Journal of Lie Theory
Volume 33 (2023) 783-798
© 2023 Heldermann Verlag

Extending Structures for Lie Bialgebras
Yanyong Hong

Communicated by A. Fialowski

Abstract. Let (g,[-,-],04) be a fixed Lie bialgebra and V' be a vector space. In this paper, we
introduce the notion of a unified bi-product of (g, [, ], d4) by V and give a theoretical answer to the
extending structures problem, i.e. how to classify all Lie bialgebraic structures on £ = g& V such
that (g,[-,],d4) is a Lie sub-bialgebra up to an isomorphism of Lie bialgebras whose restriction
on g is the identity map. Moreover, several special unified bi-products are also introduced. In
particular, the unified bi-products when dimV =1 are investigated in detail.
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1. Introduction

Lie bialgebras were first introduced by Drinfel’d in [7] as the algebraic struc-
tures underlying quantized enveloping algebras (quantum groups). A Lie bialgebra
(g,[-,:],0q) is a Lie algebra (g, [-,+]) with a Lie co-bracket d; : g — g ® g satisfying
some compatibility conditions. Since the Lie algebra of a Poisson-Lie group is a
Lie bialgebra, the theory of Lie bialgebra is also closely related with the theory of
Poisson-Lie group. Moreover, Lie bialgebras and Poisson-Lie groups have applica-
tions in the theory of Poisson-Lie T'-dual sigma models (see [12, 13]). Therefore, the
classification of Lie bialgebras is important in the theories of quantum groups and
Poisson Lie groups. In the aspect of classifications, there have been many works. For
example, many interesting examples of Lie bialgebras based on complex semisimple
Lie algebras were presented by Drinfel’d in [7], Lie bialgebras of low dimensions
over different fields were classified in [3, 9, 10, 11, 18, 20, 21] respectively, and Lie
bialgebras on infinite-dimensional Lie algebras such as Witt algebra and Virasoro
algebra were classified in [17, 19] and so on. These works are based on the same
idea which is to classify all Lie bialgebraic structures on a given Lie algebra.

Another method to construct Lie bialgebraic structures is through extensions of a Lie
bialgebra by another Lie bialgebra. Such extensions were investigated in [4, 5, 8, 15]
and so on. In this paper, we investigate a more general problem as follows.

Extending structures problem: Let (g,[-,],d;) be a Lie bialgebra and E a
vector space containing g as a subspace. Describe and classify all Lie bialgebraic
structures on E such that (g, [, ],0q) is a Lie sub-bialgebra of (£, [-,-],dr) up to
an isomorphism of Lie bialgebras whose restriction on g is the identity map.
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Similar problems for Hopf algebras and Lie algebras were also investigated in [2]
and [1] respectively. It is a natural and important problem from the point of view
of algebraic theory, i.e. how to obtain a ‘big’ Lie bialgebra from a given ‘small’ Lie
bialgebra. Motivated by the theory of extending structures for Lie algebras in [2],
we first introduce a definition of unified co-product for Lie coalgebras. By means of
unified co-product, we show that any Lie coalgebra structure on E such that (g, dy)
is a Lie sub-coalgebra is isomorphic to a unified co-product of (g,dy) by V' which is a
complement of g in E. Then an object HC;(V, g) is constructed to classify extending
structures for Lie coalgebras. Note that a Lie bialgebra is both a Lie algebra and
a Lie coalgebra. With the theories of extending structures for Lie algebras and Lie
coalgebras, a unified bi-product for Lie bialgebras is naturally presented and we also
construct an object HBIE(V, g) to give a characterization of extending structures for
Lie bialgebras. Moreover, several special unified bi-products for Lie bialgebras are
also introduced. In addition, we investigate the unified bi-products when dimV =1
in detail. It is shown that HBIE(V, g) can be computed in this case.

This paper is organized as follows. In Section 2, we recall some preliminaries about
Lie bialgebras and unified product for Lie algebras. In Section 3, we introduce a
definition of unified co-product for Lie coalgebras and construct an object HC;(V, g)
to characterize extending structures for Lie coalgebras. In Section 4, a general theory
of extending structures for Lie bialgebras is given. Section 5 is devoted to introducing
some special unified bi-products for Lie bialgebras, such as crossed bi-product and
double cross sum. Finally, in Section 6, the unified bi-products when dimV =1 are
investigated in detail and an example to compute HBIE(V, g) is presented.

Throughout this paper, k is a field with characteristic 0 and C is the field of
complex numbers. Set k* = k\{0}. All vector spaces, Lie algebras, Lie coalgebras,
Lie bialgebras, linear or bilinear maps are over k. [ usually represents the identity
map.

2. Preliminaries on Lie bialgebras

In this section, we recall some definitions about Lie bialgebras and some facts about
unified product for Lie algebras. Recall that a Lie algebra g is a vector space
endowed with a linear map [-,-] : g ® g — g satisfying, for all a,b,c € g,

[a,a] =0, and |a,[b,c]] =][a,b],c]+ [b,[a,c]] (Jacobi identity).

Let g be a Lie algebra. A right g-module is a vector space V together with a linear
map <:V ®g — V satisfying

r<dla,b =(r<a)<b—(r<b)<a, xe€V,a,beg.

A Lie coalgebra [16] is a vector space g equipped with a linear map d;: g - g® g
satisfying

0y = —T0g, and (I ® 0q)0q — T12(I ® 0g)dy = (0 ® )0y (co-Jacobi identity)
where 7:g®g —>g®g, T2:gRIRPg— g® g® g are the twistings defined by
T(a®b) =b®a, ma®@bRc)=b®a®c, a,b, cEg.
We denote it by (g, d,).
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A Lie bialgebra [6] is a triple (g, [, ], dy) such that (g, [, ]) is a Lie algebra, (g, dy)
is a Lie coalgebra, and they satisfy the cocycle condition

a.64(b) — b.64(a) = 0q4([a,b]), Va,be g, (1)

where a.04(b) = >_([a, bw)] @ bez) + by ® [a, b)), if 0(b) = 32 by ® b

A homomorphism of Lie bialgebras ¢ : (g1,[],04) — (82,[-,],0q,) is both a
homomorphism of Lie algebras and a homomorphism of Lie coalgebras, i.e. for
all a, be a1,

p(la,b]) = [p(a), p(D)], dg,(p(a)) = (¢ © ¢)dy, (a).

In order to investigate extending structures problem for Lie bialgebras, we introduce
the following definition.

Definition 2.1.  Let (g,[,],d,) be a Lie bialgebra, E a vector space contai-
ning g. Let (E,{-,-},6r) and (E,{-,-},05) (resp. (E,dg) and (E,d)) be two
Lie bialgebras (resp. Lie coalgebras) containing (g, [-,],d,) (resp. (g,d,)) as a Lie
sub-bialgebra (resp. Lie sub-coalgebra). If there is an isomorphism of Lie bialgebras
¢o: (B, {-,-},05) = (E,{,-},0) (resp. Lie coalgebras ¢ : (E,dg) — (E,§y)) whose
restriction on g is the identity map, then we call (E,{-,-},0g) and (E,{-,-},dp)
(resp. (E,6g) and (E, 63)) equivalent and denote it by (E, {-,-},0g) = (E,{-,-},05)
(resp. (E,05) = (E,05)). n

Obviously, = is an equivalence relation on the set of all Lie bialgebraic (resp. Lie
coalgebraic) structures on E containing (g, [-,],d,) (resp. (g,0,)) as a Lie sub-
bialgebra (resp. Lie sub-coalgebra). We use BExtd(E,g) (resp. CExtd(E,g)) to
denote the set of all equivalence classes via =. Therefore, for answering the extend-
ing structures problem for Lie bialgebras, we only need to characterize BEztd(E, g).
Since a Lie bialgebra is both a Lie algebra and a Lie coalgebra, we need to know the
theory of extending structures for Lie algebras and investigate C Extd(E,g).

Finally, we recall some facts about extending structures for Lie algebras developed
in [2].

Definition 2.2. Let g be a Lie algebra and V a vector space. An extending
datum of g by V is a system Q(g,V) = (<,>, f,{-,-}) consisting of four bilinear
maps

1:Vxg—-V, >:Vxg—og f:VxVog {,}:VxV-oW

Let Q(g,V) be an extending datum of g by V. Denote by giggv)V = gfV the
vector space £ = g @ V' with the bilinear map [-,-] : £ x E — E given by

[a+z,b+y]:=[a,b]+ax>b—y>a+ f(z,y)+x<b—y<a+ {x,y}, (2)

for all a, b € g, x, y € V. If gfV is a Lie algebra with the Lie bracket given by
(2), then gV is called the unified product of g and Q(g, V), and Q(g, V) is called
a Lie extending structure of g by V. [ |

It was proved in Theorem 2.2 in [2] that (g,V') is a Lie extending structure of g
by V if and only if the following compatibility conditions hold for all ¢g,h € g and
r,y,z € V:
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LE1) f(r,0) =0, {r,2} =0,
LE2
E3) x> [g,h] =[x > g,h|+[g,x>h|+(z<g)>h—(x<h)>g,

)
) (V,<) is a right g-module,
)
E4) {z,y} <g={r,y<g} +{z gy} +r<(y>g)—y<(z>g),
)
)
)

N e

(
(
(
(
(LES) {z.y}>g=a>(y>g)—y>(x>g)+[g f(z.y)|+ f(z,y<9) + f(x<g,y),
(LE6) f(z{y, 2+ f(y {2z 2})+f(2{x,y})+a> fy, 2)+y> (2, 2)+20 f(2,y) =0,
(LE?) Az {y, 2} +H{y. {z, 2} +{z {z, y} }+2 <[y, 2) +y< f(z, ) +2 < f (2, y) = 0.

3. Unified co-products for Lie coalgebras

In this section, we introduce a definition of unified co-product associated with a Lie
coalgebra (g, d,) and a vector space V. Using this definition, we construct an object
HCE(V, g) to describe and classify all Lie coalgebraic structures on the vector space
E = g& V such that (g,d,) is a Lie sub-coalgebra of E up to an isomorphism of
Lie coalgebras whose restriction on g is the identity map.

Definition 3.1. Let (g,d,) be a Lie coalgebra and V' a vector space. An extending
datum of (g,0q4) by V is a system Q°(g,dq, V) = (Ag, Ay, dy) with three linear maps

Ag: V=gV, Ay:Vogg ohw:VoVeV

Suppose that €2°(g,dy, V) is an extending datum of (g,d;) by V. Denote by
8l0c(g.5,,)V = g1°V the vector space E' = g®V with the linear map g : £ — FQF
given by

dpla+z) =d04(a) + Ag(z) — TAp(x) + Ay(x) + oy (), acg zeV. (3)

If gh°V is a Lie coalgebra with the Lie co-bracket given by (3), then gg°V is called
the wunified co-product of (g,dy) and Q°(g,dq, V), and Q°(g,dy, V) is called a Lie
coalgebraic extending structure of (g,d,) by V. Denote the set of all Lie coalgebraic
extending structures of (g,d,) by V by LC(g, V). [

Theorem 3.2.  Let (g,d,) be a Lie coalgebra, V' a vector space and Q°(g,dq, V)
be an extending datum of (g,94) by V. Then gi°V is a unified co-product if and
only if the following compatibility conditions hold for all x € V :

(CLE1l) Ay(z)=—-7Avy(z), ov(z)=—7oy(x),

(CLE2) (I ®@ Ay)Ag(z)+ (I @ 05)Av(z) —m12(I @ Ay)Ap(x) — 112(1 @ 64) Ay ()
= —(Ay @ )TAg(x) + (0, @ ) Ay (x),

(CLE3) (I ® Ap)Ag(x) —m2(I @ Ap)Ag(x) = (0, @ [)Ap(z) + (Ay ® I)dy (),
Proof. By (3), it is easy to see that dg(z) = —7dg(x) holds if and only if (CLEI)

holds. Then we only need to prove that co-Jacobi identity for dg holds for all z € V
if and only if (CLE2)-(CLE5) hold when (CLEL1) is satisfied.
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According to (3), (I ® 0g)dg(x) — T12(I ® 0p)dp(x) = (0 ® I)ip(x) for all x € V' if
and only if
(I ® Ap)Ap(x) — (I @ TAR)Ap(z) + (I @ Ay)Ap(x) + (I @ éy)Ap(z)
— (I ®6)TAR(z) + (I ® 0g) Ay (z) + (I @ Ap)ov(z) — (I @ TAR)dv(z)
+ (I ®@ Ay)dv(z) + (I ® dv)dy(x) — m2(I ® Ap)Ap(r) + 12(I @ TAR)Ap()
—T12(I @ Ay)Ap(x)—T12(I ® 0y ) Ap(x)+T12(I ® dg)TAE(x) —T12(I ® dg) Ay ()
—112(I @ Ag)dy () +712(I @ TAR)0v (2) —T12(1 @ Av)oy(2) — T12(I & 0y )dv (2)
= (0, @ NAg(z) = (Ap @ I)TAR(x) + (TAg @ I)TAR(x) — (Ay ® I)TAg(x)
— (0y @ D)TAg(z) + (0, @ DAy (z) + (Ap @ I)oy(x) — (TAp @ I)dy ()
+ (Ay ®@ 1oy (2) + (bv ® I)dy (z).

+(
+(

Since different terms in the equality above may be in different vector spaces, we put
all terms in the same vector space together. Then it is easy to see that co-Jacobi
identity holds if and only if (CLE2)-(CLES5) hold by (CLEL). ]

Remark 3.3.  Note that (V,dy) is a Lie coalgebra by (CLE1) and (CLE5).

Obviously, gh°V" is a Lie coalgebra containing (g, d,) as a Lie sub-coalgebra. Next,
we show that any Lie coalgebraic structure on E containing (g,d,) as a Lie sub-
coalgebra is isomorphic to such a unified co-product.

Theorem 3.4.  Let (g,d,) be a Lie coalgebra and E a vector space containing g
as a subspace. Suppose that there is a Lie coalgebraic structure (E,d0g) on E such
that (g,04) is a Lie sub-coalgebra of E. Then there exists a Lie coalgebraic extending
structure Q°(g, 04, V') of (g,64) by V such that (E,§) = gi°V whose restriction on
g 1s the identity map.

Proof.  Suppose that the natural projection from F to g is m and V = ker(m).
Denote the natural projection from E to V' by my. We define the following extending
datum of (g,d,) by V as follows:

AV V- g ®g, Av(ZE) = (7'('1 ®7T1>6E<J]>,
oy :V=VaV, idy(z)=(m®mr)ie(x),
Ap:V =gV, Ag(r)=(m ®m)is(z),

for all x € V. Then it is easy to show that Q°(g,d4,V) = (Ag,Ay,dy) is a Lie
coalgebraic extending structure and ¢ : E — gV given by ¢(a) = m(a) + m(a)
for all a € E is a Lie coalgebra isomorphism. [ |

Lemma 3.5.  Let Q(g,6,V) = (Ag, Ay, d0y) and Q' (g,0,V) = (A, AL, 6,) be
two Lie coalgebraic extending structures of (g,04) by V and gV, ghCIV be the
corresponding unified co-products. Then there exists a bijection between the set of
all homomorphisms of Lie coalgebras ¢ : gg¢V — gbClV whose restriction on g s
the identity map and the set of pairs (p,q), where p:V — g and q:V — V are
two linear maps satisfying, for all x € V',
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0,(p(2))+ Ay (a(x)) = (I @ P)Ap(x) = (p © )TAR(@)+(p ® p)dy () +Av (z), (4)

Aplg(r)) = (I © ¢)Ap(z) + (p @ q)dv(2), ()

3y (q(x)) = (¢ @ q)dv (). (6)
The bijection from the homomorphism of Lie coalgebras ¢ = ¢, ,: g1V — ghc/V to

(p,q) is given by p(a+x) = a+ p(x) + q(z) for all a € g and x € V. Moreover,
© = Qpq ts an isomorphism if and only if ¢ : V — V' is a linear isomorphism.

Proof. Let ¢ be a Lie coalgebra homomorphism from gV to ghc/V whose
restriction on g is the identity map. Obviously, ¢ is determined by two linear maps
p:V = gand ¢:V — V such that p(a +2) = a+ p(z) +q(z) for all a € g
and z € V. Therefore, we only need to show that ¢ is a homomorphism of Lie
coalgebras if and only if (4)-(6) hold. Note that dpp(a) = (¢ ® ¢)dg(a) for all
a € g. Then we consider that §,p(z) = (¢ ® ¢)dg(z) for all z € V.

/

Op(p(z)) = 0p(p(z) +q(x))
| = §y(p(2)) + Ap(a(x)) — TAR(a(x)) + Ay (g(2)) + by (a(x)).
(p@p)op(r) = (p@¢)(Ap(@) = TAp(T) + Av(z) + dv(2))
= (I@p)Apr)+ T ®qAp(r) - (p© NTAp(r) = (@ I)TAR(T)
+I @ DAy (z) + ((p+9) © (p+ ))dv (2).
Then one can directly obtain that &5 (¢(7)) = (¢ ® p)dp(z) for all z € V if and

only if (4)-(6) hold. By the definition of ¢ = ¢, ,, it is easy to see that ¢ = ¢, is
an isomorphism if and only if ¢: V' — V is a linear isomorphism. |

Remark 3.6. By (6), ¢: (V,0y) — (V,dy) is a homomorphism of Lie coalgebras.

Definition 3.7.  Let (g,04) be a Lie coalgebra and V' a vector space. Two Lie
coalgebraic extending structures Q°(g,dy,V) = (Ag, Ay, dy) and Qc/(g,ég,V) =
(A%, AL, 0y) of (g,0,) by V are called equivalent, if there exists a pair (p,q) of
linear maps, where p : V — g and q € Auty(V) such that (A%, Ay, ) can be
obtained from (Ag, Ay,dy) by (p,q) as follows:

oy (2) = (4@ q)ov (¢~ (x)), (7)
Ap(r) = (1 ® ¢)As(q () + (p® @)dv (¢ (), (8)
Ay(z) = (I @ p)Ap(g () — (0@ DTAB(g ! (2))

+p @ p)dv(g(2) + Av(g™ (x)) = &(p(a~" (2))), (9)

’

for all x € V. We denote it by (g, 4, V) = Q° (g, 04, V).

Theorem 3.8.  Let (g,04) be a Lie coalgebra, E a vector space containing g as
a subspace and V' be a g-complement in E. Denote ’HC;(V, g) :=LC(g,V)/ =.

Then the map HCE(V, g) = CExtd(E,g), Qg,6,V)— (ga°V,0r) (10)

is bijective, where (g,0q, V) is the equivalence class of (g, 5y, V) under =.
Proof. It can be directly obtained by Theorem 3.4 and Lemma 3.5. |
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4. Unified bi-products for Lie bialgebras

In this section, we present a general theory of extending structures of Lie bialgebras
using those results in the context of Lie algebras and Lie coalgebras.

Definition 4.1.  Let (g, [-,+], ;) be a Lie bialgebra and V' a vector space. An ez-
tendmg datum of (gv ['7 ']7 69) by Visa system Qbi(ga V) = (<]7 >, f7 {'7 '}7 AE; AV; 5V)
consisting of four bilinear maps and three linear maps

9:Vxg—=V, p:Vxg—og [f:VxVog {,}:VxV=>V
AEV—>Q®V, AVV—>g®g, oy :V—=>VeV

Suppose that Q%(g,V) is an extending datum of (g,[-,],d,) by V. Denote by
ghmi(gy)V:gbbiV the vector space E=g®V with the bilinear map [-,-]: EXE — FE
given by (2) and the linear map 0z : E — E ® E given by (3). If gh®V is a Lie
bialgebra with the Lie bracket given by (2) and the Lie co-bracket given by (3), then
gn”V is called the unified bi-product of (g,[-,],d,) and Q¥(g,V), and Q¥(g,V) is
called a Lie bialgebraic extending structure of (g, [-,-],d4) by V. We denote the set
of Lie bialgebraic extending structure of (g, [-,-],d4) by V by LBZ(g,V). n

Theorem 4.2.  Let (g,[-,"],d,) be a Lie bialgebra, V a vector space and Q% (g, V)
be an extending datum of (g,[-,-],05) by V. Then gi"V is a unified bi-product if
and only if the following compatibility conditions hold:

(BE1) (<, f,{:,-}) is a Lie extending structure of g by V', and (Ag, Ay, dy)
is a Lie coalgebraic extending structure of (g,d4) by V;

(BE2) —Ay(x<a)—dg(z>a)=(1—1RI1)I® R.(a))Ag(z) + a.Ay(z)
—(Lp(r)@ T +1® LD(x))(Sg(a);

(BE3) Ag(r<a)=(—ad(a)®I+1® Ri(a))Ag(x)
+(Bx(a) @ 1oy (x) + (I ® Lo(2))dy(a),

(BE4) dy(r<a)= (I ® Rq(a)+ Ro(a) ® I)ov(z),

(BES)  dq(f(2,9)) + Av({z,y}) = U@ —7)(I @ f(z,))Ap(y)
H(Lo(2) @I+ 1@ Le(2)Av(y) = (T @ T =7)(I @ f(y,)Ap(z)
—(Le(y) @ 1 + 1@ Le(y))Av(z),

(BE6) Ap({z,y}) = (Lo (2) @ I+ 1@ {x,-})An(y) + (I @ La(x))Av(y)
+(f (2, ) @ 1oy (y) = (Le(y) © I + 1 @{y,-})Ap(z)
—(I® La(y)Av(z) = (f(y,)) @ Dov(z),

(BET) dv({z,y}) = ([ © 1 —7)(La(z) © Ap(y) + ({2, } © [ + T @ {x,-})dv(y)
~(I @1 =7)(Laly) @ DAp(x) — {y, -} @ T+ T @ {y, })ov(z),

forall aeg and z,y€V, where L.(z)a=Ry.(a)r=x>a, Lo(x)a=R (a)r=z<a
and ad(a)b = [a,b] for all b€ g.

Proof. By the definitions of unified product for Lie algebras and unified coprod-
uct for Lie coalgebras, (F,[-,-]) is a Lie algebra if and only if (<,>, f,{-,-}) is a
Lie extending structure of g by V', and (F,dg) is a Lie coalgebra if and only if
(Ag, Ay, 0y) is a Lie coalgebraic extending structure of (g,dy) by V.
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We only need to consider that dg([a+x,b+y]) = (a+x).0g(b+y) — (b+y).0p(a+x)
for all a, b € g, and z, y € V. Obviously, dg([a,b]) = a.d0g(b) — b.0g(a) holds
for all a, b € g. By skew-symmetry of Lie brackets, it is enough to prove that
dp(la,x]) = a.0p(z) — x.0p(a) and 0p([z,y]) = .0p(y) — y.0(x) for all a € g, and
x,y €V if and only if (BE2)-(BE7) hold. Since
dp(la,z]) = —dp(z>a+x<a)
= —O(x>a)—Ag(r<a)+7Ag(r<a) — Ay(z <a) —dy(z <a),

and

a.0p(z) — x.0p(a)

=(ad(a) @ I — I ® Rx(a) — I ® Rq(a))Agp(r) — (—Rx(a) ® I — Ro(a) ®
+I ® ad(a))TAg(x) + a.Ay(z) — (I @ Ro(a) + I ® Ro(a) + Ro(a) @ I
+Rq(a) @ 1oy (x) — (Le(2) @ I + La(x) @ I + I ® Lp(x) + 1 @ Lo(x))dg(a),

it is easy to get that 0g([a,z]) = a.dp(x) — x.0g(a) for all a € g and = € V if and
only if (BE2)—(BE4) hold. Similarly, by

op(z,y]) = de(f(z,y) +{z,y})
- = O(f(z,9) + Ap({z,y}) — TAs({z,y}) + Av({z,y}) + dv({z, y}),
x.0p(y) — y.0pd(z)

= z.(Ap(y) = TAEp(Y) + Av(y) + ov(y)) — y.(Ap(z) — TAp(z) + Av(z) + dv(2))
= ((La(x) + Le(x)) @ T + I ® f(z,-) + I ® {z, })Ap(y)

— (I ® (La(z ) + Lo (2) + fz, ) @ T +{z,-} © [)TAp(y)

+ (La(®) + Lo (2)) @ I + 1 © (La(z) + L (2))) Ay (y)
+ (f(z, )®1+{ff JRI+1@ f(z,) +1®{x,-})ov(y)
= (Lay) + Lo @) @ T+ 1@ fy,-) + T @ {y, })Ap(z)
(
—
—

+

I®(La(y) + Le(y) + fly,) @ T +{y, -} ® [)TAp(x)
(L<1( )+L>( ))®]—|—]®(L<,( )"‘Lb(y)))AV(fE)
[y, )@l +{y, } I +1® f(y,) +1®{y,-})ov(z),

it is easy to see that dg([z,y]) = 2.0g(y) — y.0g(z) for all z, y € V if and only if
(BE5)-(BET) hold. "

Note that gi*’V is a Lie bialgebra containing (g,[-,],d,) as a Lie sub-bialgebra.
Next, we show that any Lie bialgebraic structure on E containing (g, [-,-],d,) as a
Lie sub-bialgebra is isomorphic to such a unified bi-product.

Theorem 4.3.  Let (g, [, ], dq) be a Lie bialgebra and E a vector space containing
g as a subspace. Suppose that there is a Lie bialgebraic structure (E,|-,-],0r) on E
such that (g, [-,],0q) is a Lie sub-bialgebra of E. Then there exists a Lie bialgebraic
extending structure Q% (g, V) = (<,>, f,{-, -}, Ag, Ay, dv) of (g,[],85) by V such
that (E,[-,"],0p) = gt”V as Lie bialgebras.

Proof.  Follows directly from Theorem 3.4 and Theorem 2.4 in [2]. ]
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Lemma 4.4. Let
Qbi(ga V) = (<]7 >, fv {'7 '}a AE) AV) 6V>a Qbi/(97 V) = (<]/7 l>/7 fla {'a '}/7 A/Ea A/Va 5{/)

be two Lie bialgebraic extending structures of (g, [+, ], 0,) by V and gi*V, gbbi/V be
the corresponding unified bi-products. Then there exists a bijection between the set
of all homomorphisms of Lie bialgebras ¢ : gi”V — gh®V whose restriction on g
is the identity map and the set of pairs (p,q), where p:V — g and q:V —V are
two linear maps satisfying (4)—(6), and

¢(z) < a = q(z <a),

p(r <a) =[p(x),a] —x>a+q(x) > a,

q({z,y}) = {a(z),q)} +a(x) < p(y) — q(y) < p(=),

p({z,y}) = [p(x), p(y)] + q(z) > p(y) — a(y) > p(x) + [ (a9(x), q(y)) — f(z,y)

forallaeg and x, ye V.

The bijection from the homomorphism of Lie bialgebras ¢ = ¢, , : gh"V — ghb"/V
o (p,q) is given by p(a+2z) =a+p(x)+q(x) forall a € g and v € V. Moreover,
© = Qpq ts an isomorphism if and only if ¢ : V — V' is a linear isomorphism.

Proof. Since a homomorphism of Lie bialgebras is a homomorphism of Lie al-
gebras and also a homomorphism of Lie coalgebras, it can be directly obtained by
Lemma 3.5 and Lemma 2.5 in [2]. ]

Definition 4.5.  Let (g,[,],d;) be a Lie bialgebra and V' a vector space. Two
Lie bialgebraic extending structures Q%(g,V) = (<,>, f,{-, -}, Ap, Ay, dy) and
Qbi/(g,V) (< Y AR Ay, 6y) of (g, [+ +],8,) by V are called equivalent,
if there exists a pair (p, q) of linear maps, where p: V' — g and ¢ € Auty(V) such
that (A}, Ay, dy) can be obtained from (Ag, Ay, dy) by (p,q) as (7)-(9) and

r<da = q(¢(z)<a), (11)
r>'a = plg'(x)<Qa)+q (@) >a—[p(g " (x)), ], (12)
fy) = fla'@),q ' @)+pa (@), »H—Ipla (), plg )]
—p(g (=) <p(g™' () — ¢ (=) > p(g (v))
+p(q (y) < plg™ (@) + ¢ ' (y) > plg (x)), (13)
{z,y} = g (@), W} —alg(x) <p(¢™'(¥) (14)
+q(q ' (y) < plg ' (x))) (15)

forall a € g and z, y € V. We denote Q¥ (g, V) = Q¥ (g, V).

Theorem 4.6.  Let (g,[-,+],9y) be a Lie bialgebra, E a vector space containing g
as a subspace and V' be a complement of g in E.

Define HBL(V,g) := LBL(g,V)/ =. Then the map

HBLY(V,9) — BExtd(E,g), (g, V) = (g4"'V, 0p) (16)
is bijective, where QV(g, V) is the equivalence class of QY (g, V) under =.
Proof. It can be directly obtained by Theorem 4.3 and Lemma 4.4. [ |
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5. Special unified bi-products

In this section, we will present several special cases of unified bi-products for Lie
bialgebras.

5.1. Crossed bi-products of Lie bialgebras

Let Q¥(g,V) = (<, f,{,-},Ag, Ay,dy) be an extending datum of (g, [, ], d,)
by V with < trivial. Denote this datum by Q%(g,V) = (>, f,{-,}, Ag, Ay, dy).
Then in this case, Q"(g, V) is a Lie bialgebraic extending structure of (g, [-,],d,) by
V ifand only if (V,{-, -}, dv) is a Lie bialgebra, f(z,z) =0, (LE6), (CLE1)-(CLE5),
(BE5) and

x> [a,b] = [z > a,b] + [a,z > b], (17)
{zytpa=a> (y>a) —y> (z>a) + [a, fz,9)], (18)
—dg(x>a)=(T—1R1)(I® R.(a)Ap(z) + a.Ay(z)

—(Lp(2) @ I + I ® Le(x))dg(a), (19)

0= —(ad(a) ® I)Ag(z) + (R.(a) ® 1)y (x), (20)
Ap({z,y}) = (Le(x) @ I + T @ {z,-})Ap(y) + (f(z,) © I)dv(y)

— (Lo(y) @ I + T @{y, })As(z) = (fy,-) @ 1oy (), (21)

for all a, b € g and x, y € V. Denote the corresponding unified bi-product gh®V
by gOAE AvY/ which is called the crossed bi-product of the Lie bialgebras (g,[,],9g)

and (V,{:,-},0v). Note that g(}AE AVV/ is a Lie bialgebra with the following Lie
bracket and Lie co-bracket

[a+z,b+y]=[a,b]+x>b—y>a+ f(x,y)+{z,y}, (22)
et o) = 5y(a) + Au(e) — AR + Av(e) + ov(@), ()

for all a, b € g, x, y € V. In this case, (g, [-,'],69) is a Lie sub-bialgebra of
gO A‘/V and g is an ideal of the Lie algebra g<>‘>§c V.

Proposition 5.1.  Let (g, [-,-],04) be a Lie bialgebra, E a vector space containing
g as a subspace. Then any Lie bialgebraic structure on E that contains (g, [, ], d)
as a Lie sub-bialgebra and (g,[-,-]) as an ideal of the Lie algebra E is isomorphic

to a crossed biproduct of Lie bialgebras gOAE Avy,

Proof. It can be directly obtained by Theorem 4.3. |

In particular, when f and Ay are trivial, we denote g<> BAVY by gO2FV simply.

Then g2V is a Lie bialgebra with the following Lie bracket and Lie co-bracket
as follows

[a+z,b+y]=[a,b]+z>b—y>a+ {z,y},
dpla+x) =d4(a) + Ap(x) —TAg(x) +ov(z), a, beg, =z, yev,

if and only if (V,{-,-},dy) is a Lie bialgebra, (g,r>) is a left V-module, and
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x> |a,b] = [z > a,b] + [a,z > b], (24)
{r,y}>a=z>(y>a)—y> (x> a), (25)
(I ® Ap)Ag(x) — 112(I ® Ap)Ap(x) = (6, ® I)Ap(x), (26)
(I ®@6y)Ap(x) —12(I @ Ap)dy(x) = (Ap @ I)dy(x), (27)
dg(z>a)=—(T—1® 1) ® R.(a))Ap(x)+ (Lo () ® I+ ® L. (2))dg(a),  (28)

— (ad(a) @ IAg(x) + (Rx(a) ® I)oy(z) =0, (29)
Ap({z,y})=(Lo(2) @ I+1 @ {x, })Ap(y) — (Lo (y) @ I+ @ {y,-})Ap(z), (30)

forall z, y €V and a € g. g(}éEV is call the left-right bicrossed sum Lie bialgebra
(see Proposition 8.3.5 in [14]).

5.2. Double cross sum of Lie bialgebras

Let Q%(g,V) = (<,>, f,{", -}, Ag, Ay, dv) be an extending datum of (g, [+, ], d,) by
V with f, Ap and Ay trivial. Denote this datum by Q% (g, V) = (<, >, {-,-}, dv).
Then in this case, Q%(g,V) is a Lie bialgebraic extending structure of (g, [-,], ;)
by V if and only if (V,{-,-},dy) is a Lie bialgebra, (g,>>) is a left V-module, (V, <)
is a right g-module, (LE3), (LE4), (BE4) and

{r,2y}>pa=z>(y>a)—y> (z>a), (31)
dg(x>a) = (Lo(z) @1+ 1® L.(x))d4(a), (32)
(Be(a) ® 1oy (2) + (I © La(x))dg(z) = 0, (33)

for all @ € g and x, y € V. Denote the corresponding unified bi-product gi”V by
g% V', which is called the double cross sum of the Lie bialgebras (g, [-, ], dg) and
(V,{-.-},0v) (see Proposition 8.3.4 in [14]). Note that gQ% _V is a Lie bialgebra
with the following Lie bracket and Lie co-bracket

a+2,b+y]=[a,b]+zD>Db—y>at+r<b—y<a+ {z,y}, (34)
dpla+x) = d4(a) + ov(z), (35)

for all a, b € g, z, y € V. In this case, (g,[-,],dy) and (V,{-,-},0y) are two Lie
sub-bialgebras of gO% V.

Proposition 5.2.  Let (g,[-,"],0;) and (V.{-,-},dv) be two Lie bialgebras, E a
vector space containing g and V as subspaces. Then any Lie bialgebra structure on
E =g®V as a vector space that contains (g, [-,-],94) and (V,{-,-},dv) as two Lie
sub-bialgebras is isomorphic to a double cross sum of Lie bialgebras gO’Z’DV.

Proof. It can be directly obtained by Theorem 4.3 and Lemma 4.4. |

6. Unified bi-products when V is of dimension one

In this section, we investigate the unified bi-product associated with (g, [-, ], d4) and
a one-dimensional vector space V' in detail.
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Definition 6.1.  Let (g,[-,-],04) be a Lie bialgebra. A flag datum of (g, -, ], dq)
is a 4-tuple (o, D, A, B), where A€ g, B=) Bu®Bp €gAg, a:g—k and
D : g — g are two linear maps satisfying the following identities

a([a,b]) =0, 6(A)=0, [a,A]= Za(a@))a(l), (36)
D(la, b)) = [D(a), b] + [a, D(b)] + a(a) D(b) — a(b)D(a), (37)
(AR B—112(A® B)+B® A) + (I ® §g—T12(I ® 64)— (0, ® 1)) B = 0, (38)
D(a)® A— A® D(a)+ a(a)B+a.B

+04(D(a)) = Y Dlaw) @ aw) — ) aq) ® D(aw) =0, (39)
for all a, b € g, where d5(a) = " aq) ® ag). ]

Denote the set of all flag datums of (g, [-, -], dy) by FLB(g, ). In particular, denote
the set of all flag datums of the form (0, D,0,B) by TFLB(g,d,), where D is a

derivation of g.

Proposition 6.2.  Let (g,[,],d;) be a Lie bialgebra and V = kx be a one-
dimensional vector space. Then there is a bijection between the set LBZ(g,V') of all
Lie bialgebraic structures of (g, [, -],d4) by V and FLB(g, ).

Proof. Let Q%(g,V) = (<,>, f,{-,"}, Ag, Ay, dy) be a Lie bialgebraic extending
structure. By (LE1) and (CLE1), f, {-,-} and dy are trivial. According to that V'
is a vector space with a basis {z}, we can set

r<da=ala)r, z>a=D(a), Ap(x)=A®z, Ay(z)=DB,

where A€ g, BeEg®g, a:g— kand D : g — g are two linear maps. Since
Ay(x) = —=TAy(x), B € g A g. Then it is easy to check that (BE1)-(BE7) hold if
and only if (36)—(39) are satisfied. ]

Definition 6.3. Two flag datums (a, D, A, B) and (o', D', A", B') € FLB(g, ;)
are called equivalent if o = o, A" = A and there exist some element U € g and
B € k* such that

D(a) = [U,a] + 8D (a) — a(a)U, (40)
B=6U)+BB +U®A-AU. (41)

Denote it by (a,D,A,B) = (o', D', A", B'). Similarly, if (40) (resp. (41)) holds,
then we denote it by D = D" (resp. B=B').

Theorem 6.4.  Let (g,[-,-],0,) be a Lie bialgebra of codimension one in a vector
space E, and V' a complement of g in E. Then we have

BExtd(E, g) = HBI(V,g) = FLB(g,5,)/ =.

Proof. Set V = kx. Since in Lemma 4.4, p : V — g is a linear map and
g : V — V is a linear isomorphism, we can set p(x) = u € g and ¢(x) = Pz
for some [ € k*. Then this theorem follows from Lemma 4.4, Theorem 4.6 and
Proposition 6.2. [ |
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Remark 6.5. Let (o, D', A, B') € FLB(g,5,). By Lemma 4.4 and Theorem 6.4,
(o, D, A, B) also belongs to FLB(g,d,) where D and B are obtained from D" and
B’ by (40) and (41).

Corollary 6.6.  Let (g,[-,-],d,) be a Lie bialgebra of codimension one in a vector
space E, and V' a complement of g in E. Suppose that [g,9] = ¢ and Z(g) = 0.
Then BExtd(E,g) = TFLB(g,8,)/ =, where (0,D,0,B) = (0,D",0,B") if and
only if there exist some element U € g and 5 € k* such that

D(a) = [U,a] + BD'(a), (42)
B =06,(U)+ BB, (43)
Proof. Since [g,g] =g and Z(g) =0, we get « =0 and A =0 by (36). Then
it can be directly obtained by Theorem 6.4. [ |
Corollary 6.7.  Let (g,[-,-],d,) be a Lie bialgebra of codimension one in a vector

space E, and V a complement of g in E. Suppose that [g,9] = g, Z(g) = 0,
Der(g) = Inn(g) and N*(g)* =0. Then BEztd(E,g) =0.

Proof. By Corollary 6.6, & = 0 and A = 0. Since Der(g) = Inn(g), we can
set D(a) = [b,a] for some b € g. Then taking them into (39), we can get a.B =0
for all a € g. According to A%(g)? = 0, one can get B = 0. Therefore, this result
follows by Corollary 6.6. [ |

Corollary 6.8.  Let (g,[-,-],d;) be a Lie bialgebra of codimension one in a vector
space E, and V a complement of g in E. Suppose that g is a finite-dimensional
semisimple Lie algebra. Then BExtd(E,g) =0.

Proof. Since g is a finite-dimensional semisimple Lie algebra, [g,g9] = g, Z(g) =0,
Der(g) = Inn(g) and A?(g)? = 0. Then this result follows by Corollary 6.7. n

Finally, we present a concrete example to compute ’HBI?(V, g) when dimV =1.

Example 6.9. Let g = Ch® Cx & Cy be the three-dimensional complex Heisen-
berg Lie algebra, i.e. the Lie bracket is given by

[h,x] = [h,y] =0, [z,y] =h.
There is a Lie bialgebra structure on g with the Lie co-bracket ¢4 given by
0g(h) =0, d4(x) =y Ah, d(y)=hAz.

Since 64(A) =0, A = kh for some k € C. Obviously, the center of g is Z(g) = Ch.
By (36), we get

0= [a, A] = [a,kh] =) a(aw)aq). (44)

Since [g,g9] = Ch, a(h) = 0 by (36). Then it can be directly obtained from (44)
that a(y) = a(z) = 0. Therefore, & = 0. Consequently, D is a derivation of g.



796 Hona

By some computations, we obtain that D is of the form

aq b1 0
D(l’,y7h) = (I,y,h) ) b2 0
as bg a; + b2

Let U = bsxr — asy, =1 in (40). We get D = D', where

aq b1 0
D/(a:,y,h)Z(x,y,h) a2 b2 0
0 0 aq + bg

Replace D by D' in (38) and (39). Set B = ejx Ay + eay A h + esh A x. Taking it
into (39) and setting a = x, a =y and a = h respectively, we obtain that

ak+e —ay—b =0, ask — 2by = 0, (45)
bok+e1+by+ax =0, bk+2a; =0. (46)
By (38), we get ke; = 0. (47)
Therefore, when & = 0, we have e; = a; = by = 0 and ay, = —b;. In the case when

k # 0, we have
o kEC*,elzalzazzblzbgzo,
o k=42y/—1,e,=0, a1 = Fv/—1b1, as = by and by = £+/—1b1, where b; € C*.

Hence, by Theorem 6.4, any element in FLB(g,d,) is equivalent to (0,D, A, B)
which is of the form

o A=kh, D=0, B=eyyANh+e3shNx, where k € C,

0 b O
e« A=0, D(z,y,h)=(z,y,h) | —=bs 0 0 |, B=eyAh+eshAz,
where b, # 0, 000
$\/—1b1 b1 0
o A=42y/—1h, D(z,y,h) = (z,y,h) by +v—1by 0 |,
0 0 0

B =ey AN h+esh A x, where by # 0.

Therefore, by Theorem 6.4 and the choice of S in Definition 6.3, HBZE(V, g) when
dimV =1 can be described by the disjoint union of the following sets.
e (0,0,kh,eay A h+ esh A x), where
(0,0,kh,eqy A h+esh Ax) = (0,0,kh, eqy A h + esh A x)
if and only if £ = k" and there exists 3 € C* such that e, = e, and e3 = fe;.
e (0,D,0,eay A h+ esh A z), where eg,e3 € C and

0 10
D(l‘,y,h):($,y,h) -1.00
0 00
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In this case, (0,D,0,e0y A h+ esh Ax) = (0,D,0,e5y A h + esh A x) if and
only if ey = €, and e3 = e;.

(0, D, £2v/—1h,eoy A h + esh A ), where
FV-1

D(z,y,h) = (x,y,h) e
0

1
0

o O O

and ey, e3 € C. In this case,
(0, D, £2v/=Th,eay A h +esh Ax) = (0, D, £2/—1h, ey A h + esh A x)

. . ! ’
it and only if e; = e, and e3 = e5.
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