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Abstract. For each positive integer k, the bundle of k-jets of functions from a smooth manifold,
X, to a Lie group, G, is denoted by J*¥(X,G) and it is canonically endowed with a Lie groupoid
structure over X. In this work, we utilize a linear connection to trivialize this bundle, i.e., to
build an injective bundle morphism from J*(X,G) into a vector bundle over G'. Afterwards, we
give the explicit expression of the groupoid multiplication on the trivialized space, as well as the
formula for the inverse element. In the last section, a coordinated chart on X is considered and
the local expression of the trivialization is computed.
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1. Introduction

For each k € Z*, the family of k-jets of smooth curves, ¢ : R — G, where G is a Lie
group, is naturally a Lie group fiber bundle over R. We denote it by J*(R,G), and
its fiber over each ¢ € R by JF(R, ). In fact, these spaces are frequently known as
higher-order tangent spaces and denoted by T*G. In [8], the Lie group structure of
JE(R,G) was investigated. Namely, the space was trivialized by the right, yielding
an isomorphism of bundles over G,

JHR.GQ) ~Gx (g .t ay),

where g is the Lie algebra of GG. Following that, the explicit expression of the
multiplication, as well as the inverse element, were studied under this identification.

The aim of this work is to generalize the results in [8] when an arbitrary smooth
manifold, X, is considered instead of R. As we will see, a linear connection on the
cotangent bundle of X is necessary in order to trivialize the jet bundle, J*(X,G).
It is important to point out that the generalization analyzed here goes beyond a
mere complications of the computations occurring in higher order tangent bundles
of Lie groups. The situation for dimX > 2 implies qualitative and important
differences that entail the structure jet bundles in their full complexity. In particular,
in this case the trivialization is not an isomorphism any more, but only an injective
morphism. Notwithstanding, we take advantage of this injection to compute explicit
formulas for the fibered multiplication and the inverse element.
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Jets of curves on Lie groups are essential in the analysis of higher order Lagrangian
mechanical systems over Lie groups [2], as well as in the higher order Euler-Poincaré
reduction procedure [3] and its applications to optimal control theory [1]. For that
reason, we expect that our generalization to jets of functions defined on arbitrary
manifolds will have great relevance in the field theoretical counterpart of such
systems, i.e., higher order Lagrangian field theories on principal bundles and the
corresponding Euler—Poincaré field equations.

The paper is organized as follows. In Section 2, some notions about jet bundles, Lie
algebras and anti-lexicographically partitions are recalled. Besides, partly ordered
partitions are introduced and some properties about them are proved. Next, we
present the main results of the paper: the right trivialization of J*(X,G) is defined
in Section 3, and the fibered product, together with the formula for the inverse
element, are computed under this trivialization in Section 4. Lastly, in Section 5,
the local expression of the trivialization is given after choosing a coordinated chart

of X. In particular, this enables us to compute the image of the injective morphism
for k= 2.

In the following, every manifold or map is assumed to be smooth, meaning C°,
unless otherwise stated. We assume that dim X = n. The space of (smooth) sections
of a fiber bundle, 1y x : ¥ — X, is denoted by I'(myx) = ['(Y — X) = I'(Y).
In particular, vector fields on a manifold X are denoted by X(X) = I'(TX),
where T'X is the tangent bundle of X . Likewise, p-forms on X are denoted by
P(X) =T'(T"X), where T*X is the cotangent bundle of X. The derivative, or
tangent map, of amap f € C*(X, X’) between the manifolds X and X’ is denoted
by (df)s : Tu X — T X' for each € X. When working in local coordinates, we
will assume the Einstein summation convention for repeated indices.

2. Preliminaries

Jet bundles. We summarize the notation on jet bundles that we will use in the
following (for the corresponding definitions, the reader can go, for example, to [6]).
Let myx : Y — X be a fiber bundle and k € Z*. The k-th order jet bundle of
Ty,x is denoted by 7y x :J *Y — X and its elements by j¥s. Similarly, its fibers
are denoted by JX¥Y', for each x € X. The k-th jet lift of a section s € I'(my x)
is denoted by j*s € T (7T JEY, X) and it is called holonomic section. Recall that, for
0 <1<k, the maps my,; : J*Y — J'Y | m(j*s) = jls, are fiber bundles, where we
denote J°Y =Y . In particular, the first jet bundle of 7y x may be regarded as

JY = {7y : T,X = T,Y | vy, linear, x = ny x(y), (dnyx)y o7y =idpnx}.

On the other hand, the k-th order jet bundle of a trivial bundle 7xypx : X X F — X
is known as the k-th order jet of functions from X to F'. Since any section
s € INmxxpx) is of the form s = (idy, f) for some function f: X — F, elements
of J&(X,F) = JK(X x F) are denoted by j¥f.

Universal enveloping algebra. We recall the main notions about the universal
enveloping algebra of a Lie algebra. For an in-depth exposition see, for example,
[4, 7]. Let G be a Lie group and g be its Lie algebra. For each g € G, we denote by
R, : G — G the right multiplication by g, by Ad, : g — g the adjoint representation
of G, and by ad(&) : g — g the the adjoint representation of g, where £ € g.
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Theorem 2.1.  Let g be a Lie algebra. There exists an associative algebra with
identity, which is called universal enveloping algebra of g and denoted by U(g), and
a linear map v : g — U(g) such that

Lo u([&n]) = u(&)e(n) — e(n)e(§) for each §,n € g.
2. Ul(g) is generated, as an algebra, by {t(§) | & € g}.
3. If A is an associative algebra with identity and i : g — A s linear and

i([€,n) = i(§)i(n) —i(n)i(§) for each £, € g, then there exists a unique algebra
homomorphism ¢ : U(g) — A such that the following diagram is commutative,

Universal enveloping algebras are useful in representation theory, but we do not
develop this topic here.

Theorem 2.2. (PBW Theorem) Let {By,..., By} be a basis of g, then
span {¢(&) . 1(n)* ™ | €Z, ; >0, 1 <i<m},

where () = 1, the identity of U(g), is a basis of U(g) as a vector space. In
particular, the map v : g — U(g) is injective.

Thanks to the above theorem, henceforth we identify g 5 £ = «(§) € U(g) and we
regard g C U(g) as a vector subspace.

Partly ordered and anti-lexicographically ordered partitions. Let j € Z*.
A partition of {1,...,j} of length [ € {1,...,j} is a tuple A = (\y,...,\;) where
Ay N C {1,...,j} are disjoint subsets such that Ay U---U XN = {1,...,7}.
We denote by P(j) the family of all partitions of {1,...,j}. Likewise, we denote
Ji = |\, the cardinality of X\;, 1 < i <. Of course, j; + -+ j, = j for each
partition A = (Ay,...,\) € P(4).

Definition 2.3. A partition A = (\y,...,\) € P(j) is partly ordered if we have

of <--- <ol foreach 1 <i<I, where we denote \; = {of,...,a’ }.

Observe that we ask for the integers to be ordered only within each subset A;,
1 < i < [. The set of all partly ordered partitions of {1,...,5} is denoted by
PT(j). At last, we consider the family of partly ordered partitions with ai = 1,
ie., Pr(j)={A=,....,.N) €PT(y)|1€ N}

Proposition 2.4. Let j € Z* and 1 <1< j. Fized j1,...,51 € {1,...,7} such
that 71 + -+ + ji = j, there are exactly

4 L. .

. . J—1 Jit o+

c(]17"'7]l):<~ )”( . )
=1/ Ji

different partitions X = (A1,...,N) € Py (j) with |N| =J;, 1 <i <.
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In particular, the cardinality of Py (j) is |771 | = Z Z c(J1y-- 1)

=1 jit+-+u=j
Proof.  For the first part, we write \; = {a] = 1 < ay < --- < aj,} for each

A= (A,...,N) € Pf(j). Thus, there are (j]'l:ll) ways of choosing the elements

ak, ..., ajl-l . We have n — j7; remaining elements, whence there are (j ;2]1) choices for
the elements of A\y. Generally, there are (j _jl"j'__ji‘l) choices for the elements of \;,
2 <4 <. In short, the number of partitions in P;f(j) with |\| =j;, 1 <i <1, is

exactly .
. ‘ J—1 J— = Jim
i=2 '

We conclude by recalling that j; +---+ 7, = 7. The second part is a straightforward
consequence of the first one. [ |

Given a partition A = (A1,...,\;) € P(j), we consider two ways to derive a new
partition of {1,...,j 4+ 1}. Namely, fixed 1 < s <[ we define

LA = O At A UL+ T A0 M)

2 Ay = O A U Th At M)

For instance, given A = ({23},{1}) € P(3), we have )\[J{] = ({234},{1}) and
A = ({23}, {4}, {1}). We have the following lemmas.

Lemma 2.5. Let j € ZT, X = (A,...,N) € P(j) and 1 < s < 1. Then
A A €PIG+1).

Lemma 2.6.  Let j € Z* and A= (\1,...,N) € Py (j+1). Then there exists a

unique \ € Pfr(j) and 1 < s <] such that \ = )\?;] or A= )\[_S].

Proof. Let 1 <s <[ besuchthat j+ 1€ . If |\;| > 1, we pick
A=A de = 111 Ay - N) € PEG).

It is thus clear that S\[J;] = \. Analogously, if |As;| =1, then s > 2 and we choose

A=A A Aty -5 ) € PEG).

It is straightforward that ;\_ =\
Lastly, observe that if we have two different partitions )\ N P (4), then )\[5], )\[S],

)xfg] and )‘[] are all distinct, whenever they are defined. Hence, the partition A
yielding A is unique. [ |

The previous lemmas have the following straightforward result.

Proposition 2.7. Let j € Z" and denote by U the disjoint union. Then

PG+ = || |_|({ Bru{at)-

AePf () =1
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Additionally, we are interested in anti-lexicographically ordered partitions.

Definition 2.8. A partition A\ = (A\,...,\) € P(j) is anti-lexicographically
ordered if max \; < --- < max )\;, that is to say, if each subset contains the highest
available number when going from right to left.

We denote by P?(j) the set of all anti-lexicographically ordered partitions. In order
to illustrate both definitions, consider P(3). Then A = ({12}, {3}) is both partly
and anti-lexicographically ordered, A = ({3}, {12}) is partly ordered but not anti-
lexicographically ordered, A\ = ({21}, {3}) is anti-lexicographically ordered, but not
partly ordered, and A = ({3}, {21}) is not partly nor anti-lexicographically ordered.

Proposition 2.9. [8] Let j € ZT and 1 <1 < j. Fized j1,...,51 € {1,...,j}
such that j1 +---+ 5, = Jj, there are exactly

l . .
N(jl?"'ajl)zll(l j—l )
i=2 ¢

different partitions X = (A1,...,\) € P*(j) with || =ji, 1 <i <.

Given a partition A = (Ay,...,\;) € P(j), we derive a partition of {1,...,j+1} as
follows. Fix 1 < s <[ and define

)\[S]: (5\1,...,5\SU{1},...5\1),

where \; = {ai +1,..., of + 1} for each 1 <4 <. Similarly, we define

o= ({1H A ).

Lemma 2.10. Let j € ZT, X = (A,...,N) € P*(j) and 0 < s < 1. Then
)\[s} eP(j+1).

Lemma 2.11. [8] Let j € Z" and A = (Ay,..., \) € P(j+1). Then there exists
a unique A € P*(j) and 0 < s <1 such that X = A .

Proposition 2.12.  For each j € Z* we have

PG+0= || | |{a}

AePa(j) s=0

3. Trivialization for the higher order jet bundle

Let G be a Lie group, g its Lie algebra and X be a smooth manifold. In the following
we regard the jet defined by a (local) function g : X — G as an element of the vector
bundle jlg = (dg), € T*X ® TG over X. Let VX : T(TX) — I'(T*"X ® TX) be
a linear connection on the tangent bundle of X, and consider the dual connection,
V:INT*X) - T(T"X ® T*X), on the cotangent bundle.
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For each k € Z*, let

k k+1
\AQEE) (®T*X - X) T <®T*X — X)

be the corresponding tensor product connection on ®k T*X — X, which is again
a linear connection [5, §2.4]. Note that V(1) = V. At last, we extend our linear
connections to maps,

k k+1
W“:F(@T*X@g%X) —>F<®T*X®g—>X),

In the previous expression, the tensor product only concerns the cotangent bundles,
but the parenthesis is omitted for brevity, i.e.,

k k
QR xwg= (@T*X) ® g.

Observe that this works although V*) is not tensorial, since g is not a vector bundle,
but a vector space. Indeed, if (U, z) is a coordinated chart of X, where we write
r=(z") = (z',...,2"), and {By,...,B,,} is a basis of g, we set

v (e L di" @ @datt @ By) = VW (¢ da" @ ® dat') @ B,

for each 3 uk:L{—HR, 1<y, e <n, 1 <a<m.

-----

Theorem 3.1.  For each k € Z*, the following is an injective morphism of
bundles over X x GG,

HXG) = xP(QTX@a), g (9),60@),....é0@), (1)

i=1

where eW(z) = (ng(I)fl)g(I) o(dg), e Ty X ®g,
J
and (@) = (VU0 M) (2) e QTiX @g, 2<j <k

Proof.  We show the result by induction in k. For k& = 1, the first jet defined
by a (local) function g : X — G is given by jlg = (dg), : T.X — TynG.
Subsequently, the map is given by composing this jet with the right trivialization
T,G 32Uy — (9, (dRy1)4(U,y)) € G x g. Namely,

JH(X,G) = Gx(T"X®g),  Jog— (9(2), (dRy(w)-1) 0 (dg)a),

which is injective since it is an isomorphism of fiber bundles. Now, given k£ > 1, we
assume that (1) is injective for k — 1. Let j*g,j*h € J*(X,G) be such that

(9(2), €D (@),.... €0 (@) # (), nV(@),.... 1" (2)),

where (1) = (dRy1), o dg, 1" = (dRy-1), o dh, 9 = VG=DEG-Y and finally
nW) = VU-Dpl-D 2 < j < k. If either g(x) # h(z) or £€9(x) # n¥(z) for some
1 <j<k—1,then j*g # jkh by the induction hypothesis.
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At last, suppose g(z) = h(z), €9 (z) =7V (z), 1 <j < k—1 and £F(z) # n® ().
Recall that, in coordinates, we may write (cf. [5, §2.4]) V*~Y = d + T*=1  where
d:I( R T x ) = I( RF X ) is the exterior derivative (which is well-defined,
since we are working on a coordinated chart) and

NGNSy <T*X ® End (@’H T*X)) ,
where End( R T X ) is the bundle of endomorphisms of Q"' T*X. We have
=1 (f(k—l)(x)) — k-1 (n(’“_l)(m))
and @(k_l)f(k_l)(x) #* @(k_l)n(k_l)(a:).
Thence (df(kfl))x + (dn(kfl))x. Subsequently, j¥g # j%h, and we conclude. |
By means of this map, we denote elements of the k-th order jet bundle by
(g.€W, ..., W) e JHX, @),

for some g € G and ¢U) € ®j T*X ®g, 1 <j <k,all of them projecting to certain
reX.

Remark 3.2.  Except for k£ = 1, the morphism (1) need not be surjective, that
is, there are elements in G x @521 (®j "X ® g), k > 2, that does not represent
an element of J*(X,G). However, Example 5.1 below will show that (1) is always
bijective for the particular case X = R.

4. Lie groupoid structure of the higher order jet bundle

Since G is a Lie group, for each k € Z* the jet bundle J*(X,G) — X is endowed
with a natural fibered multiplication. More specifically, the following map is well-
defined:

JHX,G) xx JNX,G) = JNX,G),  (§Fg.5FR) = 55 (gh),

where x y denotes the fibered product of bundles over X . Therefore, J*(X,G) = X
is a Lie groupoid with both the source and the target maps being 7 (x ¢) x- The
aim of this section is to compute the expression of the fibered multiplication under
the identification (1). We start with the following technical lemma.

Lemma 4.1. Let j € Zt, g: X — G and xY) € F(@jT*X@)g — X), and
denote x = (dRy-1),0dg €' (T"X ®g). Then for each U € X(X) we have

VY (Ady o x9) = ad(x(U)) (Ad, o X + Ad, o VX1,

Proof. Let Uy,...,U; € X(X), and recall that we denote by V¥ the linear
connection on the tangent bundle, TX . We pick a curve ~ : (—¢,¢) — X such that
7(0) = z and +/(0) = U(x). For the sake of brevity, we denote by ¢ : X — g the
map defined as z — 9 (2)(Uy(2),...,U;(z)).
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Therefore,

U (Ady(2) () = 7| Adioy (20 (0= ;| Ao (Ao (02 7)) 0
= ad (X(2) (U(2)) (Adygs) (9(2))) + Ayt ((dp) (U 2)
= ad (x(2) (U(2) (Adge) (9())) + Adygy (U(2) (9(2).

As a result, we get U (Ad,(p)) = ad (x(U)) (Ady(¢)) + Ady(U(p)).
By using this, we conclude

V (Ad ox) (Uy,...,U;)

=U ((Ady o xY) (Uh,...,U; Zj: Adyo X (Uy,..., ViU, ..., Uy)
— ad (x(U)) (Ad, () + Ad, (U()) — Ad (ZX Ul,...,V)U(Ui,...,Uj))

= ad (x(U)) (Ady()) + Adg(U(go) - ZX@ (Oy,...,V3U,,...,U;) )
— ad(x(U)) ((Ady o X9 (U, ..., U;)) + Ad, (6§j>x<j>(Ul,...,Uj)). "

Recall that for each k,r € ZT there is an injective map J**" (X, G) — J* (J" (X, Q)),

g+ 4% (j7g). This allows us to identify

JHX,G) 3 jhg ~ jl(*tg) € JH(JHX,G)). (2)

Theorem 4.2. Let v € X and (g,§W,....éW), (h,nM,....n®) € JHX,G).
Then their fibered product is given by

(955(1)7 s 7§(k)) (h> 77(1)7 s 777(k)) = (gh> C(l)a R C(k)) )

where ¢V =¢W 4+ 3" ad (€0-0) L ad (€9V) (AdgonW), 1<j<k  (3)
AEP(j5)

Proof.  We prove it by induction in k. For k =1, consider two (local) functions
g,h + X — G such that g(z) = g, h(z) = h, (dR4-1), o (dg)s = ¢W and
(dRp-1),, o (dh), = nV. Recall that (g,g(l)) (h,n(l)) ~ j;(gﬁ) By using this,
(1) and the Leibniz rule, it can be checked that

(9:€2) (hn V) = (gh. (ARigny) 0 d (95) ) = (9h €V +Ad, 0 7) = (gh, ¢V)..

Now, given k > 1, we assume that the result holds for k£ — 1 and we pick a (local)
function § : X — G such that jkg ~ (g,&W,... ¢®) via (1). Moreover, we
have j*'g ~ (g, O é’H)). In the same vein, we pick a (local) function
h: X — G such that g Fho o~ (h,n(l), e ,77(’“)). By the induction hypothesis,
(7579) (71R) = (gh, ¢O, ..., (*).
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Thanks to this and (2), we may write

(960, €) (@) = 52 ((7*9) (5'R))
o 1)

By recalling that VWEWD () = €0t 1 < j < k — 1, and analogous for 7, and
by using Proposition 2.12, we finish

\vAG 1)C(k 1)(35)

_ k) (Suc Dy Y ad (gmn) ad (g(ﬁ)) (Ad; 0 7)) )(x)

/\epa(k 1)

=W 4 Z Zad G-1)  ad (é’(js‘i‘l)) ad (§(j1)) (Adg o U(jl))

AePa(k—1) s=1

+ ) ad(€9Y) . ad (€9Y) (ad (€0) (Ady o) 4+ Ady oyt Y)
AeP“(k 1)

k) Z ad G-y d(g(jl)) (Adgoﬁ(jl)):C(k)-

AEPa (k)

For the second equation, we have used that for each j € Z* and j;,j, € Z* such
that j; + j» = 7 we have

VPad () (Ad, o xU)) = ad (V m) (Ad, o 1)
tad () (ad (x(U)) (Ad, 0 X*)) + Ady 0 V) (4)

for each (local) vector field U € X(X), each (local) section

Ji
XU eF(@T*X®g—>X>, i=1,2,

and each (local) function g : X — G, where x = (dRy-1),0dg € I'(T"X ® g — X).
This is a straightforward consequence of the Leibniz rule, Lemma 4.1 and the
associativity of the tensor product of linear connections, i.e., VU = Vil @V =

Observe that the identity element is given by (e,0,...,0) € J¥(X,G), where e € G
is the identity element.

Corollary 4.3.  Let (g,&W, ..., W) € J*(X,G). Then its inverse is given by
(975(1)7“_,5(@)—1 _ (9_1’w(1)’ . 7w(k))’ where

W) = Z (_1)1 Ad, 1o (ad (g(jl)) o ad (g(]ﬁﬂ) (g(jz))) 7 1<j<k (5

AePe(4)

Proof. For k=1, given (¢9,£W) € JY(X,G), it is easy to check using (3) that
(9:€Y) (971, —Ady-2 0 €W) = (e,0)

whence (g,60) " = (g, ~Adys 0 £1)
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Now, given k > 1, we assume that the result holds for £k — 1. Let g : X — G be
a (local) function such that j&g ~ (g,£™,...,£®) via (1). Thanks to (2) and the
induction hypothersis, we may write

(9,60, 6™) " = (hg) T gl () T = (e, e Y).

Hence, (g, €0 ) ( Low® o w1, (@(kfl)&)(kfl))(x)) .

By recalling that (N Ve (z) = €U 1 < j <k —1, and by using Proposition
2.12, we conclude:

(@(k—%(k—l)) ()
= VED( 3T (<1) Adgro (ad (€9) . ad (€9-0) (69) ) ) (a)

AEPa (k—1)
=Y U ad (A o) (Ady o (ad (€9).ad (€6-0) (629))
AEP (k—1) -
+ Z Ad 10 Z (ad (é'(jl)) ad (g(jerl)) ~ad (é(jm)) (g(jz)))
AePa(k—1) s=1
+ 3 (=) Adyr o (ad (€99) ...ad (€U0) (€6 1))
AEPa(k—1)
— Z (—1)'Ad, 1 o (ad (g(jl)) ad (5(3‘1_1)) (éﬁ))) = w®)

AePa (k)

where we have used (4) and the fact that ad (Ad,(£)) (Ady(n)) = Ady (ad(&)(n)) for
each h € G and &,n € g. [ ]

Thanks to Proposition 2.9, for 1 < j < k, we may rewrite (3) as
J
¢V = ¢l +Z Z N(ji,....j) ad (g Ji-1 ) Cad (g(ﬁ)) (Adgon(jl)) _
I=1 ji+-+n=j
Similarly, (5) may be expressed as
=>" > (=1 N(.--,j) Adgr o (ad (€97) .. ad (V1)) (£09)) .
=1 jit+ii=j

Example 4.4. (Second order jet) Let us compute the explicit expressions for the
case k =2. Let (g,&M,£@), (h,nV,n®) € J2(X,G) and denote by [-,-] the Lie
bracket on g. An easy check from (3) yields

M) @ (1) (2
(9,6",€@) (h,nMm )
= (gh,&W + Ady o™, €@ + Ad, on® + [¢W, Ad, 0 n]).

In the same vein, from (5) we obtain

(9,60, 67 = (g7, = Adyr 0 €D, —Ady1 0€® 4 Ady-i o (€D, eM]).
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5. Local expression of the trivialization

In this section, we work in a coordinated chart (U, x) of X, where we can write
r = (2#) = (z',...,2"). This enables us to (locally) identify X = R" and,
hence, ®"T*X = X x @"R". Note that sections of that bundle are of the
form &%) = (idx,é(k)) for some function f(k) X = ®k R™. By abusing the
notation, we identify ¢*) = é (k) This way, if we pick the canonical flat connection
on the trivial bundle 7*X = X x R" — X, then we have V®a = da for each

a el (X x Q"R" = X).

Example 5.1. Let X = R and denote by ¢t € R its global coordinate. In
this case, a function g : R — G is a just curve on G and, thus, its derivative,
dg : TR — TG, is uniquely determined by its velocity, ¢ : R — ¢*(T'G). Namely,
for each t € R we have

(dg)e : IR ¥R — Ty G, v = (dg)(v) = g(t)v.
By using the velocity instead of the derivative, we get a map analogous to (1),

J'R,G) = G x kg,  jrgr (9(0), V@), ....¢P@)),

where kg =g @ 5 @ g and
5(1)(t) - (ng(t)—l)g(t) (g(t)> €g,

V() =€t e 2<j <k
Note that the information about the base point ¢ € R is lost and, subsequently, the
new map is not injective anymore. Nevertheless, if we restrict ourselves to a single
fiber — for instance, the fiber over ¢ = 0 — we obtain an isomorphism of bundles over
G: JE(R,G) ~ G x kg. The group structure of J¥(R,G) under this identification
was originally investigated in [8]. n

Additionally, we now assume that we are working with a matrix group, i.e., we have
G C GL(N,R) and N € Z". Hence, (dR}),(U,) = Uyh, is the matrix multiplication
for each g,h € G and U, € T,G. Let g = (gap)yp—1 : X — G be a (local) function,
where g, : X — R, 1 < a,b < N. Then, for each multi-index .J, we may consider
the partial derivative of g as the following (local) function

a\JIg _ a\J\gab
oz’ oz’

N
) . X — gl(N,R).
a,b=1

Subsequently, the tangent map of g is given by dg = (dg/0z")dz", and analogous
for higher order tangent maps: d%g = d(dg) = (0%*g/dz"dz")dx" @ dz*, and so on.
In order to keep the notation simple, it will be useful to define the maps

__ %y
Observe that 5%1(1)--#%(1')

Hence, we can always rearrange the indices to be in ascending order. By the Leibniz’s
rule, it is easily checked that

agﬂl---ﬂj

g ' X — gl(N,R), 1<pa,...,muj<n, jEZ.

= &uy..n; for any permutation o = (01,...,0;) € ;.

= gul...ujy - é;“...ujgl/a 1 S M1y - muj? v S n, j € Z+' (6)



842 CASTRILLON LOPEZ AND RODRIGUEZ ABELLA

Lastly, given 1 < py,...,p; < n and a subset x = {k1,...,5} C {1,...,7},
1 <r < j, we denote

gn(ul.“uj) = gﬂnl-nﬂnr'

This way, given a partition A = (A1,...,\;) € P(j) we denote

!
5>\(M1---Mg') = H fz\i(ul-- M) §>\1 (p1-e-pt5) §>\z(m H)* <7)
=1

Lemma 5.2. Foreach k€ Z", k>2, 1 < py,...,u <n and A € PH(k—1)
we have
9 !
Wg)‘(ﬂlmﬂkfl) = Z <€A;](u1...uk) - fk[;](yl...yk)> :

s=1

Proof. It is a computation using (6), as well as the definitions of )\[J;] and A
Indeed,

l

0 0
%fx(ul...“kfl) = o H&i(m...uk,l)

=1
l s—1
;((Hg/\ e fi—1) )(83(?“’96 (11 ><21]; SV 1)>)
zl: <<H€A (1. p1—1) )(f s UL (1 opi) — fxs(m...uk,l)fukﬂ ﬁ €A,~(u1...ﬂk,1))>
s=1 i=s+1
l
=3 (&t 000 = S ) .

s=1

We are ready to compute the coordinated expression of the injective morphism
k i s
JHX,G) — G x @jzl (®JT X®g).

Theorem 5.3. Let k, N € Z*, V be the canonical flat connection on the trivial

bundle T*X = R" x R" and G C GL(N,R) (and, thus, g C gl(N,R)). Then the
components of the map (1) which are given by

@)= > €N oy (@) det @ - @dat,  1<j<k,  (8)
AEPT ()

where ¢: Py (j) — {—1,1} is a map defined by recurrence as follows: e({1}) = 1,
e(Af) = €(\) and e()\[s]) —€(N\) for each j € ZT, X € P(j) and 1 < s <.

Proof. Again, we show the result by induction in k. For k£ =1, we have
W (x) = (dg)ag(x) " = (9g/0x")(x)g(x) " da = &, (w)dz*.

Note that this expression agrees with (8) since P; (1) = {({1})} and €({1}) = 1.
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To conclude, given k > 1, we assume that the result holds for £ — 1. Hence,

€9() = (de D), =d( S N @ @ dai)

xeP} (k—1)

0
- Z <) (W&(mmu“)) (x)da"' @ - - - @ dat*

NP (k—1)

T

l

- Z Z 6(/\) (g/\?;](m...uk)(m) - g)\[;](uy..uk)(x)) dx™ Q& dxt*

AP (k—1) s=1

= > N @)da @ @ dat,
AePT (k)

where we have used Proposition 2.7 and Lemma 5.2. [ |

Remark 5.4. In the vein of future generalization of the result above to non-
matrix groups we note that the maps &, ,, take values in the universal enveloping
algebra of g. This can be checked from the previous theorem by induction. More
specifically, for each j € Z*, £, ., : X — Uj(g), where we define

U](g) :g+span{Bi1 B’L] | (2.17--"7:]') € S]} - U(g)a

the sum being the one of vector subspaces. Note that the sum becomes direct sum,
@, for j > 1, whereas U;(g) = g+ g = g. In any case, despite expression (8), the
elements ¢ take values in g by construction. ]

Lastly, we use the previous theorem to compute the image of the map (1) for k = 2.
We denote by

k k k
Sym: @R TX — \/T"X, Skew : R T°X — \T°X
the symmetrization and skew-symmetrization maps, respectively. Recall that for
k = 2 these maps induce the decomposition
T*XRQT*X =(T"XVT*X)d (T*X NT*X).

Similarly, for each &;,& € U(g) we denote by [£1,&] = £1& — €& the commutator,
and by {&1, &} = §1& + &€ the anti-commutator.

Corollary 5.5. Let X =R" and G C GL(N,R) (and, thus, g C gl(N,R) ).
Then X, GxVBCcG@x (T X9 @ (T XT'X ®g),
where Vy s the affine sub-bundle defined as

Vo={(traa) €(T"X®9) & (T"X @T*X ® g) | Skew(a,) = — % €0, &) }-
In particular, Sym(ay,) = £, (v)dat @ dx” — %{gm, &}

Proof.  Since the map (1) is an injective morphism, it is enough to show that its
image is, precisely, G x ((T*X ® g) @ V5). Thank to the previous theorem, we know
that (1) is given by

Jzg = (9(2), €0 (x) = &u(a)da”, €D () = (G (2) — Eu(2)&, (2))da” ® da”)
where &,(z) = (9g/0x")(x)g(x)™" and & (z) = (0°g/0x"0x")(z)g(x)~".
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It is clear that the first and second components of the map are surjective onto GG
and T* X ® g, respectively. Additionally, it is easy to check that

Skew (5(2)(96)) = —% [5(1)(37)’5(1)(95)} )

Analogously,

Sym (5(2)(9‘3)) =& (2)dat @ da” — % {5(1)(3;)75(1)@)} ,

and we conclude. ]
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