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Abstract. We develop an abstract and general Crandall-Liggett theory in the setting of metric
geometry that generalizes the well-known one originally developed for solving certain classes of
differential equations on Banach spaces. The metric spaces considered are complete metric spaces
equipped with a conical geodesic bicombing, a distinguished collection of metric geodesics that
satisfy a weak global non-positive curvature condition. The cone of invertible positive linear
operators on a Hilbert space, or more generally the cone of positive invertible elements on a
unital C*-algebra, equipped with the Thompson metric is a motivating example for the type of
metric space we consider. Some examples of application of our results arose in that setting, but
generalize to spaces with geodesic bicombings.
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1. Introduction

In this paper we seek to make some substantial connections among three significant
topics. The first topic began with the development of two-variable operator means,
a foundational paper being that of Ando and Kubo [14] in 1980. The geometric
operator mean, with particular emphasis on the matrix geometric mean, received
considerable attention. The multivariable matrix geometric mean was introduced
independently by Moakher [19] and Bhatia and Holbrook [4] in 2005 and 2006 and
the theory has advanced rapidly since. Lim and the author [17] extended many
of the basic results to the cone of positive operators on a Hilbert space and more
recently the theory has been extended to the positive cone of a unital C*-algebra
[15], [18].

The open cone of positive invertible elements on a C*-algebra with identity has an
interesting geometric structure, primarily that of a symmetric cone, that has received
considerable attention, see, for example, [16]. It also has a natural metric structure
arising from the Thompson metric, for which the metric topology agrees with the
relative topology from the C*-algebra norm. There are multiple metric geodesics
between points with respect to this metric, but there is a canonical choice for these,
namely the maps t — x#,y = x'/2(2~/2yx=1/2)!x"/2 which runs from z to y as
t runs from 0 to 1. Members z#;y of this geodesic are called weighted geometric
means (of two variables). The mapping o(z,y,t) = x#,y is an important example
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of what was called a “conical geodesic bicombing” by Thurston. Bicombings have re-
emerged in recent years and several papers treating various aspects of them exist in
the recent literature, e.g., [3],[2], [8], [9],[10]. Bicombings are basically metric spaces
with a constant speed geodesic defined on [0, 1] singled out continuously between
each pair of points, and conical bicombings satisfy a weak non-negative curvature
condition. Bicombings are the setting in which we work in this paper and form the
second source on which our work is based.

The third and main background source is the machinery associated with the famous
1971 paper of Crandall and Liggett [7]. The Crandall-Liggett generation theorem of
that paper describes how to solve a broad class of differential equations on Banach
spaces by exponentiating operators. Their solution is given in terms of a semigroup
of operators {S(t)} indexed by the non-negative reals R*. What we realized was
that their basic techniques can be generalized to conical bicombings. We identify
three basic properties (J1), (J2), and (J3) that are needed, and show that when these
are satisfied on a complete metric space with a conical bicombing, then a semigroup
action of transformations {S(t) : t > 0} is generated. Our development was inspired
by Shapiro’s approach [21] to the Crandall-Liggett theory, and generalizes his work
to the setting of bicombings. We briefly review the Banach space application of the
Crandall-Liggett approach in Section 5.

That this machinery can supply some powerful tools has recently been demonstrated
by Lim and Palfia in [18] in the context of studying the Karcher geometric mean
on the positive cone of a unital C*-algebra. Using Crandall-Liggett tools they have
been able to solve some difficult questions that had been open. Our work in Sections
6 and 7 is closely related to parts of their work, but done in a more general setting.

The semigroup flow results given here are reminiscent of the gradient flow theory
that has been developed for finite-dimensional CAT-(0) spaces (or Hadamard spaces)
[1]. However, in the general theory of bicombings one does not have the minimizers
present to define the resolvent functions J, associated with that theory, so one must
look for other approaches. The Crandall-Liggett machinery offers the possibility of
finding alternative routes to desired ends in the setting of metric spaces equipped
with conical bicombings.

2. Geodesic Bicombings

Let (X,d) be a metric space. A standardized geodesic, or geodesic for short, is a
map «a: [0,1] — X such that d(a(s),a(t)) = |s — t|d(a(0),a(1)) for all s,t € [0,1].
Suppose now that (X,d) denotes a metric space equipped with a continuous map
o: X x X x[0,1] = X such that o,,: [0,1] = X defined by o0,,(t) = o(z,y,1?)
is a geodesic with 0,,(0) = 2 and 0,,(1) = y for all z,y € X. Thus o identifies
a distinguished geodesic between = and y for each (z,y) € X x X and reduces
to 0,.(t) = x for the degenerate case y = x. Such maps o were called geodesic
bicombings by Epstein and Thurston [11, p.83], and they have received renewed
attention in recent years. We shorten the terminology simply to bicombing and
also typically denote o,,(t) by x#,y. With respect to this notation we now have
o(z,y,t) = 0,,(t) = x#4y. The fact that o, is a geodesic between = and y readily
yields that d(x,z#y) = td(x,y), dz#wy,y) = (1 — t)d(x,y) for all z,y € X,
0<t <.
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A bicombing o: X x X x [0,1] — X is:

o reversible if z#,y = y#1 4 for all x,y € X and t € [0, 1];

o consistent if 0,,((1 — At 4+ As) = 0p,(A) whenever z,y € X, 0<s <t <1,
P = 04y(8), q 1= 04y(t), and X\ € [0,1];

o conical if d(x#y, 2'#y") < (1 —t)d(z,2") + td(y,y') for all z,2',y,y € X,
t € [0, 1]; for the case x =y this reduces to
d(x,2'#y) = d(zx, o' #y') < (1 = t)d(x,2) + td(z,y').

o convex if t v d(xz#y, 2’ #4y') is a convex function on the interval [0,1] for
all x,y,2',y/ € X.

Remark 2.1. The following are some elementary and well-known properties
about bicombings.

(1) A bicombing o on (X,d) is consistent if and only if for all points p,q € X,
whenever p' = o,,(s) and ¢ = 0,(t) for 0 < s < ¢t < 1, then oy,([0,1]) C
UPQ([Ov ID :

(2) A bicombing o is conical if and only if we have d(z#,y, x#:2) < td(y,z) and
d(z#tiz, y#:2) < (1 —t)d(z,y) for all x,y,z € X, t €[0,1].

(3) A conical bicombing on a complete metric space admits a reversible conical
bicombing.

(4) For bicombings, consistent conical = convex = conical.

The following elementary lemma is useful.

Lemma 2.2.  Let (X,d,0) be a consistent bicombing. Then for all z,y € X and
s,t € [0,1] we have

vits(x#ey) = vy, (T#sy)#ey = a9y, wherer = s+t — st.
Proof.  As remarked previously d(x,z#,y) = td(x,y). Hence

d(z, x#s(x#y)) = sd(z, v#y) = std(z,y) = d(z, 24#ay).-

Using the consistency of the bicombing, we see also that x#s(x#:y) and x4y
both lie on the geodesic from z to y and hence they must be equal. The other case
follows similarly. [

A motivating example of a bicombing for this work is the cone P of positive invertible
elements of a unital C*-algebra.

Example 2.3. Let A be a unital C*-algebra and let P be the cone of positive
invertible elements. A natural and useful metric for P is the Thompson metric. One
simple definition of it is d(z,y) = || log(z~/2yz~1/2)||. The topology induced by the
Thompson metric is the same as the relative topology arising from the norm topology
on A. There is a natural bicombing on P that is conical, reversible, consistent and
convex. This bicombing o: P x P x [0,1] — P is given by

o(z,y,t) = x4ty == $1/2($_1/2yx_1/2)tx1/2.

For more details on the preceding example see [17] and [18], and the references there.
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Other examples of metric spaces with a bicombing include:
e Banach spaces,
e CAT(0) spaces (also called Hadamard or NPC spaces),

e The space of integrable measures P*(X) equipped with the Wasserstein metric to
for X a metric space.

We remark that there are midpoint structures equivalent to bicombings. In a metric
space (X, d) a point m is a midpoint for the pair (a,b) if

d(a,m) = (1/2)d(a,b) = d(m,b).
A continuous midpoint map on X is a continuous map m: X x X — X such that
m(a,b) is a midpoint of (a,b) for every (a,b) € X x X, and in this case the triple
(X,d,m) is called a continuous midpoint space. For a bicombing (X, d, o) the map
w(x,y) = o(x,y,1/2) is a continuous midpoint map, so (X,d, ) is a continuous
midpoint structure. Horvath in [13] has given for complete metric spaces an inverse
construction that determines a bicombing from a continuous midpoint structure,

and therewith determines a one-to-one correspondence between bicombings and
continuous midpoint structures.

3. A combinatorial inequality
We assume in this section a double indexed family
{v@GE,7) eRT:0<i<n, 0<j<m}

of non-negative real numbers with (0,0) = 0 satisfying the following inequality for

S
szl i, 5) <Pyl = 1,5 = 1) +¢1(i = 1,5), (1)
where p and ¢ are fixed and 0 < p,q and p+ ¢ = 1. Our goal in this section is to
present an efficient combinatorial inequality derived from inequality (1) bounding
v(n,m), where 0 < m < n, by a sum of terms of the form a;v(,0) and and b,;7(0, j)
where 1 < n and j < m.

To illustrate an approach, we begin with a derivation reminiscent of a binomial
expansion. Using inequality (1) we observe

py(n—1,m—1)+qy(n—1,m)

p*y(n —2,m —2) +2pgy(n — 2,m — 1) + ¢*y(n — 2,m)

p*y(n —3,m —3) +3p*qy(n — 3,m — 2) + 3pg*y(n — 3,m — 1)
+¢*y(n —3,m).

Here we have repeatedly applied inequality (1) to the terms on the right-hand side of
the inequality to obtain the next inequality. The preceding process can be continued

until all the terms are of the form (i,0) or (0,j) preceded by some appropriate
coefficient. The case m = n is the easiest.

v(n,m)

VAN VANRVAN

Lemma 3.1. [If m=n >0, then
n n -
s <3 ()0 - 1 )
k=0

Proof. If one continues the preceding expansion for the case m = n to the n-th
row, then that row is precisely the right-hand side of the inequality of the lemma. m
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The case 0 < m < n is more difficult and in this case one obtains terminating terms
both of the type (0,k) and (7,0). Nonetheless these terms can be appropriately
combined to be presented in the following form.

Lemma 3.2.  For 0 <m < n equation (1) implies the following inequality:
m—1
n,m) < R Ry (0,m — k) + ( )mkmn—k,o. 3
ECEP W Z (k0. )

A version of this lemma appears as a key lemma, Lemma 1.3, in Crandall’s and
Liggett’s fundamental paper [7]. The main inductive step of their proof is omitted
with the disclaimer “The (somewhat awkward) induction is left to the reader.” Joel
Shapiro [21] has later given a direct “diagrammatic” proof expanding our illustration
above to its completion and showing that the summing of the (i, j) terms with one
entry 0 yields the preceding formula.

4. The Crandall-Liggett machinery

Let {Jy: X — X : XA > 0} be a family of maps on a metric space (X,d) equipped
with a conical bicombing. We require that properties (J1), (J2), and (J3) be satisfied.
(J1) (contraction) d(Jy\(z), Jx(y)) < d(z,y).

(J2) (resolvent condition) For 0 <7 < A, Jy(x) = J-(Jx(2)#z x).

(J3) d(Jx(x),z) < KyrA forall z € X and 0 < A < T and some constant K,
depending only on z and 7" > 0.

Remark 4.1. In specific situations where the Crandall-Liggett machinery is
employed the constant K, r typically takes a more concrete form, and frequently
one that is independent of T'.

Lemma 4.2. For0<7<X,0<m,n, and x € X

AT (), ) < T (@), )+ A ), ) )

Proof. We note by the resolvent condition (J2) that
d(J7 (), I3 (2)) = d(T7 (@), T (I3 (@)# 2 T3 (2)),
and from the assumptions that J. is contractive and d is conical we obtain

d( T2 (@), J- (3 (@) #ep I (@) < d(T7H @), T (@) 40 I3 ()

< 2T ), SR ) + A @), T )

A
LA (), I (x)). .

T el m—1 A
= (7 (), S (@)

Remark 4.3. Ifwechoose 0 <m <mnandt>0andset p=",¢g=1-p= """,
then equation (4) can be written alternatively as

(T3 (@), Ty (@) < pd (T3, (@), T (@) + qd( ), (2), T (). ()
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Lemma 4.4. For z € D, d(J}(x),x) < nAK,r if (J1), (J2), (J3) hold.

Proof.  From the triangle inequality and properties (J1) and (J3)

r) <Y d(Ji(x), I (2) < Zd (Ja(z),2) < nAK, 1. n

n—m

Lemma 4.5.  Forintegers 0 <m <mn andt>0,setp=""andqg=1-p=
Then for x € X

AT (), () < nﬁj() e, T )

+k§n;n (22 )@ o

Proof. This follows directly from Lemma 3.2 where we take v, ; = d(J} n (), J! m(2))
with Jto/n( x) = J?/m( x). We note by Remark 4.3 that inequality (1) holds. m

In what follows we remain in the setting of the previous lemma with fixred 0 < m <n
and 0 <t <T,r, and with p=" and q=1—p= =",

We next give our version in the general setting of metric spaces of a key result of
the Crandall-Liggett generation theorems. The proof is a mild adaptation of the
probabilistic proof of Shapiro [21].

Theorem 4.6. Let (X,d,0) be a complete metric space equipped with a conical
bicombing o and let {Jy: X — X : X > 0} be a family of maps satisfying properties
(J1)-(J3). Then for any t, 0 <t <T, integers 0 <m <n, and r € X,

AT (), () < 26Ky [ - — (7)

Hence the pointwise limit S(t) = lim, Jj), ~exists for each t > 0.

Proof. By Lemma 4.4 we have d(z, J" *(z)) < (m — k)(t/m)K,r and similarly

Z, t/m

d(Jf/nk( x),x) < (n—k)(t/n)K,r. Applying these inequalities to (6) yields

AT, o [mz%()@ (ke )quk—m]m,Tm

k=0

Let X denote a binomial random variable that takes on the value k& for 0 < k <n
with probability ( )pkq” k. Tt is well-known that X has mean E(X) = np = m
and variance Var(X) = npq. Hence

m—1
m —
[ < )pkqn ] i’
m
k=0

IN

(t/m)K.

Z|m k|( ) Fgrh
= B(B(X) = X)) (t/m)Ker
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By Jensen’s inequality (E(|E(X) — X|))? < E(|E(X) — X|*) = Var(X) = npq, so

t 12 _ 1 n—m 1/2_ 1_1
o Karlnpa) = Lo (m 8 ) = tha [ =

To bound the second summation of inequality (8) at the beginning of the proof, we
consider a negative binomial random Y that takes on the value k£ for m < k with

Ko rE(|E(X) - X)) <

k
m

probability ( __11) p™¢"~™. Such a random variable has expectation E(Y)=m/p=n

and variance Var (Y) = mgq/p?* = W

“n— —1
St (B ]k
n m—1 ’

k=m

> k—1 t
—k m _k—m K
I;:ml(n )I(m_l)p q ]n 2T

= B(B(Y) - Y])- Ko

By Jensen’s inequality (E(|E(Y)—=Y|))2 < E(|E(Y)—=Y|?) = Var(Y) = M=) g4

t t n(n—m\"?
- K, 7E(|EY)-Y|) < —K,r | —— =tK,
n n m

Combining together the preceding, we obtain

Ad(J})n (), I () < 21 o EKI,T'

Thus the sequence {J}), (z)} is Cauchy, so its limit S(¢)(z) = lim, Jj, (=) exists. =

Since the composition of contractions is again a contraction and the pointwise limit
of contactions is a contraction, we have the following corollary.

Corollary 4.7.  Under the hypotheses of the preceding theorem each of the maps
S(t): X — X, t >0 is contractive.

In the following lemmas we maintain the setting of Theorem 4.6.

Lemma 4.8.  For each positive integer m and x € X
Tim (J]5,)"™ (2) = (S()" () = S(mb)(x).

Proof. The equalities hold trivially for m = 1. Assume the first equality holds
for m=k > 1. Then for z € X

d((Jg})" (), (S ()" ()
< d(Jg) ()" (@), T (S(0)* () + d( T, (S (1) (), SE) (S (1)* ()
< d((Jj)" (), S()" () + d(J]j (S(©)*(2)), S()(S ()" (2))).
The first term after the last inequality goes to 0 by the inductive hypothesis, and
the second by the definition of S(¢). We conclude that lim,(J;),(£))™ = (S(¢))™.
For the second equality we observe that for every m
(S()™ (@) = Tim (J3,)"(x) = lim T2, (x) = S(mb)(z). .

n—oo
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Proposition 4.9. Under the hypotheses of Theorem 4.6, the function t — S(t)(x) is
Lipschitz continuous in t with Lipschitz constant K, on (0,T] for each T > 0,
hence extends to a Lipschitz function on [0,T], and hence defines a function con-
tinuous on [0,00).

Proof. Pick 0 <7 <A<T. Weset m=mn, p=7/n, A\=1t/n, p=r1/X, and
g=1—p=(A—7)/X. We fix n and set y(i,j) = d(Jj/n( x), Jﬁ\/n( x)) for 4,5 > 0.
It follows from Lemma 4.2 that inequality (1) of the preceding section is satisfied
(see also Remark 4.3). Thus by Lemma 3.1

AT (), T (@) <Z() (T E)).

By Lemma 4.4 d(z, J/’\‘/_nk(x)) < (n—k)(A\/n)K,r. We thus obtain

AT ), 5 ) < [Zm b (Z)pkan] 2o

k=0

We rewrite the expression in closed brackets as

L S R T

Let X be a binomial random variable taking value k& with probability ( ) pFgnF.

Then E(X) = Y i, k(})pF¢" ", which since X is binomial must be np = nT/)\.
Thus from the preceding hnes

A3 (), Tiyu(@) < [n—nT] %Kﬂ = (A= 1)K

Taking the limit as n — oo yields d(S(7)(z), S(A)(z)) < (A —7)K, . Since X is a
complete metric space, the map extends to a Lipschitz-continuous map on [0,7]. =

From Lemma 4.8 and Proposition 4.9 we can deduce the semigroup property of S
S(s+t) =5(s)S(t).

Corollary 4.10.  For s,t >0, S(s+1t) = 5(s)S(t).

Proof. Let j,k,m,n be positive integers. Then by Lemma 4.8

D) @
o) 5 () o (1)) =)o)

Thus S(s + t)(z) = S(s)S(t)(z) for all s,t rational. It follows from Proposition
4.9 that both sides are continuous functions of ¢ for fixed rational s, and thus by
density of the rationals the corollary holds for rational s and all ¢t > 0. A similar
argument in the variable s completes the proof. [ |

We collect together the preceding results.
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Theorem 4.11.  Let (X,d, o) be a complete metric space equipped with a conical
bicombing o and let {Jy: X — X : X > 0} be a family of maps satisfying properties
(J1)=(J3).  Defining S(A\)(z) = lim, J}, (z) for each v € X and A > 0 and
S(0)(x) = x gives rise to a semigroup of operators {S(\) : A € Rt} (where
Rt =1[0,00)) on X satisfying the following properties:
(1) For fized v € X, 0 < T, the map A — S(\)(x) is Lipschitz continuous on
[0,T] with Lipschitz constant K, .
(2) The semigroup action 7: RT x X — X given by 7w(A\,x) = S\)(z) is
continuous.

Proof. That {S(A): A > 0} operates on X as a semigroup follows from Corollary
4.10. That adding Sy to {S)} o still operates as a semigroup is immediate from
Sp being the identity.

For 0 <A< T, d(J}),(2),2) < n(An)Kyr = AK,r from Lemma 4.4. Taking the
limit as n — oo yields d(S(\)(x),x) < AK,r. It follows that limy ,o+ S(A)(z) =
x=.5y(z). Then from Proposition 4.9 and the last part of its proof we deduce item (1).

Let 0 <A< T and x € X. Then we have for 0 <7 < T and y € X,
d(S(r)y, S(N)z) < d(S(r)y, S(7)x) + d(S(7)z, S(AN)z) < d(y, z) + Kro|T — Al

where the last inequality comes from Corollary 4.7 (and the fact the identity is also
contractive) and (1). It follows that (2) holds at all points (A, x). ]

Definition 4.12.  The collection {S(t): X — X :t € Rt} with the operation
S(s)S(t) = S(s+t) is called the semigroup generated by {J, : X > 0} and the
corresponding action 7: RT x X — X defined by 7(\,x) = S(\)(z) is the generated
semigroup action.

Proposition 4.13.  Assume (J1) of the azioms for {J\}xso is replaced by the
stronger axiom: (J1*) there exists v > 0 such that for all A >0 and x,y € X

AA(), W) < L d(w.y) (1%)
Then for all t >0 and z,y € X,
d(S(t)z, S(t)y) < e "d(z,y). (9)
Proof.  Repeated application of (J1*) yields
10300 0 = (s ) ) = (1+2) o)
+7r(t/n) n
Taking the limit as n — oo yields the desired result. [ |

5. The Banach space setting

The original goal of the Crandall-Liggett generation theorem [7] was to solve on a
Banach space the initial value problem
La(t) + A(t) =0, 2(0) = o (10)

for the case that A is accretive.
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The preceding sections present an alternative derivation rooted in later work of
Shapiro [21] of significant parts of the original work of Crandall and Liggett [7] in
a general metric setting. Here we quickly recall their work, as it pertains to the
preceding. Let (X, | -]|) be a Banach space. It is straightforward to verify that
o: X x X x[0,1] = X defined by o(z,y,t) = x#wy = (1 — t)x + ty is a bicombing
on X that is conical.

We introduce a mild variant of our main theorem, Theorem 4.11, of the preceding
section.

Theorem 5.1.  Let (X,d,0) be a complete metric space equipped with a conical

bicombing o and let {Jy: X — X : X > 0} be a family of maps satisfying properties

(J1), (J2), and the following variant of (J3):

(J3*) Forallz € D C X, d(Jx(x),x) < Ky for all 0 <X <T and some
constant K, depending only on x and T' > 0.

Defining S(A)(z) = lim, J}, (z) for each x € D and A >0 and S(0)(z) =z gives
rise to a semigroup of operators {S(\) : X € R} on D satisfying the following
properties:
(1) For fired x € D, 0 < T, the map A — S(\)(x) is Lipschitz continuous on
[0,T] with Lipschitz constant K, .
(2) The semigroup action 7: RT x D — X given by n(\,x) = S(\)(x) is
continuous.
(3) The semigroup action of {S(\)}xso extends to D.

The same proof as given in the previous section carries through in this setting when
applied to the points of D. Since each S()\) is a contraction by Lemma 4.7, it
extends to a contraction on D. The fact each S()\) is a contraction on D makes
the proof that the extended {S()\): A > 0} acts continuously as a semigroup on D
straightforward.

Let I be the identity map (and relation). A multifunction on a Banach space X is
asubset AC X x X. Set A~ :={(y,z) € X x X : (z,y) € A}. Note that we can
add, scalar multiply, and compose relations in a manner analogous to that used for
operators on X . The domain of and range of A are given by

Dom(A)={re X:Jye X, (z,y) € A}, Ran(A)={ye X :3Jr e X, (z,y) € A}

Note that Ran(A) is the domain of A™!,

We say the multifunction A is m-accretive if

(i) Ran(A4) =X,

(ii) the relation (I + AA)~! is actually an operator (function) from X into X for
each A > 0, and

(iii) this function is contractive with respect to the norm of X.

We set Jy = (I + A A)~! for each A > 0.

We show that {J) : A > 0} satisfies the defining properties (J1), (J2), (J3) intro-
duced in the previous section. Since the relation A is accretive, the contractive
condition (J1) is satisfied by definition. We show that the resolvent condition is
satisfied. Let 0 < 7 < A and let z € X. If y = Jy(x) = (I + ANA)"!(z), then
xe(I+MA)(y) =y+ AA(y). We then have
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rEYy+IN(y) & zx € zy~|—TA(y)

A A
N\ —
& %x—i— TTy cey+7Aly) =T +71A)(y)

& Gx 4 A S TJA(x)) =y = J\(2).

Thus the resolvent condition (J2) is satisfied.

We turn to (J3). Suppose that x € X = Dom(A), and let y € A(x). Then
Iz +Ay) € (I + )\A)’l[([ + M) (2)] = =z,

and thus  d(z, Jy(z)) = |lz — Jn(2)|| = [[/x(z + Ay) — a(@)]] < Allyll,

where the last inequality follows from (J1). Thus we may take K, = ||y||, where
y € A(z), in (J3). Hence in the setting of Banach spaces Theorem 5.1 translates to
the following version of the Crandall-Liggett theorem.

Theorem 5.2.  Let (X,| -||) be a Banach space and let A be an m-accretive
multifunction on X . Let {Jx: X — X : X > 0} be defined by Jy(z) = (I + NA)~L.
Then the family of maps satisfies properties (J1), (J2), and
(J3*) For all x € Dom(A), d(Jx(x),z) < Myl for all y € A(z).
Defining S(A)(z) = lim, J},, () for each x € D and A >0 and S(0)(z) = = gives
rise to a semigroup of operators {S(\) : A € R*} on D satisfying the following
properties:
(1) For fized x € D, 0 < T, the map X\ — S(A\)(x) is Lipschitz continuous on
[0,T] with Lipschitz constant K, .
(2) The semigroup action 7w: RT x D — X given by w(\,z) = S(\)(z) is
continuous.

(3) The semigroup action of {S(\)}xso extends to D.

As shown in [7] or [21] the function x(t) = S(t)(xo) is then a solution of Equation
(10) for xy € D.

6. Semigroup actions from contractive maps

The study of semigroups acting on topological spaces is a key component of topo-
logical dynamics, and there is a particular emphasis on continuous actions of the
additive semigroup R™ of non-negative reals on topological spaces. The general
version of the Crandall-Liggett machinery presented here allows for a variety of new
constructions of such actions. In this section we give a construction of an action
arising from a contractive map on a conical bicombing that is consistent.

Let (X,d, o) be a complete metric space endowed with consistent conical bicombing
o. Let F': X — X be a contractive map.

Lemma 6.1. For A >0 and and v € X the map Gr.(y) = F(y)#lﬁx is a

strict contraction with Lipschitz constant \/(1 + \), and hence has a unique fized
point, denoted Jy(x).
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Proof. By the conical property we have

A(Gra(y), Gro(2) = d (Fly)tt 1o F()# 1 o) < 5oq d(F (), F(2)),

T+ — A+1

Hence by the Banach fixed point theorem there is a unique fixed point. |

Remark 6.2.  From the preceding we see that J)(x) is characterized as the unique
member of X satisfying

1+X

Lemma 6.3.  For contractive F', Jy in equation (11) is also contractive.

Proof. Using the conical property and the non-expansiveness of F', we obtain

AU) DY) = dER@)H e, FUG)# )

A 1
< ——d(F F ——
A 1
< d(J J —d
S 1+)\(A(> A(?/>)+1+>\($?J)
Combining like terms in the extremes and multiplying through by (1+ \) we obtain
d(Jx(z), Jx(y)) < d(z,y). u

Lemma 6.4.  For contractive F' and x € X we have d(x, J\(z)) < Ad(z, F(x)).

Proof. Since Jy(z) = F(J,\(:v))#ﬁx, from the geodesic property we obtain the
second line of the following:

d(w, \(2)) = d(z, F(I\(@)#12) = oydle, F(Iy())
< 125 ld(w, F(@)) + d(F (@), F(Ja(2)))]
A

< e, F(w) + (e, (@)

Subtracting the second term on the last line from both sides of the inequality and
multiplying through by 14 A yields the desired inequality. [ |

Lemma 6.5.  Suppose that the bicombing on X is consistent. Then X satisfies
the resolvent condition: For 0 <1 < X,

In(z) = Jr(Ja(2)#z ).

Proof. Let z = J\(x)#-/xz. Then the equation y = F(y)#%z, has a unique

solution in y, which we have denoted J,(z) = J-(Jx(2)#zz). We show that J)(z)
is also a solution, and then the two must be equal since the solution is unique.
Substituting Jy(z) for y in the right-hand side of y = F(y)#ﬁz, we obtain

F(A@)# 17 = FUA@)# 1 (hlo)#ze)

147

= F(@)# o ((FOA)# o) #50)

14+

= F(h(@)# o (FUA@)#1ze) = FUA@)# 1o = (@),

1+X
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where we have used Lemma 2.2 in the last two lines, which we can do since all points
we consider lie on the geodesic with endpoints z and F(Jy(x)). n

From the preceding three lemmas and Theorem 4.11 we obtain the following result.

Theorem 6.6.  Let (X,d, o) be a complete metric space equipped with a consistent
conical bicombing o. Let F': X — X be a contractive map. Then the map
Gre: X = X defined by Grz(y) = F(y)#10402 for x € X and X > 0 has a
unique fized point, denoted Jy(x). The family of maps {Jy: X — X : A > 0}
satisfies properties (J1)-(J3). Defining S(A)(x) = lim, J},, () for each x € X and
A >0 and S(0)(z) = x gives rise to a semigroup of operators {S(\) : A € R} on
X satisfying the following properties:

(1) For fized x € X, the map A — S(\)(x) is Lipschitz continuous on R™ with
Lipschitz constant d(z, F(z)).

(2) The semigroup action 7: Rt x X — X given by w(\,z) = S(\)(x) is
continuous.

Remark 6.7. The construction of this section was inspired by and generalizes
that given in [18, Section 5]. In that work the authors used the flow as a tool in
their analysis of the operator Karcher mean. It is an interesting and open problem
to clarify how the flow derived in in Theorem 6.6 is connected to the contractive
map F' hypothesized in the theorem.

7. Barycentric metric spaces

For a metric space X, let B(X) be the algebra of Borel sets, the smallest o-algebra
containing the open sets. Let P(X) be the set of all probability measures on
(X, B(X)) with support that is separable and has measure 1 and Py(X) the set
of all p € P(X) of the form u = %Z?:l 0., with n € N, where d, is the point
measure of mass 1 at z.

Remark 7.1. It is known, apparently not widely so, that in any metric space X
the support of a Borel probability measure, the points for which each neighborhood
has positive measure, is separable. Additionally the support has measure 1 if the
metric space is separable, but for general metric spaces one needs to require that
this be true.

Let P}(X) C P(X) be the set of probability measures p with finite first moment:
for some (and hence all) = € X,

/Xd(rc,y)du(y) < 0.

For metric spaces X and Y, a continuous f: X — Y induces a push-forward map
fo: P(X) — P(Y) defined by f.(u)(B) = u(f~1(B)) for up € P(X) and B € B(Y).
Note that supp(f.«(r)) = f(supp(u))~, the closure of the image of the support of p;
in particular f.(u) has separable support.

We say that w € P(X x X) is a coupling for u,v € P(X) and that u, v are marginals
for w if for all B € B(X) we have w(B x X) = u(B) and w(X x B) =v(B).
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Equivalently p and v are the push-forwards of w under the projection maps 7 and
7o resp. We note that one such coupling is the product measure p x v, and that for
any coupling w it must be the case that supp(w) C supp(u) x supp(v). We denote
the set of all couplings by II(u,v).

The Wasserstein distance to (alternatively Kantorovich-Rubinstein distance) on
PL(X) is defined by

w(pr, pi2) = inf / d(z,y)dm(z,y).
m€ll(p1,p2) Jxx X

It is known that to is a complete metric on P'(X) whenever X is a complete metric
space and Py(X), the set of all uniform finitely supported probability measures, is
to-dense in P}(X) [5, 22]. In computer science circles the metric is known as the
“earth-movers” metric. For finitely supported probabilities, it is known if you break
up the mass of one probability measure and move the masses to the support of
another in such a way to obtain the second measure, multiply each mass moved by
the distance it is moved, and sum over all movements, then the Wasserstein distance
is the infimum of such sums.

We henceforth assume that the metric space X is complete. A contracting barycentric
map is a 1-Lipschitz map 8: (P'(X),w) — (X,d) such that 3(d,) = z for all
x € X; see [22, Remark 6.4]. A metric space is said to be a barycentric metric space
if it admits a contracting barycentric map. Descombes [8] has shown the following
important equivalence.

Theorem 7.2. Let (X,d) denote a complete metric space. Then the following
statements are equivalent:

1. X admits a reversible conical bicombing.

2. X s a barycentric metric space.

The construction of a contracting barycentric map on a space admitting a reversible
conical bicombing has its origins in work of Es-Sahib and Heinich [12], which was
extended by Navas [20] to Busemann spaces. The work was further extended (and
the proof shortened) by Descombes in [8, Section 2] to complete metric spaces with
a reversible conical bicombing.

Remark 7.3. It is mentioned in the preceding Descombes reference that for
barycenters of finitely supported measures (which may be treated as weighted means
on finite subsets), if one is restricted to a convex subset isometric to a convex
subspace of a normed linear space, the barycenter agrees (up to the isometry in
question) with the usual convex combination. In particular if 3: P(X) — X is the
contracting barycentric map, B((1 — )0, + t6,) = a#,y for 0 <t < 1.

Definition 7.4.  Let (X, d) be a complete metric space equipped with a contract-
ing barycentric map 3: P}(X) — X. Fix some u € P}(X). For A > 0 we define

J)\ZX—)be \ .
J)\<I>:B(1+>\M+1+)\5w). (12)
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Proposition 7.5.  The family {Jy : 0 < A} satisfies conditions (J1) and (J3):
(J1) d(Ja(z), A(y) < rxd(@,y) for z,y € X, 0 <A

(J3) d(Jr(z),x) < 1+/\ x d(x,a)dp(a) for v € X, 0 <A,

1
1“5 to the

1+/\p + 1+/\5 by transporting the mass 1+_>\ from z to y. Thus we have the
Wassersteln distance between the two masses bounded above by (actually equal to)
—~d(x,y). Condition (J1) now follows since f is a contractive mapping.

Proof. (J1) Let z,y € X. We can transport the mass 1+)\,LL +
mass

1+,\
(J3) The following intuitive argument can be formalized in a straightforward man-
ner. The distance between 1%\# + 1J1r/\5 and 6, = lfr‘)\é + 1+/\5m is bounded by

1+/\ o (u, d,) since we are moving a smaller amount A/(1 + \) of the mass u to z.

Since [ is contractive,

i) ) = (8 (gt Tte) B0)) < D)

Finally we note that since 7 = u x d, is a coupling for the pair u,d,,

to(u, 0z) S/Xd(u,v)dﬂ(u,v):/Xd(u,v)(duxdéx)(u,v):/xd(u,x)du(u),

which completes the proof. [ ]

We do not have proof that (J2), the resolvent condition, holds in general. Indeed we
suspect that in the preceding setting it holds only in special cases. But whenever
it does hold, then the general Crandall-Liggett machinery of Section 4 applies. In
the special setting of positive cones of C*-algebras (Example 2.3) Palfia and Lim in
[18] have established the resolvent condition for the Karcher barycentric map. The
constructions of this and the preceding section first appeared there, and were basic
tools to establish important properties of the Karcher operator mean, among them
a law of large numbers.

Problem. Characterize those barycentric maps for which the resolvent condition
(J2) is valid. In particular does (J2) hold for the barycentric map mentioned before
Remark 7.37
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