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Abstract. We classify the irreducible integrable modules for the twisted toroidal extended
affine Lie algebras with finite dimensional weight spaces where the finite dimensional center acts
trivially. S.E.Rao, S.S. Sharma and P. Batra [Integrable modules for twisted toroidal extended affine
Lie algebras, J. Algebra 556 (2020) 1057-1072] have classified such modules for twisted toroidal
extended affine Lie algebras (with n > 3), where the finite dimensional center acts nontrivially.
C.Fulin, L. Zhigiang and S. Tan [Classification of integrable representations for toroidal extended
affine Lie algebras, J. Algebra 514 (2021) 1-37], classified such modules for non twisted toroidal
extended affine algebras only for two variables. Our results are valid for any n in case of twisted
toroidal extended affine Lie algebras with the finite dimensional center acting trivially. We prove
that the universal central extension part acts trivially on the modules and our modules turn out
to be the highest weight modules.
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1. Introduction

The representation theory of infinite dimensional Lie algebras is an important topic
in both mathematics and physics. Extended affine Lie algebras (EALAs) form
a category of important Lie algebras consisting of finite dimensional simple Lie
algebras, affine Lie algebras and some other classes of Lie algebras. Twisted toroidal
extended affine Lie algebras are examples of EALA. The finite dimensional simple
Lie algebras are EALAs of rank 0 and affine Lie algebras are EALAs of rank 1.
The structure theory of EALAs has been developed by several mathematicians like
Allison, Azam, Berman, Gao, Neher, Pianzola and Yoshii (see [1], [14], [20] and
references therein). With an extended affine Lie algebra, we associate a graded
ideal, the core. The cores of EALAs may have infinite dimensional centers. Hence
the representation theory of EALA is getting attention by several mathematicians.

Let g be a finite dimensional simple Lie algebra over C and A, be the Laurent
polynomial ring in n > 2 commuting variables ¢q,...,¢,. Let L(g) = g ® A,
be a multi-loop algebra. Now L(g) & Q4,/dA, carries a Lie algebra structure of
the the universal central extension of L(g). This is called the toroidal Lie algebra
(TLA). Let Der(A,) be the Lie algebra of derivations of A, which acts naturally
on L(g) ® N4, /dA,. So L(g) ® Qa, /dA, ® Der(A,) is a Lie algebra called the full
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toroidal Lie algebra (FTLA). Neither TLA nor FTLA is an example of an EALA, as
none of them has a non-degenerate symmetric invariant bilinear form. So instead of
Der(A,,), one takes S,, the Lie subalgebra of Der(A,,), consisting of divergence zero
vector fields. The Lie algebra L(g) & Qu, /dA, @ S, is called a toroidal extended
affine Lie algebra. It admits a non-degenerate symmetric bilinear form and hence is
an example of an EALA.

Here we consider more general EALAs. We take o4,...,0, to be finite order com-
muting automorphisms of g and consider the multi-loop algebra @®ezng(k) @ t*.
The finite dimensional representations of multiloop algebras have been classified by
Lau in [11]. With some assumptions this multi-loop algebra is a Lie torus. Now
we consider the universal central extension of multi-loop algebra and add S,,, the
Lie algebra consisting of divergence zero vector fields on n dimensional torus. This
Lie algebra is called twisted toroidal extended affine Lie algebra. We denote it by
7. In [19], Rao, Sharma and Batra classified irreducible integrable modules for 7
with finite dimensional weight spaces, where the zero degree central operators act
nontrivially. In [7] Fulin, Zhigiang and Tan classified irreducible integrable modules
with finite dimensional weight space for n = 2, both zero and non zero case. In this
paper we will classify irreducible integrable modules with finite dimensional weight
spaces for 7, where the zero degree central operators act trivially for any n > 2.
In [7], the authors considered the non twisted case only for two variables. We make
use of some important results from [3] and [8] in order to classify our modules.

The paper is organized as follows. In Section 2, we define the twisted toroidal
extended affine Lie algebra 7 as above. This Lie algebra has a natural triangular
decomposition given by 7 = 7~ @& 7@ 7" (see Section 3). In Section 3, we prove the
existence of an highest weight vector with respect to this triangular decomposition.
We show that the highest weight space is an irreducible module for 7° as well as it is
[-graded. In Section 4, we prove that if the zero degree center C-span{Kj,... K,}
acts trivially on V', then the whole central extension part Z = Qu,, () /da, m) acts
trivially on V. In Section 5, in order to classify the modules, we prove as an
important result Proposition 5.6(2) using a new method. In Section 6, we prove our
main theorem, Theorem 6.7 using a result of [3].

2. Notation and preliminaries

Throughout the paper we fix n > 2 and let C" denote the n-dimensional complex
vector space. Let (1, ) be the standard bilinear form of C". All vector spaces, Lie al-
gebras, tensor products are over the field of complex numbers C. For any Lie algebra
L, let U(L) be the universal enveloping algebra of L. Let A, = C[tF', 3" ... 1]
be the Laurent polynomial ring in n commuting variables ¢{,...,t, over C. Let
L(g) = g ® A, be the corresponding multi-loop algebra, where g is a finite dimen-
sional simple Lie algebra over C with a Cartan subalgebra h. Let 24, be a vector
space spanned by the symbols t*K;,1 <i <n,k € Z". Let dA, be the subspace of
Q4, spanned by Y7, Et* K. Tt is well known that f}(g) = L(g) ®Qy, /dA, is the
universal central extension of L(g) with the following brackets:

[z(p), y(q)] = [z, y](p+ q) + (z]y) Zpit”*in,

where z(p) = @ tP.
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The basis for the Lie algebra Der(A,) is {d;,t"d;|]1 < i < n,0 # r € Z"}. Now
Der(A,,) acts on Qgu,/dA, by

tpda(thb) = qatp+qu + 5ab chtp+ch'

c=1

There are two non-trivial 2-cocyle of Der(A,) with values in 4, /dA,:

(bl (tpda; Zfqdb) = —qaPb Z pithrin

i=1

¢2 (tpdaa tqdb) = —PaGb Z pithrin'

i=1
Let ¢ be any linear combination of ¢ and ¢o. Then 7 = L(g)®Q4, /dA,® Der(A,)
is a Lie algebra with the following brackets and is called a full toroidal Lie algebra:

[tPdy, X(q)] = ¢ X (p +q),

[P da, 115) = qut? Ky + 0ap »_ pit "TO K,

=1
[t dy, t'dy] = qat™ Idy — ppt"d, + G(17dy, tdy).

Now consider the Lie subalgebra of divergence zero vector fields S, of Der(A,).
One can define

S, ={D(u,r) = 2199 ut™t;- : (ulr) = 0,u € C*,r € Z"}.

idt;
Let d; = tid%- be the zero degree derivation for 1 < ¢ < n. Now consider the
subalgebra 74, = L(g) @& Qa4, /dA, & S, of 7. Note that when we restrict to S,
the cocycle ¢y becomes trivial. Therefore any cocycle of S, on Qgu,/dA, will
become a scalar multiple of ¢;. It is well known that unlike 7, 74, possesses a non-
degenerate symmetric, invariant bilinear form and is called as toroidal extended
affine Lie algebra. The form on 74, is defined as follows:

(X(M|Y(s)) =6, —s(X|Y), VXY €g,r,5€Z"

n

(Z aitrdi|tst) = 0y _sQyq.

i=1
All other brackets of bilinear form are zero.

Now let g; be any arbitrary finite dimensional simple Lie algebra over C with a
Cartan subalgebra b;. Let A(g1, 1) = suppy, (g1). Then

AY = A*(g1,b1) = A(gr, b1) — {0}

is an irreducible reduced finite root system with at most two root lengths. Define

l,en

A {Af U2AY,, if Af = B types

AY otherwise.
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Definition 2.1. A finite dimensional g;-module V is said to satisfy condition (M) if

1. V is irreducible with dimension greater than 1.

X
len*

2. The weights of V' relative to h; are contained in A

Now recall that g is a finite dimensional simple Lie algebra with a Cartan sub-
algebra b and let oq,09,...,0, be the commuting automorphisms of g of or-
der my,my,...,m, respectively. Let m = (my,ma,...,m,) € Z". Then define

'=mZ®- - ®&m,Z and A := Z"/T'". Then we have g = ©pcpg(k), where
a(k) = {X € gloy(X) = ¢FX,1 <i <n} and ¢; are m,-th primitive roots of unity
fori=1,...,n.
Definition 2.2. A multiloop algebra @pez-g(k) ® t* is called a Lie torus LT if
(1) ¢(0) is a finite dimensional simple Lie algebra.
(2) For k # 0 and g(k) # 0, g(k) = U(k) & W(k), where U(k) is trivial as
g(0)-module and either W (k) is zero or satisfy condition (M).
(3) The order of the group generated by o;,1 < i < n is equal to the product of
the orders of each o;, for 1 <i <n.

Let h(0) denote a Cartan subalgebra of g(0). Then by Lemma 3.1.3 of [13], §(0) is
ad-diagonalizable on g and A* = A*(g,h(0)) is an irreducible finite root system
in h(0) (Proposition 3.3.5,[13]).

Let Ao := A(g(0),H(0)). One of the main property of Lie torus is that A := Ag.,
(Proposition 3.2.5,[1]). Let A,(m) = C[tF™,...,t=™] and

Sp(m) =A{D(u,r)|(ulr) =0,u e C",r eI'}.

Now take 7 = LT @ Qu,(m)/da,m) ® Su(m). Here Q4,0 be the vector space
spanned by t*K;,1 < i < n,k € T and dA,(m) be the subspace spanned by
> i<icn kit"Ki. One can easily check that if x € g(k), y € g(I) with (z]y) # 0,
then k + [ € I'. Therefore we can see that 7 is a well defined Lie algebra called
twisted toroidal extended affine Lie algebra. The aim of this paper is to classify

the irreducible integrable modules of twisted toroidal EALAs where K;’s are acting
trivially Vi € {1,...,n}.

3. Existence of highest weight space

In this section we will give a root space decomposition of 7. Let
H=p0)® > CK;®» > Cdq,

1<i<n 1<i<n

be a Cartan subalgebra for the root space decomposition of 7. Define §;,w; € H*
for 1 <i <n by setting

6:(h(0)) = 0,8;(K;) =0 and &(d;) = d;;;

Take 05 = 219‘@ Bio; for B € C". For k € Z", we shall refer to the vector 0y, as
the translate of d; by the vector ¢, where v € C". Define

g(k,a) .= {z € g(k)|[h, z] = a(h)z,Yh € h(0)}.
Then we have 7 = @GpeaTs, where A C {a + dy|la € Dy en, k € Z}.
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Here Tars, = 8(k,a) @ t* fora # 0,
= g(k,0) ® t* & P CH'K; & P Tt

where 0 # k € Z™ and 79 = H.

In order to get a non-degenerate form on H*, we extend a € h(0)* to H by defining
a(K;) = a(d;) =0,V 1 <i<mn. Then (§(0)|K;) =0, (0x]d) = (wiJw;) = 0 and
(6;]w;) = &;; and form on h(0) is the restriction of the form of g. One can easily
check that this form is non-degenerate on H*. A root f = «a + 0 is called a real
root if v # 0.

Let A denote the set of all real roots and BY = oY + @ > 1<i<n kil; be the

co-root of 3, where o is the co-root of a € Ay, (see 1.3 of [18]). For v € A",
define r,(A) = A — A(yY)y for A € H*. Let W be the Weyl group of 7 generated
by r,,Vy € A™.

Definition 3.1. A 7 -module V is called integrable if

(1) V.= @ Vi, where V, = {veV |hw=Ah)vVhe H} and dim(V)) < oo

AeH*

(2) All the real root vectors act locally nilpotently on V, i.e., g(k,a) ® t* acts
locally nilpotently on V' for all 0 # o € Agep,.

Let P(V) = {X € H*: V) # 0} be the set of weights of V. Then we can see that
W acts on P(V).

Proposition 3.2.  Let V be an irreducible integrable module for T. Then
(1) P(V)={ye H*|V, # 0} is W-invariant.
(2) dim(V;) = dim(V,,),Vw € W.

(3) If xe€ P(V) and v € A", then A\(vY) € Z.

(4) If X e P(V) and v € A™, and A\(vY) > 0, then A —~ € P(V).

Proof.  The proof of this Proposition follows as in Lemma (2.3) of [18]. n

Now we consider the natural triangular decomposition of 7

= P akaett, = B ko)t

a>0,keZ™ a<0,kezZ™

=Pk 0) ot ®Z® S, (m),
kezn
where Z = QAn(m)/dAn(m)'
We assume V to be an integrable module for 7. Let LT = LT P, /da, P D,
where D is the C linear span of d;;1 < ¢ < n. Then LT will become a Lie
subalgebra of 7 with the same Cartan subalgebra H. Therefore V' will be an

integrable module for LT.
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Let us recall a result about integrable module for LT from [16], which will be used
in order to find highest weight vector for .

Lemma 3.3.  (Lemma 3.6,[16]) Let V be an integrable LT -module . Then there
exists some X\ € P(V) such that X\+n+0, ¢ P(V), foralln € Q\{0} and k € Z™,
where @ denotes the non-negative root lattice of g(0).

Theorem 3.4.  The highest weight space V. = {v € V|rT.v = 0} is non-zero.

Proof. LT is a Lie subalgebra of 7. So an integrable module for 7 with finite
dimensional weight spaces will be an integrable module for LT with finite dimen-
sional weight spaces. Now take A € P(V) as in Lemma 3.3. Using Proposition 3.2,
it can be proved that A|yp) is a dominant integral weight of g(0). Using Lemma
3.3, we can find p € P(V) such that V1015, =0, Va € Al k € Z". Again using

Proposition 3.2, we will get V, 2045, =0, Va € AJ, k € Z". n

We can see that V. is a 7° module.

Lemma 3.5. (1) V is irreducible module over 7°.  (2) V =U(77)V,.

Proof. Using PBW theorem and some weight arguments it is easy to see (1).
Using (1) and PBW theorem we get (2). ]

Lemma 3.6. (1) There exists unique A € h(0)* and a § € C", such that the
weights of Vi will be of the form A+ 6,43 where r € 7", here 8 need not be unique.

(2) X is a dominant integral.

Proof. (1) We can see that h(0) commutes with 7°. Now using Lemma 3.5, we
will get h(0) acts by scalars on V, and hence it will act by a single linear functional
on V,. Let us denote it by A. If D(u,r) € S,(m) , then D(u,r).V, C Vs, for
p e P(V). Since [d;,t"K;] = rit" K for 1 <14, j < n, therefore t"K;.V, CV,.; for
pePV).

(2) The proof follows from Proposition 3.2. ]

If A =0 in Lemma 3.6, then using Proposition 3.2, we can check that only possible
weights of V' are dg,8 € C" (see Remark 3.7 of [17]). Now one can prove that
LT + Q4 (m)/da,m) acts trivially on V. Then V' will be an irreducible module for
Sn(m) with finite dimensional weight spaces with respect to the Cartan subalgebra
D = ®1<;<,Cd;. Tt is still unknown about the irreducible modules for S, (m) with
finite-dimensional weight spaces. So we will take A # 0 in Lemma 3.6.

Take A € P(V) from Lemma 3.3. Then by our assumption there exists a € A\
such that A(h,) # 0. Then using Lemma 3.5, we get

V+ = @V+(T>7
rezn
where Vi (r) = {v € Vi|d;.v = (A(d;) +7)v,1 <i<n}. So Vy is Z"-graded. Now
for r € I', we define V'(r) = ®  Vi(k). Then Vy = @ V] (r) is I'-graded.
rel

i<k <mi+r;
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4. Action of the central extension

In this section, we will prove that when K; for 1 <i <n acts trivially on V', then
Q4,.(m) /d An(m) acts trivially on V. In order to prove this let us fix some 7, 1 <7 <n
and consider the extended loop algebra g(0) ® C[tF™] @ Cd;. Let 6 be the highest

root of g(0), ¥ be its co-root and Wy be the Weyl group of g(0). Also assume
that W; be the Weyl group of the loop algebra g(0) ® C[t:™] @ Cd;. We can see
that h.v = A(h)v for all v € V. and h € h(0). Let

T\ = Hlinhez(wogv){k(h) : )\(h) > 0} € N.

Define V5 = {v € Vi | d;.v = Bv, 1 <i < n}. Therefore from 2.4 of [5], we have
the following Lemma.

Lemma 4.1.  Forall s; € Z, there exists w; € W; such that w;(A\+5;6;) = A+5;0;,
where 0 < §; < ry.

Now we consider the Lie algebra 74, = g(0) ® A, (m) & Qa,, (m)/da, (m) B Sn(m). Let
W be the Weyl group of 745, then W; CW for 1 <7 <mn.

Lemma 4.2. (Corollary 3.5, [19]) Let §, = 2199 ri0;, where v = (ry,...,r,) EZ™
Let r; = k; + s;m;, where 0 < k; < m;. Then there exists w € W such that
wA+0,) = A+ 0 + Zlgign 5;m;0;, where 0 < §; < ry.

Let M ={V.(r)|ri=k +sm; 0<k <m;, 0<s;,<ry, 1 <i<n}.

Consider M’ = @y, (,y ¢ p V4 (), therefore M’ is a finite dimensional vector sub-
space of V. Now we consider the toroidal Lie subalgebra of T,

where D = span{d; | 1 <i < n}. Let us assume £ = €N 7% and £° = £N 70,
therefore £ = £~ @ £°® £* is a triangular decomposition of £. Using Lemma 4.1
and Lemma 4.2 we can prove the following proposition.

Proposition 4.3.  The weight spaces of V. are uniformly bounded.

Proposition 4.4.  Any strictly decreasing sequence of £ submodule of V inter-
secting V. non trivially has finite length.

Proof. Let Vi D V5 be two L£-submodules of V' such that V; NV, # 0 for

=

t = 1,2. Then we know that there exist subspaces Wi, Wy of M’ such that
V= U)W, Vi=12 Put W =UEOW,, W, =W/NM Vi=1,2. Since we
assume that V; 2 Vs, therefore W O WJ. This will imply V[A//I ) V[f72

Now it is easy to see that U(L2)W; = U(L°)W,; for i = 1,2. Therefore by PBW
theorem U(L£)W,; = U(S)f/‘vfi for ¢ = 1,2. In order to prove the proposition, it is
enough to prove that VIA/:Q - I/IA//I If not, then we have I/IA/; = VT/; This will give us
U(L)Wy = U(L)W;. But this implies Vo = V;, a contradiction. n
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Proposition 4.5.  ([18], Proposition 4.13) Let W be an irreducible integrable
module for £ with finite dimensional weight spaces, where all K; acts trivially on
W, then Qa,(m)/da,mm) acts trivially on W .

Proposition 4.6.  Qu, (n)/da,@m) acts trivially on V.

Proof. Using Proposition 4.4, we take a minimal £ -submodule of V' which
intersects V, non trivially, assume W. Now W need not be an irreducible module
for £, but every proper submodule of W intersects V. trivially. Therefore sum of
all proper £-submodule of W is again proper and intersect V' trivially and it will
be maximal. Let W be the quotient module of W by this maximal submodule.
Therefore it will be irreducible £-module where W NV, goes injectively. Therefore
by Proposition 4.5, Q4 (m)/da, m) acts trivially on W NV, . It is easy to check that
S={veV|t'K;.v=0,1<i<n} is anon-zero 7-submodule of V. Hence we are
done by irreducibility of V. [ |

5. Action of h, ® t* on highest weight space

Lemma 5.1. Let h@t® € 79, where k € T'\ {0} and h € h(0). If there exists a
nonzero vector of V. on which h @ t* acts trivially, then h @ t* is locally nilpotent
on V.

Proof.  Consider the set S = {v € V| thereisa n € N s.t. (h® t*)".v = 0}.
By assumption clearly this set is nonzero. We know that h ® t* commutes with
Di.czn 9(k,0) @ t*. So (Bezn 9(k,0) ® t%)S C S. Now using the equation

(h @ t")".D(u,r) = D(u,r).(h @ t*)* — n(u.k)(h @ t*)"".h @ th+"
we can prove that S,(m).S C S. Therefore S is a nonzero 7°-submodule of V, .

Hence by irreducibility of V. , we can say that S = V. Hence we have the result. =

Now we can not proceed as [10], since we don’t have the full derivation space here.
In this paper we give new proof of the following two Lemmas (Lemma 5.2, Lemma
5.3).

Lemma 5.2. Let h @ t* acts locally nilpotently on V., for every k € T'\ {0},
where h € §(0). Then h @ t* acts trivially on V, , for every k € '\ {0}.

Proof. Let p € I'\{0}. Then by Proposition 4.3, we will get (h@tP.h@t?)N = 0.
Therefore (h ® tP)V.(h @ t*)¥ = 0 (Since h ® t* and h ® t* commutes for any
a,bel).

Let 1 € I'\ {0} be such that r, ¢ Q.p. Then there exists u € C" such that
(u,p) # 0 and (u,r;) = 0. Therefore we have the following equation:

D(u,r).(h@t PN (hat?)N =0.
This equation gives us
N(u,p)h @t (h@t ™). (ho )"
—~ N(u,p)h@t" P (hot )N (het)V ! =o.
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Now applying h ® t” to the above equation we get
ht" P (het PN (het)NT =0,
Using induction on j, we want to prove
Rt . ht7 P (hatP)N I (he )Nt =,
where 1 <j < N and rq,...,r; € I' with Zgzl eri ¢ Q.p and ¢; € {0,1}.

For j =1, we have proved this already. Now assume the result holds for 1 < j < N.

Let 7 € T with r 4+ 37, &7 ¢ Q.p. So we can find u € C* such that (u,p) # 0
and (u,r) = 0. Therefore we have

D(u,r).h @t P h@t TP (hat ")V (he )" =0.
From this equation we get
(N + ) (u,p)h @t P, ... hatTPhat P (hat )N (he )Vt

— (N =, p)h @t P h@t7 PRt P (ht )V I (ha )N = 0.

Applying h ® tP, we have

Rt P h@tTPht P (hot )N I (het)NT =0,
Now taking 7 = N implies h @t 7P..... h@t'NP (h®t)?N =0.
From this equation, using induction again, we can prove

h@t" P . . h@tN+ P (h@ )N =,

for all 0 < j < 2N with ZZN;{] eri ¢ Q.p and ¢; € {0,1}.

In this case instead of taking D(u,r) we take D(u,r — 2p), it is easy to find such
u € C". Hence we will have

h@t™=P . ... h®t3N=P =0,
with all ; € I' and Z?ivl eri ¢ Q.p.
Let si1,...s35y € I'\ {0} be arbitrary. Take p € I''\ Ueie{o,l}@-(zgﬁ €:5;). Now
taking r; = s; + p in the above equation we obtain

h@tt ... h@t*N = 0. (1)

Take W = {v € Vi |h®@tP.v = 0,Vp € '\ {0}}. By equation (1), W is nonzero.
We can easily check that W is a 7°-submodule of V. Hence by the irreducibility
of V., , we have the Lemma. [ |

Lemma 5.3. h®t* acts injectively or trivially on V., for all k € T'\ {0} .

Proof. Let h ® t? acts injectively on V, for some p € I'\ {0}.

Claim 1. For any ¢ € T'\ Q.p, if h ® t? acts locally nilpotently, then it will act
nilpotently.

Assume h ® t? acts locally nilpotently. Since dim(V,(r)) < N for all » € ', we
have (h @t~ )N .(h@ t1)N = 0.

Suppose there exists 1 < k < N and Nj, such that (h ® t=9)* (h @ t7)N = 0.
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We assume ¢ ¢ Q.p. So there exists u € C" such that (u,p+¢) =0 and (u,q) # 0.
Now applying D(u,p + q), to the above equation we obtain

Ni(u, q)h @ P72 (h @ t™)*(h @ t)N ' — k(u, q)h @ tP.(h @ t~9)* 1 (h @ t9)N* = 0.

Now applying h @17, we have h@tP.(h@t~9)* 1 (h@ )M+t = (. Since h@t? acts
injectively on V, , so (h ® t79)* 1. (h @ t7)Nt!1 = (. Now repeating the process we
can find Ny € N such that (h ® )N = 0.

Claim 2. If ¢ € T'\ {0} NQ.p, then h ® t¢ acts injectively on V.
First we will prove that h ® t3P acts injectively, if a € Z_, b€ Z, .

If for some such a,b € Z, h ® tt? is not acting injectively then by Lemma 5.1,
it will act locally nilpotently. Therefore (h ® t?)7%.(h ® t3P)" acts nilpotently
on each homogeneous spaces. Hence (h ® t?)™V.(h @ t?)*N = (0. Therefore
(h ® tiP)*N = 0, since h ® tP acts injectively on V. Assume N; € N be smallest
such that (h ®ti?)M = 0. Let ¢ € I' \ Q.p, then we can find v € C" such that,
(u,q — §p) = 0 and (u,p) # 0. Now take

0= D(u,q = 2p).(h@t7)% = Nou, 2p)(h ® 37)" "L h @ t9.V,.
From the minimality of Ny, we can say from the above equation and Lemma 5.1,
that h ® t? acts locally nilpotently. Therefore by claim (1), h ® t? acts nilpotently
on V.. Choose N’ be the smallest such that (h® )" = 0. Choose u € C" such
that (u,p —¢q) =0 and (u,q) # 0. Then

0=D(u,p—q)(h@t)"" = N'(u,q)(h @ )" " h @ 1",

Now by the minimality of N’, we see that h ® ¥ is not acting injectively, which is
a contradiction. So our claim (2) is true for a € Z_,b € Z, . Now let both a,b are
positive and h®t+P do not act injectively. We know by above h@t % acts injectively.
By our assumption h ®t~%.(h ®t5P)? acts nilpotently on each homogeneous space.
Now repeating the same process as above we will get the contradiction, h ® t not
acting injectively on V. So our claim (2) is true. We are now going to prove that
h ® t? acts injectively for all ¢ € '\ {0}. We already proved it for ¢ € Q.p. Let
q ¢ Q.p and h ® t? does not act injectively on V. Therefore by Lemma 5.1 and
claim(1), we can say that h ® t? acts nilpotently on V, . Using the minimal power
of h ® t?, for which it acts trivially, we will arrive at h ® t¥ not acting injectively
on V., a contradiction to our assumption. Hence using Lemma 5.1 and Lemma 5.2,
we have the Lemma. |

Now we have chosen a € A\ such that A\(h,) # 0. Now if there isa k € I'\ {0} such
that h, ® t* is not injective on V., then by Lemma 5.3, we can say that h, ® t™
acts trivially on V for all m € I'\ {0}. Then using [6] (see also [19]), we can say
that h, acts trivially on V. | which is a contradiction to our assumption.

We know Vi = @,erVi(r). Let {vg,..., v} be abasis of V. (0). Therefore by above

discussion, {h, ® tP.vg, ..., he ® tP.u} will be a basis of V, (p) for all p € I'. Now
assume, by Q. ha@19.(vy, ..., v5) = ha@PT9.(vq, ..., v5)Ap,y, Where A, , € M (C).
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Since {h, ®t?| p € I'} is a commuting family, we can easily see that {A,,|p,q € I'}
is a commuting family. Therefore we can find an invertible matrix S € M (C) such
that {B,, = S7'A,,S|p,q € I'} is an upper triangular family.

Set (wy,...,wg) = (v1,...,vg).5, then we have
ho @ V. hg @t9.(w1, ..., wi) = he @PT(wy,. .., wk) By,

So without loss of generality we can assume that A,, is upper triangular for all
p,gel.

Lemma 5.4. Let p,q € I', then there exists \,, and vy € V.(0) such that
(ha @ tP.he @11 — Ay gha @ P70y =T, ;00 = 0.
Proof. Since for A € C,

(ha X tp.ha &® t? — )\ha X thrq).(’Ul, e Uk> = ha X thrq.('Ul, ce 7Uk)(Ap,q — )\[k)

Now the Lemma follows from the fact A, , has eigenvalues. |

Lemma 5.5. For p,q € I', X € C, if there exists v € V,(0) \ {0} such that
Ty.v =0, then Ty acts locally nilpotently on V.

Proof. The proof will be same as Lemma 5.1. |

Now using Lemma 5.4 and Lemma 5.5, we can say that for every p,q € I', A, , has
exactly one eigenvalue (say, A, ).

Proposition 5.6. (1) ho @tk acts injectively on V. for every k € .

(2) ha @ " he @t = N sha @ on Vi, where A,y = X for all v # 0,
s#0,r+s#0, N,y =p forall v #0 and No, = A(hy) for all r € T'.
Further we have pXg, = A\? # 0.

(3) dim(V{(r)) =dim(V](s)) forall r,s € I'.
Proof. (1) is a direct consequence of above discussion. (3) also follows from (1).
Now we prove (2). Set V = Zi:ol Cuv;, where vy = 0. Since A, , is an upper triangu-
lar, we have T), ,.u; € Zli;(l) ho @tPT7.0;. We can easily see that T}, ..V (—p—q) C ;.
Now for any p,q,r € I', with uw € C" such that (u,r) = 0, we define
Shq= (U, p)he ® P he @11+ (U, @) he @ PRy @I — N (U, p 4 @)y @ PTIHT
Therefore
—(p+q+r T
he @t~ PH ).Sm.vk
= A_(prgtr)pratr (U D) Aprrg + (U Q) Apgir — (U, 0+ @)Apg) v + 0,

where w’ € V. One can also check that h, ® t_(pJ“q”).S;’q.VO C Vp. Now we can
see that [D(u,r),T,, = S}, . Given any p,q,r € I', and v € C" with (u,r) =0
we have

0= (ho @t~ PN (D(u,1)*(Ty0)F 00 = Tpgow + Kl (ha @ tPHIYE (ST Yy,

where w € Vi (—p —q).
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From the above equation, we obtain

(uap>/\p+r,q + (u7 Q))‘p,q—l-r - (uap + Q)Ap,q =0, (2)

for any p,q,r € I'. Take W = {v € V|1, ,.v = 0}, then v; € W. Hence using the
above equation we can check that W is a nonzero 7°-submodule of V., , therefore by
irreducibility of V,, W =V, . Now taking p = jq, with j € Q\ {0, —1} in equation
(2) , we get

3 D Ajgrrg + (U, ) Njggr — (7 + 1) (w, @) Apq = 0.

Taking, r € I' \ Q.q, we can see that

JAjgtra T Njgatr — (J+1Agq =0.
Putting j = 1, we have A\; 1 = A\gq and hence Njgirq = Njggtr = Agtrgrr = Agq
for all 7 € I' \ Q.q. Therefore \,, = A\ 4(= A, say),if p#0, ¢#0, p+q #0.

Taking r = —p — ¢ with p€I'\ Q.¢ in equation (2), we get \, , = A\ 4 (= 1, say)
and hence for every p,q € I'. It is easy to see that .o = A(ha).

Let us assume p, g€ be such that p #0, ¢ #0, p+ q # 0, then for any veV,,
we have

(ha @t ha@t ). (ha@tLhe @t )0 = (1)*. (A ha))*0 = ApgAp—aMpta—pg Do)V
hence we have the identity of (2). [

6. Classification of modules

Now recall that our Lie algebra reduces to 7 = LT & S,,(m) with
70 = Prezng(k,0) @ tF © S, (m).

Take ¢/ = {z € g|[h,z] = 0, Vh € h(0)}. Now since g’ is invariant under o;’s,
therefore g’ is A graded. It is easy to see that L(g/,0) = LT°. Let us take

S! (m) = span{D(u,r) — D(u,0) |uecC", r €', (u.r)=0}.

We can easily check that S/ (m) is a Lie subalgebra of S, (m). Furthermore let us
set L =25/ (m)x L(¢g/,0) and W = span{h, @ t".v —v|r € I';v € V. }. We can see
that W is a L-module.

Lemma 6.1. (1) W is a proper L-submodule of V.
(2) V =V,./W is a finite dimensional L-module.

Proof.  The proof is parallel to Lemma 7.2 of [17]. Let z; = h, ® t* for each

¢t =1,...,n. Without loss of generality we can assume that A\, =1 for r # 0,
s #0, r+s # 0. Therefore we can say that W = span{z;.v—vlv € V, 1 <i < n}.
Now the proof will be same as in [17] ]

Let 5 € C" be as in Lemma 3.6. Then for any L module V' we can give a 7°

module structure on L(V’) by
@t (v @1°) = ((x @ t7).vy) @ thFe.
D(u,r).(v; @ t*) = (D(u,r) — D(u,0)).v1) @t + (u, s + 8)(vy @ t7+%)
for all v; € V', x € g(k,0) and D(u,r) € S,(m).
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For v € V, let v be the image of v in V. Now define

¢: Ve = L(V) by v o@t* for veV,(k).

This map is clearly a nonzero 7° -module homomorphism. Hence by irreducibility

of V,, it follows that V, = ¢(V,) is a 7° submodule of L(V).

Clearly L is naturally A graded. Now since V, and W is Z" graded, therefore
they are naturally A graded and so is V. Therefore V = @;cAV (D).

Now for p € A, we set

LV)(p) = {v@ " e V(k),r e T,k € Z"}

It can be easily verified that L(V)(p) is a 7° submodule of L(V). The following
result can be deduced similarly as in [2].

Proposition 6.2. (1) V. 2 L(V)(0) as 7° -modules.
(2) V is A -graded-irreducible module over L.

(3) Vs completely reducible module over L and all its irreducible components are
mutually isomorphic as S!(m) x h(0) ® A(m)-modules.

Now we will concentrate on irreducible representation of L. Let (W, m) be a finite
dimensional representation of L. Let m(L(g/,0)) = g', then n(L) = g' & g?, where
g? is the unique complement of g' in gl(W) (Proposition 19.1(b) of [9] ). So W
will be an irreducible module for g @ g?. Therefore W = W; ® W,, where W, and
W, are irreducible modules for g' and g* respectively (see [12] ). Let ¢’ = ¢., ® R,
where g’ and R are Levi and radical part of g’. Then as 0;(¢’) = ¢’ and 0;(R) = R
for 1 <i <n, wehave L(¢',0) = L(g,,,0)®L(R, o). Now W, is irreducible module
for L(g’,0). As R is solvable ideal, it follows that m(L(R, o)) lies in the center of
7(L), which is at most one dimensional, hence L(R, o) acts as a scalar on W. So
W, will be a irreducible module for L(g.,, o).

Fix a positive integer [. For each i, let a; = (a1, .. .,a;;) such that @] # o]y for
j #t (*). Let g be a finite dimensional semisimple Lie algebra. Let oy,...0, be
finite order automorphisms on g of order my,...m, respectively. Let L(g,o) be
the corresponding multiloop algebra. Let I = {(i1,12,...,4,)|1 <1i; <I}. Now for
S = (i1,i2,...,in) € [ and v = (ry,79,...7,) € Z", ay = ay’; ay%, ---a,;" . Now
consider the evaluation map

g®A—>@g " copies), H(X ®t") = (a, X,a, X, ... a7, X),
where Iy, I5, - - - I;n is some order on I. Now consider the restriction of ¢ to L(g, o).

Theorem 6.3. (see [15]) Let W’ be a finite dimensional irreducible representation
of L(g,0). Then the representation factors through @ g (1" copies).

Proposition 6.4.  Let W, be an irreducible module for L(g.,,0) as above. Then
the representation of L(g.,, o) factors through only one copy of P g.,. So g, 2 ¢.,.

Proof. We know by Theorem 6.3, that the representation factors through ("
copies, for some positive integer [. We will prove here that | = 1. The proof
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is similar to that of [19]. Choose the i-th piece of g/, and choose the projection
of the map 7, say m; onto it. Doing the same calculation as in [19], we will get
7;(S;,(m)) = 0 and a}, =1 for all r € I'. Now suppose there are at least two pieces,
say i-th and j-th piece. Therefore I; and I; are two different elements of I with
aj, =1=aj forallr € I'. Let I; = (i1, 42, ...,4,) and I; = (j1, Ja, - .. jn) . Therefore
there is k& with 1 < k < n such that i, #]k Now 1fwe take r = (0,...,mg,...,0),
then a7, = 1 = aj will give api = ags , a contradiction to (*). So there is at most
one piece. [

Now we know that m;(S/(m)) = 0, therefore g?> C 7(S!(m)). Now our aim is to
understand finite dimensional irreducible modules for S/ (m). There is a relation
between finite dimensional S/, modules and S,, X A-modules with finite dimensional
weight spaces.

Theorem 6.5. (see [3]) Suppose W is a finite dimensional irreducible sl,, -module
(extend W to gl,, by letting I acting trivially). Let o, 5 € C". Take L(W) =W ®A
and the action D(u,r)(w®t*) = (u.k+ B)w "+ 37, wr; Ejiw @47, for v # 0
and D(u,0)(w@t*) = (v.a+k)w@t* and t"(wtF) = w®tk+” And all irreducible
representations of S, X A with finite dimensional weight spaces occur in this way.

Theorem 6.6.  Let W be finite dimensional irreducible module for sl,, and extend
it trivially as before. Let E;; be generators of gl,,. Then W can be made into S), -
module by the action:

(D(u,r) — D(u,0)).w = Zulrj siw + (u]Q)w,

where ¢ € C™. In this case W will be zrreduczble module for S! . Every irreducible
finite dimensional S! module occur in this way.

Proof.  See Theorem 4.5 of [19] and discussion thereafter. ]

We proved in Proposition 6.2 that Vs completely reducible L module. Therefore
assume V = @KV, for some K € N. Then by the previous discussion each
V, = WiQWi as g, @®sl,-module, where Wi, Wi are irreducible module for g/, and
sl,, respectively. Since each component V; is isomorphic as S’ (m) x (h(0) @ A(m))-
module, we can take Wi = W3 (= W, ,say) as sl,-module for each i € {1,..., K}.
Now consider Wy = S°8 Wi, which is a L(gl,,o)-module, in particular a g, -
module. Since each W/ is irreducible, without loss of generality we can assume that
the above sum is direct. It is easy to see that L is A-graded with zero-th component
S!(m) x (§(0) ® A(m)) and since V is A graded irreducible module (Proposition
6.2), we can take W, as A-graded irreducible L(g.,, o) module and W5 will be zero
graded as S/ (m) lies inside the zero-th graded component of L.

We now define a 7°-module structure on W; @ W, ® A,, by

X @th(w @wy @t") = Xwy @ wy @ t°1, for k,1€Z" and X € g, (k).

D(u, r)(wl X Wy X tk) = (Uk’ + 6)1U1 X Wy K tk+r + w; X <<Z )uirjEjin) X tk+r
for r # 0 and D(u,r) € S,(m). "
D(u,0)(w; ® wy @ t*) = (u.k + a)w; @ wy @ tF.
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Now take any one dimensional representation of L(R, o) say . Then for y € R(k)
we take y @ t*(w; ® wy @) = Y (y) (w1 @ we @ ") Since W, is A graded which is
compatible with A-gradation of g/, so the submodule V' = @, ;. Wi @ Wo @ t*

will be irreducible module for 7°. One can easily check that L(V)(0) = V' as

70-module.

Now as in [17], consider the triangular decomposition of LT given by
LT =7 & L(g.,,0)® L(R,0)®T".

Let Vi be the unique A-graded irreducible quotient of the induced module for W;
and let (V{, p;) denote the irreducible quotient of the induced representation of W7,
for each 1 < i < K. Now by [17], we can say that V; = & V{ is A-graded
irreducible module for LT'.

Define a 7-module structure on V; ® Wy ® A by

K K
(x ® t”.(Zvi ® vy ® tk> = Z(pz(x ® thl) @ vy @ thT
i=1 i=1
K

D(u,r).(Zvi ®02®tk> —

=1

K K
= (u,k+ p) ( Z v @ vy ® tk”) + Z Vi ® (Z(ulrjEjl> V) ® T
=1 =1

Ly

Let Vi = @reaVig. Take @ Vig @ W ® t*, which is a 7-submodule of
Vi ® Wy ® A. One can prove that @kezn Vip@We® t* is irreducible 7 module.

Theorem 6.7. Let V be an irreducible integrable T module with finite dimen-
stonal weight spaces, with all K; acting trivially for 1 < i < n. Then we have

V= @kezn Vip @ W, ®tF.
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