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1. Introduction

Throughout this work, V' stands for a real vector space of dimension n. We are
mainly interested in the classification of 2-solvable Frobenius Lie algebras. It turns
out that such a classification is closely related to that of n-dimensional maximal
Abelian subalgebras (MASAs) of the space gl(V) of linear operators (endomor-
phisms) on V. The sudy of MASAs traces back to Frobenius and Schur, it has been
a vibrant and vivid subject these last decades, in relation with several subjects in
mathematics and physics such as the classification of Lie algebras and the study
of dynamical systems ([5, 10, 12, 13, 14, 20, 23, 24, 25, 26]). Our interest in 2-
solvable Frobenius Lie algebras is mainly related to their applications in symplectic
([3, 7, 9, 15]) and information geometry ([16]), as well as to the investigation of
Lie algebras in general. Frobenius Lie algebras have gained popularity mainly since
the work of Ooms ([19, 18]). Among other results, a characterization of 2-solvable
Frobenius Lie algebras is given in [19] (Theorem 4.1, Section 4, p. 43). On the other
hand, the family of 2-solvable Frobenius Lie algebras with an Abelian nilradical is
studied in [1]. The main results of the present paper are the following.

o We show that, if B C gl(V) is Abelian and the semidirect sum B x V is
a Frobenius Lie algebra, then B is a MASA of gl(V) (Theorem 3.1). Moreover,
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every 2-solvable Frobenius Lie algebra is of that form. Two 2-solvable Frobenius
Lie algebras B, x V and B, x V are isomorphic if and only if there exists some
¢ in the group GL(V) of invertible linear operators of V', such that B, = ¢B ¢!
(Proposition 3.3).

e In Theorem 3.6, we classify 2-solvable Frobenius Lie algebras 8 x V| where
B Nsl(V) is a maximal Abelian nilpotent subalgebra (MANS) of class 2 and hence
of Kravchuk signature (n —1,0,1). Here sl(V) C gl(V) stands for the subspace of
traceless linear operators.

o We fully classify, in Theorem 4.3, the family of 2-solvable Frobenius Lie algebras
B x V, where 9B is the algebra K[¢]| of the polynomials in some nonderogatory
¢ € gl(V). We will simply write G, = K[¢] x V instead of B x V.

o« We supply a full classification list of all 2-solvable Frobenius Lie algebras in
general, up to and including dimension 8 (Theorem 5.1).

o Theorems 3.11, 4.19 give a new characterization of Cartan subalgebras of s((V).

» We correct the classification list of MASAs of s[(4,R) of [26] and further complete
it with a missing item.

« We prove that every nonderogatory real matrix admits a Jordan form (Theorem
6.1).

The paper is organized as follows. Section 2, is devoted to some preliminaries and
notations. In Section 3, we discuss the classification of 2-solvable Frobenius Lie
algebras, in general. General examples of MASAs and 2-solvable Frobenius Lie
algebras are discussed in details and a new characterization of Cartan subalgebras
of sl(n,R) is given. We supply a full classification of 2-solvable Frobenius Lie
algebras given by nonderogatory maps in Section 4. We fully classify all 2-solvable
Frobenius Lie algebras up to dimension 8 in Section 5 and furthermore, we correct
and complete the classification list of MASAs of sl(4,R) of [26] with a missing item.
The paper ends by a simple direct proof of the Jordanization of nonderogatory real
matrices in Appendix (Section 6).

2. Preliminaries

Throughout this work, if § is a vector space, §* will stand for its (linear) dual, gl(§)
the space of linear maps ¢ : § — § and GL(F) the subspace of gl(§) consisting
of invertible maps. The symmetric bilinear form (,) stands for the duality pairing
between vectors and linear forms: (u, f) = f(u), for v € §, f € F. If (e;)
is a basis of §, we denote by (e}) its dual basis. Let % be a Lie subalgebra of
gl(V), where V' is a vector space. We consider the natural action B x V. — V|
(a,z) = p(a)x := ax. For any (a, f) € B x V*, let p*(a)f be the element of V*
defined on elements z of V' by (p*(a)f,z) := —f(ax). We recall that p* is called
the contragredient representation (or just action) of p.

Definition 2.1. By abuse of language, we say that the orbit of a € V*, under

p*,is open, if V* = {p*(a)a, a € B}. We say that a has a trivial isotropy if the
equality p*(a)a = 0 implies a = 0. ]

The vector space B & V endowed with the Lie bracket defined, for every a,b € 8
and x,y € V, as [a,b] = [a,bly , [z,y] =0, and [a,z] = p(a)r = ax, will be termed
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the semidirect sum of B and V' via p and denoted by B x, V', or simply B x V if
no confusion is to be made. In the present work, 8 is Abelian, [,]s = 0.

A Lie algebra G is called a Frobenius Lie algebra if there exists v € G*, called a
Frobenius functional, such that da is nondegenerate, where, for any u,v € G,

da(u,v) := —{a, [u,v]). (1)

Every Frobenius Lie algebra is a codimension 1 subalgebra of some contact Lie
algebra and could be used to construct the latter. The converse is true under
some conditions ([6]). Any Lie group G with Lie algebra G, has a left invariant
symplectic form w™ with value w} = O« at the unit (neutral) element € of G. Here
G is identified with the tangent space to G at €. See for example [7], [9], for more
details.

Definition 2.2. A Lie algebra G is said to be 2-step solvable (2-solvable, for
short) if its derived ideal [G, G] is Abelian. A Lie algebra is said to be indecomposable
if it cannot be written as the direct sum of two of its ideals. [ ]

Remark 2.3. Note that two direct sums G; & --- & G, and G & --- & G}, of
2-solvable Frobenius Lie algebras, are isomorphic if and only if, up to rearranging
the order of the indices, each G; is isomorphic to each Q}. So the classification of
2-solvable Frobenius Lie algebras boils down to that of the indecomposable ones.

Definition 2.4. Let G be a Lie algebra, A a subalgebra of G. The normalizer
of A in G is Ng(A) := {a € G,[a, A] C A}. The centralizer of A in G is
cent(A,G) := {a € G,[a, A] =0}. We say that A is a mazimal Abelian subalgebra
(MASA) of G, if A =cent(A,G). Equivalently, A is Abelian and is contained in no
Abelian subalgebra of higher dimension of G. For ¢ € gl(V'), we use the convention
¢° = Ty, = identity map of V and ¢**!(z) = ¢(¢?(z)), for every x € V and p an
integer. We let K[¢] stand for the space of polynomials in ¢ with coefficients in K
and denote by cent(, gl(V')) the set of endomorphisms commuting with ¢. Recall
that ¢ (resp. an n X n matrix M) is said to be nonderogatory (or cyclic), if its
characteristic polynomial x4 and its minimal polynomial Xmin¢ coincide. ]

Lemma 2.5. (see e.g. [3]) Let V be a vector space of dimension n over a field
K of characteristic zero and ¢ € gl(V'). The following assertions are equivalent:

(1) there exists a € V* such that (a, a0 ¢,...,a 0 ¢" 1) is a basis of V*,

(2) there exists T € V' such that (z,$(z),...,¢" 1(Z)) is a basis of V,

(3) dim(cent(p, gl(V))) =n and cent(¢p,gl(V)) is commutative,

(4) cent(s,gl(V)) = K[g],

(5) the characteristic and the minimal polynomials of ¢ are the same,

(6) In every estension K of K where ¢ admits a Jordan form, this latter has only

one Jordan bloc for each eigenvalue.

In Theorem 6.1, we go beyond Lemma 2.5 to prove that, for every n-dimensional real
vector space V', every nonderogatory ¢ € gl(V') admits a Jordan form. Throughout
this work, E;; stands for the n x n matrix with zero in all entries except the (i, j)
entry which is equal to 1.
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3. On the structure of 2-solvable Frobenius Lie algebras and
n-dimensional MASAs

3.1. MASAs of gl(V) and maximal Abelian subgroups of GL(V)

In this section, we briefly discuss the 1-1 correspondence between MASAs of gl(V')
and maximal Abelian subgroups of GL(V'). Let B be a MASA of gl(V). Then
B is a commutative subalgebra of the associative algebra gl(V'), and it contains
the unit Iy,. Hence its (open) subset U(8) consisting of invertible elements is an
analytic Lie group and dimU(8) = dim B, (see e.g. J. P. Serre [21], p. 103, for the
general case) which, by definition, is also an Abelian Lie subgroup of GL(V).

Furthermore, since B is a MASA of gl(V), it contains the exponential of all its
elements. Thus exp B coincides with the connected component of the unit of U(B).
In fact, U(*B) is a maximal Abelian subgroup of GL(V'). Conversely, every maximal
Abelian subgroup of GL(V) is of that form U(®8), for some MASA B of gl(V).
Two such subgroups are conjugate in GL(V) if and only if the corresponding MASAs
are conjugate in gl(V') (see [24]). So we deduce that a simple way to construct a
2-solvable Lie group with Lie algebra B x V' is to simply take U(8) x V.

3.2. Main result on M ASAs and 2-solvable Frobenius Lie algebras

Let V' be a vector space of dimension n and B an n-dimensional Abelian Lie
subalgebra of gl(V'). Then B x V is a Frobenius Lie algebra if and only if B has
an open orbit in V* and every 2-solvable Frobenius Lie algebra is of that form ([8]).
Equivalently, the Lie group U(8) of invertible elements of %, has some open or
dense orbit in V*. Here we prove the following.

Theorem 3.1.  Let V' be a vector space of dimension n and 8 an n-dimensional
Abelian Lie subalgebra of gl(V'). Suppose B X V' is a Frobenius Lie algebra. Then
B is a MASA of gl(V'). The Lie group U(B) of invertible elements of B, is a
mazximal Abelian subgroup of GL(V). Conversely, every 2-solvable Frobenius Lie
algebra is isomorphic to one as above.

Proof. Without loss of generality, set V' = K". The Lie algebra B x K" is
Frobenius if and only if the action B x (K")* — (K")*, (a,f) — —f oa, has
an open orbit ([8]). Consider some o € (K")* with an open orbit. Thus, any
basis (ay,...,a,) of B gives rise to a basis (p*(a1)q, ..., p*(a,)a) of (K")* and the
(linear) orbital map @ : B — (K")*, Q(a) = p*(a )a is an isomorphism between
the vector spaces B and (K")*. Just for convenience, we will let (é4,...,é,) stand
for the basis of K" whose dual basis is (¢} := p*(a1)a, ..., € := p*(a,)a). Suppose
a € gl(n,K) is such that [a,a] =0 for any a € B and @ # 0. Assume a is not an
element of B, then B :=Ka & B is an (n + 1)-dimensional Abelian subalgebra of
gl(n,K). Because dim®B = dim(K")* + 1, the orbital map Q : B — (K")*, also
given by Q( ) = p*(a)a == —av 0 a, must have a 1-dimensional kernel. So, there
exists some b = ka+ay # 0, with k£ € K and ay € B such that p*(b)a = —aob=0.
Since p*(ag)a = p*(ag)a = Q(ao) # 0 if ag # 0, we must have k # 0. We then
must have bz = 0, for any x € K", or equlvalently b= 0. Indeed, for any z € K",
the expression of ba: in the above ba31s is ba = Z;L (€35, bx) . But the components

(ej, bx} are all equal to zero for any 7 = 1,...,n, since the following holds true

(€}, bx) = (p*(a;)o, bx) = —(a, a;bx) = — (o, baz) = (5*(b)a, a;z) = 0.
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Now, the equality b= ka+ ap = 0, contradicts the assumption that a is not in *B.
So a must necessary be in B. This proves that B is a MASA of gl(n,K). Due to
the correspondence between MASAs of gl(n,K) and maximal Abelian subgroups of
GL(n,K), see [24] and Section 3.1, B is a MASA if and only if U(B) is a maximal
Abelian subgroup of GL(n, K). [

Remark 3.2.  From Lemma 2.5, if ¢ € gl(V') is nonderogatory, then K]¢| is an
n-dimensional MASA of gl(V'), there is & € V* with an open orbit for the action
of K[¢]. The 2-solvable Lie algebra Gy := K[¢] x V' is a Frobenius Lie algebra
(Theorem 3.1). Frobenius Lie algebras of type G, are studied in details and fully
classified in Section 4. Obviously, if ¢,v € gl(V) satisfy ¢ = Py P~ for some
P e GL(V), then K[¢| and K][¢] are conjugate, G, and G, are isomorphic via the
map & : Gy — Gy, &(a) = PaP™t, &(x) = Pz, for any a € K[¢] and z € V.

Proposition 3.3.  Let V' be a vector space and By, By two MASAs of gl(V),
such that dimV = dim*8; = dim*B,. Then B, X V and By X V' are isomorphic
if and only if By and By are conjugate. A linear map 1 : By x V — By x V
is an isomorphism if and only if there exists (¢y,xy) € GL(V) x V' such that
¢¢o%1o¢;1 = By, and for any (a,z) € By X V :

U(a, ) = (¢poaody’, dyoaody (zy)+ dy(@)).

Proof. Suppose G; := B xV and Gy := B, x V are isomorphic and ¢ : Gy — G,
is an isomorphism. As the derived ideal [G1,G;1] = V' must be mapped to [Ga, Go] =
V', there are linear maps 11 : By — By, Y12 : By =V, ¢y : V =V, with 91
and ¢, invertible, such that ¢(a) = ¢¥11(a) + ¥12(a) and Y(x) = ¢y(z) for any
a € By, v € V. We deduce the equality ¢1,1(a) = ¢y 0ao¢,' from the following

Py (ar) = P([a, z]) = [11(a) + Yr12(a), dy(z)] = <@/1171(a) o ﬁbw)(x)-

In particular ¢4 o0ao (b;l € By, for any a € By, equivalently ¢, 0B, o (b;l =B,.
Now set @y := 112(b), with b = Iy € By. We have ¢, 1(Iy) = Iy, since ¢ is an

isomorphism. The equalities

0 =([a,b]) = [¥(a),(D))] = Y11(a)Pr,2(0) — Y11(0)Y12(a)

yield ¢12(a) = ¢y 0ao gb;1$¢, for any a € 8,. Conversely, suppose there exists
some ¢ € GL(V) such that By = ¢B1¢~'. Then the map ¢ : G; — G, given for
any a € B; and x € V by ¢¥(a+1x) = poaod™t + poaod (xg) + ¢(x) is an
isomorphism, for any zy € V. [ |

3.3. Different types of MASAs

A MASA of gl(V) is said to be decomposable, if V' can be written as the direct
sum of subspaces which are all preserved by the MASA. Otherwise, the MASA is
said to be indecomposable. Every MASA of gl(V) is a direct sum of Kl and a
MASA of sl(V). Without loss of generality, we will sometimes simply take V' = K".
A MASA of sl(n,R) is decomposable into a direct sum of indecomposable MASAs.
The latter can either be absolutely indecomposable (AID), or indecomposable but
not absolutely indecomposable (ID & NAID).
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The NAID ones become decomposable after complexification. See e.g. [17]. Let us
recall that a set of matrices is decomposable if and only if it commutes with some
idempotent Z # Ig» =: I,,. Further recall that, an idempotent of a K-algebra, is
an element Z satisfying Z? = Z. The NAID MASAs of sl(n,R) are those MASAs
all of whose elements commute with M, given in (8). Upon complexification, Mj
becomes Mc :=diag(ilz, —il» ), so that Z := (L, +iMc) and Z' = (L, —iMc)
are idempotents that commute with the elements of the NAID MASAs. They
exist only for n even and have the form RM,®MASA(sl(3,C)), and in our case,
we only need MASAs of sl(5,C) of real dimension n — 2. An indecomposable
MASA of sl(n,C) is always a maximal Abelian nilpotent subalgebra (MANS). The
AID MASAs are MANS and they remain indecomposable after field extension. A
MANS is represented by nilpotent matrices in any finite-dimensional representation.
Following [5], a MANS A of sl(n,K), K =R or C, is characterized by a Kravchuk
signature (v,m, pu), where 1 < v = n — dimg AK", 1 < p = dimker A, where
ker A:={x € K" axr =0, Va € A} and m=n—p —v.

Definition 3.4. We say that A is of class p > 2 if ajas---a, = 0 for any p
elements ay,...,a, € A and there exists some a € A such that a?~! # 0. We
simply write AP~! £ 0 and AP = 0. Set Im(A*):= A"K", k > 1.

3.4. Classification of 2-solvable Frobenius Lie algebras corresponding to
class 2 MANS

In this section, we treat one of the extreme cases, namely the case of MANS of
class 2. The other extreme case, the class n, will be treated together with the more
general case of MASAs given by nonderogatory maps, in Section 4.

Lemma 3.5. Let A be an (n — 1)-dimensional MASA of sl(n,R) such that
APt =0 and AP #£ 0, for some p > 1. If G := (Rlgn & A) x R" is a Frobenius
Lie algebra, then dim Im(A? )= 1. In particular if A> =0 and (Rlg. & .A) x R" is
Frobenius, then v =n — 1 and dim Im(A) = 1.

Proof. If dim Im(A?) > 2, then we would have Im(AP) Nkera # 0 for any
a € G*. Choose x € Im(AP) Nkera such that = # 0. As any v € G is of
the form v = klge + a + y, where k € R, a € A, y € R", we would have
da(xz,v) = (o, kxr + ax) = 0, Yo € G. This would mean that da is degenerate,
for any a € G*. Thus G would not be Frobenius. In particular if p = 1 and
(RIg~ & A) x R™ is Frobenius, then dim Im(A) =1 and hence v =n — 1. ]

Now we are ready to prove the following classification theorem.

Theorem 3.6.  Up to conjugation, A := A, 1 as in Example 3.7, is the unique
MANS of class 2, of sl(n,R), such that (Rlg» &.A) x R"™ is Frobenius. Equivalently,
it is the unique MANS of sl(n,R) with Kravchuk signature (n — 1,0,1) such that
(Rlgn & A) X R™ is Frobenius. In other words, G,1 as in Example 3.7, is the unique
2-solvable Frobenius Lie algebra given by a MANS of class 2.

Proof.  First, note that if A C sl(n,R) is an (n — 1)-dimensional MASA such
that A%? = 0 and (Rlg. ¢ A) x R™ is a Frobenius Lie algebra, then from Lemma
3.5, dim(/m(A)) =1. Hence v =n —1 and p = 1. Conversely, if v =n — 1, since
A is nilpotent, we necessarily have A% = 0.
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Now, under the assumption that A? = 0 and (Rlg: & A) x R" is a Frobenius Lie
algebra, let é; € R™ such that AR"™ = Ré;. We have Aé; = 0 and ker A = Ré;.
Thus, in any basis of R"™ whose first vector is é;, the elements of A are linear
combinations of F, ;, j =2,...,n and so A assumes the same form as the MASA
A,1 of sl(n,R) of Example 3.7. Consequently, A is conjugate to A, ; in gl(n,R)
and (RIgn & .A) x R™ is isomorphic to the Lie algebra G, 1, see Example 3.7). =

3.5. Some important examples

We propose several families of pairwise non-isomorphic (resp. non-conjugate) 2-
solvable Frobenius Lie algebras (resp. MASAs).

Example 3.7.  For any integer n > 2, we construct below a family of (n — 1)
2-solvable Frobenius Lie algebras G, , := B, ,xR", p=1,...,n—1. The B, ,’s are
pairwise non-conjugate commutative algebras of polynomialsin n—1,n—2,...,2/1
n X n matrices, respectively. For a given number p, with 1 < p < n — 1, define
M,, = S0 By, so that Mit = SP9%2E0 for 2 < j < p+1, and

Merl 0. Let B,,,, be the Abelian subalgebra of gl(n, R) spanned by e;, j=1,.
Wheree] :—Mﬂl,j_l .,p+1,and for j =p+2,....,n, ¢j ;== Ey;. Inthe
canonical basis (61, ..., €y) of R" with dual basis (é7,...,¢é ) we have

M,p,e1 = M,peq=0, ¢q>p+2,
MF &, = Mk 1eq 1—Mff’;jéq_]~, 1 <j<min(k,q—1),Yq, 2<q<p+1.

So if k > ¢, then M,’fypéq =0,and if £ <g—1<p, then Mff’péq = €,4—k. As one can
see, we have éjoe; =ejoMI™t =¢éf, j=1,...,p+1 and éjoe; = éjoFy ; = &}, for
Jj =p+2,...,n. Thisshows that €] has an open orbit for the contragredient action of
B, , on (R")*. Forany M := z1e;+---+xpe, € By, we have xar(N) = (21— A)™.
But the equality (z; — M)P*t = 0 implies that X (\) divides (z; — NPT, So
B,,, is not the space of polynomials of a nonderogatory matrix, unless p =n — 1.
In the basis (e;, entj =€, j =1,...,n) the Lie bracket of the 2-solvable Frobenius
Lie algebra G, , := B, , x R™, is given by the following table, j, k,q € {1,2,...,n},

[617€n+j] = Cntj J=1...,n,

[ep; €ntq] =0, ifp>q+1,

[6 €n+q] Entq—k+1 if 1 < k < q < p+ 17

[€q, €ntq] = €nt1s forg=p+2,...,n. (2)
The form e}, is a Frobenius functional on G, , and e, = —> " e Aej,;.
Note that G,, and G, , are isomorphic if and only if p = ¢. Indeed, although
each G, , has a codimension 1 nilradical N, , = span(es,...,es,), the derived ideal

Nopy Nupl = span(enii, ..., enqp) is p-dimensional and N, , is (p + 1)-nilpotent.
So N, and N, , are not isomorphic whenever p # ¢ and hence, neither are the
Lie algebras G, , and G,,. Thus ®B,, and B, , are not conjugate. The family
(Gnp)1<p<n—1, has two special cases.

(1) The case By,-1 = R[Mo], where My = 77" L E; ;41 is nonderogatory. See
Section 4 for a full classification of 2-solvable Frobemus Lie algebras R[M] x V,
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for nonderogatory M € gl(V). To keep the same notations as in Section 4, set
D0 =Gnn-1.

(2) As regards the case p = 1, the nilradical NV, of G,,1 is the (2n—1)-dimensional
Heisenberg Lie algebra Ha,_1 :=span(e; := Ey;,j = 2,...,n,epyk, k=1,...,n),
with Lie brackets [e;,entj] = €nt1, § = 2,...,n. Note also that the (n — 1)
spaces A, , =span(es,es,...,e,) are all (n — 1)-dimensional Abelian subalgebras
of sl(n,R), which according to Theorem 3.1 and Proposition 3.3, are pairwise non-
conjugate MASAs of sl(n,R). In particular, A, ; is spanned by Ey;, j =2,...,n
and so A2 = 0.

Example 3.8. For n > 3, let P,,, be the Abelian subalgebra of sl(n,R) defined as

p n
,Pn,p = { Z mj(El,j + Ejm) -+ Z ijLj? mao,...,My € R},

j=2 J=p+1
p=23,...,n—1. On Cpp, := Ppnp ® Rlgn, set e; := Iz and e; := E; + Ej,,
J=2,...,D, €pri =FE1 1, i=1,...,n—p. Let () be the canonical basis of R".
For any M = myeq + --- + mye,, we have

xm(X) = (my = X)*, (my — M)> = (m3+---+m2)Er, and (m;— M)>=0.

So, up to a scaling, Xmimay = (m1 — X)3. Thus for any n > 4, the algebra C,,
contains no nonderogatory matrix. We have €joe; = €7, éjoe; = €0 (Ey;j+E;,) =
ejoby; =€), efoey =€ 0ok =¢,i=1...,n—p, j=2,...,p. S0
é; has an open orbit. Hence C,, and P,, are MASAs of gl(n,R) and sl(n,R),
respectively (Theorem 3.1). The Lie bracket of b, , := C,, x R™, in the basis
(6j,€n+j = éj,j = 1,. .. ,n), is

[617€n+j]:€n+j7 j:1>"'7n7
[6j7€n+j] = €n+1, j:27"'7n7
[ek,egn] = €ntk, ]{322,...,]9,
* _ n * * . . . .
so ey = —) i€ Ae,,; is nondegenerate, h,, is a Frobenius Lie algebra.
The nilradical n,, :=span(es,...,es,) of b,, is of codimension 1. It is the

semidirect sum n,, = Reg, x (7—[%,3 @ Ren) of the line Res, and the so-called
Abbena Lie algebra Hs,_3 & Re, where the former acts on the latter by nilpo-
tent derivations. Here, Ha,_3 is the (2n — 3)-dimensional Heisenberg Lie alge-
bra Ho,—3 = span(es,...,€n—1,€n4+1,...,€2,—1). The derived ideal [n,,,n,,| is
p-dimensional and spanned by (€41, ...,€n4p). So if p # ¢, then n,, and n,,
are not isomorphic, hence P,, and P,, are not conjugate, b,, and b, , are not
isomorphic. Note that n,, is 3-step nilpotent. So, for any (n,p) with n > 4 and
3<p<n-1,n,, is isomorphic to none of the nilradicals N, ,, 3<¢g<n-—1, of
Example 3.7, as they are all (¢ + 1)-step nilpotent. When p = 2, we note that the
linear map ¢ : G, 2 — by 2,

1/}(63) = €, w(en> = eé ) w(ems) = el2n ’ w(‘e?n) = e;L+3 ) (3)

is an isomorphism of Lie algebras, for any n > 3, where G, » is as in Example 3.7
and the above basis of b, has been renamed (e,...,€),). Hence, altogether, the
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Lie algebras b,, , are not isomorphic to any of the Lie algebras G, , of Example 3.7,
unless p = ¢ = 2. Thus none of the MASAs *B,,, of Example 3.7 is conjugate to
Cnyp, unless p=q =2,

Example 3.9. Let L , be the following Abelian subspace of sl(n,R),

L, ={M:=> mj(Er;+Enja), m eRj=2n} (4)

Jj=2

On %,TL,’H = RHRn D L'/n,n? we set e = ]IRn, €; = El,j + En,jJrl’n, j = 2, o,
For any M = mye; + -+ + mpe, € B, we have y(X) = (m; — X)". We also
have Yminyr = (mp — X)3, since (m; — M)> = 0 and (m; — M)? # 0. Thus,

for any n > 4, B/, contains no nonderogatory matrix. We have €} oe; = €}

n,n Jo
j=1,...,n—1, éfoe, = 2¢;. So € has an open orbit. According to Theorem
3.1, B, and L) , are MASAs of gl(n,R) and sl(n,R), respectively. In the basis
(€j,enyj = €;,7 = 1,...,n), the Lie bracket of G , =B  x R" is

[elaen—i-j] = €ntj, j:]-a"'7n7

[6]', en—i-j] = €n+1, [eja e?n] = €2p—j+1, .7 = 2a e, — 17 [eru 6271] = 2€n+1 .
As one sees, ey, | = — Z;:ll e;Ne, ., ;—2e, Aes, isnondegenerate, so G, , is a Frobe-
nius Lie algebra. It also has a codimension 1 nilradical N, , = span(es, ..., ean),

which is the semidirect sum of Rey, and Hs,_3 P Re,,, where the former acts on
the latter by nilpotent derivations. However, [N} ,,N] | = span(e,1,...,€,1) is
(n — 1)-dimensional. So G, ,, is not isomorphic to any of the Lie algebras G, of
Example 3.7 and b,,, of Example 3.8. From Theorem 3.1, none of the MASAs %5,, ,,
in Example 3.7 or C,;, in Example 3.8, is conjugate to B/ .

Remark 3.10.  From Theorem 3.1, the classification of 2-solvable Frobenius Lie
algebras is equivalent to that of n-dimensional MASAs of gl(n,K) acting on (K")*
with an open an orbit. However, not all n-dimensional MASAs have open orbit in
(K™)*. Indeed, for n > 3, the algebra B,, := Rlgn & L,,, is a MASA of gl(n,R),
where L,, := { Z?_ll kinEin, kin € R, i=1,...,n— 1} is a MASA of sl(n,R).

To see that, consider b=>"" _ t,,E,, € gl(n,R), with ¢t,, € R, p,g=1...,n.

p,q=1
We have [E;,,b] = ;:11 tniEig + (tpn — tii)Eip — Zlgkgn, ki b Bk for any
i=1,...,n—1. So the relation [b,a] = 0, for any a € B, is equivalent to the

following, valid for any ¢ with 1 <4 <n-—1: ¢;;, =t,, andforany k with 1 <k <n
and k # i, one has t;; = 0. In other words b = t,, ,Ign +t1 By o+ -+ 10 En_1n,
or equivalently, b is an element of B,,. This simply means that 2B, is a MASA of
gl(n,R). The orbit {aoa, a € B,} of any o € (R™)* is at most 2-dimensional

and spanned by « and €. More precisely, let (éy,...,¢é,) be the canonical basis
of R" and let a = 516} + -+ + 5,65 € (R")* |, where s1,...,s, € R, then for any
kl, kl,na e knfl,n € R and a = ]i]ll[]RS —+ kl,nEl,n + e+ knfl,nEnfl,n € %n, one has

~%k — et 3 ot 3 N ~x — ~%k
efoa="Fke +kiye,, i=1,...,n—1and € oa= ki€, so that
aoca = kia+ (kinst+kepse+ -+ kn_1nSn—1)€,.

For n =3, L3 coincides with Ly 4 in the list of MASA of sl(n,R) supplied in [25].
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3.6. Cartan subalgebras of sl(n,R)

Recall that a Cartan subalgebra h of a Lie algebra G is a nilpotent subalgebra which
is equal to its own normalizer Ng(h) in G. Cartan subalgebras of semisimple Lie
algebras must necessarily be Abelian, more precisely they are MASAs which contain
only semisimple elements. They have been extensively studied by several authors
amongst which Cartan, Harish-Chandra ([12]), Kostant ([14]), Sugiura ([23]), etc.
Further recall that a Cartan subalgebra b of a semisimple Lie algebra G, splits into
a direct sum b = b @ h~ of two subalgebras h* and b, respectively, called its
toroidal and its vector parts, such that h* is only made of elements of h whose
adjoint operator (as a linear operator of G) only has purely imaginary eigenvalues
and adjoint operators of elements of h~ have only real eigenvalues. See e.g. [23].
We propose the following characterization of Cartan subalgebras of sl(n, R).

Theorem 3.11. Let h C sl(n,R) be a subalgebra. Set By := Rlgn & h. The
following are equivalent. (a) b is a Cartan subalgebra of sl(n,R), with toroidal
and wvector parts of respective dimensions p and q. (b) By = R[M], for some
nonderogatory M € gl(n,R) with distinct 2p complex and q real eigenvalues, where
2p+q=mn. (c) By x R" is the direct sum of p copies of aff(C) and q copies of
aff(R), where aff(R) and aff(C) are as in Ezamples 4.1.1 and 4.1.2.

Theorem 3.11 is proved in Section 4.6. Theorem 4.19 gives a complementary char-
acterization.

4. Classification of 2-solvable Frobenius Lie algebras given by
nonderogatory linear maps

4.1. Some key examples

4.1.1. The Lie algebras ©j. (1) Consider the simplest nonderogatory linear
map 1 := [r. One gets the Lie algebra G, = aff(R) of the group of affine motions
of R. In the basis (e;,e3), with e; = ¢ and ey € R, the Lie bracket is [eq, €3] = e5.
The 2-form Oej = —ej A e} is nondegenerate. (2) In the canonical basis (€;) of R",
let My € gl(n,R) be the principal nilpotent matrix

n—1
My =Y Eiis. (5)
i=1

It is nonderogatory, as Xmin,m,(X) = X1, (X)=X". We use the notation e; = M),
j=1,...,n. Set ey, := M} 'ZT = é,_j41, where T := &,. Then (e,y,) is a basis
of R™. In the basis (e, ea,...,ea,), the Lie bracket of Gy, = R[My] x R", is

e, €n+j] = €ntjti-1, L,J =1,...,n, (6)

where we use the convention ey, = 0, whenever £ > 1. In particular we have

le1, entj] = €ntj, j=1,...,n,and [ej,es,] =0, j =2,...,n. We write D instead
of G, . The following 2-form on D, is non-degenerate,
n n
deq, = — Z €5 Ny _jy1 = — Z €nji1 N €nyj - (7)
j=1 j=1

Note that ©f has an n-nilpotent codimension 1 nilradical N" =span(es, ..., €a,).
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4.1.2. The Lie algebra ©g, (A) Let ¢ € gl(2,R) with ¢)(€,) = &, ¥(é2) = —é.
One has Xminy(X) = x(X) =1+ X?%. So ¢ has the 2 complex eigenvalues i, —i.
Of course, R[¢)] = Rlgz @Ry is a MASA of gl(2,R) and é&;o0¢? =&}, é;01) = —¢5.
In the basis (e1,...,es) of Gy := R[¢] x R?, with e; = 9%, ey = ¢, e3 := ¢y,
e4 = €y, the Lie bracket reads [e1, e3] = e3, [e1, e4] = ey, [ea, €3] = ey, [ea, €4] = —e3.
The 2-form Oej = —e} A ej + €5 A e} is nondegenerate on G,. Note that G, is the
Lie algebra

aff((c):{N(ZhZz) = (Zol %2> ,2;€C, j= 1,2}

of the group of affine motions of the complex line C, looked at as a real Lie algebra,
e.g. with the identifications e; = N(1,0), e; = N(7,0), e3 = N(0,1), eg = N(0,4).
We set @3’1 = aff(C).

(B) Let M(]’l = Eg’l — ELQ + E473 — E3’4 + El,g + E274 S g[<4,R) One has
Xmin, Mo (X) = Xare, (X) = (X?+1)%. So i and —i are the only eigenvalues of
My,1 and R[M;,] is a MASA of gl(4,R). In the basis (ej,ez,...,es) of Gy, , with
er = Ipa, g := My, e3 = M&l, €4 = M&l, esr; = € , J = 1,...,4, the Lie
bracket reads

le1, €] = e, 1=5,6,7,8,

[ea, e5] = €5, [ea, 6] = —e5, [e2,€7] = €5 + es, ea, e8] = e — e,

les,es5] = —es, les,eg) = —eq, [e3,e7] = 2e6 —e7,  [e3, e8] = —2e5 — es,

leq, e5] = —eg, [es,e6] = €5,  [ea,er] = —3es —es, les,es] = —3es + €.
Note that both (er, Moier = es5 + es, Mg er = 2e — ez, M3 ez = —3es5 — es) and
(es, Mo1es = e — er, M&leg = —2e5 — eg, M§7168 = —3e5 + e7) are bases of R%.

The 2-form Oef = —ej A ef + €5 A (ef — eb) + e5 A (€5 + 2ef) — ei A (e — 3e3) is
nondegenerate.

(C) This generalizes (see Section 4.4.3) to a 2n-dimensional 2-solvable Frobenius Lie
algebra Df | := Gy, , = R[Mp ] x R, for any even n > 4, where the nonderogatory
My € gl(n,R) is defined, in the canonical basis (éi,...,¢é,) of R", as

%_1 n—2
Moy = Mo+ My, M,=—=Y (Eyj1js2 — Byjinojir1), Ma=)» Ejjia. (8)
j=0 J=1

Hence, Xminao, (X) = X, (X) = (X2 +1)2, so i and —i are the only (2 times
repeated complex conjugate) eigenvalues of My, and R[M; ;] is a MASA of gl(n,R).

In the basis (e1,es,...,e2,) of D, with e; := (Mo1)?™", eny; =€, j=1,...,n,
the Lie bracket reads, for any j,l =1,...,n,
ey enti] = (Mo ) e . (9)

4.2. The Classification Theorem

In Theorem 4.3, we completely classify all 2-solvable Frobenius Lie algebras of the
form G, := R[¢] x V', where ¢ € gl(V') is nonderogatory and V' a real vector space
of dimension n. In particular, we show that the Lie algebras Df, @3?1, where p > 1
is an integer, discussed in Section 4.1, are the building blocks that make up, in a
trivial way (direct sums), the Lie algebras G,. As in Examples 4.1.1, 4.1.2, the
notations Dj := aff(R) and DF, := aff(C), are implicitly adopted. It is obvious
that, if z, z are two complex conjugate eigenvalues of ¢, then (X — Re(z))*+Im(z)?
divides x4(X) (Lemma 4.2).
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Definition 4.1.  We say that 2 complex conjugate eigenvalues z,z of ¢ € gl(V
are of multiplicity m, if m is the largest integer such that ((X — Re(z))?+Im(z)?)™
is a factor of y4(X).

We call the following the Factorization Lemma.

Lemma 4.2. (Factorization Lemma) Let V' be a real vector space, dimV = n.
Suppose a nonderogatory ¢ € gl(V') has p distinct real eigenvalues \;, with multi-
plicity k;, 7 = 1,...,p and 2q compler eigenvalues N,iy, \pr1, with multiplicity
kpri, L=1,...,q, where the equality n =k +---+k, +2(kpt1 + - - - + kpyq) holds.
Then the characteristic polynomial of ¢ factorizes as
p q A
vo(X) = TTOC =205 TT (X = Re(ye))? + Im(A0)?) ™ (10)

j=1 =1
In particular, if ¢ has only 2 eigenvalues which are both complex X, X, then

Xo(X) = ((Re(A) = X)? + Im(N)?) %. (11)

Proof. Suppose a nonderogatory ¢ € gl(V) has only 2 eigenvalues which are
both complex A, A. Since (X — A)(X — ) = (X — Re(\))? + Im(\)? divides
Xo(X), we therefore write xs(X) = ((X — Re(N))?* + Im(X\)?) Pi(X) where P(X)
is a polynomial of degree n — 2, with real coefficients. As C is a closed field, P;(X)
admits some complex zeros, bound to be X, A since they are the only zeros of Xo(X),
by hypothesis. We now re-write x4(X) as x(X) = ((X—Re()\))2+fm()\)2)2P2(X)
where P,(X) is a polynomial of degree n—4, with real coefficients. The result follows
by inductively reapplying the same process to P,. The proof of the general case
immediately follows by applying the Primary Decomposition Theorem to x,(X) to
reduce the problem to the cases where ¢ admits a unique eigenvalue or only two
eigenvalues which are both complex and conjugate, as above. [ |

Note that Lemma 4.2 is still valid even if ¢ is not nonderogatory. In Theorem 4.3
below, V' is a real vector space of dimension n.

Theorem 4.3.  Let ¢ € gl(V) be nonderogatory with p real distinct eigenvalues
Aj with multiplicities k;, j = 1,...,p and 2q distinct complex eigenvalues z, 7,
with multiplicities my, 1 =1,...,q where n =k +---+k, +2(my +--- +my).
Then the Lie algebra G, := R[¢] X V is isomorphic to the direct sum of the Lie
algebras @lgl, cee, @]S”, @3?1“ S, @gﬁlq. In particular,

(a) if p=mn, then G, is isomorphic to the direct sum of n copies of aff(R),

(b) if p=1 and ¢ =0, then G, is isomorphic to D,

(c) if 2¢ =n, then Gy is isomorphic to the direct sum of § copies of aff(C),

(d) if p=0 and q =1, then G, is isomorphic to D .

The following is a direct corollary of Theorem 4.3.

Corollary 4.4. Let ¢ € gl(V) be nonderogatory. The Lie algebra G, is inde-
composable if and only if one of the following holds true:

(a) ¢ has a unique eigenvalue, in which case Gy is completely solvable, or

(b) & has only 2 eigenvalues which are both comple.
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The rest of this section and Sections 4.3, 4.4 are mainly concerned with discussions
and the proof of Theorem 4.3. Lemma 4.5 allows us to split the proof into two
main cases discussed in Propositions 4.9, 4.13, 4.14, 4.15. Part (a) of Theorem 4.3
is obtained by taking, in the general case, p = n, ¢ = 0, with the identification
D} = aff(R). A direct proof (for nonzero eigenvalues) is also presented in Proposi-
tion 4.10. Part (b) can be directly found in Lemma 4.8, whereas parts (c) and (d)
are directly proved in Propositions 4.13 and 4.14, respectively.

Lemma 4.5.  Suppose V=& @ & and ¢&; C E;, j =1,2, where ¢ € gl(V) is
nonderogatory. Let Gy, := Rlg;| X &;, where ¢; is the restriction of ¢ to &;. Then
both Gy, , Gy, are ideals of Gy and, in fact, Gy = G4, © Gy, -

Proof. Let us extend ¢; to the linear map ¢; on V such that ¢;(&,) = 0 if
p#j. So [qgl,¢] = [é2,¢] = 0 and hence ¢1, ¢ € R[¢p]. More precisely R[@] is
a subalgebra of R[¢]. We thus see that Gy , identified with G 5, = R[Q;j] X &, is a
Lie subalgebra of G, := R[¢] x V. As a matter of fact, each Gy is an ideal of G.
This directly follows from the combination of the following properties ¢ = b1+ oo,
R" =& ® &, ¢& C &, j = 1,2 and g%j(gp) = 0 if p # j. Thus, as the ideals
Gy, form a direct sum (they only meet at {0}, unless they are identical), we get
G:=0; ®Y,- .

Consider the general case where ¢ € gl(V) admits p real and 2¢ complex eigen-
values. We write x,(X) as the product x,(X) = Q1(X)Q2(X) where Q1(X) has
only complex (nonreal) zeros, whereas the zeros of Q2(X) are all real. Of course as
Q1(X) and Q2(X) must be relatively prime, the Primary Decomposition Theorem
combined with Cayley-Hamilton theorem imply the following

V = ker(xg(9)) = ker(@(6)) @ ker(@(9)). (12)
As ker Q1(¢) and ker Q2(¢) are both stable by ¢, Lemma 4.5 reduces the proof of

Theorem 4.3 to two cases: the case where all the eigenvalues of ¢ are real and the
case where all the eigenvalues of ¢ are complex.

4.3. Nonderogatory ¢ € gl(V) with only real eigenvalues

If a nonderogatory ¢ € gl(V') has only real eigenvalues \; of respective multiplicity
ki, 7 = 1,...,p, then its restriction ¢, to each subspace & = ker(¢ — \;)% is
again nonderogatory with a unique eigenvalue A; of multiplicity k; and V' splits as

V=& B,

Definition 4.6. When a nonderogatory ¢ € gl(V') has a unique real eigenvalue
A of multiplicity n, we set D% := G, = R[¢] x V.

Lemma 4.7.  Suppose a nonderogatory ¢ € gl(V') has p distinct eigenvalues
ALy .-y Ap, all of which are real and of respective multiplicity ki, ..., k,, where

ki+---4+k,=n. Then Gy is isomorphic to the direct sum ’D];ll @D ZD’;’;

Proof.  Applying Lemma 4.5 to (19), where ker x;(¢) = ker(¢ — NIy )% =: &;,
J=1,...,p, leads to Gy = Gy, ® -+ D Ggy,, where ¢; is the restriction of ¢ to
&;. Each ¢; is a nonderogatory element of gl(€;), with a unique eigenvalue \; of

multiplicity k;, so G4, = ’le\i , by Definition 4.6. Thus G4 = @’;11 S---D CDI;’; n
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Lemma 4.8.  If a nonderogatory ¢ € gl(V') has a unique real eigenvalue X, then
the Lie algebra Gy =: DY is isomorphic to DF as in Example 4.1.1.

Proof. Following Theorem 6.1, consider a basis in which the matrix of ¢ has the
form M, = Ay + M, with My asin (5). Both My and M) being nonderogatory and
M) being a polynomial in My, imply cent (M, gl(V')) = cent (M, gl(V')) = K[My)].
Thus we have Df = Gy, = G, = DY [

Lemmas 4.7 and 4.8 prove the following.

Proposition 4.9.  Suppose a nonderogatory ¢ € gl(V') has p distinct eigenvalues
Ay .-y Ap, all of which are real and of respective multiplicity ki, ..., k,, where

i+ -4k, =n. Then Gy is isomorphic to the direct sum D @ --- @ ’Dg”.
Proof. Indeed, if a nonderogatory ¢ € gl(V') has p real eigenvalues Ay, ..., \,, of

respective multiplicity £1,...,k,, where ki +--- 4k, = n, then Lemma 4.7 ensures
that G, is isomorphic to the direct sum @’;11 ®---D @I;Z and Lemma 4.8 further
proves that each CD’;JJ is isomorphic to @lgj yfor y=1,....p. |

This concludes the proof of Theorem 4.3 in the case of nonderogatory ¢ € gl(V)
with only real eigenvalues. Proposition 4.10 supplies another rather direct proof
(valid only when all the eigenvalues are nonzero) of Theorem 4.3 (a).

Proposition 4.10. Let G be the direct sum of n copies of the Lie algebra
aff(R) and Ai,..., A\, n distinct nonzero real numbers. Suppose ¢ € gl(R™) is
nonderogatory with eigenvalues \i,..., \,. Then G and G, are isomorphic.

Proof. Choose a basis (a;,b;) of the ith copy of aff(R), so that [a;,b;] = b; and
set B = span(ay,...,a,). Let V:=[G, G| = span(by,...,b,). For a € B, denote by
p(a) the restriction to V' of the adjoint operator [a, -] of a. So one has G =B x,V .
Further choose ag = Z?:l Aa;, with \; as in the hypotheses, so that the \;’s are
the eigenvalues of p(ag). By hypothesis, the characteristic and minimal polynomials
of p(ag) coincide. Hence R[p(ag)] and R[¢] are conjugate (with the identification
V =R").

Consider the linear map ¢ : G — Rlp(ap)] X V' = G, defined by 1(b) = b, for every
beV and ¥(a) = > " vs(plag))® for any a =Y " | kia;, where v = (vy,...,v,) is
the solution of the equation NvT = KT, with K = (ky,...,k,) and N is the n xn
matrix with coefficients V;; = )\f One sees that, for any b = Z? tibj, t; € R,

w[a, b] = [Cl, b] = i tjk’jbj = i t]’ i st’Usbj = i tj i )\j’USbj
J=1 j=1 s=1 j=1  s=1
(@), 0(0)] =D 15> valp(ao))*b; = > ;Y v Ah; = la, 1)
j=1 =1 =1 s=1

and [¥(a), ¥(a)] = ¥[a,a’] = [(b), ()] = ¢[b,b] = 0,
for any a,d’ € B, b, € V.. We further have
det(N) = (ﬁA) ( T & —AZ-)) £ 0.

Thus ¢ is a Lie algebra isomorphism. [ ]
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Example 4.11.  Let G be the 6-dimensional rank-three Kahler-Einstein solvable
Lie algebra in [11], with Lie brackets [e4,e1] = se1, [e4, 2] = sea, [e4,e3] = ses,
[65761]:—8\/7661, [65,62]23*/7562, [66,61]:\/7561, [66,62]23\/7562, [66,63]:—3\/563,
in a basis (ej,...,e), with s € R.

Consider B = aff(R) @ aff(R) @ aff(R) and a basis (a1, by, as, ba, as, bs) in which
its Lie bracket reads [a;,b;] = b;, j = 1,2,3. The linear map ¢ : G — B,
Per) = by, Y(ea) = by, Y(es) = b, P(es) = s(ay + az + as), Y(es) = 3\/76(@ —ay),
(eg) = ‘/75((11 + sas — 2sa3), is a homomorphism and det(¢) = —\/7552(55 +1). So,
1 is an isomorphism between the Lie algebras G and B, except when s € {0, —%}
Thus, any ¢ € gl(3,R) with 3 distinct real eigenvalues gives rise to G, = G, when
s ¢ {0,—1}. Note that G is Frobenius if and only if s ¢ {0, —1}.

4.4. Nonderogatory ¢ € gl(V) all of whose eigenvalues are complex
4.4.1. Nonderogatory ¢ € gl(V) diagonalizable in C

Let ¢ € gl(V) be nonderogatory. Suppose all the eigenvalues Aj, A, . .., Az, 5\% of ¢
are complex (nonreal) and distinct, in which case n is even and ¢ is diagonalizable
in C. From Theorem 6.1 (B), there is a basis of V' in which the matrix ¢ is of the
form diag(.Jy,. .., Jn ), where each block J; is of the form
Re(A;) —Im()))

(Im(/\j) Re(ry) ) ) #0.
Note that each J; is nonderogatory with characteristic polynomial

X7, (X) = (X — Re(A)))* + Im()\;)*.
Let v; be an eigenvector of ¢ with corresponding eigenvalue A;. Both Re(v;) and
Im(v;) are in ker x;,(¢) =: £;. Obviously, one has ¢&; C &;, j=1,...,%.
Set ¢; = gb‘gj. Of course, R[¢;] = Rlg, @ R¢;. In the basis e; = Ig,, e = ¢;,
es = Re(v;), ex = Im(v;), the Lie bracket of Gy = R[p;] x &;, is [e1,e3] = e3,
[61, @4] = €4, [62, 63] = R@()\j)eg + Im()\j)e4, [62, 64] = —Im()\j)eg + RG()\j)€4.
Lemma 4.5 applied to the direct sum V' = &@---@Ex, leads to Gy = Gy, B+ - - DGy, -
We identify &£; with R? and show below that each Lie ideal Gy, 1s isomorphic to

aff(C).

Lemma 4.12.  Let ¢ € gl(2,R) with complex eigenvalues N, X, where A = r —is
and r,s € R, with s # 0. Then G, is isomorphic to aff(C), as in Example 4.1.2.

Proof.  Without loss of generality, set ¢(é1) = ré; + séy, ¢(éz) = —sé; + rés, in
the canonical basis (€;,¢é;) of R?. In the basis ¢} = Iz, €} = ¢, e = €1, €, = &3,

the Lie bracket of G, reads [e},es] = e, [e],e)] = €}, [eh,es] = rey + sef,
leh, 4] = —sel+rey. In the new basis Xy 1= ¢}, Xy 1= —Le} +1e}, X3 := pef—qel,
X, = qey + pey, with p? + ¢® # 0, we now have (X, X3] = X3, [X1, Xy] = X4,
[Xo, X3] = X4, [Xo, X4] = —Xj3, which is the Lie bracket of aff(C). In other
words, the invertible linear map ¢ : aff(C) — Gy, ¥(e;) = X;, j = 1,2,3,4, is an
isomorphism between the Lie algebras aff(C) and G,. |

Proposition 4.13.  Suppose a nonderogatory ¢ € gl(V) has n distinct complex
eigenvalues Nj, \;, j =1,...,%. Then the Lie algebra Gy := R[¢] x V' is isomorphic
to the direct sum aff(C) @ --- @ aff(C) of § copies of the Lie algebra aff(C).
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Proof.  Suppose a nonderogatory ¢ € gl(V) has n distinct complex (nonreal)
eigenvalues Aj, 5\j, Jj=1,...,%. Then G4 is isomorphic to the direct sum of the
ideals Gy, := Rlo;] x &, j = 1,...,%, where kerxy,(¢;) =: &;, as above. From
Lemma 4.12, each G, is isomorphic to aff(C). ]

4.4.2. Example: the circular permutation of the vectors of a basis

Here is a typical example of a nonderogatory ¢ € gl(n,R) with n real and complex
eigenvalues, hence diagonalizable in C. It is given by the circular permutation of
the canonical basis ¢(&;) = €41, for i =1,...,n—1 and ¢(é,) = é;. Any vector ¢;
of this basis is such that (&;, ¢(¢;),...,¢" 1(¢&;)) is again a basis of R". The map ¢
is nonderogatory and its matrix in the above basis reads [¢] = Fy, + > Eiy1i.
Its characteristic polynomial is x,(X) = X™ — 1, up to a sign. So the elgenvalues
are the complex nth roots of 1. They are z, = €’ k2 , where £k =1,2,...,n. When
n = 2, then it reads [¢] = Ey12 + E2; and has the two distinct real eigenvalues
21 =—1 and 2, = 1. So G, is isomorphic to aff(R) & aff(R )

For n = 3, the eigenvalues are 2z, = 1, 25 = —€'3, 23 = —e 5. So G, is isomorphic
to aff(R)@aff(C). For n = 4, the eigenvalues are 2y = —1, 20 =1, 23 =i, 24 = —i,
thus Gy is isomorphic to aff(R) @ aff(R) ® aff(C). When n =5, there are one real
and 4 complex eigenvalues and hence we get G, = aff(R) @ aff(C) & aff(C). For
n="7,we 3have one real and six complex eigenvalues, namely 1, —e'7, —e~ % i7"
e

~iF el | —e~'7 . This gives rise to G, = aff(R) & aff(C) @ aff(C) & aff(C).

—1

4.4.3. Nonderogatory ¢ € gl(V) non-diagonalizable in C

As above, V' is a real vector space with dim V' = n. In this section, we discuss the
case of nonderogatory ¢ € gl(V') all of whose eigenvalues are complex (nonreal, in
which case, n is even), but which are not diagonalizable in C. First, consider the
case where ¢ has only 2 eigenvalues, say z = r +is and r —is, with s # 0. In
the same basis in which the matrix of ¢ is in the form M, as in (18), consider the
nonderogatory My, = M + M,,, where M, M, are as in (8). We have

n_9

MM, = — Z (E2j+1,2j+4 — E2j+2,2j+3> = M, M;, (13)

J=0

and, of course [My1, M| = [M,,, M| = [M,, Mo1] = 0. In particular, M, and M,
are respectlvely the semisimple and the nilpotent parts of My,. So, M, and M

are both polynomials in My ;. Thus, M, = rlgn + sM, + M, is also a polynomial
in My,. This induces the following equalities

R[Moy] = RIM,) and Gy, = Gu, = Df. (14)
We have thus proved the

Proposition 4.14.  If a nonderogatory ¢ € gl(V') has only 2 eigenvalues which
are complex (thus conjugate), and if ¢ is non-diagonalizable in C, then Gy = Dg .

Finally, we deduce the following.

Proposition 4.15.  If all the eigenvalues A\, i, ..., Ap 5\1, of a nonderogatory
o€ gl(V), are complex then G, is isomorphic to the direct sum @2’“1 - B ’D%”
of copies of @071 , where k; is the multiplicity of the eigenvalues \;, A;.
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Proof. Factorizing the characteristic polynomial of ¢, via Lemma 4.2, then
successively applying the Primary Decomposition Theorem, Lemma 4.5, together
with Proposition 4.14, yield the result. [ ]

4.4.4. More on the Lie algebra 9y,

Without loss of generality, we suppose that the form (18) is achieved in the canonical

basis (€1,...,€,) of R”. Note that M, and M,, in (8) satisfy M2 = —Ign, M7 = 0,
(M,M,)2 =0 and for any j = L...,5—1,
n—2j 5-j-1
J
Z wpr2; and M (M,) = — (Eopt12p+2j+2 — Bopiaopiajit).
p=0
Each M(};,l:(MS_}_Mn)p: ]OE;)( )( )p ]’p:071a2)"'7n_]—a is a

linear combination of Ign, My, (M), My(M,)’, j=1,...,%—1, where, as above,
[: = p ])' , P = > j Thus €1 = HRH €9 : Msa €2j+1 = (Mn)], 62j+2 = —MS(Mn)j,
Jj= 1 .., > —1, is another basis of R[Mj;]. In the basis (es,és, s=1,...,n), the

Lie bracket of D, reads, for any ¢ =0,1,...,5 —1 and i = 1,.

le2g+1, €] = €iaq, if 2¢+1<i<n, and [eyg1,6;] =0 otherwise,

—€i_24+1, ifioddand2¢+1<7i<n-—-1,

[62q+2, éz] = éifgqfl, if 4 even and 2(] + 2 § 1 S n,
0, otherwise.
So the 2-form d¢} = — 37" | e; A é; is non-degenerate on Df ;. The codimension 2

subspace N := span((M,)?, M,(M,)7, j =1,...,%2—1)xR" is an ideal of Df |, as it
contains the derived ideal R” = [Dg, D¢ ]. The equalities (M,)2 = (M,M,) =0,
show that A\ is 5 -step nilpotent, and is in fact the nilradical of Df ;. Indeed, if we
set § := Rlgn @ RMp;, then the vector space underlying ©g, splits as the direct
sum D, = § ® N, so that, any subspace of dimension higher than n — 2, must
meet § non-trivially and hence cannot be a nilpotent subalgebra of g ;. Thus
N is the biggest nilpotent ideal of D01 Altogether, D, is an indecomposable,
non-completely solvable (the adjoint of M, has complex eigenvalues) 2-solvable
Frobenius Lie algebra with a codimension 2 non-Abelian nilradical N'. One sees that
D¢ 1s not isomorphic to D which is completely solvable and has a codimension 1
non-Abelian nilradical (except for D} = aff(R)).

4.5. Derivations and automorphisms of G,
Proposition 4.16.  Let ¢ € gl(V') be nonderogatory. Set
N:={N e gl(V), such that [N,K[¢]] C K[|} = Nyw)(K[¢]). (15)
Up to isomorphism, the Lie algebra Der(Gy) of derivations of Gy is given by
Der(Gy) =N x V. (16)

More precisely, D € Der(G,) if and only if there are xp € V and h € M, such that
D is of the form D(a+ x) = [h,a] + axp + h(z), for every a € Kl¢g] and z € V.
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Proof. Let D € Der(Gy). As the derived ideal V' = [G,, Gy| is preserved by D,
we write D(z) = h(xz) and D(a) = Dy1(a) + Dis(a), for a € Kl¢], x € V', where
Dy, € gl(K[¢]), h € gl(V) and Dis : K[¢] — V is linear. Now, setting e; := Iy
and xp := Ds(eq), the equality Dis(a) = axp, for any a € K|[¢], follows:

0= D([e1,a]) = [D(e1),a]l + [e1, D(a)] = [zp, a] + [e1, D12(a)] = Diz(a) — axp.

We also have h(az) = Dla,z] = [Du(a),z] + [a,h(x)] = Dyi(a)x + ah(x), thus
entailing [h,a] = Dyi(a) € K|g¢], for any a € K[¢]. In consequence the equality
Di1(a) := [h, a] stands as the definition of Dj;(a) and implies h € 91. Thus for any
D in Der(G,), there are xp € V', h € M such that D(a +z) = [h,a] + h(x) + azp.

Conversely, any (h,z) € M x V defines a unique D € Der(G,) by the formula
D(a+ x) = [h,a] + h(z) + az. We get the invertible linear ¢ : Der(Gy) - N x V,
D (h,zp). As easily seen, for any D; € Der(G,) given by (hj,zp,), j = 1,2,
we have ¢([D1, Ds]) = ([h1, ho], hi(xp,) — ho(zp,)) = [(D1),¥(Ds)]. Hence 1 is
an isomorphism between the Lie algebras Der(G,) and 9 x V. [

Note that in Proposition 4.16, the inner derivations of G, are those for which the
component h belongs to K[¢].

Example 4.17.  The space Der(®y) of derivations of Df.

For n = 2, the normalizer of R[E ] in gl(2,R), is the 3-dimensional real algebra
spanned by Fj 1, E)a, Fay, which is 1 dimension higher than R[E),]. For exam-
ple, E55 is not in R[E} 5] and will thus act as an outer derivation on ©3. Con-
sidering elements of R? as inner derivations, we see that Der(®3) is spanned by
Ey1,E1 2, B9, €1,65. For n = 3, the normalizer of R[E) 5 + Es3] in gl(3,R), is
the 5-dimensional algebra of matrices spanned by Ey; — Es3, Ea + 2Es3, Eio,
E273, E173. For example, El,l — Eg,g, E22 -+ 2E33, are not in R[ELQ + Ez,g], SO they
represent outer derivations of 3. Counting elements of R? in, as inner deriva-
tions, we get dim Der(®3) = 8. More generally, for a given n > 4, if we set
My:=Ei 3+ Es3+---+ E,_1, as in (5), then the normalizer of R[M;] in gl(n,R),
is of dimension 2n — 1 and is spanned by

n—k+1 n—k+1
Dk = El,k — Z (] — 2)Ej,j+k:—1 and D;c = E27k+1 —|— Z (j — 1)Ej,j+k:—1a
7j=3 7=3
for k=1,...,n—2and D,y == Ey,1, D,_, .= Es,, D, ;== E;,,. For example,

D, and Dj are not in R[M;] and will act as non-trivial outer derivations of ©f. In
particular R[Mj] is not a Cartan subalgebra of gl(n,R) and dim Der(D}) = 3n— 1.

Example 4.18.  On the space Der(Dg ;) of derivations of Df .

For n =4, consider the n x n matrix My, = Eyy — F1o+ Ey3 — Esa+ F13+ Eay
as in Example 4.1.2. The normalizer of R[Mj ;] in gl(4,R), is of dimension 6 and is
spanned by the matrices Fy 1+ Eoo, F3z+ iy, Ei1o—FEyq, E3y—FEy3, Ei3+Fay,
E53—FE 4. In particular the two matrices Fy 1+ FEs o, E33+Ey 4, are not elements of
R[My1]. So they both represent non-trivial outer derivations of ’}3371. More gener-
ally, for any n > 6, we let again Mj; stand for the n x n matrix My, = M, + M,

as in (8). The n x n matrix

noy,
Zy=FEin+ By — 37 (5 — 1) (Byjrizii + Eojragjte)

is in the normalizer of R[My;] in gl(n,R), but not in R[My,].
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Indeed, for any s > 1, we have

[Zy, (M) = s i Ejjy2s = 5(M,)",
ZM]—0
and (20, M, (M,)") = Mi[Zy, (M)] + (20, ML) (M) = sM, (M)

So the linear map M — [Z;, M] preserves R[Mj;] and has a diagonal matrix
diag(0,0,1,2,...,5 —1,1,2,..., % — 1) in the basis

(T, My, My, (M)?, . (M) 20 MMy, Mo(M,,)?, . Mo(M,)2 )
and Zy ¢ R[My,], given that R[My,] is Abelian. In particular R[My,] is not a
Cartan subalgebra of gl(n,R). Also, Z; will act as an outer derivation of D .

We have the following.

Theorem 4.19.  Let ¢ € gl(n,R) be nonderogatory. The following are equivalent.

(1)  Ewvery derivation of Gy is an inner derivation.

(2) R¢] is a Cartan subalgebra of gl(n,R).

(3) ¢ has n distinct (real or complex) eigenvalues.

(4)  The nilradical of G4 is Abelian.

(5) Gy is the direct sum of only copies of aff(R) and aff(C).

Proof. The equivalence between (1) and (2) directly follows from Proposition
4.16. Indeed, every derivation of G, is inner, if and only if the normalizer of R[¢]
in gl(n,R), coincides with R[¢]. The equivalence between (2), (3) and (5) has been
shown in Theorem 3.11. The proof that (5) implies (4) directly follows from the fact
that each copy, of either aff(R) or aff(C), has an Abelian nilradical. We now prove
that (4) implies (5). In the decomposition of G4 (Theorem 4.3), the nilradical of G
is the sum of the nilradicals of its ideals. From Examples 4.17, 4.18, the nilradicals
of Df and Df, are not Abelian, for any k& > 2. So in order for G4 to have an
Abelian nilradical, it must not contain an ideal isomorphic D} or D’g’l, k>2. =

Note that Theorem 4.19 is in agreement with the classification of Cartan subalgebras
of gl(n,R) supplied by Kostant ([14]) and Sugiura ([23]). Theorem 4.19 also implies
that when R[¢] is a Cartan subalgebra of gl(n,R), then G, is a part of the 2-solvable
Lie algebras studied in [1], [17].

4.6. Proof of Theorem 3.11

From Proposition 4.19, for a given n, the number of isomorphism classes of 2-
solvable Frobenius Lie algebras of dimension 2n of the form G, := R[¢] x R™, where
R[¢] is a Cartan subalgebra of gl(n,R), is exactly [5] + 1. Indeed, one can look
at [5] +1 as the number (counting from zero) of possible copies of aff(C) that one
can count in a decomposable Lie algebra containing only copies of either aff(C) or
aff(R). On the other hand, from e.g. [23], there are exactly [5] + 1 non-conjugate
Cartan subalgebras of gl(n,R). So we have derived Theorem 3.11, in a simple and
direct way. More precisely we prove it as follows.
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Proof. Let h be a Cartan subalgebra of sl(n,R) with a k-dimensional toroidal
part. From [23], up to conjugacy under an element of the Weyl group, there is a

basis (€1, ..., €&, ), considered here as the canonical basis of R™, in which b is of the
form
Dy, —Dy O
hb=q D2 D1 O ;
0 0 D

where D1 = diag(hl, ce ,hk), D2 = diag(hkﬂ, cey hgk), D3 = diag(h2k+1, Ce hn)
with h; € R, j =1,...,n. Hence, b is conjugate to

M = diag(D), ..., Dy, Dy), with D, = 3~
o\ Ny ,

and D3 = diag(h%ﬂ,...,hn), hj € R, jI 1,...,71

y =

obtained by reordering the canonical basis of R™ into
(617 €k+17 627 €k+27 ceey ek; 62k7 62k+17 62k+27 ceey en) .

An M in b is nonderogatory if and only if (h;, hgyi) # (hj, hit;), whenever
i # j and hogrs # hory whenever s # [. But the existence of an (regular)
element satisfying these conditions is guaranteed by the fact that b is a Cartan
subalgebra. Hence, there exists a nonderogatory M with the n distinct eigenvalues
hi + thgy1, by — thgyq, ... hy + thok, hgy — thog, hogi1,..., h,, such that, up to a
conjugation, Ign & h = R[M]| = By. So (a) implies (b).

Furthermore, Theorem 4.3 ensures that the Lie algebra 5, x R™ is isomorphic to
the direct sum aff(C) @ - -- @ aff(C) @ aff(R) @ - - - @ aff(R) of k copies of aff(C)
and (n—k) of aff(R). In fact, the equivalence between (b) and (c) has already been
proved by Theorem 4.3. Conversely, suppose M € gl(n,R) is nonderogatory and
has n distinct eigenvalues, 2k of which are complex. From Proposition 4.19, R[M]
is a Cartan subalgebra of gl(n,R) and so (b) implies (a). Furthermore, using the
Primary Decomposition Theorem and results from Section 4.4, we put R[M] in the
form b’. [

5. Classification of low dimensional 2-solvable Frobenius Lie algebras

Applying Theorem 4.3 and the analysis carried out above, we get Theorem 5.1 below
which provides, up to isomorphism, a complete list of all 2-solvable Frobenius Lie
algebras of dimension 2, 4, 6 or 8. We note that D2, aff(C) and aff(R) & aff(R)
correspond to the family PHC7 of [2] and to S11, S8 and S10 respectively in [22].
We also note that D2 @ D2 is missing from the list in [26], see Section 5.2. It is also
worth recalling here, that the Lie algebras G, o of Example 3.7 and b4, of Example
3.8 are isomorphic via the isomorphism (3).

Theorem 5.1. A 2-solvable Frobenius Lie algebra of dimension < 6 1is either
isomorphic to aff(R), D3, aff(C), D3, Gs1 as in Example 3.7, or to one of the
direct sums off(R) @ aff(R), D3 & aff(R), aff(C) & aff(R), aff(R) & aff(R) & aff(R)
of their copies.

In dimension 8, there are 14 non-isomorphic 2-solvable Frobenius Lie algebras,
9 of which are of the form Gy, for some nonderogatory M € gl(4,R), namely @371,
D5, the direct sums D3 & aff(R), D2 & D3, D3 & aff(C), D3 & aff(R) & aff(R),
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aff(C) @ aff(C), aff(C) @ aff(R) @ aff(R), aff(R) ® aff(R) ® aff(R) ® aff(R), and 5
of which are not given by a nonderogatory M € gl(4,R), namely G4 of Example
3.7, bap and bys of Example 3.8, Gy, of Evample 3.9, G31 @ aff(R).

5.1. Proof of Theorem 5.1

First, let us recall the classification list of nilpotent 3-dimensional associative real
algebras Ay, j = 1,2,...,6, given in [4]. We will need the commutative ones
for the proof of Theorem 5.1. They have a basis (a,b,c) in which the (non-zero)
products are as follows.

A3,1 : (A3,1)2 =0,

Aso a =c,

Az a*>=sc, B®’=c, seR, s#0,

Aj g a*=sc, b*=c, ab=c, s€ER,

Ass:  ab=c¢, ba=—c,

Azg:  a*=b, ab=ba=c. (17)

Note that A3, and Ass are not commutative, since ab # ba. As noted in [4], A3,
and Aj 3 are isomorphic if and only if ¢ = €*s for some € # 0. In our case where the
ground field is R, there are only two isomorphism classes corresponding to s > 0,
say, A5 and s <0, say Az,

The above being said, let us now dive into the proof of Theorem 3.11.

The case n =1 is trivial, as every 2-dimensional non-Abelian Lie algebra is isomor-
phic to aff(R) = Gy, where ¢ = g, as in Example 4.1.1. Let G be a 2-solvable
Frobenius Lie algebra of dimension 2n, with 2 < n < 3. Write G = B xR" where B
is an n-dimensional MASA of gl(n,R). Note that, when n < 3, then [%2] +1=mn,
so that from Jacobson’s theorem ([13]), every n-dimensional Abelian subalgebra of
gl(n,R) is a MASA. Further set B = Rlgn @& L, where L is a MASA of sl(n,R).

When n = 2, then L = RM, for some nonzero M € sl(2,R). But every nonzero
M € sl(2,R) is nonderogatory. Thus, B = R[M] and B x R?* = G),. From
Theorem 4.3, Gy is isomorphic to D2, aff(C), or aff(R) @ aff(R). For n = 3, using
the Lie algebras of lower dimensions listed above, the list of decomposable 2-solvable
Frobenius Lie algebras of dimension 6 simply reads D2 & aff(R), aff(C) & aff(R),
aff(R) @ aff(R) & aff(R). As regards the non-decomposable ones, they are all of the
form g = (Rlgs ®.A) x R? with A a 2-dimensional ATD MASA of s[(3,R), since n is
odd. We have 2 possibilities. The first is A% # 0, in which case Rlps ® A = R[M],
yielding the only solution M = Mj and g = ©3. The second possibility is A% = 0.

From Theorem 3.6, A is unique and the corresponding Lie algebra is Rlgs A = g3 1,
as in Example 3.7. For the case n = 4, again using the Lie algebras of lower
dimensions, we get the following list of decomposable 2-solvable Frobenius Lie
algebras of dimension 8: D} @ aff(R), D3 & D2, D2 @ aff(C), DF D aff(R) @ aff(R),
aff(C) @ aff(C), off(C) & aff(R) @ aff(R), aff(R) & aff(R) & aff(R) & aff(R) and
Gs1 @ aff(R). We put the non-decomposable ones in the form g = (Rlgs & .A) x R*
where A is either an AID or NAID 3-dimensional MASA of sl(4,R). First, in the
case where A is a NAID MASA of sl(4,R), we write A = RM; & A’, where A’
a 2-dimensional MANS of s[(2,C). Using a direct approach and writing elements
of A’ as upper triangular 4 x 4 matrices commuting with M, one easily sees that
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A = {m1<E173 + E2,4) + mQ(EQ’g — E174),m1,m2 € R} This leads to RHRzl DA=
R[Mo,] and (Rlgs & A) x R* = D, as in Example 4.1.2. Note that using lower
triangular matrices leads to R[(Mp1)”] which is conjugate to R[Mj;]. Now in the
case where A is an AID, there are 3 possibilities.

(A) A3 # 0 and A* = 0, there exists a € A such that a® # 0 and a* = 0,
so that Rlgs & A = Rla]. From Theorem 4.3, we have Rlg: & A = R[M,| and
(RIgs & A) x R* = D3. This corresponds to the case Asg in [4], as Az =
span(a,a® = b,a® = c).

(B) The second possibility is A® = 0 and A* # 0. From Lemma 3.5, we have
dim I'm(A?) = 1. This splits into 3 cases (17):

(a) Azp: with (As2)? = Re. A representative of this class is P, as in Example
3.8 with @ = Fio + Fou, b = Ei3, ¢ = Ey4, so the corresponding Lie algebra is
(Rlgs @ Asp) x R = By

(b) A},, with (A3 3)? = Re. A representative of this class is Py3 as in Example 3.8
with @ = Eys + Esa, b= Evg+ Bz, ¢ = Erg, and (Rlgs @ A} ;) x R = by 5.

(c) A34: A representative of this class is L} , as in Example 3.9 with a = Ey 5+ Fs34
—E13—Fs4, b= E1o+E3 4+ Ey 3+ Foy, ¢ = 2E1 4, so that (RIps®Az3) xR = G .
(C) The last case is given by the condition A? = 0, which, from Theorem 3.6,

provides a unique A and (Rlgs B .A) x R* = g4, as in Example 3.7. Note that this
corresponds to A = Az in [4]. ]

5.2. A discussion on the lists by Winternitz and Zassenhaus

We revisit the classification lists of MASAs of sl(n,R), n = 3,4 provided in [25]
and [26]. A systematic comparison shows a match with our classification, except for
one missing item which we complete and correct some misprint on another item.

For n = 3, according to [25], there are six classes of non-mutually conjugate MASAs
of s[(3,R). With the same notation as in [25], we denote them by Lo;, i =1,...,6.

(1) The first is Loy = {diag(ky + ko, —k1 + ko, —2k2), ki, ko € R}. We note that
L271 = {(kg — k‘l)SgJ + %(kl + 3]452)52’1 + %(lﬁ — ]{72)5%1, ]Cl, ko € R} C R[Sg’l] , where
So1 = diag(1,0,—1), and Rlge @ Loy = R[S21]. So (Rlgn® Lo 1) X R? is isomorphic
to aff(R) @ aff(R) @ aff(R), as Sy is nonderogatory with 3 eigenvalues.

(2) In L2’2 = {kl(El,l + E272 — 2E373) + kQ(ELQ — E271), ]{31, ko € R}, every ele-
ment is a nonderogatory matrix with one real eigenvalue —2k; and two complex
conjugate eigenvalues ki + 1k and k; — iky, except when ky = 0. For instance,
Soo = E19— Es1 € Lys is nonderogatory, so Rlgs @ Ly = R[Ss5]. From Theorem
4.3, (Rlgs @ Lao) X R? is isomorphic to aff(C) & aff(R).

(3) In Los:= {k:l(Em + Esg —2E53) + koEy o, ki, ko € R}, each element is of the
form k1S9 5+ kpSa 3 — (3k1 + k2)S3 5 where S5 := Ey 5+ Es3 is nonderogatory with
the double eigenvalue 0 and the simple eigenvalue 1. Hence, Rlgn & Ly 3 = R[S 3]
and (Rlgn @ Lo 3) x R* = Gg, , is isomorphic to aff(R) & ©F (Theorem 4.3).

(4) As regards L275 = {]{flEl’Q + k’gEl,g, ]{?1, ]{52 € ]R}, the algebra RHRS S5 L275 is the
same as B3, in Example 3.7 and B3 ; X R3 = Gs1 is indecomposable.

(5) L2’6 = {kl (ELQ —+ E273) —+ k2E1737 k?l, k?g - R} is SU_Ch that RHRS b L276 = R[Mo],
where the nonderogatory matrix My = E) 2 + F23 has 0 as a unique eigenvalue of
multiplicity 3. Thus, (Rlgs @ Log) x R?* = D3, (Theorem 4.3).
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(6) For the remaining algebra L4 := {k’l73E173 + kosEs3, ki3, ko € R} in the list
in [25], it is easy to see that (Rlgs & Loy) X R? is not a Frobenius Lie algebra, as
every linear form « satisfies (0a)® = 0. See also Remark 3.10.

For n = 4, we treat the pair-wise non-conjugate 16 MASAs of sl(4,R) in the
order in which they appear in the classification list in [26] and name them Y,
j=1,...,16. We correct the algebra )y from its original expression in [26] which
was not commutative and complete the list of MASAs from which the MASA )~
giving rise to D & D3 is missing.

1.

Vi = {ki3E13 + k1aEva + kosEos + kouEoa, kig, ki, ko3, keq € R}, is 4-
dimensional, thus it is not relevant to our study.

Vo = {k12FE1 2+ k13E1 3+ k14FE14, ki12,k13,k14 € R} is the algebra Ly; in
Example 3.7, so the 2-solvable Frobenius Lie algebra (Igs®),)xR* is isomorphic
to g471.

Vs = {k1aFr4 + kouloy + k34F34, ki, kou, k3s € R} is the algebra L, in
Remark 3.10, when n = 4. So (Rlgs @ Ys) x R?* is not a Frobenius Lie algebra.
YV, = {k?173(E173—|—E374)+/{5174E174—|—k‘274E274, ]{3173, ]{1747 k‘274 S R} yields a 2-solvable
Lie algebra which is not a Frobenius Lie algebra. Indeed, if we set e; := Iga,
€2 := F13+ E34, €3 := E14, ey = Fay, the Lie bracket of (Igs & Yy) X R* is

ler, €] = €5, j=1,...,4, [e2, 8] = €1, [ea, €] = €3, [e3, 8] = €1, [eg, €] = &3
Any linear form a = kie] + koej + ksel + kye) + s1€7 + S2€5 + 5365 + 54€;
satisfies (Oa)* = 0, as we have da = —ef Amy — €5 Ao — m3 A €, where

Ny = S1€] + $2€5 + S3€3 + S4€), N2 1= S1€3 + S3€4, N3 1= S1€5 + S2€].

Vs = {k12(E12+ Fau) + k3B 3+ k1 aFya, kio, ks, kg € R} is the MASA Py
of sl(4,R) given in Example 3.8. So (Tgs & V5) x R?* is the 2-solvable Frobenius
Lie algebra b4, in Example 3.8.

Voo = {k12(F12 + Eou) + ki3(Evs + €E34) + k1aFEra, k1o, ki3, ka4 € R},
e = +1, yields a 2-solvable Frobenius Lie algebra (Igs © Vs.) X R* with the
following Lie brackets, in the basis e; := Ips, €3 := Ey o+ Fo4, €3 := Ey 3+eF34,

es=FEy, 65, 1<j<4:[e, 6] =¢5,7=1,...,4, [e2,6] = €1, [ea,84] = &3,
les, €3] = €1, [es,€4] = €3, [e4, 4] = €;. Furthermore we note that the form
ey = —ejNej—esNes—ei Nes—e; ey is nondegenerate. Note that Vs coincides

with P, 3 in Example 3.8. So (Igs @ Ve 1) x R?* is the same as b, 3 in Example
3.8. When & = —1, the linear map defined by ¢ : (Ips & Vs 1) x R* = G},
Y(er) =€), Ylex) = ey —ey, Y(es) = —eh — ey, Y(ea) = —2€), P(éx) = —€5+ 63,
Y(e3) = &, + &5, P(é1) = —4é), is a Lie algebra isomorphism, where G} , is as
in Example 3.9. So Vs 1 is conjugate to Lj 4.
Vi i=A{ki2(E1g + Eas + Esg) + kis(Ervs + Eou) + k1aEra, kg ks, kia € R}
satisfies ]IR4 @y7 = R[Mo] s with MO = E172+E273+E3,4. So (HRAL 69)27) D(R4 = @é
Vs = {ki2(F1o — By + B34 — Ey3) + kig(Eis + Eay) + kia(Fra — Ebg),
k12, k13, k14 € R} is such that Igs & Vs = R[M; 4], where

Moy =FEio—E31 +FEsy — FEyz+ Ei3+ Eay.
Thus (Tps B Vg) x R = @371. Note that, in the original list in [26], this item
was listed with some mistakes as
{k12(E12— Ea1+ Eoy — Eys) + k13(Eis+ Eog) + k1aEra, ki2, k13, k14 € R}

which is not commutative.
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11.

12.

13.

14.
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Vo = {k11(Er1+ Eaog + B33 —3E44) + k12E1 2 + ki 3By, ki, kg ks € R},
consider the basis e; = Ign, €9 = By 1+ Ey 0+ FE33—3E,4, €3 = F1 9, €4 1= L 3
of Tpa®Yy and change it into €] := (3e1+e2), €) = €3, €5 = €4, €} 1= 1(e1—e€3).
The Lie bracket of (Igs @ Vo) x R* reads [e},é1] = €1, [}, &) = €2, [¢], &3] = és,
[eh,es] = €1, [es,e3] = €1, le},é4] = é4. That is clearly the Lie bracket of
Gs1 @ aff(R), where Gs 1 = span(e], €}, €}, €1, €, €3) corresponds to n =3,p =1
in Example 3.7.

Vio:={ki1(Ev1+ Eoo+ Esg —3E44) + k3B 3+ kosEos, ki1, ki3, ka3 € R},
a basis of HR4 D ylg is €1 = HRAL, €y = E1’1 + E272 + E373 — 3E474, €3 — ELg,
es = Fy3 which we change into €] := {(3e; + €2), € = e3, €4 = ey, € =
1(e1 — ea). The Lie bracket of (Igs ® Yi9) X R* reads [e],é1] = €1, [e], &) = é,
[€], 3] = é3, [e), 3] = €1, [}, 3] = €z, [€], é4] = €4, which is the same as that
of (B3 x R3) @ aff(R), where Bz =span(e}, ¢y, €4) is as in Remark 3.10, when
n = 3 and R® =span(éy,éy,¢3). As B3 x R? is not a Frobenius Lie algebra
(Remark 3.10), neither is (Igs @ Vi) X R%.

Vi = {k11(E1q + Eap + Es3 — 3E44) + k12(E12 + Ea3) + kisErs, kia,
kl’g, ]{7173 € R}, a basis of RHRn EByH is €1 = HRn, €y = El,l + E272 -+ E373 — 3E4’4,

e3 = E1o+ Ea3, €4 := E13 = €3, which we change into €] := i(3€1 + e3),
ey, =e3, €5 = ey, € = }1(61 — €3), so that the Lie bracket of (Rlg» & ;) X R?
reads [6/1,61] = él, [6/1,62] = ég, [6/1763] = 53, [6/2,62] == él, [6/2,63] = ég,

[eh,é3] = €1, [€),¢és] = é4. This is the Lie bracket of D3 @ aff(R), where
D3 = span(e), eh, €y, €1, €9, E3) = Rley] x R3.

Vio i={ki1(Er1+Eyo—FEs3—Eya)+kio(E1o—FEoq)+ksa(Esa—FEyg), ki1, k12,
k374 € R}, a basis of RHR4 D ylg is el = ]I]Rn, €y = E171 + E272 — E373 — E474,
e3 = E19 — Eyy, eq := E34 — Ey3, we change it into €] = %(61 + e9), €y = e3,
ey = 3(e1 — es), € = es. The Lie bracket of (Rlg» & Vi2) X R?* is given by

[6/17é1] = él; [6/17é2] = é?u [6/2751] = _é27 [6/2762] = élu [62’)763] = é37 [eéyéﬁl] = é47
[€),e3] = —é4, [€),é4) = é3. This is the direct sum Z; & Z, of two ideals
I, = span(e|, €, é1,62) and Iy = span(es, e}, €3,64). Both Z; and Z, are

isomorphic to aff(C). So (Rlgs & Vi) x R* is isomorphic to aff(C) & aff(C).

Vis = {k11(E11+ Eso — Es3 — Eyy) + k19(Er12 — Eoy) + ksaFsa, ki, k1o,
k34 € R}, consider the following basis of Rlgs @ Yi3: €3 = Ign, e = Ey5 +

EQ,Q — E373 — E'4,47 €3 — ELQ — Egjl, €4 = E374. In the new basis 6/1 =
t(er+e2), €y =es, €y = 2(e1 — e2), €} = eq, we get the following Lie bracket
of (R]I]R4 S yl3) X R4: [ellyél] = éla [6/1762] = é?7 [6/2761] = _627 [6/2762] = é(17

[eh, €3] = €3, [eh, €4] = €4, [€),€4] = é3. This is the Lie bracket of aff(C) & D3,
with aff(C) = span(e}, €}, €1, €2) and D2 = span(ey, €}, €3, €4).

Vs = {ki1(Ev1+ Eog — Es3 — Eya) + kio(Eve — Eox) + kss(Ess — Esa),
ki1, k12, kss € R}, consider the following basis of Rlgs & Vis: €3 = Ign,
€g = E171 + Egyg — E373 — E474, €3 = E172 — Egyl, €y = E373 — E474. In the basis
€ = %(61 +e), €5 = €3, €5 = i(el — e+ 2e4), € = i(61 — e — 2e4), ¢,
j =1,2,3,4, the Lie bracket of (Rlgs ® Vi4) x R is: [e],¢1] = €1, [}, &) = &,
[6/2, él] = —ég, [6’2, éQ] = él, [6%, é3] = ég, [62, 64] =éy4. This is the Lie bracket of
aff(C) & aff(R) @ aff(R), where aff(C) =span(e,eh, €1, é;) and the two copies
of aff(R) are span(ej, é3), span(el, é4).
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15. Vis:={ki1(E11+E20—Es3—FEs4)+kioEy o+ks 3(Es3—Eya), ki1, k12, ks 3R},
change the basis e; = Ign, €3 = Ey1 + Eao — F33 — Eyy, €3 = F1a, €4 =
Eg,g — E474 of ]R]IR4 ) y15, into 6/1 = %(61 —+ 62), 6/2 = €3, 6% = %(61 — €9 + 264),
¢) = 1(e1 — es — 2e4). The Lie bracket of (Rlgs @ Vi5) x R* is [}, é1] = ¢,
[€], éa] = €3, [€), ] = €1, [€}, 3] = €3, [€), 4] = é4. This is the Lie bracket of
D2 @ aff(R) & aff(R), where D2 =span(e}, s, €1, €2).

16. Vig :=A{ki(Ev1+ Eao+ E53 —3E44) + ko(Er 1+ Eog —2E33) 4+ k3(E1 1 —Esp),
ki, ko, ks € R}, we consider the basis e; = Ign, ey = Ey 1 + FEoo+ E33 —3E, 4,
€3 = El,l + E272 — 2E373, €4 = E171 — E272 of RHR4 D ylﬁ, then change it to
e = 5(3e1+ea+2e3+6ey), € = 15(3e1+ea+2e3—06ey), € = 1(3e1+e2—4e3),
¢}, = ;(e1—e2). The Lie bracket of (RIpa®Y16) xR is: [e], é1] = €1, [eh, €] = €3,
[€s, €3] = €3, e}, 4] = é4. This is the Lie bracket of

aff(R) @ aff(R) @ aff(R) @ aff(R),
where the copies of aff(R) are span(e},é;), j = 1,2,3,4, respectively.

17. Vir = {ki1(Ev1 + Eop — B33 — Eyu) + k12F1 2+ ksaEsa, kg, k12, kss € R}
Consider the basis €1 — ]IRn, €y — E171 + E272 — E373 — E474, €3 — ELQ, €4 1 — E374
of Rls Y17 and further change it into e} = $(e1+e€2), €y = e3, e = 3(e1—e2),
e}, = e4. The Lie bracket of (Rlgs @ Vy7) x R? reads: [¢],é1] = €1, [¢], €] = &,
[elz,ég] = él, [eé,égg] = é3, [6%,64] = é4, [621,64] = ég. This is the Lie bracket
of the direct sum D2 ¢ D3, where the copies of D3 are span (e}, €}, €1, €2) and
span(ey, €}, €3, €4). The present item is missing in the list in [26].

6. Appendix: Jordan form of nonderogatory real Matrices

Theorem 6.1. (Jordan form of real endomorphisms) Let V' be a real vector
space, dimV =n. Let ¢ € gl(V') be nonderogatory. There exists a basis of V in
which the matriz [¢] of ¢ has a Jordan form, more precisely, the following hold.

(A) If ¢ has a unique eigenvalue \ with multiplicity n, then

n—1

[¢] = Ally + Z Eii.

i=1
(B) If ¢ has n distinct complex eigenvalues A;, N;, j=1,...,% then
(9] = diag(Jy,...,Jn ), where J; = <Im()\j) Re(\;) )’ Im(X;) #0.

(C) If ¢ has only two eigenvalues which are both complex z = r +is and z, where
r,s € R, s #0, and if n > 4 (in which case ¢ is not diagonalizable in C),
then [¢] has the form, with Mg, M, as in (8):

[¢] = rly + sMg + M,, =: M. . (18)

(D) In the general case, [¢] is a block diagonal matriz with blocks in the form (A),
(B), (C) or diagonal with distinct diagonal real entries.



824 DiaTTA, MANGA, MBAYE

6.1. Proof of Theorem 6.1

Let ¢ € gl(V) be nonderogatory, where V is a real n-dimensional vector space. We
write x(X) = Q1(X)Q2(X) where @;(X) has only complex (nonreal) zeros and
the zeros of (Q2(X) are all real, so that V' = ker(x4(¢)) = ker(Q1(¢)) ® ker(Q2(¢)).
The result follows by noting again that ¢ preserves both ker(Q1(¢)) and ker(Q2(¢))
and its restriction to each of them has a Jordan form, as discussed below. In fact,
Q1(X) factorizes as Q1(X) = Q1a(X)Q1(X) where all the zeros of Q1,(X) have
multiplicity 1 and we can further factorize (1,(X) into factors, each having only
2 (complex conjugate) zeros with multiplicity greater than 1. So the latter boils
down to the case where ¢ has only two complex conjugate eigenvalues, as discussed
in (C) below.

(A) Suppose ¢ has p distinct eigenvalues Ay, ..., \,, all of which are real and of
respective multiplicity kq,...,k,, with ky 4+ --- 4+ k, = n, so that its characteristic
polynomial factorizes in the form y4(X) = x1(X)x2(X) - xp(X), where we have
x;(X) = (X—=X)% for j =1,...,p. The polynomials x;(X) are pairwise relatively
prime. By the Primary Decomposition Theorem and the Cayley-Hamilton theorem,

we have
V' = ker x4(¢) = ker x1(¢) @ ker x2(¢) @ - - @ ker x,(¢). (19)

Of course the subspaces &; := ker(¢p—\;)*¥, j =1,...,p, are all stable by ¢ and the
restriction of ¢ to &; is again a nonderogatory endomorphism of &; with a unique
eigenvalue, for every j = 1,...,p. So this reduces to the case where ¢ has n distinct
real eigenvalues and is hence diagonalizable, or ¢ has a unique real eigenvalue \ with
multiplicity n. We now assume the latter case. Up to a sign,

N o !
Xo(X) = (X —A)" = ZCZL(—l)"_J/\”_’XJ, with 0f = L, for p > q.
g ¢'(p — q)!

By Cayley-Hamilton’s Theorem we have

n—1
¢" = Co(—1)" A
j=0

Choose T € V such that (éy,...,e,) = (¢" 'z, ¢" 27, ..., ¢"JZ,..., T) is a basis
of V. We thus have
n—1 n
ser = 6"z = 3 BTNz = 3B (1)
§=0 j=1
and ¢e; = e€;_1, for 7 =2,...,n. Therefore the matrix of ¢ has the form

My =Y kB + 30020 Bjars with k= B (=170,

If A = 0, then we are done. If A # 0, we use a direct approach by looking
for the coefficients p;; of a matrix P such that we have M,P = PM,, where
M)\ = )\HV + Z?;ll El,l—i—l . We get

1-1

T
Pkl = Z(—l)k REPN HJE”_ZEPMH,

=0

where the numbers p; 11, j =0,...,n — 1, are seen as parameters.
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In particular, the matrix P is a solution, whose coefficients in the above basis (és)
are

(= D)EINECE i k>,
P = 0 if k<l

(B) Suppose all the eigenvalues of ¢ are complex (and nonreal) and ¢ is diag-
onalizable in C. Equivalently, ¢ has n distinct complex eigenvalues, say, A;,
N, j=1,..., 5, where of course, here, \; is the complex conjugate of \;. Let
A = Ar — iA; be an eigenvalue of ¢, where Ag, A\; are real numbers and A\; # 0.
Consider an eigenvector v (with complex components) of ¢ with corresponding
eigenvalue \. Further set &, := {zv + Z0,2z € C}. Note that, as v is also an

eigenvector of ¢ with eigenvalue A\, we also have £, = &. Furthermore, &, is a
real 2-dimensional vector subspace of V' which is stable by ¢ and the vectors Re(v)
and Im(v) form a basis of £, in which the matrix of the restriction of ¢ is

M,y = (ilj /C;I).
Indeed, any element of &, is of the form zv + Zv = 2Re(z) Re(v) — 2Im(z) Im(v)
and taking the real and imaginary parts of both sides of the equation
pv = Iv=(Ag—1iX) (Re(v) +iIm(v))
= (Ag Re(v) + A Im(v)) +i (Ar Im(v) — A\ Re(v)), (20)
one gets

¢Re(v) = Ag Re(v) + Ar Im(v) , ¢Im(v) = —Ar Re(v) + Ag Im(v).  (21)

Note that M) is nonderogatory with x,s, (X) = (X — Ag)? + A? and both Re(v)
and Im(v) are in ker xar, (¢), more precisely, ker xa, (¢) = €.

In the basis (Re(v;), Im(vy)), j = 1,...,5, of V, ¢ assumes the Jordan form
diag(M,,, ..., My, ), where v; is an eigenvector of ¢, as above, with eigenvalue \;
2

(C) Suppose ¢ has only 2 eigenvalues which are complex z = r +is and z, and
n > 4. So ¢ is not diagonalizable and

Xo(X) = (X =2 +8%) % =3 Bl s ¥(X — )%,

We write the latter as x4(X) = >7_, Dnx(2)X"* , where, by a direct calculation,
we obtain the coefficients D, ; : C —+ R Wthh are given by

Do) = (130 B8, (1) ()" 22)

p=¢g;

where 2¢; = j + ;( (—1)7). From the Cayley-Hamilton’s Theorem we deduce
]

that ¢" = —> "7, n](z) . According to Lemma 2.5, let z € V' be such that
(e; ="z, j = 1, ,n) is a basis of V. We have

n—1
gbé = 6] 1, 2 < j < n, gbel ¢ T = ZDnJ ZDn,j(Z)én—ja
j=0
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which in matrix form, say M, , reads
n—1 n
M. =Y Ejjy1— Y Dunj(2)Ejn.
j=1 J=1

Now one may use a direct approach by looking for the explicit expressions of the
coefficients py; of a matrix P such that M,P = PM,, where M, = rlgn+sM;+M,,
with M, M, as in (8). Before proceeding, it is interesting to note the following.

If P, and P, are invertible and satisfy the equation M. P = PM,, then P; tp,
is in the isotropy subgroup of M, that is, the subgroup of GL(V') consisting of
those P3 satisfying PsM.P;* = M,. Since M, is nonderogatory, its isotropy
subgroup is a maximal subgroup of GL(V'). In fact, it is the group of invertible
elements of R[M,], it is connected, as the intersection R[M.] N det™'(]0, +oo[) of
two connected subsets and hence it coincides with exp (]R[MZ]) So, there exists
Q € R[M,] such that P;'P, = exp(Q). Thus, for a fixed invertible solution P;, the
map P, +— P;'P, is a 1-1 correspondence between the set of invertible solutions of
the equation M,P = PM, and exp (R[MZ]) . We summarize this as follows.

Lemma 6.2.  Let P, be an invertible solution of the equation M,P = PM,. Then
any other invertible solution P is of the form P = Pie?, where Q € R[M,]. The
linear map Py — P; ' Py is a 1—1 correspondence between the space of solutions and
R[M.], and invertible solutions are mapped to elements of the form €9, Q € R[M.].

Now from the explicit expressions of the equation M,P = PM,, we extract the

following linear recurrence relations, where of course, s = 2% and r = %=:

Pr11 = P11 Dnpn—k+7Pr1+5Dk2, Dit12 = P12Dnn—i+7TDr2— 5Pk 1,
DPk+1,2j+3 = P1,2j+3Dnn—k + TPr2j43 + SDk2j+4 T+ Pk2j+1, (23)
Ph41,2j+4 = P1,2j+4Dnn—k + TDr2j44 — SPk2j+3 + Dk2j+2,

where j =0,...,5 -2, k=1,...,n—1 and Dy; = Dy,(z). Obviously, these linear
recurrence relations admit explicit solutions py; which are linear combinations of
the p1;, j =1,...,n, the coefficients being polynomials in z, Z. One easily checks
that 2 .

det(P) = (S52) 7 (01 + 17 2) 2 dns

where ¢4 =4 and for n > 4, ¢, = (—1)%(3 — 1.

This proves that invertible solutions, of the equation M,P = PM,, always exist,
they correspond to pil + piQ # 0. More precisely, from (23), the two first columns
of P can be rewritten, for any k=1,...,n—1, as

(pk+1,1> _ ( r S) (pk,1> + Dppi <p1,1>
Pk+1,2 -5 T Pk2 P12
which gives rise to the explicit expression
k !

Pk+1,1 _ [ D r s } P11 924

@) - oL 01G) .
Again from (23), the columns 2j 43 and 2j + 4 of P read, forany j =0,...,5 —2
and k=1,....,n—1, as
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Drk+1,2j+3 ) _ Dn,nfk <p1,2j+3) + ( r S) (pk,2j+3) + (pk,2j+1)
DPk+1,2j+4 P1,25+4 —-s T DPk,2j+4 DPk,2j+2
k I
ros P1,2j+3
= (> Dy ) (D 25
S (L IE) @
El o\ » '
I ( ) ( k—l1,2]+1) .
zgﬁ (—3 7’) Pk—14,25+2
Further developing (25), leads to the final explicit expressions

Jj+1
(pk+1,2j+3) ZU k 7, q (P12 Q)+ 3) ’ (26)
j 2(j—q

Pk+1,25+4 )+4

some of the 2 x 2 matrices U(k, j,q) have quite lengthy general expressions, some
of which being zero (see cases n = 4,6, 10 below). For example, one gets

P21 = —7’(” - 1)]91,1 + Sp12, P22 = —r(n - 1)p1,2 — P11,
D31 = " ; 2 ((52 + (n—1)r®) p1y — 2rs p1,2>7
P32 = — ; 2 ((32 + (n—1)r*) pro+2rs py 1) , and for j > 1,
P2ojr1 = —(n—1)rpigjr1 + spiojre + Pi2j-1
P22j+2 = —(n— )7“]9172j+2 — SpP1,2j+1 T P125
pog = (spr2 —rpin)[2["77 Pa2 = —(Sp11+7’p1,2)|2|n_2
Dn3 = < —r? + §%)p11 + 2rspy 2> 2| (Sp1,4 - TP1,3> |2
Pna = <27”Sp1 L+ (r* = s*)p 1,2) 2" + (T‘p1,4 + SP1,3> 2" 2,
Projvs = (P12540 = TP12j43) 12"+ (rDnjsr — sPuzjia)|2| 7
Projra = —(rp1gjya+ Sp1,2j+3)|Z’n_2 — (1pnajre + Spn,2j+1)’2|_2 : (27)

6.2. Some particular examples in low dimensions

In low dimensions, one gets simple expressions for P by setting p;; = 1 and p; ; = 0,
if 7>2o0r p1o=1and p;; =0, if j # 2. Here are some examples.

e For n =4, we get
Pia=1,p12=p13=p1a=0,
P21 = =3, P22 = =5, P23 =1, pa =0, 31 = 3" + 57,
P32 =218, p33 = —2r, P34 = —2s,
pa1 = —r(r’+5%), pro = —1’s—5>, pag =1’ —5>, pga = 2rs and det(P) = 4s*.

e For n =6, one gets
pi=1,pma=pi3=pia=p15=n1e=0,
P21 = —or, P22 = =S, P23 = 1, P24 = P25 = P26 = 0,
P31 = 10r% 4+ 25, p3o = 4rs, ps3 = —4r, p3g = —2s, p3s =1,
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[1]
2]
3]

pag = —2r(5r* +35%), pag = —25(3r* + 5%), pag = 6r°, paa = 6rs, pss = —3r,
Pa6 = _387

psa = (5r?+5%)(r2+5?), pso = 4rs(r*+s%), ps3 = —4r®, ps4 = —2s(3r?+ %),
pss = 3r2 — 3s%, pse = Ors,

peq1 = —1(r? + 82)?%, pea = —s(r? + s2)%, pes = r* — s, pea = 2rs(r? + s?),
pos = —1(r? —3s?), pee = —s(3r* — s?), det(P) = —64s°.

For n = 10, we choose p;; = 1 and p;; = 0, Vj > 2, so that the nonzero
coefficients of P are:

P11 =1,

pa1 = =9, pao = —s, pag =1, p31 = 4(9r* + 5*), p3o = 8sr,

P33 = —8r, psa=—2s, p35 =1, ps1 = —28r(3r* 4 s?),

pao = —4s(Tr? + 52), pys = 2872 +25(2), pyy = 1dsr, pys = —Tr, psg = —3s,
par =1,

ps1 = 6(21r* + 14r2s% + %), pso = 8sr(7r? + 3s?), ps3 = —4r(14r? + 3s%),
psa = —6s(Tr2 + s%), pss = 2112 — 52, psg = 18sr, ps7 = —6r, psg = —4s,
pso =1,

pe1 = —2r(63r* + 70r?s? + 15s), peo = —2s(35r* + 30r?s® + 3s%),

pes = 10r(2)(7r? + 3s52), pe.a = 10s7(7r? + 3s2), pss = dr(—Tr? + s2),

pes = —55(9r? + s%), per = 5(3r% — s?), pes = 2057, Peg = —5r, Pe10 = —5S,
pra = 4(r* + %) (21r* + 1412s% + s), pro = 8sr(Tr? 4+ 3s)(r* + s?),

pr3 = —8r3(Tr?+5s?), pra = —25(35r1430r?s*>+3s*), prs = 5(7Tr*—2r?s* —s*),
pre = 20s7(3r2+52), prr = —20r(r2—s?), prg = —40sr?, prg = 10(r(2) —5(2)),
P70 = 2057,

ps1 = —12r(3r® + s*)(r* + 5%)%, pso = —4(7r* 4+ 5*)(r? + 5*)%s,

psa = 2(r? + %) (14r* 4+ 1252 — s*), ps4 = Gsr(Tr? + 3s2)(r? + s?),

pss = —71(21rt — 10r?s* — 15s*), pgs = 40r3s, pgo = —10r(r? — 3s?),

ps10 = —10s(3r% — s?),

po1 = (9% + s2)(r? + %)3, poo = 8sr(r? + s?)3, pos = —4r(2r? — s*)(r* + s?)?,
poa = —2(Tr? + %) (r? + s%)2s, pos = (r* + s?)(7rt — 12r?s* — 3s%),

pog = 257(9r*+5%)(r?+5%), por = —2r(3r* —10r?s? —5s%), pgg = —4s(5rt—s*),
pog = 5(r? — 2sr — s?)(r* + 2sr — s?), po1o = 20sr(r — s)(r + s),

p1071 = —T’(T’2 -+ 82)4, plo’g = —S(’l"2 + 82>4, plo,g = (T2 — 82)(T2 + S2>3,

Proa = 2s7(r’*+5%)%, pros = —r(r*—3s)(r* +5%)%, pros = —(3r* —s?)(r*+5%)s,
pro7 = (1?2 +8%)(r? — 2sr — $2)(r? + 2sr — $%), prog = 4sr(r —s)(r +s)(r* + s?),
p1roo = —7(rt —10r%s? + 5s*), pro10 = —s(5r* — 10r?s? + s*)

and det(P) = —1048576s%.
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