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Abstract. We classify the irreducible integrable modules for the twisted toroidal extended
affine Lie algebras with finite dimensional weight spaces where the finite dimensional center acts
trivially. S. E. Rao, S. S. Sharma and P. Batra [Integrable modules for twisted toroidal extended affine
Lie algebras, J. Algebra 556 (2020) 1057–1072] have classified such modules for twisted toroidal
extended affine Lie algebras (with n ≥ 3), where the finite dimensional center acts nontrivially.
C. Fulin, L. Zhiqiang and S. Tan [Classification of integrable representations for toroidal extended
affine Lie algebras, J. Algebra 514 (2021) 1–37], classified such modules for non twisted toroidal
extended affine algebras only for two variables. Our results are valid for any n in case of twisted
toroidal extended affine Lie algebras with the finite dimensional center acting trivially. We prove
that the universal central extension part acts trivially on the modules and our modules turn out
to be the highest weight modules.
Mathematics Subject Classification: 17B67, 17B66.
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1. Introduction

The representation theory of infinite dimensional Lie algebras is an important topic
in both mathematics and physics. Extended affine Lie algebras (EALAs) form
a category of important Lie algebras consisting of finite dimensional simple Lie
algebras, affine Lie algebras and some other classes of Lie algebras. Twisted toroidal
extended affine Lie algebras are examples of EALA. The finite dimensional simple
Lie algebras are EALAs of rank 0 and affine Lie algebras are EALAs of rank 1 .
The structure theory of EALAs has been developed by several mathematicians like
Allison, Azam, Berman, Gao, Neher, Pianzola and Yoshii (see [1], [14], [20] and
references therein). With an extended affine Lie algebra, we associate a graded
ideal, the core. The cores of EALAs may have infinite dimensional centers. Hence
the representation theory of EALA is getting attention by several mathematicians.
Let g be a finite dimensional simple Lie algebra over C and An be the Laurent
polynomial ring in n ≥ 2 commuting variables t1, . . . , tn . Let L(g) = g ⊗ An

be a multi-loop algebra. Now L(g) ⊕ ΩAn/dAn carries a Lie algebra structure of
the the universal central extension of L(g) . This is called the toroidal Lie algebra
(TLA). Let Der(An) be the Lie algebra of derivations of An which acts naturally
on L(g)⊕ΩAn/dAn . So L(g)⊕ΩAn/dAn ⊕Der(An) is a Lie algebra called the full
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toroidal Lie algebra (FTLA). Neither TLA nor FTLA is an example of an EALA, as
none of them has a non-degenerate symmetric invariant bilinear form. So instead of
Der(An) , one takes Sn the Lie subalgebra of Der(An) , consisting of divergence zero
vector fields. The Lie algebra L(g) ⊕ ΩAn/dAn ⊕ Sn is called a toroidal extended
affine Lie algebra. It admits a non-degenerate symmetric bilinear form and hence is
an example of an EALA.
Here we consider more general EALAs. We take σ1, . . . , σn to be finite order com-
muting automorphisms of g and consider the multi-loop algebra ⊕k∈Zng(k̄) ⊗ tk .
The finite dimensional representations of multiloop algebras have been classified by
Lau in [11]. With some assumptions this multi-loop algebra is a Lie torus. Now
we consider the universal central extension of multi-loop algebra and add Sn , the
Lie algebra consisting of divergence zero vector fields on n dimensional torus. This
Lie algebra is called twisted toroidal extended affine Lie algebra. We denote it by
τ . In [19], Rao, Sharma and Batra classified irreducible integrable modules for τ
with finite dimensional weight spaces, where the zero degree central operators act
nontrivially. In [7] Fulin, Zhiqiang and Tan classified irreducible integrable modules
with finite dimensional weight space for n = 2 , both zero and non zero case. In this
paper we will classify irreducible integrable modules with finite dimensional weight
spaces for τ , where the zero degree central operators act trivially for any n ≥ 2 .
In [7], the authors considered the non twisted case only for two variables. We make
use of some important results from [3] and [8] in order to classify our modules.
The paper is organized as follows. In Section 2, we define the twisted toroidal
extended affine Lie algebra τ as above. This Lie algebra has a natural triangular
decomposition given by τ = τ−⊕τ 0⊕τ+ (see Section 3). In Section 3, we prove the
existence of an highest weight vector with respect to this triangular decomposition.
We show that the highest weight space is an irreducible module for τ 0 as well as it is
Γ-graded. In Section 4, we prove that if the zero degree center C-span{K1, . . . Kn}
acts trivially on V , then the whole central extension part Z = ΩAn(m)/dAn(m) acts
trivially on V . In Section 5, in order to classify the modules, we prove as an
important result Proposition 5.6(2) using a new method. In Section 6, we prove our
main theorem, Theorem 6.7 using a result of [3].

2. Notation and preliminaries
Throughout the paper we fix n ≥ 2 and let Cn denote the n-dimensional complex
vector space. Let ( , ) be the standard bilinear form of Cn . All vector spaces, Lie al-
gebras, tensor products are over the field of complex numbers C . For any Lie algebra
L , let U(L) be the universal enveloping algebra of L . Let An = C[t±1

1 , t±1
2 . . . , t±1

n ]
be the Laurent polynomial ring in n commuting variables t1, . . . , tn over C . Let
L(g) = g⊗ An be the corresponding multi-loop algebra, where g is a finite dimen-
sional simple Lie algebra over C with a Cartan subalgebra h . Let ΩAn be a vector
space spanned by the symbols tkKi, 1 ≤ i ≤ n, k ∈ Zn . Let dAn be the subspace of
ΩAn spanned by

∑n
i=1 kit

kKi . It is well known that L̃(g) = L(g)⊕ΩAn/dAn is the
universal central extension of L(g) with the following brackets:

[x(p), y(q)] = [x, y](p+ q) + (x|y)
n∑

i=1

pit
p+qKi,

where x(p) = x⊗ tp .
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The basis for the Lie algebra Der(An) is {di, trdi|1 ≤ i ≤ n, 0 6= r ∈ Zn}. Now
Der(An) acts on ΩAn/dAn by

tpda(t
qKb) = qat

p+qKb + δab

n∑
c=1

pct
p+qKc.

There are two non-trivial 2-cocyle of Der(An) with values in ΩAn/dAn :

ϕ1(t
pda, t

qdb) = −qapb
n∑

i=1

pit
p+qKi

ϕ2(t
pda, t

qdb) = −paqb
n∑

i=1

pit
p+qKi.

Let ϕ be any linear combination of ϕ1 and ϕ2 . Then τ = L(g)⊕ΩAn/dAn⊕Der(An)
is a Lie algebra with the following brackets and is called a full toroidal Lie algebra:

[tpda, X(q)] = qaX(p+ q),

[tpda, t
qKb] = qat

p+qKb + δab

n∑
i=1

pit
(p+q)Ki,

[tpda, t
qdb] = qat

p+qdb − pbt
p+qda + ϕ(tpda, t

qdb).

Now consider the Lie subalgebra of divergence zero vector fields Sn of Der(An) .
One can define

Sn = {D(u, r) =
∑

1≤i≤n uit
rti

d
dti

: (u|r) = 0, u ∈ Cn, r ∈ Zn} .

Let di = ti
d
dti

be the zero degree derivation for 1 ≤ i ≤ n . Now consider the
subalgebra τdiv = L(g) ⊕ ΩAn/dAn ⊕ Sn of τ . Note that when we restrict to Sn ,
the cocycle ϕ2 becomes trivial. Therefore any cocycle of Sn on ΩAn/dAn will
become a scalar multiple of ϕ1 . It is well known that unlike τ , τdiv possesses a non-
degenerate symmetric, invariant bilinear form and is called as toroidal extended
affine Lie algebra. The form on τdiv is defined as follows:

(X(r)|Y (s)) = δr,−s(X|Y ), ∀X,Y ∈ g, r, s ∈ Zn;

( n∑
i=1

ait
rdi|tsKd

)
= δr,−sad.

All other brackets of bilinear form are zero.
Now let g1 be any arbitrary finite dimensional simple Lie algebra over C with a
Cartan subalgebra h1 . Let ∆(g1, h1) = supp h1(g1) . Then

∆×
1 = ∆×(g1, h1) = ∆(g1, h1)− {0}

is an irreducible reduced finite root system with at most two root lengths. Define

∆×
1,en =

{
∆×

1 ∪ 2∆×
1,sh if ∆×

1 = Bl types
∆×

1 otherwise.
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Definition 2.1. A finite dimensional g1 -module V is said to satisfy condition (M) if
1. V is irreducible with dimension greater than 1.
2. The weights of V relative to h1 are contained in ∆×

1,en .

Now recall that g is a finite dimensional simple Lie algebra with a Cartan sub-
algebra h and let σ1, σ2, . . . , σn be the commuting automorphisms of g of or-
der m1,m2, . . . ,mn respectively. Let m = (m1,m2, . . . ,mn) ∈ Zn . Then define
Γ = m1Z ⊕ · · · ⊕ mnZ and Λ := Zn/Γ . Then we have g = ⊕k̄∈Λg(k̄) , where
g(k̄) = {X ∈ g|σi(X) = ζkii X, 1 ≤ i ≤ n} and ζi are mi -th primitive roots of unity
for i = 1, . . . , n .

Definition 2.2. A multiloop algebra ⊕k∈Zng(k̄)⊗ tk is called a Lie torus LT if
(1) g(0̄) is a finite dimensional simple Lie algebra.
(2) For k̄ 6= 0 and g(k̄) 6= 0 , g(k̄) ∼= U(k̄) ⊕ W (k̄) , where U(k̄) is trivial as

g(0̄)-module and either W (k̄) is zero or satisfy condition (M).
(3) The order of the group generated by σi, 1 ≤ i ≤ n is equal to the product of

the orders of each σi , for 1 ≤ i ≤ n .

Let h(0̄) denote a Cartan subalgebra of g(0̄) . Then by Lemma 3.1.3 of [13], h(0̄) is
ad-diagonalizable on g and 4× = 4×(g, h(0̄)) is an irreducible finite root system
in h(0̄) (Proposition 3.3.5,[13]).
Let 40 := 4(g(0̄), h(0̄)) . One of the main property of Lie torus is that 4 := 40,en

(Proposition 3.2.5,[1]). Let An(m) = C[t±m1
1 , . . . , t±mn

n ] and
Sn(m) = {D(u, r)|(u|r) = 0, u ∈ Cn, r ∈ Γ} .

Now take τ = LT ⊕ ΩAn(m)/dAn(m) ⊕ Sn(m) . Here ΩAn(m) be the vector space
spanned by tkKi, 1 ≤ i ≤ n, k ∈ Γ and dAn(m) be the subspace spanned by∑

1≤i≤n kit
kKi . One can easily check that if x ∈ g(k̄) , y ∈ g(l̄) with (x|y) 6= 0 ,

then k̄ + l̄ ∈ Γ . Therefore we can see that τ is a well defined Lie algebra called
twisted toroidal extended affine Lie algebra. The aim of this paper is to classify
the irreducible integrable modules of twisted toroidal EALAs where Ki ’s are acting
trivially ∀i ∈ {1, . . . , n} .

3. Existence of highest weight space
In this section we will give a root space decomposition of τ . Let

H = h(0̄)⊕
∑

1≤i≤n

CKi ⊕
∑

1≤i≤n

Cdi

be a Cartan subalgebra for the root space decomposition of τ . Define δi, wi ∈ H∗

for 1 ≤ i ≤ n by setting

δi(h(0̄)) = 0, δi(Kj) = 0 and δi(dj) = δij;

wi(h(0̄)) = 0, wi(Kj) = δij and wi(dj) = 0.

Take δβ =
∑

1≤i≤n βiδi for β ∈ Cn . For k ∈ Zn , we shall refer to the vector δk+γ as
the translate of δk by the vector δγ where γ ∈ Cn . Define

g(k̄, α) := {x ∈ g(k̄)|[h, x] = α(h)x,∀h ∈ h(0̄)} .
Then we have τ = ⊕β∈△τβ , where 4 ⊆ {α + δk|α ∈ 40,en, k ∈ Zn} .
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Here τα+δk = g(k̄, α)⊗ tk for α 6= 0,

τδk = g(k̄, 0)⊗ tk ⊕
n⊕

i=1

CtkKi ⊕
n⊕

i=1

Ctkdi

where 0 6= k ∈ Zn and τ0 = H .
In order to get a non-degenerate form on H∗ , we extend α ∈ h(0̄)∗ to H by defining
α(Ki) = α(di) = 0,∀ 1 ≤ i ≤ n . Then (h(0̄)|Ki) = 0 , (δk|δl) = (wi|wj) = 0 and
(δi|wj) = δij and form on h(0̄) is the restriction of the form of g . One can easily
check that this form is non-degenerate on H∗ . A root β = α + δk is called a real
root if α 6= 0 .
Let 4re denote the set of all real roots and β∨ = α∨ + 2

(α|α)
∑

1≤i≤n kiKi be the
co-root of β , where α∨ is the co-root of α ∈ 40,en (see 1.3 of [18]). For γ ∈ 4re ,
define rγ(λ) = λ − λ(γ∨)γ for λ ∈ H∗ . Let W be the Weyl group of τ generated
by rγ,∀γ ∈ 4re .

Definition 3.1. A τ -module V is called integrable if

(1) V =
⊕

λ∈H∗
Vλ , where Vλ = {v∈V |h.v = λ(h)v ∀ h∈H} and dim(Vλ) <∞

(2) All the real root vectors act locally nilpotently on V, i.e., g(k̄, α) ⊗ tk acts
locally nilpotently on V for all 0 6= α ∈ 40,en .

Let P (V ) = {λ ∈ H∗ : Vλ 6= 0} be the set of weights of V . Then we can see that
W acts on P (V ) .

Proposition 3.2. Let V be an irreducible integrable module for τ . Then

(1) P (V ) = {γ ∈ H∗|Vγ 6= 0} is W-invariant.

(2) dim(Vγ) = dim(Vwγ), ∀w ∈ W .

(3) If λ ∈ P (V ) and γ ∈ 4re , then λ(γ∨) ∈ Z.

(4) If λ ∈ P (V ) and γ ∈ 4re , and λ(γ∨) > 0, then λ− γ ∈ P (V ).

Proof. The proof of this Proposition follows as in Lemma (2.3) of [18].

Now we consider the natural triangular decomposition of τ

τ+ =
⊕

α>0,k∈Zn

g(k̄, α)⊗ tk, τ− =
⊕

α<0,k∈Zn

g(k̄, α)⊗ tk,

τ 0 =
⊕
k∈Zn

g(k̄, 0)⊗ tk ⊕ Z ⊕ Sn(m),

where Z = ΩAn(m)/dAn(m) .
We assume V to be an integrable module for τ . Let L̃T = LT

⊕
ΩAn/dAn

⊕
D ,

where D is the C linear span of di, 1 ≤ i ≤ n . Then L̃T will become a Lie
subalgebra of τ with the same Cartan subalgebra H . Therefore V will be an
integrable module for L̃T .
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Let us recall a result about integrable module for L̃T from [16], which will be used
in order to find highest weight vector for τ .

Lemma 3.3. (Lemma 3.6,[16]) Let V be an integrable L̃T -module . Then there
exists some λ ∈ P (V ) such that λ+η+ δk /∈ P (V ), for all η ∈ Q\{0} and k ∈ Zn ,
where Q denotes the non-negative root lattice of g(0̄).

Theorem 3.4. The highest weight space V+ = {v ∈ V |τ+.v = 0} is non-zero.

Proof. L̃T is a Lie subalgebra of τ. So an integrable module for τ with finite
dimensional weight spaces will be an integrable module for L̃T with finite dimen-
sional weight spaces. Now take λ ∈ P (V ) as in Lemma 3.3. Using Proposition 3.2,
it can be proved that λ|h(0̄) is a dominant integral weight of g(0̄) . Using Lemma
3.3, we can find µ ∈ P (V ) such that Vµ+α+δk = 0 , ∀ α ∈ 4+

0 , k ∈ Zn . Again using
Proposition 3.2, we will get Vµ+2α+δk = 0 , ∀ α ∈ 4+

0 , k ∈ Zn .

We can see that V+ is a τ 0 module.

Lemma 3.5. (1) V+ is irreducible module over τ 0 . (2) V = U(τ−)V+ .

Proof. Using PBW theorem and some weight arguments it is easy to see (1).
Using (1) and PBW theorem we get (2).

Lemma 3.6. (1) There exists unique λ̄ ∈ h(0̄)∗ and a β ∈ Cn , such that the
weights of V+ will be of the form λ̄+ δr+β where r ∈ Zn , here β need not be unique.
(2) λ̄ is a dominant integral.

Proof. (1) We can see that h(0̄) commutes with τ 0 . Now using Lemma 3.5, we
will get h(0̄) acts by scalars on V+ and hence it will act by a single linear functional
on V+ . Let us denote it by λ̄ . If D(u, r) ∈ Sn(m) , then D(u, r).Vµ ⊆ Vµ+δr for
µ ∈ P (V ) . Since [di, t

rKj] = rit
rKj for 1 ≤ i, j ≤ n , therefore trKj.Vµ ⊆ Vµ+δr for

µ ∈ P (V ) .
(2) The proof follows from Proposition 3.2.

If λ̄ = 0 in Lemma 3.6, then using Proposition 3.2, we can check that only possible
weights of V are δβ, β ∈ Cn (see Remark 3.7 of [17]). Now one can prove that
LT +ΩAn(m)/dAn(m) acts trivially on V . Then V will be an irreducible module for
Sn(m) with finite dimensional weight spaces with respect to the Cartan subalgebra
D = ⊕1≤i≤nCdi . It is still unknown about the irreducible modules for Sn(m) with
finite-dimensional weight spaces. So we will take λ̄ 6= 0 in Lemma 3.6.
Take λ ∈ P (V ) from Lemma 3.3. Then by our assumption there exists α ∈ 40

such that λ(hα) 6= 0 . Then using Lemma 3.5, we get

V+ =
⊕
r∈Zn

V+(r),

where V+(r) = {v ∈ V+|di.v = (λ(di) + ri)v, 1 ≤ i ≤ n} . So V+ is Zn -graded. Now
for r ∈ Γ , we define V ′(r) = ⊕

ri≤ki<mi+ri
V+(k) . Then V+ = ⊕

r∈Γ
V ′
+(r) is Γ-graded.
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4. Action of the central extension

In this section, we will prove that when Ki for 1 ≤ i ≤ n acts trivially on V , then
ΩAn(m)/dAn(m) acts trivially on V . In order to prove this let us fix some i, 1 ≤ i ≤ n
and consider the extended loop algebra g(0̄)⊗ C[t±mi

i ]⊕ Cdi . Let θ be the highest
root of g(0̄) , θ∨ be its co-root and W0 be the Weyl group of g(0̄) . Also assume
that Wi be the Weyl group of the loop algebra g(0̄) ⊗ C[t±mi

i ] ⊕ Cdi . We can see
that h.v = λ̄(h)v for all v ∈ V+ and h ∈ h(0̄) . Let

rλ = minh∈Z(W0θ∨){λ(h) : λ(h) > 0} ∈ N .

Define Vλ̄ = {v ∈ V+ | di.v = βiv, 1 ≤ i ≤ n} . Therefore from 2.4 of [5], we have
the following Lemma.

Lemma 4.1. For all si ∈ Z, there exists wi ∈ Wi such that wi(λ̄+siδi) = λ̄+s̄iδi ,
where 0 ≤ s̄i < rλ̄ .

Now we consider the Lie algebra τdiv = g(0̄)⊗An(m)⊕ΩAn(m)/dAn(m)⊕Sn(m) . Let
W be the Weyl group of τdiv , then Wi ⊆ W for 1 ≤ i ≤ n .

Lemma 4.2. (Corollary 3.5, [19]) Let δr =
∑

1≤i≤n riδi , where r = (r1, ..., rn)∈Zn.
Let ri = ki + simi , where 0 ≤ ki < mi . Then there exists w ∈ W such that
w(λ̄+ δr) = λ̄+ δk +

∑
1≤i≤n s̄imiδi , where 0 ≤ s̄i < rλ .

Let M = {V+(r) | ri = ki + simi, 0 ≤ ki � mi, 0 ≤ si � rλ, 1 ≤ i ≤ n} .
Consider M ′ =

⊕
V+(r) ∈ M V+(r) , therefore M ′ is a finite dimensional vector sub-

space of V+ . Now we consider the toroidal Lie subalgebra of τ ,

L = g(0̄)⊗ An(m)⊕ ΩAn(m)/dAn(m) ⊕D ,

where D = span{di | 1 ≤ i ≤ n} . Let us assume L± = L ∩ τ± and L0 = L ∩ τ 0 ,
therefore L = L− ⊕ L0 ⊕ L+ is a triangular decomposition of L . Using Lemma 4.1
and Lemma 4.2 we can prove the following proposition.

Proposition 4.3. The weight spaces of V+ are uniformly bounded.

Proposition 4.4. Any strictly decreasing sequence of L submodule of V inter-
secting V+ non trivially has finite length.

Proof. Let V1 ) V2 be two L-submodules of V such that Vi ∩ V+ 6= 0 for
i = 1, 2 . Then we know that there exist subspaces W1, W2 of M ′ such that
Vi = U(L)Wi ∀ i = 1, 2 . Put W ′

i = U(L0)Wi, W̃i = W ′
i ∩M ′ ∀ i = 1, 2 . Since we

assume that V1 ) V2 , therefore W ′
1 ⊇ W ′

2 . This will imply W̃1 ⊇ W̃2 .
Now it is easy to see that U(L0)Wi = U(L0)W̃i for i = 1, 2 . Therefore by PBW
theorem U(L)Wi = U(L)W̃i for i = 1, 2 . In order to prove the proposition, it is
enough to prove that W̃2 ( W̃1 . If not, then we have W̃2 = W̃1 . This will give us
U(L)W2 = U(L)W1 . But this implies V2 = V1 , a contradiction.
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Proposition 4.5. ([18], Proposition 4.13) Let W be an irreducible integrable
module for L with finite dimensional weight spaces, where all Ki acts trivially on
W , then ΩAn(m)/dAn(m) acts trivially on W .

Proposition 4.6. ΩAn(m)/dAn(m) acts trivially on V .

Proof. Using Proposition 4.4, we take a minimal L -submodule of V which
intersects V+ non trivially, assume W . Now W need not be an irreducible module
for L , but every proper submodule of W intersects V+ trivially. Therefore sum of
all proper L-submodule of W is again proper and intersect V + trivially and it will
be maximal. Let W̄ be the quotient module of W by this maximal submodule.
Therefore it will be irreducible L-module where W ∩V+ goes injectively. Therefore
by Proposition 4.5, ΩAn(m)/dAn(m) acts trivially on W ∩V+ . It is easy to check that
S = {v ∈ V |trKi.v = 0, 1 ≤ i ≤ n} is a non-zero τ -submodule of V . Hence we are
done by irreducibility of V .

5. Action of hα ⊗ tk on highest weight space

Lemma 5.1. Let h⊗ tk ∈ τ 0 , where k ∈ Γ \ {0} and h ∈ h(0̄). If there exists a
nonzero vector of V+ on which h⊗ tk acts trivially, then h⊗ tk is locally nilpotent
on V+ .

Proof. Consider the set S = {v ∈ V+| there is a n ∈ N s.t. (h ⊗ tk)n.v = 0} .
By assumption clearly this set is nonzero. We know that h ⊗ tk commutes with⊕

k∈Zn g(k̄, 0)⊗ tk . So (
⊕

k∈Zn g(k̄, 0)⊗ tk)S ⊆ S . Now using the equation

(h⊗ tk)n.D(u, r) = D(u, r).(h⊗ tk)n − n(u.k)(h⊗ tk)n−1.h⊗ tk+r

we can prove that Sn(m).S ⊆ S . Therefore S is a nonzero τ 0 -submodule of V+ .
Hence by irreducibility of V+ , we can say that S = V+ . Hence we have the result.

Now we can not proceed as [10], since we don’t have the full derivation space here.
In this paper we give new proof of the following two Lemmas (Lemma 5.2, Lemma
5.3).

Lemma 5.2. Let h ⊗ tk acts locally nilpotently on V+ , for every k ∈ Γ \ {0},
where h ∈ h(0̄). Then h⊗ tk acts trivially on V+ , for every k ∈ Γ \ {0}.

Proof. Let p ∈ Γ\{0} . Then by Proposition 4.3, we will get (h⊗t−p.h⊗tp)N = 0 .
Therefore (h ⊗ t−p)N .(h ⊗ tp)N = 0 (Since h ⊗ ta and h ⊗ tb commutes for any
a, b ∈ Γ).
Let r1 ∈ Γ \ {0} be such that r1 /∈ Q.p . Then there exists u ∈ Cn such that
(u, p) 6= 0 and (u, r1) = 0 . Therefore we have the following equation:

D(u, r1).(h⊗ t−p)N .(h⊗ tp)N = 0.

This equation gives us

N(u, p)h⊗ tr1+p.(h⊗ t−p)N .(h⊗ tp)N−1

−N(u, p)h⊗ tr1−p.(h⊗ t−p)N−1.(h⊗ tp)N−1 = 0.
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Now applying h⊗ tp to the above equation we get

h⊗ tr1−p.(h⊗ t−p)N−1.(h⊗ tp)N+1 = 0.

Using induction on j , we want to prove

h⊗ tr1−p. . . . .h⊗ trj−p.(h⊗ t−p)N−j.(h⊗ tp)N+j = 0,

where 1 ≤ j ≤ N and r1, . . . , rj ∈ Γ with
∑j

i=1 ϵiri /∈ Q.p and ϵi ∈ {0, 1} .
For j = 1 , we have proved this already. Now assume the result holds for 1 ≤ j < N .
Let r ∈ Γ with r +

∑j
i=1 ϵiri /∈ Q.p . So we can find u ∈ Cn such that (u, p) 6= 0

and (u, r) = 0 . Therefore we have

D(u, r).h⊗ tr1−p. . . . .h⊗ trj−p.(h⊗ t−p)N−j.(h⊗ tp)N+j = 0.

From this equation we get

(N + j)(u, p)h⊗ tr1−p. . . . .h⊗ trj−p.h⊗ tr+p.(h⊗ t−p)N−j.(h⊗ tp)N+j−1

− (N − j)(u, p)h⊗ tr1−p. . . . .h⊗ trj−p.h⊗ tr−p.(h⊗ t−p)N−j−1.(h⊗ tp)N+j = 0.

Applying h⊗ tp , we have

h⊗ tr1−p. . . . .h⊗ trj−p.h⊗ tr−p.(h⊗ t−p)N−j.(h⊗ tp)N+j = 0.

Now taking j = N implies h⊗ tr1−p. . . . .h⊗ trN−p.(h⊗ tp)2N = 0 .
From this equation, using induction again, we can prove

h⊗ tr1−p. . . . .h⊗ trN+j−p.(h⊗ tp)2N−j = 0,

for all 0 ≤ j ≤ 2N with
∑N+j

i=1 ϵiri /∈ Q.p and ϵi ∈ {0, 1} .
In this case instead of taking D(u, r) we take D(u, r − 2p) , it is easy to find such
u ∈ Cn . Hence we will have

h⊗ tr1−p. . . . .h⊗ tr3N−p = 0,

with all ri ∈ Γ and
∑3N

i=1 ϵiri /∈ Q.p .
Let s1, . . . s3N ∈ Γ \ {0} be arbitrary. Take p ∈ Γ \ ∪ϵi∈{0,1}Q.(

∑3N
i=1 ϵisi) . Now

taking ri = si + p in the above equation we obtain

h⊗ ts1 . . . h⊗ ts3N = 0. (1)

Take W = {v ∈ V+|h ⊗ tp.v = 0,∀p ∈ Γ \ {0}} . By equation (1), W is nonzero.
We can easily check that W is a τ 0 -submodule of V+ . Hence by the irreducibility
of V+ , we have the Lemma.

Lemma 5.3. h⊗ tk acts injectively or trivially on V+ , for all k ∈ Γ \ {0} .

Proof. Let h⊗ tp acts injectively on V+ , for some p ∈ Γ \ {0} .
Claim 1. For any q ∈ Γ \ Q.p , if h ⊗ tq acts locally nilpotently, then it will act
nilpotently.
Assume h ⊗ tq acts locally nilpotently. Since dim(V+(r)) ≤ N for all r ∈ Γ , we
have (h⊗ t−q)N .(h⊗ tq)N = 0 .
Suppose there exists 1 ≤ k ≤ N and Nk such that (h⊗ t−q)k.(h⊗ tq)Nk = 0 .
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We assume q /∈ Q.p . So there exists u ∈ Cn such that (u, p+ q) = 0 and (u, q) 6= 0 .
Now applying D(u, p+ q) , to the above equation we obtain

Nk(u, q)h⊗ tp+2q.(h⊗ t−q)k(h⊗ tq)Nk−1− k(u, q)h⊗ tp.(h⊗ t−q)k−1.(h⊗ tq)Nk = 0.

Now applying h⊗ tq , we have h⊗ tp.(h⊗ t−q)k−1.(h⊗ tq)Nk+1 = 0 . Since h⊗ tp acts
injectively on V+ , so (h ⊗ t−q)k−1.(h ⊗ tq)Nk+1 = 0 . Now repeating the process we
can find N0 ∈ N such that (h⊗ tq)N0 = 0 .

Claim 2. If q ∈ Γ \ {0} ∩Q.p , then h⊗ tq acts injectively on V+ .
First we will prove that h⊗ t

a
b
p acts injectively, if a ∈ Z− , b ∈ Z+ .

If for some such a, b ∈ Z , h ⊗ t
a
b
p is not acting injectively then by Lemma 5.1,

it will act locally nilpotently. Therefore (h ⊗ tp)−a.(h ⊗ t
a
b
p)b acts nilpotently

on each homogeneous spaces. Hence (h ⊗ tp)−aN .(h ⊗ t
a
b
p)bN = 0 . Therefore

(h ⊗ t
a
b
p)bN = 0 , since h ⊗ tp acts injectively on V+ . Assume N0 ∈ N be smallest

such that (h ⊗ t
a
b
p)N0 = 0 . Let q ∈ Γ \ Q.p , then we can find u ∈ Cn such that,

(u, q − a
b
p) = 0 and (u, p) 6= 0 . Now take

0 = D(u, q − a

b
p).(h⊗ t

a
b
p)N0 = N0(u,

a

b
p)(h⊗ t

a
b
p)N0−1.h⊗ tq.V+.

From the minimality of N0 , we can say from the above equation and Lemma 5.1,
that h⊗ tq acts locally nilpotently. Therefore by claim (1), h⊗ tq acts nilpotently
on V+ . Choose N ′ be the smallest such that (h ⊗ tq)N

′
= 0 . Choose u ∈ Cn such

that (u, p− q) = 0 and (u, q) 6= 0 . Then

0 = D(u, p− q)(h⊗ tq)N
′
= N ′(u, q)(h⊗ tq)N

′−1.h⊗ tp.

Now by the minimality of N ′ , we see that h⊗ tp is not acting injectively, which is
a contradiction. So our claim (2) is true for a ∈ Z−, b ∈ Z+ . Now let both a, b are
positive and h⊗tab p do not act injectively. We know by above h⊗t−ap acts injectively.
By our assumption h⊗ t−ap.(h⊗ t

a
b
p)b acts nilpotently on each homogeneous space.

Now repeating the same process as above we will get the contradiction, h⊗ tp not
acting injectively on V+ . So our claim (2) is true. We are now going to prove that
h ⊗ tq acts injectively for all q ∈ Γ \ {0} . We already proved it for q ∈ Q.p . Let
q /∈ Q.p and h ⊗ tq does not act injectively on V+ . Therefore by Lemma 5.1 and
claim(1), we can say that h⊗ tq acts nilpotently on V+ . Using the minimal power
of h ⊗ tq , for which it acts trivially, we will arrive at h ⊗ tp not acting injectively
on V+ , a contradiction to our assumption. Hence using Lemma 5.1 and Lemma 5.2,
we have the Lemma.

Now we have chosen α ∈ 40 such that λ̄(hα) 6= 0 . Now if there is a k ∈ Γ\{0} such
that hα ⊗ tk is not injective on V+ , then by Lemma 5.3, we can say that hα ⊗ tm

acts trivially on V+ for all m ∈ Γ \ {0} . Then using [6] (see also [19]), we can say
that hα acts trivially on V+ , which is a contradiction to our assumption.
We know V+ = ⊕r∈ΓV+(r) . Let {v0, . . . , vk} be a basis of V+(0) . Therefore by above
discussion, {hα ⊗ tp.v0, . . . , hα ⊗ tp.vk} will be a basis of V+(p) for all p ∈ Γ . Now
assume, hα⊗tp.hα⊗tq.(v1, . . . , vk) = hα⊗tp+q.(v1, . . . , vk)Ap,q , where Ap,q ∈Mk(C) .
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Since {hα ⊗ tp| p ∈ Γ} is a commuting family, we can easily see that {Ap,q|p, q ∈ Γ}
is a commuting family. Therefore we can find an invertible matrix S ∈Mk(C) such
that {Bp,q = S−1Ap,qS|p, q ∈ Γ} is an upper triangular family.
Set (w1, . . . , wk) = (v1, . . . , vk).S , then we have

hα ⊗ tp.hα ⊗ tq.(w1, . . . , wk) = hα ⊗ tp+q.(w1, . . . , wk)Bp,q.

So without loss of generality we can assume that Ap,q is upper triangular for all
p, q ∈ Γ .

Lemma 5.4. Let p, q ∈ Γ, then there exists λp,q and v0 ∈ V+(0) such that
(hα ⊗ tp.hα ⊗ tq − λp,qhα ⊗ tp+q)v0 = Tp,qv0 = 0.

Proof. Since for λ ∈ C ,

(hα ⊗ tp.hα ⊗ tq − λhα ⊗ tp+q).(v1, . . . vk) = hα ⊗ tp+q.(v1, . . . , vk)(Ap,q − λ.Ik).

Now the Lemma follows from the fact Ap,q has eigenvalues.

Lemma 5.5. For p, q ∈ Γ, λ ∈ C, if there exists v ∈ V+(0) \ {0} such that
Tλ.v = 0, then Tλ acts locally nilpotently on V+ .

Proof. The proof will be same as Lemma 5.1.
Now using Lemma 5.4 and Lemma 5.5, we can say that for every p, q ∈ Γ , Ap,q has
exactly one eigenvalue (say, λp,q ).

Proposition 5.6. (1) hα ⊗ tk acts injectively on V+ for every k ∈ Γ.
(2) hα ⊗ tr.hα ⊗ ts = λr,shα ⊗ tr+s on V+ , where λr,s = λ for all r 6= 0,

s 6= 0, r + s 6= 0, λr,−r = µ for all r 6= 0 and λ0,r = λ̄(hα) for all r ∈ Γ.
Further we have µλ0,r = λ2 6= 0.

(3) dim(V ′
+(r)) = dim(V ′

+(s)) for all r, s ∈ Γ.

Proof. (1) is a direct consequence of above discussion. (3) also follows from (1).
Now we prove (2). Set V0 =

∑k−1
i=0 Cvi , where v0 = 0 . Since Ap,q is an upper triangu-

lar, we have Tp,q.vl ∈
∑l−1

i=0 hα⊗tp+q.vi . We can easily see that Tp,q.V+(−p−q) ⊆ V0 .
Now for any p, q, r ∈ Γ , with u ∈ Cn such that (u, r) = 0 , we define

Sr
p,q = (u, p)hα ⊗ tp+r.hα ⊗ tq + (u, q)hα ⊗ tp.hα ⊗ tq+r − λp,q(u, p+ q)hα ⊗ tp+q+r.

Therefore

hα ⊗ t−(p+q+r).Sr
p,q.vk

= λ−(p+q+r),p+q+r((u, p)λp+r,q + (u, q)λp,q+r − (u, p+ q)λp,q).vk + w′,

where w′ ∈ V0 . One can also check that hα ⊗ t−(p+q+r).Sr
p,q.V0 ⊆ V0 . Now we can

see that [D(u, r), Tp,q] = Sr
p,q . Given any p, q, r ∈ Γ , and u ∈ Cn with (u, r) = 0

we have

0 = (hα ⊗ t−(p+q+r))k.(D(u, r))k.(Tp,q)
k.vk = Tp,q.w + k!(hα ⊗ t−(p+q+r))k.(Sr

p,q)
k.vk,

where w ∈ V+(−p− q) .
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From the above equation, we obtain

(u, p)λp+r,q + (u, q)λp,q+r − (u, p+ q)λp,q = 0, (2)

for any p, q, r ∈ Γ . Take W = {v ∈ V+|Tp,q.v = 0} , then v1 ∈ W . Hence using the
above equation we can check that W is a nonzero τ 0 -submodule of V+ , therefore by
irreducibility of V+ , W = V+ . Now taking p = jq , with j ∈ Q\{0,−1} in equation
(2) , we get

j(u, q)λjq+r,q + (u, q)λjq,q+r − (j + 1)(u, q)λp,q = 0.

Taking, r ∈ Γ \Q.q , we can see that

jλjq+r,q + λjq,q+r − (j + 1)λq,q = 0.

Putting j = 1 , we have λq,q+r = λq,q and hence λjq+r,q = λjq,q+r = λq+r,q+r = λq,q
for all r ∈ Γ \Q.q . Therefore λp,q = λq,q(= λ , say), if p 6= 0 , q 6= 0 , p+ q 6= 0 .
Taking r = −p− q with p∈Γ \Q.q in equation (2), we get λp,−p = λq,−q (= µ , say)
and hence for every p, q ∈ Γ . It is easy to see that λr,0 = λ̄(hα) .
Let us assume p, q∈Γ be such that p 6= 0 , q 6= 0 , p + q 6= 0 , then for any v∈V+ ,
we have
(hα⊗ tp.hα⊗ t−p).(hα⊗ tq.hα⊗ t−q).v = (µ)2.(λ̄(hα))

2v = λp,qλ−p,−qλp+q,−p−qλ̄(hα).v.
hence we have the identity of (2).

6. Classification of modules

Now recall that our Lie algebra reduces to τ = LT ⊕ Sn(m) with
τ 0 = ⊕k∈Zng(k̄, 0)⊗ tk ⊕ Sn(m) .

Take g′ = {x ∈ g|[h, x] = 0, ∀ h ∈ h(0̄)} . Now since g′ is invariant under σi ’s,
therefore g′ is Λ graded. It is easy to see that L(g′, σ) = LT 0 . Let us take

S ′
n(m) = span{D(u, r)−D(u, 0) |u∈Cn, r ∈ Γ, (u.r) = 0} .

We can easily check that S ′
n(m) is a Lie subalgebra of Sn(m) . Furthermore let us

set L = S ′
n(m)n L(g′, σ) and W = span{hα ⊗ tr.v − v|r ∈ Γ, v ∈ V+} . We can see

that W is a L-module.

Lemma 6.1. (1) W is a proper L-submodule of V+ .
(2) Ṽ = V+/W is a finite dimensional L-module.

Proof. The proof is parallel to Lemma 7.2 of [17]. Let zi = hα ⊗ tmi for each
i = 1, . . . , n . Without loss of generality we can assume that λr,s = 1 for r 6= 0 ,
s 6= 0 , r+s 6= 0 . Therefore we can say that W = span{zi.v−v|v ∈ V+, 1 ≤ i ≤ n} .
Now the proof will be same as in [17]

Let β ∈ Cn be as in Lemma 3.6. Then for any L module V ′ we can give a τ 0

module structure on L(V ′) by

x⊗ tk.(v1 ⊗ ts) = ((x⊗ tk).v1)⊗ tk+s.

D(u, r).(v1 ⊗ ts) = ((D(u, r)−D(u, 0)).v1)⊗ tr+s + (u, s+ β)(v1 ⊗ tr+s)

for all v1 ∈ V ′, x ∈ g(k̄, 0) and D(u, r) ∈ Sn(m) .
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For v ∈ V+ , let v̄ be the image of v in Ṽ . Now define

ϕ : V+ → L(Ṽ ) by v 7→ v̄ ⊗ tk for v ∈ V+(k).

This map is clearly a nonzero τ 0 -module homomorphism. Hence by irreducibility
of V+ , it follows that V+ ∼= ϕ(V+) is a τ 0 submodule of L(Ṽ ) .
Clearly L is naturally Λ graded. Now since V+ and W is Zn graded, therefore
they are naturally Λ graded and so is Ṽ . Therefore Ṽ = ⊕p̄∈ΛṼ (p̄) .
Now for p̄ ∈ Λ , we set

L(Ṽ )(p̄) = {v ⊗ tk+r+p|v ∈ Ṽ (k̄), r ∈ Γ, k ∈ Zn}

It can be easily verified that L(Ṽ )(p̄) is a τ 0 submodule of L(Ṽ ) . The following
result can be deduced similarly as in [2].

Proposition 6.2. (1) V+ ∼= L(Ṽ )(0̄) as τ 0 -modules.
(2) Ṽ is Λ -graded-irreducible module over L.
(3) Ṽ is completely reducible module over L and all its irreducible components are
mutually isomorphic as S ′

n(m)n h(0̄)⊗ A(m)-modules.

Now we will concentrate on irreducible representation of L . Let (W,π) be a finite
dimensional representation of L . Let π(L(g′, σ)) = g1 , then π(L) = g1 ⊕ g2 , where
g2 is the unique complement of g1 in gl(W ) (Proposition 19.1(b) of [9] ). So W
will be an irreducible module for g1 ⊕ g2 . Therefore W ∼= W1 ⊗W2 , where W1 and
W2 are irreducible modules for g1 and g2 respectively (see [12] ). Let g′ = g′ss ⊕R ,
where g′ and R are Levi and radical part of g′ . Then as σi(g′) = g′ and σi(R) = R
for 1 ≤ i ≤ n , we have L(g′, σ) = L(g′ss, σ)⊕L(R, σ) . Now W1 is irreducible module
for L(g′, σ) . As R is solvable ideal, it follows that π(L(R, σ)) lies in the center of
π(L) , which is at most one dimensional, hence L(R, σ) acts as a scalar on W . So
W1 will be a irreducible module for L(g′ss, σ) .
Fix a positive integer l . For each i , let ai = (ai,1, . . . , ai,l) such that ami

i,j 6= ami
i,t for

j 6= t (*). Let g be a finite dimensional semisimple Lie algebra. Let σ1, . . . σn be
finite order automorphisms on g of order m1, . . .mn respectively. Let L(g, σ) be
the corresponding multiloop algebra. Let I = {(i1, i2, . . . , in)|1 ≤ ij ≤ l} . Now for
S = (i1, i2, . . . , in) ∈ I and r = (r1, r2, . . . rn) ∈ Zn , arS = ar11,i1a

r2
2,i2

· · · arnn,in . Now
consider the evaluation map

ϕ : g⊗ A→
⊕

g (ln copies), ϕ(X ⊗ tr) = (arI1X, a
r
I2
X, . . . , arIlnX),

where I1, I2, · · · Iln is some order on I . Now consider the restriction of ϕ to L(g, σ) .

Theorem 6.3. (see [15]) Let W ′ be a finite dimensional irreducible representation
of L(g, σ). Then the representation factors through

⊕
g (ln copies).

Proposition 6.4. Let W1 be an irreducible module for L(g′ss, σ) as above. Then
the representation of L(g′ss, σ) factors through only one copy of

⊕
g′ss . So g1ss

∼= g′ss .

Proof. We know by Theorem 6.3, that the representation factors through ln

copies, for some positive integer l . We will prove here that l = 1 . The proof
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is similar to that of [19]. Choose the i-th piece of g′ss and choose the projection
of the map π , say πi onto it. Doing the same calculation as in [19], we will get
πi(S

′
n(m)) = 0 and arIi = 1 for all r ∈ Γ . Now suppose there are at least two pieces,

say i-th and j -th piece. Therefore Ii and Ij are two different elements of I with
arIi = 1 = arIj for all r ∈ Γ . Let Ii = (i1, i2, . . . , in) and Ij = (j1, j2, . . . jn) . Therefore
there is k with 1 ≤ k ≤ n such that ik 6= jk . Now if we take r = (0, . . . ,mk, . . . , 0),
then arIi = 1 = arIj will give amk

k,ik
= amk

k,jk
, a contradiction to (*). So there is at most

one piece.
Now we know that πi(S ′

n(m)) = 0 , therefore g2 ⊆ π(S ′
n(m)) . Now our aim is to

understand finite dimensional irreducible modules for S ′
n(m) . There is a relation

between finite dimensional S ′
n modules and SnnA-modules with finite dimensional

weight spaces.

Theorem 6.5. (see [3]) Suppose W is a finite dimensional irreducible sln -module
(extend W to gln by letting I acting trivially). Let α, β ∈ Cn . Take L(W ) = W⊗A
and the action D(u, r)(w⊗ tk) = (u.k+β)w⊗ tk+r +

∑
i,j uirjEjiw⊗ tk+r , for r 6= 0

and D(u, 0)(w⊗ tk) = (u.α+k)w⊗ tk and tr(w⊗ tk) = w⊗ tk+r . And all irreducible
representations of Sn n A with finite dimensional weight spaces occur in this way.

Theorem 6.6. Let W be finite dimensional irreducible module for sln and extend
it trivially as before. Let Eij be generators of gln . Then W can be made into S ′

n -
module by the action:

(D(u, r)−D(u, 0)).w =
∑
i,j

uirjEjiw + (u|ζ)w,

where ζ ∈ Cn . In this case W will be irreducible module for S ′
n . Every irreducible

finite dimensional S ′
n module occur in this way.

Proof. See Theorem 4.5 of [19] and discussion thereafter.

We proved in Proposition 6.2 that Ṽ is completely reducible L module. Therefore
assume Ṽ = ⊕K

i=1Ṽi for some K ∈ N . Then by the previous discussion each
Ṽi ∼= W i

1⊗W i
2 as g′ss⊕sln -module, where W i

1 , W i
2 are irreducible module for g′ss and

sln respectively. Since each component Ṽi is isomorphic as S ′
n(m)n (h(0̄)⊗A(m))-

module, we can take W i
2
∼= W 1

2 (= W2 ,say) as sln -module for each i ∈ {1, . . . , K} .
Now consider W1 =

∑K
i=1W

i
1 , which is a L(g′ss, σ)-module, in particular a g′ss -

module. Since each W i
1 is irreducible, without loss of generality we can assume that

the above sum is direct. It is easy to see that L is Λ-graded with zero-th component
S ′
n(m) n (h(0̄) ⊗ A(m)) and since Ṽ is Λ graded irreducible module (Proposition

6.2), we can take W1 as Λ-graded irreducible L(g′ss, σ) module and W2 will be zero
graded as S ′

n(m) lies inside the zero-th graded component of L .
We now define a τ 0 -module structure on W1 ⊗W2 ⊗ An by

X ⊗ tk(w1 ⊗ w2 ⊗ tl) = Xw1 ⊗ w2 ⊗ tk+l, for k, l ∈ Zn and X ∈ g′ss(k̄).

D(u, r)(w1 ⊗ w2 ⊗ tk) = (u.k + β)w1 ⊗ w2 ⊗ tk+r + w1 ⊗
((∑

i,j

)
uirjEjiw2

)
⊗ tk+r

for r 6= 0 and D(u, r) ∈ Sn(m) .

D(u, 0)(w1 ⊗ w2 ⊗ tk) = (u.k + α)w1 ⊗ w2 ⊗ tk.
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Now take any one dimensional representation of L(R, σ) say ψ . Then for y ∈ R(k̄)
we take y⊗ tk(w1⊗w2⊗ tl) = ψ(y)(w1⊗w2⊗ tk+l) . Since W1 is Λ graded which is
compatible with Λ-gradation of g′ss , so the submodule V ′ =

⊕
k∈Zn W1,k ⊗W2 ⊗ tk

will be irreducible module for τ 0 . One can easily check that L(Ṽ )(0̄) ∼= V ′ as
τ 0 -module.
Now as in [17], consider the triangular decomposition of LT given by

LT = τ− ⊕ L(g′ss, σ)⊕ L(R, σ)⊕ τ+.

Let V1 be the unique Λ-graded irreducible quotient of the induced module for W1

and let (V i
1 , ρi) denote the irreducible quotient of the induced representation of W i

1 ,
for each 1 ≤ i ≤ K . Now by [17], we can say that V1 = ⊕K

i=1V
i
1 is Λ-graded

irreducible module for LT .
Define a τ -module structure on V1 ⊗W2 ⊗ A by

(x⊗ tl).
( K∑

i=1

vi1 ⊗ v2 ⊗ tk
)
=

K∑
i=1

(ρi(x⊗ tl)vi1)⊗ v2 ⊗ tk+l,

D(u, r).
( K∑

i=1

vi1 ⊗ v2 ⊗ tk
)
=

= (u, k + β)
( K∑

i=1

vi1 ⊗ v2 ⊗ tk+r
)
+

K∑
i=1

vi1 ⊗
(∑

l,j

(ulrjEjl

)
.v2)⊗ tk+r.

Let V1 = ⊕k̄∈ΛV1,k̄ . Take
⊕

k∈Zn V1,k̄ ⊗ W2 ⊗ tk , which is a τ -submodule of
V1 ⊗W2 ⊗ A . One can prove that

⊕
k∈Zn V1,k̄ ⊗W2 ⊗ tk is irreducible τ module.

Theorem 6.7. Let V be an irreducible integrable τ module with finite dimen-
sional weight spaces, with all Ki acting trivially for 1 ≤ i ≤ n. Then we have
V ∼=

⊕
k∈Zn V1,k̄ ⊗W2 ⊗ tk .
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