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Abstract. We use Kronecker’s method to construct systems of functions in bi-involution with
respect to two Poisson brackets: the canonical one and the bracket with frozen argument A ∈ g .
For the Lie algebras sln and sp2n , we construct complete systems of functions in bi-involution
for any A ∈ g . For the Lie algebras so2n+1 and so2n , we describe elements A such that we can
construct a complete system of functions in bi-involution and the elements A such that we can
construct the Kronecker part of a complete system of functions in bi-involution. Also, we prove
that the constructed functions freely generate some limits of Mishchenko-Fomenko subalgebras.
Finally, for the Lie algebras sln and sp2n , we show that the Kronecker indices are the same for all
elements A in any given sheet, while for the Lie algebras so2n and so2n+1 , we give examples of
sheets such that this is not true.
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Introduction
The symmetric algebra S(g) of a complex Lie algebra g can be identified with the
algebra of polynomials on the dual space: S(g) ≃ C[g∗] . There is the canonical
Poisson structure on S(g) . Namely, the Poisson bracket of elements X,Y ∈ g
coincides with their commutator: {X,Y } = [X,Y ] , and then the bracket extends
to S(g) by the Leibniz rule.
For each γ ∈ g∗ a Poisson structure “with frozen argument” is defined: for X,Y ∈ g ,
by definition, {X,Y }γ is constant as a function on g∗ and equal to γ([X,Y ]) , and
then the bracket extends to S(g) by the Leibniz rule.
Polynomials φ, ψ ∈ S(g) Poisson-commute or are in involution with respect to the
bracket { , } if {φ, ψ} = 0 . If φ and ψ Poisson-commute with respect to both
brackets { , } and { , }γ , then they are in bi-involution. An important problem in
Hamiltonian mechanics is to find complete systems of functions in bi-involution. In
our case, all functions are polynomials. Completeness of the system means that all
functions in it are algebraically independent and that their number is maximal, i.e.,
equal to 1

2
(ind g+dim g) , where the index of the Lie algebra ind g is defined as the

codimension of a generic coadjoint orbit in g∗ .
Now let g be reductive. Then g∗ can be identified with g by means of an invariant
scalar product. Thus, for each A ∈ g we have a bracket { , }A on C[g] = S(g∗) ≃
S(g) . If an element A ∈ g is regular, then the complete system of functions in

ISSN 0949–5932 / $2.50 © Heldermann Verlag



664 Garazha

bi-involution can be obtained by the Mishchenko-Fomenko argument shift method
[12]. Namely, the directional derivatives (of all orders) of all basic invariants along
the element A form a complete system of functions in bi-involution. In the case
of a singular element A , the system of functions in bi-involution obtained in this
way is not complete. In this paper, we will apply algebraic methods to construct a
complete system of functions in bi-involution in the case of a singular element A .
In [1] Bolsinov and Zhang describe an approach to work with Poisson structures
in terms of linear algebra. Poisson brackets { , }A and { , } are considered
as skew-symmetric bilinear forms BA and B over the field K = C(g) on the
space g ⊗ K of rational vector fields on g . Namely, if φ, ψ ∈ C[g] , then dφ and
dψ can be considered as elements of g ⊗ K and then {φ, ψ} = B(dφ, dψ) and
{φ, ψ}A = BA(dφ, dψ) .
Polynomials φ1, . . . , φs form a complete system of functions in bi-involution with
respect to { , }A and { , } if and only if their differentials dφ1, . . . , dφs form a
basis of a bilagrangian subspace (i.e., a maximal subspace which is isotropic with
respect to both bilinear forms). Thus, to obtain a complete system of functions in bi-
involution, it is sufficient to find a basis of a bilagrangian subspace and “integrate” it.
Suppose, we found a basis (let us call it canonical) such that the matrices of both
forms BA and B are simultaneously reduced to the Jordan-Kronecker canonical form
(with blocks of two types: Jordan and Kronecker, see [1]). Then the second halves
of the bases of each block form a basis of the bilagrangian subspace. The basis of
the constructed bi-Lagrangian subspace splits into two parts: the Jordan part and
the Kronecker one. Let us give the same names to the corresponding parts of the
full system of functions in bi-involution.
In [7, 8], for the Lie algebras sln and sp2n , the author constructed the Kronecker part
of a canonical basis and the corresponding part of a complete system of functions in
bi-involution. We describe these and other known results in more detail in Section 1.
In this paper, first, we construct a complete system of functions in bi-involution
for an arbitrary element A ∈ g for g = sln or sp2n . Namely, we show that some
elements of the Kronecker part constructed in [7, 8] generate S(gA)gA , where gA
is the centralizer of A . From this we deduce that the Jordan part of the complete
system of functions in bi-involution can be obtained by applying the argument shift
method to these invariants.
Next, we describe elements A ∈ son such that the Kronecker part of a complete
system of functions in bi-involution can be constructed in the same way as in the
case of sln (we call such elements good). We give the description of good elements
in terms of the Jordan normal form of the matrix A . Then we show that for all
semisimple elements A ∈ so2n+1 and for some semisimple elements A ∈ so2n the
Kronecker part constructed in this way can be extended to a complete system of
functions in bi-involution exactly as in the case of sln .
Then we describe some nilpotent elements A ∈ son such that it is possible to obtain
the Kronecker part of a complete system of functions in bi-involution by “modifying”
the answer for sln . Namely, based on the work of Charbonnel and Moreau [5], we
give explicit formulas for the elements of the Kronecker part.
Another approach to construct commutative subalgebras of maximal transcendence
degree is described in [15, 16, 17]. The idea is to consider a formal limit of
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Mishchenko-Fomenko subalgebras lims→0 FA(s) for regular elements A(s) , see Sec-
tion 6. For the classical Lie algebras g we show that in the case A(s) = A + sB ,
where A,B belong to a fixed Cartan subalgebra, the resulting limit subalgebra is
freely generated by the elements of the complete system of functions in bi-involution
constructed in Sections 1-4. In the case g = so2n , we impose an additional condition
that A is good (see Definition 3.1 below).
Finally, we describe how the Kronecker indices of the forms (B,BA) , see Defini-
tion 1.2, are related to the sheets of g . We show that, for g = sln and sp2n , the
Kronecker indices of the pair (B,BA) are the same for all elements A in any given
sheet, while for the Lie algebras so2n and so2n+1 , we give examples of sheets such
that this is not true.
Acknowledgements. I would like to thank Prof. Dr. Oksana Yakimova for her
invaluable help and constant attention to the work. The paper was published with
the financial support of RFBR grant no. 20-01-00515 and the Ministry of Education
and Science of the Russian Federation as part of the program of the Moscow Center
for Fundamental and Applied Mathematics under the agreement no. 075-15-2022-
284.

1. Notation and known results
1.1. Notation
As a rule, we consider and denote by g one of the classical simple complex Lie
algebras. However, in the following constructions some subalgebras may not be
reductive. Therefore, we first give the basic definitions in terms of an arbitrary
complex Lie algebra and then specify them for the case of reductive Lie algebras.
Let g be a complex Lie algebra. Denote by G a connected Lie group such that
LieG = g . In the introduction we defined two Poisson brackets on the symmetric
algebra S(g) ≃ C[g∗] : the canonical Poisson bracket { , } and the bracket “with
frozen argument” { , }γ for each γ ∈ g∗ .
Let gγ denote the stabilizer of γ ∈ g∗ in the Lie algebra g in the sense of the
coadjoint representation: gγ = {ξ ∈ g| ad∗(ξ)γ = 0} . The index of a Lie algebra is
the minimal dimension of such stabilizers: ind g = minγ∈g∗ dim gγ . In other words,
the index is equal to the codimension of a generic coadjoint orbit in g∗ .
Let us denote by Gγ the stabilizer of γ in G in the sense of the coadjoint action.
Then gγ = LieGγ . The elements γ ∈ g∗ such that the dimension of the stabilizer is
minimal (dim gγ = ind g) are called regular. They form a dense open subset in g∗ .
All other elements are called singular; we denote their set by g∗sing.

For any Lie subalgebra l ⊆ g we denote by S(g)l the Poisson centralizer of l :
S(g)l = {F ∈ S(g)| {ξ, F} = 0 for all ξ ∈ l}.

Similarly, for any connected Lie subgroup L ⊆ G we denote by S(g)L the subalgebra
of L-invariants:

S(g)L = {F ∈ S(g) | gF = F for all g ∈ L}.
If a subalgebra l is the Lie algebra of a connected subgroup L ⊆ G , then we have
S(g)l = S(g)L .
Let Fγ ⊆ S(g) denote the Mishchenko-Fomenko subalgebra generated by all deriva-
tives (of all orders) of all invariants along the element γ , that is

Fγ = C[ ∂kγf | f ∈ S(g)g, k = 0, . . . , deg f − 1].
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The algebra constructed in this way is necessarily commutative with respect to both
Poisson brackets { , } and { , }γ [12]. But it may be not complete, i.e., it may not
contain a complete system of functions in bi-involution. For example, if γ = 0 , then
the algebra Fγ coincides with S(g)g . In the case when trdegS(g)g = ind g and the
element γ is regular, the completeness criterion for Fγ is given in [2]: the algebra
Fγ is complete if and only if codim(g∗γ)sing ≥ 2 .
Now let g be reductive. Then it can be identified with the dual space g∗ by an
invariant scalar product ( , ) . Let dXφ denote the differential of a polynomial
φ ∈ C[g] at a point X ∈ g . Now the Poisson structures can be defined on the
Lie algebra g itself. For an arbitrary element X ∈ g we have:

{φ, ψ}(X) = (X, [dXφ, dXψ]), {φ, ψ}A(X) = (A, [dXφ, dXψ]),

where A ∈ g , φ and ψ are polynomials on g , and dXφ and dXψ are considered as
elements of the algebra g .
Moreover, for A ∈ g we have ind g = rk g and gA = z(A) , where z(A) is the
centraliser of A in g . We will use the identifications S(g) ≃ S(g∗) and S(g)g ≃
C[g]g . For the reductive Lie algebra g the algebra S(g)g of its invariants is freely
generated by some homogeneous polynomials f1, . . . , fn , where n = rk g . These
polynomials are called basic symmetric invariants, further we will omit the word
“symmetric”. Therefore the Mishchenko-Fomenko subalgebra is generated by all
derivatives of the basic invariants along the element A :

FA = C[ ∂kAfi | i = 1, . . . , n, k = 0, . . . , deg fi − 1].

We set K = C(g) and extend the scalar product from g to g ⊗ K . Denote by X
the generic element of g ⊗ K , i.e., an element such that for all C ∈ g we have
(X,C) = (C, · ) ∈ g∗ ⊆ K . In the case of classical simple Lie algebras, the matrix
X consists of elements of K which correspond to coordinates on g . Then the skew-
symmetric forms B and BA are expressed as follows:

B(B,C) = (X, [B,C]), BA(B,C) = (A, [B,C]),

where B,C ∈ g⊗K .

1.2. Jordan-Kronecker theorem
In this paper we use the Jordan-Kronecker theorem below for a pair of forms (B,BA)
over a non-algebraically closed field K = C(g) . Nevertheless, in this case it is valid.
The reason is that, in the case of a reductive Lie algebra, the Jordan blocks can only
be of size 2 × 2 and with eigenvalue λ = ∞ (see [1, p. 10]), i.e. the Jordan part of
the canonical form of BA is a zero matrix, and that of B is a canonical form of a
skew-symmetric bilinear form.
Let us now formulate the classical Jordan-Kronecker theorem on the canonical form
of a pair of skew-symmetric bilinear forms.

Theorem 1.1. (Jordan-Kronecker; see [6] Ch. 12/5, Thm. 6, and also [11]) For any
pair of skew-symmetric bilinear forms (A,B) on a finite-dimensional vector space
over an algebraically closed field, there exists a basis in which the matrices of both
forms A and B have a block-diagonal form with blocks Ai and Bi of the following
types:
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1. Jordan block with eigenvalue λ ∈ k :

Ai =



0

λ 1

λ
. . .
. . . 1

λ
−λ
−1 −λ

. . . . . .
−1 −λ

0


, Bi =



0

1
1

. . .
1

−1
−1

. . .
−1

0


.

2. Jordan block with eigenvalue λ = ∞ :

Ai =



0

1
1

. . .
1

−1
−1

. . .
−1

0


, Bi =



0

0 1

0
. . .
. . . 1

0
0
−1 0

. . . . . .
−1 0

0


.

3. Kronecker block:

Ai =



0

1 0
. . . . . .

1 0
−1

0
. . .
. . . −1

0

0


, Bi =



0

0 1
. . . . . .

0 1
0

−1
. . .
. . . 0

−1

0


.

Definition 1.2. If the dimensions of the Kronecker blocks are 2m0+1, . . . , 2mk+1 ,
then the numbers m0, . . . ,mk are called the Kronecker indices of a pair of forms
(B,BA) .

Remark 1.3. From the canonical form of BA one can deduce that

m0 + . . .+mk =
1

2
rkBA.

1.3. Kronecker’s method
To find the Kronecker part of a basis of a bilagrangian subspace, one can use the
Kronecker method. Namely, given a pair of skew-symmetric bilinear forms (A,B)
on a vector space V over a field k we consider the module V [t] := V ⊗ k[t] over
k[t] . Let Z = Ker(A − tB) . Then we find a minimal basis of Z , i.e., a basis such
that the leading coefficients of its elements are linearly independent.

Theorem 1.4. (Kronecker; see [6] Ch. 12, § 5) The degrees of the polynomials of a
minimal basis of Z are equal to the Kronecker indices of (A,B), and the coefficients
of these polynomials form the Kronecker part of a basis of a bilagrangian subspace.
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We have Z = Ker(B− tBA) ⊂ g⊗K[t] . Let f1, . . . , fn denote the basic invariants of
g ; let us extend them on g⊗K[t] . Then the differentials dY fi at a point Y ∈ g⊗K[t]
are elements of g⊗K[t] . By [7, Lemma 1], if g = gln , then Z is generated as K[t]-
module by differentials of basic invariants at X − tA :

Z = ⟨dX−tAf1, . . . , dX−tAfn−1⟩K[t].

The proof of this statement is based on the following three properties of the Lie
algebra g = gln : S(g)g is freely generated by some homogeneous polynomials
f1, . . . , fn , codim(g∗)sing ≥ 2 and dBf1, . . . dBfn form a basis of z(B) for any regular
B . But all these properties are satisfied for any reductive g . The first property is
well-known while the second and the third were proved in [10]. Thus, this result is
valid for any reductive Lie algebra.
If some polynomials generate Z , then they form a minimal basis if and only if the
sum of their degrees equals half the rank of BA (see [7, §3]).

1.4. Kronecker indices of a pair of forms on g

Let g be a reductive Lie algebra and ( , ) be an invariant scalar product on g .
Given A ∈ g we denote by bA the skew-symmetric form on g defined by the formula
bA(X,Y ) = (A, [X,Y ]) . If we identify g and g∗ by means of ( , ) , then the form bA
corresponds to the operator ad(A) .
Unlike the operator ad(A) , the form bA has no invariants (except the rank). But
non-trivial invariants will appear as soon as we consider not one but two forms bA
and bB . If the element A is regular and the element B is in general position (from
an open dense set), then the canonical form of (bA, bB) is known. Namely, there are
no Jordan blocks and the Kronecker indices coincide with the exponents of g . If A
is singular then the Jordan-Kronecker invariants of (bA, bB) are unknown.
The Kronecker indices can be expressed in terms of the ranks of some matrices (see
[11] Thm. 8). But the rank of a matrix over K is the same as the rank of the
value of this matrix at a generic point. Therefore, if B is in general position, then
the Kronecker indices of (bA, bB) on g over C are equal to the Kronecker indices of
(BA,B) on g⊗K over K .

1.5. Kronecker part of a canonical basis for sln and sp2n

For the Lie algebras sln and sp2n , in [13] Molev and Yakimova constructed some
basis of the vector space spanned by the Kronecker part of a canonical basis. Namely,
they constructed the corresponding functions in bi-involution. However, this basis
is not canonical. In the same paper they showed that some elements of this basis
generate S(gA)gA . The same results were obtained for some “good” elements A of
so2n+1 and so2n .
In [7, 8], for sln and sp2n , the author constructed the Kronecker part of a canonical
basis and the corresponding functions in bi-involution. Let us formulate these results.
Let N denote the size of matrices in g . That is, N = n for g = sln , N = 2n
for g = sp2n and so2n , N = 2n + 1 for g = so2n+1 . Suppose that the distinct
eigenvalues of A ∈ g are {λ1, . . . , λs} . Let the eigenvalue λk correspond to the
Jordan blocks of sizes nk,1 ≥ · · · ≥ nk,ik . Denote by m the maximum of all ik :
m = maxk{ik, k = 1, . . . , s} . For each i ∈ {1, . . . ,m} we set li =

∑s
j=1 nj,i , where

nj,i = 0 if i > ij .
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For any matrix A we construct the corresponding Young diagram with the rows of
lengths l1 ≥ . . . ≥ lm , the top row is of length l1 . Let us label the boxes of this
diagram with numbers 0, . . . , N − 1 consequently from left to right and from top to
bottom. We denote by pi the number of rows above the box with a label i .
Let {µ0, . . . , µN−1} be the eigenvalues of A , ordered according to [7]: first we
write down the eigenvalues in blocks of sizes n1,1, n2,1, . . . , then in blocks of sizes
n1,2, n2,2, . . . , etc.

{µ0, . . . , µn−1} = {λ1, . . . , λ1︸ ︷︷ ︸
n1,1

, . . . , λs, . . . , λs︸ ︷︷ ︸
ns,1

, . . . , λ1, . . . , λ1︸ ︷︷ ︸
n1,m

, . . . , λs, . . . , λs︸ ︷︷ ︸
ns,m

}. (1)

Finally, we define the polynomials qN , . . . , q0 ∈ C[g][t, z] and rN−1, . . . , r0 ∈ C[g][t]
by the formulas

qN(z) = χX−tA(z), qk+1(z) = (z + µkt)qk(z) + rk, (2)

where χC is the characteristic polynomial of C . Thus, qk(z) is the partial quotient
of a division χX−tA(z) by (z + µkt) · . . . · (z + µN−1t) . If A is nilpotent, then
the elements rk(t) coincide with the coefficients of the characteristic polynomial of
X − tA .
Let us substitute the matrix X − tA for variable z in the polynomials qk(z) . We
obtain the elements qk(X − tA) ∈ glN ⊗K[t] . Note that

glN ⊗K ≃ glN(K).

Consider the scalar product on glN(K) given by the formula (A,B) = trAB . Let
π denote the orthogonal projection of glN(K) onto g⊗K in the sense of this scalar
product. Namely, if g = sln then π(Xk) = Xk − trXk

N
E , if g = son or sp2n then

π(X2k+1) = X2k+1 and π(X2k) = 0 . We set

hk(X − tA) = π(qk(X − tA)). (3)

Thus, hk(X − tA) ∈ g⊗K[t] . Note that the polynomials hi and ri depend on the
ordering of the eigenvalues of A .

Theorem 1.5. [7] For any matrix A ∈ sln we have:
• The Kronecker indices m1, . . . ,mn−1 of (B,BA) are equal to mi = i− pi .
• The polynomials h1(X − tA), . . . , hn−1(X − tA) form a minimal basis of Z .
• The coefficients of the polynomials h1(X−tA), . . . , hn−1(X−tA) in a variable t

form the Kronecker part of a canonical basis of (B,BA).
• The coefficients of the polynomials r1(t), . . . , rn−1(t) form the Kronecker part

of a complete system of functions in bi-involution; and drk = −hk(X − tA).

For the Lie algebra sp2n , a similar result was obtained in [8].

Theorem 1.6. [8] For any matrix A ∈ sp2n we have:
• The Kronecker indices m1,m3, . . . ,m2n−1 of (B,BA) are equal to mi = i− pi .
• The polynomials h1(X − tA), h3(X − tA), . . . , h2n−1(X − tA) form a minimal

basis of Z .
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• The coefficients of the polynomials h1(X− tA), h3(X− tA), . . . , h2n−1(X− tA)
in a variable t form the Kronecker part of a canonical basis of (B,BA).

• The coefficients of the polynomials r1(t), r3(t), . . . , r2n−1(t) form the Kronecker
part of a complete system of functions in bi-involution; and drk = −hk(X−tA).

From the Theorems 1.5 and 1.6 and Section 1.4 one can deduce the following.

Corollary 1.7. For any matrix A ∈ g and a matrix B ∈ g in general position,
the Kronecker indices of (bA, bB) are equal to mi = i−pi , where i = 1, 2, 3, . . . , n−1
if g = sln and i = 1, 3, 5, . . . , 2n− 1 if g = sp2n .

2. The Jordan part of a basis for the Lie algebras sln and sp2n

In this section we construct the Jordan part of a complete system of functions in
bi-involution for the Lie algebras sln and sp2n . Combining this and Theorems 1.5
and 1.6 we obtain a complete system of functions in bi-involution with respect to
{ , } and { , }A for any given A .
Further we will work with the Lie algebra gA ⊆ g , which may not be reductive.
Therefore, in this section, we identify S(g) ≃ S(g∗) = C[g] and assume that the
polynomials rk(t) defined in (2) belong to S(g)[t] .
In this section the reasoning for Lie algebras sln and sp2n is the same. But the
Kronecker indices are numbered differently in these two cases. We set

I =

{
1, 2, . . . , n− 1, g = sln,

1, 3, . . . , 2n− 1, g = sp2n.

Now the set of Kronecker indices in both cases can be written as {mi, i ∈ I} .
We denote by fk,i ∈ S(g) (k ∈ I, i = 0, . . . ,mk ) the coefficients of polynomials rk(t)
in a variable t :

rk(t) = fk,0(X) + fk,1(X)t+ . . .+ fk,mk
(X)tmk . (4)

Recall that fk,i form the Kronecker part of a complete system of functions in bi-
involution. Also recall that GA denotes the stabilizer of A in the group G . Let us
prove an analogue of Lemma 1.5 from [13].

Lemma 2.1. For all k ∈ I we have fk,mk
∈ S(gA)gA .

Proof. The polynomials rk(t) are GA -invariant by construction, this means that
the polynomials fk,mk

are also GA -invariant. Thus, fk,mk
∈ S(g)GA .

Now let us show that fk,mk
∈ S(gA) . For any B ̸∈ gA let {Y1, . . . Yd−1} be a basis

of the orthogonal complement of [A,B] : [A,B]⊥ = ⟨Y1, . . . Yd−1⟩ , where d = dim g .
Then for any Y ̸∈ [A,B]⊥ the elements Y, Y1, . . . , Yd−1 form a basis of g . Let

fk,mk
= Y sus + Y s−1us−1 + . . .+ u0, where ui ∈ C[Y1, . . . , Yd−1], us ̸= 0.

By definition we have {B, Yi}A = (A, [B, Yi]) = ([A,B], Yi) = 0 and {B, Y }A ̸= 0 .
Without loss of generality we may assume that {B, Y }A = 1 . Thus,

{B, fk,mk
}A = (A, [B, dfk,mk

]) = sY s−1us + . . .+ u1.
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The Theorems 1.5 and 1.6 imply that drk(t) ∈ Z = Ker(B − tBA) . Considering the
leading coefficient in t one can see that dfk,mk

∈ KerBA . Thus, for any φ ∈ S(g)
we have {φ, fk,mk

}A = 0. Then for any B ̸∈ gA and Y ̸∈ [A,B]⊥ the polynomial
fk,mk

does not dependent on Y . So, for any B ̸∈ gA we have fk,mk
∈ S([A,B]⊥) .

But
⋂

B ̸∈gA [A,B]⊥ = gA , so fk,mk
∈ S(gA) .

Lemma 2.2. The polynomials fk,mk
generate the algebra S(gA)gA .

Proof. In [14, Thms. 4.2, 4.4] it was shown that S(gA)gA is freely generated
by homogeneous polynomials Gi, i ∈ I with degGk = pk + 1 . Note that the
polynomials fk,mk

∈ S(gA)gA are algebraically independent, since their differentials
are the leading coefficients of the minimal basis (and therefore they are linearly
independent). Next, one can see that deg fk,mk

= k + 1−mk = degGk . Thus, the
polynomials fk,mk

are algebraically independent, homogeneous, and have “right”
degrees, so they are basic invariants of S(gA)gA .

Now let us apply the argument shift method to the elements fk,mk
, k ∈ I . We define

the polynomials gk,j ∈ S(g) as follows:

fk,mk
(X − sB) = gk,0(X) + gk,1(X)s+ . . .+ gk,lk(X)sdk , (5)

where B ∈ g ≃ g∗ is such that B|g∗A is regular in g∗A . In [14] one can find examples
of such elements.
Let b(gA) denote the maximal transcendence degree of a Poisson-commutative sub-
algebra in S(gA) , i.e., b(gA) = 1

2
(dim gA + ind gA) , see [16, s. 0.2] for details. By

Elashvili’s conjecture (proved in [4]), ind gA = ind g = rk g for semisimple Lie alge-
bras.

Theorem 2.3. The functions {fk,l| k ∈ I, l = 0, . . . ,mk} defined in (4) together
the functions {gi,j| i ∈ I, j = 1, . . . , di − 1} defined in (5), form a complete system
of functions in bi-involution with respect to brackets { , } and { , }A .

Proof. The polynomials fk,mk
generate S(gA)gA and {gi,j | i∈ I, j = 0, ..., di − 1}

generate the Mishchenko-Fomenko subalgebra FB ⊆ S(gA) .
By [2, Thm. 1] the algebra FB is complete (i.e. trdegFB = b(gA)) if two conditions
are satisfied: codim(g∗A)sing ≥ 2 and ind gA = trdegS(gA)gA . In [14, Thms. 3.4,
3.11] it was shown that codim(g∗A)sing ≥ 2 for any A ∈ g , where g = sln or sp2n .
By [14, Thms. 4.2, 4.4], we have trdegS(gA)gA = ind gA .
Next

∑
degGi = b(gA) by [14, Thm. 4.2, 4.4]. Thus,

∑
deg fk,mk

= b(gA) and the
polynomials gi,j are algebraically independent. Moreover, they lie in the kernel of
{ , }A and are in bi-involution with respect to the brackets { , } and { , }B .
The canonical form of two skew-symmetric bilinear forms implies that KerBA is a
span of the Jordan blocks and the elements dfk,mk

, k ∈ I . Thus, KerBA is orthogonal
(w.r.t. the both forms B and BA ) to the Kronecker part of a basis of a bi-lagrangian
subspace. Therefore, the polynomials gi,j ∈ S(gA) commute with all polynomials
fi,j with respect to both Poisson structures { , } and { , }A . But the polynomials
{gi,0| i ∈ I} already lie in the Kronecker part. So, the remaining polynomials extend
the Kronecker part to a complete system of functions in bi-involution.
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The differentials of these functions in bi-involution form a basis of a bi-lagrangian
subspace. Now let us prove that this basis can be completed to the canonical basis
of a pair of skew-symmetric bilinear forms.

Lemma 2.4. The elements
{dfk,l| k ∈ I, l = 0, . . . ,mk} and {dgi,j| i ∈ I, j = 1, . . . , di − 1}

can be completed to a canonical basis for forms B and BA .

Proof. For brevity reasons, we set vk,l = dfk,l and ui,j = dgi,j . We will construct
elements {ṽk,l| k ∈ I, l = 1, . . . ,mk} and {ũi,j| i ∈ I, j = 1, . . . , di−1} that complete
the above vectors to a basis of Kronecker and Jordan blocks respectively. Note that
the vectors are numbered from right to left in each half of each block.
Let us first complete {vk,l} to the basis of Kronecker blocks as described in [6]. Thus,
we construct elements {ṽk,l| k ∈ I, l = 1, . . . ,mk} . Next, we construct elements
ũi,j ∈ KerBA that complete ui,j to the canonical basis of Jordan blocks. For BA to
have a canonical form it is sufficient that ũi,j ∈ KerBA . For the form B we want
the following 10 conditions to be fulfilled:

(c1) B(ũi,j, ũk,l) = 0, (c2) B(ũi,j, uk,l) = δklij , (c3) B(ui,j, uk,l) = 0,

(c4) B(ũi,j, ṽk,l) = 0, (c5) B(ui,j, ṽk,l) = 0, (c6) B(ṽi,j, ṽk,l) = 0,

(c7) B(ũi,j, vk,l) = 0, (c8) B(ui,j, vk,l) = 0, (c9) B(ṽi,j, vk,l) = δklij ,

(c10) B(vi,j, vk,l) = 0,

where δklij = δki δ
l
j and δji is the Kronecker delta.

By the definition of {vk,l} , {uk,l} and {ṽk,l} the conditions (c3) , (c6) , (c8)–(c10)
are satisfied. Let W = KerBA . Note that W is the span of all basis vectors of the
Jordan part and the vectors {vk,mk

, k ∈ I} . So,

B(W, vk,l) = 0, for k ∈ I, l = 0, . . . ,mk,

B(W, ṽk,l) = 0, for k ∈ I, l = 1, . . . ,mk − 1.

Let V = ⟨vk,mk
, k ∈ I⟩ ⊆ W . Consider a subspace U ⊆ W such that

W = V ⊕ U, ui,j ∈ U, for all i ∈ I, j = 1, . . . , di − 1.

The canonical form of a pair of skew-symmetric bilinear forms implies KerB|W = V .
Thus, the form B|U is non-degenerate. Hence the elements ui,j can be completed
by some elements to the canonical basis of the skew-symmetric bilinear form. Let
us denote these elements by {ũi,j, i ∈ I, j = 1 . . . , di− 1} . Thus, the conditions (c1)
and (c2) are satisfied.
Since ui,j, ũi,j ∈ W , the condition (c7) is satisfied. Also if l ̸= mk then the
conditions (c4) and (c5) are satisfied. Thus, it remains to achieve B(ui,j, ṽk,mk

) = 0
and B(ũi,j, ṽk,mk

) = 0 . Let us subtract from ũi,j the elements vk,mk
with suitable

coefficients. Then we have B(ũi,j, ṽk,mk
) = 0 . Now subtract from ṽij the elements

ũk,l with suitable coefficients. So, we have B(ui,j, ṽk,mk
) = 0 . Note that we only

subtracted the elements of KerBA , so the matrix of the form BA remained the
same.
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Example 2.5. Let us construct a complete system of functions in bi-involution
for the matrix A = diag{λ, λ, µ} ∈ sl3 , where 2λ+ µ = 0 .
In [7, Example 2], the author constructed the Kronecker part of a complete system of
functions in bi-involution for the matrix diag{λ, λ, µ} ∈ gl3 . Recall that X denotes
the generic element of g ⊗ K , i.e., the matrix X consists of elements of K which
correspond to coordinates on g . To obtain the Kronecker part of a complete system
of functions in bi-involution for A ∈ sl3 , one can take all polynomials except f0,0
and take into account that trX = trA = 0 . Thus, we obtain:

f1,1 = − trAX, f1,0 = −1

2
trX2,

f2,1 = − (λ+ µ)

2
trX2 + trX2A, f2,0 = −1

3
trX3.

To construct the Jordan part, we apply the argument shift method to the poly-
nomials f1,1, f2,1 . The polynomial f1,1 has degree 1, so it does not contribute to
the Jordan part. To get the only polynomial that belongs to the Jordan part, one
can take a matrix B such that B|gA is regular and take the coefficient of s in
f2,1(X − sB) . We obtain

g2,1 = (λ+ µ) trXB − trXBA− trBXA.

Thus, we constructed 5 = 1
2
(ind sl3 + dim sl3) algebraically independent functions

in bi-involution.

3. Good elements for the Lie algebras so2n+1 and so2n

In this section we describe some elements of the Lie algebras so2n+1 and so2n such
that the polynomials defined by the formulas (2) form the Kronecker part of a
complete system of functions in bi-involution.
It is well known that for any matrix A ∈ soN its eigenvalues are divided into pairs
of opposite {λ,−λ} with the same block structure. And for the eigenvalue λ = 0
the number of blocks of each even size must be even. Let us construct the Young
diagram Λ corresponding to the matrix A with the rows of lengths l1, . . . , lm as
described in Subsection 1.5.
Note that if exactly r consecutive rows of Λ are of even length, then r is even.
Indeed, if A is nilpotent then it is obvious, since the number of blocks of each even
size must be even. But the parities of the row lengths remain the same after the
adding of Jordan blocks with nonzero eigenvalues, since such blocks are divided into
pairs with opposite eigenvalues.

Definition 3.1 (see [14], Lemma 4.5). An element A ∈ soN is called good if the
following conditions are satisfied:
(1) l1 is odd; (6)
(2) if li−1 is odd and i ≤ m is odd, then li is odd.

Thus, the Young diagram of a good element is as follows: the first row has an odd
length, and all the following rows, except maybe the last one, are divided into pairs
of rows with the same parity of lengths. That is, l1 ≡ 1, l2 ≡ l3, l4 ≡ l5, . . . , where
≡ stands for congruence modulo 2. If g = so2n then the last row has an odd length,
lm ≡ 1 , and if g = so2n+1 we have lm−1 ≡ lm .
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Examples of good and not good diagrams are shown in Figures 1 and 2.

Theorem 3.2. For any good element A ∈ so2n+1 we have:
• The Kronecker indices m1,m3, . . . ,m2n−1 of (B,BA) are equal to mi = i− pi .
• The polynomials h1(X − tA), h3(X − tA), . . . , h2n−1(X − tA) form a minimal

basis of Z .
• The coefficients of the polynomials h1(X− tA), h3(X− tA), . . . , h2n−1(X− tA)

in a variable t form the Kronecker part of a canonical basis of (B,BA).
• The coefficients of the polynomials r1(t), r3(t), . . . , r2n−1(t) form the Kronecker

part of a complete system of functions in bi-involution; and drk = −hk(X−tA).

Proof. By Section 1.3, it is sufficient to check that∑
degt hi(X − tA) =

1

2
rkBA =

1

2
(dim g− dim gA).

We know that degt hi(X − tA) = i− pi . By [14, Lemma 4.5] for any good nilpotent
A ∈ so2n+1 we have

∑
(pi + 1) = 1

2
(dim gA + rk g) . The numbers pi depend only

on the Young diagram, so that this equality is true for arbitrary good elements
A ∈ so2n+1 . Then we have∑

i odd
degt hi(X − tA) =

∑
i odd

(i− pi) = n2 −
∑
i odd

(pi + 1) + n

= n2 − 1

2
(dim gA + n) + n =

1

2
(dim g− dim gA).

In the case g = so2n , one of the basic invariants is the Pfaffian. Therefore the
polynomials h1(X − tA), . . . , h2n−1(X − tA) cannot form a minimal basis of Z even
for a regular A , since the degree of the last polynomial is twice as large as necessary.
Let us show that if A is good then one can always extract the root of the polynomial
r2n−1(t) .
As mentioned above, for good A , the last row of the Young diagram is of odd length.
Thus, we may assume that µ2n−1 = 0 , since 0 is one of the eigenvalues contributing
to lm (otherwise lm would be even). By the formula (2), r2n−1 is the constant term
of the characteristic polynomial of X − tA . Thus, r2n−1 is the determinant of a
skew-symmetric matrix and we can extract the root of it, the Pfaffian of the matrix
X − tA . Denote this Pfaffian by r̃2n−1 and set h̃2n−1(X − tA) = −dr̃2n−1(t) and
m̃2n−1 = m2n−1/2 . For i < 2n− 1 we set r̃i(t) = ri(t), h̃i = hi, m̃i = mi .

Theorem 3.3. For any good element A ∈ so2n we have:
• The Kronecker indices m̃1, m̃3, . . . , m̃2n−1 of (B,BA) are equal to m̃i = i− pi

for i = 1, 3, . . . , 2n− 3 and m̃i =
1
2
(i− pi) for i = 2n− 1.

• The polynomials h̃1(X − tA), h̃3(X − tA), . . . , h̃2n−1(X − tA) form a minimal
basis of Z .

• The coefficients of the polynomials h̃1(X− tA), h̃3(X− tA), . . . , h̃2n−1(X− tA)
in a variable t form the Kronecker part of a canonical basis of (B,BA).

• The coefficients of the polynomials r̃1(t), r̃3(t), . . . , r̃2n−1(t) form the Kronecker
part of a complete system of functions in bi-involution; and dr̃k = −h̃k(X−tA).
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Proof. As in the previous theorem, it suffices to check that∑
degt h̃i(X − tA) =

1

2
rkBA =

1

2
(dim g− dim gA).

We know that degt hi(X − tA) = i − pi for i = 1, 3, . . . , 2n − 3 , whereas we have
degt hi(X − tA) = 1

2
(i− pi) for i = 2n− 1 . By [14, Lemma 4.5], for good nilpotent

elements A ∈ so2n , we have
2n−3∑
i odd

(pi + 1) +
1

2
(p2n−1 + 1) =

1

2
(dim gA + rk g).

Just as in the previous theorem, this equality is true for arbitrary good elements
A ∈ so2n . Then, we have∑

i odd
degt hi(X − tA) =

2n−3∑
i odd

(i− pi) +
1

2
(2n− 1− p2n−1)

= n2 − n−
2n−3∑
i odd

(pi + 1) + n− 1

2
(p2n−1 + 1) = n2 −

2n−3∑
i odd

(pi + 1)− 1

2
(p2n−1 + 1)

= n2 − 1

2
(dim gA + n) =

1

2
(dim g− dim gA).

4. Complete system of functions in bi-involution for semisimple good
elements of so2n+1 and so2n

In this section, for g = so2n , we describe all good semisimple elements, while for
g = so2n+1 , we show that all semisimple elements are good. Then we show that for
semisimple good elements A ∈ g one can construct a complete system of functions
in bi-involution in the same way as for g = sln and sp2n . Namely, the Kronecker
part consists of the coefficients of the polynomials defined by (2). And the Jordan
part can be obtained by applying the argument shift method to some polynomials
of the Kronecker part.
Let A ∈ soN be semisimple with eigenvalues {0,±λ1, . . . ,±λs} . Let ni denote the
multiplicity of eigenvalues ±λi , and n0 denote the multiplicity of λ = 0 .
Denote by Λ the Young diagram corresponding to A . The first n0 rows of Λ have
odd lengths, and all the rows below have even lengths. So, if g = so2n+1 then the
condition (6) is satisfied (since n0 is odd) and the element A is good.
If g = so2n then n0 is even. Thus, A is good if and only if Λ has exactly n0 rows.
In other words, n0 ≥ ni for any i ̸= 0 . Thus, the following lemma is proved:

Lemma 4.1. Good semisimple elements in soN are described as follows:
• For g = so2n+1 , all semisimple elements are good.
• For g = so2n , a semisimple element is good iff n0 ≥ ni for all i ̸= 0.

Lemma 4.2. Let A ∈ soN be a good semisimple element. Then the algebra
S(gA)gA is freely generated by homogeneous polynomials of the following degrees:

• pi + 1, where i = 1, 3, 5, . . . , 2n− 1, for g = so2n+1 ,
• pi + 1, where i = 1, 3, 5, . . . 2n− 3, and 1

2
(p2n−1 + 1), for g = so2n .
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Proof. If A ∈ soN is semisimple then gA ≈ gln1
⊕ . . .⊕ glns

⊕ son0 .

Recall that the boxes of Λ are labeled with the numbers 0, . . . , N−1 (see Subsection
1.5). We call the box marked if its label is odd. Let us fill each marked box with
the number of the row containing this box. In other words, if a box with the label
i is marked then it is filled with the number pi + 1 .
Let g = so2n+1 . Then n0 is odd and S(gA)gA is freely generated by homogeneous
polynomials of the following degrees:

1, 2, . . . , n1, 1, 2, . . . , n2, . . . , 1, 2, . . . , ns, 2, 4, 6, . . . , n0 − 1. (7)

In order to prove the lemma, it suffices to check that the numbers written in Λ
coincide with (7) up to permutation. Indeed, the diagram Λ consists of “doubled”
columns of height ni , where i > 0 , and a single column of height n0 . The doubled
column of height ni is filled with the numbers 1, 2, . . . , ni , since each row of a
doubled column has exactly one marked box. And the single column of height n0

is filled with the numbers 2, 4, . . . , n0 − 1 , since there are only doubled columns to
the left and to the right of this column.
Now let g = so2n . Then the algebra S(gA)gA is freely generated by homogeneous
polynomials of the following degrees:

1, 2, . . . , n1, 1, 2, . . . , n2, . . . , 1, 2, . . . , ns, 2, 4, 6, . . . , n0 − 2,
n0

2
. (8)

In the case g = so2n , we have to divide by 2 the number p2n−1 + 1 . Obviously,
this number lies in the bottom row of Λ and all the numbers written in this row
are equal. So, to prove the lemma, it suffices to divide by 2 one of the numbers in
the bottom row and check that the numbers written in Λ coincide with (8) up to
permutation. Since A is good, the bottom row of Λ contains a box of the single
column and this box is filled with n0 = p2n+1 − 1 . So, dividing by 2 the number in
this box, we obtain the required equality.

Theorem 4.3. Let A ∈ soN be a good semisimple element. Then the polynomials
{gi,j} defined by the formulas (5) form the Jordan part of a complete system of
functions in bi-involution with respect to the brackets { , } and { , }A .

Proof. By Lemma 2.1, fk,mk
∈ S(gA)

gA . Combining the proof of Lemma 2.2 and
the results of Lemma 4.2, we obtain that the elements fk,mk

are basic invariants of
S(gA)

gA .
Since A is semisimple, the algebra gA is reductive. Thus, the argument shift method
gives a complete system of functions in involution on gA . Therefore, the elements
{gi,j| i ∈ I, j = 1 . . . di − 1} form the Jordan part of a complete system of functions
in bi-involution.

5. Correctable nilpotent elements in soN

In Section 3 we showed that for good nilpotent elements of soN the differentials
of the coefficients of the characteristic polynomial form a minimal basis of Z . In
this section, we describe the nilpotent elements A ∈ soN that are not good, but
that are correctable. Namely, for correctable A , we show how to “modify” some of
the coefficients of the characteristic polynomial in order to obtain the minimal basis
of Z .
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In [5], Charbonnel and Moreau studied the question: when is the algebra S(gA)
gA

a polynomial algebra? Particularly, for some nilpotent elements A ∈ soN they
implicitly constructed basic invariants â1, . . . , ân of soN such that the polynomials
âi(X − tA) have sufficiently small degrees in t .
In this section, we give explicit formulas for the polynomials âi , based on the proof
from the above paper. Thus, for correctable elements, we obtain the Kronecker part
of a complete system of functions in bi-involution.
Denote by e1, . . . en the elementary symmetric polynomials and by p1, . . . , pn the
power sums. Recall that, by Newton’s identities, kek =

∑k
i=1(−1)i−1piek−i (we set

e0 = 1). Next, let Pk and Ek denote the polynomials expressing the power sums in
terms of the elementary symmetric polynomials and vice versa:

pk = Pk(e1, . . . , ek), ek = Ek(p1, . . . , pk).

We define symmetric polynomials ẽi by formulas ẽ0 = 2 and ẽi = Ei(2p1, . . . , 2pi)
for i = 1, . . . , n . Let us prove a technical lemma.

Lemma 5.1. For k = 1, . . . , n we have
ẽk = e0ek + e1ek−1 + . . .+ eke0 =

k∑
i=0

eiek−i.

Proof. We argue by induction on k . If k = 1 , then ẽk = ẽ1 = 2e1 = e0e1 + e1e0 .
Assuming that for all i < k the statement is true, we prove it for k . Set p̃i = 2pi .
Applying Newton’s identities to the polynomials ẽk , we obtain

kẽk =
k∑

i=1

(−1)i−1p̃iẽk−i = 2
k∑

i=1

(−1)i−1piẽk−i.

Let us apply the induction hypothesis, change the order of summation, apply New-
ton’s identities and combine similar terms:

kẽk = 2
k∑

i=1

(−1)i−1pi

k−i∑
j=0

ejek−i−j = 2
k−1∑
j=0

ej

k−j∑
i=1

(−1)i−1piek−i−j =

= 2
k−1∑
j=0

ej · (k − j)ek−j = k
k∑

j=0

eiek−i.

Let us denote by ai the nonzero coefficients of the characteristic polynomial of
X − tA : χX−tA(z) = zm + a1z

m−2 + . . .+ anz
m−2n .

In the case of the Lie algebra so2n , we redefine an as the Pfaffian of the matrix
X − tA , i.e., an = Pf(X − tA) .
Consider separately the cases g = so2n+1 and g = so2n .

5.1. The case g = so2n+1

Definition 5.2. Let A ∈ so2n+1 be nilpotent and correspond to the partition
l1, . . . ls . We call A correctable if for some k > 0 the following conditions are
satisfied:
(1) l1 = . . . = l2k = 2l, where l ∈ N (9)
(2) l2k+1 is odd,
(3) for all i > k if l2i is odd, then l2i+1 is also odd.
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In other words, partitions corresponding to correctable elements are obtained by
adding an even rectangle on the top of a good partition.

Figure 1: a) good element; b) correctable (but not good) element; c) neither good
nor correctable element. In figure b) an asterisk marks the box where we “modify”
the coefficient of the characteristic polynomial.

For correctable A we set:ãil = Ei

(
P1(al)

2
,
P2(al, a2l)

2
, . . . ,

Pi(al, . . . ail)

2

)
, k < i ≤ 2k,

ãj = aj, if j ̸∈ {(k + 1)l, . . . , 2kl}.
(10)

Let us define the numbers mi as before: mi = i− pi and set{
m̃j = mj − 1, if j = 2il − 1 and k < i ≤ 2k,

m̃j = mj, otherwise.
(11)

Theorem 5.3. If A ∈ so2n+1 is a correctable nilpotent element, then the co-
efficients of polynomials ã1(X − tA), . . . , ãn(X − tA) form the Kronecker part of
a complete system of functions in bi-involution. The Kronecker indices of forms
(B,BA) are equal to m̃1, m̃3, . . . , m̃2n−1 ; and deg ãi(X − tA) = m̃2i−1 .

Proof. For i = 1, . . . , n we denote by ci the leading coefficient of the polyno-
mial ali . In [5], the authors define the polynomials c̄i as the restrictions of polyno-
mials ci to some subalgebra ḡA ⊆ g . Lemma 5.14 of the cited work proves that an
algebraic dependence between c̄i implies the same algebraic dependence between ci .
We will not give the exact definition of the polynomials c̄i , since Proposition 5.18
of the same paper gives its explicit description. Namely, for i = 1, . . . , 2k , where k
is the same as in Definition 5.2, we have:

−c̄1 = e0e1 + e1e0,

. . .

(−1)ic̄i = e0ei + e1ei−1 + . . .+ eie0,

. . .

c̄2k = e0e2k + e1e2k−1 + . . .+ e2ke0 ,

(12)

where ei are the elementary symmetric polynomials in k variables. Thus, if i > k
then ei = 0 .
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Notice that the polynomials ei can be expressed in terms of c̄i . Namely, there exist
polynomials Ri ∈ C[x1, . . . , xi] such that:

e1 = −1
2
c̄1 = R1(c̄1),

e2 =
1
2
c̄2 − 1

8
c̄21 = R2(c̄1, c̄2),

. . .

e2k = R2k(c̄1, . . . , c̄2k) .

Let us give the explicit formulas for the polynomials Ri . Lemma 5.1 implies that
c̄i = (−1)iẽi . Hence

Ri(x1, . . . , xi) = Ei

(
P1(−x1)

2
,
P2(−x1, x2)

2
, . . . ,

Pi(−x1, x2, . . . , (−1)ixi)

2

)
= Ei

(
−P1(x1)

2
,
P2(x1, x2)

2
, . . . ,

(−1)iPi(x1, . . . , xi)

2

)
= (−1)iEi

(
P1(x1)

2
, . . . ,

Pi(x1, . . . , xi)

2

)
.

Since ei = 0 for i > k , it follows that Ri(c̄1, . . . , c̄i) = 0 for i = k + 1, . . . , 2k . So,
Ri(c1, . . . , ci) = 0 . Thus, the leading coefficients of polynomials ãjl defined by (10)
are reduced. This means that degt ãjl < degt ajl for j = k + 1, . . . , 2k .
By Remark [5, Rem. 5.24] we have

2
n∑

i=1

(2i− degt ai) = dim gA + n− 2k.

Hence, for the degrees of polynomials ãi we obtain the following inequality:

2
n∑

i=1

degt ãi ≤ 2 · (
n∑

i=1

degt ai − k) = 2
n∑

i=1

2i− dim gA − n+ 2k − 2k

= dim g− dim gA = rkBA.

Thus, the polynomials ã1, . . . , ãn form the minimal basis of the module Z and the
theorem is proved.

5.2. The case g = so2n

Definition 5.4. Let A ∈ so2n be nilpotent and correspond to the partition
l1, . . . ls . We call A correctable if it satisfies one of the following conditions:

(a) for some k (maybe, k = n) the condition (9) holds (13)
(b) s = 4, all li are even.

Let A ∈ so2n be correctable of type (a). We define the polynomials ãi as in (10)
and the numbers m̃i as in (11). As we already noted, if g = so2n then one of the
basic invariants is Pfaffian (instead of the determinant).
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Figure 2: a) good element; b) correctable element of type a); c) correctable element
of type b; d) neither good nor correctable element. In Figures b) and c), the
asterisks mark the boxes where the coefficients of the characteristic polynomial must
be “modified”.

So, let us redefine the polynomial ãn :

ãn =

an − (−1)kEk

(
P1(al)

2
,
P2(al, a2l)

2
, . . . ,

Pk(al, . . . akl)

2

)
, if k = n

an, otherwise.
(14)

Here k is the same as in the Definition 5.4. Also we set m̃2n−1 = 1
2
m2n−1 − 1 if

k = n and m̃2n−1 =
1
2
m2n−1 otherwise.

Now let A ∈ so2n be correctable of type b) . Then all four rows of the Young diagram
are of even lengths, i.e., l1 = l2 = 2d1 and l3 = l4 = 2d2 . We set

ã2d1 = a2d1 − 1
4
a2d1 ,

ã2d1+d2 = a2d1+d2 − ad1an ,

ãi = ai, for all other i.
(15)

And let, in this case, m̃2d1−1 = m2d1−1 − 1 and m̃2d2+d1−1 = m2d2+d1−1 − 1 .

Theorem 5.5. Let A ∈ so2n be a correctable nilpotent element. Then the
coefficients of the polynomials ã1(X − tA), . . . , ãn(X − tA) form the Kronecker part
of a complete system of functions in bi-involution. The Kronecker indices of (B,BA)
are m̃1, m̃3, . . . , m̃2n−1 , and deg ãi(X − tA) = m̃2i−1 .

Proof. First, let A ∈ so2n be a correctable nilpotent element of type a) . The
last line of (12) implies that c̄2k = e2k . This means that c̄2k = R2

k(c̄1, . . . , c̄k) . Thus,
for k = n we have degt ãn < degt an , and again

n∑
i=1

degt ãi ≤
n∑

i=1

degt ai − k. (16)

As in the proof of Theorem 5.3, the result follows from [5, Rem. 5.24].
For elements of type b) the inequality (16) was proved in [5, Thm. 5.23] (in this
case, k = 2). The result follows again from [5, Rem. 5.24] and (16).

Example 5.6. Let A ∈ so2n+1 be a correctable nilpotent element such that
l1 = . . . = l2k = 2 . All nonzero eigenvalues of the matrix X − tA are divided
into pairs of opposite ±νi, i = 1, . . . , n . Hence the coefficients of the charac-
teristic polynomial are expressed as follows: ai = (−1)iei(ν

2
1 , . . . , ν

2
n) . Therefore

(−1)iPi(a1, . . . , ai) = pi(ν
2
1 , . . . , ν

2
n) =

1
2
trX2i . For example, for the nilpotent ma-

trix A ∈ so9 corresponding to the partition (2, 2, 2, 2, 1) we have the following
system of functions:
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ã1 = a1 = trX2,

ã2 = a2 =
1

2
(tr2X2 − trX4),

ã3 = E3

(
trX2

4
,
trX4

4
,
trX6

4

)
=

1

12

(
trX6 − 3

8
trX4 trX2 +

1

32
tr3X2

)
,

ã4 = − 1

16

(
trX8 − 1

3
trX6 trX2 − 1

8
tr2X4 +

1

16
trX tr2X2 − 1

384
tr4X2

)
.

6. Limits of Mishchenko-Fomenko subalgebras
In this section we will define a formal limit of Mischenko-Fomenko subalgebras and
explicitly give a system of generators for some of the limit algebras.
Recall that if g is reductive, then the Mishchenko-Fomenko subalgebra FA is gen-
erated by the directional derivatives (of all orders) of all basic invariants along the
element A . In the case of a regular element A , this algebra is free and complete,
i.e., it has the maximal transcendence degree 1

2
(rk g+ dim g) [2].

By considering limits of Mishchenko-Fomenko subalgebras one can obtain other
commutative (with respect to the Poisson bracket) subalgebras. In [15], Shuvalov
studied the limits lim

s→0
FA(s) , where A(s) = A0+A1s+ . . .+Ars

r is regular for small
enough s ∈ C \ {0} and all Ai belong to a fixed Cartan subalgebra h . In [17], it
was shown that algebras constructed in this way have the maximal transcendence
degree.
Let us clarify what we mean by lims→0 FA(s) . For any s the subalgebra FA(s) is
graded: FA(s) =

⊕∞
k=0(FA(s))k , where k stands for the degree of a homogeneous

polynomial, (FA(s))k = FA(s)∩Sk(g) . The dimension of the grading subspace (FA(s))k
does not depend on s , since the element A(s) is regular. Thus, in each Grassmanian
the limit Fk = lims→0(FA(s))k is defined. Adding all these limit subspaces we obtain
the limit subalgebra: lims→0 FA(s) =

⊕∞
k=0 Fk .

Set z−1 = g and zk = z(A0) ∩ . . . ∩ z(Ak) for k = 0, . . . , r . Since A(s) is regular for
small s ̸= 0 , we have zr = h .

Theorem 6.1. ([15], Thm.1) The algebra lims→0 FA(s) is free. As its free generators
we can take the union of an arbitrary basis of h and some of directional derivatives
of the basic invariants of zk−1 along Ak (k = 0, . . . , r).

In this paper, for classical simple Lie algebras, we explicitly construct free generators
for linear A(s) , i.e., for A(s) = A + Bs . In the case g = so2n , we impose an
additional condition that A is good. Note that the element A + Bs is regular for
small s ̸= 0 if and only if B̄ = B|gA is regular in g∗A ≃ gA . Denote by f1, . . . , fn
basic invariants of g and by g1, . . . , gn we denote basic invariants of gA = z(A) . In
this case, Theorem 6.1 can be reformulated as follows:

Corollary 6.2. The limit subalgebra lims→0 FA+Bs is freely generated by some of
the directional derivatives (of all orders) of fi along A and of gi along B .
Proof. Let us consider the elements {∂deg gi−1

B gi | i = 1, . . . , n} , the last non-
constant directional derivatives of basic invariants of gA . In order to prove the
corollary it suffices to show that these elements form a basis of h .
Indeed, these elements are the differentials of basic invariants at the point B̄ ,
∂deg gi−1
B gi = (deg gi − 1)! · dB̄gi. Since gA is reductive, the differentials of its basic
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invariants at a regular point generate the centralizer of this point (by Kostant’s
criterion, see [13, Def. 1.6]). But the element B̄ is regular at gA and therefore the
elements {∂deg gi−1

B gi | i = 1, . . . , n} generate zgA(B̄) = z(A)∩ z(B) = h . Thus, these
elements form a basis of h (since dim h = n).

The element B|gA is regular in gA . Therefore, one can use B|gA as a regular element
of gA when constructing the Jordan part of a complete system of functions in bi-
involution with respect to the brackets { , } and { }A . Let us prove that the elements
of this complete system of functions in bi-involution are free generators of the limit
subalgebra lims→0 FA+Bs .

Lemma 6.3. The Kronecker part of a complete system of functions in bi-
involution {fi,j}, constructed in Theorems 1.5, 1.6, 3.2, 3.3, generates the Mish-
chenko-Fomenko subalgebra FA .

Proof. In [7, Lemma 4] the explicit formulas for the polynomials rk(t) are given.

Namely, rk(t) = (−1)kEk+1(y1, . . . , yk+1), (17)

where yi = tr(X − tA)i − (µi
k + . . . + µi

n−1)(−t)i . Since (−1)kEk+1(y1, . . . , yk+1) =
1

k+1
yk+1 + Ẽk+1(y1, . . . , yk) , the polynomials tr(X − tA)k are expressed as polyno-

mials in r0(t), . . . rk−1(t) over C[t] . Thus, the coefficients of tr(X − tA)k can be
expressed in terms of the coefficients of rk(t) .
Note that for the Lie algebras sln, sp2n, so2n+1 , all non-zero polynomials trX, ..., trXN

are basic invariants. Thus, the coefficients of tr(X − tA)k generate the subalgebra
FA . In the case of the Lie algebra so2n , one of the basic invariants is Pfaffian. But
the element A is good, so the Pfaffian coincides with the polynomial r̃2n−1 used in
Theorem 3.3. Thus, we proved that FA ⊆ C[ fi,j | i ∈ I, j = 0, . . . ,mk] .
The inverse inclusion is obvious since the polynomials fi,j are expressed in terms of
the coefficients tr(X − tA)k by the formulas (17).

Theorem 6.4. Let g be a classical simple Lie algebra, the elements A,B ∈ g lie
in the Cartan subalgebra h, and the element A + Bs be regular for small enough
s ̸= 0. In the case g = so2n , we impose an additional condition that A is good. Then
the functions constructed in Theorems 1.5–4.3 freely generate the limit subalgebra
lims→0 FA+Bs .

Proof. Recall that f1, . . . , fn denote the basic invariants of g , and g1, . . . , gn
denote the basic invariants of gA = z(A) . By Corollary 6.2 the limit subalgebra
lims→0 FA+Bs is freely generated by some of the directional derivatives

{∂kAfi | i = 1, . . . , n, k = 0, . . . , deg fi} ∪ {∂kBgi | i = 1, . . . , n, k = 0, . . . , deg gi}.

Note that the elements {∂kAfi} generate FA ⊆ S(g) and the elements {∂kBgi}
generate FB ⊆ S(gA) . By Lemma 6.3 the Kronecker part of the complete system
of functions in bi-involution {fi,j} freely generates FA ⊆ S(g) . By Lemma 2.2 the
Jordan part {gi,j} together with the elements fk,mk

freely generate FB ⊆ S(gA) .
Moreover, all elements of the complete system of functions in bi-involution are
algebraically independent by construction. So, this complete system of functions
in bi-involution freely generates the Mishchenko-Fomenko limit subalgebra.
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7. Kroneker indices and the sheets of g

Recall that the sheets of a Lie algebra g are the irreducible components of the
subsets X(d) = {x ∈ g : dimGx = d} . In other words, the sheets are the maximal
irreducible subsets consisting of G-orbits of fixed dimension. It is known [3, Sect.5.8
Kor.(a)] that each sheet contains exactly one nilpotent orbit. The sheets containing
a semi-simple orbit are called Dixmier sheets. If a sheet contains a semi-simple
element, then semisimple elements are dense in the sheet.
For example, for g = sln , the sheets do not intersect and each sheet is defined by
a partition l1, . . . , ls . That is, the sheets consist of matrices with the same Young
diagram. So, in this case, all the sheets are Dixmier sheets.
In this section we show that, for g = sln and sp2n , the Kronecker indices of the
pair (B,BA) are the same for all elements A in any given sheet. For g = so2n and
so2n+1 , we prove the same statement for the sheets containing a good semisimple
element. On the other hand, we give examples of sheets in so2n and so2n+1 such
that this is not true.

7.1. The Kronecker indices within the sheets of sln and sp2n

Let us first describe how to find a nilpotent element An in a sheet containing a given
matrix A .
For g = sln , the sheets are represented by Young diagrams. So, one can construct
the Young diagram Λ corresponding to A and take the nilpotent matrix An ∈ sln
corresponding to Λ .
For g = sp2n , we again construct the Young diagram Λ corresponding to A ∈ sp2n .
In the diagram Λ some rows of odd length can occur odd number of times, so not
every diagram corresponds to a nilpotent element. Let us modify Λ to obtain a
diagram Λ′ that corresponds to some nilpotent orbit in sp2n .
Consider the first (starting from the top) row of odd length q that occurs an odd
number of times. Move one box from the bottom row of length q to the next row.
This is possible because the next row necessarily has odd length. Repeating this
procedure (we call it crumbling), we obtain the diagram Λ′ corresponding to some
nilpotent orbit. In [9, §2], it was shown that the described nilpotent orbit belongs
to the same sheet as A .

Lemma 7.1. For Lie algebras sln and sp2n , the Kronecker indices of the pair
(B,BA) are the same for all elements A in any given sheet.

Proof. For the Lie algebra sln this is obvious, since any sheet is represented by
Young diagram Λ and the Kronecker indices depend only on Λ .
For g = sp2n , different Young diagrams can occur within a sheet. Nevertheless,
it suffices to prove that the Kronecker indices do not change during crumbling.
Indeed, only boxes with even labels crumble, since there are an even number of
odd-length rows above them (by the definition of crumbling). So the boxes with
odd labels remain in the same rows (though they are shifted along the row). Thus,
the Kronecker indices do not change during crumbling.
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7.2. The Kronecker indices and the sheets of soN containing a good
semisimple element

In this section we consider the sheets of soN that contain good semisimple elements.
We show that all elements in such sheets are good and that the Kronecker indices
are constant within such sheets.
Recall that if a sheet contains a semisimple element then the semisimple elements
are dense in this sheet. Thus, any element A from this sheet can be obtained as
a limit of semisimple elements: A = lims→0As , where As are semisimple and lie
in the same sheet. By [9] all the semisimple elements in a sheet correspond to the
same Young diagram, let us denote it by Λ .
Let us prove first that Young diagrams do not increase when taking the limit.
Namely, recall that on the set of Young diagrams one can define a partial order.

Definition 7.2. Let Λ and M be Young diagrams with rows of lengths l1, . . . , ls
and m1, . . . ,mt respectively, and l1 + . . .+ ls = m1 + . . .+mt . Then Λ ≽M if and
only if l1 + . . .+ lk ≥ m1 + . . .+mk for k = 1, . . . , s .

Lemma 7.3. Suppose A = lims→0As , where all As correspond to the same Young
diagram Λ. Then the Young diagram M corresponding to A is less than or equal
to Λ, M ≼ Λ.
Proof. Given C ∈ soN denote by l1, . . . , lm the row lengths of the corresponding
Young diagram. Then l1, . . . , lm are the degrees of the invariant factors of C , i.e.,
the invariant factors of the finitely generated module CN (with the multiplication
given by C ) over the principal ideal domain C[t] . Thus, lk = deg(∆n−k+1/∆n−k) ,
where ∆k denotes the greatest common divisor of all minors of order k of the matrix
C− tE (where E stands for the identity matrix). So, l1+ . . .+ lk = deg∆n/∆n−k =
n − deg∆n−k . Thus, it is sufficient to prove that the degrees of polynomials ∆n−k

do not decrease when taking the limit.
Let us fix k and denote by qs the polynomial ∆k for the matrix As − tE , s ̸= 0 .
We assume that qs is monic. Let ps denote the principal minor obtained by deleting
the last n− k rows and columns of the matrix As − tE . Note that the polynomial
ps is monic and deg ps = k . Recall that the roots of a monic polynomial depend
continuously on its coefficients. So, the roots of ps tend to the roots of p0 as s tends
to 0 .
Obviously, each root of qs is a root of ps and there are only a finite number of
ways to choose deg qs elements from the set with k elements. Thus, one of these
ways corresponds to a dense subset of {s ∈ C | s ̸= 0} . So, there exists a limit
lims→0 qs = q and deg q = deg qs . But q is still a common divisor of all minors. So,
the degree of the greatest common divisor is not less than deg qs .

Lemma 7.4. If a sheet contains a good semisimple element, then all the elements
in this sheet are good.
Proof. For g = soN , a nilpotent element in a sheet can be obtained in the same
way as for g = sp2n , namely, by means of crumbling. But in this case we crumble
the rows of even length.
Let N denote the Young diagram corresponding to a nilpotent element of the sheet.
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Note that the Young diagrams decrease during crumbling. Thus, for any element
of a sheet its Young diagram M is greater than or equal to N . By Lemma 7.3, we
obtain that Λ ≽M ≽ N .
Note that the diagram Λ is good if and only if the sums sk(Λ) = l1 + . . . + lk are
odd for k = 1, 3, 5, . . . . In order to prove that all elements of a sheet are good it
suffices to show that sk(Λ) = sk(N) , since sk(Λ) ≥ sk(M) ≥ sk(N) .
In the case g = so2n all rows of Λ are of odd length, so the diagram requires no
crumbling, and thus Λ = N .
In the case g = so2n+1 there is an odd number of odd-length rows at the top of Λ
and some even-length rows below. Only the even-length rows with even index 2k
can be crumbled. If l2k = l2k+1 then there is no crumbling, and if l2k ̸= l2k+1 then
these rows are replaced by the rows of lengths l2k − 1 and l2k+1 + 1 . So, for all k
we have s2k+1(Λ) = s2k+1(N) .

Theorem 7.5. If a sheet contains a good semisimple element then the Kronecker
indices of the pair (B,BA) are the same for all elements A in this sheet.

Proof. In the case g = so2n all the elements of the sheet are good and correspond
to the same Young diagram. Therefore, the Kronecker indices are constant within
the sheet.
In the case g = so2n+1 it is sufficient to check that the Kronecker indices do not
change when crumbling. The proof is similar to the proof of Lemma 7.1. In this
case, only boxes with even labels are crumbled. Indeed, above them there is an odd
number of odd-length rows, and the rows themselves are of even length. So, the
boxes with odd labels remain in the same rows (though they are shifted along the
row). Thus, the Kronecker indices remain the same when crumbling.

7.3. Example of a sheet in so2n+1 with different Kronecker indices
Consider g = so7 and suppose that A ∈ so7 has eigenvalue λ = 0 with blocks
of sizes 2, 2, 1 and two opposite sign eigenvalues λ = ±1 , each of multiplicity 1 .
Denote by An ∈ so7 the nilpotent element that corresponds to the partition 3, 3, 1 .
Note that A and An lie in the same sheet.
The Kronecker indices of the pair (B,BAn) are 1, 2, 4 , since the element An is good.
Let us prove that the Kronecker indices of the pair (B,BA) are 1, 3, 3 . Indeed, the
module Z = Ker(B − tBA) is generated by X − tA, (X − tA)3, (X − tA)5 and their
leading coefficients are A,A3, A5 . The matrices A and A3 are linearly independent
and by Remark 1.3 we have m1+m3+m5 = 7 . Thus, m1 = 1 , m3 = 3 and m5 = 3 .

7.4. Example of a Dixmier sheet in so2n with different Kronecker indices
Consider g = so8 and let A ∈ so8 be a semisimple element with eigenvalues λ = ±1 ,
each of multiplicity 3 and λ = ±2 , each of multiplicity 1 . Denote by An ∈ so8 the
nilpotent element that corresponds to the partition 3, 3, 1, 1 . The elements A and
An again belong to the same sheet.
The Kronecker indices of the pair (B,BAn) are 1, 2, 2, 4 , since the element An is
good. We prove that the Kronecker indices of the pair (B,BA) are 1, 2, 3, 3 . Indeed,
the module Z = Ker(B − tBA) is generated by the elements X − tA , (X − tA)3 ,
(X − tA)5 , d pf(X − tA) and their leading coefficients are A,A3, A5, 5A − A3

(the last coefficient is obtained by computer calculations). Let us “modify” the
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polynomial f7 corresponding to the Pfaffian: f̃7 = f7 + 5t2(X − tA) − (X − tA)3 .
Now, the leading coefficients of f1, f3, f̃7 are linearly independent and their degrees
are 1, 3, 2 (also checked by computer calculations). By Remark 1.3 we then have
m1 +m3 +m5 +m7 = 9 , so, m1 = 1 , m3 = 3 , m5 = 3 and m7 = 2 .
In particular, we obtained that for so2n even in a Dixmier sheet there can be different
Kronecker indices.
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