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Abstract. A general method for finding subgroups of a totally disconnected, locally compact
groups having flat-rank greater than 1 is described. This method uses the internal structure of
the group, notably the Levi subgroup of a given flat group, in order to produce a new flat group
which, under an additional hypothesis, has flat-rank one greater than that of the given group.
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1. Introduction

A subgroup, H, of a totally disconnected, locally compact (t.d.l.c.) group G is flat
if there is a compact open subgroup, U < G that is minimising for every = € H,
that is, U realises the minimum value of the set of positive integers

{[zVa™':2Vz ' N V]|V < G compact and open}.

This minimum value is called the scale of = and denoted sg(z). The uniscalar
subgroup of H is H, := {h € H|hUh™' =U} and H/H, is a free abelian group,
[16, Corollary 6.15]. The flat-rank of H is the rank of this free abelian group. Every
singly generated group, (z), is flat with flat-rank equal to 0 if there is U < @
normalised by = and equal to 1 otherwise. This paper is concerned with finding
subgroups of G' having flat-rank greater than 1.

Known examples of flat groups having flat-rank greater than 1 occur in cases where
the ambient group G has additional structure with which the flat group is associated.
For example, if G is PSL,(Q,), the group of diagonal matrices is flat and has flat-
rank n — 1, equal to the Lie rank of PSL,(Q,), see [16, Example 6.11]. That is a
special case of a general result about semisimple algebraic groups over local fields
that is itself a consequence of the fact that, if GG is the automorphism group of a
building and the building has an apartment with geometric rank r, then G has
abelian subgroup with flat-rank r, see [1, Theorems A & B| and [3, Theorem 1].
These results, showing that the flat-rank coincides with familiar notions of rank in
important classes of groups, motivate the study of flat subgroups and their flat-rank
in general t.d.l.c. groups.
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There is no method for finding flat groups of higher rank in general t.d.l.c. groups
however. In the case where G is a Lie group over a local field and =z € G, Ad(x) is
a linear operator on the Lie algebra of G and the algebra of operators generated by
Ad(zx) is commutative. This commutative algebra is the Lie algebra of an abelian
subgroup of G whose flat-rank may be greater than 1. While this method does not
extend to general t.d.l.c. groups, it is the case that if the centraliser of =, C(z),
contains y with sce)(y) > 1, then the subgroup (x,y) is flat and has flat-rank
equal to that of (z) augmented by 1. The main result shown below, Theorem 4.1,
improves on this idea by replacing the centraliser of x by the larger Levi subgroup
for z, that is, the set of all y such that {z"yxz™"}, _, is precompact. It thus relates
flat groups to Levi and parabolic subgroups in G, which were defined in [2] in
analogy with the similarly named subgroups of algebraic groups. The flat group
found contains y and a modification of x.

The article has the following structure. Basic results about the scale and flat groups
are recalled in §2 and in a couple of cases sharpened. Preliminary results linking
Levi subgroups and minimising subgroups are shown in §3, and §4 gives the proof
of the main theorem. A symmetrisation of the relation ‘y is in the Levi subgroup
of x’ is suggested by the proof of the main theorem, and this symmetrised relation
is explored in §5.

2. Scale techniques

This section collects results about the scale of an automorphism and related ideas
that are used in the proof of the main theorem. The terms used here have in
some cases only been introduced since the papers cited were written. Lemma 2.3
strengthens known results and Theorem 2.12 is new (albeit fairly obvious).

2.1. Tidy subgroups. A structural characterisation of subgroups minimising for
an automorphism is given in [15] in terms of tidiness of the subgroup, and tidiness
of U for « is defined in [13] in terms of the subgroups Uy = (,on @*(U) and
U_ :=(Npen @ F(U) as follows. (Zero is a natural number in this definition.)

Definition 2.1. Let a € Aut(G) and U be a compact open subgroup of G.
Then U is tidy for « if and only if

(TA) U =U;U- and

(TB) Uiy :=Upen @"(Uy) is closed.

Then [15, Theorem 3.1] says that U < G is minimising for « if and only if it is tidy
for a. Moreover, o(U;) > Uy and s(a) = [a(Uy) : Uy] if U is tidy for a.

The compact open subgroup U is said to be tidy above for « if it satisfies (TA) and
tidy below if it satisfies (TB). The following is [13, Lemma 1].

Lemma 2.2.  Let U be a compact open subgroup of G and o € Aut(G). Then
there is n > 0 such that (,_, a*(U) is tidy above for .

It follows immediately from the definition that, if U is minimising for «, then so is
a(U), and the same thus holds for subgroups tidy for a.. On the other hand, it may
be shown, see [13, Lemma 10], that the intersection of two tidy subgroups for « is
tidy for av. The same thus holds for minimising subgroups and this fact will be used
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in what follows. Given U tidy for «, the subgroup Uy := oz @ (U) = U, NU_,
which is stable under «, will appear frequently and will occasionally be denoted by
Ua,o. Another fact which will be used is that

n

(" (U)=Una™(U) =Ura™(U-) = oa™(U-)Us. (1)
k=0
To see this, observe that we have o"(U) = o"(U;)a™(U-). Then u € U N a™(U)
satisfies u = uyu_ = a™(vy)a"(v_) with uy,v, € Uy and u_,v_ € U_. Hence
a™(v_)uZ' = a™(v;")uy and belongs to Uy, which implies that u_ € a™(U_).

The following is essentially [13, Lemma 9|, although part (2) obtains the same
conclusion under a weaker hypothesis and a proof is given for completeness.

Lemma 2.3. Let a € Aut(G) and suppose that U is tidy for «.
(1) If u e U and {a™(u)}nen has an accumulation point, then u € U_.

(2) If u e a?(U)...a7(U) for some sequence of integers ji < jo < --- < j; and
{a"(u) }nez is contained in a compact set, then u € Uy.

Proof. (1) Since U is tidy, u = uyu_ with uy € Uyx. If uy is not in Up, then
there is k > 0 such that of(uy) € a(U,)\Uy, whence o (u, ) € o/t (U )\ (U,)
for all j > 0 and {a"(uy)}nen has no accumulation point. On the other hand,
{a"(u_)}nen is contained in the compact set U_. Hence, if {a"(u)},en has an
accumulation point, then u, € Uy and u € U_.

(2) Since U is tidy and j; < js < --- < j;, repeated application of the equation
Ua(U)=U_Usa(U_)a(Uy) =U_a(U_)Usa(Uy) = U_a(Uy) implies that

(U)...a"(U) = o (U)o (U,).

Hence u = u_u, with u_ € o/*(U_) and u; € o9 (Uy). Then the argument used
in (1) shows that {a ™(u)},en is not contained in a compact set if u_ ¢ Uy, and
{a™(u) }nen is not contained in a compact set if uy & Uy. Hence, if {a"(u)}nez is
contained in a compact set, then u belongs to Uj. [ |

2.2. Special subgroups. Minimising, or tidy, subgroups for an automorphism «
are not unique in general. Certain other subgroups of G, which are uniquely defined
in terms of the dynamics of the action of & on G, are related to the scale and tidy
subgroups.

Let o € Aut(G). The contraction group for « is
con(a) :={z € G|a"(z) > 1 asn — oo},
the parabolic subgroup is
par(a) := {z € G | {a"(x)}nen has compact closure}
and the Levi subgroup is

lev(ar) := par(a) Npar(a™) = {z € G | {a"(x)}nez has compact closure} .
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See [2, §3] for these definitions and the motivations of these names for the subgroups.
Contraction subgroups are linked to the scale through [2, Proposition 3.21], which
shows that s(a) is equal to the scale of the restriction of a to con(a™')~, the
closure of the contraction subgroup for a~!. Contraction subgroups are not closed
in general, but [2, Theorem 3.32] shows that con(«) is closed if and only if the nub
subgroup, nub(«), is trivial, where

nub(a) := {z € G | z € con(a) Npar(a™')} "

In contrast, it is shown in [13, Proposition 3] that par(«), and hence lev(a) too, is
always a closed subgroup of G.

Several results about the contraction and Levi subgroups that are used below will
now be recalled. The first is easily verified.

Lemma 2.4. Let a € Aut(G). Then con(a™) = con(a) and lev(a™) = lev(a).
The next is a corollary of Lemma 2.3(2).

Lemma 2.5.  Let V be tidy for a and put U :=V Nlev(a). Then U =V, and
aU)=U.

The nub subgroup is related to tidiness in [17, Corollary 4.2], which shows that U
is tidy below for « if and only if nub(ar) < U. Combined with Lemma 2.2 and the
fact that nub(a) is stable under «, this implies the following.

Lemma 2.6.  If U > nub(a), then there is n such that (\,_, o*(U) is tidy.

The nub of « is also the largest closed subgroup of G on which a acts ergodically,
and the intersection of all subgroups tidy for «, as shown in [17, Theorem 4.1].

To see the next lemma, note that nub(«) is compact and «-stable, and hence is
contained in lev(a)), and is normal because con(«) is normalised by lev(a) and
lev(cr) is contained in par(a™!).

Lemma 2.7.  Let a € Aut(G). Then nub(a) <lev(a).

The final two lemmas in this subsection use the nub and contraction groups to prove
technical facts used in §5.

Lemma 2.8. Let a € Aut(G) and V bea compact a-stable subgroup of G’; Then
there is a compact, open subgroup, V , of G that is tidy for a and such that V <V .

Proof.  The subgroup V is contained in lev(a) and so V normalises nub(c) by
Lemma 2.7. Hence ‘N/nub(a) is a compact, a-stable subgroup of G. Choose a
compact, open U < G that contains V nub(c). (To see that such U exists, choose
any compact open subgroup, W say, of G and let U be the product of 1% nub(«)
and {vWv™ | v e Vnub(a)}.) Let V = Ni—o @"(U) be the subgroup of U tidy
for o shown to exist in Lemma 2.6. Then V < V because V is a-stable. [
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Lemma 2.9. Let o € Aut(G) and let v € con(a” ') \ nub(a). Then for every

m > 0 and_every compact and «-stable subgroup V of G, and every sequence
{witren C V', the sequence

{va(v) .. .ak(v)wkaerk(U)_l . ~am+1(v)_1am(v)_1}keN

is discrete and non-compact.

Proof. Choose V tidy for a and suppose, using Lemma 2.8, that V < V. Since
v € con(a™) \ nub(a), there is a smallest n € Z such that a«™"(v) € V. Since
con(a™!) < V.., replacing V by a™(V) allows it to be further supposed that
veV,\a (V). Then

va(v) ... o (v)wy, € (V)
and ™) o™ () ™ (v) T € @™ TR(V) \ o™ TR (V).
Hence the product is in a™+*(V)\ a™**=1(V) for every k and the claim follows. ®

Later sections concern the inner automorphism o, : y — zyz~! and the contraction,
Levi and nub subgroups are denoted by con(z), lev(x) and nub(z) respectively.

2.3. Flat groups and roots. The main results in this article are about flat
groups of automorphisms, that is, groups of automorphisms, H, for which there is
a compact, open subgroup U < G that is minimising for every a € H. As seen in
subsection 2.1, this is equivalent to U being tidy for every a € H.

Many definitions and results about flat groups carry over directly from corresponding
ideas for single automorphisms. Of relevance to this article is the subgroup Upq :=
Nacy @(U), defined for any compact open subgroup U but of particular interest if
U is tidy. Note that Upo = ({Uao | @ € H}. Also, the lower nub of H is

Inub(H) := (nub(e) | « € H) ™.

The lower nub is defined in [9], where it is observed that it is contained in every
subgroup tidy for H, and is therefore compact, but that Inub(H) may be properly
contained in the intersection of the subgroups tidy for H. The latter intersection
is defined in [9] to be the nub of H, whence the name lower nub for the closed
subgroup generated by the nubs of elements of H.

The Levi subgroup for H may also be defined as follows
lev(H) := {z € G | {a(x)},cp is compact} .

Then lev(H) is a closed subgroup of G, see [18, Lemma 2.1.8]. It is clear that lev(H)
is contained in the intersection of all lev(a) with o € H, but these groups need not
be equal, see [18, Remark 2.1.9].

Compactness of Inub(H) and its stability under H imply that Inub(H) < lev(H).
The next lemma then follows from Lemma 2.7.

Lemma 2.10.  Suppose that H < Aut(G) is flat. Then Inub(H)<lev(H). Hence,
if U is a compact subgroup of lev(H), then Ulnub(H) is a compact subgroup of
lev(H).
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Since Upyg is compact and H -stable, Uyo < UNlev(H), and, since lev(H) is compact
and H -stable, Lemma 2.3(2) implies that UNlev(H) < U, for every a € H. Hence
we have the following

Lemma 2.11.  Let H < Aut(G) be flat and suppose that U is tidy for H. Then
UnNlev(H) = Upyp.

It is convenient to state the next couple of results in terms of inner automorphisms
and to identify the flat group H with the subgroup of G inducing the inner auto-
morphisms. This is consistent with how they are used later. The next result is [16,
Theorem 5.9] in the case when K = {1} and may be proved in the general case by
the argument given for [1, Proposition 20].

Theorem 2.12. Suppose that x4, ...,x, €G and the compact group K < G satisfy
o 1 Kz;'=K and

o w1z e K.

Then (z;, K |i€{1,...,n}) is flat.

Definition 2.13.  The uniscalar subgroup® of the flat group H is
H,={acH|s(a)=1=s(a)}={aceH|aV)=V}
with V' any subgroup minimising for H. If U, = H, then H is uniscalar.

Then H, is normal in H and H/H, is a free abelian group, by [16, Theorem 6.18].
For an alternative proof, see [18, Theorem A]. The flat rank of H is the rank of this
free abelian group and will be denoted by f-rk(H). The next result is new but, as
we shall see, its proof is straightforward.

Proposition 2.14.  Let H = (y1,...,yn) < G be flat and V' be tidy for H. Let
L = (z1,...,2,) < G be another subgroup of G and suppose that for every word
w(a,...,a,) in the free group (ay,...,a,), we have

- :W(y17"'7yn)vw(yl7"-7yn)_1‘ (2)

W(z1, .oy 2n)VW(21, .00, 20)
Then L is flat and f-rk(L) = f-rk(H).
Proof.  To show that L is flat, it suffices to show that [V 271 : 2V2"1NV] = s(2)
for every z € L, because that implies that V is minimising for L. To this
end, let z € L and suppose that z = w(zy,...,2,) with w € (a1,...,a,). Put
y=w(y1,...,y,) in H. Then for each k € N we have, by Equation (2),

[V Ve V] = WPy R P vy 0 v,
and the latter is equal to s(y)* because V is tidy for H. Hence

lim [2FV2F: AV A V]E = s(y)
n—oQ
and it follows, by [6, Theorem 7.7], that s(z) = s(y). Then, again by Equation (2),
V2l 2Vt N V] = s(2)

and V' is minimising for z.

! The term uniscalar was introduced by Palmer in [8, Definition 12.3.25].
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The map ¢ : y — yVy !, which sends H to the set of compact open subgroups of

G, is a bijection H/H, — ¢(H). Since, as we now know, V is tidy for L too, the
map ¥ : z — zV 27! is also a bijection L/L, — ¢(L). Equation (2) implies that
¢(H) =1(L) and so ¢ and ¢ induce a bijection H/H, — L/L,. Moreover, if w;
and wy are two words in the free group (as,...,a,), and y; = w;(y1,...,y,) and
zi = wWi(z1,...,2,) are the corresponding elements of H and L, then (2) implies
that ¢(y1y2) = ¥(z122) and hence that the bijection H/H, — L/L, is a group
isomorphism. The free abelian groups H/H, and L/L, therefore have the same
rank. [

3. The Levi subgroup and tidy subgroups for a flat group

Preliminary results on links between the Levi subgroup and subgroups tidy for a flat
group are derived in this section. They will be used in the next section in the proof
of the main theorem. Many of these results may have independent interest. The
first shows that the property of being tidy for a flat group H is virtually invariant
under conjugation by elements of lev(H).

Proposition 3.1. Let H < G be flat, y € lev(H) and V be a compact open
subgroup of G tidy for H. Then

L:={zeH|ayz ' eyV}
is a finite index subgroup of H and yVy~! is tidy for L.
Proof. Suppose that x € L. Then xyx~! = yv with v € V and, for each h € H,
h(zyz )™t = h(yv)h ™ = (hyh™ ) (hvh™1). (3)
Hence hvh™! is in the compact set (y?)? and, since V is tidy for H, Lemma 2.11

implies that v € V. Let x1,29 € L. Then xlyxl_l = yv; and x;ly@ = yvy with
v1, V9 € Vo and

(w125 )y (125 ") ™ = zyvert = y(virvea) )

with levaxl_l € Vyo. Hence xlxz_l € L and L is a group.

Since y € lev(H), {zxyx='V |z € H} is a finite set of V-cosets and it follows, again
using Equation (3), that H is covered by a finite number of L cosets.

For each = € L, there is v € Vo such that
2(yVy et = (zya™)(@Va ) (ayz ™) = yol@Vae Ty = y(aVa Ty
Hence
[2(yVy Dzt a@yVy et nyVy T = [y@Vae )y ry@Ve )y nyVy ]
=[aVz a2Vt nV] = s(a)
and yVy~! is tidy for x. Therefore yVy = is tidy for L. n

The proof of Proposition 3.1 in fact shows the following stonger assertion.
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Corollary 3.2.  Let y and L be as in Proposition 3.1. Then xyx~'y~! € Vo for
every x € L.

In the next section, a flat group H will be augmented by adding an element from
its Levi subgroup. The following proposition helps to find a subgroup tidy for this
element.

Proposition 3.3.  Let H < G be flat and y € lev(H). Then nub(y) < lev(H).

Proof. Choose V tidy for H. Then Lemma 2.2 shows that there is n > 0 such
that Vi := (,_,¥*Vy " is tidy above for y; and Proposition 3.1 that there is a
finite index subgroup, H;, of H such that V; is tidy for H;. Set Vo, =y~ 'ViyNV;.
Then, by Proposition 3.1 again, there is a finite index subgroup, H,, of H; such
that V5, is tidy for Hy and Hjz := {x € Hy | zyx~t € yV5} has finite index in H,.
Consider ¢ € nub(y) and let * € H3. Then we obtain zcz™' € nub(zyz™'). We
have zyz~! € yV; because x € Hz and so, by [4, Corollary 3.4], there is r € V; such
that nub(zyz™') = rnub(y)r~'. Hence xcz™! is in the compact set V; nub(y)V; for
every x € Hz. Since Hj has finite index in H, by Proposition 3.1, it follows that
{xcx™'},ep has compact closure and hence that ¢ € lev(H). |

The previous argument shows that, if it is supposed only that ¢ € con(y) (rather
than nub(y)) and x € Hs, then xcz™' belongs to tcon(y)t™" for some t € V', by
[4, Corollary 3.2]. However, the remainder of the argument does not apply and it is
not true in general that con(y) < lev(H), as may be seen by considering H = (y)
for example.

Augmenting a flat group H involves modifying a subgroup, U, tidy for H. The
following lemma facilitates one such modification.

Lemma 3.4.  Suppose that U is tidy for v € G and that C' is a compact subgroup
of G such that CU = UC' and {x"Cx "},ez C (xUx"1C. Then UC is a compact
open subgroup of G that is tidy for x.

Proof. Since U is compact and open and C' is compact, UC' is a compact open
subset of G and the condition UC = CU implies that it is a group. Tidiness of UC
for x follows from the fact that

[2(UC)z™ : 2(UC)x ' NUC] = [2Uz™ : aUz™ ' N U] = s(x).
To see this, consider the map
2Uz ) (2Uz™ ' NU) = 2(UC)x™ ! /(x(UC)z* NUC)

defined by w(zUz ' NU) — w(z(UC)z~' NUC). This map is well-defined because
Uz 'NU < z(UC)z~' NUC and is onto because

2(UC)z™! = (2Ux 1) (xC2™') C (2Uz™1)C.
The map is one-to-one because, if
wy,wy € 2Uxr ™' and wy'w, € 2(UC)z~ ' NUC,

then wy,'w; = we with w € U and ¢ € C. Hence ¢ = w wow; *, which belongs to

U(zUz™'), and {a"cx " },cz has compact closure because it is a subset of zUz~1C.
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Then, since U is tidy for z, Lemma 2.3(2) shows that ¢ = w™'w, w; belongs to
Us, and hence that w; 'w; = we € UNaUz™t. [

Corollary 3.5.  The hypotheses of Lemma 3.4 imply that {y"Cy " },ez C UpC'.

Proof. The hypotheses imply that, if ¢ € C' and k € Z, then y*cy™* = uc; with
u € yUy~! and ¢; € C. Then

{y"wy ™ bnez = (" (W ey i Dy " hnez € (WUY~1)C),
which is compact. Hence u € Uy by Lemma 2.3(2). ]

The following proposition shows that a subgroup tidy for y € lev(H) and H may
be found at the expense of passing to a finite index subgroup, F', of H. Note that
this proposition does not imply that the subgroup found is tidy for (y, F)) however.
That is done in the next section under additional hypotheses.

Proposition 3.6. Let H < G be flat and y € lev(H). Then there are a compact
open subgroup, V , of G and a finite index subgroup, F' < H, such that V is tidy
for F as well as for y.

Proof. Let W be a subgroup of G tidy for H. Then, since nub(y) is compact
and W is open, there are ¢; € nub(y), i € {1,...,k}, such that

k
ﬂ {eWe [ eenub(y)} = ﬂciWci_l.
i=1

By Proposition 3.3, each ¢; € lev(H) and hence, by Proposition 3.1, there is a finite
index subgroup H; < H such that ciWcjl is tidy for H;. Then W7 := ﬂle ciWcjl

is tidy for (\_, H; and is normalised by nub(y). Set W, = nub(y)W,. Then W, is
a compact open subgroup of G that contains nub(y).

We shall see that W, is tidy for a finite index subgroup of ﬂle H;. Since nub(y) <
lev(H), by Proposition 3.3, and is compact, there is, by Proposition 3.1, a finite
index subgroup, E, of (Y, H; such that z nub(y)z~" C nub(y)W; for every z € E.
Corollary 3.2 shows that, in fact, xnub(y)z™! C nub(y)(Wy)go for every = € E.
Therefore, taking U = Wy, C' = nub(y), the hypotheses of Lemma 3.4 are satisfied
for every x € E and we conclude that W5 is tidy for every such x.

Finally, choose n sufficiently large that V := ()._, y*Way™* is tidy above for y.
Such n exists by Lemma 2.2. Then, since nub(y) < W,, Lemma 2.6 shows that
V' is tidy for y. By Proposition 3.1, there is for each k € {0,...,n} a finite index
subgroup, Ej, of E such that y*Woy=* is tidy for E,. Then V is tidy for the
subgroup F := (;_, E) which has finite index in E, and hence in H. ]

The final proposition in this section derives a useful property of subgroups tidy
above for an element of G.

Proposition 3.7.  Let U be tidy above for y and suppose that z € UyU. Then
there is u € U such that uzu™t € yUy.

Proof. Let v,w € U be such that z = vyw. Since U is tidy above for y, we
have that v = v_v, with v4 € Uy. Then vyw = v_yw’ with v’ =y o, yw € U.
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Repeating the argument for w’ shows that it may be supposed that
z =vyw with v € U_ and w € U,.

Next, setting v9 = v and wy = w, we recursively construct v; € y'U_y~* and
w; € U, such that

—1
v;  (Viywi)vi = ViYW

Suppose that v; and w; have been constructed for some 7. Then
v (viywi v = ywiv; = Yo

with v} € y'U_y~" and w; € U, because wyv; € U, (yU_y™) = (y'U_y~") Uy by
Equation (1). Setting v;41 = yvly~! and w;y; = w) continues the construction. Let
u; = VgUy . ..V;—1. Then for each 7 > 1 we have

u; (vyw)u; = viyw;

with v; € y'U_y~* and w; € U,. Since U, U_ and U, are compact, the sequences
{u;}icz, {vitiez and {w;};ez have limit points u € U, v € ﬂkzo y*U_y=% = Uy and
w € U, respectively with ! (vyw)a = Dyw. This may be further simplified to

a N(oyw)i =y

with @ € U, because y 10y € Uy and Uy < U,..
Repeating the construction of the previous paragraph: starting with Wy, = w and
defining @;41 = y *w,y for ¢ > 0; and then defining 4; = W;_; ... W, for i > 1
yields

~~—1 o~ —1 —~

wu (vyw)uu,; = yw;
with @; € y~*U,y’. Since U, is compact, the sequences {@;};>1 and {w;};>; have
limit points u € U and ug € (o ¥ ‘Us+y’ = Up respectively such that

X1 -1
uu (vyw)uu = yuo.
Therefore the claim holds with = u4 *. [

4. Groups with flat rank greater than 1

In this section it is seen that a flat subgroup, H, of G for which there is y € lev(H)
with scale greater than 1 may, under certain hypotheses, be modified to produce a
subgroup with flat rank increased by 1. One example is given that illustrates the
method and another that shows its limitations.

The hypotheses are that H has the form (x;, K | ¢ € {1,...,n}) described in
Theorem 2.12. The theorem shows how to produce a group (y,z;, L | i € {1,...,n})
that is also flat and may have rank greater than that of H. The group produced
by the theorem also has the required form, as does the singly generated group (y).
Hence, the method may be iterated to produce groups with higher flat rank so
long as there is a non-uniscalar element in the Levi subgroup of the flat group last
produced. In the statement of the theorem, siey(z)(y) denotes the scale of y in the
group lev(H), which may be less than the scale of y in G.
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Theorem 4.1.  Let G be a t.d.l.c. group and let x; € G, i € {1,...,n}, and K
be a compact subgroup of G be such that:

o xKz;'=K;and

o w1z € K.

Denote the flat group (z;, K |i € {1,...,n}) by H and suppose that y € lev(H).
Then there are z; € G and a compact group L < G such that for all i € {1,...,n}:

(1) zlzy ' =1L, yly ' = L;
2) |z, 2| € L and |z;,y| € L; and
j

(3) con(z;) = con(z;) and lev(z;) = lev(x;)
Hence (y,z, L | i€ {1,...,n}) is flat. If sieym)(y) > 1, then
frk((y, zi, L |i € {1,...,n})) = fak((z;, K | i € {1,...,n})) + L.

Proof. Proposition 3.6 shows that there is V' < G compact, open and tidy both
for y and a finite index subgroup, F', of H. Let U := V Nlev(H). Then U is a
compact open subgroup of lev(H) that is tidy for y € lev(H), and Lemma 2.3(2)
and the H-stability of lev(H) show that zUz~! = U for every z € F.

We establish (1) and (2) through a series of claims. For these, note that the
hypotheses that [z;,z;] € K and that K is a compact subgroup normalised by
each z; imply that H < lev(H). As a consequence of this, z; and L may be
defined within lev(H). With this in mind, it will be convenient to suppose that
G = lev(H) while proving (1) and (2). Then U =V and, since Lemma 2.5 implies
that subgroups tidy for x € H are x-stable, H is uniscalar.

Lemma 4.2.  For each i € {1,...,n} there is n; > 0 such that
v Uzx; ™ =U and x}"yz; ™ € yU.

Proof. Since F' has finite index in H, there is m; > 0 such that z;" € F
and hence that x;"Ux; ™ = U. Proposition 3.1 shows that there is a finite index
subgroup L < (z" |i € {1,...,n}) such that zyz~' € yU for every z € L. Hence
there is n;, a multiple of m;, such that z"Uz;™ = U and z}'yx; " € yU. [

Next, Proposition 3.7 shows that for each i € {1,...,n} there is u; € U such that
wirliyr; Mut € yU.
Put z; = w;x!". Then it follows from this and Lemma 4.2 that

Lemma 4.3.  zyz; ' € yUy and Uz ' =U for every i € {1,...,n}.

Having defined the elements z;, the subgroup L will be defined next. Towards this,
let K’ be the smallest closed subgroup satisfying, for all 4, 7, k:

o [2]",2]’] € K’ and

o I *K'z,™ =K'
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Then K’ is densely generated by a normal subgroup of (zi* | i € {1,...,n}) and
so wUw™ = U for all w € K’ by Lemma 4.2. Furthermore, K’ is contained in K
and therefore is compact. Hence UK’ is a compact group stable under conjugation
by all z". Since U is normalised by all z*, UK’ is also stable under conjugation
by all z, and [z, z;] = [ua], uz’] € UK’ for all 4, j,k € {1,...,n}. Hence

Lemma 4.4.  The smallest closed subgroup, K", satisfying that [z;, z;] € K" and
2 K"t = K" forall i,5,k € {1,...,n} is a compact subgroup of UK'.

It follows from Lemma 4.3. and invariance of U, under conjugation by y that
zylz; b € y'Uy, and hence that z(y'Uy ')z ' = y'Uy~" for every | € Z. Hence
zUpz; ' = Up for each i € {1,...,n} and 2Upz"! = Uj for every z € K”. Therefore
K"Uy is a group, which is compact because K” and Uy are. Define L = K"U,. We
are now ready to prove parts (1) and (2).

Lemma 4.5.  For every i,j € {1,...,n}
[zi,y] € L, [z1,2] € L and yLy™' = L = 2Lz .

Proof.  That [z;,y] € L is because [z;,y] € Uy by Lemma 4.3, and that [2;, z;] € L
is because [z;,2;] € K” by definition, see Lemma 4.4. Since, as was just shown,
zUpz; ' = Uy and, by definition, 2z K"z ' = K", it follows that z;Lz; ' = L for
each i € {1,...,n}. The definition of U, implies that yUyy~* = U,. Finally, K”
is generated by elements of the form z, ...z, 2, 2], b 2 ! and for any such

element we have

Y(zky -2 (20 2520 2 W€ 2k 2 (20, 202 - - 2 U

because [z;,y] € Uy by Lemma 4.3 and Up is normalised 2y, .., 2z,. Therefore
yK"y ' < K"Uy = L. [ |

The remainder of the proof returns to the general case where G and V are not
necessarily equal to lev(H) and U respectively. To see that con(z;) = con(z;),
recall from Lemma 2.4 that con(z)?) = con(x;) and consider ¢ € G. Then, since
2™ normalises U, we have for each » € N that

ez = (wrl) e(ul) " = to (M er; !

with t, € U. Since the open normal subgroups of V' form a base of neighbourhoods
of 1, it follows that ¢ € con(z;) if and only if ¢ € con(z"). That lev(z;) = lev(z;)
holds by the same argument and the fact that lev(z") = lev(z;).

The claim that (y,z;, L | i € {1,...,n}) is flat follows from Theorem 2.12 and (1)
and (2). The statement about the flat ranks will follow from

Lemma 4.6.  frk((z;, L|i€ {1,...,n})) =frk(H).

Proof.  We have, for each word w(ay,...,a,) in the free group (ai,...,a,),
W(z1, ..., 2n) = W(x! o a2 u
with u € U because each z." normalises U for each ¢ € {1,...,n}. Hence

Nn

w(z1,. . z2)UW(21, . 20) t=w(@lt, et Uw(a, ... o)~
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Therefore, by Proposition 2.14,

frk((z; | i € {1,...,n})) = f-rk({z}"

ie{l,....n}).

This suffices to prove the claim because L and K are contained in the uniscalar
subgroups of the flat groups (z;, L |i € {1,...,n}) and H. ]

Now we are ready to show that the flat rank increases by 1 if sjey(m)(y) > 1. Suppose
that is the case and denote Uy = (VoY Uy " and Uyis = Upeg V¥ Uy 7",
Then Uyy4 is a closed subgroup of lev(H) because U is tidy for y in lev(H)
and is non-compact because siey(m)(y) > 1. Furthermore, since y*Uy™* is stable
under conjugation by z;, U, is also stable under conjugation by z; for each
i€ {l,...,n}. Therefore (y,z | i € {1,...,n}) acts on Uy, by conjugation. The
map a, : u— ruz ' is an automorphism of Uy, , and

oy (y,z |ie{l,...,n}) = Aut(Uys4)

is a homomorphism. Denoting the modular function on Aut(U,y) by A, define
o,z i€ {L,....n}) > (R,+) by

p(x) =log Aay), re(y z|ie{l,...,n}).

Recall that A(a) = m(a(W))/m(W), with W any compact open subgroup and m
the Haar measure on Uy, and that A is a homomorphism from Aut(U,4;) to
the multiplicative group of positive real numbers. Hence p is a homomorphism with
(zi | i € {1,...,n}) < kerp because U, is contained in lev(H ), which is equal
to lev({(z; | i € {1,...,n})). On the other hand, p maps onto a subgroup of (R, +)
isomorphic to (Z,+) because

A(O‘y) = [yUy+y_1 : Uy+] = SIeV(H)(y) > 1.

Therefore the rank of (y,z;, L | i € {1,...,n}) modulo its uniscalar subgroup is
frk(H) + 1. "

The hypotheses of Theorem 4.1 hold if z, .., x, and y commute and we have K
and L trivial in this case. Hence the final claim specialises to the following.

Corollary 4.7.  Let G be a t.d.l.c. group and z; € G, i € {1,...,n} commute
and denote H = (x1,...,x,). Suppose that y € Cq(H). Then (H,y) is flat. If
Sco(m)(y) > 1, then the flat-rank of (H,y) is equal to the flat-rank of H plus 1.

The following example illustrates the steps in the proof of Theorem 4.1.

Example 4.8. Let G = GL(3,Q,) and H = (z) with

and a € pZ, \ {0}.

&

I
O O =
N OO

a
1
0
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(We will use that |a|,, the p-adic absolute value of a, is a power of p.) Then H is
flat and

ann a2 0O

lev(H) = ax azp 0 | |ay € Qp, (ar1a22 — arzas1)ass # 0
0 0 ass
p 0 0
Hence y=10 10
0 0 1

belongs to lev(H). Calculation shows that s(z) = p?, which implies that H has flat
rank equal to 1, and sje(m)(y) = p.

We apply the steps of the construction to this H and y. To begin, the group
air paiz pais

V= azi Gz pags | € GL(3,Qyp) | aiy; € Zy, |a11a2a33], =1
a3; asz  ass

is tidy for both H and y and

ajr paiz 0
U = V N Iev(H) = a1 a92 O € GL<3, Qp) | Clij € Zp, ’anaggajgg‘p =1
0 0 as33

Then choosing n = p ensures that 2"Uz™ = U and 2"yx™" € yU as in Lemma
4.2. Next, put

1 —na 0
u=|0 1 0
0 0 1
Then v € U and uz"yz "u"! = y. Put 2 = uz™. Then
10 0
z=10 1 0|,
0 0 p»

and Lemma 4.3 holds and the subgroups K” and L in Lemmas 4.4 and 4.5 are
trivial because y and z commute. Hence (y, z) is flat and has flat rank equal to 2.

The proof of Theorem 4.1 and construction in Example 4.8 pass from the given flat
group H to a finite index subgroup on the way to constructing the new flat group
with increased rank. That could have been avoided in Example 4.8 by choosing a
different subgroup V tidy for H and y. The next example shows that passing to a
finite index subgroup cannot always be avoided.

Example 4.9. Define z,y € Aut(SL(2,Q,) x Q,) by

o= (¢ Da(t )

-1
and y(A c) = ((g (1)> A <g (1)> ,c> ., AeSL(2,Q,), ceQ,,
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and let G = (x,y) X (SL(2,Q,) X Q,)). Then (2% y) is finitely generated and
abelian, and hence flat. In fact, if U < SL(2,Q,) is the subgroup

a pb B -
{(c d)|a,b,c,d€Zp, ad pbc-l},

then U x Z, is tidy for (z?,y). However, (x,y) is not flat because, for example, its
abelianisation is finite and = and y are not uniscalar. [ |

The next example shows that the construction in Theorem 4.1 might not apply
because it may happen that, while lev(H) contains elements of a flat group with
larger flat rank, it does not contain a contraction subgroup for any element of the
larger flat group.

Example 4.10. Let x; and x5 be the automorphisms of QIQJ given by

21(61,&) = (p&1, p&e) and z3(&1, &) = (pé1,p~ &), (&1,&2) € szy

and let A := (z1,25). Then A is a flat subgroup of G := Q2 x A having V :=
Zg x {0} as a tidy subgroup. The uniscalar subgroup of A is trivial and so the flat
rank of A is equal to the rank of A, which is 2.

Let H := (z1) < A. Then the flat rank of H is equal to 1. However, lev(H) = A

which is discrete and hence uniscalar, that is, seym)(y) = 1 for every y € A.
Hence no y can be chosen from lev(H) that can be used in the construction in
Theorem 4.1. |

The final example shows that the construction in Theorem 4.1 might not apply
because it may happen that, while lev(H) contains a contraction subgroup for an
element in a flat group with larger flat rank, it does not contain elements of the
larger flat group.

Example 4.11. Let A := (a,b) be the free group on generators a and b and
define a homomorphism ¢: A — Aut(Q2) by

d(a)(&1,62) = (P61, &) and B(b)(&1,&2) = (&1, pEa), (61,6) € Q;-

Then A is a flat subgroup of G := Q} x A having Z2 x {0} as tidy subgroup. The
uniscalar subgroup of A is the commutator subgroup of (a,b) and the flat rank of

A is equal to 2.
Let H = (a) < A. Then the flat rank of H is equal to 1. However, while we have

lev(H) = {0} x Q, = con(b) and s(b™"|iev(rr)) = p, the set of a-conjugates of b~" is
infinite and discrete, and hence does not have compact closure. Hence b~! does not
belong to lev(H). [

5. Precompact conjugation orbits and a symmetric relation

The relation commutes with, as in ‘x; commutes with x5, is reflexive and symmetric
on the elements of a group. The weaker relation in the Levi subgroup of, as in
‘x1 € lev(xs)’, is reflexive but is not symmetric. Theorem 4.1 and ideas in its proof
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suggest a still weaker reflexive relation that is symmetric. That relation, called
vague commutation and denoted x1V xy, is explored in this section. Unfortunately,
symmetry of the relation is achieved at the expense of {z; € G | 1V 2} being a

group.

Definition 5.1. Let G be a t.d.l.c. group. For x1,z5 € G say that x; vaguely
commutes with xo, and write x1V xy, if there are n > 0 and a compact subgroup,
U, of G normalised by x} and u € U such that ux] € lev(zs).

It is clear that the relation VC' is reflexive and the next proposition shows that it
is symmetric as well.

Proposition 5.2.  Suppose that xi,xo € G and that x1Vxy. Then there are,
for each i = 1,2, integers n; > 0, compact subgroups, U;, normalised by x;" and
elements w; € U;, such that z; :== u;x;* commute modulo a compact subgroup, L,
satisfying that ziin_l = L. Moreover, xoVxy.

Proof. Since z; vaguely commutes with x5, there are ny > 0 and a compact
subgroup, U; of G, normalised z; and w; € U; such that ujx}* € lev(xzy). Then
H := (z5) and y := uyz]" satisfy the hypotheses of Theorem 4.1. Hence there are
ny > 0 and a compact subgroup, Us, normalised by x5 and us € Us, and a compact
subgroup, L, such that, setting z; = w;al: 2Lz = L = 2Lz, ' and [z, 2] € L,
as claimed.

It follows that usxh? € lev(uix}*) and thus that

{ () (upay?) (i) ™" | k € Z}
has compact closure. Since u; € Uy, which is normalised by z7', we have that
(uy2™)* = @at™ for each k with @ € Uy. Since U; is compact, it follows that

{x’f”l (uz:p?)xl—km | k€ Z}

has compact closure, and hence so does {af(us23?)21" | k € Z}. Therefore upzh?
belongs to lev(z;) and xy vaguely commutes with . [

The vague centraliser of xq is
{z1 € G | z; vaguely commutes with x5} .

Then the vague centraliser of x5 is the analogue of the centraliser of x5 in the case
of the relation of commutation, and of lev(xy) for the ‘belongs to lev(xs)’ relation.

Example 5.3.  Let Aut(7},;1) be the automorphism group of a regular tree 7}, 4
with valency g+1 and ¢ > 2. Let x; and x5 be translations, that is, automorphisms
having infinite orbits, with axes ¢, and £y, see [12, Proposition 3.2]. Then z¥zyz "
is a translation with axis z¥.f5, and the same is true if x5 is replaced by uz} for any
n > 0 and u in a compact subgroup normalised by z3. Hence {z¥(uz})z;*}rez
does not have compact closure unless /1 = /5, and it follows that z; and x5 do not
vaguely commute unless this holds. On the other hand, if z; is an elliptic element
of Aut(7,41), that is, if x; has finite orbits in 7,4, then (z1)~ is compact. Hence
so is {x’fxzxfk},gez, and x; and x, vaguely commute.
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These considerations thus show that the vague centraliser of x is:
o Aut(Tyq1), if z is elliptic; and

{translations with axis ¢} U {elliptic elements}, if  is a translation with axis ¢.

Example 5.3 shows that, while the centraliser of x5 and lev(zy) are subgroups of G,
the vague centraliser is not in general. In order to expand on the example, we make
a few more definitions.
Definition 5.4. Let G be a totally disconnected, locally compact group.
(1) Per(G)={x € G| (x)~ is compact}.
(2) x € G is an FC™ -element if the conjugacy class of x has compact closure,
and the set of FC™ -elements in G is denoted FC™(G).

(3) The approximate centraliser of G is the set of all x € G such that lev(z) = G
and is denoted AC(G).

(4) The approzimate centre of G is equal to [{lev(y) | y € G} and is denoted
AZ(G).

(5) The vague centre of G is the set of all x € G whose vague centraliser is equal
to G, and is denoted VZ(G).

In Example 5.3, Per(G) is equal to the set of elliptic automorphisms of T,.;, and
this set is equal to the approximate centraliser AC(G) and to the vague centre
VZ(G). The set of FC™ -elements FC™(G) and the approximate centre AZ(G)
are equal to {1}.

The next result states the order relationships between the sets in Definition 5.4 and

records their properties.

v \/

Figure 1: Subsets of G related to the centre

Proposition 5.5. Let G be a totally disconnected, locally compact group. The
subsets of a totally disconnected, locally compact group, G, described in Definition
5.4 are ordered by inclusion as shown on the Hasse diagram in Figure 1. Moreover:

(1) all subsets are invariant under conjugation;

(2) Z(G), FC(G) (provided that G is compactly generated) and AZ(G) are
closed normal subgroups of G ; and

(3) Per(G), AC(G) and VZ(G) are closed subsets of G .
All elements of VZ(G) have scale equal to 1.
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Proof.  The inclusions may be seen as follows: Proposition 5.2 shows that AC(G)
and AZ(G) are contained in VZ(G); AC(G) contains Per(G) because compactness
of (z)~ implies that {z*yz~"},_, is equal to the set of conjugates of y by (z)~, and
contains Z(G) because {z*yz*},_, = {y} if z € Z(G); AZ(G) contains FC~(G)
because {y*zy "}, C {wrw'}, . for every y € G; and FC~(G) contains Z(G)
because singleton conjugacy classes are compact.

Since each of the statements defining the sets in Definition 5.4 is invariant under

conjugation, the sets so defined are too.

For the further properties of the sets, it is well-known that the centre is a closed
subgroup in every topological group, and that F'C~(G) is closed if G is compactly
generated is [7, Theorem 2|. That AZ(G) is a closed subgroup holds because it is
the intersection of the closed subgroups lev(y), y € G. That these subgroups are
normal holds because, as just seen, they are closed under conjugation. That Per(G)
is closed is [14, Theorem 2]. The proofs that AC(G) and VZ(G) are closed too
mirror the argument used for Per(G), which uses the fact that the group elements
are uniscalar. These proofs are given next.

Assume, as will shortly be proved, that all elements of VZ(G) have scale equal to
1 and consider y € VZ(G)~. To see that y € VZ(G), it must be shown that for
every y, € G there are n > 0, a compact subgroup, U, normalised by vy} and
u € U such that uyy € lev(y). We have that s(y) = 1 = s(y~!), because the scale
is continuous, and hence there is a compact, open W < G normalised by y. Since
yW is a neighbourhood of y, we may choose = € VZ(G) NyW . Then there are
n > 0, a compact subgroup, U, normalised by ¢4 and u € U such that uyy € lev(x)
because x € VZ(G). Since yW = W and y normalises W, there are elements
wy € W, for all k € Z, such that y* = w,a*. Hence, for every k € Z,

v (uy )y " = wpa® (uyy)aFw € W{a (uys)r ™ Y jeaW,

which is compact. Hence uyy € lev(y) as desired and y € VZ(G). The proof
that AC(G) is closed is essentially the same. Every element of AC(G) is uniscalar
because it is contained in VZ(G). Given y € AC(G), there is W normalised by y
and z € AC(G)NyW . Then lev(z) = lev(y) and the fact that every y» € G belongs
to lev(z) implies that y, also belongs to lev(y).

The proof will now be completed by showing that every element of V' Z(G) has scale
equal to 1. Let x; in G have s(x1) > 1, choose v, € con(z;') \ nub(z;), and put
x9 = vyxy. Then for every n > 0, every compact group U normalised by z] and
u € U, and for all k> 0, we have

k+1 —k—1
2

o () )i )7

= (v4)™ (uay) (v

= vy (o) (e e T (@ P ) T (o ar) T
Hence the sequence {z5™ (uz?)z5 " }r>0 is discrete and non-compact, by Lemma 2.9.
In particular, ux} does not belong to lev(xzs) for any n and u, and z; and z5 do
not vaguely commute. Since for any z; with s(x1) > 1 there is 25 that does not
vaguely commute with z;, every element in V' Z(G) is uniscalar. [

Remark 5.6. (1) If 27 € Per(G), then z, € lev(zy), and hence z, vaguely
commutes with x;, for every x5 in G. Proposition 5.2 then implies that every
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x1 € Per(G) vaguely commutes with every zo € G. It is instructive to see this
directly: consider z; € Per(G) and zs € G, and take n = 1, U = (x;)” and
u = x7"; then uz; = 1g, which certainly belongs to lev(zy).

(2) The subgroup F'C~(G) need not be closed if G is a t.d.l.c. group that is not
compactly generated. The example in [11, Proposition 3| is a group G in which
FC~(G) is proper and dense. If G is a connected locally compact group, then
FC~(G) is closed, by [11, Corollary 1], and more information about the structure
of this subgroup is given there. The structure of general [F'C]~-groups is described
in [10, Theorem 3D], see [5, Theorem 2.2] for a proof and also [8, 12.6.10].

Theorem 4.1 reduces to a special case of these results if H = (x1,...,x,) is a finitely
generated subgroup of G satisfying H < lev(H). In this case, the closure of H is
an [F'C|” -group and [5, Theorem 2.2] implies that H has a finite index subgroup
which is an extension of an abelian group by a compact normal subgroup. The same
conclusion also follows from our Theorem 4.1.

(3) The proofs that VZ(G) and AC(G) are closed are modelled on the argument
used in [14, Theorem 2] to show that Per(G) is closed, and that theorem answers
a question posed by Karl Heinrich Hofmann.

(4) The class of all compactly generated, topologically simple, non-discrete locally
compact groups is denoted by S and it is an open question whether there any
t.d.l.c. group in S can be uniscalar. It follows from Proposition 5.5 that a sharper
version of this question is whether any groups in § have G equal to VZ(G),
AC(G) or Per(G). Any group G equal to Per(G) has the stronger property than
uniscalarity of being anisotropic, which means all contraction subgroups for inner
automorphisms are trivial. Note that discrete finitely generated, simple groups with
G = Per(G) exist because, for discrete groups, Per(G) is the set of torsion elements
and there are simple counterexamples to Burnside’s conjecture.
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