where Vii = V (ci, 1) = Rci and Vij = V (ci,
1
2
) ∩ V (cj,

1
2
) for i < j . The subspaces

Vij for i < j have a common dimension d , and we can write

n = r + r(r − 1)
d

2
.
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For each 1 ≤ k ≤ r , the element ek = c1 + · · · + ck is an idempotent in V and the
eigenspace V (ek, 1) of L(ek) to the eigenvalue 1 is a Jordan algebra of rank k with
identity element ek . Let

∆k(x) = ∆V (ek,1)(Pkx),

where ∆V (ek,1) denotes the Jordan determinant of V (ek, 1) and Pk : V → V (ek, 1)
the orthogonal projection. Then ∆k(x) is a polynomial on V of degree k with
∆k(e) = 1 , and ∆r(x) = ∆(x) . For m ∈ Zr we write m ≥ 0 if

m1 ≥ m2 ≥ . . . ≥ mr ≥ 0.

In this case, ∆m(x) = ∆1(x)
m1−m2 · · ·∆r−1(x)

mr−1−mr∆r(x)
mr defines a polynomial

on V of degree |m| = m1 + · · · +mr with ∆m(e) = 1 . Each of these polynomials
∆m(x) generates a subspace Pm(V ) of polynomials on V under the action of the
group V by (g · p)(x) = p(g−1x) . Let dm denote the dimension of Pm(V ) . The
spaces Pm(V ) turn out to be irreducible representations of L , and they all contain
a unique (K ∩ L)-invariant polynomial Φm(x) normalized such that Φm(e) = 1 .
More precisely, we have the integral formula

Φm(x) =

∫
K∩L

∆m(kx) dk,

where dk is the normalized Haar measure on K ∩ L . The Hua–Kostant–Schmid
decomposition asserts that the space P(V ) of all polynomials on V decomposes into
the direct sum of all subspaces Pm(V ) .
The dimension dm can be computed explicitly. By [4, Chapter XIV.4] we have

dm =
c(ρ)c(−ρ)

c(ρ−m)c(m− ρ)
,

where c(λ) =
∏

1≤i<j≤r

B(λj − λi,
d
2
)

B((j − i)d
2
, d
2
)
=
∏
i<j

Γ(λj − λi)Γ((j − i+ 1)d
2
)

Γ(λj − λi +
d
2
)Γ((j − i)d

2
)

is the c-function of the cone Ω and ρj = (2j − r − 1)d
4
. Hence,

dm =
∏
i<j

((i− j + 1)d
2
)mj−mi

(mi −mj + (j − i)d
2
)mj−mi

((i− j)d
2
)mj−mi

(mi −mj + (j − i+ 1)d
2
)mj−mi

=
∏
i<j

((i− j)d
2
+mj −mi)(mj −mi + (i− j − 1)d

2
+ 1)d−1

((i− j)d
2
)((i− j − 1)d

2
+ 1)d−1

.

In particular,

dm+ej

dm
=
∏
i ̸=j

((i− j)d
2
+mj −mi + 1)(mj −mi + (i− j + 1)d

2
)

((i− j)d
2
+mj −mi)(mj −mi + (i− j − 1)d

2
+ 1)

. (3)

2.3. The Gamma function
For ν > n

r
− 1 the integral

ΓΩ(ν) =

∫
Ω

e− tr(x)∆(x)ν−
n
r dx
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converges absolutely and can be evaluated in terms of the classical Gamma function:

ΓΩ(ν) = (2π)
n−r
2

r∏
j=1

Γ

(
ν − (j − 1)

d

2

)
.

The Gamma function can be used to define the Pochhammer symbol

(ν)m =
ΓΩ(ν +m)

ΓΩ(ν)
=

r∏
j=1

(
ν − (j − 1)

d

2

)
mj

, (4)

where (α)n = α(α + 1) · · · (α + n− 1) denotes the classical Pochhammer symbol.

2.4. The Wallach set
We define the generalized Riesz distributions Rν on V by

〈Rν , ϕ〉 =
2n

ΓΩ(ν)

∫
Ω

ϕ(u)∆(2u)ν−
n
r du (ϕ ∈ S(V )).

By [4, Theorems VII.2.2 and VII.3.1], Rν is a nowhere vanishing holomorphic family
of distributions and it is a positive measure if and only if ν is contained in the so-
called Wallach set

W =

{
0,
d

2
, . . . , (r − 1)

d

2

}
∪
(
(r − 1)

d

2
,∞
)
.

For ν ∈ ((r − 1)d
2
,∞) , the support of Rν is Ω while for ν = k d

2
the support is the

subset of the boundary of Ω consisting of elements of rank at most k .

2.5. Generalized Laguerre polynomials and Laguerre functions
For every m ≥ 0 the polynomial Φm(e + x) is (K ∩ L)-invariant and contained in⊕

|n|≤|m| Pn(V ) . We can therefore write

Φm(e+ x) =
∑

|n|≤|m|

(
m

n

)
Φn(x)

for some coefficients
(
m
n

)
∈ C called generalized binomial coefficients. Using these,

we define the generalized Laguerre polynomials, see [4, p. 343]

Lνm(x) = (ν)m
∑

|n|≤|m|

(
m

n

)
1

(ν)n
Φn(−x)

and the generalized Laguerre functions

`νm(x) = e− tr(x)Lνm(2x).

Remark 2.1. For r = 1 we have Lνm(x) = m1! · Lν−1
m1

(x) , where the classical
Laguerre polynomial Lαn(x) is defined by

Lαn(x) =
n∑
k=0

(−1)k
(
n+ α

n− k

)
xk

k!
.
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2.6. Generalized Bessel functions
Denote by g∗ the adjoint of g ∈ LC with respect to the inner product (z, w) 7→ (z|w)
on VC . There exists a unique positive definite polynomial Φm(z, w) on VC×VC which
is holomorphic in z and antiholomorphic in w such that

Φm(gz, w) = Φm(z, g∗w) for all g ∈ LC

and Φm(z, e) = Φm(z),

see [4, Prop. XII.2.4]. The generalized I -Bessel function is defined by

Iν(z, w) =
∑
m

dm
(n
r
)m(ν)m

Φm(z, w) (z, w ∈ VC).

The sum converges for ν > (r − 1)d
2

and all z, w ∈ VC , and one can extend the
definition to ν = k d

2
∈ W by assuming z, w to be of rank at most k . A special case

is the one-variable Bessel function

Iν(z) = Iν(z, e) =
∑
m

dm
(n
r
)m(ν)m

Φm(z) (z ∈ VC).

We further define the generalized K -Bessel function on Ω by the convergent integral

Kν(x) =

∫
Ω

e− tr(u−1)−(x|u)∆(u)ν−
2n
r du =

∫
Ω

e− tr(v)−(x|v−1)∆(v)−ν dv.

For ν = k d
2

∈ W , the K -Bessel function has a well-defined restriction to the
boundary orbit consisting of elements of rank k (see [8, Proposition 3.10]).

Remark 2.2. Proposition XII.2.4 in [4] shows more than mentioned above. In
fact the function dmΦm(z, w) is the reproducing kernel for the finite dimensional
space Pm with respect to a certain L2 -inner product.

3. Scalar type holomorphic discrete series representations
The universal cover G̃ of G has a family of irreducible unitary representations called
scalar type holomorphic discrete series representations, for which we now recall four
different realizations (see [4, Chapters XIII.1 and XV.4] and [8, Sections 2, 4 and
5] for details). All realizations can be extended holomorphically in the parameter,
giving rise to a slightly larger family of representations, the scalar type unitary
highest weight representations.

3.1. The tube domain realization
For ν > 2n

r
− 1 we let

H2
ν(TΩ) =

{
F ∈ O(TΩ) : ‖F‖2H2

ν(TΩ)
= dν

∫
TΩ

|F (z)|2∆(y)ν−
2n
r dx dy <∞

}
,

where dν =
1

(4π)n
ΓΩ(ν)

ΓΩ(ν − n
r
)
,
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and introduce a family (Tν ,H2
ν(TΩ)) of representations of G̃ by

Tν(g)F (z) = µν(g
−1, z)F (g−1z),

where µν(g, z) = χ(µ(g, z))−
ν
2 = (detµ(g, z))−

rν
2n with

µ(g, z) =

(
∂(g · z)
∂z

)−1

.

This action can be made explicit for the generators of G :

Tν(nu)F (z) = F (z − u) u ∈ V,

Tν(g)F (z) = χ(g)−
ν
2F (g−1z), g ∈ L,

Tν(j)F (z) = ∆(z)−νF (−z−1).

The restriction of Tν to K decomposes into a multiplicity-free direct sum of K -types

H2
ν(TΩ) =

⊕
m≥0

H2
ν(TΩ)m.

In each K -type H2
ν(TΩ)m , the subspace of (K ∩ L)-invariant vectors is one-dimen-

sional and spanned by

Ψν
m(z) = ∆

(
z + ie

2i

)−ν

Φm

(
z − ie

z + ie

)
, (5)

and the norm of Ψν
m is given by

‖Ψν
m‖2H2

ν(TΩ)
=

(n
r
)m

dm(ν)m
.

3.2. The bounded domain realization
For ν > 2n

r
− 1 let

H2
ν(D) =

{
f ∈ O(D) : ‖f‖2H2

ν(D) = cν

∫
D

|f(w)|2h(w)ν−
2n
r dw <∞

}
.

Here, h(w) = h(w,w) with h(z, w) the unique polynomial holomorphic in z ∈ VC
and antiholomorphic in w ∈ VC such that h(x, x) = ∆(e − x2) for x ∈ V , and the
constant cν is chosen such that the constant function f(w) = 1 has norm 1 :

cν =
1

πn
ΓΩ(ν)

ΓΩ(ν − n
r
)
.

The Cayley transform

γν : H2
ν(TΩ) → H2

ν(D), γνF (w) = ∆(e− w)−νF

(
i
e+ w

e− w

)
is an isometric isomorphism with inverse (see [4, Proposition XIII.1.3])

γ−1
ν f(z) = ∆

(
z + ie

2i

)−ν

f

(
z − ie

z + ie

)
.
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This gives rise to a model Dν of the representation Tν on H2
ν(D) defined by

ν(g) = γν ◦ Tν(g) ◦ γ−1
ν (g ∈ G̃).

The decomposition of Dν into K -types will be written as

H2
ν(D) =

⊕
m≥0

H2
ν(D)m,

where H2
ν(D)m = Pm . Hence, the subspace of (K∩L)-invariant vectors in H2

ν(D)m
is spanned by Φm = γνΨ

ν
m with norm (see [4, Proposition XIII.2.2])

‖Φm‖2H2
ν(D) =

(n
r
)m

dm(ν)m
. (6)

3.3. The L2 -model
For ν > n

r
− 1 let L2

ν(Ω) = L2(Ω,∆(2u)ν−
n
r du) , equipped with the norm

‖ϕ‖2L2
ν(Ω) =

2n

ΓΩ(ν)

∫
Ω

|ϕ(u)|2∆(2u)ν−
n
r du.

By [4, Theorem XIII.1.1] the Laplace transform

Lν : L2
ν(Ω) → H2

ν(TΩ), Lνϕ(z) =
2n

ΓΩ(ν)

∫
Ω

ei(z|u)ϕ(u)∆(2u)ν−
n
r du

is an isometric isomorphism. It can be used to realize the representation Tν on L2
ν(Ω) :

Lν(g) = L−1
ν ◦ Tν(g) ◦ Lν (g ∈ G̃).

In this realization, the statements of Section 2.4 can be used to extend the family
Lν to all ν ∈ W . This is the analytic continuation of the scalar type holomorphic
discrete series, or the scalar type unitary highest weight representations. Using
Laplace and Cayley transform, the realizations H2

ν(TΩ) and H2
ν(D) can also be

defined for ν ∈ W .
The subspace L2

ν(Ω)
K∩L of (K ∩ L)-invariant vectors is spanned by the Laguerre

functions `νm , and by [4, Proposition XV.4.2] we have

Lν`νm = (ν)mΨν
m. (7)

Hence, their norm is given by (see [4, Corollary XV.4.2])

‖`νm‖2L2
ν(Ω) =

(n
r
)m(ν)m

dm
. (8)

3.4. The Fock model
In [8] yet another model Fν of the scalar type holomorphic discrete series was
constructed, the Fock model. It is realized on the Hilbert space

F2
ν (VC) =

{
F ∈ O(VC) :

1

23rνΓΩ(
n
r
)

∫
VC

|F (z)|2ων(z) dµν(z) <∞
}
,
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where ων(ux
1
2 ) = Kν(

x
4
) (u ∈ U , x ∈ Ω) with Kν the K -Bessel function on Ω , and∫

VC

ϕ(z) dµν(z) =
2n

ΓΩ(ν)

∫
U

∫
Ω

ϕ(ux
1
2 )∆(2x)ν−

n
r dx du.

Here, x 1
2 denotes the unique square root of an element x ∈ Ω .

The unitary intertwining operator Bν : L2
ν(Ω) → F2

ν (VC) is the Segal–Bargmann
transform

Bνϕ(z) =
2n

ΓΩ(ν)
e−

1
2
tr(z)

∫
Ω

Iν(z, x)e− tr(x)ϕ(x)∆(2x)ν−
n
r dx,

where Iν(z, w) denotes the I -Bessel function. It satisfies

Bν`νm =

(
−1

2

)|m|

Φm. (9)

4. The generating function for the Laguerre polynomials

Recall the spherical polynomials Φm(w) and the Laguerre functions `νm(u) . In this
section we give two different proofs for the following generating function formula:

Theorem 4.1. For w ∈ D , u ∈ Ω and ν > (r − 1)d
2

we have

∑
m≥0

dm
(n
r
)m

Φm(w)`νm(u) = ∆(e− w)−ν
∫
K∩L

e−(ku|(e+w)(e−w)−1) dk. (10)

This identity is still valid for ν = k d
2
∈ W if u ∈ ∂Ω is of rank at most k .

Writing `νm(u) = e− tr(u)Lνm(2u) and using

e−(ku|(e+w)(e−w)−1) = e−(ku|e+2w(e−w)−1) = e− tr(u)e−2(ku|2w(e−w)−1),

we obtain the following equivalent formula which was stated in [4, Exercise 3 in
Chapter XV]:

∑
m≥0

dm
(n
r
)m

Φm(x)Lνm(u) = ∆(e− x)−ν
∫
K∩L

e−(ku|x(e−x)−1) dk, (11)

For V = R we have K ∩ L = {id} and we recover the generating function of the
classical Laguerre polynomials (1).

4.1. First proof à la Faraut-Koranyi
Following [4, Exercise 3 in Chapter XV], we first show

∑
m≥0

dm(ν)m
(n
r
)m

Φm(x)Φm(y) = ∆(x)−ν
∫
K

∆(kx−1 − y)−ν dk. (12)
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For this, note that for fixed invertible x ∈ VC , the right hand side of (12) defines a
K -invariant analytic function Fx(y) . Hence, by [4, Chapter XII.1] it has a power
series expansion

Fx(y) =
∑
m≥0

dm
(n
r
)m
amΦm(y) with am =

(
Φm

(
∂

∂y

)
Fx

)
(0).

Using [4, Corollary VII.1.3] we can write

Fx(y) =
1

ΓΩ(ν)
∆(x)−ν

∫
K

∫
Ω

e−(kx−1−y|u)∆(u)ν−
n
r du dk

and hence

am =
1

ΓΩ(ν)
∆(x)−ν

∫
K

∫
Ω

Φm(u)e−(kx−1|u)∆(u)ν−
n
r du dk

=
1

ΓΩ(ν)
∆(x)−ν

∫
K

ΓΩ(m+ ν)∆(kx−1)−νΦm((kx−1)−1) dk

by [4, Lemma XI.2.3]. Now,

∆(kx−1) = ∆(x−1) = ∆(x)−1 and Φm((kx−1)−1) = Φm(x),

so am =
ΓΩ(m+ ν)

ΓΩ(ν)
Φm(x) = (ν)mΦm(x)

and (12) follows. Next, we note that by [4, Proposition XV.4.2]:∫
Ω

e−(u|y)Lνm(u)∆(u)ν−
n
r du = ΓΩ(m+ ν)∆(y)−νΦm(e− y−1). (13)

Now we finally show (11) by comparing the Laplace transform in u of both sides.
For the left hand side we obtain with (12) and (13):∫

Ω

e−(u|y)
∑
m≥0

dm
(n
r
)m

Φm(x)Lνm(u)∆(u)ν−
n
r du

=
∑
m≥0

dm
(n
r
)m

Φm(x)ΓΩ(m+ ν)∆(y)−νΦm(e− y−1)

= ΓΩ(ν)∆(y)−ν
∑
m≥0

dm(ν)m
(n
r
)m

Φm(x)Φm(e− y−1)

= ΓΩ(ν)∆(y)−ν∆(x)−ν
∫
K

∆(kx−1 − (e− y−1))−ν dk.

The Laplace transform of the right hand side of (11) can be evaluated using [4,
Corollary VII.1.3]:∫

Ω

e−(u|y)∆(e− x)−ν
∫
K

e−(ku|x(e−x)−1) dk∆(u)ν−
n
r du

= ∆(e− x)−ν
∫
K

∫
Ω

e−(u|y+k−1(x(e−x)−1))∆(u)ν−
n
r dy dk

= ΓΩ(ν)∆(e− x)−ν
∫
K

∆(y + k−1(x(e− x)−1))−ν dk.
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That these two expressions are in fact the same, follows from the classical formula
(see [4, Lemma X.4.4])

∆(a−1 + b−1) = ∆(a)−1∆(b)−1∆(a+ b).

4.2. Second proof using representation theory
The composition γν ◦ Lν of the Laplace transform and the Cayley transform is an
isometric isomorphism L2

ν(Ω) → H2
ν(D) intertwining the action of G . Hence, it

restricts to an isomorphism L2
ν(Ω)

K∩L → H2
ν(D)K∩L between the (K ∩L)-invariant

vectors. By (7) and (5) we have

γν ◦ Lν`νm = (ν)mΦm,

so γν ◦ Lν maps the orthogonal basis (`νm)m of L2
ν(Ω)

K∩L to the orthogonal basis
((ν)mΦm)m . It follows from (8) that γν ◦ Lν : L2

ν(Ω)
K∩L → H2

ν(D)K∩L is given by
the integral kernel

K(w, u) =
∑
m

(ν)mΦm(w)
`νm(u)

‖`νm‖2L2
ν(Ω)

=
∑
m

dm
(n
r
)m

Φm(w)`νm(u). (14)

On the other hand, for ϕ ∈ L2
ν(Ω)

K∩L we have by definition

γν ◦ Lνϕ(w) = ∆(e− w)−νLνϕ
(
i
e+ w

e− w

)
=

2n

ΓΩ(ν)
∆(e− w)−ν

∫
Ω

e−(u|(e+w)(e−w)−1)ϕ(u)∆(2u)ν−
n
r du

=
2n

ΓΩ(ν)

∫
Ω

(
∆(e− w)−ν

∫
K∩L

e−(ku|(e+w)(e−w)−1) dk

)
ϕ(u)∆(2u)ν−

n
r du,

where we have used that ∆(kx) = ∆(x) for all k ∈ K ∩ L . It follows that γν ◦ Lν
is on the subspace of (K ∩ L)-invariant vectors given by the integral kernel

K(w, u) = ∆(e− w)−ν
∫
K∩L

e−(ku|(e+w)(e−w)−1) dk. (15)

Comparing (15) with (14) shows the claim.

4.3. Applying the second proof to the Fock model
Let us now carry out the same computations as in Section 4.2 for the Segal-Bargmann
transform Bν : L2

ν(Ω) → F2
ν (VC) . For this purpose we restrict the Segal-Bargmann

transform to the subspace of (K ∩ L)-invariant vectors yields an isometric isomor-
phism Bν : L2

ν(Ω)
K∩L → F2

ν (VC)
K∩L . By (9) it maps the orthogonal basis (`νm)m

of L2
ν(Ω)

K∩L to the orthogonal basis ((−1
2
)|m|Φm)m of F2

ν (VC)
K∩L , so its integral

kernel is given by

K(z, x) =
∑
m

(
−1

2

)|m|

Φm(z)
`νm(x)

‖`νm‖2L2
ν(Ω)

=
∑
m

(−1)|m|dm
2|m|(n

r
)m(ν)m

Φm(−z)`νm(x).
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On the other hand, for ϕ ∈ L2
ν(Ω)

K∩L we have by definition

Bνϕ(z) =
2n

ΓΩ(ν)
e−

1
2
tr(z)

∫
Ω

Iν(z, x)e− tr(x)ϕ(x)∆(2x)ν−
n
r dx

=
2n

ΓΩ(ν)
e−

1
2
tr(z)

∫
Ω

(∫
K∩L

Iν(z, kx) dk
)
e− tr(x)ϕ(x)∆(2x)ν−

n
r dx.

It follows that K(z, x) = e−
1
2
tr(z)−tr(x)

∫
K∩L

Iν(z, kx) dk . This shows:

Theorem 4.2. For z ∈ VC , x ∈ Ω and ν > (r − 1)d
2

we have

∑
m

(−1)|m|dm
2|m|(n

r
)m(ν)m

Φm(z)Lνm(2x) = e−
1
2
tr(z)

∫
K∩L

Iν(z, kx) dk.

This identity is still valid for ν = k d
2
∈ W if x ∈ ∂Ω is of rank at most k .

Remark 4.3. Two special cases of this identity are:

• For x = te , t ∈ R :
∑
m

(−1)|m|dmL
ν
m(2te)

2|m|(n
r
)m(ν)m

Φm(z) = e−
1
2
tr(z)Iν(tz).

This is the series expansion of the (K∩L)-invariant function z 7→ e−
1
2
tr(z)Iν(tz)

into the spherical polynomials Φm(z) which form a basis for the (K ∩ L)-
invariant polynomials. For t = 0 , we obtain the expansion of etr(w) into
spherical polynomials (see [4, Proposition XII.1.3 (i)]).

• For z = te , t ∈ C :
∑
m

(−t)|m|e
1
2
tr(tx)dm

2|m|(n
r
)m(ν)m

Lνm(2x) = Iν(tx).

This is the series expansion of the (K ∩ L)-invariant function Iν(tx) into
the polynomials Lνm(2x) which also form a basis for the (K ∩ L)-invariant
polynomials.

5. K -type expansion of Whittaker vectors

For an irreducible unitary representation (π,H) of G let H∞ denote the subspace of
smooth vectors and let H−∞ = H∞′ be its conjugate dual, the space of distribution
vectors. We embed H into H−∞ by

ι : H ↪→ H−∞, ι(v)(ϕ) = 〈v, ϕ〉 (ϕ ∈ H∞).

The group G acts on H∞ by restriction of π , i.e. π∞(g) = π(g)|H∞ , and on H−∞

by the conjugate dual representation π−∞ . (Note that this definition differs from the
one in [5], where no complex conjugate was used. However, all results on Whittaker
vectors can be translated canonically by applying complex conjugation since we only
consider scalar-valued functions.)
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For v ∈ Ω , we define a generic unitary character ψv of N by

ψv(nu) = e−i(u|v) (u ∈ V ).

For an irreducible unitary representation (π,H) of G we let H−∞,ψv denote the space
of Whittaker vectors, i.e. the space of all W ∈ H−∞ such that π−∞(n)W = ψv(n)W .
In [5] we found explicit expressions for the Whittaker vectors on all holomorphic
discrete series representations in the first three models described in Section 3. For
the case of scalar type holomorphic discrete series, the space of Whittaker vectors
is one-dimensional, and in this section we find their K -type expansion.

5.1. The L2 -model
In the L2 -model, the space L2

ν(Ω)
−∞ can be identified with a space of distributions

on Ω since C∞
c (Ω) ⊆ L2

ν(Ω)
∞ ⊆ C∞(Ω) . Under this identification, the Dirac

distribution WΩ
ν,v = δv given by

WΩ
ν,v(ϕ) = ϕ(v) (ϕ ∈ L2

ν(Ω)
∞)

is the unique (up to scalar multiples) Whittaker vector on L2
ν(Ω) . (Note that

although we assumed ν > 2n
r
− 1 in [5], the same proof works for ν > (r − 1)d

2
.)

Theorem 5.1. For ν > (r − 1)d
2

and t > 0 we have

WΩ
ν,te =

∑
m

dm`
ν
m(te)

(n
r
)m(ν)m

`νm (16)

with convergence in the weak∗ -topology.

Proof. The distribution vector WΩ
ν,te = δte is (K∩L)-invariant and can therefore

be expanded as
WΩ
ν,te =

∑
m

a(m, ν)
`νm
‖`νm‖

for some constants a(m, ν) ∈ C . Since the functions (‖`νm‖−1`νm)m form an or-
thonormal basis of L2

ν(Ω)
K∩L , it follows that

a(m, ν) =

〈
WΩ
ν,te,

`νm
‖`νm‖

〉
=
`νm(te)

‖`νm‖
.

Now the claim follows with (8).

Remark 5.2. (1) Theorem 5.1 does not extend to ν = k d
2
∈ W . The reason is

that in this case (ν)m = 0 whenever mk+1 > 0 . In order to make sense of the right
hand side, one would have to view it as a series expansion for functions/distributions
on the elements of rank at most k in ∂Ω . For x of rank at most k , one has `νm(x) = 0
for mk+1 > 0 , so the sum can be viewed as a sum over m1 ≥ . . . ≥ mk ≥ mk+1 =
. . . = mr = 0 . However, the left hand side δte is not defined as a distribution on the
boundary ∂Ω of Ω since te is contained in the interior of Ω .

(2) For t→ 0 , (16) becomes δ0 =
∑
m

dm
(n
r
)m
`νm.

Note that δ0 is a distribution vector in L2
ν(Ω)

−∞ for ν > (r − 1)d
2

by [8, Theorem
6.11].



Frahm, Ólafsson, Ørsted 267

5.2. The tube domain model
In the tube domain model, the space H2

ν(TΩ)
−∞ can be identified with a space of

holomorphic functions F on TΩ by

F (ϕ) = dν

∫
TΩ

F (z)ϕ(z)∆(y)ν−
2n
r dx dy (ϕ ∈ H2

ν(TΩ)
∞).

Applying the Laplace transform to WΩ
ν,v = δv we obtain that the following holomor-

phic function on TΩ is a Whittaker vector on H2
ν(TΩ) :

W TΩ
ν,v (z) = LνWΩ

ν,v(z) = ei(z|v) (z ∈ TΩ).

Applying the Laplace transform to (16) and using (7) yields the K -type expansion
of W TΩ

ν,te :

Corollary 5.3. For ν > (r − 1)d
2

and t > 0 we have

W TΩ
ν,te =

∑
m

dm`
ν
m(te)

(n
r
)m

Ψν
m. (17)

5.3. The bounded domain model
As in the tube domain model, we identify H2

ν(D)−∞ with a space of holomorphic
functions F on D by

F (ϕ) = cν

∫
D

F (w)ϕ(w)h(w)ν−
2n
r dw (ϕ ∈ H2

ν(D)∞).

We apply the Cayley transform to W TΩ
ν,v to obtain a Whittaker vector on H2

ν(D) :

WD
ν,v(w) = γνW

TΩ
ν,v (w) = ∆(e− w)−νe−((e+w)(e−w)−1|v).

Applying the Cayley transform to (17) and using γνΨ
ν
m = Φm yields:

Corollary 5.4. For ν > (r − 1)d
2

and t > 0 we have

WD
ν,te =

∑
m

dm`
ν
m(te)

(n
r
)m

Φm. (18)

Remark 5.5. Formula (18) is a special case of (10) for u = te .

5.4. The Fock model
As in the tube domain and the bounded domain model, we identify F2

ν (VC)
−∞ with

a space of holomorphic functions F on VC by

F (ϕ) =
2n

ΓΩ(ν)

∫
VC

F (z)ϕ(z)ων(z) dµν(z).

Applying the Segal–Bargmann transform Bν to WΩ
ν,v = δv we obtain a Whittaker

vector on F2
ν (VC) :

WF
ν,v(z) = BνWΩ

ν,v(z) = e−
1
2
tr(z)Iν(z, v)e− tr(v).

Note that for v = te this equals WF
ν,te(z) = e−rte−

1
2
tr(z)Iν(tz) .

Applying Bν to (16) and using (9) gives the following expansion:
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Corollary 5.6. For ν > (r − 1)d
2

and t > 0 we have

WF
ν,te =

∑
m

(−1)|m|dm`
ν
m(te)

2|m|(n
r
)m(ν)m

Φm.

Note that this is the same expansion as obtained in Remark 4.3.

6. Recurrence relations for the Laguerre functions

In this section we discuss refinements of the recurrence relations for the Laguerre
polynomials obtained in [2, Thm. 5.2] and [3, Thm. 7.9] and show that the Laguerre
functions `νm satisfy a recurrence relation when multiplied with the (K∩L)-invariant
linear form tr(x) :

Proposition 6.1. The following recurrence relation holds:

tr(x)`νm(x) = aνm`
ν
m(x) +

r∑
j=1

(
bνm,j`

ν
m+ej

(x) + cνm,j`
ν
m−ej(x)

)
(19)

with

aνm = |m|+ rν

2
,

bνm,j = − 1

2

∏
i ̸=j

mj −mi + (i− j + 1)d
2

mj −mi + (i− j)d
2

,

cνm,j = − 1

2

(
ν +mj − (j − 1)

d

2
− 1
)(

mj + (r − j)
d

2

)∏
i ̸=j

mj−mi+(i−j−1)d
2

mj −mi + (i− j)d
2

.

Proof. This is essentially [2, Theorem 5.2], the only difference being that the
coefficient cνm,j is stated to be

cνm,j = −1

2

(
ν +mj − (j − 1)

d

2
− 1

)(
m

m− ej

)
.

By [7, Theorem 5] the binomial coefficient equals(
m

m− ej

)
=

(
mj + (r − j)

d

2

)∏
i ̸=j

mj −mi + (i− j − 1)d
2

mj −mi + (i− j)d
2

.

We study how the property of W = WΩ
ν,te ∈ L2

ν(Ω)
−∞ being a Whittaker vector

is related to the recurrence relation (19). In the L2 -model, the property of being
a Whittaker vector can be formulated in terms of the Lie algebra action. More
precisely, W ∈ L2

ν(Ω)
−∞ is a Whittaker vector for the character ψte(nu) = e−it tr(u)

if and only if
(x|u) ·W (x) = t tr(u) ·W (x) for all u ∈ V. (20)

In particular, for u = e :
tr(x) ·W (x) = rt ·W (x). (21)



Frahm, Ólafsson, Ørsted 269

Applying this to (16) yields∑
m

dm`
ν
m(te)

(n
r
)m(ν)m

tr(x)`νm(x) =
∑
m

rt
dm`

ν
m(te)

(n
r
)m(ν)m

`νm(x).

Applying (19) and comparing coefficients of `νm shows that

dm`
ν
m(te)

(n
r
)m(ν)m

aνm +
r∑
j=1

(
dm−ej`

ν
m−ej(te)

(n
r
)m−ej(ν)m−ej

bνm−ej ,j +
dm+ej`

ν
m+ej

(te)

(n
r
)m+ej(ν)m+ej

cνm+ej ,j

)

= rt
dm`

ν
m(te)

(n
r
)m(ν)m

.

Using (3) and (4) this can be rewritten as

aνm`
ν
m(te) +

r∑
j=1

(
bνm,j`

ν
m+ej

(te) + cνm,j`
ν
m−ej(te)

)
= rt`νm(te).

This is nothing else than the recurrence relation (19) at x = te . Reading the
computation backwards, this shows:

Proposition 6.2. The recurrence relation (19) implies (21).

Remark 6.3. We note that for r = 1 , (20) and (21) are actually equivalent, and
the previous discussion shows that the property of WΩ

ν,te being a Whittaker vector
is equivalent to the recurrence relation (19).
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