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Abstract. The goal of the present paper is to provide representation and cohomological theory
of differential Lie-Yamaguti algebras with any weights. We introduce the notion of a differential
Lie-Yamaguti algebra and its representation. We also consider matched pairs and Manin triples of
Lie-Yamaguti algebras. Furthermore, we discuss cohomology theory of a differential Lie-Yamaguti
algebra. The deformations and abelian extensions of differential Lie-Yamaguti algebras are also
investigated.

Mathematics Subject Classification: 17B99,17A30,16S80.

Key Words: Differential Lie-Yamaguti algebra, representation, matched pair, Manin triple, coho-
mology, deformation.

1. Introduction

Lie-Yamaguti algebras (or generalized Lie triple systems) are closely connected to
reductive homogeneous spaces, which is a natural abstraction made by Yamaguti
[29] of Nomizu’s studies. Yamaguti termed these systems general Lie triple systems,
while Kikkawa [14] named them Lie triple algebras. The concept of Lie-Yamaguti
algebra arose initially in Kinyon and Weinstein’s study of Courant algebroids [15].
Numerous works have been devoted to various aspects of Lie-Yamaguti algebras, see
3, 4, 5,17, 18, 22, 27, 31] and their references.

Studies on differential algebras has a long history, which includes in various mathe-
matical branches from differential Galois theory, differential algebraic geometry to
differential algebraic groups. Originally, a differential algebra is a commutative alge-
bra together with a linear operator satisfying the Leibniz rule. In the recent decades,
the area has been developed to the noncommutative case such as associative algebra,
Lie algebra and path algebra [12, 21], when operator identity has a weight in order
to include difference operators and difference algebras [16]. In another direction, the
notion of a differential algebra of weight A was considered [1, 11] by generalizing
the Leibniz rule.

As is well known, deformation is a very important subject both in mathematics
and physics. Algebraic deformation theory was studied by Gerstenhaber for rings
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and algebras in [9, 10]. Furthermore, Nijenhuis and Richardson considered the
deformation theory of Lie algebras [19, 20]. More generally, Balavoine investigated
deformation theory of quadratic operads [2]. It is vital to develop cohomology theory
of differential algebras with any weights. Cohomological and deformation theories
of differential Lie algebras with weight zero were studied in [28]. This results have
been extended to the case of associative algebras, Leibniz algebras, pre-Lie algebras,
Lie triple systems and n-Lie algebras [6, 7, 24, 25, 26]. In [13], the cohomologies,
extensions and deformations of differential associative algebras with any weights
were studied.

In this paper, we would like to study the representation and cohomology theory of
differential Lie-Yamaguti algebras with any weights.

The paper is organized as follows. In Section 2, we introduce the notion of a
differential Lie-Yamaguti algebra (7', dr) and its representation (V,dy ). Matched
pairs and Manin triples of Lie-Yamaguti algebras are also considered. In Section
3, we investigate the cohomology theory of differential Lie-Yamaguti algebras. In
Section 4, we discuss the deformations of differential Lie-Yamaguti algebras. Finally,
we study the abelian extensions of differential Lie-Yamaguti algebras.

2. Differential Lie-Yamaguti algebras and representations

A Lie-Yamaguti algebra is a vector space T with a bilinear map [-,-] : A°T — T

and a trilinear map { , , } : A*2T ® T — T, satisfying
[x1, 22] + [x2,21] = 0, (1)
{z1, 29, 23} + {22, 71,23} = 0, (2)

[[w1, za], 3] + [[w2, 23], 1] + [[3, 21], 2]
+H{x1, 9, 23} + {2, 23,1} + {3, 11,22} = 0, (3)
{[z1, wa], 23, ua b + {[w2, 3], v, 1} + {[23, 21], 22,91} = 0, (4)
{1, 22, [y1, vol} = [{z1, w2, i}y wo] + [yr, {1, 22, 90}, (5)
{1, 22, {y1, v2, 431} = {{&1, 22, 11}, 42, 3}

1, {71, w2, y2}, ys} + {yr, v, {71, w2, y3} ), (6)

for all x1,22,73,y1,92,y3 € T'.

A representation of a Lie-Yamaguti algebra T consists of a vector space V' together
with a linear map p : T'— ¢l(V') and a bilinear map 6 : TAT — ¢l(V') satisfying

O0([z1, 2], ¥3) = 0(21, 23) p(22) — O(22, 73) p(21), (7)

[Dpo(x1,22), p(y1)] = p({x1, 22, 41 }), (8)

0(x1, [y1, v2]) = p(y1)0(x1,y2) — p(y2)0(21,91), (9)
[Dpo(x1,22),0(y1,y2)] = 0({z1, 22,91}, y2) + 0(y1, {21, 22, y2}), (10)

0(z1, {y1, Y2, Y3 }) = 0(yo, y3)0(x1, y1) —0(y1, y3)0(x1, y2) + Dy o(y1, y2)0 (1, y3),  (11)

for all z;,y; € T, where

D, (w1, 2) — 0(22, 71) + 0(21, 72) + p([71, 72]) — [p(21), p(22)] = 0. (12)

We denote the representation of the Lie-Yamaguti algebra 7" by (V,p,0,D,g) or
simply by (V;p,0).
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When (V,p,0) is a representation of the Lie-Yamaguti algebra T', by a direct
calculation, the following conditions are also satisfied:
D, o([x1, 2], x3) + D, o([w2, x3], x1) + D,o([x3, 21], 22) = 0, (13)
Dyp({a1, w2, w3}, 24) + Dyp(ws, {w1, 2, 24}) = [Dpp(a1,22), Dpp(ws, x4)],  (14)
0({y1, Y2, ys}, 21) =0y, 21)0(ys, y2) —0(y2, 21)0(ys, y1) —0(y3, 21) Dpo(y1,42).  (15)
A semidirect product T x V is a Lie-Yamaguti algebra with

{r+uwy+v,z+w}={z,y,2} +0(y,2)u—0(x,2)v+ D,o(z,y)w,
and [z +u,y + ] = [z, y] + plx)v — p(y)u, Vz,y,2 € T,u,0,w €V

if and only if (V,p, ) is a representation of 7' [31]. For more details about Lie-
Yamaguti algebras and representations, we refer to [4, 5, 15, 29, 31]. [ |

Definition 2.1. A differential Lie-Yamaguti algebra of weight X is a Lie- Yamaguti
algebra T with a linear map dr : T — T such that

dr({z,y, 2}) ={dr(2),y, 2} +{z, dr(y), 2} +{z, y, dr(2) } + A\({dr(2), dr(y), 2}
Hdr(@),y. dr(2)} + {2, dr(y), dr(2)}) + X {dr (@), dr(y),dr(2)},  (16)
and dr([z,y]) = ldr(2), y] + [z, dr(y)] + Aldr(2), dr(y)], (17)
for any x,y,z € T'. One denotes it by (T, dr). [

Definition 2.2. Let (T,dr) be a differential Lie-Yamaguti algebra of weight
A. A representation of (T,dr) is a quadruple (V,p,0,dy), where (V,p,0) is a
representation of the Lie-Yamaguti algebra 7" and dy € gl(V), and for any z,y € T,
the following conditions are satisfied:

dvp(x) = p(drz) + p(x)dy + Ap(drz)dy, (18)
dv0(z,y) = (0(dra, y) + 0(x, dry) + A(drx, dry))(id + Adv) + 0(z, y)dy.  (19)
Based on (18) and (19), we get
dv Dyp(x,y) = Dpo(z,y)dy
= (Dyo(drz,y) + D,g(x, dry) + AD,o(drx, dry))(id + Ady ). (20)

Example 2.3. Let (T,dr) be a differential Lie-Yamaguti algebra T with any
weight A\ and define ad : T — gl(T), R,L : T NT — gl(T) respectively
by ad(z)(y) = [5,3], R,9)(z) = {52} and L{,y)(z) = {22} Then
(T,ad, R, L,dr) is a representation of the differential Lie-Yamaguti algebra (7', dr),
which is called the adjoint representation.

In view of [22], if (V,p,0) is a representation of Lie-Yamaguti algebra T, then
(V*, p*, —0*7) is a dual representation of T' with D« _g+-(z,y) = 6*(y, ) —0*(x, y)+
p*(x), p*(y)] — p*([x,y]), where 7 : T AT — T AT is the switch map given
by 7(z,y) = (y,x) for any z,y € T. In particular, (7% ad*, —R*7) is the dual
representation of 7. But it does not hold in the case of differential Lie-Yamaguti
algebras. [ |

In the sequel, we study how to construct a new differential Lie-Yamaguti algebra
from two given differential Lie-Yamaguti algebras.
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Theorem 2.4. Let T, T5 betwo Lie- Yamaguti algebras. Suppose that there are linear
maps py:T1 — gl(Ty), pa: Ty — gl(T1) and bilinear maps 01 : N*Ty — gl(T),
O : A>Ty — gl(T}) such that (Ty, p1,01) is a representation of Ty and (T4, p2,0s)
is a representation of Ty and they satisfy the following conditions:

pa(a)([z,y]) + [p2(a)y, 2] — [p2(a)z, y] + p2(pr(x)a)y — p2(pr(y)a)z =0,  (21)
pi(z)([a,b]) + [p1(2)b, a] — [p1(2)a, b] — pi(pa(b)7)a + pr(pa(a)x)b =0,  (22)
{p2(a)y, z, 2} —{p2(a)z,y, 2} = 0, (23)

{p1(z)a,b,c} —{pi(2)b,a,c} =0 (24)

O2(p1(z)a,b)y — O2(p1(y)a,b)x + 63(a,b)|x,y] = 0, (25)

O1(p2(a)z, y)b — 01(p2(b), y)a + b1(x,y)a, b] = 0, (26)
{z,y,p2(a)z} — pa(a){z, y, 2} — p2(Di(z, y)a)z =0, (27)

{a,b, p1(z)c} — pr(x){a,b,ct — p1(Dafa, b)z)c =0, (28)

p2(01(z, y)b)z — p2(61(z, 2)a)y = 0, (29)

p1(02(a,b)x)c — p1(0a(a, c)z)b =0, (30)

O2(a, pr(y)b)z — [y, O2(a, b)z] = 0, (31)

Or(x, p2(b)y)a — [b,01(x,y)a] = 0, (32)

{z,y,02(a,b)z} = Oz(a,b){x,y, z} + O2(D1(x,y)a,b)z + O2(a, Di(x,y)b)z,  (33)
{a,b,01(x,y)c} = 01(x,y){a,b,c} + 01 (Dz(a,b)x,y)c + 61(x, Da(a,b)x)c,  (34)
{y, z,02(a,b)x} = 02(01(x, 2)a,b)y — O5(61(x,y)a,b)z + 02(a, D1(y, 2)b)z,  (35)
{b,¢,01(z,y)a} = 01(02(a, c)z,y)b — 01(02(a, b)z, y)c + 01 (x, D2(b, c)y)a, (36)
Os(a,01(y, 2)b)x = Do(b1(z,y)a,b)z — {y,02(a,b)x, 2} + 05(b, 01 (z, z)a)y,  (37)
01(x, 01(b, c)y)a = D1(02(a, b)z, y)c — {b,01(z, y)a, c} + 01 (y, O2(a, c)x)b, (38)

for any x,y,z € Ty and a,b,c € Ty, where Dy = D, 9,, Dy = D,, 9,. Then there
is a Lie-Yamaguti algebra structure on Ty & Ty (as the direct sum of vector spaces)
given by

{l’ +ta,y+ b7 zZ+ C} = {C(I,y, Z} + 92(b7 C)fL’ - 92((1, C)y
+ Do(a,b)z + [a, b, c] + 01(y, z)a — 61(x, 2)b+ Dy(z,y)c, (39)

and [z +a,y+b] = [z,y] + p2(a)y — p2(b)x + [a,b] + p1(2)b— pr(y)a  (40)

for any x,y,z€Ty, a,b,ceT,. Wedenotethis Lie- Yamaguti algebra by T =T, > T5.
And (T1, Tz, p1, 01, D1, p2, 02, D) satisfying the above conditions is called a matched
pair of Lie-Yamaguti algebras.

Moreover, suppose (Ty,dr,) and (Ts,dr,) are differential Lie-Yamaguti algebras
with the same weights X, (Tz, p1,01,dr,) is a representation of the differential Lie-
Yamaguti algebra (T1,dr,) and (Ty, pe, 02, dr,) is a representation of the differential
Lie-Yamaguti algebra (Ty,dr,). Define

dr(z 4+ a) = dp, () +dp,(a), V2 eTi,acTh.

Then (T,dr) is a differential Lie- Yamaguti algebra.

(Ty,dr,), (Ty, dr,), p1, 01, D1, pa, 02, Dy) is called a matched pair of the differential
Lie-Yamaguti algebras (T3, dr,) and (Ts,dr,).
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Before giving the proof, we first give a short remark. Based on (21)—(38), by a direct
computation, we have the following identities:

Di(p2(a)z, y)b — Di(p2(a)y, z)b = 0, (41)

Dy (p1(2)a, b)y — Da(p1(y)b, a)x = 0, (42)

Dy(z,2)la,b] — [Di(z,y)a,b] — [a, Di(z, y)b] = 0, (43)
Da(a,b)[z,y] — [D2(a,b)z, y] — [z, D2(a, b)y] = (44)

{z,y, Da(a,b)z} = (D2(D1(z,y)a,b)+Ds(a, Di(z,y)b ))Z+D2(a7b)({$7%2 ), (45)
{a,b, Di(z,y)c}=(D1(D2(a,b)x,y)+ Di(x, Da(a, b)y))c+Di(z,y)({a, b, c}), (46)
Ds(a,b)({x,y, z}) = {Ds(a,b)x,y, 2} + {x, Da(a,b)y, 2} + {x,y, Da(a,b)z}, (47)
Di(x,y)({a,b,c}) = {D1(z,y)a,b,c} + {a, Di(x,y)b,c} + {a,b, D1(z,y)c}, (48)

for any x,y,z € T, a,b,c € Tj.
Next we give the Proof of Theorem 2.4.

Proof. Clearly, (1) and (2) hold for { , } and [, ]. We only need to verify that
(3)—(6) hold. For the identity (3), we consider it by the following cases:
(I)  when two of the three elements x4, x9, x3 belong to T, (3) holds if and only if
(12), (21) hold.
(IT) when one of the three elements xy, z2, z3 belong to T3, (3) holds if and only if
(12), (22) hold.
For the identity (4), we discuss it by the following cases:
(I)  When one of the four elements zy, xs, z3,y; belongs to Ty:
(i) the fourth element belongs to T3, (4) holds if and only if (13) holds.
(ii) except the case (i), (4) holds if and only if (7), (23) hold.
In the rest of the proof, z,y,z denote the elements in 7} and a,b,c denote the
elements in T5.
(IT) When two of the four elements zi,xs,z3,y; belong to Ty, that is, when
x1,T9, T3, Y1 equal to:
(i) z,y,a,b or x,a,y,b or a,x,y,b respectively, (4) holds if and only if (25),
(41) hold.
(ii) a,b,z,y or a,x,b,y or x,a,b,y respectively, (4) holds if and only if (26),
(42) hold.
(III) When three of the four elements 1, xs, z3,y; belong to Ty:
(i) the fourth element belongs to T, (4) holds if and only if (13) holds.
(ii) except the case (i), (4) holds if and only if (7), (24) hold.
For the identity (5), we consider it by the following cases:
() When one of the four elements zi,xzs,y;,y2 belongs to Ty, that is, when
X1, T2, Y1, Yo equal to:
(i) z,y,z,a or x,y,a, z respectively, (5) holds if and only if (8), (27) hold.
(ii) z,a,y,z or a,x,y,z respectively, (5) holds if and only if (9), (29) hold.

(II) When two of the four elements x,x9,y;,y2 belong to Tb, that is, when
X1, T2, Y1, Yo equal to:
(i) z,y,a,b or a,b, z,y respectively, (5) holds if and only if (43) holds.
(ii) z,a,y,b or a,x,y,b or x,a,b,y or a,x,b,y respectively, (5) holds if and
only if (31), (32) hold.
(iii) a,b,z,y, (5) holds if and only if (44) holds.
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(III) When three of the four elements xy,z2,y1,y2 belong to Ty, that is, when
x1, T2, Y1, Y2 equal to:
(i) a,b,c,x or a,b,z,c respectively, (5) holds if and only if (8), (28) hold.
(ii) a,x,b,c or x,a,b,c respectively, (5) holds if and only if (9), (30) hold.
For the identity (6), we discuss it for the following cases:

(I)  when only one of the five elements 1, z2,y1, Y2, ys belongs to 17 or Ty, (6)
holds if and only if (10) or (11) or (14) holds.

(IT) when 1, x2,y1, Y2, y3 equal to:
(i) =x,y,2,a,b or x,y,a,z,b respectively, (6) holds if and only if (33) holds.
(ii) a,z,y,2,b or z,a,y,zb respectively, (6) holds for if and only if (35)
holds.
(iii) x,a,y,b,z or a,x,y,b,z or x,a,b,y,z or a,x,b,y,z respectively, (6)
holds if and only if (37) holds.
(iv) z,y,a,b,z, (6) holds if and only if (45) holds.
(v) a,b,x,y,z, (6) holds if and only if (47) holds.
(vi) a,b,c,x,y or a,b,z,c,y respectively, (6) holds if and only if (34) holds.
(vii) z,a,b,c,y or a,x,b,c,y respectively, (6) holds if and only if (36) holds.
(viii) a,x,b,y,cor a,z,y,b,c or x,a,y,b,c or x,a,b,y,c respectively, (6) holds
if and only if (38) holds.
(ix) a,b,z,y,c, (6) holds if and only if (46) holds.
(x) z,9,a,b,c, (6) holds if and only if (48) holds.
By direct computation, we can prove that the above statements hold and dr is

a differential operator of the Lie-Yamaguti algebra T'. Therefore, (T,dr) is a
differential Lie-Yamaguti algebra. [ |

If (7,7* ad],—Ry"1, L1",ad5, —Ry"T, Ly") is a matched pair of the Lie-Yamaguti
algebras T and 7™, then the operations on 7'>xT™ are given by
{$ + a,y + ba Z C}TIXIT* = {.1', Y, Z} - R2*<C> b):E + R2*(C> (I)y
+ Ly*(a,b)z 4+ {a,b,c} — Ri*(z,y)a + Ry*(z,2)b+ Li*(x,y)c,  (49)
and
[$ +a,y+ b]TNT* - [Iv y] + adZ(a)y - ad;(b)I + [CL, b] + ad’{(m)b - ad;<y)a7 (50)
for any x,y,2 € T,a,b,c € T*.
Definition 2.5. A Manin triple of Lie-Yamaguti algebras is a triple (7,77, T5)
with a nondegenerate symmetric bilinear form S(.,.) € T* ®@ T* on T such that
(i) S(.,.) is invariant, i.e., for any x; € T, it satisfies:
S({w1, w9, w3}, 24) = S(w1, {4, 73, 22}), S([21, 2], 23) = (21, [12, 73]).
(ii) T =T, & Ty as vector spaces, where T, Ty are subalgebras of T'.
(iii) T4, Ty are isotropic.
(iv) For any z,y € Ty and a,b € Ty, it satisfies {z,y,a},{a,z,y},{x,a,y} € T3
and {z,a,b},{a,b,z},{a,z,b} € T}. [



SUN AND CHEN 647

Theorem 2.6. Let T and T be Lie-Yamaguti algebras. Then the following two
conditions are equivalent:

(i) (TeT+S(.,.),T,T") is a Manin triple with S(.,.) given by
S(x+a,y+b) = (x,b) + (y,a), Ya,yeT abeT"
(ii) (7,7 ad{,—Ry"1,L1", ady, —Ry"T, Ly") is a matched pair of Lie-Yamaguti
algebras.

Proof. On the one hand, if (T"® T*,S(.,.),T,7*) is a Manin triple, for any
x,y,z €T and a € T*, we have
S(x,{a,y, 2}) = S{z, 2,9}, a) = (Ri(z,y)x,0) = —(z, R1" (2, y)a),
S(x,{y,a,2}) = =S(x,{a,y, 2}) = =S({z, 2,y}, a) = (x, B1" (2, y)a),
Sz, {y, z,a}) = =S({y, z, 2}, 0) = =(L1(y, 2)z, a) = (x, L1"(y, 2)a),
which imply that

{a7yaz} = _Rl*('zay)aa {yua’a Z} - Rl*(ZJy)aa {y;z7a} - Ll*(%z)a-
Similarly, [z,a] = —adj(a)z + ad](z)a.

Thus, 7@ T* is a Lie-Yamaguti algebra with the brackets given by (49) and (50),
that is, (7,7*,ad], —R,"7, L1*,ad;, —Ry"7, Lo™) is a matched pair of Lie-Yamaguti
algebras. On the other hand, (ii)=(i) is obvious. |

Proposition 2.7.  Let (V,p,0,dy) be a representation of a differential Lie-

Yamaguti algebra (T,dr) with weight A. Define a linear map p : T — gl(V')
and a bilinear map 0 : T NT — gl(V) by

plx) = p(z) + Ap(dr), (51)

0(x,y) = 0(z,y) + NO(drz, y) + 0(x, dry) + N(drz, dry)), (52)

for all x,y€T. Then (V,p, 0, dy) is also a representation of (T,dr) denotes by V.

Proof. It is routine to verify that (7)-(11) hold for p,0. We only need to check

that (18) and (19) hold. In fact, for any x,y € T', by (19) and (52), we obtain

0(drx,y) + 0(x, dry) + N0 (drx, dry) + 0(z, y)dy + XO(drx, y)
+0(z, dry) + M (drx, dry))dy — dyv(z,y)

= 0(drx,y) + N0(drx,y) + N0(drx, dry) + N20(drx, dry) + 0(x, dry) + M0(z, d7y)
+ N (dpx, dry) + N20(dpx, d7y) + NO(drz, dry) + N(daz, dry) + N (dr, dry)
N0, dy)) + (O, y) + B(drz,y) + 6(x, dry) + No(dp, dry))dy
+ MNO(drz, y) +M0(d52, y) + N (dra, dry) + N0(drx, dry)+0(x, dry) +\0(x, d7y)
+ N(drx, dry) + N20(dyrx, d7y) + N (drx, dry) + N20(dra, dry) + N20(dra, day)
+ NO(dgx, d5y))dy — dy (0(z,y) + 0(drz, y) + 0(z, dry) + N (dpx, dry))

= 0.

Analogously, p(drx) + p()dy + A\p(drx)dy — dyp(z) = 0. ]
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Remark 2.8. In Proposition 2.7, if we further define D, : T AT — gl(V) by

A

D,o(r,y) = Dyo(z,y) + MDpp(drz,y) + D(x, dry) + AD,g(drz, dry)).  (53)

Then we obtain by direct computation, D ; = bp’g. ]

3. Cohomologies of differential Lie-Yamaguti algebras

This section is devoted to discussing the cohomologies of a differential Lie-Yamaguti
algebra with coefficients in its representation. We begin with reviewing the coho-
mologies of Lie-Yamaguti algebras [30].

Let T be a Lie-Yamaguti algebra and (V, p, ) be its representation.

Let f:T x---xT — V be an n-linear map of 7" into V' such that:

f(xlv' © oy T2i—1, X24y - ‘,l’n) =0, if 29,1 = z9;.

The set of all such linear maps is called an n-cochain of T', which is denoted by
C™(T,V) for n > 1. For n > 1, the coboundary operator

d = (d;,dir) : C*™(T,V) x C*"*" YT, V) — C*"¥(T, V) x C*"(T, V)

is given as follows:

(dlf)(xla Tt x2n+2) = P($2n+1)9<5317 te '7$2n7$2n+2)
- p($2n+2)9($1, e '7$2n+1) - g(xh c oy Lop, [$2n+1,1‘2n+2])
n
+ Z(—l)n+k+1Dp,0($2k—17$2k;)f($1, S Toko2, ok, Tant2)
k=1
n 2n—+2
+ Z Z (=)™ f (@1, - - Tann, Tonrr, - -+ {Tare1, T, T, - 5 Tonsa)
k=1 j=2k+1
and

(dHf)(JCl, R $2n+3)

= 9($2n+2,$2n+3)9($17' L 372n+1) - 9($2n+17$2n+3)9($17 c o Ton, 902n+2)
n+1

+ Z(—l)MkHDp,e(l’zkfl,3321@)9(331, S Tokg1st s Tangs)
k=1

n+1 2n+3

+ Z Z (—1)n+k9(1f’1>' S Tok 1yt ATk 15 Lok, Titst t s Tong3)

k=1 j=2k-+1

for any pair (f,g9) € C**(T,V) x C*"*Y(T,V) and z1,- - -, To,43 € T. And when
n = 0, the coboundary operator

d = (dr,dir) : CH(T,V) — C*(T,V) x C*(T,V)
is defined as follows:
(dw)(z1, 22) = p(x1)w(@2) — pl2)w (1) — w(lz1, 22)),
(drjw) (1, k2, x3) = 0(22, x3)w(21) — O(21, T3)W(T2)
+ D, o(x1, 22)w(xs) — w({z1, 22, 23})
for any w € CYT,V) and zy, 29,25 € T.
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Denote the set of the (2n,2n + 1)-cocycles and the (2n,2n + 1)-coboundaries, re-
spectively by Z2"(T, V) x Z*"*Y(T,V) and B*(T,V) x B*"*(T, V). Define
H2(T, V) x H*\(T,V) = (Z*(T, V) x Z*"*{(T,V))/(B*(T,V) x B¥*\(T,V)),

which is called the (2n,2n+1)-cohomology group of T with coefficients in the repre-
sentation V.

Remark 3.1. (i) For any (v,w) € C*(T,V) x C*(T,V), (v,w) satisfies the

following conditions:
& V(ZEl,.TQ) +7/(ZE2,.T1) = 0, (54)

w(wy, xe, x3) + w(xe, 21, 23) = 0. (55)

(ii) For any pair (v,w)€ Z*(T,V)xZ3(T, V), besides d(v,w)=0, we also claim that

w(zy, T2, x3) + c.p. — p(x1)v(T2, 3) — C.p. + V([21, 2], 23) + C.p. = 0, (56)
0(z1,y1)v(xa, x3) + c.p. + w([z1, 2], 23, 91) + c.p. = 0, (57)
for all xy,x9, 23,91 €T [ |

Next we begin to define cohomologies of differential Lie-Yamaguti algebras.

Let (V, p,0,dy) be a representation of the differential Lie-Yamaguti algebra (7', dr).
In view of Proposition 2.7, (V,p,0,dy) is also a representation of (T, dr). Denote
it by V). Consider the cohomologies of the Lie-Yamaguti algebra (T, dr) with
coefficients in the representation V). The corresponding (2n, 2n+ 1)-cochains group
of T is denoted by C**(T,Vy) x C**(T,Vy). For n > 1, the coboundary operator

d = (d7,dpy) - C°(T, Vi) x C*" (T, Vi) — CP"F2(T, Vi) x C*F3(T, V)

is defined as follows:

(2 f) (@1, - - Tansa) = p(@an11)g (21, - - -, o, Tonya)
— P(@2n42)9(T1, -+ Tanga) — 9(T1, 7 -+, Tan, [Tant1, Tansa])
n

+ Z<_1)n+k+1Dﬁ7é(fE2k71>x?k)f(xla S Dok 2, Tokt1s*  Tant2)
k:I 242

+ Z Z (—1)" f (@1, -+ Top—ay Tonr, - - 5 {Toko1, Tok, Tj ), - -+, Tonga)
k=1 j=2k+1

and
(d?l N1, Topss)
= é($2n+27$2n+3)9($17' e Topg1) — é($2n+17I2n+3)9($1, Ce e Top, Tont2)
n+1

+ Z(_l)n+k+1D[,7é(fE2k—1;$2k>g($1a C oy L2kl ',$2n+3)
k=1

n+1 2n+3

+ Z Z (_1)n+kg(x17 Sy L2k41, 00 {ka—lnykaxj}v T '7$2n+3)

k=1 j=2k-+1

for any pair (f,g) € C**(T,Vy) x C*"*Y(T,V)) and 1, -, 29,13 € T.
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And d* = (d},dy;) : CH(T,Vy) — C*(T, Vi) x C3(T, V)
is given by (d}\w)(xl,azg) = p(x1)w(zs) — pla2)w(zr) — w([z1, 22]),
(d}\Iw)(xlvx% T3) = é($271’3)w($1)

—é(ml, 1‘3) (172) + D (1'17332) (m?:) - w({$1,$2,$3})

for any w € CY(T,Vy) and 1,29, 73 € T.
For n = 1, the (2,3)-cocycle (f,g) satisfies d*f,g) = 0 and (f,g) satisfies also
(54)-(57) — just replace p,8,D,q by p:0,D;5.

The corresponding (2n, 2n+ 1)-cohomology group H**(T, V) x H**}(T,Vy) of the
cochain complex (C*(T,Vy) x C*(T,Vy),d*) is called the (2n,2n + 1)-cohomology
group of the differential operator dr with coefficients in the representation V.

Clearly, C?"(T,Vy) x C*" YT, V) = C*(T, V) x C*"*1(T, V) as vector spaces, but
they are not equal as cochain complexes except A = 0.

Proposition 3.2.  Define a bilinear map
A= (6,6): C*™(T, V) x C*" T, V) — C*(T,Vy) x C* (T, Vy)
with 6 : CP(T,V) — CP(T, V) given by

p
5f Ty, T ZAk 1fk xp>_de(x17”'pr)7
k=1
where fk(fl:l;' . '71’p) — f(!@ e Rdr® - - ®[J)(x17. . ',l’p)-

~
dr appears k times

Then A is a cochain map from the cochain complex (C*(T,V) x C*(T,V),d) to
(CH(T, V) x C*(T,Vy),d"), that is, d*A = Ad.

We leave the long and technical proof of this result to the Appendix.
For n > 1, we define

CDYA<T7 V) x sz)ni;rj (T,V)
= {(C*™(T,V) x C*" (T, V) x (C*" (T, V),) x C*" YT, Vy))},
and C%YA(T7 v) X CBYA(Tu V) = OI(T’ V)

Then a map
0: Cpya(T, V) x CRA(T.V) — CH/A(T.V) x CRE(T. V)
is defined by
oA(f.9), (f,9)} ={d(f.9),d*(f.9) + ()" 'A(f.9)}, n > 1,
for any pair {(f,9), (f,9)} € CBy4(T, V) x Cpy/4 (T, V) and
0 : Cpy4(T, V) X Cpya(T, V) — Chya(T. V) x Cpya(T,V)
is given by O(w) = {(djw, drjw), —6w}, for all w € CXy 4(T, V) x Chy 4(T, V).
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In view of Proposition 3.2, we have
Theorem 3.3. 0 is a coboundary operator, that is, 00 = 0.

With the cochain complex (ChyA(T,V) x Chy4(T,V),0), denote the space of
(2n,2n + 1)-cocycles and (2n, 2n + 1)-coboundaries, respectively by
ZEy AT, V) x ZEy4(T, V) and BEy (T, V) x BRy/A(T. V).
The corresponding quotients
HEy a(T, V)X HES (T, V) = 255 4(T,V) < ZE5 4 (T, V) [ By a(T, V) x BRZA(T, V),

are called the (2n,2n + 1)-cohomology of the differential Lie-Yamaguti algebra
(T, dr) with coefficients in the representation (V, p,0,dy).

Remark 3.4. The (2, 3)-cocycle {(f,9), (9)} € Z% (T, V)xZ 2t H(T, V) means that
(f,g) is the (2, 3)-cocycle of T with coefficients in V, d}g+df = 0 and d3;g+dg = 0.

From the definitions of C%%,(T,V) x C3vA (T, V) and C?(T,Vy) x C*"+Y(T, V)
we easily get an exact sequence of cochain complexes,
0 — C*"(T, Vi) x C*" (T, Vi) — Coi2(T, V) x Cpy3(T, V)
— C?"P(T, V) x C*F3(T, V) — 0.
Moreover, combining the Snake Lemma, we have the following long exact sequence
of cohomology groups
ceo— HP™(T, V) x H* (T, V) — Hpt (T, V) x HpeH3 (T, V)
— H* (T, V) x H3(T, V) — H* (T, V) x H* (T, V) — - - -.

4. Deformations of differential Lie-Yamaguti algebras

Let (T,m =1, J,w=1{,, },dr) be a differential Lie-Yamaguti algebra with any
weight A\, m; : TAT — T be a bilinear map, w; : TAT ®T — T a trilinear map
and @; : T'— T a linear map respectively.

Consider the space T'[[t]] of formal power series in t with coefficients in 7" and a
t-parametrized family of trilinear operations wy(z,y, z) = > oo t'wi(x, y, z), bilinear
operations m(z,y) = Y ooy t'm(z,y), and linear operations ¢ (x) = Y oo, t'gi(x),
where ¢g = dr,m9 =7 and wy = w.

If all (T'[[t]], ¢, we, ¢) are differential Lie-Yamaguti algebras, we say that (7, wy, ¢r)
generates a deformation of the differential Lie-Yamaguti algebra (7,7 = [, |,
W = { y }, dT) .

If all (T'[[t]], 7, wy, pt) are differential Lie-Yamaguti algebras with weight A, then
we have

Doz, y) + maly.2) =0, Y walz,y,2) +waly,,2) =0, (58)

n20 L i>0
> milm(a,y),2) + milm(y, 2) @) + milm (2,2), )
4,720
+ 3w, y,2) + wn(y, w,2) + walz,2,y) = 0, (59)

n>0



652 SUN AND CHEN

i+j=n
Z wi(mi(x,y), 2, w) + w;i(m;(y, 2), ,w) + m(m; (2, x), y, w) = 0, (60)
i,j>0
i+j=n i+j=n
Z wi(xu Y, 7Tj(za U})) = Z 7Ti(("}j(x) Y, 2)7 w) + ﬂ-i(z7 (,«Jj(l’, Y, w))v (61)
2,720 i,7>0
i+j=n
Z (wz(wj(va w, CC'), Y, Z) + wi(l‘7 Wj(U, w, y)a Z) + Wi(x, Y, wj(va w, Z))
i,j>0
J — wilv, (2, 2))) = 0, (62)
i+j=n i+j=n
> e y) = > milei(@),y) + milpi (), y) + mlw, 0(y))
4,7>0 1,720
i+jt+k=n
Y Amlpi(@), ely)), and (63)
3.5, k>0
i+j=n
Z (wi<90j<x>7 Y, Z) + wi('rv W](Z/), Z) + wi('ra Y, @J(Z»)
i,j>0
i+j+k=n
+ Y Mwile(), er(y), 2) + wil, 05(y), ou(2)) + wils(x), v, @i(2)))
i.,k>0
i+j+k+l=n i+j=n
+ Y Nwilps(), exly — Y piwj(z,y,2) = 0. (64)
2,7,k,1>0 4,7>0

Proposition 4.1.  (T[[t]], 7, wy, ¢i) generates a deformation of the differential
Lie-Yamaguti algebra (T,m = [, J,w ={, , hdr). Then {(m,w1),(p1)} is a
(2,3)-cocycle of (T, dr) with coefficients in the adjoint representation (T, ad, R, dr).

Proof. If (T'[[t]], 7, wy, 1) generates a deformation of the differential Lie- Yamaguti
algebra (T, 7w, w,dr), then (58)—(64) hold. For the identities (58)—(62), letting n = 1,
which implies that (m,w) is a (2,3)-cocycle of T" with coefficients in the adjoint
representation (7, ad, R).

On the other hand, for any pair {(m,w1),(¢1)} € ChyA(T,T) x C}ya(T,T),
{(m1,w1), (1)} is a (2,3)-cocycle if (m,w;) is a (2,3)-cocycle of T' with coefficients
in the adjoint representation and

d)\(QDl) + (—1)2A(7Tl,w1) = (d?@l + (57’(’1, d/I\I‘Pl + 5&)1) =0. (65)
By computation, when n =1, (63) and (64) are equivalent to (65). [
Definition 4.2. A deformation of the differential Lie-Yamaguti algebra (T, dr)

is said to be trivial if there is a linear map N : T'— T such that K; = I +tN (V t)
satisfies

Kydr = dr Ky, Kt[m,y]t = [Kt$,Kty] and Kt{%%z}t = {KtxaKtvatZ}'

Similar to the case of Lie-Yamaguti algebras [22, 23], we give a definition of Nijenhuis
operators and relative Rota-Baxter operators of differential Lie-Yamaguti algebras.
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Definition 4.3.  Let (7, dr) be a differential Lie-Yamaguti algebra. A linear map
N : T — T is called a Nijenhuis operator on (T,dr) if Ndr = dprN and N is a
Nijenhuis operator on T, that is, for any x, y, z € T,

[N$aNy] = N([Nxay] + [vay] - N[l‘,y]),
{Nz,Ny,Nz} = N({Nz, Ny, z} + {z, Ny, Nz} + {Nz,y, Nz})
~N?*({Nz,y, 2} + {x, Ny, 2} + {z,y, N2}) + N*{x,y, 2}

Remark 4.4. (T,[, |n,{, ,}n,dr) is also a differential Lie-Yamaguti algebra,

where [I,y]N: [N:L’,y]—l—[ﬂ?,Ny] —N[SL’,y} (66)
and {z,y,z}ny = {Nx,Ny,z} + {x, Ny, Nz} + {Nz,y, N2} — N({Nzx,y, z}
+{x, Ny, 2} + {z,y, Nz}) + N*{z,y, z}. (67)

Definition 4.5. A linear map K : V — T is called a relative Rota-Baxter
operator on the differential Lie-Yamaguti algebra (7', dr) associated to the repre-
sentation (V,p,0,dy) if Kdy = drK and K is a relative Rota-Baxter operator on
T, that is, for all u,v,w €V,

[Ku, Kv] = K(p(Ku)v — p(Kv)u),
and {Ku, Kv, Kw} = K(0(Kv, Kw)u — 0(Ku, Kw)v + D, o(Ku, Kv)w).
Proposition 4.6. Let K : V — T be a relative Rota-Baxter operator on the dif-
ferential Lie-Yamaguti algebra (T, dr) associated to the representation (V,p,0,dy).
Then (V| , lx,{, , }k,dv) is a differential Lie- Yamaguti algebra, where
[u, vl = K(p(Ku)v — p(Kv)u),
{u,v,w}r = 0(Kv, Kw)u — §(Ku, Kw)v + D, g(Ku, Kv)w
for all w,v,w e V.
Proof. Based on [22], (V,], |k,{, ., }x) is a Lie-Yamaguti algebra. We only
need to verify that dy is a differential operator. In fact, for all u,v,w € V'
dV({uv v, w}K>
= dy(0(Kv, Kw)u — 0(Ku, Kw)v + D, o(Ku, Kv)w)
= (drKv, Kw)u + 8(Kv, dr Kw)u + N (dr Kv, dr Kw)u + 6(Kv, Kw)dyu
+A0(dr Kv, Kw) 4+ 0(Kv, dr Kw) + A0 (dr Kv, dr Kw))dyu
—0(drKu, Kw)v — 0(Ku, dr Kw)v — \0(dr Ku, dr Kw)v
—0(Ku, Kw)dyv — ANO(dr Ku, Kw) + 0(Ku, dr Kw)
+M(dr Ku, dr Kw))dyv + D, g(dr Ku, Kv)w + D, o(Ku, dr Kv)w
+AD, o(drKu, dr Kv)w + D, g(Ku, Kv)dyw + XD, g(dr Ku, Kv)w
+D,o(Ku,drKv) + AD, g(dr Ku, dp Kv))dyw
= {u,dyv,w}x + {dvu,v,w}k + {u,v,dvw}x + Mdyu,dyv,w}g
+Mdyu, v, dywt g + Mu, dyo, dyw} g + XN2{dyu, dyv, dyw} k.
Similarly, dy ([u,v]k) = [dyu, v] g + [u, dyv]x + Ndyu, dyo]g.
Thus, dy is a differential operator of (V. [, |k, {, , }x)- n
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Proposition 4.7. K :V — A is a relative Rota-Baxter operator on a differ-
ential Lie-Yamaguti algebra (T, dr) associated to the representation (V, p, é,dv) if
and only if K = K + My K is a relative Rota-Bazter operator on the differential
Lie-Yamaguti algebra (T,dr) associated to the representation (V,p,0,dy), where
ﬁ,é are defined in Section 2.

Proof. Notice that

~

0(Ku, Kv)
= 0(Ku, Kv) + M(dr Ku, Kv) + M(Ku, dp Kv) + \0(dy Ku, dr Kv)
= 0(Ku, Kv).
Analogously, Dﬁﬁ(Ku,Kv) = Dpyg(f(u,f(v), p(Ku) = p(f('u)
This completes the proof. [ |

Proposition 4.8. Let K :V — T be a relative Rota-Baxter operator on a dif-
ferential Lie-Yamaguti algebra (T, dr) associated to the representation (V,p,0,dy).
Define a linear map p : V. — gl(T) and a bilinear map 6 : VNV —s gl(T)
respectively by

p(u)x = [Ku,z] + K(p(x)u), Ve e T,u eV,

O(u,v)x = {z, Ku, Kv} + K(0(x, Kv)u — D,g(x, Ku)v), Vo € T,u,v e V.
Then (T, p, 0, dr) is a representation of (V,[, |k, {, , }k,dv).

Proof. Define K :T®V — T &V by

K(x+u) = Ku

for any x € T and u € V. Then K isa Nijenhuis operator on T'é V. So there is
a Lie-Yamaguti algebra structure on 7' V. On the one hand, using (39), (40) and
(4.4), we obtain

{z+uyt+vzt+uwly
= {K(z +u), K(y +v), 2 + wh + {K(x +u),y + v, K(2 +w)}
+{r4+u,K@y+v),K(z+w)} - K{K(z +u),y+v,2+w}
+{r+u, K@y+v), z+w}+{z+uy+v,K(z+w)})
+ K*{z +u,y+v,z+w}
={Ku,Kv,z+w} + {Ku,y + v, Kw} + {z + u, Kv, Kw}
— K({Ku,y+v,z+w} +{z+u, Kv, 24+ w}+ {z+u,y+v, Kw})
={Ku,Kv,z} + D, o(Ku, Kv)w + {Ku,y, Kw} — 0(Ku, Kw)v + {z, Kv, Kw}
+ 0(Kv, Kw)u + K(0(Ku, z)v — D, o(Ku,y)w — 0(Kv, 2)u
— D, g(x, Kv)w — 0(y, Kw)u + 6(z, Kw)v)
= {u,v,w}x +{Ku, Kv,z} + {Ku,y, Kw} + {z, Kv, Kw} + K(6(Ku, z)v
— D, o(Ku,y)w — 0(Kv, 2)u — D,g(z, Kv)w — 0(y, Kw)u + §(x, Kw)v), (68)
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and [z +u,y+ vz
= [K(z+u),y+v]+[z4+u Ky+v)]—K(z+uy+v])

= [Ku,y +v] + [z + u, Kv] — K([z,y] + p(z)v — p(y)u))
= [u, v + [Ku, y] + [z, Kv] — K(p(z)v — p(y)u), (69)

On the other hand, T'® V is a semidirect product, and thus
{z+u,y+v,z+wlyz ={u,v,wlx + 0(v, w)x — O(u, w)y + D;4(u,v)z,  (70)

and [+, y + o] = [u, vk + p(u)y = plv)z. (71)

Combining the equations (68)—(71), we obtain that (7', p,0) is a representation of
(V.[, ]k, {,, }x). At the same time,

drf(u,v)x
= dr({z, Ku, Kv} + K(0(z, Kv)u — D, ¢(z, Ku)v)
= {drz, Ku, Kv} + {z,dr Ku, Kv} + {z, Ku,dr Kv}
+ A{drz,drKu, Kv} + {x, dr Ku, dr Kv} + {drx, Ku,dr Kv}
+ Mdrz, dpKu, drKv}) + Kdy (0(x, Kv)(u) — Kdy (D, e(z, Ku)(v)
= {drz, Ku, Kv} + {z,dr Ku, Kv} + {z, Ku,dr Kv}
+ A{drx,drKu, K(v)} + {2, dr Ku, dr Kv} + {drz, Ku,dr Kv}
+ Mdrz,drKu,dr Kv}) + K(0(drx, Kv)u + 0(x, dr Kv)u + M\ (drx, dr Kv)u
+ 0(z, Kv)dyu) + AK(0(drx, Kv) 4+ 0(x, dp Kv) + N(drx, dp Kv))dy (u)
— K(D,o(dpx, Ku)v + D,g(z, dpKu)v + XD, g(drx, dp Ku)v + D, g(z, Ku)dyv)
— MK (D,g(drz, Ku)v+ D, ¢(z,dr Ku)v + XD, o(drx, dr Ku)dyv)
= {drz, Ku, Kv} 4+ {z, Kdyu, Kv} + {z, Ku, Kdyv}
+ A{drz, Kdyu, Kv} + {z, Kdyu, Kdyv} + {drz, Ku, Kdyv}
+ Mdrz, Kdyu, Kdyv}) + K(0(drx, Kv)u + 0(z, Kdyv)u + \(drx, Kdyv)u
+ 0(z, Kv)dyu) + AK(0(drx, Kv) + 0(x, Kdyv) + \(drz, Kdyv))dy (u)
— K(D,¢(drx, Ku)v + D, g(z, Kdyu)v + XD, o(drx, Kdyu)v + D, g(x, Ku)dyv)
— AK(D,o(drz, Ku) + D, o(x, Kdyu) + AD, g(drz, Kdyu))dyv

= O(dyu,v)x + 0(u, dyv)z + M (dyu, dyo)z + 0(u, v)dp(x)
+ MO(dyu, v) + 0(u, dyv)z + A0 (dyu, dyv))dr ().

Analogously, drp(u)x = p(dvu)x + p(u)dr(x) + Ap(dyu)dr(x).
Hence, (T, p, 0, dr) is a representation of (V. [, |x,{, , }x)- n

In the light of Proposition 2.7 we induce another representation of (V, [, |x,{, , }x)
from the representation (T, 5,0,dr) of (V,[, |x,{, , }x). We denote it by T).

Consider the cohomologies of the differential Lie-Yamaguti algebra (V,[, |x,
{,, }k,dv) with coefficients in the representation (7, p,0,dr) as in Section 3.
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For n > 1, we define the set of (2n,2n + 1)-cochains by
Cpya(V.T) x Cpfa (V. T)
= {(C*(V.T) x C*"H(V,T)) x (C*" (V. Ty) x C*""H(V, T),))},
and Chya(V,T) x Cpy4(V,T) = CH(V, T).
The coboundary operator 9:C%% (V, T)x Copit(V, T) — CH2(V, T)x Coet3(V, T)

is given by - -
o{(f.9),(f,9)} = {d(f.9),d*(f,9) + (=1)""A(f, 9)}

for any {(f.9),(f,9)} € OBy a(V.T) x Cpy (V. T) and

0 : Chya(V,T) X Chy o (V,T) — Chy 4(V,T) x Chy 4(V, T)
is given by 9(w) = {(djw, djjw), —dw}, ¥V w € CUy 4 (V,T) x Chy 4(V,T).
Associated to the representation (7, p, 0, dr) is the cochain complex product
(CHya(V,T) x Chy 4(V,T),0). Denote the (2n,2n + 1)-cohomology group of this
cochain complex by HZ: ,(V,T) x Hitt(V,T), which is called the cohomology of
the differential Lie-Yamaguti algebra (V,dy) with coefficients in the representation
(T ﬁv 0 dT)
Notice that (2,3)-cocycle of the cochain complex (CB(V,T) x Coti(V,T),0) is
also defined as that of cochain complex (C%, (T, V) x Of{;ﬁj (T,V),0) in Section 3.

We compute the (0,1)-cocycle. For any f € C*(V,T) = Hom(V,T) and v; € V,

dr(f)(v1,v2)
= p(v1) f(v2) — p(v2) f(v1) — f([v1, v2] k)
= [Kv1, f(v2)] + K(p(f(v2))v1) — [Kva, fv1)] = K(p(f(v1))v2)
— p(Kvi)va + p(Kvg)vy,
dH(f)(UhUQ,U?,)
= 0(v3,v3) f(v1) = O(v1,v3) f (v2) + Dy 5(v1,v9) f (v3) — f({v1, 0,03} 1)
= {f(v1), Kva, Kvs} + KO(f(v1), KUg)Ug KD,o(f(v1), Kva)vs
—{f(ve), Kvy, Kvs} — KO(f(vs), Kvs)vy + KD, (f(v2), Kvq)us
+{K(v1), Kva, f(vs) }+KO(f (v3), Kvi)va—KO(f (v3), Kva)vr — f({v1, v2, v3} i),
and 0(f)(v) = fdy(v) —drf(v).
Obviously f:V — T is a (0,1)-cocycle if and only if

[Kvr, f(v2)] + K(p(f(v2))v1) — [Kva, f(v1)] — K(p(f(v1))v2) — f([v1,v2]K) =0,

f{vr,v2,v3} k) = {f(v1), Kvg, Kus} + KO(f(v1), Kvs)va — KD, o(f(v1), Kva)us
—{f(ve), Kvy, Kvs} — KO(f(v2), KU3)U1+KDp9(f( 2), Kv1)vs
+ {K(v1), Kvg, f(v3)} + KO(f(v3), Kvy)vg — KO(f(v3), Kvg)vy,
and fdy = drf. Thus, we have

Proposition 4.9.  The relative Rota-Baxter operator K : V. — T" on a differ-
ential Lie-Yamaguti algebra (T, dr) associated to the representation (V,p,0,dy) is
a (0,1)-cocycle of (V,[, |k,{ . , }k,dv) with coefficients in the representation
(T7 /37 ‘97 dT) :
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5. Abelian extensions of differential Lie-Yamaguti algebras

In this section, we study abelian extensions of differential Lie-Yamaguti algebras.

Definition 5.1. An abelian extension of a differential Lie-Yamaguti algebra
(T,dr) by a differential Lie-Yamaguti algebra (V,dy) is an exact sequence of dif-
ferential Lie-Yamaguti algebras:

0 — (V,dy) == (T, dz) 2 (T, dr) — 0,

where {V,V,T}; = {(V.T,V}; ={T,V,V}; =0 and [V,V]; = 0.
A section of an abelian extension (T,dz) of (T,dr) by (V,dy) is a linear map
S:T—>Tsuchthatps:id. [ |

Definition 5.2.  Let (T 1,dy, ) and (TQ,dTQ) be two abelian extensions of (T, dr)
by (V,dy). They are said to be equivalent if there is a homomorphism of differential
Lie-Yamaguti algebras ¢ : (17, dp ) — (T, dg,) such that the following commuta-
tive diagram holds:

0—= (Vidy) — (T1,dg,) —— (T, dr) —0
idl @i idi
0—= (Vidy) —= (Ty,dy,) —— (T, dr) —= 0.
Suppose (T',dy) is an abelian extension of (T,dy) by (V,dy). Let s : T — T be
any section of p. Define linear maps p : T'— gl(V'), x : T — V, bilinear maps
0:NT — gl(V), ¢:N*T — V and a trilinear map ¢ : A>T — V respectively by
p(x)o = [s(x),v]p,  x(x) = dp(s(x)) — s(dr(2)),
Q(Z', y)U = {Uv S(ZL'), S(:U)}T,
¢($a y) = [S(ZE), S(y)] - 8[‘Ta y]a 7,[1(117, Y, Z) = {S([E), S(y)7 S(Z)} - S{ZL', Y, Z}
Theorem 5.3.  With the above notations, (V,p,0,dy) is a representation of

(T,dr) and it is independent on the choice of section s. Furthermore, equivalent
abelian extensions give the same representation.

Proof. Based on the deformation theory of Lie-Yamaguti algebras [31], we only
need to check that (18)—(19) hold. For any z,y,z € T', v € V, since

S[ZE, y] - [S([E), S<y>]7 dT(S(I)) - S(dT(‘r))a S{$’y7 Z} - {S(I)a S<y)7 8(2)} eV
and V' is abelian, which imply that (18) and (19) hold. |
Proposition 5.4.  The vector space (T & V,[, |, { . , }u.dy) is a differential

Lie-Yamaguti algebra if and only if {(¢,v), (x)} is a (2,3)-cocycle of (T,dr) with
coefficients in the representation (V, p,0,dy), where

[z + a,y + bl = [z, 9] + ¢(z,y) + p(z)b — p(y)a,
{x+a,y+bz+cly ={z,y, 2} +¢(x,y,2) + 0(b,c)r — O(a,c)y + D,g(a,b)z,
and dy(z+a) =dr(z) +dv(a) + x(x),
for any z,y,z €T and a,b,c € V.
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Proof.  On the one hand, d, is a differential operator of T"® V' if and only if

d({z +a,y+b,z+c}y)
= {d,(z+a),y+b, z+c}yp+{x+a,d,(y+0b), z2+c}typ+{x+a,y+b,d(2+c)},
+ M{dy(z +a),d(y +b), 2+ chy +{z + a,dy (y + b), dy (2 + O)}y

q + {dx(x +a),y +0, dx(z + c)}¢ + /\{dx(x +a), dx(y +b), dy (2 + C)}UJ);

d([z +a,y +0]y) = [dy(z+a),y+bs + [z +a, dy (y + )]y + Aldy(x +a), dy (y + b)lo.

These equations induce that
x({z,y, 2}) + dvib(z,y, 2)
= Y(drz,y, z) + (2, dry, 2) + Y(x,y, drz) + AN (drz, dry, 2) + (2, dry, drz)
+ ¥(drz,y, drz) + M (dra, dry, drz)) + A0(y, 2)x(z) — 0(z, 2)x(y)
+ Dyo(z,y)x(2) + 0(dry, 2)x(x) — 0(drz, 2)x(y) — 0z, drz)x(y)
+ Dpo(x, dry)x(2) + 0(y, drz)x(x) + D,ol(drz, y)x(z))
+ N(0(dry, drz)x(x) + Dpoldra, dry)x(z) — 0(drz, drz)x(y)) (72)
and x([z,y]) + dvo(z,y) = d(dra,y) + ¢(x, dry) + Ap(dr, dry). (73)
On the other hand, if {(¢,v), (x)} € (C%yA(T, V) x C3 (T, V) is a (2,3)-cocycle,
then (¢, ) is a (2,3)-cocycle of T' with coefficients in the representation (V) p, 0, dy)
and d}x +0¢ =0, dy;x + 6 = 0. By a direct calculation, (¢,1) is a (2,3)-cocycle

of T" with coefficients in the representation V' if and only if 7@V is a Lie-Yamaguti
algebra, and d}x + d¢ = 0 is equivalent to (73), d};x + % = 0 is equivalent to (72).

This implies the assertion. [ |

6. Appendix: Proof of Proposition 3.2

Proof. Define f* by

1,J

fFry, o 2n) = fld® - @dr @+ ®id) (21, -+, Tn).

7j

~
dr appears k times but
not in the ith, jth places

k . . k, .
And [} is just the f; for no 4.

For any pair (f,g) € C*(T,V) x C*"Y(T, V), since
Ad(f,g) = (6,0)(dr,drr)(f,9) = (ddr f,ddrg)

and dAA(f? g) = (d?v d;\I)((S: 5)(f7 g) = (d?éfa d?](sg)a
we only need to prove d}\é = dd; and d}\]5 = ddyy. In fact, for all zq, -+, x9,40 €T,
(5d[f)(l'1, T '7$2n+2)
2n-+2

= Z NN dr ) (@1, o Tange) — dv(drf) (1, Tonga)
k=1

—A-B-C+E+F -G,



where

2n+1

A= Z )\kl)(dTl‘an)gk(xl, ce

k=0
2n+1

+ZA’“

2n+1

132n+1)

B = Z Nep(draania)g* (21, -

k=0
2n+1

+ZA’“

952n+2)

2n
C= NFgh (-

2n

+ D N G (-

k=0
2n

+ D N G (-

k=0

+ Z )\k 192n+1 'Tla :

n 2n

E = Z(_l)n-l—j-‘rl Z )\k—HDp,Q(deQj—la dT:L‘Zj)fk(xly .

Jj=1 k=0

+ Z(—

k=0

n 2n
- Z(_l)nHH Z )\kDp,ﬁ(ij—h dT$2j)fk(x1= o
j=1 k=0

+ Z(—l)

n  2n+2

k=1

F:Z Z (_1)n+i<z k+2f21 (1,

i=1 j=2i+1 k=0

2n—1

+ Z )\k+1f2ki<l'1,"'

k=0
2n—1

+ Z )\k+1f2ki<l'1, .
k=0

2n—1

+ Z )\k+1f2ki<l'1, .
k=0

2n
1)ttt Z )\kDp’g(de%fla $2j)fk(xlv "'

2n
n+j+1 Z /\k;—le’e(ij_l’ fEZj)fk(fL'l, .
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7I2n7$2n+2)
k(xla Co Top, Tanta),

) T2p41)
(21, o),

y Lon, [dT3?2n+1, dTSE2n+2])

y Lon, [dTﬂfan, 932n+2])

y L2n, [-T2n+1, dT$2n+2])

y Lon, [5172n+1, 332n+2]),

y L2i—2, x2i+17 Ty

{dT$2i—1, dpxy;, dT%‘}, T

y L2i—2, L2441, " ° {dTiUZifla drxa;, 90j}, T
y L2i—2, L2441, """ {x2i717 drxa;, dTOCj}, T
y L2i—2, L2441, """ {dTiUZifla T2i, dTOCj}, T

y X25—2, L2j41, " -

s L25—2, L2541, "

y X2j—2, L2541, " "

y X25—2, L2j41, " "

659

) m271—}—2)

5 $2n+2)

,$2n+2)

7x2n+2)7

) x2n+2)

,$2n+2)

,$2n+2)

,$2n+2)
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2n—1
k ¢k
+ g A fgz‘(%, T, X2i—2, X241, {dT$2i—1, fEQi,Ij}a T ,$2n+2)
k=0

2n—1

+ Z )\kfgki(%, 5 X2i—2, L2410, {I2i—1, drxa;, Ij}, Tt ,$2n+2)
k=0
2n—1

+ Z )\kfgki(%, e L9, T, { %21, T, 7T}, Tapto)
k=0
2n—1

+ Z N fg (@, Toima, Toigr, -+ {Toim1, Tag, T4}, 7902n+2)>7
k=0

and G = dv(d[f)(l'l, cee ,$2n+2) = Gl — G2 — Gg -+ G4 -+ G5 with

Gr = dv(p(zan+1)9(T1, -+, T, Tanta),
G2 = p($2n+2)g($17 e 7$2n+1)7
Gz =g(x1, T, [Tont1, Tany2)),
n
Ga=Y (=)™ D (a1, 02) f(1, -+ Tokez, Tokgr, -+ Tanga),
k=1
n  2n+2
Gs = Z Z (—1)n+kf($1a S Toko2, Ty 1, {T2k-1, Dok, Tt Tanta))-
k=1 j=2k+1

At the same time, (d}0f)(z1,- -+, @ons2) = H — I — J + K + L where

H = pA(mQTH-l)(;g(xl) s, Lon, x?n—i—?)y

I = ﬁ($2n+2)59($1>‘“ ,932n+1),

J =0g(w1,- -, Ton, [Tont1, Tanta]),
2n+2
K = Z (—1>n+k5f($17 S Toko2, Toki1s s {T2k-1, Tok, Ij}v S Tanga),
j=2k+1
n
L= Z(—l)nMHDﬁ’é(iK%—l; Tok) O f (T1, -+, Tok—2, Toky1,*+* , Tanta),
k=1

Using (53), we have L = F — G4. Analogously we have H = A — Gy, [ = B — Go,
J=C—-G3, K =F —G5. Hence, d}6 = 6d;. Similarly, d};6 = dd;;. Thus,
d*A = Ad. n

References

[1] R.Bai, L.Guo, J. Li, Y. Wuw: Rota-Bazter 3-Lie algebras, J. Math. Phys. 54 (2013),
art. no. 063504.

[2] D.Balavoine: Deformation of algebras over a quadratic operad, Contemp. Math.
Amer. Math. Soc. 202 (1997) 207-234.

[3] P.Benito, M. Bremner, S. Madariaga: Symmetric matrices, orthogonal Lie algebras
and Lie-Yamaguti algebras, Linear Multilinear Algebra 63/6 (2015) 1257-128]1.



SUN AND CHEN 661

P. Benito, A.Elduque, F.Martin-Herce: Irreducible Lie-Yamaguti algebras, J. Pure
Appl. Algebra 213/5 (2009) 795-808.

P. Benito, A. Elduque, F. Martin-Herce: Irreducible Lie- Yamaguti algebras of generic
type, J. Pure Appl. Algebra 215/2 (2011) 108-130.

A.Das: Leibniz algebras with derivations, J. Homotopy Rel. Struct. 16 (2021) 245—
274.

A.Das, A. Mandal: Extensions, deformations and categorifications of AssDer pairs,
arXiv: 2002.11415 (2020).

M. Doubek, T.Lada: Homotopy derivations, J. Homotopy Rel. Struct. 11/3 (2016)
599-630.

M. Gerstenhaber: The cohomology structure of an associative ring, Ann. Math. 78
(1963) 267-288.

M. Gerstenhaber: On the deformation of rings and algebras, Ann. Math. 79/2 (1964)
59-103.

L. Guo, W. Keigher: On differential Rota-Bazter algebras, J. Pure Appl. Algebra 212
(2008) 522-540.

L. Guo, F.Li: Structure of Hochschild cohomology of path algebras and differential
formulation of Euler’s polyhedron formula, Asian J. Math. 18 (2014) 545-572.

L.Guo, Y.Li, Y.Sheng, G.Zhou: Cohomologies, extensions and deformations of
differential algebras of arbitrary weights, Theory Appl. Categories 38 (2022) 1409—
1433.

M. Kikkawa: Geometry of homogeneous Lie loops, Hiroshima Math. J. 5/2 (1975)
141-179.

M. Kinyon, A.Weinstein: Leibniz algebras, Courant algebroids, and multiplications
on reductive homogeneous spaces, Amer. J. Math. 123 (3)(2001) 525-550.

A.Levin: Difference Algebra, Springer, Berlin (2008).

J.Lin, L. Chen, Y.Ma: On the deformation of Lie-Yamaguti algebras, Acta Math.
Sin. (Engl. Ser.) 31/6 (2015) 938-946.

Y.Ma, L.Chen, J.Lin: One parameter formal deformations of Hom-Lie-Yamaguti
algebras, J. Math. Phys. 56 (2015), art. no. 011701.

A. Nijenhuis, R. Richardson: Cohomology and deformations in graded Lie algebras,
Bull. Amer. Math. Soc. 72/2 (1966) 1-29.

A. Nijenhuis, R.Richardson: Commutative algebra cohomology and deformations of
Lie and associative algebras, J. Algebra 9 (1968) 42-105.

L. Poinsot: Differential (Lie) algebras from a functional point of view, Adv. Appl.
Math 72 (2016) 38-76.

Y. Sheng, J. Zhao: Relative Rota-Baxter operators and symplectic structures on Lie-
Yamaguti algebras, Comm. Algebra 50/9 (2022) 4056-4073.

Y. Sheng, J. Zhao, Y. Zhou: Nijnhuis operators, product structures and complex struc-
tures on Lie-Yamaguti algebras, J. Algebra Appl. (2021), art. no. 2150146.

Q. Sun, S.Chen: Cohomologies and deformations of Lie triple systems with deriva-
tions, J. Algebra Appl. (2022), doi 10.1142/50219498824500531.

Q.Sun, Z. Wu: Cohomologies of n-Lie algebras with derivations, Mathematics 9/19
(2021), art. no. 2452.



SUN AND CHEN

Q. Sun, Z. Wu: Cohomologies of \-differential pre-Lie algebras and applications, pre-
print.

N. Takahashi: Modules over geometric quandles and representations of Lie- Yamaguti
algebras, J. Lie Theory 31/4 (2021) 897-932.

R.Tang, Y. Fregier, Y.Sheng: Cohomologies of a Lie algebra with a derivation and
applications, J. Alg. 534/2 (2019) 65-99.

K. Yamaguti: On the Lie triple system and its generalization, J. Sci. Hiroshima Univ.
Ser. A 21 (1957/58) 155-160.

K. Yamaguti: On the cohomology groups of general Lie triple system, Kumamoto J.
Sci. Ser. A 8 (1969) 135-142.

T.Zhang, J.Li: Deformations and extensions of Lie- Yamaguti algebras, Linear Mul-
tilinear Algebra 63/11 (2015) 2212-2231.

Qinxiu Sun, Shan Chen, Department of Mathematics, Zhejiang University of Science and

Technology, Hangzhou, China; qxsun@126.com, 1844785776@Qqq.com.

Received March 25, 2022
and in final form December 24, 2022



