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Abstract. We study a large class of exact Lie bialgebras arising from noncommutative defor-
mations of Poisson-Lie groups endowed with a left invariant Riemannian metric. We call these
structures triangular metaflat Lie bialgebras. We show that given the metaflatness geometrical
condition, these exact bialgebra structures arise necessarily from a solution of the classical Yang-
Baxter equation. Moreover, the dual Lie bialgebra is also metaflat constituting an important kind
of symmetry.
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1. Introduction

Hawkins [4, 5] studied and introduced necessary conditions for the existence of a
deformation of the graded algebra of differential forms Ω∗(M) on a Riemannian
manifold (M, g) ([5], Theorem 2.3, p. 393).
We previously studied [1], the so-called Hawkins conditions on a Poisson-Lie group
endowed with a left invariant Riemannian metric, proved it is equivalent to ([1],
Theorem 3.1, p. 446):

1. The dual Lie algebra g∗ is flat, i.e. decomposes into an orthogonal sum
g∗ = b∗ ⊕ [g∗, g∗] (for the associated scalar product on g∗) , where b∗ is an
abelian subalgebra and the commutator ideal [g∗, g∗] is even-dimensional and
abelian.

2. The flat Lie bialgebra (g∗, ξ∗) is metaflat, i.e. for all x, y ∈ b∗ ad2
x ξ

∗(y) = 0 ,
where ξ∗ is the 1-cocycle defining the dual bialgebra structure of g∗ and
adx is the extension of the adjoint representation of g∗ to bivectors. (See
the preliminary section for the definitions regarding flat Lie algebras and Lie
bialgebras).

The main theorem of this paper is the following

Theorem 1.1. Let g = s⊕ z⊕ [g, g] be a flat Lie algebra and ξ the coboundary
of r ∈ ∧2g. Then if the pair (g, ξ) is metaflat, r is a solution of the classical
Yang-Baxter equation. Moreover, the dual Lie bialgebra (g∗, ξ∗) is flat and metaflat.
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The proof is a straightforward computation with a careful look to the faithful
representations of s into so ([g, g]) (the Lie algebra of skew symmetric matrices
on [g, g]).
The paper is organized as follows. In Section 2 we introduce some preliminary
notions in Poisson geometry. In Section 3, we present the main result of this paper,
Theorem 3.3, and we discuss some examples in Section 4.

2. Preliminaries
For this section, we address the readers to the book [9] where they can find all the
material about Poisson geometry and Poisson-Lie groups. A Poisson structure on a
smooth manifold M is a Lie bracket {·, ·} on the space C∞(M) of smooth functions
on M which satisfies the Leibniz rule. This bracket is called Poisson bracket and a
manifold M equipped with such a bracket is called Poisson manifold. Therefore, a
bivector field π on M such that the bracket

{f, g} := π (df, dg)

is a Poisson bracket is called Poisson tensor or Poisson bivector field. A Poisson
tensor can be regarded as a bundle map π♯ : T

∗M → TM :

β (π♯(α)) = π (α, β) .

A map ϕ : (M,πM) → (N, πN) between two Poisson manifolds is called a Poisson
map if for all f, g ∈ C∞(N) , one has

{f ◦ ϕ, g ◦ ϕ}M = {f, g}N ◦ ϕ

2.1. Lie bialgebras and Poisson Lie groups
A Poisson-Lie group (G, π) is a Lie group G endowed with a Poisson tensor π for
which the multiplication m : G × G → G is a Poisson map with respect to π on
G and the product Poisson structure πG×G = π ⊕ π on G × G . Equivalently, π is
multiplicative, i.e. for any g, h ∈ G

π(gh) = (Lg)∗π(h) + (Rh)∗π(g),

where (Lg)∗ (resp. (Rh)∗ ) denotes the tangent map of the left translation of G by
g (resp. the right translation of G by h). [7], p. 503.
The associated map πr : G→ ∧2g , defined by πr(g) = (Rg−1)∗π(g) satisfies

πr(gh) = πr(g) + Adgπr(h),

which means that πr is a 1-cocycle of G with values in ∧2g for the Adjoint
representation

Adg (X ∧ Y ) := AdgX ∧ AdgY.

The linear map ξ : g → ∧2g defined by ξ(X) = LXπr(e) is a 1-cocycle with respect
to the adjoint representation of g on g ∧ g

adx(y ∧ z) := adx y ∧ z + y ∧ adx z.

which leads to the following definition:
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A Lie bialgebra is a couple (g, ξ) where g is a Lie algebra and ξ : g → ∧2g is a
linear map such that for all x, y in g

ξ([x, y]) = adx ξ(y)− ady ξ(x), (1)

and the transpose map ξt = [·, ·]∗ : g∗ ∧ g∗ → g∗ is a Lie bracket, where

ξt(α ∧ β)(x) := (α ∧ β) (ξ(x)) .

It is important to note that a Lie bialgebra and its dual have symmetric roles. More
details on Lie bialgebras can be found in [6].

2.2. Flat Lie algebras
A flat Lie algebra is a couple (g, 〈 , 〉) where g is a real finite dimensional Lie algebra
and 〈 , 〉 is a positive definite scalar product on g such that the infinitesimal Levi-
Civita connection, defined for all x, y, z in g by

2〈∇xy, z〉 = 〈[x, y], z〉+ 〈[z, x], y〉+ 〈[z, y], x〉 (2)

has zero curvature

R(x, y, z) = ∇[x,y]z − (∇x∇yz −∇y∇xz) ≡ 0. (3)

In other words, the Levi-Civita connection of the unique left invariant Riemannian
metric on the associated Lie group G of g , which extends 〈 , 〉 , is flat.
Milnor in [8] characterized these flat Lie algebras. Some refinements have been
provided later in [1] and [2].

Proposition 2.1. ([1], [2], [8]) Let (g, 〈 , 〉) be a flat Lie algebra. Then g decom-
poses orthogonally as

g = s⊕ z⊕ [g, g],

where z is the center of g, s is an abelian Lie subalgebra, [g, g] is the commutator
ideal satisfying the following conditions:

• [g, g] is abelian and even dimensional,
• adx = ∇x , for any x in z⊕ s.

Remark 2.2. It follows from the above proposition that g is a unimodular 2-step
solvable Lie algebra, whose nilradical is given by z⊕ [g, g] .

Moreover, from [1], we have:

g = span{s1, . . . , sk0 , z1, . . . , zℓ0} ⊕ span{d1, . . . , d2m}

where span{d1, . . . , d2m} is the commutator of g which is abelian, span{z1, . . . , zℓ0}
its center (possibly trivial) and span{s1, . . . , sk0} its abelian subalgebra such that
there exists real coefficients λij ,

[si, d2j−1] = λij d2j, [si, d2j] = −λij d2j−1 for all i = 1, . . . , k0, j = 1, . . . ,m. (4)

Indeed, the family {ads, s ∈ s} ⊆ so(2m) is an abelian subalgebra, then it
is conjugate by an element in SO(2m) to a subalgebra of the maximal abelian
subalgebra tm of so(2m) with respect to an orthonormal basis {d1, . . . , d2m} of
[g, g] .
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Example 2.3.
1. Any commutative Lie algebra is flat.

2. The Lie algebra g = span{s} ⊕ span{d1, d2} with the brackets

[s, d1] = d2, [s, d2] = −d1, [d1, d2] = 0,

is the smallest non abelian flat Lie algebra.

2.3. Nondegenerate flat Lie algebras
A flat Lie algebra is nondegenerate if there exists a basis of s such that for all i 6= j
in {1, . . . ,m} ,

there exists k in {1, . . . , k0}, such that λ2kj 6= λ2ki. (5)

Otherwise, the Lie algebra is degenerate.

Examples 2.4.

1. The flat Lie algebra g = span{s} ⊕ span{d1, d2, d3, d4} with the brackets

[s, d1] = d2, [s, d2] = −d1, [s, d3] = αd4, [s, d4] = −αd3, α 6= 0,−1, 1

is nondegenerate.

2. The flat Lie algebra g = span{s1, s2} ⊕ span{d1, d2, d3, d4} with the brackets

[si, d2j−1] = δij d2j, [si, d2j] = −δij d2j−1, i, j = 1, 2,

where δ stands for the Kronecker symbol, is nondegenerate. Although for the
basis {s1 + s2, s1 − s2} of s the property (5) is not satisfied.

3. The flat Lie algebra g = span{s} ⊕ span{d1, . . . , d4} with the brackets

[s, d1] = d2, [s, d2] = −d1, [s, d3] = d4, [s, d4] = −d3,

is degenerate, since λ12 = λ13 and (5) is not satisfied for any other vector
generating s .

In the following, we will show that the nondegeneracy property is well defined. Let
g be a flat Lie algebra with a fixed basis of [g, g] for which

[s, d2j−1] = λj(s) d2j, [s, d2j] = −λj(s) d2j−1 for all s ∈ s and j = 1, . . . ,m,

where λ1, . . . , λm are linear forms on s . Let {s1, . . . , sk0} be a fixed basis of s and
let Λ be the matrix

Λ =


λ11 λ21 λ31 . . . λk01
λ12 λ22 λ32 . . . λk02
. . . . . . . . . . . . . . . . . . . . . . . . . .
λ1m λ2m λ3m . . . λk0m

 , where λj(si) = λij.

We have the following characterization
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Proposition 2.5. A flat Lie algebra g = s ⊕ z ⊕ [g, g] is degenerate if and only
if there is i 6= j in {1, . . . ,m} such that for all k ∈ {1, . . . , k0}, λki = εkijλkj , with
the property

εkij = εij = ±1 independently of k, (6)

which means that the rows Li and Lj of Λ are linearly dependent with Lj = ±Li .

Proof. Let {S1, . . . , Sk0} be an arbitrary other basis of s and denote by A the
invertible matrix (αij) of the change of basis. We have

[Sk, d2i−1] =

[
k0∑
p=1

αpksp, d2i−1

]
=

(
k0∑
p=1

αpkλpi

)
d2i = Λki d2i.

So that Λ2
ki = Λ2

kj for all k = 1, . . . , k0 if and only if(
k0∑
p=1

αpkλpi

)2

−

(
k0∑
p=1

αpkλpj

)2

= 0 for all k = 1, . . . , k0

⇔
k0∑
p=1

α2
pk

(
λ2pi − λ2pj

)
+ 2

∑
1≤p<q≤k0

αpkαqk (λpiλqi − λpjλqj) = 0 for all k = 1, . . . , k0

⇔ λpiλqi − λpjλqj = 0 for all 1 ≤ p < q ≤ k0 (pick A such that αpk, αqk 6= 0)

Since λpi = εpijλpj and λqi = εqijλqj (εqij = ±1 , εqij = ±1), then

λpiλqi − λpjλqj = 0 ⇐⇒ λpiλqi
(
1− εpijε

q
ij

)
= 0.

⇐⇒ εpij = εqij = ±1 or λpi = λpj = 0, or λqi = λqj = 0.

Remark 2.6. When k0 = m then the rows of the matrix Λ are linearly indepen-
dent so that the flat Lie algebra is nondegenerate.

2.4. Metaflat Lie algebras
A metaflat Lie algebra is a triple (g, 〈 , 〉, ξ) where (g, 〈 , 〉) is a flat Lie algebra and
ξ : g → ∧2g is a 1-cocycle such that

adx ady ξ(z) = 0 for all x, y, z ∈ s. (7)

This is equivalent to the nullity of the metacurvature tensor (introduced in [5]). This
has been proved in [1].
A commutative Lie algebra is obviously flat and metaflat. In the sequel, we assume
that the Lie algebra is not commutative.
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3. Main theorem

In this section we prove the main theorem (i.e., Theorem 3.3).
Let ξ be the coboundary of r ∈ ∧2g . We have

r =
∑

1≤i<j≤k0

aij si ∧ sj +
∑

1≤i≤k0
1≤j≤ℓ0

bij si ∧ zj +
∑

1≤i≤k0
1≤j≤m

cij si ∧ d2j−1 +
∑

1≤i≤k0
1≤j≤m

eij si ∧ d2j

+
∑

1≤i<j≤ℓ0

fij zi ∧ zj +
∑

1≤i≤ℓ0
1≤j≤m

gij zi ∧ d2j−1 +
∑

1≤i≤ℓ0
1≤j≤m

hij zi ∧ d2j

+
∑

1≤i<j≤m

mij d2i−1 ∧ d2j−1 +
∑

1≤i,j≤m

nij d2i−1 ∧ d2j +
∑

1≤i<j≤m

pij d2i ∧ d2j.

For all k = 1, . . . , k0 , ξ(sk) = adsk r , thus

ξ(sk) =
∑

1≤i≤k0
1≤j≤m

−λkjeij si ∧ d2j−1 +
∑

1≤i≤k0
1≤j≤m

λkjcij si ∧ d2j

+
∑

1≤i≤ℓ0
1≤j≤m

−λkjhij zi ∧ d2j−1 +
∑

1≤i≤ℓ0
1≤j≤m

λkjgij zi ∧ d2j

+
∑

1≤i<j≤m

(−λkjnij + λkinji) d2i−1 ∧ d2j−1

+
∑

1≤i<j≤m

(λkjmij − λkipij) d2i−1 ∧ d2j

+
∑

1≤i<j≤m

(−λkimij + λkjpij) d2j−1 ∧ d2i

+
∑

1≤i<j≤m

(λkinij − λkjnji) d2i ∧ d2j. (8)

For all k = 1, . . . , ℓ0 , ξ(zk) = adzk r = 0 and for all k = 1, . . . ,m

ξ(d2k−1) = add2k−1
r = Φk ∧ d2k, ξ(d2k) = add2k r = d2k−1 ∧ Φk

where

Φk =

(
k0∑
j=2

−λjka1j

)
s1 +

k0−1∑
p=2

(
p−1∑
i=1

λikaip +

k0∑
j=p+1

−λjkapj

)
sp +

(
k0−1∑
i=1

λikaik0

)
sk0

+

ℓ0∑
j=1

(
k0∑
i=1

λikbij

)
zj +

m∑
j=1

(
k0∑
i=1

λikcij

)
d2j−1 +

m∑
j=1

(
k0∑
i=1

λikeij

)
d2j.

Proposition 3.1. The metaflatness condition (7) for a coboundary ξ is equivalent to

ξ(sk) = 0 for all k = 1, . . . , k0.
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Proof. Since ξ is a coboundary, by (8) we can simply write

ξ(sk) =
∑

1≤i≤k0
1≤j≤m

ckij si ∧ d2j−1 +
∑

1≤i≤k0
1≤j≤m

ekij si ∧ d2j +
∑

1≤i≤ℓ0
1≤j≤m

gkij zi ∧ d2j−1

+
∑

1≤i≤ℓ0
1≤j≤m

hkij zi ∧ d2j +
∑

1≤i<j≤m

mk
ij d2i−1 ∧ d2j−1

+
∑

1≤i,j≤m

nk
ij d2i−1 ∧ d2j +

∑
1≤i<j≤m

pkij d2i ∧ d2j,

and

ad2
sℓ
ξ(sk) =

∑
1≤i≤k0
1≤j≤m

−λ2ℓjckij si ∧ d2j−1 +
∑

1≤i≤k0
1≤j≤m

−λ2ℓjekij si ∧ d2j

+
∑

1≤i≤ℓ0
1≤j≤m

−λ2ℓjgkij zi ∧ d2j−1 +
∑

1≤i≤ℓ0
1≤j≤m

−λ2ℓjhkij zi ∧ d2j

+
∑

1≤i<j≤m

(
−(λ2ℓi + λ2ℓj)m

k
ij + 2λℓiλℓjp

k
ij

)
d2i−1 ∧ d2j−1

+
∑

1≤i<j≤m

(
−(λ2ℓi + λ2ℓj)n

k
ij + 2λℓiλℓjn

k
ji

)
d2i−1 ∧ d2j

+
∑

1≤i<j≤m

(
2λℓiλℓjn

k
ij − (λ2ℓi + λ2ℓj)n

k
ji

)
d2j−1 ∧ d2i

+
∑

1≤i<j≤m

(
2λℓiλℓjm

k
ij − (λ2ℓi + λ2ℓj)p

k
ij

)
d2i ∧ d2j.

So that ad2
sℓ
ξ(sk) = 0 for all k, ℓ ∈ {1, . . . , k0} if and only if

ckij = ekij = gkij = hkij = 0

and(
(λ2ℓi + λ2ℓj) −2λℓiλℓj
−2λℓiλℓj (λ2ℓi + λ2ℓj)

)(
mk

ij

pkij

)
=

(
0
0

)
=

(
(λ2ℓi + λ2ℓj) −2λℓiλℓj
−2λℓiλℓj (λ2ℓi + λ2ℓj)

)(
nk
ij

nk
ji

)
.

If g is non degenerate, i.e. for all 1 ≤ i < j ≤ m there is ℓ ∈ {1, . . . , k0} such that
the determinant (λ2ℓi − λ2ℓj)

2 6= 0 , then

mk
ij = pkij = nk

ij = nk
ji = 0, and from (8), ξ(sk) = 0.

Suppose g is degenerate, i.e. for all ℓ ∈ {1, . . . , k0} λℓj = εijλℓi , (εij = ±1). We
can choose ℓ such that λℓi 6= 0 . Otherwise, d2i would be in the center, which is
impossible. Then from the characterization (6) of g we get, for all 1 ≤ i < j ≤ m ,
pkij = εijm

k
ij and nk

ji = εijn
k
ij . By (8), we get the lemma, since for a degenerate flat

algebra, we have

λkjnij − λkinji = (εijλki)nij − λki (εijnij) = 0

and similarly for the other coefficients.
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As a direct consequence, we get the following proposition:

Proposition 3.2. Let g be a flat Lie algebra and ξ the coboundary of r ∈ ∧2g.
If the pair (g, ξ) is metaflat then

1. If g is nondegenerate, then

r =
∑

1≤i<j≤k0

aij si ∧ sj +
∑

1≤i≤k0
1≤j≤ℓ0

bij si ∧ zj +
∑

1≤i<j≤ℓ0

fij zi ∧ zj +
∑

1≤i≤m

nii d2i−1 ∧ d2i

2. If g is degenerate then,

r =
∑

1≤i<j≤k0

aij si ∧ sj +
∑

1≤i≤k0
1≤j≤ℓ0

bij si ∧ zj +
∑

1≤i<j≤ℓ0

fij zi ∧ zj

+
∑

1≤i<j≤m

mij d2i−1 ∧ d2j−1 +
∑

1≤i,j≤m

nij d2i−1 ∧ d2j +
∑

1≤i<j≤m

pij d2i ∧ d2j

such that pij = εijmij and nji = εijnji (εij = ±1).

We can now state and prove the main theorem.

Theorem 3.3. Let g be a flat Lie algebra and let ξ be a coboundary of r ∈ ∧2g. If
(g, ξ) is metaflat, then r is a solution of the classical Yang-Baxter equation [r, r] = 0.
Moreover, the dual Lie bialgebra g∗ is flat and metaflat for the dual positive-definite
scalar product.

Proof. From the proposition above, in both the degenerate and nondegenerate
cases, we can assume

r =
∑

1≤i<j≤k0

aij si ∧ sj +
∑

1≤i≤k0
1≤j≤ℓ0

bij si ∧ zj +
∑

1≤i<j≤ℓ0

fij zi ∧ zj

+
∑

1≤i<j≤m

mij d2i−1 ∧ d2j−1 +
∑

1≤i,j≤m

nij d2i−1 ∧ d2j +
∑

1≤i<j≤m

pij d2i ∧ d2j

Recall that the Schouten-Nijenhuis bracket is R-bilinear with respect to its two
arguments and is defined for decomposable multivectors as follows [3]

[X1 ∧ · · · ∧Xm, Y1 ∧ · · · ∧ Yn]

=
∑
i,j

(−1)i+j[Xi, Yj] ∧X1 ∧ · · · ∧ X̂i ∧ · · · ∧Xm ∧ Y1 ∧ · · · ∧ Ŷj ∧ · · · ∧ Yn

where the hat sign indicates that the argument below has been omitted.
For all vector fields X1, X2, Y1, Y2 we have

[X1 ∧X2, Y1 ∧ Y2] = [X1, Y1] ∧X2 ∧ Y2 − [X1, Y2] ∧X2 ∧ Y1
− [X2, Y1] ∧X1 ∧ Y2 + [X2, Y2] ∧X1 ∧ Y1.
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Moreover, the bracket is symmetric when restricted to bivectors

[X1 ∧X2, Y1 ∧ Y2] = [Y1 ∧ Y2, X1 ∧X2].

Therefore 1
2
[r, r] is given by∑

1≤i<j≤k0
1≤k<ℓ≤m

aijmkl [si ∧ sj, d2k−1 ∧ d2ℓ−1] +
∑

1≤i<j≤k0
1≤k<ℓ≤m

aijnkl [si ∧ sj, d2k−1 ∧ d2ℓ]

+
∑

1≤i<j≤k0
1≤k<ℓ≤m

aijpkl [si ∧ sj, d2k ∧ d2ℓ] +
∑

1≤i,j≤k0
1≤k<ℓ≤m

bijmkl [si ∧ zj, d2k−1 ∧ d2ℓ−1]

+
∑

1≤i,j≤k0
1≤k<ℓ≤m

bijnkl [si ∧ zj, d2k−1 ∧ d2ℓ] +
∑

1≤i,j≤k0
1≤k<ℓ≤m

bijmkl [si ∧ zj, d2k ∧ d2ℓ].

By using Γℓ
ij = λjℓsi − λiℓsj , we have

1

2
[r, r] =

∑
1≤i<j≤k0

∑
1≤k<ℓ≤m

aijmkl

(
Γℓ
ij ∧ d2k−1 ∧ d2ℓ − Γk

ij ∧ d2ℓ−1 ∧ d2k
)

+
∑

1≤i<j≤k0

∑
1≤k,ℓ≤m

aijnkl

(
−Γℓ

ij ∧ d2k−1 ∧ d2ℓ−1 + Γk
ij ∧ d2k ∧ d2ℓ

)
+

∑
1≤i<j≤k0

∑
1≤k<ℓ≤m

aijpkl
(
−Γk

ij ∧ d2k−1 ∧ d2ℓ + Γℓ
ij ∧ d2ℓ−1 ∧ d2k

)
+
∑

1≤i≤k0
1≤j≤ℓ0

∑
1≤k<ℓ≤m

bijmkl zj ∧ (−λiℓ d2k−1 ∧ d2ℓ + λik d2ℓ−1 ∧ d2k)

+
∑

1≤i≤k0
1≤j≤ℓ0

∑
1≤k,ℓ≤m

bijnkl zj ∧ (λiℓ d2k−1 ∧ d2ℓ−1 − λik d2k ∧ d2ℓ)

+
∑

1≤i≤k0
1≤j≤ℓ0

∑
1≤k<ℓ≤m

bijpkl zj ∧ (λik d2k−1 ∧ d2ℓ − λiℓ d2ℓ−1 ∧ d2k) .

Now, we show that the 2nd and the 5th terms are zero and by combining the terms
1st,4th with 3rd,6th respectively, we get [r, r] = 0 . We also show that above equality
always holds, whether g is degenerate or not. If g is nondegenerate, then

[r, r] =
∑

1≤i<j≤k0

∑
1≤k≤m

aijnkk

(
−Γk

ij ∧ d2k−1 ∧ d2k−1 + Γk
ij ∧ d2k ∧ d2k

)
+
∑

1≤i≤k0
1≤j≤ℓ0

∑
1≤k≤m

bijnkk zj ∧ (λik d2k−1 ∧ d2k−1 − λik d2k ∧ d2k) = 0.

If g is degenerate, then for all k < ℓ in {1, . . . ,m} and for all i, j in {1, . . . , k0} ,

λiℓ = εkℓ λik, λjℓ = εkℓ λjk, pkℓ = εkℓmkℓ, nℓk = εkℓ nkℓ.

Therefore, Γℓ
ij = (εkℓ λjk) si − (εkℓ λik) sj = εkℓΓ

k
ij , so

mkℓΓ
ℓ
ij − pkℓΓ

k
ij = mkℓ(εkℓ Γ

k
ij)− (εkℓmkℓ)Γ

k
ij = 0,

−mkℓΓ
k
ij + pkℓΓ

ℓ
ij = −mkℓΓ

k
ij + (εkℓmkℓ)(εkℓΓ

k
ij) = 0.



884 Bahayou

Thus the sum of the 1st term with the 3rd term is zero. For the same reasons,
combining the other terms gives zero.
Let g∗ be the dual vector space with dual basis{

s∗1, . . . , s
∗
k0
, z∗1 , . . . , zℓ0 , d

∗
1, . . . , d

∗
2m

}
.

The subspace span{s∗1, . . . , s∗k0 , z
∗
1 , . . . , z

∗
ℓ0
} is a commutative subalgebra, its comple-

mentary subspace span{d∗1, . . . , d∗2m} is an abelian ideal (containing the commuta-
tor) and satisfies the following equations

[s∗i , d
∗
2j−1] = −s∗i (Φj) d

∗
2j, [s∗i , d

∗
2j] = s∗i (Φj) d

∗
2j−1,

[z∗i , d
∗
2j−1] = −z∗i (Φj) d

∗
2j, [z∗i , d

∗
2j] = z∗i (Φj) d

∗
2j−1,

where

Φk =

(
k0∑
j=2

−λjka1j

)
s1 +

k0−1∑
p=2

(
p−1∑
i=1

λikaip +

k0∑
j=p+1

−λjkapj

)
sp

+

(
k0−1∑
i=1

λikaik0

)
sk0 +

ℓ0∑
j=1

(
k0∑
i=1

λikbij

)
zj.

In matrix form Λ̂ = ΛM(a|b) , where

Λ =
(
λij
)
1≤j≤m
1≤i≤k0

, Λ̂ =
(
s∗i (ϕk)

∣∣z∗j (ϕk)
)

1≤k≤m
1≤i≤k0, 1≤j≤ℓ0

and

M(a|b) =


0 a12 · · · a1k0

−a12 0 · · · a2k0
... ... . . . ...

−a1k0 −a2k0 · · · 0

b11 b12 . . . b1ℓ0
b21 b22 . . . b2ℓ0
... ... . . . ...
bk01 bk02 . . . bk0ℓ0

 . (9)

We denote by 〈 , 〉∗ the positive-definite scalar product on g∗ associated to 〈 , 〉 , via
the isomorphism

♯ : g → g∗

x 7→ ♯(x)(y) := 〈x, y〉,

by setting, 〈♯(x), ♯(y)〉∗ := 〈x, y〉. We conclude that g∗ decomposes orthogonally

g∗ = span{s∗1, . . . , s∗k0} ⊕ {z∗1 , . . . , z∗ℓ0} ⊕ span{d∗1, . . . , d∗2m},

i.e. g∗ is flat. Since ξ∗(x) = 0 for all x in span{s∗1, . . . , s∗k0 , z
∗
1 , . . . , z

∗
ℓ0
} and for all

k = 1, . . . ,m

ξ∗(d∗2k−1) = −Ψk ∧ d∗2k, ξ∗(d∗2k) = Ψk ∧ d∗2k−1 where Ψk =

k0∑
i=1

λiks
∗
i ,

then the dual Lie algebra g∗ is metaflat.
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Let (g, 〈 , 〉, ξ) be a triangular metaflat Lie algebra, then its dual (g∗, 〈 , 〉∗, ξ∗) is
metaflat but not necessarily triangular. Indeed, if ξ = 0 then g∗ is abelian and ξ∗

is not exact since it is not trivial:

for all k = 1, . . . ,m, ψk =

k0∑
p=1

λpks
∗
p 6= 0, thus ξ∗(d∗2k−1) = −ψk ∧ d∗2k 6= 0.

However, a necessary and sufficient condition for ξ∗ to be exact is given by the
following proposition. We will use the notations of the main theorem.

Proposition 3.4. Let (g, ξ) be a triangular metaflat Lie algebra. The dual Lie
bialgebra (g∗, ξ∗) is triangular if and only if

rankM(a|b) = k0. (10)

Proof. We denote the r -matrices of g and g∗ by

r =
∑

1≤i<j≤k0

aij si ∧ sj +
∑

1≤i≤k0
1≤j≤ℓ0

bij si ∧ zj +
∑

1≤i<j≤ℓ0

fij zi ∧ zj + · · ·

r∗ =
∑

1≤i<j≤k0

Aij s
∗
i ∧ s∗j +

∑
1≤i≤k0
1≤j≤ℓ0

Bij s
∗
i ∧ z∗j +

∑
1≤i<j≤ℓ0

Fij z
∗
i ∧ z∗j + · · ·

Then (g∗, ξ∗) is triangular, if and only if,

for all k = 1, . . . ,m, −ψk ∧ d∗2k = ξ∗(d∗2k−1) = ad∗
d2k−1

r∗ = ϕk ∧ d∗2k.

By (9), this is equivalent to

Λ = Λ̂


0 A12 · · · A1k0

−A12 0 · · · A2k0
... ... . . . ...

−A1k0 −A2k0 · · · 0

−B11 −B12 . . . −B1ℓ0

−B21 −B22 . . . −B2ℓ0
... ... . . . ...

−Bk01 −Bk02 . . . −Bk0ℓ0


t

and

0 = Λ̂


B11 B21 . . . Bk01

B12 B22 . . . Bk02
... ... . . . ...

B1ℓ0 B2ℓ0 . . . Bk0ℓ0

0 F12 · · · F1ℓ0

−F12 0 · · · F2ℓ0
... ... . . . ...

−F1ℓ0 −F2ℓ0 · · · 0


t

.

By the injectivity of Λ we get from the first identity above

M(a|b)


0 A12 · · · A1k0

−A12 0 · · · A2k0
... ... . . . ...

−A1k0 −A2k0 · · · 0

−B11 −B12 . . . −B1ℓ0

−B21 −B22 . . . −B2ℓ0
... ... . . . ...

−Bk01 −Bk02 . . . −Bk0ℓ0


t

= Idk0 ,

i.e. rankM(a|b) = k0 . Moreover, g∗ = s∗ ⊕ z∗ ⊕ span{d∗1, . . . , d∗2m} with [g∗, g∗] =
span{d∗1, . . . , d∗2m} (for all k = 1, . . . ,m , d∗2k−1, d

∗
2k can’t be in the center). The

center of g∗ is of dimension ℓ0 , since dim z∗ = dimker Λ̂ = dimker M(a|b) = ℓ0 and
s∗ is its orthogonal in the subspace span{s∗1, . . . , s∗k0 , z

∗
1 , . . . , z

∗
ℓ0
} . From the second

identity above, we can take the rows of the matrix M(a|b) as a basis of s∗ . From
(6) and (9), g∗ is degenerate if and only if g is.
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4. Examples

(1) The metaflatness in theorem (3.3) is not a necessary condition to a coboundary
to arise from an r -matrix (i.e. a solution of the classical Yang-Baxter equation).
Indeed, if ξ is the coboundary of an r -matrix of the form r = z ∧ x , where z is a
central element and x in the commutator or

r =
∑

1≤i<j≤m

mij d2i−1 ∧ d2j−1 +
∑

1≤i<j≤m

nij d2i−1 ∧ d2j +
∑

1≤i<j≤m

pij d2i ∧ d2j,

(where mij 6= εpij or nji 6= εnij , ε = ±1) then ξ is not metaflat.

(2) From (10), if (g, ξ) is the triangular metaflat Lie bialgebra of the r -matrix

r =
∑

1≤i<j≤k0

aij si ∧ sj

then the dual Lie bialgebra (g∗, ξ∗) is triangular if and only if the skew symmetric
matrix (aij) =M(a|0) is invertible (so k0 is even).
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