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Abstract.  We present a variant of the method of construction of Watanabe of a fundamental
domain for the translation action by the subgroup of rational points on the whole group of adeélic
points of the general linear group over an arbitrary number field. The obtained domain is a
generalization of Grenier’s one, not Minkowski’s. For several fields, we profit our presentation
to show that the fundamental domain is in a so-called Siegel set. As an example, inequalities
bounding our fundamental domain are explicitly determined in the case of degree 3 over the
imaginary quadratic field with discriminant —3, which will be interesting to some people.
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1. Introduction

In one of a series of papers studying generalizations of the Hermite constant, Wata-
nabe [8] introduced a subset, called a Ryshkov domain, of the set of adelic points
of an arbitrarily given isotropic connected reductive group over a number field. He
showed a procedure to construct a fundamental domain for the translation action
by the discrete subgroup of rational points from the Ryshkov domain, which is
well-suited for the search for the Hermite-like constants. In the same paper, as an
example over the rational number field, he pointed out that an adequate application
of the procedure to the general linear group is identical to Grenier’s construction of
a fundamental domain. In this sense, Watanabe gave an extension of the method of
Grenier, or rather, the method of Hermite, Korkine, and Zolotareff, to the case over
an arbitrary number field. Watanabe’s extension depends on the induction on the
degree of general linear group like Grenier’s original construction.

Following Watanabe, Weng [10] made an explicit calculation of matrices which are
needed for the description of the connected components of the quotient symmetric
space over an arbitrary number field. Weng’s result is the realization of Watanabe’s
construction. Unfortunately, its geometric meaning is still not very clear because of
the indirect nature of induction.

So in our present paper, we try to clarify the geometric meaning of the fundamental
domain of Watanabe. We make full use of Watanabe’s tool itself, but discarding the
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induction, we rely on the use of a kind of successive minima. Strictly speaking, our
fundamental domain is a little bit smaller than Watanabe’s, but some open subset is
dense in both. To explain our result, we start with recalling Grenier’s fundamental
domain. We describe it in terms of quadratic forms.

Let &1, ..., &,—1,n be variable numbers; x = (&1,...,&,-1); ¢(X,n) a positive definite
quadratic form in n variables &,...,&,-1,m; and a2 = ¢(0,...,0,+1). After
completion of the square of 7, the quadratic form ¢ is of the form

Q(X, 77) = qN(X) + ai(flul + -+ gnflunfl + 77)27 (1)

where uq,...,u,_1 are some real numbers. The quadratic form ¢ in n — 1 variables
x = (&,...,&,—1) is uniquely defined and positive definite.

Definition 1.1. (cf. [6]) The positive definite quadratic form ¢ is reduced in the
sense of Hermite or in the sense of Korkine and Zolotareff (HKZ-reduced, for short)
if and only if the following conditions are satisfied:

o a2 =min{q(ay,...,a,) | (a1,...,a,) € Z" — {0}}
;] S% (t=1,...,n—1) and u,—1 >0

o The quadratic form ¢ is HKZ-reduced.

Grenier [4] proved the set of HKZ-reduced forms is a fundamental domain for the
natural action of GL,(Z) on the symmetric space of positive definite quadratic forms
in n variables.

When n =1, all positive definite quadratic forms are HKZ-reduced.

When n = 2, a positive definite quadratic ¢(&,n) is of the form

q(&,n) = ai€® + a3(Eu+n)* (a1, a2,u € R).

The form ¢ is HKZ-reduced if and only if a3 = min{q(c, ) | (o, 8) € Z* — {0}}
and 0 <u <1/2. As an example, let

Fem) =4+ 3P and G(€n) = 46 + 4 + 4> =3 +4(5 +1)".

The minimum value of f at the integral points other than (0,0) is 3. The form f
is obviously HKZ-reduced. The smallest value different from 0 of § is easily seen to
be 4 taken at the points (£+1,0), (£1,F1), (0,41), hence g is also HKZ-reduced.
When n = 3, put

FEm Q) = FEm +4(2 +¢)° =48 +n* +4n¢ + 4¢°
and 9(&,m.¢) == g(&n) +4¢% = f(¢.€m).

Since the minimum other than 0 of g is 4, the positive definite quadratic form g
is HKZ-reduced. The relation f(&,n,() = g(n,(,€) tells us that the smallest value
different from 0 of f is also 4. Thus f is HKZ-reduced, too.

The quadratic forms f and g above are ‘equivalent’. In general, two quadratic forms
¢ and p in n variables are said to be equivalent if and only if under the natural right
action of GL,(Z), there exists an element x € GL,(Z) such that gz = p.
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In the sense of our present paper, the quadratic forms f' , g, and f are regarded
as reduced, but ¢ is not (cf. Remark 3.6). This is because in order that a positive
definite quadratic form ¢(x,7n) is reduced, we require the minimum other than 0
of ¢(x) in the decomposition (1) is the smallest possible value among the ones of
equivalent quadratic forms.

For the purpose of stating our result, we need several symbols. We restrict ourselves
in this introduction to the case over the rational number field.

We denote by r;(z) the lower i x n-block of a rational integral matrix z € GL,,(Z).
For g € GL,(R) and i =1,...,n—1, let

ﬁ[l(xg) = det (ri(x)g tg tri(x)) ,

where *- is the matrix transposition. This lf[i(:cg) is the square of the volume of
i-dimensional rhombohedron spanned by the rows of r;(x)g with respect to the
standard Euclidean metric on R". Put

H(g) := (Hi(g),..., Ho1(g)) € R*
and m(g) == min{ﬁ(mg) | x € GL,(Z)} € R™,

t

where we consider R"~! lexicographically ordered. The minimum always exists. In
this way, we define a kind of successive minima m of (squares of) volumes of the
flags of faces of integral parallelepipeds for the Euclidean metric determined by the
positive definite symmetric matrix g *g. Call B the upper triangular Borel subgroup
of GL,,. Denote by K the standard orthogonal subgroup of GL,(R). We see easily
that the subset . .

R:={g € GL.(R) | H(g) = m(g)}

is left B(Z)-invariant and right K -invariant. It is closed in GL,(R) because of the
continuities of H and 7. Let Q be any fundamental domain for the left B(Z)-
action on the set R. Note that translation by elements of B(Z) is very simple. We
designate Q° the interior of €2 in GL,(R). Our result over the rational number field
is the following:

Theorem 1.2.  The subset €2° is an open fundamental domain for the left trans-
lation action by GL,(Z) on GL,(R).

In Section 2, we prove an extension of this theorem to the cases over arbitrary number
fields in terms of adeles. In Section 3 and in Section 4, we show respectively over the
rational number field and over some imaginary quadratic fields that our fundamental
domain is contained in a so-called Siegel set. As a corollary, we see our fundamental
domain is cut out by a finite number of zero loci of effectively calculable continuous
functions. The reasoning of this part is the same as Grenier’s [4, Theorem 1] in
essence. During the way, we also find that our fundamental domain for the rational
number field is included in Grenier’s one but does not exactly coincide with it. We
give an explicit form of inequalities bounding our fundamental domain in a few
examples of small degree. As another application of the fact that our fundamental
domain is in a Siegel set, we observe that over the fields mentioned above, Mahler’s
compactness criterion holds, though it is known to the experts.

The author expresses his gratitude to Professor Takao Watanabe for the answers
to several questions from the author and for plenty of comments on early drafts of
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our present paper. They were extremely valuable. Many thanks are also due to the
referee for his or her comments and suggestions, which improved the readability of
our original text.

2. Heights and a fundamental domain

In this section, we describe in detail a method of construction of a fundamental
domain for the general linear group. Our approach will be useful for applications.
The domain is originally obtained by Watanabe extending Grenier’s one.

First, we fix some notation.

Let F be a finite extension field of the rational number field Q; 9 the set of finite
places on F; 9™ the set of infinite ones; 9 := M U M>; F, the completion of
F at v € M; o, (v € M) the ring of integers in F,; A the adele ring of F; A
the idele group of its invertible elements; | - |, (v € 9) the absolute value on F,

normalized so that
o) {2 (v: real)

22 (v: complex)

and the module (idele norm) |-|sx := [], con |-|o on A* takes a constant value 1 on F'
(Artin’s product formula [9, Chap. IV, §4, Theorem 5)); X, ..., X, indeterminates;
V = @ FX,; the F-vector space of linear forms in Xy,...,X,; V the dual vector
space to V; and Xi,..., X, its dual basis to Xi,...,X,,.

For an element f = Z?:l a; @ X; of F, ®p V', we define a logarithmic local height
h* of f with respect to the basis Xi,..., X, as usual:

logmax {|a |y, ..., |anlps}  (v: finite)

h(f) = qlog\/]ai2+ - +]an]2  (v: real)
log (Jau|y + -+ + |anly)  (v: complex)

Denote by GLy the general linear group of linear transformations over F' of V' with
its action on V being from the right, by N the subgroup of GLy composed of
unipotent upper triangular matrices with respect to the basis Xi,..., X,,, and by A
the diagonal subgroup of GLy with respect to the same basis. For each place v € 9
on F', a maximal compact subgroup K, of the group of F,-valued points GLy (F))
of GLy is given as the isotropy group of the local height function A". Explicitly,
when v € M we see K, = GL(0, ®z Y., ZX;) and when v € M>, we see K,
is the standard orthogonal group or the standard unitary group with respect to the
basis X1, ..., X, according as the place v is real or complex. As is well-known, we
have an Iwasawa decomposition

GLV(FlJ) = N(Fv)A<Fv)Kv

for all v € M. Put K =[], con Kou. Let g¥ (v € M) be the v-factor of an A-valued
point g of GLy . Since for almost all v € 9, the F,-valued point g* of GLy belongs
to K,, we get the global Iwasawa decomposition

GLy(A) = N(A)A(A)K.

We call P; (i =1,...,n—1) the maximal parabolic subgroup of GLy whose points
are represented by the matrices with their lower-left ¢ x (n—i)-corners being zero.
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The intersection P, N---N P,_; is the Borel subgroup B = NA. Watanabe [8] has
associated each maximal parabolic subgroup of any isotropic connected reductive
group over a number field with an exponential height function on the set of A-
valued points of the reductive group. For a general linear group GLy , the height
function H; attached to P; (i =1,...,n— 1) is expressed up to a power as follows:
If the A-part of the Iwasawa decomposition of g € GLy(A) is diag(ay,. .., a,), then

Hi(g) = |an—it1--- anli |det g[;%.
If we denote by [ the lower-right i x i-corner of an F-valued point p of P;, we get
Hi(pg) = |(detl) - aniy1 - anlix | det p - det g[ L.

The product formula |F*|,, =1 tells us that H;(pg) = H;(g) for any p € Pi(F).
Notice that the image of a compact subgroup of GLy (A) through the determinant
character followed by the idéle norm is trivial. The function H; is a left P;(F)-
invariant and right K -invariant continuous function. For an arbitrarily fixed element
g of GLy (A), restricting the domain of definition to the subset GLy (F')g, we obtain
a usual twisted exponential height function H;(zg) (z € P;(F)\ GLy(F)) on the
set of F'-valued points of the Grassmann variety P;\ GLy induced by the Pliicker
embedding into a projective space. Note that (P;\ GLy)(F) ~ P,(F)\ GLy(F)
and (P;\ GLy)(A) ~ P,(A)\GLy(A) (e.g. [1, §7]). In particular, for a fixed
g € GLy(A), there are only finitely many cosets P,(F)x (z € GLy(F)) in the
group GLy (F) with its height H;(zg) bounded above.

We define a kind of successive minima function on GLy (A), which we will use to
obtain a fundamental domain on GLy (A) for the discrete subgroup GLy (F).

Let g € GLy(A). We consider R™! lexicographically ordered. Put

H(g) == (Hi(g),...,H,_1(g9)) € R
m(g) = (m1(g),...,mn_1(g9)) := min{H(zg) | z € GLy(F)} € R,
and R:={g € GLy(A) | H(g) = m(g)}. (2)

We see immediately that the functions my, ..., m,_1 are left GLy (F')-invariant and
right K -invariant functions.

Recall that B = P, N ---N P,_; is a Borel subgroup of upper triangular matrices
with respect to the basis Xi,..., X, of V.

Lemma 2.1.  We have B(F)RK = R and GLy(A) = GLy(F)R.

Proof. The left P;(F)-invariance and the right K-invariance of H; and m; for
1=1,---,n—1 give the first equality.

There exists for any g € GLy(A) an element x € GLy(F) with H(xg) = m(g).
Since m is left GLy (F')-invariant, we obtain zg € R. [

For each g € GLy(A), let
M(g) = {x € B(F)\GLy/(F) | H(zg) = m(g)}. (3)

Lemma 2.2.  The set M(g) of cosets modulo B(F') is finite and non-empty.
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Proof. It is obvious that M (g) is non-empty.

For a fixed g € GLy/(A), the number of cosets P;(F)x with © € M(g) is finite for
any i = 1,...,n— 1, because H;(-g) is a (twisted) height function on a Grassmann
variety P;\ GLy. Suppose that two elements x,y € M(g) satisfy

P(Flz=P(F)y (i=1,...,n—1).
We conclude vyt € P(F)N---N P, 1(F) = B(F). m

Lemma 2.3.  Forany g € GLy(A), there ezist a neighborhood U of g in GLy (A)
and a finite subset X of B(F)\ GLy(F) such that

m(u) = irél)?H(:pu) (uel).

Thus we find that the functions mq,...,m,_1 are continuous and that the subset
R C GLy(A) s closed, because the vector-valued height function H is continuous.

Proof. Fix g € GLy(A). For an arbitrary h € GLy(A), let
h=0b-k (be B(A), ke K)

be the Iwasawa decomposition. By the definition of height functions Hy,..., H,_1,
we see for 1 =1,...,n — 1 that

Hi(hg) = H;(bkg) = H;(b)H;(kg) = H;(h)H;(kg).

An auxiliary lower bound function ¢ on GLy(A) is defined as

lg) = min 1mf{ Ho(h) ‘ h € GLV(A)} = Z:1Im%—1gélngl(kg)

The function ¢ takes positive values and is continuous. We have by definition

Hi(h)l(g) < Hi(hg) (h,g € GLy(A); i=1,...,n—1).

Put Xy :={x € B(F)\GLy(F) | Hi(zg) = mi(9)},

Y: = {y € B(F)\ GLy(F) ’ Hi(y) < 3%()9)} - X,
and 7, = {z € B(F)\ GLy(F) ‘ Hi(2) > 37(;()9) }
Since Hi(zg) > Hi(2)l(g) > 3mi(g) > mi(g) (2 € Z1),

the right hand side of B(F')\ GLy(F) = X; UY;UZ; is a disjoint union. Continuity
of the function ¢ implies that there is a neighborhood V of g in GLy(A) such that

(v)> S lg) (veV).

We observe for z € Z; and v € V,

Hy () > Hy(2)(() > 20 - 2 t(g) = 2m(g).
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Remember that H(-g) and H;(-) are exponential height functions on the set of
F-rational points on the Grassmann variety P;\ GLy and that the function H; is
left P;(F)-invariant. We see images of the subsets X; and Y; of B(F)\ GLy (F)
in a quotient set P;(F)\ GLy(F) are finite sets, hence the number of functions
Hi(z-) (x € X1) and Hy(y-) (y € Y1) on GLy(A) are finite. We have by definition

max{H(zg) | x € X1} =mi(g) <min{H(yg) | y € Y1}.

Continuity of the function H; tells us that there exists a neighborhood W of g in
GLy(A) such that for w € W,

max{H,(zw) | z € X1} < min{2m,(g), min{H(yw) |y € Y1}}.
Letting U; :=V N W, we find
m(u) = min{H(zu) | z € X1} (v €lU),

because we have adopted the lexicographic order on R"~1.

Now we choose any set X (C X;) of representatives of the finite set Py (F)\Py(F)X;.
The set X is of course finite. Put

mb := max{Hy(zg) | = € X},

X2 = {ZL' € Xl | Hg(l'g) S m;},

;
Y, = {y € X, ‘ Hy(y) < 3&} — X5, and

U(g)
_ 3m}
Jo 1= {ZeXl HQ(Z) >£(g}
We know Hy(zg) > Ho(2)l(g) > 3mb > m) (2 € Zy),

so the subsets X», Y5, Z5 are disjoint and X; = X, LIY5 1 Zy. We see also for z € 7,
and v €V,

mT
Hy(2v) > Hy(2)E(v) > 27; 2 4(g) = 2ml,.

Since H(-g) and Hy(-) are height functions on the set of F-rational points on a
Grassmann P\ GLy, the images of X5 and Y2 (C B(F)\ GLy(A)) in the quotient
Py(F)\ GLy(A) are finite sets. The number of functions Hs(z-) (z € X;) and
Hy(y+) (y € Y2) on GLy (A) are finite because of left P,(F)-invariance of the function
Hs. We have

max{H,(zg) | = € X5} = m} < min{Hy(yg) | y € Ya}.

Thanks to continuity of the function Hs, we obtain a neighborhood W, of ¢ in
GLy (A) such that for w € W,

max{Hs(zw) | + € X5} < min {ng, min{ Hy(yw) | y € YQ}} :
Let Uy := U; N W,. We understand

m(u) = min{H (zu) | v € Xo} (u € Us).
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Denote by XQT (C X3) any set of representatives of the diagonal image of X,
(C B(F)\GLy(F)) in (P(F)\ GLy(F)) x (P(F)\ GLy(F)). The set XQT is finite.

Put ml = max{Hs(zg) |z € X1} and Xs:={z € X, | Hs(xg) <mi}.

With the same reasoning as above, we get a neighborhood U3 of g in GLy(A),
which depends only on g, such that

m(u) = min{H(zu) | v € X3} (u € Us).

Proceeding in this way, we pick up constant numbers mi =ma(g), m; mg, cee mL_l

and a neighborhood U of g in GLy (A), all depending only on ¢, which satisfy
m(u) = min{H(zu) |z € X} (uelU),

where X ={z e B(F)\GLy(F) | Hi(zg) <m! (i=1,...,n—1)}.

%

We can show finiteness of the cardinality of X as in Lemma 2.2. |

Lemma 2.4.  For each g € GLy(A), there is a neighborhood U of g in GLy(A)
such that M(g) D M(u) for all u e U.

Proof. Let X be the finite set in the proof of Lemma 2.3. Then M(u) C X
(u e U) for U there. Assume that z € X — M(g). Among 1,...,n— 1, we have a
number ¢ which satisfies

Hy(zg) # mq(g).

Since H, and m, are continuous on GLy (A), there exists a neighborhood V of g with
H,(zu) # my(u) for every wueV,

hence x € M(u) (u € V). The set X being finite, if we take the neighborhood
V small enough, then we see the intersection of X — M(g) with M (u) (v € V) is
empty. Namely, M(u) C M(g) (ueUNV). m

In order to prove some facts which we need later, we now recall the formal definition
of the height functions Hy,..., H, 1.

Let Z be the center of GLy and, for each ¢ = 1,...,n — 1, let L; be the unique
Levi subgroup of P; containing the diagonal subgroup A of GLy with respect to
the basis Xy,..., X, of V. The subgroup Z consists of scalar matrices and L; is
the subgroup of P, with its upper-right (n — ¢) X i-corner being zero. Regard the
character group X*(L;/Z) of L;/Z as a subgroup of the character group X*(A/Z) of
A/Z by restriction. The groups X*(L1/Z),..., X*(L,-1/Z) generate a subgroup of
finite index in X*(A/Z). The abelian group X*(L;/Z) is free of rank 1. Call
X: one of the generators of X*(L;/Z) which is, as an element of X*(A/Z), a
product of non-negative powers of positive roots with respect to the Borel subgroup
B=P N---N P, of GLy. Explicitly, for a = diag(ay,...,a,) € A(A),

i/d —(n—i)/d

Xi<a> = (Cl1 e 'an—i> (an—z‘+1 e 'an) )

where d is the greatest common divisor ged(i,n — i) of ¢ and n — 1.
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With this notation we obtain the expression
Hi(a) = |X,-(a)|§f for a€ A(A),

from which we see our height function H; is the d-th power of the original Watan-
abe’s height function Hp, ([8, §1, Example 1]).

We denote by W the Weyl group of GLy as to A, which is the normalizer of A in
GLy modulo the centralizer of A. We often identify an element of W with one of

its representatives in the normalizer of A. We have an induced right action of W
on X*(A/Z): For x € X*(A/Z) and w e W,

(xw)(a) = x(waw™)  (a € A(R)),

where R is an arbitrary F'-algebra. It is known to be faithful. The action of W on
X*(A/Z) can be extended to an action on the R-vector space R ®z X*(A/Z).

Lemma 2.5. For any w € W — {1}, there exist positive integers q,p and a
cocharacter & of A such that for all A € A~

Hy(wENw™) = Hi(§(\) (i=1,...,¢ 1)
and Hy(weWw™) = |APE@ D g ((N)).
Proof.  Since the characters xi,..., xn_1 Span the vector space R @z X*(A/Z)

and the action of W on R ®z; X*(A/Z) is faithful, there exists a positive integer ¢
such that

xw=x; (i=1,...,¢—1) and x,w # x4

We get a cocharacter £ of A such that the composition ((x,w)"x,) o ¢ is a non-
constant automorphism of the multiplicative group G,,. Hence there exists an
integer p other than 0 with

(xqw) (EN) xg(€(N) =N (A € AY).

We may assume that p is positive. Now, we have only to take respectively the
ged(i, n — i)-th power and the ged(q,n — ¢)-th power of the modules |- |4« of both
sides of the following equations for A € A*

Xi(wENw™ )™ =€) ((=1,...,¢—1)
and Xo(wE(Nw™)™h = N xg(E(N) m
Remember the definition (2) of R and the definition (3) of M(-).

Lemma 2.6. For g € R, suppose that the cardinality #M g) of the finite set
M(g) is bigger than 1. Choose any x € M(g). An arbitrary neighborhood U of g
in GLy(A) contains a point w € U such that

M(u) C M(g) and x & M(u).



854 FuJIMORI

Proof. Lemma 2.4 allows to assume M(u) C M(g) for every u € U. Pick
temporarily any y € M(g) with y # B(F). The Bruhat decomposition [3,
5.15 Théoreme]

GLy(F) = |_| B(F)wB(F) (disjoint union)

says that there are w € W — {1} and b € B(F) with y = B(F)wb. Due to
Lemma 2.5, we have positive integers ¢, p and a cocharacter £ of A such that for
all A € A~

Hi(wéEMNw™) = Hi(E(N)) (i=1,...,q—1)
and Hy(weN)w ™) = |APEY@ D H (£(N)).

Put gy :=b"1¢(N)bg (A € AX). Wesee forany i =1,...,n—1

Hi(gx) = Hi(§(N)bg) = H;(§(N))Hi(bg) = H;(§(N)Hi(g)
= H;(£(A))mi(g)
and Hi(ygn) = Hi(wé(MN)bg) = Hy(w(N)w™") H;(wbg)
= Hy(w&E(Nw™ ) Hy(yg) = Hy(wE(N)w™)my(g).

When = = B(F), take A € A* sufficiently close to 1 with |[A|4x < 1 so that g\ € U.
If for some positive integer r with r < ¢

Hi(gx) =mi(gr) (i=1,....,r —1) and Hy(gx) > m,(gx),
then = & M(gy). If Hi(gr) = mi(g) (i=1,...,q—1), then for i =1,...,q — 1
Hi(ygy) = Hi(wE(\w ™ )mi(g) = Hi(§(\)milg) = Hi(gr) = mi(g»)
and Hy(ygy) = Hy(wE(Nw™)mg(g) < Hy(E(N)my(g) = Hy(gn),

thus x & M(gy).

When z # B(F), let y = = from the beginning of the present proof and take A € A*
sufficiently close to 1 so that g\ € U, keeping |\|[px > 1 at this time. If for some
positive integer r with r < ¢

Hi(xgy) =mi(gy) i=1,...,7r—1) and H.(xzgy) > m,(g»),
then = & M(gy). If Hi(zgy) =m;(gn) (i=1,...,¢q—1),thenfor i=1,...,g—1

Hi(gx) = Hi(§(N)mi(g) = Hi(ws(Nw™")mi(g) = Hi(zgr) = mi(g»)

and Hy(gr) = Hy((N)my(g) < Hy(wE(Nw™")my(g) = Hy(zgn),
hence eventually x & M(g,). n
Lt R i={ge R|#M(g) =1} = {g € GLy(A) | M(g) = {B(F)}}.

We can prove the next lemma and a theorem completely in the same manner as in
Watanabe’s paper [8, Lemmas 9, 10, 11, 12, 14 and Theorem 15].
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Lemma 2.7.  The following assertions hold:
e The set R° coincides with the interior of R in GLy(A).
e The set GLy (F)R° is open and dense in GLy (A).
e For v € GLy(F), the set R° N~yR is non-empty if and only if v € B(F).
e Denote by R° the closure of R° in GLy(A). We have

GLV (A) = U ,}/ﬁa
ol

where v runs through the representatives of GLy (F')/B(F).

Theorem 2.8.  Let 2 be an open fundamental domain for the action of B(F') on
Re. We denote respectively by €2°, 1, and Q° the interior of €2, the closure of €2,
and the closure of 2° in GLy(A). We have

P =QNR and Q=0Q°.
The subset Q° of GLy (A) is an open fundamental domain for the action of GLy (F)
on GLy(A).

Remark 2.9.  The left action of the discrete subgroup B(F) is very clear in terms
of the Iwasawa decomposition GLy (A) = B(A)K = N(A)A(A)K.

For the use in Section 3 and Section 4, we shall look more closely at the height
functions Hy, ..., H, 1.

Let A'V be the i-th exterior product of the vector space V over F of linear
forms in X,..., X,,. Like the function A" on F, ®p V for v € MM, we can define
a logarithmic local height function hY on F, ®p A'V with respect to the basis
Xoy Ao A Xgiy (1 < g(1) < -+- < g(i) < n). On the subset (A"V)GLy(A) of
the adele space A ®p /\Z V', we obtain a logarithmic global height function h; as the
sum of the local height functions A} (v € 9M):

hi(fe) =Y m(fg") (€ AV: 9= (6")vem € GLy(4))

veEM
The next lemma follows at once:

Lemma 2.10.  (cf. [8, Example 1]) We have for g € GLy(A)

log Hi(g) = nhi((Xn—iz1 A -+ AN Xy,)g) —ilog | det g|ax.

3. The case of the rational number field

Below, we shall show for several fields that the fundamental domain € constructed
in Section 2 is included in a so-called Siegel set. As a result, the boundary of the
fundamental domain €2 is observed to be the union of a finite number of zero sets
of continuous functions. We calculate it explicitly in 4 examples of low degree.
Mahler’s compactness criterion is also derived as another consequence. For the
specific case of the rational number field, we observe that our fundamental domain
Q is smaller than Grenier’s a little.
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The notation is the same as in Section 2. In addition, we define F, := R ®q F',
K™ := T, conan K the finite part of the compact subgroup K of GLy(A), op the
ring of integers in F', and GLy (o) := GL(0op ®z Y. ZX;) .

In this section, the base field F' is the rational number field Q.

Since the class number of F' = Q equals 1, we have a single double coset decompo-
sition [1, 2.2 Proposition]

GLy(A) = GLy(Q) (GLy(Qx) x K™) .
On the other hand, we also have a ‘rational Iwasawa’ decomposition (e.g. [7, Theo-

rom 3)) GLy(Q) = B(Q) GLy(2), (4)

where B is the Borel subgroup consisting of upper triangular matrices with respect
to the basis Xi,...,X,, of V. Thus we see in any way

GLy(A) = B(Q) (GLy(Qu) x K™).

For g € GLy(A), call g* any element of GLy(Q.) such that there exist elements
b € B(Q) and k € K™ satisfying g = bg>®k. Here we regard respective elements
of GLy(Qu) or K" as elements of GLy(A) under the canonical identification of
GLy(Qs) or K™ with a subgroup of GLy (A). The left B(Q)-invariance and the
right K -invariance of the height functions Hy, ..., H,_; and the successive minimum
functions myq, ..., m,_1 imply

Hi(g) = H;(¢g>°) and m;(g) = m;(g™) (t=1,...,n—1).

Note that a continuous homomorphism |det(-)|,« takes the constant value 1 € R%,
on any compact subgroup of GLy (A) and on the group GLy (F) of rational points.
The latter fact is due to the product formula. In particular, we have

|det g|,« = |det ™|« = |det g™, .
Denote respectively by

a = diag(ay,...,a,) and a> =diag(al®,...,a’)

’ '

the A-parts of the Iwasawa decompositions of g € GLy (A) and of ¢>° € GLy (Qx).

By definition, we know
Hi(g) = |an[}x | det gl,x,

Hi+1(g) _ ‘an—i e an|gx | detg‘gi_l

= - = |an_i|ix |detg|x (i=1,...,n—2
9~ Janimn - anlfe Jdetglyy i detgloc (=1om =)

and H,1(g) = |ag -+~ an|fx | det g 27" = |aq| 2 | det g|ax.

Analogous equations are valid for ¢*, too.

Lemma 3.1. When F = Q, we have
|ai|A>< :\af°|oo (Z:]_,,’n,)

and if g € GLy(A) is in the subset R of (2), then ¢> is also in R.
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Proof. From what we have seen just above, the equalities

|ay |} = |det glax Hyo1(g) ™" = | det ¢®|oo Hpo1(9%) ™" = [a3®[2

[o.op)

il = D20 | ot gl = Bo=rtt ) et g, = oy
fori=2,...,n—1, and
|anlix = Hi(g) |det glax = Hi(g™) | det ¢°]oe = [ag”|%
hold. Moreover, if g € R, then by the definition of R, we get
Hi(g™) = Hi(g) =mi(g) =mi(¢>) (=1,...,n—1),
hence ¢g> € R. [ |
Now consider for each ¢ = 1,...,n—1, the logarithmic height function h; on the i-th

exterior product (/\Z V) GLy(A). For an integral matrix = € GLy(Z), let r;(z) be
the lower ¢ X n-block of z. An elementary calculation shows that for g € GLy (A)

hi((Xp—iv1 A+ A Xy)xg™) = log \/det(n-(x)goo tg>etri(z)). (5)

If v € P,_y(Z), then r;(x) is of the form

(i)

where x € Z" !y € Z=! and y is an integral matrix of degree i — 1. Let
g™ = n®a®k>® (n® € N(Qu), k* € K) be the Iwasawa decomposition, where
a>® = diag(af®) € A(Q) as before. We denote respectively by by, by, and b3 the
upper-left (n—i+1) x (n—1i+1)-corner, the upper-right (n—i+1) x (¢ — 1)-corner,
and the lower-right (¢ — 1) x (¢ — 1)-corner of the matrix n*°a>:

00, 00 __ b1b2
n>*a™ = 0 b

We have 7(z)g™ = < )5 Z ) ( bol Zz ) k> = ( Xgl Xb2y—};3yb3 )ko".

Using (5), we observe
exp 2R ((Xp_iv1 A+ A Xp)zg™) = detry(2)g™ *g™ *ri(x)
~ det ( xby ®by 'x + (Xby + ybs) "(xby + ybs) (xby + ybs) b3ty )
ybs *(xbz + ybs) ybs ‘b3 'y
= (xb1 by 'x) det(ybs ‘s 'y) = (xby ‘b1 'X)(ap iy - ay)?,

[e.9]

because dety = £1 and detbs = a;> ;. »---a;’.

Theorem 3.2. When F = Q, we have for any g € R

3 .
|ailax > % laii1lax (1=1,...,n—1).
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Proof.  Call nf5 the (i, j)-entry of n°° and denote by s;; the identity matrix of
degree n with the i-th and the j-th rows exchanged. In the above calculation, we
respectively substitute n — ¢ for 7 and s; ;41 for . We get

xby = (0, ..., 0, a;°, Niis10ip1);
hence exp 2hp,—i(Xip1 A+ AN X3)84.i419%)
= ((a?o)Z + (”?jﬂafiﬁz) (aﬁQ T az"’)Q

= (a%ays ar¥)® + (”ﬁﬂaﬁlaﬁz ay)?

On the assumption g € R, we know ¢*° € R from Lemma 3.1. We see from the fact
that Siitr1 € (Pl N---N Pn—i—l)(@)

Hj(si,i-i-lgoo) :H](goo) :m](goo) (] = 1,,7’L—’L— 1)
and H,—i(8ii419%) > mp—i(9™) = Hu—i(g™).

By virtue of Lemma 2.10, we obtain

log ((az‘ooaz‘oiz T a;”)Q + (n3+1aﬁ1az‘o~i2 " -%"”)2)
> 2Ry (Xiga A+ A X3)g™) = log(asy aily - a®)?

n

Notice that we can select g> so that |ng%, | < 1/2, because we may alter the
representative ¢> to bg> for an arbitrary b € B(Z). Thus we get

2 2
log((f%l) —|—i> ZIOg((aa%1> _|_(n;?;?+1)2> > 0.

Thanks to Lemma 3.1, we arrive at the conclusion. [ ]

We know B(Qy) N Ky = A(Z) = {diag(+1,...,+1)} and
B(Q) N (GLy(Qu) x K™) = B(Z) = N(2) A(Z).

We denote by K any open fundamental domain for the translation by scalar
matrices {£1} on K. A concrete example of an open fundamental domain is
Q™ = QO x K" with a subset

- o o0 o o0 1

2% > 0,0 > 0 foralli £ j, k°°ngo} (6)

of GLy(Q). For later use, put Q2. := Q_ K. This is about the twice of Q. Let

Gy = {goo ‘ 175 |00 < %, nii =0, a® > ?a;’il > 0 for all 7 ;éj},
a subset of GLy(Qu). This is an example of Siegel set or Siegel domain [2]. A
Siegel set in GLy(Qs) is in general a subset of the form vA, K., with a positive

parameter ¢, where v is a compact subset of N(Q) and

Ac={a® e A@u) | o ziii=1, n-1), 0 >0}

e}
1+1

with our notation. For GL,(C), Siegel sets are defined in a similar way, the

orthogonal group being replaced by the unitary group, or, with the use of embedding
of GL,(C) into GLg,(R) via Weil restriction. Both result in the same thing.
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Corollary 3.3. 0 C6 =6, x Kin,

Proof. An immediate conclusion of Lemma 3.1 and Theorem 3.2. [

As an application of Theorem 3.2, we shall see the open fundamental domain Q7 is
in fact almost determined by a finite number of inequalities which yield Grenier’s
fundamental domain. Before doing that, we will see a relation of the set Q2 to
Grenier’s fundamental domain.

Lemma 3.4. When F =Q, if x € P,_1(Z), then
log H;(zg*) = g log(xby *b1 'x) + nloglas® ;1o ay’|e — tlog | det g™,

where x € Z"" is the (n —1i+ 1) -dimensional left component of the (n—i+1)-th
row of the matriz x and by is the upper-left square corner of degree n— 1+ 1 of the
NA-part n®a> of the Iwasawa decomposition g = n*>a> k> .

Proof. Apply Lemma 2.10 to the calculation just before Theorem 3.2. ]

Assume temporarily that &, .. ., §, are variable real numbers and let x; := (§1,...,&)
(t=1,...,n). We denote by ¢;(x,—i+1) the quadratic form in the coefficients of
X,_i4+1 attached to a positive definite symmetric matrix b;'b; in Lemma 3.4:

C]z‘(Xn—iH) = Xp_itr101 tbl tXn—i—l—l (l =1,... 7n)
Note that we have
Q1(Xn) — Xn<nooaoo) t(nooaoo) txn — Xngoo tgoo txn

and ¢i(Xn—it1) = (7)

Giv1(Xn—i) + (afzo—i+1)2 (&nsS, i+ + En—ilpjp—it1 T fn—i+1>2

fori=1,...,n—1. Put

Qoo := {g™ € GLy(Qs) | 9 € R, n55 |00 < %, nigy1 > 0 forall i # j}.

Proposition 3.5.  If ¢ € Q. then the quadratic form q attached to g* '¢g*™
is HKZ-reduced ( Definition 1.1).

Proof. Suppose ¢ € R. By the definition (2) of R, Lemma 2.10, and the
equation (5) we have

M(;?l:z'io = Hi(¢%) = mi(g*°) = min{H,(x¢>) | v € GLyv(2)}

ol QI(Xn)n/Q ‘

where x,, is the last row of the integral matrix x € GLy(Z). In particular, elements
of P(Z) take the minimum value m;(g>) of Hy(zg*>) (z € GLy(Z)). We obtain

(a2)? = min{q (ay, ..., ) | (o, ..., 0n) € Z" — {0}}.
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Since the stabilizer of P; under the (left) translation action on GLy on itself is of
course P, we see from Lemma 3.4

m = Hy(9%) = ma(¢™) < min{Hy(xg™) |z € P1(Z)}

= min {qz(xn_l)n/z‘(ﬁo)n
| det g>[2,

= Pl(Z)},

where x,_; is the last row of the upper-left square corner of degree n — 1 of
x € Pi(Z). Elements of (P, N Py)(Z) give the minimum m»(g>°). We get

o \2 ) ne
(anfl) = min{g(ay,...,0n1) | (a1,...,an_1) € Z" 1 —{0}}.
The definition of ms by means of the lexicographic order on R*~! tells us that

(ap2oap® 1a;)"

et g B, = H3(g>) = m3(¢™) < min{Hs(zg™) | x € (P, N P)(Z)}

n/2(,00 00\n
= min {Q3(Xn|2(zet gifrglan ) e (PN PQ)(Z)}a

where x,_ o is the last row of the upper-left square corner of degree n — 2 of
x € (PyN P)(Z). Hence

(afzo—2>2 = min{q?)(alv o 7an—2) | (ala B 7an—2) € Zn_Q - {O}}
In this way, we find for any ¢ =1,2,3,...,n
(afo)2 = min{q,_i1(as, ..., ) | (ay,...,0;) € Z' — {0} }.

Thanks to the equation (7) and the condition |ng%| < 1/2, nf%,; > 0, we understand
that ¢ is HKZ-reduced. [ |

Remark 3.6. The converse of Proposition 3.5 is not valid. Actually, let

V3 10 110 V3 0 0
=1 0 20 |=1010 0 20
0 0 2 001 0 0 2

The quadratic form ¢;(§,n, () attached to ¢* is
@ (&m,¢) = (V3 E+20,2¢) (V3E, € +21,20)
= 4€% 4+ 4€n + 4n* + 4¢%,

which is nothing but ¢(&,n, () in the Introduction. As we saw there, the quadratic
form ¢; = ¢g is HKZ-reduced.

We denote by = € GL3(Z) a matrix whose lower 2 x 3-block r(x) has the form

o= (5 90)
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From Lemma 2.10 and the equality (5), we observe

o0 3 e}
Hy(g%) = exp (510gq1(0,0,1)—10g!det9 \oo)

8 2
_ Clogdv3) = S =2
exp(3log 2 — log 4v/3) N
and Hi(xg™) = exp (2 log ¢1(0,1,0) — log | det g \oo> =7

Since the minimum value other than 0 of ¢; at the rational integral points is 4, we
have

mi(9%) = Hi(9™) = Hi(zg™) =
On the other hand, the equation (5) shows us that

~ 001 0Y) i oef0 10
exp 2ha (X2 A X3)g ):det(o 0 1)9 9 t(O 0 1)

- 2 0\ 20\ o
—det(OQ) (02>—4—16,and

exp 2ho((Xo A X3)xg™) = det ro(2)g™ *g™ "ry(2)
:det(\gg é) t(\? ;>:(2\/§)2:12.
By Lemma 2.10, we know that
Hy(9™) = exp (3ha((X2 A X3)g™) — 2log | det ¢™°| &) = 163/2(4\/5)_2 = g

-

and Hy(ag™) = 127(1/3) 2 = L2,
We gain Hy(g>) > Hs(xg™), hence ¢ ¢ R.

This example implies that HKZ-reduced quadratic forms do not necessarily come
from Q.

We refine the notion of HKZ-reducedness as follows:

Definition 3.7.  Using the notation from Definition 1.1 we call a quadratic form
q is strictly reduced if and only if the next conditions are satisfied:

o a2 <qlan,...,ap) for (aq,...,a,) € Z"—{0,(0,...,0,£1)}
o uyl < % (t=1,...,n—1) and u,_; >0

o ¢ is strictly reduced.

Remark 3.8. A strictly reduced quadratic form is HKZ-reduced.

Lemma 3.9.  Returning to the notation in Section 3, the quadratic form q is
strictly reduced if and only if

o (a2 <qu_ivi(aq, .. ;) for (aq, ..., ;) €Z'={0,(0, ...,0,£1)} and i=1, ....,n

1 . .
e |5 < 3 and n35., >0 for any i <j

Proof.  Repeated application of Definition 3.7 to the equality (7). [



862 FuJIMORI

Lemma 3.10. Let Py :=GLy and fix i € {1,...,n —1}. When F = Q, except
a finite number of cosets x € (Pi—1 N P;)(Z)\P;—1(Z), we have

H;(xg) > Hi(g) forany g€ &,
where & is the subset of GLy(A) in Corollary 3.3.

Proof. The symbols x and b; have the same meaning as in Lemma 3.4. Put

x=:(&,...,&_ir1). We see
xby by "x = (a7°)%€] + (a5°)* (EnTl + &) + -+
+ (a5 )6 i+ i)
Since g € &, we observe

ez () () @mrere

+ (EanTo i T i i @HH)Q) (an 1),
hence, leaving a finite number of x € Z" ! aside, the inequality
xby *by "x > (ai"_m)Q
holds. Note that the map
(Piy N P)Z\Pi1(Z) > > x € (Z" — {0}) /{11}

is injective. From Lemma 3.4 and the right K -invariance of H;, we know

t t
log H;(xg) — log Hi(g) = 3 log %
n—i+1
Thus the assertion is true. n

Denote by F; (i =1,...,n — 1) the set of cosets
€ (PN NPY@N (PN 1 Pry)(2)
satisfying x # (PyN -+~ N P;)(Z) and
H;(xg) < Hi(g) for some g€ 6.
Due to Lemma 3.10, the cardinality of F; is finite for any i € {1,...,n —1}. Let
E :={g € GLy(A) | Hi(zg) = H;(g) for some i and x € F;}.

The set E' is a finite union of zero loci of continuous functions on GLy (A).

Theorem 3.11.  The attached quadratic form q, is strictly reduced if and only if
g € Q2 x {1} — E. Here Q2 = QK and the set Q_ x {1} is the infinite part
of our fundamental domain Q= = Q x K,
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Proof.  Suppose ¢g> € Q2 x {1} — E. Since g>* € R°, we have at the first place
Hi(g%) = mi(¢™) < Hi(zg™) (z € GLv(Z)).
The fact that ¢> € & — E forces
Hi(¢g*°) < Hi(z¢g>) forall z e GLy(Z)— Pi(Z),
which is the same as saying (cf. the proof of Proposition 3.5)
(@) < qi(aq, ..., ap) for (aq,...,a,) € Z" —{0,(0,...,0,41)}.
As a consequence, we get
Hy(9™) = m2(9™) = min{Hz(xg™) | v € PA(Z)}.
Again, the fact ¢>*° € 6 — F implies
Hy(g™) < Hy(xg™) forany =€ P(Z)— P(Z),
which is equivalent to
(a2 ) < qolay, ..., an_ 1) for (ay,...,a,_1) € Z"* —{0,(0,...,0,£1)}.
As a further consequence, we obtain
H3(g™) = ms(9™) = min{H;(xg™) | z € (P N P)(Z)}.
Once again, from ¢ € 6 — E, we see
Hy(g™) < Hy(zg™) for every o€ (P01 P)(Z) - Py(Z),
ie.,
(a2 )% < gs(ay, ..., an_s) for (ay,...,an_s) € Z"%—{0,(0,...,0,+£1)}.
In such a way, after this process is terminated, we observe
(a5°)? < Gnit1(an, ..., a;)

for arbitrary pairs of ¢ = 1,...,n and (aq,...,q;) € Z* — {0,(0,...,0,£1)}.
Lemma 3.9 implies ¢; is strictly reduced.
Suppose this time the quadratic form ¢ is strictly reduced. Due to Lemma 3.9, we
have

(a5°)? < Gnit1(an, ..., a;)
for any combination of i = 1,...,n and (aq,...,q;) € Z'—{0,(0,...,0,£1)}. From
what we have seen just above, these inequalities are gathered into

H;(¢>°) < Hi(xzg>) for ze (PoNn---NP_1)(Z)— P(Z)

(t=1,...,n—1), where Py = GLy as before. By the lexicographic definition of the
minimum function m(g>), the set M (g*>) of (3) in Section 2 consists of a trivial
element only. This means ¢ € R°. The condition ¢> ¢ E is apparent. The other
conditions for ¢> to be a member of 27 are trivial. n



864 FuJIMORI

Corollary 3.12. (cf. Grenier [4, Theorem 1]) The open fundamental domain Q-
is almost determined by a finite number of inequalities in the coordinates of the

Twasawa decomposition. More precisely, a dense subset QO x {1} — E of the infinite
part Q7 x {1} of Q= = Q7 x K™ is defined as the set of elements g of GLy (Qx)
which satisfy k> € K and

oo 1 \@ oo [ee] (e9)
’ni,j o < 7ai+1 > O, HZ(.CEg ) > H1<g ) (8)

) 00
97 ni,i—i—l > 07 a; >

for all i,5 with i # 7, x € F}.

Proof. Assume ¢> € QO x {1} — E. Completely in the same manner as in the
first half of the proof of Theorem 3.11, we find the inequalities

Hi(9%) < Hi(zg™) (xeF;i=1,...,n—1)

are fulfilled. The other inequalities in (8) follow from the definition of Q__ and
Theorem 3.2.

To show the reverse implication, assume ¢* € GLy(Q,) meets the inequalities in
(8). We have g™ € &. By the definition of F},

Hi(xg>™) > Hi(¢g>) forall x € GLy(Z)— P (Z).

As a consequence, we get Hi(g>) = my(¢g>°) and
ma(9) = min{Hs(zg™) |z € P1(Z)}.

Since we know from the definition of F5 that

Hy(xg™) > Ho(g™) forany =z € P(Z)— P(Z),
we obtain Hy(g>) = m2(¢™°) and

ms(g™) = min{Hs(zg™) |z € (P N P)(Z)}.
In this fashion, we finally see that for every i =1,...,n—1
Hi(zg™) > Hi(9™) (x € (PN---NP)(Z) - P(Z))

and H;(g*°) = m;(¢g>), which implies ¢> € R°, hence ¢g* € Q_ x {1}. The

o
condition g™ ¢ FE is obvious. [ |

We shall see a few examples of non-trivial defining inequalities H;(xg>) > H;(g>)
(x € Fj;1=1,...,n— 1), which will be observed identical to Grenier’s ones. Here,
for simplicity of notation, we will omit the super- or sub-script oo.

For x € F;, let x = (§1,...,&,—iy1) be the last row of the upper-left (n —i+ 1) x
(n — i+ 1)-corner of x as before. The proof of Lemma 3.10 shows that there exist
real numbers n;; (1 <i < j <n) with |n;;| <1/2 and n; ;41 > 0 such that

3 n—i 9 3 n—i—1 9
<1> 51 + (Z) (51”1,2 + f2) +-e
+ (§inin—it1 + -+ EnmiNn—im—it1 + n—it1)’ < L.

(9)
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Example 3.13. (n =2) The index ¢ must be 1.
If |&| > 2, then (2)"i¢} = 3¢} > 3. The inequality (9) does not stand.
If & =0, then 2 would belong to P;(Z), hence = could not be in F.

Thus we have & = +1. When this is the case, the inequality (9) becomes

(£n10 + &) <

N |

) i'e'a | - ni2 + €2| S

B~ =

Possible is 2] = 1 only when n;5 = 1/2. This means if |[&] = |§| = 1, then
Hi(xg) > Hi(g) for g € Q2 because 0 < ny5 < 1/2 for g € Q2. So we can
ignore the case |§| = |€] = 1. There remains the case || =1 and & = 0. When
x = (&1,&) = (£1,0), the defining inequality H;(zg) > Hy(g) is expressed as

<M)?+@mg2>1.

a2
Let Al = {diag(a1,a2) | araz = 1, az > 0}
and H={z€Cl|lz=a+yv—1, 2 € R,y R0}

Identify N(R)AL with H via the map
0
o1 )0 =+ v

Over the complex upper half plane H, the above defining inequality takes the form
v+t > 1 (x+yv—1€H),

one of the well-known inequalities bounding an open fundamental domain for the
action of SLy(Z) on H.

Example 3.14. (n = 3) When the index ¢ equals 2, the inequality (9) is
completely the same as in the example n = 2. We get a defining inequality

(W>2+Qhﬁ2>1. (10)

az

Assume ¢ = 1. If |&] > 2, then (3)"7¢} = (2)%¢ > 9. The inequality (9) does not
hold. In the case & = 0, the inequality (9) becomes

3
153 + (Enos + &) < 1.

Again, this is of the same form as the one in the previous example. We obtain the
defining inequality

(@)2+0m92>1- (11)

as

In addition to the assumption ¢ = 1, suppose that { = £1. The inequality (9)
transforms into

(£n12+ 52)2 + (£n1 3+ &nos + 53)2 <

&~

3
4
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2
If |&5| > 2, then Z (£n12+&)° > % (%) = %’ impossible.

In the case |&| < 1, if |&] > 2, then (fny3+4 Engs +E&)° > 1. It has to be
&) < 1.
When x = (£,£,&3) = (£1,0,0), the defining inequality Hi(xg) > Hi(g) is

described as , ) )
<ﬂ> (%) + (n12)° (%) + (n13)” > 1. (12)

a9 as 3
If x=(£1,0,%£1) or (£1,0,F1), then we would have
2 2 2
(%) (%) + (1) (%) +mg£1)°>1,
3

a2 ag

which is not necessary, because when the inequality (12) is fulfilled and |n, 5] < 1/2,
the unnecessary inequality stands automatically.

If x = (%1,£1,0), then we would obtain

2 2 2
(ﬂ) <%> +(n172+1)2 <%> +(n1,3+n273)2>1,

az as as

which is again not necessary. This is because we have ay/as, az/as > +/3/2 and
ni2 > 0 on the Siegel set S, the sum of the first two terms of the left side is
already greater than 1. When x = (£1,F1,0), the condition H;(zg) > Hi(g) says

<al)2(a2)2—|—(m,z—1)2 (a2>2+(n1,3—n273)2>1, (13)

as as asg

If x=(%1,£1,+1) or (£1,+£1,F1), then we would get

2 2 2
(ﬂ) (%) +(n1’2+1)2(%> —|—(Tl173+n273:l:1)2>1,

as as as

which is always satisfied on the set &, as before. When x = (£1,F1,+£1), the
defining inequality Hi(xg) > Hi(g) is

(5) (2) 4 (ma— 02 (2) 4 Ong s + 12> 1 (14)

as as as

If x=(%1,F1,F1), then we would gain
2 2 2
(@) (%) —|—(n1,2—1)2(%> —|—(n173—712’3—1)2>1.

a9 as as

This is redundant. On &, the first term of left side of the inequality is at least
9/16, the second term is at least 3/16, and the third is at least 1/4 = 4/16 because
of ng 3 > 0, hence their sum is at least 1.

In summary, we have found that the essential defining inequalities in the case n = 3
are 5 inequalities (10), (11), (12), (13), and (14). The evident remaining inequalities,
the ones for the K -part of Iwasawa decomposition being left aside, are

1
0< ni2, N23 <

1
3 |n1,3|<§; ai, az, az > 0.

Note that under the conditions (10), (11), and 0 < ny2, nes < 1/2, we always have
a1 /as], |az/as| > +/3/2. Our inequalities are the same as Grenier’s (see [4, § 6] or

[5, § 2]).
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Remark 3.15. When F = Q, the fundamental domain Q does not lead to
Minkowski’s fundamental domain for the space of positive definite symmetric ma-
trices if n = dimpV > 2, because it is known that Minkowski-reduced quadratic
forms are different from HKZ-reduced quadratic forms when n > 2.

Let w: GLy(A) — GLy(F)\ GLy(A) be the natural projection. Another well-
known application of the property like the one in Theorem 3.2 is the following:

Corollary 3.16. (Mahler’s compactness criterion) When F = Q, for a subset
S of GLy(A), the image w(S) in the quotient space GLy (F)\ GLy (A) is relatively
compact if and only if the additive character log|det(-)|ax is bounded on S and the
logarithm of the ‘Hermite’ function mq is bounded from below on S.

For convenience of the reader and in order to remember how we can deduce this
kind of criterion from Theorem 3.2, we shall add a proof.

Proof.  Since the functions |det(-)[px and m; are continuous and left GLy (F)-
invariant, if @(S) is relatively compact, then the set of values of log|det(-)|yx and
logm, on S are relatively compact, hence bounded.

Conversely, suppose there exists a positive constant number § such that

1

d < |det(g)|ax < 5

and ¢ < my(g) (geb9).

Due to the left GLy (F)-invariance, we may assume S C R. For any g € S C R,
let g*° be as before. It suffices to prove that ¢g*° belongs to a compact subset of
GLy(Qx). We denote by diag(as®,...,ax) the A-part of the Iwasawa decomposi-
tion of g*.

By the definitions of the Iwasawa decomposition and ¢*°, we have
|a7° - a0 = | det(g™)]oe = | det(g)]ax.
From Lemma 3.1, we see
a5 = lanlix = [det(g)|ax Hi(g) = | det(g)|axma(g).

By virtue of Theorem 3.2, we also observe

o o V3| AN
|ag |o<>27|az'+1|<>02"‘2 > oy (i=1,...,n—1).
Hence we get |0 > <\é§> oM (i=1,...,n).

Using these inequalities in turn, we further obtain at least

(n—1)/2
1 V3\"
3 > |al® - ar oo > 0500 (2) 52,

—n(n—1)/2
. 00 V3 1 .
that is, || < (2 5 (i=1,...,n).
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Translating by an appropriate element of N(or) = N(Z), we know the unipotent
N -part of the Iwasawa decomposition of ¢ can always be chosen from a fixed
compact set. In this way, we understand each part of the Iwasawa decomposition of
g is respectively contained in some compact subset of GLy (Qq)- [ ]

4. The case of some imaginary quadratic fields

In this section, the base field F' is an imaginary quadratic field whose discriminant
D is one of the integers —3, —4, —7, —8, or —11.

The class number of F' is also known to be 1. Every F'-rational invertible matrix can
be transformed into an upper triangular matrix by og-integral elementary column
operations. Thus we obtain decompositions

GLy(A) = GLy(F) (GLy(F) x K™)
and GLv(F) = B(F) GL\/<0F).
Since there exists only one place oo at infinity, all the discussion for Q is valid when

F is one of the above five fields, except that the absolute value at infinity is squared
and that quadratic forms are replaced with hermitian forms, thanks to the next:

Lemma 4.1. Let F = Q(v/D) with D = —3,—4,-7,—8, or —11. Embed F
into the complex number field C as a subfield. For any z € C, there is an integer
o € oy such that

where u= =,
according respectively as D = —3,—4, —7,—8, or —11.

Note that the absolute value |- | is by definition the square of the ordinary norm

on C.

Proof. If D = —4 or —8, then the complex plane is paved with rectangles of
respective diameter v/2 or v/3 whose centers are placed on the integer points.

If D=—-3,—7,or —11, then the complex plane is covered with a honeycomb whose
hexagons are respectively of diameter 2/v/3, 4/y/7, or 6/4/11 with their centers
placed at the integral points [ |

The fruits are the following:

Theorem 4.2.  When F = Q(v/D) with D = —3,—4, -7, -8, or —11, we have
for any element g in the set R of (2)

’&i‘AX 2(1—u)]ai+1\Ax (Z:L,n—l),

where w = 1/3, 1/2, 4/7, 3/4, or 9/11 according respectively as D = —3, —4, =7, -8,
or —11.
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Corollary 4.3.  When F is as above, an open fundamental domain ° in Section
2 is almost determined by a finite number of inequalities in the coordinates of the
ITwasawa decomposition.

Corollary 4.4.  When F is as above, for a subset S of GLy(A), the image
w(S) in the quotient space GLy (F)\ GLy(A) is relatively compact if and only if
the additive character log|det(-)|ax is bounded on S and the function logm; is
bounded from below on S'.

We will illustrate our fundamental domain for the mentioned imaginary quadratic
fields with examples of discriminant D = —3.

Now put p := (1 ++1/=3)/2, a generator of the unit group of integer ring og
(F = Q(v/-3)), a sixth root of unity. Let U be the interior of a regular hexagon
in F,, ~ C whose vertices are (3 & /=3)/6, £v/=3/3, (=3 & /=3)/6; T the
subset of U whose elements belong to the interior of a regular triangle spanned by
(3+£+/-3)/6,0; K- any open fundamental domain for the scalar translation by
the unit group of op on K ;

O ={9™ € GLy(F) | g € R°, nj5 € U, nyy €T, a7° > 0,k € KE};

1,1

and 0 := Q2 x K The set (2 is an open fundamental domain for GLy (F) in
GLy(A) when F = Q(+v/—3).
Denote by U and by T the respective closures in C of U and of T and let

S = {g™ | n € U, Niii1 eT, a® > \/gafil > 0}.
This is a Siegel set in GLy(C). Theorem 4.2 gives the next:

Corollary 4.5.  The set Q7 is contained in the Siegel set S, .

For simplicity of notation, we drop the superscript oo from here.

For x € P,_1(oF), let x := (&,...,&—i+1) be the last row of the upper-left corner
of degree n —i+1 of z. If H;(zg) = H;(g) becomes a boundary of Q2 , then there
exist elements n,; ; € U with n; ;11 € T (1 <1i < j < n) such that

) n—u 2 n—i—1
<§> €1loo + (g) €111 + &oloo + -+
+ &nip—ivt + - F CmiMn—im—it1 + En—it1loe < 1. (15)

We have for £,n € R

1++/-3
!£+np\oo=‘£+n 5 =&+t

oo

Small values of |- |, on op are 0,1,3,4,7,9,12,13,...

Example 4.6. (D = -3, n=2) The index i = 1.
If |£1]0o > 3, then (%)nﬂ |€1]00 > 2. The inequality (15) does not stand.
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If & =0, then 2 would belong to P(or). We should always have Hy(zg) = Hi(g).
If & =p" (r € Z), then the inequality (15) becomes

. 1
P 12 + &2l < 3
Since p'n o is in a regular triangle p"7T', this is only possible if £& =0 or & = —p".
When x = (£,&) = (p",0) (r € Z), the defining inequality H;(zg) > Hi(g) is
expressed as

ay

— + |n1’2|oo > 1. (16)
as 0o

When x = (£1,&) = (p", —p") (r € Z), the defining inequality Hi(xg) > Hy(g) is
paraphrased to

ai

a3z

+ |TL1,2 — 1|oo > 1,
which is not necessary. This is because we have |[n;, — 1| > |n2|  for nio € T.
The unnecessary inequality is already fulfilled when the inequality (16) is valid.
When D = —3 and n = 2, a unique essential defining inequality of 272  is given by
(16). Trivial inequalities are

Ni2 € T, ay, ag > 0, k> e Kgo

We do not need |a;/as| > 2/3, which is implied by (16) and ny € T'.

Example 4.7. (D = —3, n = 3) When the index i = 2, the inequality (15) is
completely the same as in the example n = 2. We get one of defining inequalities

ai

az

+ |TL1’2|OO > 1. (17)

Assume i equals 1. If |§| > 3, then (%)n_l &1l > § % 3 = 5. The inequality
(15) does not hold. In the case & = 0, the inequality (15) becomes

2
3 aloo + |E2m23 + &3 < 1.

Again, this is of the same form as the one in the previous example. We obtain
another one of defining inequalities

az

as

—+ |n2,3|oo > 1. (18)

In addition to the assumption 7 = 1, suppose that & = p” (r € Z). The inequality
(15) transforms into

2, - r 5
3 P g + &l + P g + Gaenas + &3 < 9

Keep the facts p'nio € p'T C U and p'ny3 € U in mind. If |§ > 3, then
§|an1,2 + & > % X % %, impossible. In the case & = 0, if |3]00 > 3, then
|p"n1s + Eanos 4+ &3l > 5. Hence [§3)oe < 1. When x = (&,£2,83) = (p7,0,0)

(r € Z), the defining inequality H;(xg) > Hi(g) is described as

ol ||

a2

as

% + ’TLLQ’

’aQ‘
0o
0 as loo

-+ ’nLg‘oo > 1. (19)

a2 0o
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If x=(p",0,p" ") (r,s € Z), then we would have

ai ag

as

izl | 2| gt ol > L

a2 0o oo

which is not necessary. For it is always true when the inequality (19) holds and
nis € U because of |n1 3+ p®lec > |N13]00 (R13 € U).

In the case |&fe = 1, we have 2 [p"n1o +&f > 2 ¥

11
$X1=% It needs to be

r 7
|p" 13 + Eanas + &3] < ITh
The complex number &' p™ny 3+ nag (n13 € U, ny3 € T) tuns through the interior
of a hexagon whose vertices are (—3++/—3)/6, £p, (3++/—3)/3. Wesee [&3]o < 1
or &3 is one of certain two integers, depending on the value of &, among six integers

Suppose the condition |a;/a;+1|,, > 2/3 (i = 1,2) is already satisfied. When
x = (p", p""*,0) (r,s € Z), the requirement H;(xg) > Hi(g) says

= =2 + |12 + p%| 2

&2
ag

+|p 1z + o) > 1. (20)

az loo 1 @3 loo

If s=0,1,5 mod 6, then |ny 5+ p°|_ > 1 (n12 € T). Since we are in the situation
lai/ais1|,, > 2/3 (i = 1,2), the sum of the first two terms of the left side would be
at least (2/3)*+1x2/3 =10/9. Thus, for (20), three values s = 2,3, 4 will suffice.

When x = (p", p"+5, p" 5t (1) s,t € Z), the defining inequality H;(zg) > Hi(g) is

ai az

as

ag

+ |nig + 0%

+ !p_snm + Na3 + pt‘oo > 1. (21)

a2 oo 0o a3 loo

We may assume s = 2,3, or 4 as in the previous inequality. Furthermore, the values
of t can also be assumed 2,3, or 4 by the fact that

|P_S7”L1,3 +ng3+ Pt‘oo > |P_Sn1,3 + n2,3|oo

for ny3 € U, na3 € T when t =0,1,5 mod 6.
When x = (p", p" 5, p""5&) (r,s € Z; £ € oF, |€]oo = 3), we would obtain

ay a2

as

ag

+ |12 + p%

[e.e]

+ ’P_Snl,s + N3 +5’OO > 1.

az oo as loo

If 6 7é (—3 + v —3)/2, then ]p_snl,g —+ N2 3 + 5’00 >1 (n173 € U, No3 € T)
The inequality above in this case is redundant. If £ = (=3 ++1/—3)/2, then

|P_sn1,3 + nog + f‘oo > ‘P_snl,s + no 3+ Pt|oo

for ny3 € U, nag € T', and the pairs (¢,t) = ((—3 £ v/—3)/2,£2). Thus the above
inequality is not needed in fact at all.
To summarize, put w := p?. The number w is a third root of unity. We have found

that the essential defining inequalities in the case D = —3 and n = 3 are 15 in
number: (17); (18); (19); (20) with p* = —1,w,w?; and (21) with p*, p' = -1, w, w?.
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We cannot reduce these 15 inequalities anymore. This is because after substitution
of the following values of (|a1/as|so; |a2/as]00; 1257133 12.3), We see all except one
of the values of the left side of the 15 inequalities are at least 1:

=

.| @2
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3 oo

3.2 2 21 -3 1 _3
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;N1,2; M 3, n2,3>

S
)

[e.9]
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The evident inequalities are
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N2, N2 3 € T, n3 € U, ay, as, ag > 0; k> e Kgo

We do not have to require |a1/as|so, |a2/a3|o > 2/3 which is a consequence of the
condition (17), (18), and ny 9, nos € T'.
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