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Abstract. We consider G = SL(2,R) and H the subgroup of diagonal matrices. Then
X = G/H is a unimodular homogeneous space which can be identified with the one-sheeted
hyperboloid. For each unitary character χ of H we decompose the induced representations
IndGH(χ) into irreducible unitary representations, known as a Plancherel formula. This is done
by studying explicit intertwining operators between IndGH(χ) and principal series representations
of G . These operators depends holomorphically on the induction parameters.
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1. Introduction
The Plancherel formula for a unimodular homogeneous space X = G/H of a Lie
group G describes the decomposition of the left-regular representation of G on
L2(X) into irreducible unitary representations. More generally, one can ask for the
decomposition of L2(G ×H Vχ) , the L2 -sections of a homogeneous vector bundle
associated with a unitary representation (χ, Vχ) of H . In representation theoretic
language, this corresponds to the induced representation IndG

H(χ) of G , and for the
trivial representation χ = 1 we recover L2(G/H) .
By abstract theory, the unitary representation IndG

H(χ) decomposes into a direct
integral of irreducible unitary representations of G , i.e. there exists a measure µ on
the unitary dual Ĝ of G and a multiplicity function m : Ĝ→ N ∪ {∞} such that

IndG
H(χ) '

∫ ⊕

Ĝ

m(π) · π dµ(π).

An abstract Plancherel formula describes the support of the Plancherel measure µ
as well as the multiplicity function m . Such abstract Plancherel formulas have been
established for certain classes of homogeneous spaces such as semisimple symmetric
spaces (see e.g. [1]).
However, for some applications an abstract Plancherel formula is not sufficient, and a
more explicit version is needed (see e.g. [6, 17]). By this, we mean an explicit formula
for the measure µ as well as explicit linearly independent intertwining operators
Aπ,j : Ind

G
H(χ)

∞ → π∞ , j = 1, . . . ,m(π) , for µ-almost every π ∈ Ĝ such that
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‖f‖2
IndGH(χ)

=

∫
Ĝ

m(π)∑
j=1

‖Aπ,jf‖2π dµ(π) (f ∈ IndG
H(χ)

∞).

Such an explicit Plancherel formula is for instance known for Riemannian symmetric
spaces X = G/K , where the Plancherel measure µ is explicitly given in terms of
Harish-Chandra’s c-function and the intertwining operators Aπ,j can be described in
terms of spherical functions (see e.g. [10], and also [15] for the case of line bundles
over Hermitian symmetric spaces). This explicit Plancherel formula has recently
been applied in the context of branching problems for unitary representations where
the explicit Plancherel measure and in particular its singularities play a crucial role
(see e.g. [6, 17]). In order to apply the same strategy to other branching problems,
explicit Plancherel formulas are needed for more general homogeneous spaces.
In this paper, we determine the explicit Plancherel formula for line bundles over
the one-sheeted hyperboloid X = G/H , where G = SL(2,R) and H the sub-
group of diagonal matrices. This specific Plancherel formula has direct applica-
tions to branching problems for the pairs (SL(2,R)× SL(2,R), diag(SL(2,R))) and
(GL(3,R),GL(2,R)) . The homogeneous Hermitian line bundles over X are param-
eterized by ε ∈ Z/2Z and λ ∈ iR , the corresponding unitary character of H being

χε,λ

(
t 0
0 t−1

)
= sgn(t)ε|t|λ (t ∈ R×).

We find intertwining operators Aξ
λ,µ : IndG

H(χλ,ε) → IndG
P (ε ⊗ eµ ⊗ 1), ξ = 0, 1

between the line bundles over X and the principal series representation (see Propo-
sition 6.1).

Theorem 1.1. (See Corollary 8.6) For f ∈ IndG
H(χλ,ε), λ ∈ iR and ε ∈ {0, 1}

we have

‖f‖2 =
∫
iR

1∑
ξ=0

‖Aξ
λ,µf‖

2 dµ

|a(µ, ε)|2
+

∑
µ∈1−ε−2N

c(µ, ε)‖Aε
λ,µf‖2, (1)

where Aλ,µ and Aλ,µ are some combinations of A0
λ,µ and A1

λ,µ .

The proof of (1) consists of two steps. First, we prove (1) in the case λ = 0 separately
for each K -isotypic component. On a fixed K -isotypic component, the intertwining
operators Aξ

λ,µ are essentially Fourier-Jacobi transforms, and the Plancherel formula
follows from the spectral decomposition of the corresponding ordinary second order
differential operator by Sturm-Liouville theory. The main difficulty is that the
continuous spectrum occurs with multiplicity two, while the discrete part occurs
with multiplicity-one, and it is non-trivial to find the right linear combination of
A0

µ and A1
µ that corresponds to a direct summand. In fact, this linear combination

is very different for the cases ε = 0 and ε = 1 . In the second step, we show
that, as a representation of G , L2(G/H,Lε,λ) is independent of λ , and by finding
an explicit unitary isomorphism L2(G/H,Lε,λ) → L2(G/H,Lε,0) we deduce the
claimed formula.
We remark that for ε = 0 and general λ ∈ iR the Plancherel formula was recently
obtained by Zhu [18]. Moreover, for ε = 0 and λ = 0 our Plancherel formula can
be viewed as a special case of the one for pseudo-Riemannian real hyperbolic spaces
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O(p, q)/O(p, q − 1) with p = 1 and q = 2 which was obtained by Faraut [3], Ross-
mann [14] and Strichartz [16]. Note also that the corresponding abstract Plancherel
formula, i.e. the description of the representations occurring in the direct integral
decomposition, also follows from the general theory (see e.g. [1]).

Acknowledgements. We would like to thank our supervisor Jan Frahm for his
help and input on the topics of this paper.

Notation. N = {1, 2, 3 . . . } , N0 = N∪ {0} . For A ⊆ R and b, c ∈ R we denote by
b+cA = {b+ca | a ∈ A} . The Pochhammer symbol is (x)n = x(x+1) · · · (x+n−1) .
We denote Lie groups by Roman capitals and their corresponding Lie algebras by
the corresponding Fraktur lower cases. For m ∈ Z we let [m]2 ∈ {0, 1} be the
remainder of m after division by 2.

2. The principal series of SL(2,R)

In this section we recall some results about the representation theory of SL(2,R)
following [2]. Let G = SL(2,R) and consider the following subgroups

M = {±I}, A =

{(
t 0
0 t−1

)
: t ∈ R>0

}
, N =

{(
1 x
0 1

)
: x ∈ R

}
,

then P = MAN is a minimal parabolic subgroup of G . Identify M̂ ∼= Z/2Z by
mapping ε ∈ Z/2Z to the character

M → {±1},
(
±1 0
0 ±1

)
7→ (±1)ε.

Further, we identify a∗C
∼= C by mapping λ 7→ λ

(
diag(1,−1)

)
. We can then observe

that any character of H :=MA is of the form χε,λ = ε⊗ eλ where

χε,λ

(
t 0
0 t−1

)
= |t|λε := sgn(t)ε|t|λ, (t ∈ R×).

As the commutator subgroup of P is N the characters of P is of the form ε⊗eµ⊗1
and these characters are unitary exactly when λ ∈ iR .
Let ε ∈ Z/2Z and µ ∈ C . For any character ε ⊗ eµ ⊗ 1 of P define the principal
series representation πε,µ induced by it to be the left regular representation of G on

IndG
P (ε⊗ eµ ⊗ 1) =

{
f ∈ C∞(G) | f(gman) = |t|−µ−1

ε f(g), m ∈M, a ∈ A, n ∈ N
}
,

where ma = ( t 0
0 t−1 ) ∈MA . We introduce the notation

kθ =

(
cos θ sin θ
− sin θ cos θ

)
,

and ζm(kθ) = eimθ . According to the theory of Fourier series we have the K -type
decomposition

IndG
P (ε⊗ eµ ⊗ 1) ∼=

⊕̂
m∈2Z+ε

Cζm.

We let IndG
P (ε⊗ eµ⊗ 1)m denote the set of functions contained in the K -type given

by m ∈ Z , that is IndG
P (ε⊗ eµ ⊗ 1)m = Cζm .
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A basis of g is given by

H =

(
1 0
0 −1

)
, E =

(
0 1
0 0

)
, F =

(
0 0
1 0

)
.

Consider the Casimir operator
∆µ = dπ(H)2 + dπ(E + F )2 − dπ(E − F )2,

where π = πε,µ .

Proposition 2.1 (See e.g. [2, Prop. 10.7]). For f ∈ IndG
P (ε⊗ eµ ⊗ 1) we have

∆µf = (µ2 − 1)f.

Proposition 2.2 (See [2, Prop. 10.8]). The representation IndG
P (ε ⊗ eµ ⊗ 1) is

irreducible except when µ ∈ 1 − ε − 2Z. If µ ∈ 1 − ε − 2N then IndG
P (ε ⊗ eµ ⊗ 1)

decomposes as V0 ⊕ V1 ⊕ V2 where V0 is an irreducible representation containing
exactly the K -types with |m| ≤ −µ. The quotient πds

ε,µ is a direct sum of two
infinite dimensional representations πhol

ε,µ and πahol
ε,µ .

Let w0 = ( 0 1
−1 0 ), a representative of the longest Weyl group element of G . Recall

the definition of the Knapp-Stein intertwining operator

T ε
µ : IndG

P (ε⊗ eµ ⊗ 1) → IndG
P (ε⊗ e−µ ⊗ 1), T ε

µf(g) =
1

Γ(µ+ε
2
)

∫
N

f(gw0n)dn,

for Re (µ) > 0 . The normalization is chosen such that T ε
µ extends holomorphically

to µ ∈ C .

Proposition 2.3. For f ∈ IndG
P (ε⊗ eµ ⊗ 1)m we have T ε

µf = bεm(µ)f , where

bεm(µ) =
√
πi[ε]2(−1)

m+|m|
2

−[ε]2

(
1+ε−µ

2

)
|m|−ε

2

Γ
(µ+1+|m|

2

) .
For ε = 0 and µ ∈ 1− 2N we have b0m(µ) ≥ 0 for all m ∈ 2Z. Whereas for ε = 1,
m odd and µ ∈ −2N we have −ib1m(µ) ≥ 0 for m > 0 and ib1m(µ) ≥ 0 for m < 0.

Proof. As T ε
µ maps K -types to K -types we have T ε

µf = T ε
µf(e)f . Now decom-

pose
w0nx = kan =

1√
1 + x2

(
x 1
−1 x

)(√
x2 + 1 0
0 1√

1+x2

)(
1 x

x2+1

0 1

)
,

then applying f ’s equivariance properties, we arrive at∫
R
f(w0nx) dx =

∫
R
(x+ i)

m−µ−1
2 (x− i)

−m−µ−1
2 dx =

21−µπimΓ(µ)

Γ
(µ−|m|+1

2

)
Γ
(µ+|m|+1

2

) ,
where in the last equality we used Lemma A.1. Now dividing by Γ(µ+ε

2
) and shuffling

around Gamma-factors we arrive at the result.

For µ ∈ iR we equip the space IndG
P (ε ⊗ eµ ⊗ 1) with the usual L2 -norm. Using

Proposition 2.3 we can for ε = 0 and µ ∈ 1− 2N equip IndG
P (0⊗ eµ ⊗ 1) with the

norm
‖f‖2 =

∫
K

f(k)T 0
µf(k) dk.
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Similarly for ε = 1 and µ ∈ −2N we can equip IndG
P (1⊗ eµ ⊗ 1) with the norm

‖f‖2 =
∫
K

f(k)T̂ 1
µf(k) dk

where T̂ 1
µf =

{
iT 1

µf, for m > 0,

−iT 1
µf, for m < 0

for f ∈ IndG
P (1 ⊗ eµ ⊗ 1)m . The operator T̂ 1

µ is still an intertwining operator as it
vanishes on V0 per Proposition 2.3 and thus we just altered it by a scalar on each
of the summands in Proposition 2.2.

3. The homogeneous space G/H

For a unitary character χε,λ=ε⊗ eλ with λ∈ iR the left-regular action τε,λ of G on
the space of L2 -sections associated to the line bundle G×H Cε,λ → G/H, given by

IndG
H(ε⊗ eλ) =

{
f : G→ C | f(gh) = χε,λ(h)

−1f(g),

∫
G/H

|f(g)|2d(gH) <∞
}
,

defines a unitary representation of G . The goal of this paper is to decompose
this space. Furthermore we consider the subspace of compactly supported smooth
functions C∞

c - IndG
H(ε⊗ eλ) which consists of functions f ∈ C∞(G) ∩ IndG

H(ε⊗ eλ)
where supp(f) ⊆ Ω for an Ω ⊆ G where ΩH is compact in G/H . We will denote
the smooth vectors in IndG

H(ε⊗ eλ) by IndG
H(ε⊗ eλ)∞ . We introduce the notation

bu =

(
coshu sinhu
sinhu coshu

)
, nx =

(
1 0
x 1

)
.

Using the decomposition G = KBA , where B = {bu |u ∈ R}, we consider G/H
in the global coordinates (θ, u) ∈ [0, π) × R where xH = kθbuH and the invariant
measure is d(xH) = cosh(2u)dudθ , see e.g. [12]. Now in terms of these coordinates
we have the K -type decomposition

C∞
c - IndG

H(ε⊗ eλ) =
⊕̂

m∈2Z+ε

Cζm ⊗ C∞
c (R) (2)

with ζm(kθ) = eimθ . We let IndG
H(ε⊗ eλ)m denote the set of functions contained in

the K -type given by m ∈ 2Z+ ε , that is IndG
H(ε⊗ eλ)m = Cζm ⊗ C∞

c (R) .
We denote by ∆λ the Casimir operator for the representation IndG

H(ε⊗ eλ) defined
in a similar fashion as for the principal series.

Proposition 3.1. Written in the coordinates (θ, u) the Casimir operator ∆λ is
given by

∆λ =
λ2

cosh2(2u)
+ 2λ

tanh(2u)

cosh(2u)
∂θ + 2 tanh(2u)∂u −

1

cosh2(2u)
∂2θ + ∂2u.

Proof. This is a standard computation.

Another set of coordinates can be obtained by using the Iwasawa decomposition
G = KAN with (θ, y) ∈ [0, π) × R where xH = kθnyH . The invariant measure is
given by d(xH) = 1

2
dydθ see [11, Chap. 5, §6].
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4. Constructing an isomorphism
The goal of this section is to construct the explicit isomorphism in the following
theorem, of which the proof was in large presented to us by Jan Frahm.

Theorem 4.1. For ν, λ ∈ iR the map

�ν

λ : IndG
H(ε⊗ eλ) → IndG

H(ε⊗ eν)

given by �ν

λ f(g) =
1

√
π2

λ−ν
4

Γ
(
2+ν−λ

4

)
Γ
(
λ−ν
4

) ∫
R
|x|

λ−ν
2

−1f(gnx) dx

defines a unitary isomorphism intertwining IndG
H(ε⊗ eλ) and IndG

H(ε⊗ eν).

To this extent we consider the minimal parabolic subgroup P = NAM ⊂ G and let

IndP
MA(ε⊗ eλ)

=

{
f : NAM → C | f(gma) = sgn(m)εa−λ−1f(g),

∫
P/MA

|f(g)|2 dg <∞
}
,

where aλ := eλ(X) for a = eX and λ ∈ a∗C
∼= C .

Lemma 4.2 (Induction in stages).

IndG
MA(ε⊗ eλ) ' IndG

MAN
(IndMAN

MA (ε⊗ eλ)),

where the map is given by f 7→ F where F (g)(p) = f(gp) and thus the inverse is
given by f(g) = F (g)(1).

Proof. See e.g. [7, Chapter VI, section 9]

Proof of Theorem 4.1. We first show the isomorphism claim of Theorem 4.1.
By Lemma 4.2 it suffices to show that IndP

MA(ε ⊗ eλ) ' IndP
MA(ε ⊗ eν) . Let

restN : IndP
MA(ε ⊗ eλ) → L2(N) be the restriction from P to N . We let Φ be

the inverse map which is given by ΦF (nam) = sgn(m)εa−λ−1F (n) . Let πε,λ be the
left regular representation on IndP

MA(ε⊗ eλ) and define π̃ε,λ(g) = restN ◦πε,λ(g)◦Φ .
Then P acts on L2(N) via π̃ε,λ , and the above statement reduces to showing that
π̃ε,λ ∼= π̃ε,ν for λ, ν ∈ iR .
To construct an isomorphism H : L2(R) → L2(R) intertwining π̃ε,λ and π̃ε,ν we
note that the action of P = NAM on f ∈ L2(N) is given by

π̃ε,λ(n)f(n
′) = f(n−1n′) n, n′ ∈ N,

π̃ε,λ(ma)f(n) = sgn(m)εaλ+1f
(
(ma)−1n(ma)

)
, m ∈M, a ∈ A, n ∈ N.

Identifying N ' R , M ' {±1} and A ' R>0 , the above becomes

π̃ε,λ(y)f(x) = f(x− y), x, y ∈ R,
π̃ε,λ(t)f(x) = tλ+1f(t2x), x ∈ R, t ∈ R>0.

Since N acts by translation any such intertwining operator H must be a translation
invariant operator on L2(R) . In consequence there exists some tempered distribution
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u∈S ′(R) such that H is given by convolution with u , that is HF (x) = 〈u, τxF̌ 〉 ,
where τxF (y) = F (y − x) and F̌ (x) = F (−x) . Furthermore let dtf denote the
dilation of f by t ∈ R \ {0} , i.e. dtf(x) = f(tx) , then

H ◦ π̃ε,λ(t)F (x) = π̃ε,ν(t) ◦HF (x).

Evaluating at x = 0 then yields 〈dt−2u, F̌ 〉 = tν−λ+2〈u, F̌ 〉 . Hence u is a homoge-
neous distribution of degree λ−ν−2

2
and we conclude that

Hf = f ∗ |x|
λ−ν−2

2
δ for some δ ∈ {0, 1}.

Comparing with Lemma B.2 we see that these are both necessary and sufficient
conditions for H to establish an isomorphism between IndP

MA(ε⊗eλ) and IndP
MA(ε⊗

eν) . Putting δ = 0 , composing with the map from Lemma 4.2 then yields the desired
isomorphism. To see that the normalization indeed makes �ν

λ unitary, it suffices to
note that for λ, ν ∈ iR Lemma B.2 gives∣∣∣∣∣ 1

√
π2

λ−ν
4

Γ
(
2+ν−λ

4

)
Γ
(
λ−ν
4

) F(|x|
λ−ν
2

−1)

∣∣∣∣∣ = 1.

5. Eigenfunctions for the Casimir operator
By Theorem 4.1 a Plancherel formula on IndG

H(ε ⊗ eλ) for some fixed λ ∈ iR can
be extended to all ν ∈ iR by compositon with the unitary isomorphism �ν

λ from
Theorem 4.1. Following this we will therefore mostly consider the cases of which
λ = 0 , which often simplifies matters considerably.
For f ∈ IndG

H(ε⊗ e0)m with f(kθbu) = eimθ · h(u), h ∈ C∞
c (R) we have

∆0f = eimθ∆̃mh(u),

for some differential operator ∆̃m .

Lemma 5.1. Let h ∈ C∞
c (R) and m ∈ Z. Then we have

∆̃m cosh
m
2 (2u)h

(
− sinh2(2u)

)
= cosh

m
2 (2u)�mh

(
− sinh2(2u)

)
.

For t = − sinh2(2u) the operator �m is given by

�m = m(m+ 2) + 8(−1 + (3 +m) t)
d

dt
− 16t · (1− t)

d2

dt2
.

Proof. Follows directly from Proposition 3.1.
Recall that a hypergeometric differential equation has the form

t(1− t)
d2

dt2
+ [c− (a+ b+ 1)t]

d

dt
− ab = 0.

If c is not a non-positive integer there are two independent solutions (around t = 0)

2F1(a, b; c; t) and t1−c
2F1(1 + a− c, 1 + b− c; 2− c; t),

expressed in terms of the hypergeometric function 2F1(a, b; c; t) .
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We note that the eigenvalue problem �mf = (µ2−1)f is a hypergeometric differen-
tial equation thus giving us two linearly independent solutions φm

µ and ψm
µ . Using

the notation from Appendix C we can express these solutions as

φm
µ (u) = ϕ

− 1
2
,m
2

−µ
2

(u), ψm
µ (u) = i sinh(u) · ϕ

1
2
,m
2

−µ
2
(u),

where u ∈ [0,∞) . Note that these functions allow for natural extensions from [0,∞)
to R . We now restate the results from Appendix C in terms of φm

µ and ψm
µ .

Proposition 5.2. For f ∈ C∞
c ([0,∞)), let (Jjf)(µ), j = 0, 1, denote the

Fourier-Jacobi transforms of f given by

J0f(µ) =

∫ ∞

0

f(t)φm
µ (t) cosh

m+1(t) dt,

J1f(µ) =

∫ ∞

0

f(t)ψm
µ (t) sinh(t) cosh

m+1(t) dt.

Then we have the following inversion formulas:

f(t) =
1

8π2

∫
iR
J0f(µ)φ

m
µ (t)

dµ

|ℓ0(µ)|2
− 1

2π

∑
µ∈D0

J0f(µ)φ
m
µ (t)Res

ν=µ
(ℓ0(ν)ℓ0(−ν))−1,

sinh(t)f(t) =
−1

2π2

∫
iR
J1f(µ)ψ

m
µ (t)

dµ

|ℓ1(µ)|2
+

2

π

∑
µ∈D1

J1f(µ)ψ
m
µ (t)Res

ν=µ
(ℓ1(ν)ℓ1(−ν))−1.

with Dj = {η ∈ R | η = 4k + 1 + 2j − |m| < 0, k ∈ N0} and

ℓj(µ) =
Γ(µ

2
)

Γ(µ+1+2j+|m|
4

)Γ(µ+1+2j−|m|
4

)
.

Remark 5.3. As φm
µ and ψm

µ are given in terms of hypergeometric functions
we get φm

µ = φm
−µ , and ψm

µ = ψm
−µ , as 2F1(a, b; c; t) = 2F1(b, a; c; t) . The Euler

transformation

2F1(a, b; c; t) = (1− t)c−a−b
2F1(c− a, c− b; c; t)

amounts to φm
µ (u) = cosh−m(u)φ−m

µ (u) , and ψm
µ (u) = cosh−m(u)ψ−m

µ (u) .

6. Intertwining operators

To obtain an explicit Plancherel formula for representation theoretic purposes, we
require expressions for intertwining operators between the representation spaces
introduced in earlier sections. More explicitly we consider intertwining operators

P : IndG
P (δ ⊗ eµ ⊗ 1) → IndG

H(ε⊗ eλ)∞,

A : C∞
c – IndG

H(ε⊗ eλ) → IndG
P (δ ⊗ eµ ⊗ 1)

and their realizations in terms of the coordinates introduced in earlier sections. Such
operators only exist when ε = δ as M lies in the center of G .
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We fix ε ∈ Z/2Z and supress it in the notation for the rest of this section. When
ε appear in formulas we will consider it as number in {0, 1} where we will use the
notation [ · ]2 when confusions can occur.
For ξ ∈ Z/2Z and λ ∈ iR consider the kernel

Kξ
λ,µ(g) = |g11|

λ+µ−1
2

ξ+ε |g21|
µ−λ−1

2
ξ , g ∈ G,

where gij is the (i, j) ’th entry in G . As g11 and g21 does not simultaneously vanish
in G this kernel enjoys many of the similar properties as a Riesz distribution (see
Appendix B). Γ(µ+1

2
)−1Kξ

λ,µ is locally integrable for Re (µ) > −1 and admits a
holomorphic continuation as a distribution to µ ∈ C.

Proposition 6.1. The map given by

P ξ
λ,µf(g) =

∫
K

Kξ
λ,µ(g

−1k)f(k) dk,

defines an intertwining operator IndG
P (ε ⊗ eµ ⊗ 1) → IndG

H(ε ⊗ eλ)∞ . Similarly the
map given by

Aξ
λ,µf(g) =

∫
G/H

Kξ
−λ,−µ(x

−1g)f(x) d(xH),

defines an intertwining operator C∞
c – IndG

H(ε⊗eλ) → IndG
P (ε⊗eµ⊗1). Both integrals

should be understood in the distributional sense.

Proof. The equivariance properties follows by direct verification.

Proposition 6.2. For ξ, ε ∈ Z/2Z we have the following relation

T ε
µ ◦ Aξ

λ,µ = dξλ,µA
ξ+ε
λ,−µ,

where dξλ,µ = (−1)⌊
ε+ξ
2

⌋√π
Γ
(
1−λ−µ+2[ξ+ε]2

4

)
Γ
(
1+λ−µ+2ξ

4

)
Γ
(1+λ+µ+2[ξ+ε]2

4

)
Γ
(
1−λ+µ+2ξ

4

)
Γ
(
1−µ+ε

2

) .
Proof. Fix g ∈ G and put z = x−1g . Then the set {xH ∈ G/H | z11z21 = 0} is
a d(xH)-null set. Using Lemma B.2 for 0 < Re (µ) < 1 we get∫

N

Kξ
−λ,−µ(zw0n)dn = |z11|

−µ−λ−1
2

ξ+ε |z21|
λ−µ−1

2
ξ

∫
R
|x|

−λ−µ−1
2

ξ+ε |x− 1

z11z21
|
λ−µ−1

2
ξ dx

= Γ
(µ+ ε

2

)
dξλ,µK

ξ+ε
−λ,µ(z), a.e.

The claim then follows by analytic continuation.

We introduce the notation ωξ
m = (−1)ξ + (−1)mim .

Note that ωξ
−m = ωξ

m and as ε ≡ m mod 2 we have

ωξ
m =

(−1)ξ + (−1)
m
2 , ε = 0,

(−1)ξ + i(−1)
m+1

2 , ε = 1,
and ω0

mω
1
m =

0, ε = 0,

2i(−1)
m−1

2 , ε = 1.
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Proposition 6.3. For µ ∈ C and m ∈ Z we have

1

Γ
(
µ+1
2

)P ξ
µζm(kθbu) = ζm(kθ) cosh

m
2 (2u)

×
(
ωξ
mcm(µ)φ

m
µ (2u) +

i

2
ωξ+1
m cm(µ− 2)ψm

µ (2u)
)
,

where cm(µ) =
21−µπei

mπ
4

Γ(µ+3+|m|
4

)Γ(µ+3−|m|
4

)
.

Proof. As P ξ
µ intertwines πε,µ and τε,0 it also intertwines the derived represen-

tations dπε,µ and dπε,0 . Hence P ξ
µ intertwines ∆0 and ∆µ and therefore the image

of P ξ
µ is contained in the eigenspace of ∆0 to the eigenvalue µ2 − 1 by Proposition

2.1. Fix µ with Re (µ) > 1 . From Lemma 5.1 it follows for generic µ that

P ξ
µζm(kθbu) = cosh

m
2 (2u)ζm(kθ)

(
aξm(µ) · φm

µ (2u) + bξm(µ) · ψm
µ (2u)

)
for some aξm(µ), b

ξ
m(µ) ∈ C . Hence, it only remains to compute aξm(µ) and bξm(µ) .

Note that φm
µ (0) = 1 and ψm

µ (0) = 0 and hence P ξ
µζm(kθ) = ζm(kθ)a

ξ
m(µ) so

aξm(µ) = P ξ
µζm(e) =

∫
K

Kξ
µ(kθ)ζm(kθ)dkθ = 2

∫ π

0

| cos θ|
µ−1
2

ξ+ε | − sin θ|
µ−1
2

ξ eimθ dθ

= 2
1−µ
2 ωξ

m

∫ π

0

(sin θ)
µ−1
2 ei

m
2
θdθ =

21−µπωξ
me

imπ
4 Γ(µ+1

2
)

Γ(µ+3+|m|
4

)Γ(µ+3−|m|
4

)
,

by Lemma A.4. To compute bξm(µ) it suffices to note that d
du
φm
µ (2u) |u=0= 0 and

d
du
ψm
µ (2u) |u=0= 2i , hence

2i · bξm(µ) =
d

du
P ξ
µζm(bu)

∣∣
u=0

=

∫
K

d

du
Kξ

µ(b−ukθ)
∣∣
u=0

ζm(kθ)dkθ

=
1− µ

2

∫
K

Kξ+1
µ−2(kθ)ζm(kθ)dkθ =

1− µ

2
aξ+1
m (µ− 2),

from which the result follows by analytic continuation.

We take some f ∈ IndG
H(ε⊗ e0)m and write f(kθbu) = ζm(kθ)h(u) for some function

h ∈ L2(R, cosh(2u)du) . Now let he(u) be the even part of h and ho(u) the odd
part. We introduce the following notation

J0f(µ, θ) = ζm(kθ)J0(cosh
−m

2 (x)he(bx
2
))(µ),

J1f(µ, θ) = ζm(kθ)J1(sinh
−1(x) cosh−m

2 (x)ho(bx
2
))(µ)

where x denotes the variable to which the Fourier-Jacobi transform is done.

Proposition 6.4. Let f ∈ IndG
H(ε⊗ e0)m then

1

Γ
(
1−µ
2

)Aξ
µf(kθ) =

ωξ
m

2
c−m(−µ)J0f(µ, θ) + i

ωξ+1
m

4
c−m(−µ− 2)J1f(µ, θ).
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Proof. As Aξ
µ is an intertwining operator, it maps K -types to K -types, thus

Aξ
µf(kθ) = Aξ

µf(e)× ζm(kθ) . Now

Aξ
µf(e) =

∫ π

0

∫
R
Kξ

−µ(b
−1
u k−1

θ )f(kθbu) cosh(2u)dudθ

=
1

2

∫
R
cosh(2u)h(u)P ξ

−µζ−m(bu)du.

From Proposition 6.3 and Remark 5.3 we have

Aξ
µf(e)

Γ(1−µ
2
)
=

1

2

∫
R
h(u) cosh−m

2
+1(2u)

×
(
ωξ
−mc−m(−µ)φ−m

−µ (2u) +
i

2
ωξ+1
−m c−m(−µ− 2)ψ−m

−µ (2u)
)
du

=

∫ ∞

0

he(u) cosh
m
2
+1(2u)ωξ

mc−m(−µ)φm
µ (2u)du

+
i

2

∫ ∞

0

ho(u) cosh
m
2
+1(2u)ωξ+1

m c−m(−µ− 2)ψm
µ (2u)du

=
1

2
ωξ
mc−m(−µ)(J0 cosh−m

2 (u)he(
x
2
))(µ)

+
i

4
ωξ+1
m c−m(−µ− 2)(J1 sinh

−1(x) cosh−m
2 (x)ho(

x
2
))(µ).

Combining Propositions 6.3 and 6.4 yields an explicit intertwining operator

P ξ
µA

ξ′
µ

Γ(1+µ
2
)Γ(1−µ

2
)
: C∞

c – IndG
H(ε⊗ e0)m → IndG

H(ε⊗ e0)∞m .

By Propositions 6.3 and 6.4, the above intertwining operator is holomorphic in µ ,
i.e. the above defines a holomorphic family of intertwining operators, intertwining
IndG

H(ε⊗ e0)m with itself.

7. Combining intertwining operators
In this section we consider a function f ∈ C∞

c – IndG
H(ε⊗ e0)m and then write

f(kθbu
2
)=cosh

m
2 (u)

[(
cosh−m

2 (u)fe(kθbu
2
)
)
+sinh(u)

(
cosh−m

2 (u) sinh−1(u)fo(kθbu
2
)
)]

then apply the two inversion formulas from Proposition 5.2 to each of the two terms
giving
f(kθbu

2
) = cosh

m
2 (u)

[
1

π2

∫
iR
J0f(µ, θ)φ

m
µ (u)

dµ

8|ℓ0(µ)|2
− 1

π2

∫
iR
J1f(µ, θ)ψ

m
µ (u)

dµ

2|ℓ1(µ)|2

− 1

2π

∑
µ∈D0

J0f(µ, θ)φ
m
µ (u)Res

ν=µ

(
ℓ0(ν)ℓ0(−ν)

)−1

+
2

π

∑
µ∈D1

J1f(µ, θ)ψ
m
µ (u)Res

ν=µ

(
ℓ1(ν)ℓ1(−ν)

)−1
]
.

The goal is then to express this decomposition in terms of some combination of the
operators P ξ

µA
ξ′
µ f(kθbu

2
) which by a quick glance at Propositions 6.3 and 6.4 appears

plausible.
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The following identity will be used multiple times in the following subsections

24cm(ν)c−m(−ν)ℓ0(ν)ℓ0(−ν) = cm(ν − 2)c−m(−ν − 2)ℓ1(ν)ℓ1(−ν)

=
25(−1)1+ε

π

cos2
(
π(ν+ε)

2

)
ν sin

(
πν
2

) , (3)

which follows from Gamma-function identities and recalling that m ≡ ε mod 2 .

7.1. The continuous part
For µ ∈ C we introduce the following maps

Pξ
µ =

P ξ
µ

Γ(µ+1
2
)
, Aξ

µ =
Aξ

µ

Γ(1−µ
2
)
,

which are holomorphic in µ .

Proposition 7.1. We have

1∑
ξ=0

Pξ
µA

ξ
µf(kθbu) = cosh

m
2 (2u)

×
[
2cm(µ)c−m(−µ)J0f(µ, θ)φm

µ (2u)−
1

2
cm(µ− 2)c−m(−µ− 2)J1f(µ, θ)ψ

m
µ (2u)

]
.

Combining this with (3) we get∫
iR

1∑
ξ=0

Pξ
µA

ξ
µf(kθbu

2
)

dµ

|a(µ)|2

= cosh
m
2 (u)

[
1

π2

∫
iR
J0f(µ, θ)φ

m
µ (u)

dµ

8|ℓ0(µ)|2
− 1

π2

∫
iR
J1f(µ, θ)ψ

m
µ (u)

dµ

2|ℓ1(µ)|2

]

where a(µ) = 4π
Γ(µ

2
)

Γ(1+µ+ε
2

)Γ(1+µ−ε
2

)
.

Proof. When computing
∑1

ξ=0P
ξ
µA

ξ
µf(kθbu

2
) we apply Proposition 6.3 and 6.4.

We obtain some cross-terms, containing factors like J0f(µ, θ)ψm
µ (u) , but since

1∑
ξ=0

ωξ
mω

ξ+1
m = 0 and

1∑
ξ=0

ωξ
mω

ξ
m = 4,

no cross-terms survive and the assertion follows.

To express the discrete part in terms of P ξ
µA

ξ′
µ f is a bit more delicate as we cannot

simply take a sum to make the cross terms disappear thus we need to make a suitable
choice of normalization. The cases for ε = 0 and ε = 1 will be treated differently
and the main culprit as to why is the factor ωξ

m which for ε = 0 vanishes depending
on the parity of m

2
and for ε = 1 never vanishes.



Bang-Jensen and Ditlevsen 465

7.2. The discrete part for ε = 0

In this subsection we fix ε = 0 . Consider the following normalizations

P̂ ξ
µ =

Γ(µ+3−2ξ
4

)

Γ(µ+1
2
)Γ(µ+1+2ξ

4
)
P ξ
µ , Âξ

µ =
Γ(−µ+3−2ξ

4
)

Γ(−µ+1
2

)Γ(−µ+1+2ξ
4

)
Aξ

µ,

which, by the duplication formula for the Gamma-function, does not introduce any
poles. Now introduce the operators

Pµ := P̂ 0
µ + P̂ 1

µ and Aµ := Â0
µ + Â1

µ.

Lemma 7.2. For a fixed m ∈ 2Z we have

Pµζm(kθbu) = ζm(kθ) cosh
m
2 (2u)

(
αm(µ)φ

m
µ (2u) + βm(µ)ψ

m
µ (2u)

)
,

where αm(µ) = cm(µ)

(
ω0
m

Γ(µ+3
4
)

Γ(µ+1
4
)
+ ω1

m

Γ(µ+1
4
)

Γ(µ+3
4
)

)
,

and βm(µ) =
i

2
cm(µ− 2)

(
ω1
m

Γ(µ+3
4
)

Γ(µ+1
4
)
+ ω0

m

Γ(µ+1
4
)

Γ(µ+3
4
)

)
.

Furthermore if µ ∈ 1 − 2N then αm(µ) is only non-zero when µ ∈ D0 and βm(µ)
is only non-zero when µ ∈ D1 .

Proof. The first identity is a direct consequence of Proposition 6.3. To see the
second assertion rewrite

αm(µ) =
21−µπe

πim
4

Γ
(µ+3+|m|

4

)(ω0
m

(µ+3−|m|
4

)
|m|
4

Γ
(
µ+1
4

) + ω1
m

(µ+3−|m|
4

)
|m|−2

4

Γ
(
µ+3
4

) )
.

As either ω0
m or ω1

m is vanishing this makes sense term by term. When µ is of
the form µ = 4k + 3 − |m| for k ∈ Z then term by term Γ(µ+1

4
)−1 and Γ(µ+3

4
)−1

vanishes. When µ has the form µ = 4k + 1 − |m| for k ∈ −N then Γ(µ+3+|m|
4

)−1

vanishes. A similarly argument applies to βm(µ) .

Lemma 7.3. We have

Aµf(kθ) = α̃m(µ)J0f(µ, θ) + β̃m(µ)J1f(µ, θ),

where α̃m(µ) =
1

2
c−m(−µ)

(
ω0
m

Γ(3−µ
4
)

Γ(1−µ
4
)
+ ω1

m

Γ(1−µ
4
)

Γ(3−µ
4
)

)
,

and β̃m(µ) =
i

4
c−m(−µ− 2)

(
ω1
m

Γ(−µ+3
4

)

Γ(−µ+1
4

)
+ ω0

m

Γ(−µ+1
4

)

Γ(−µ+3
4

)

)
.

Furthermore, if µ ∈ 1 − 2N of the form µ = 4k + 1 − |m| we have β̃(µ) = 0 and
similarly for µ of the form µ = 4k + 3− |m| we have α̃m(µ) = 0.
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Proof. This follows from Proposition 6.4 and considerations similar to those in
the proof of Lemma 7.2.

Lemma 7.4. For µ ∈ D0 :

PµAµf(kθbu) = cosh
m
2 (2u)αm(µ)α̃m(µ)J0f(µ, θ)φ

m
µ (2u),

and for µ ∈ D1 :

PµAµf(kθbu) = cosh
m
2 (2u)βm(µ)β̃m(µ)J1f(µ, θ)ψ

m
µ (2u).

Furthermore, if µ ∈ (1− 2N) \ (D0 ∪D1) then PµAµf(kθbu) = 0.

Proof. This is a direct consequence of the two preceding lemmas.

Consider the non-vanishing entire analytic function

é(µ) =
1

Γ
(
1+µ
4

)2
Γ
(
1−µ
4

)2 +
1

Γ
(
3+µ
4

)2
Γ
(
3−µ
4

)2 .
Lemma 7.5. For µ ∈ D0 :

(−2π)αm(µ)α̃m(µ)ℓ0(µ)ℓ0(−µ) = 16π2 cot
(
πµ
2

)
é(µ)

µ
.

For µ ∈ D1 :
π

2
βm(µ)β̃m(µ)ℓ1(µ)ℓ1(−µ) = 16π2 cot

(
πµ
2

)
é(µ)

µ
.

Proof. This follows from (3). One trick is used which arises when a term like

|ω0
m|2

Γ
(
µ+1
2

)2 ,
is obtained. As ω0

m is either 0 or 2 we can set ω0
m = 2 as Γ(µ+1

2
)−1 vanishes in the

same cases as ω0
m .

Proposition 7.6. We have

1

(2π)3

∑
µ∈1−2N

−µ
é(µ)

PµAµf(kθbu) = cosh
m
2 (2u)

×
[
−1

2π

∑
µ∈D0

J0f(µ, θ)φ
m
µ (2u)Res

ν=µ

(
ℓ0(ν)ℓ0(−ν)

)−1

+
2

π

∑
µ∈D1

J1f(µ, θ)ψ
m
µ (2u)Res

ν=µ

(
ℓ1(ν)ℓ1(−ν)

)−1
]
.

Proof. Apply Lemma 7.4 to the right hand side. Now note that cm(µ)c−m(−µ)
is regular for µ ∈ D0 and cm(µ − 2)c−m(−µ − 2) is regular for µ ∈ D1 , thus they
can be moved inside the residues. Then everything follows from Lemma 7.5 after
recalling that Resν=µ tan(

πν
2
) = − 2

π
.
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7.3. The discrete part for ε = 1

In this subsection we fix ε = 1 . The proof will proceed using the same ideas as for
ε = 0 . For µ ∈ −2N let

Aµ =
1

Γ
(
1−µ
2

)A0
µ, and Pµζm =

(−1)
m+|m|−2

2

Γ
(
1+µ
2

) P 1
µζm,

that is we define Pµ by its eigenvalues on K -types. By Proposition 6.3 we get Pµ

is intertwining by the same argument we used for T̂ 1
µ in section 2.

Lemma 7.7. For µ ∈ D0 we have

PµAµf(kθbu) = αm(µ) cosh
m
2 (2u)φm

µ (2u)J0f(µ, θ),

where αm(µ) = i(−1)
|m|+1

2 cm(µ)c−m(−µ).
For µ ∈ D1 we have

PµAµf(kθbu) = βm(µ) cosh
m
2 (2u)ψm

µ (2u)J1f(µ, θ),

where βm(µ) =
1

4
i(−1)

|m|+1
2 cm(µ− 2)c−m(−µ− 2).

Furthermore if µ ∈ −2N then αm(µ) is only non-zero if µ ∈ D0 and βm(µ) is only
non-zero if µ ∈ D1 .

Proof. The proof is an application of Propositions 6.3 and 6.4.

Lemma 7.8. For µ ∈ D0 :

(−2π)αm(µ)ℓ0(µ)ℓ0(−µ) = 4i(−1)
|m|−1

2
sin
(
πµ
2

)
µ

,

and for µ ∈ D1 :

π

2
βm(µ)ℓ1(µ)ℓ1(−µ) = 4i(−1)

|m|+1
2

sin
(
πµ
2

)
µ

.

Proof. This is a direct consequence of (3).

Proposition 7.9. We have
1

2πi

∑
µ∈−2N

µPµAµf(kθbu) = cosh
m
2 (2u)

×
[
− 1

2π

∑
µ∈D0

J0f(µ, θ)φ
m
µ (2u)Res

ν=µ

(
ℓ0(ν)ℓ0(−ν)

)−1

+
2

π

∑
µ∈D1

J1f(µ, θ)ψ
m
µ (2u)Res

ν=µ

(
ℓ1(ν)ℓ1(−ν)

)−1
]
.

Proof. This follows in the same manner as the proof for Proposition 7.6, where
we here note for µ = 4k + 1 − |m| ∈ D0 that Resν=µ sin

(
πν
2

)−1
= 2

π
(−1)

|m|−1
2 , and

for µ ∈ D1 we have Resν=µ sin
(
πν
2

)−1
= 2

π
(−1)

|m|+1
2 .
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8. The Plancherel formula
The intertwining operators P ξ

µ and Aξ
µ are continuous maps and hence the inter-

twining operators introduced in the previous section are also continuous. This allows
for an extension of the results obtained for K-types, described by the first theorem of
this section. We then extend this theorem to arbitrary λ ∈ iR by virtue of Theorem
4.1. Recall that

a(µ) = 4π
Γ(µ

2
)

Γ(1+µ+ε
2

)Γ(1+µ−ε
2

)
,

and é(µ) =
1

Γ
(
1+µ
4

)2
Γ
(
1−µ
4

)2 +
1

Γ
(
3+µ
4

)2
Γ
(
3−µ
4

)2 . (4)

Theorem 8.1 (Plancherel formula for λ = 0). For ε = 0 and f ∈ C∞
c – IndG

H(ε⊗e0)
we have the following inversion formula

f(kθbu) =

∫
iR

1∑
ξ=0

Pξ
µAξ

µf(kθbu)
dµ

|a(µ)|2
+

1

(2π)3

∑
µ∈1−2N

−µ
é(µ)

PµAµf(kθbu),

and the corresponding Plancherel formula

‖f‖2 =
∫
iR

1∑
ξ=0

‖Aξ
µf‖2

dµ

|a(µ)|2
+

1

(2π)3

∑
µ∈1−2N

2Γ(1− µ)

Γ
(−µ

2

)
é(µ)

‖Aµf‖2.

For ε = 1 and f ∈ C∞
c – IndG

H(ε⊗ e0) we have the following inversion formula

f(kθbu) =

∫
iR

1∑
ξ=0

Pξ
µAξ

µf(kθbu)
dµ

|a(µ)|2
+

1

2πi

∑
µ∈−2N

µPµAµf(kθbu),

and the corresponding Plancherel formula

‖f‖2 =
∫
iR

1∑
ξ=0

‖Aξ
µf‖2

dµ

|a(µ)|2
+

1

2π

∑
µ∈−2N

Γ(−µ)µ2

Γ
(
1−µ
2

) ‖Aµf‖2.

Proof. The inversion formulas follow directly from the introduction and results
of Section 7. To get the Plancherel formula write

‖f‖2 =
∫ π

0

∫
R
f(kθbu)f(kθbu) cosh(2u) dudθ,

and use the inversion formula on f(kθbu) and apply that∫
G/H

P ξ
µf(xH)g(xH) d(xH) =

∫
K

f(k)Aξ
−µg(k) dk,

for f ∈ IndG
P (ε ⊗ eµ) and g ∈ IndG

H(ε ⊗ e0) . Lastly for the discrete part, we apply
Proposition 6.2 to get

T 0
µAµ =

√
π2µ

Γ
(
1−µ
2

)A−µ and T 1
µAµ =

√
π2µ

Γ
(
2−µ
2

)
Γ
(
1+µ
2

)A1
−µ,

giving the final result.
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We now extend the previous result from λ = 0 to λ ∈ iR using Theorem 4.1. We
want to compose Aµ and �0

λ but as we cannot ensure the regularity of the functions
in the image of �0

λ we end up doing this in an L2 -sense using direct integrals.
Consider the following operators

Aλ,µ :=
2

1+µ
2
√
πΓ
(
1+µ
4

+ λ
4

)
Γ
(
1−µ
4

)
Γ
(
1+µ
4

)
Γ
(
1−µ
4

− λ
4

)A0
λ,µ +

2
1+µ
2
√
πΓ
(
3+µ
4

+ λ
4

)
Γ
(
3−µ
4

)
Γ
(
3+µ
4

)
Γ
(
3−µ
4

− λ
4

)A1
λ,µ,

Aξ
λ,µ :=

Aξ
λ,µ

Γ(1−µ
2
)
, and Aλ,µ :=

2
1+µ
2
√
πΓ
(
1+µ
4

+ λ
4

)
Γ
(
1−µ
4

)
Γ
(
3+µ
4

)
Γ
(
1−µ
4

− λ
4

)A0
λ,µ,

which are extensions of Aµ , Aξ
µ and Aµ e.g. A0,µ = Aµ . Furthermore let

Hε =

∫ ⊕

iR
πε,µ ⊗ C2 dµ⊕

⊕
µ∈1−ε−2N

πds
ε,µ.

where
∫ ⊕
U
Hµdµ denotes a direct integral of Hilbert spaces, see e.g [5] for a short

exposition. The inner-product on Hε is given by Theorem 8.1, i.e. for ε = 0 and
f, h ∈ H0

〈g, h〉H =

∫
iR

1∑
ξ=0

〈gξµ, hξµ〉L2(K)

dµ

|a(µ)|2
+

1

16π

∑
µ∈1−2N

Γ(1− µ)

Γ(−µ
2
)é(µ)

〈T 0
µgµ, h〉L2(K).

For simplicity we shall assume that ε = 0 for the remainder of the section. All
arguments made can be done for ε = 1 as well using the corresponding results from
the previous section.

Abusing notation, Theorem 8.1 defines an isometry A0 : C∞
c (G/H) → H0 which

extends to an isometry
A0 : Ind

G
H(ε⊗ 1) → H0.

For f ∈ H0 with f = (f 0, f 1, fd) we introduce the following map

P0 : H0 → L2(G/H)

f = (f 0, f 1, fd) 7→
∫
iR

1∑
ξ=0

Pξ
µf

ξ
µ

dµ

|a(µ)|2
+

1

(2π)3

∑
µ∈1−2N

−µ
é(µ)

Pµf
d
µ .

Lemma 8.2. For f ∈ IndG
H(ε⊗ e0) and h ∈ H0 we have the following relation:

〈A0f, h〉H = 〈f, P0h〉L2(G/H).

Proof. Let f ∈ IndG
H(ε⊗ eλ) and h ∈ C∞

c (H0) . We then find
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〈A0f, h〉H =
1∑

ξ=0

∫
iR

∫
K

Aξ
µf(k)h

ξ
µ(k)dk

dµ

|a(µ)|2

+
1

(2π)3

∑
µ∈1−2N

2Γ(1− µ)

Γ(−µ
2
)é(µ)

〈T 0
µ ◦ Aµf, h

ξ
µ〉L2(K)

=
1∑

ξ=0

∫
iR

∫
G/H

f(x)Pξ
µh

ξ
µ(x)d(xH)

dµ

|a(µ)|2

+
1

(2π)3

∑
µ∈1−2N

2Γ(1− µ)

Γ(−µ
2
)é(µ)

√
π2µ

Γ
(
1−µ
2

)〈A−µf, h
d
µ〉L2(K)

=
1∑

ξ=0

∫
iR
〈f,Pξ

µh
ξ
µ〉L2(G/H)

dµ

|a(µ)|2
+

1

(2π)3

∑
µ∈1−2N

−µ
é(µ)

〈f,Pµh
d
µ〉L2(G/H)

= 〈f, P0h〉L2(G/H).

Lemma 8.3 (See [13, Theorem 1]). Suppose S : H∞ → H∞ is a continuous
intertwining operator for H∞ . Then for a.e µ ∈ iR ∪ (1 − ε − 2N) there exists
unique H∞ intertwining operators Sµ for π∞

ε,µ ⊗ C2 if µ ∈ iR and for πds
ε,µ if

µ ∈ 1− ε− 2N such that

(Sf)µ = Sµfµ a.e µ ∈ iR ∪ (µ ∈ 1− ε− 2N), f ∈ H∞.

Proposition 8.4. The map Aε
0 : Ind

G
H(ε⊗ e0) → H0 is surjective. In particular

A0 is an isometric isomorphism.

Proof. Since the discrete and continuous part of H0 consist of pairwise inequiv-
alent representations of G it suffices to show that the projection of W = Image(A0)
onto the continuous part and the discrete part respectively, is surjective. For the
projection to the discrete part we can consider the projection of W onto each sum-
mand πds

0,µ . Proposition 2.2 gives πds
0,µ = πhol

0,µ ⊕ πahol
0,µ and since these representations

are inequivalent it again suffices to show that the projection on each of them are
onto. Lemma 7.3 then shows that projπhol

0,µ
(W ) 6= 0 and projπahol

0,µ
(W ) 6= 0 . But since

the projection is G-equivariant the image is a subrepresentation and it follows that
both projections must be onto.
Since the projection onto an integrand of the continuous part of H0 is in general not
point-wise defined, the proof differs to that of the discrete part. Abusing notation
slightly we shall write fµ = (f 0

µ, f
1
µ) when µ ∈ iR and f ∈ H0 , omitting the discrete

part.
By Lemma 8.2 (A0)

∗ = P0 and since the adjoint is G-equivariant we have

P0(H∞
0 ) ⊆ L2(G/H)∞ and A0(L

2(G/H)∞) ⊆ H∞
0 .

Let A∞
0 = A0|L2(G/H)∞ and P∞

0 = P0|H∞
0

. Then

S = A∞
0 ◦ P∞

0 : H∞
0 → H∞

0

is a H∞
0 intertwining map and by Lemma 8.3 there exists a family of H∞

0 inter-
twining operators (Sµ) such that ((A∞

0 ◦ P∞
0 )f)µ = Sµfµ for a.e µ ∈ iR and all
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f ∈ H∞
0 . By Schur’s lemma this implies Sµ = (id⊗Bµ) for a.e µ ∈ iR , with

Bµ : C2 → C2 a linear map. Let N denote the corresponding null-set, we then show
that for µ ∈ iR \N we have Sµ = id .
To this extent let µ ∈ iR \N and let f be a K -finite vector in H∞

0 and note that
this implies fµ must be a K -finite vector in π∞

µ . Assume therefore without loss of
generality that fµ = (c1ζm, c2ζn) for some m,n ∈ 2Z and pick by Proposition 6.4 a
K -finite vector in L2(G/H)∞ such that A0(w)µ = fµ . One can e.g pick w of the
form w = ζmf1 + ζnf2 with f1 an even function and f2 an odd function of correct
regularity and growth. Then we have

(A∞
0 ◦ P∞

0 f)µ = A∞
0 ◦ P∞

0 ◦ A∞
0 (w)µ = A∞

0 (w)µ = (A0
µw,A

1
µw),

where the second equality follows from the inversion formula given by Theorem 8.1.
On the other hand we have

(A∞
0 ◦ P∞

0 f)µ = Sµfµ

= (id⊗Bµ)A
∞
0 (w)µ

= ((b11)µA
0
µw + (b12)µA

1
µw, (b21)µA

0
µw + (b22)µA

1
µw)

hence
(A0

µw,A
1
µw) = (aµA

0
µw + bµA

1
µw, cµA

0
µw + dµA

1
µw).

Since A0
µ and A1

µ are linearly independent for µ ∈ iR it follows that Bµ = id and
hence Sµ = id on the K -finite vectors of H0 , for a.e µ ∈ iR and since the K -finite
vectors form a dense subset the result follows.

Theorem 8.5. For λ ∈ iR and ε ∈ Z/2Z we have

IndG
H(ε⊗ eλ) ∼=

∫ ⊕

iR
πε,µ ⊕ πε,µ

dµ

|a(µ)|2
⊕

⊕
µ∈1−ε−2N

πhol
ε,µ ⊕ πahol

ε,µ ,

where the map is given by

f 7→ (p0λ,µA0
λ,µf, p

1
λ,µA1

λ,µf,Aλ,µf), for f ∈ IndG
H(0⊗ eλ)

f 7→ (p0λ,µA0
λ,µf, p

1
λ,µA1

λ,µf,Aλ,µf), for f ∈ IndG
H(1⊗ eλ)

with pξλ,µ =
Γ
(
1−µ+2ξ

4

)
Γ
(
µ−λ+1+2ξ

4

)
2

λ
4Γ
(
1+µ+2ξ

4

)
Γ
(
λ−µ+1+2ξ

4

) .
Proof. For λ ∈ iR the map A0 : IndG

H(ε ⊗ 1) → H0 gives rise to an isometric
isomorphism IndG

H(ε⊗ eλ) → H0 by composition with

�0

λ : IndG
H(ε⊗ eλ) → IndG

H(ε⊗ e0)

from Theorem 4.1. Let λ ∈ iR , f ∈ IndG
H(ε⊗ eλ) and h ∈ C∞

c (H0) .
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Then by Lemma 8.2 we have

〈A0 ◦ �
0

λ f, h〉H = 〈�0

λ f, P0h〉L2(G/H)

=
1∑

ξ=0

∫
iR
〈�0

λ f,Pξ
µh

ξ
µ〉L2(G/H)

dµ

|a(µ)|2
+

1

(2π)3

∑
µ∈1−2N

−µ
é(µ)

〈�0

λ f,Pµh
d
µ〉L2(G/H)

=
1∑

ξ=0

∫
iR

∫
K

∫
G/H

�0

λ f(x)
Kξ

−µ(x
−1k)

Γ(1−µ
2
)

hξµ(k)d(xH)dk
dµ

|a(µ)|2

+
1

(2π)3

∑
µ∈1−2N

−µ
é(µ)

〈�0

λ f,Pµh
d
µ〉L2(G/H).

Using the coordinates xH = kθnyH and applying Lemma B.2 in the distributional
sense, we find

1

Γ(1−µ
2
)

∫
G/H

Kξ
−µ(x

−1k)�0

λ f(x)d(xH)

=
Γ(2−λ

4
)

√
π2

λ
4Γ(1−µ

2
)Γ(λ

4
)

∫ π

0

∫
R
| cos θ|−µ−1

ε f(gkθnz)

×
∫
R
|x|

−λ−2
2

ε |z − tan θ − x|
−µ−1

2
ξ

1

2
dxdzdθ

= pξλ,µAξ
λ,µf(k),

An analogous calculation applies to the discrete part after applying that

A−µ =
Γ
(
1−µ
2

)
√
π2µ

T 0
µAµ.

In conclusion we find

〈A0 ◦ �
0

λ f, h〉H =
1∑

ξ=0

∫
iR
〈pξλ,µAξ

λ,µf, h
ξ
µ〉L2(K)

dµ

|a(µ)|2

+
1

(2π)3

∑
µ∈1−2N

2Γ(1− µ)

Γ(−µ
2
)é(µ)

〈T 0
µAλ,µf, h

d
µ〉L2(K)

Hence A0 ◦ �
0

λ = Aλ with Aλ : IndG
H(λ⊗ eλ) → H0 given by

〈Aλf, h〉H =
1∑

ξ=0

∫
iR
〈pξλ,µAξ

λ,µf, h
ξ
µ〉L2(K)

dµ

|a(µ)|2

+
1

(2π)3

∑
µ∈1−2N

2Γ(1− µ)

Γ(−µ
2
)é(µ)

〈T 0
µAλ,µf, h

d
µ〉L2(K).
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Corollary 8.6. For ε = 0 and IndG
H(ε ⊗ eλ) we have the following Plancherel

formula

‖f‖2 =
∫
iR

1∑
ξ=0

‖Aξ
λ,µf‖

2 dµ

|a(µ)|2
+

1

(2π)3

∑
µ∈1−2N

2Γ(1− µ)

Γ
(−µ

2

)
é(µ)

‖Aλ,µf‖2.

For ε = 1 and f ∈ IndG
H(ε⊗ eλ) we have the following Plancherel formula

‖f‖2 =
∫
iR

1∑
ξ=0

‖Aξ
λ,µf‖

2 dµ

|a(µ)|2
+

1

2π

∑
µ∈−2N

µ2Γ(−µ)
Γ
(
1−µ
2

) ‖Aλ,µf‖2.

with a(µ) and é(µ) given by (4).

Proof. Since |pξλ,µ| = 1 for λ, µ ∈ iR the assertion follows.

A. Integral formulas

Lemma A.1 (See [2, Proposition 16.8]). For Re (α + β) > 0 we have∫
R

dx

(x− i)α(x+ i)β
=

22−α−βπiα−βΓ(α + β − 1)

Γ(α)Γ(β)

Lemma A.2 (See [9, Section 3.631]). For Re ν > 0 we have∫ π

0

sinν−1(x) cos(ax) dx =
21−νπ cos

(
aπ
2

)
Γ(ν)

Γ
(
ν+1−a

2

)
Γ
(
ν+1+a

2

) .
Lemma A.3 (See [9, Section 3.631]). For Re ν > 0 we have∫ π

0

sinν−1(x) sin(ax) dx =
21−νπ sin

(
aπ
2

)
Γ(ν)

Γ
(
ν+1−a

2

)
Γ
(
ν+1+a

2

) .
Lemma A.4. For Re ν > 0 we have∫ π

0

sinν−1(x)eiax dx =
21−νπe

aiπ
2 Γ(ν)

Γ
(
ν+1−a

2

)
Γ
(
ν+1+a

2

) .
Lemma A.5 (See [9, Section 3.251]). For Re β > −1 and Re (α + β) < −1 we
have ∫ ∞

1

xα(x− 1)β dx = B
(
− α− β − 1, β + 1

)
.

Lemma A.6 (See [9, Section 3.194]). For Re β > −1 and Re (α + β) < −1 we
have ∫ ∞

0

xα(x+ 1)β dx = B
(
− α− β − 1, α + 1

)
.
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B. The Fourier Transform and Riesz distributions

Define the Fourier transform of φ ∈ Cc(R) as

F [φ](ξ) =

∫
R
φ(x)eixξ dx

which makes the inversion formula FF [φ](x) = 2πφ(−x) . Extend this to distribu-
tions in the usual way.
For α ∈ C with Reα > −1 and ε ∈ {0, 1} the function

uεα(x) =
1

2
α
2 Γ
(
α+1+ε

2

) |x|αε ,
is locally integrable and can thus be considered as a distribution.

Lemma B.1. The family of distributions uεα extends analytically to a holomorpic
family in α ∈ C. For α = 1− ε− 2n ∈ 1− ε− 2N we have

uε1−ε−2n(x) =
(−1)n+ε−1(n− 1)!

2
1−ε
2

−n(2n+ ε− 2)!
δ(2n+ε−2)(x),

where δ(x) is the Dirac δ -function.

Lemma B.2. For α ∈ C we have

F [uεα] =
√
2πiεuε−α−1.

Furthermore for α, β ∈ C with Reα,Re β > −1 and Re (α + β) < −1 we get∫
R
uεα(x)u

ξ
β(y − x) dx = (−1)⌊

ε+ξ
2

⌋
√
2π

Γ
(−1−α−β+[ε+ξ]2

2

)
Γ
(−α+ε

2

)
Γ
(−β+ξ

2

)uε+ξ
α+β+1(y),

for y 6= 0.

Proof. The first assertion can be found in [8, p.170]. For y 6= 0 we have∫
R
|x|αε |y − x|βξ dx = |y|α+β+1

ξ+ε

∫
R
|x|αε |1− x|βξ dx,

by change of variables. Now writing∫
R
|x|αε |1− x|βξ dx =

= (−1)ε
∫ ∞

0

xα(1 + x)β dx+

∫ 1

0

xα(1− x)β dx+ (−1)ξ
∫ ∞

1

xα(x− 1)β dx,

we can use the integral formula for the Beta-function, apply Lemma A.5, A.6 and
arrive at

(−1)εB(α + 1,−α− β − 1) +B(α + 1, β + 1) + (−1)ξB(β + 1,−α− β − 1).
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Now rewriting the Beta-function in terms of the Gamma-function, applying Euler’s
reflection formula for the Gamma-function and factoring out common factors we get

π−1Γ(α+1)Γ(β+1)Γ(−α−β−1)
[
sin
(
(α+β)π

)
+(−1)ε+1 sin(βπ)+(−1)ξ+1 sin(απ)

]
.

We can now apply the identity

sin
(
(α + β)π

)
+ (−1)ε+1 sin(βπ) + (−1)ξ+1 sin(απ)

= 4(−1)⌊
1+ε+ξ

2
⌋ sin

((α + ε)π

2

)
sin
((β + ξ)π

2

)
sin
((α + β + 2 + [ε+ ξ]2)π

2

)
,

which can be verified on a case by case basis depending on ε, ξ ∈ {0, 1} . Lastly
rewrite the sine-functions as Gamma-functions using Euler’s reflection formula and
cancel out Gamma-functions case by case for ε, ξ ∈ {0, 1} .

C. Fourier-Jacobi transform
This section is a condensed form of [4, Appendix 1]. For α, β ∈ C with α /∈ −N
and Re β > −1 , define the Fourier-Jacobi transform of f ∈ C∞

c (R≥0) by

Jα,βf(µ) =

∫ ∞

0

f(t)ϕα,β
µ (t) sinh2α+1(t) cosh2β+1(t) dt,

where ϕα,β
µ are the Jacobi functions given by

ϕα,β
µ (t) = 2F1

(
α + β + 1 + µ

2
,
α + β + 1− µ

2
;α + 1;− sinh2(t)

)
.

Then we have the following inversion formula:

f(t) =
1

4π

∫
iR
Jα,βf(µ)ϕ

α,β
µ (t)

dµ

|cα,β(µ)|2
−
∑

µ∈Dα,β

Jα,βf(µ)ϕ
α,β
µ (t)Res

ν=µ

(
cα,β(ν)cα,β(−ν)

)−1
,

where cα,β(µ) =
Γ(µ)Γ(α + 1)

Γ
(α+|β|+1+µ

2

)
Γ
(α−|β|+1+µ

2

) ,
and Dα,β = {x ∈ R | k ∈ N0, x = 2k + 1 + α− |β| < 0}.
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