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Abstract. We study a large class of exact Lie bialgebras arising from noncommutative defor-
mations of Poisson-Lie groups endowed with a left invariant Riemannian metric. We call these
structures triangular metaflat Lie bialgebras. We show that given the metaflatness geometrical
condition, these exact bialgebra structures arise necessarily from a solution of the classical Yang-
Baxter equation. Moreover, the dual Lie bialgebra is also metaflat constituting an important kind
of symmetry.
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1. Introduction

Hawkins [4, 5] studied and introduced necessary conditions for the existence of a
deformation of the graded algebra of differential forms Q*(A/) on a Riemannian
manifold (M, g) ([5], Theorem 2.3, p.393).

We previously studied [1], the so-called Hawkins conditions on a Poisson-Lie group
endowed with a left invariant Riemannian metric, proved it is equivalent to ([1],

Theorem 3.1, p. 446):

1. The dual Lie algebra g* is flat, i.e. decomposes into an orthogonal sum
g* = b* @ [g*, g%] (for the associated scalar product on g*), where b* is an
abelian subalgebra and the commutator ideal [g*, g*] is even-dimensional and
abelian.

2. The flat Lie bialgebra (g*, £*) is metaflat, i.e. for all z,y € b* ad&*(y) =0,
where &* is the 1-cocycle defining the dual bialgebra structure of g* and
ad, is the extension of the adjoint representation of g* to bivectors. (See
the preliminary section for the definitions regarding flat Lie algebras and Lie
bialgebras).

The main theorem of this paper is the following

Theorem 1.1. Let g=s@ 3@ [g,9] be a flat Lie algebra and & the coboundary
of r € N*g. Then if the pair (g,&) is metaflat, v is a solution of the classical
Yang-Baxter equation. Moreover, the dual Lie bialgebra (g*,£*) is flat and metaflat.
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The proof is a straightforward computation with a careful look to the faithful
representations of s into so([g,g]) (the Lie algebra of skew symmetric matrices

on [g,9]).

The paper is organized as follows. In Section 2 we introduce some preliminary
notions in Poisson geometry. In Section 3, we present the main result of this paper,
Theorem 3.3, and we discuss some examples in Section 4.

2. Preliminaries

For this section, we address the readers to the book [9] where they can find all the
material about Poisson geometry and Poisson-Lie groups. A Poisson structure on a
smooth manifold M is a Lie bracket {-,-} on the space C*°(M) of smooth functions
on M which satisfies the Leibniz rule. This bracket is called Poisson bracket and a
manifold M equipped with such a bracket is called Poisson manifold. Therefore, a
bivector field 7 on M such that the bracket

{f,9} = n(df,dg)

is a Poisson bracket is called Poisson tensor or Poisson bivector field. A Poisson
tensor can be regarded as a bundle map m : T"M — T'M:

B (my(a)) =7 (. B).

A map ¢ : (M,my) — (N, 7mn) between two Poisson manifolds is called a Poisson
map if for all f,g € C*°(N), one has

{fO¢,gO¢}M:{f,g}NO¢

2.1. Lie bialgebras and Poisson Lie groups

A Poisson-Lie group (G, ) is a Lie group G endowed with a Poisson tensor 7 for
which the multiplication m : G x G — G is a Poisson map with respect to 7 on
G and the product Poisson structure ngxg = 7 @& 7 on G x GG. Equivalently, 7 is
multiplicative, i.e. for any g,h € G

m(gh) = (Lg)«m(h) + (Bn).7(9),

where (Lg). (resp. (Rp).) denotes the tangent map of the left translation of G by
g (resp. the right translation of G by h). [7], p.503.

The associated map 7, : G — A?g, defined by m,.(g) = (R,-1).7(g) satisfies
m(gh) = m(g) + Adgm.(h),

which means that m, is a 1-cocycle of G with values in A?g for the Adjoint
representation

Ad, (X AY) := Ad,X A Ad,Y.

The linear map £ : g — A?g defined by £(X) = Zx,(e) is a 1-cocycle with respect
to the adjoint representation of g on gA g

ad;(y A z):=ad, y A z+y Aad, 2.

which leads to the following definition:
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A Lie bialgebra is a couple (g,&) where g is a Lie algebra and & : g — A?g is a
linear map such that for all z,y in g

§([z,y]) = ad, &(y) — ad, &(2), (1)

and the transpose map &' = [+, -], : g* A g* — g* is a Lie bracket, where

'anpB)(@) = (aAB) ().
It is important to note that a Lie bialgebra and its dual have symmetric roles. More
details on Lie bialgebras can be found in [6].
2.2. Flat Lie algebras

A flat Lie algebra is a couple (g, (,)) where g is a real finite dimensional Lie algebra
and (,) is a positive definite scalar product on g such that the infinitesimal Levi-
Civita connection, defined for all z,y, z in g by

2(Vay, 2) = ([2,9], 2) + ([z, 2], 9) + ([z,9], 2) (2)

has zero curvature

R(z,y,2) = Vg gz — (VoVyz =V, V,2) = 0. (3)
In other words, the Levi-Civita connection of the unique left invariant Riemannian
metric on the associated Lie group G of g, which extends (,), is flat.
Milnor in [8] characterized these flat Lie algebras. Some refinements have been

provided later in [1] and [2].

Proposition 2.1. ([1], [2], [8]) Let (g,(,)) be a flat Lie algebra. Then g decom-
poses orthogonally as
g=5s93® g9,

where 3 is the center of g, s is an abelian Lie subalgebra, [g,g] is the commutator
ideal satisfying the following conditions:

e [g,9] is abelian and even dimensional,
e ad, =V,, forany x in 3P s.

Remark 2.2. [t follows from the above proposition that g is a unimodular 2-step
solvable Lie algebra, whose nilradical is given by 3 & [g, g]. [

Moreover, from [1], we have:

g =span{si, ..., Sk, 21, - ., 20} D span{dy, ..., don}

where span{d, ..., dy,} is the commutator of g which is abelian, span{zi, ...,z }
its center (possibly trivial) and span{si,..., sk} its abelian subalgebra such that
there exists real coefficients A;;,

[Si,dgj_l] = >\ij dgj, [Si,dgj] = _>\ij dgj_l for all i = 1, ey k’o, ] = 1, <o, . (4)

Indeed, the family {ads, s € s} C so0(2m) is an abelian subalgebra, then it
is conjugate by an element in SO(2m) to a subalgebra of the maximal abelian
subalgebra t™ of so(2m) with respect to an orthonormal basis {di,...,dsy,} of

9,9].
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Example 2.3.
1. Any commutative Lie algebra is flat.

2. The Lie algebra g = span{s} @ span{d;, ds} with the brackets
[s,di] = dy, [s,do] = —dy, [dy,ds] =0,

is the smallest non abelian flat Lie algebra.

2.3. Nondegenerate flat Lie algebras

A flat Lie algebra is nondegenerate if there exists a basis of s such that for all i # j
in {1,...,m},

there exists k in {1,...,ko}, such that A7, # Ap. (5)

Otherwise, the Lie algebra is degenerate.

Examples 2.4.
1. The flat Lie algebra g = span{s} @ span{di, ds, d3,ds} with the brackets
[s,d1] = da, [s,da] = —dy, [s,d3] = ady, [s,ds) = —ads, a#0,—1,1
is nondegenerate.
2. The flat Lie algebra g = span{s, so} @ span{ds, da, d3,d,} with the brackets
8, doj_1] = 045 daj, [si,doj] = —0i5dyi—1, 1,5 = 1,2,

where § stands for the Kronecker symbol, is nondegenerate. Although for the
basis {s; + s2, 51 — s2} of s the property (5) is not satisfied.

3. The flat Lie algebra g = span{s} @ span{d,...,ds} with the brackets
[S7d1] = d27 [S7d2] - _dla [S;d3] = d4, [S,d4] = —d3’

is degenerate, since A\ = A3 and (5) is not satisfied for any other vector
generating s.

In the following, we will show that the nondegeneracy property is well defined. Let
g be a flat Lie algebra with a fixed basis of [g, g] for which

[8, dgjfl] = )\j(S) dgj, [S, de] = —)\j<8) d2j71 for all s € s and j = 1, o, M,

where A, ..., A\, are linear forms on s. Let {s1,...,s,} be a fixed basis of s and
let A be the matrix
Air Ao Azt Aggl
A= )\12 )\22 )\32 Ce )\k:OQ 7 where >\j (Sz> — )\Zj

We have the following characterization
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Proposition 2.5. A flat Lie algebra g = s ® 3 @ [g,9] is degenerate if and only

if there is i # 7 in {1,...,m} such that for all k € {1,... ko}, Ai = efj)\kj, with
the property
6% = ¢;; = =1 independently of k, (6)

which means that the rows L; and L; of A are linearly dependent with L; = +L;.

Proof. Let {Si,...,Sk} be an arbitrary other basis of s and denote by A the
invertible matrix (c;;) of the change of basis. We have

ko
[Sk, d2i—1] = [Z QpSp dai— 1] = (Z apk)\pi> doi = Api da;.
p=1
So that Aj; = A}, forall k=1,..., ko if and only if

ko 2 ko 2
(Z apkApi) - (Z apkA,,j> =0forallk=1,...,k
p=1 p=1

ko
S ) an (A% =A%) 2> aproge (\pidgi — ApAg) =0 forall k=1, kg

1<p<q<ko

& Mpidgi — Apidg; =0 for all 1 <p < g < kg (pick A such that oy, ag # 0)
Since Ay = e} Ay and Ay = ejAy; (], = £1, ], = £1), then
>\pi)\qi — )\pj)\qj =0 «<— )\pi)\qi (1 — 5%5%) =0.
= ep=g=Flor Ay =Ny =0, or Ay = Ay = 0. u

Remark 2.6. When ky = m then the rows of the matrix A are linearly indepen-
dent so that the flat Lie algebra is nondegenerate.

2.4. Metaflat Lie algebras

A metaflat Lie algebra is a triple (g, (,),&) where (g, (,)) is a flat Lie algebra and
€:g— A%g is a 1-cocycle such that

ad, ad, £(2) = 0 for all z,y, z € s. (7)

This is equivalent to the nullity of the metacurvature tensor (introduced in [5]). This
has been proved in [1].

A commutative Lie algebra is obviously flat and metaflat. In the sequel, we assume
that the Lie algebra is not commutative.
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3. Main theorem

In this section we prove the main theorem (i.e., Theorem 3.3).

Let ¢ be the coboundary of r € A%2g. We have

r = Z CLZ'J'SZ'/\S]'—F Z bijSi/\Zj—F Z CijSi/\defl—F Z eijsi/\d2j

1<i<j<ko 1<i<ko 1<i<ko 1<i<ko
1<i<d 1<j<m 1<i<m
+ E Jijzi N\ 2z + E ij zi N daj—1 + g hij zi N da;
1<i<j<lo 1<i<fto 1<i<to
1<<m 1<5<m
+ E myj dai—1 N dgj—1 + E Ngj doi—1 N doj + E Pij da;i N da;.
1<i<j<m 1<ij<m 1<i<j<m

Forall k=1,...,ko, &(sx) = ads, 7, thus

§(sk) = Z —Aij€ij Si N\ daj—1 + Z AkjCij Si N daj

1<i<kg 1<i<kg

1<i<m 1<j<m

+ Z _)\kjhz‘j Zi A\ d2j—1 + Z /\kjgij Zi A dgj
1<i<ty 1<i<ty
1<5<m 1<5<m

+ Z (= Ak + Akingi) doi—1 A dojq
1<i<j<m

+ Z (AkjMij — AkiPij) doi—1 A da;
1<i<j<m

+ Z (= ki + Aijpij) daj—1 A day;
1<i<j<m

+ Z ()\]ﬂn” — )\kjnjl-) dgi A dgj. (8)
1<i<j<m

Forall k=1,...,4, &(zx) =ad,, r=0and forall k=1,...,m

E(dog—1) = adg,, , 7 = P A dog, E(dor) = ada,, 7 = dog—1 A\ Py,

where
ko ko—1 p—1 ko ko—1
q)k = (Z —/\jkalj) S1 + ( )\ikaip + Z —)\jkam) Sp —+ (Z )‘ikaiko) Sko
j=2 p=2 \i=1 j=p+1 i=1
Lo ko m ko m ko
+ Z (Z )\zk@g) Zj + Z (Z )\ik,’cij> dgj_l + Z (Z )\ikeij> dgj.
7=1 =1 7j=1 =1 7j=1 =1

Proposition 3.1. The metaflatness condition (7) fora coboundary £ is equivalent to

E(sg) =0 forallk=1,..., k.
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Proof.  Since ¢ is a coboundary, by (8) we can simply write

6(8k>: Z ijsi/\dgj_l—f— Z Bi»cjsi/\dgj—l— Z gszi/\dgj_l

1<i<ko 1<i<ko 1<i<ty
1<5<m 1<5<m 1<5<m
+ hz’j zi N\ dgj + mi]- dgifl N dgjfl

1<i<tg 1<i<j<m

1<5<m

Fodyi 1 AN d N

+ Ngj; doi—1 N daj + Dij G2i N\ dzj,

1<i,j<m 1<i<j<m

and

ad, £(si) = Z =7l si N daj 1 + Z —Npiel; si A day

1<i<kg 1<i<kg
1<j<m 1<j<m
k k

+ Z _)\?]g’bj z; N\ dgjfl + Z —A?jhl] zi N\ dgj
1<i<ly 1<i<ly
I<js<m 1<js<m

+ Z (= (NG + %)Ml + 20 A\ipl) daiy A dojy
1<i<j<m

+ Z (—()\Z + )\Z)nfj + 2)\@1')\(]%;2) dgi_l A dgj
1<i<g<m

+ Y (@Nadgnl — (A 4+ A0k dajoi A dy
1<i<gj<m
1<i<j<m

So that ad? &(sy) = 0 for all k,¢ € {1,... ko} if and only if

ko k _ k _ 1k _
Cij_eij_gij_hij_o

and

(O 2 ) (1) (0 (0feat) vy ()
If g is non degenerate, i.e. for all 1 <i < j < m thereis £ € {1,...,ko} such that
the determinant (A7 — A7;)* # 0, then

mfj = pfj = nfj = nfz =0, and from (8), &(sx) = 0.

Suppose g is degenerate, i.e. for all £ € {1,...,ko} Aoj = €ijAui, (55 = £1). We
can choose ¢ such that Ay # 0. Otherwise, dy; would be in the center, which is
impossible. Then from the characterization (6) of g we get, for all 1 <i < j <m,
pfj = 8¢jmfj and né“l = 5Z~jnfj. By (8), we get the lemma, since for a degenerate flat
algebra, we have

Akjnz'j - )\kinji = (5ij)\ki) Nij — Aki (gijnij> =0

and similarly for the other coefficients. [ |
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As a direct consequence, we get the following proposition:

Proposition 3.2.  Let g be a flat Lie algebra and & the coboundary of v € N%g.
If the pair (g,&) is metaflat then

1. If g is nondegenerate, then

r = Z aijsi/\sj+ Z bijsi/\zj+ Z fijzi/\zj+ Zn”‘dgi_l/\d%

1<i<j<ko 1<i<ko 1<i<j<tlo 1<i<m
1<j<to

2. If g is degenerate then,

- Z aij s; A sj + Zbl‘jSi/\Zj‘i‘ Z Jij zi N\ zj

1<i<j<ko 1<i<ko 1<i<j<fo
1<5<4
+ E Myj doi—1 N doj—1 + E Ngj i1 N daj + E Pij da; N\ da;
1<i<j<m 1<i,j<m 1<i<j<m

such that Dij = EijMyj and Nj; = 4Ny (5ij = :l:].)
We can now state and prove the main theorem.

Theorem 3.3.  Let g be a flat Lie algebra and let & be a coboundary of r € N%g. If
(g,€) is metaflat, then r is a solution of the classical Yang-Bazter equation [r,r] = 0.
Moreover, the dual Lie bialgebra g* is flat and metaflat for the dual positive-definite
scalar product.

Proof. From the proposition above, in both the degenerate and nondegenerate
cases, we can assume

r = Z (ZijSi/\Sj—F Z bijSi/\Z]’—i— Z fijZi/\Zj

1<i<j<ko 1<i<ko 1<i<j<lo
1<5<bo
+ E My doi—1 N doj—1 + E Ngj doi—1 N doj + E Pij dai N\ da;
1<i<j<m 1<ij<m 1<i<j<m

Recall that the Schouten-Nijenhuis bracket is R-bilinear with respect to its two
arguments and is defined for decomposable multivectors as follows [3]

(X1 A AXp, YIA - AY,]

o~

=) DXL AKX A AX A AKXy AT A AY A A Y,
¥

where the hat sign indicates that the argument below has been omitted.
For all vector fields X7, X5, Y7, Y5 we have

(XiANXo, VI AYS = [ X1, VI AXoAYy — [X, Yo AXo A Y
— [Xo, VI ANXG AYs + [Xo, Yo A Xy A YL
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Moreover, the bracket is symmetric when restricted to bivectors
(X1 AN X, Y1 AYo] = Y1 AY,, X A X

Therefore 3[r,7] is given by

Z aimp [8; A 85, dog—1 A dag—1] + Z g [8i A 85, dag—1 A day]

1<i<j<ko 1<i<j<ko
1<k<tl<m 1<k<tl<m
+ E aijPri [Si A 85, dag N dag] + E bijmu [Si N 25, dog—1 N dag—1]
1<i<j<ko 1<4,5<ko
1<k<i<m 1<k<i<m
+ E bzgnkl [Sz A Zj, d2k 1A d% E bz]mkl [Sz A Zj, d2k A d%]
1<4,5<ko 1<4,5<ko
1<k<i<m 1<k<l<m

By using Ffj = \jeS; — Aisj, we have

1
5[71 r Z Z aigmig (T3 A doj—y A dog — T A dog—y A doy,)

1<i<j<ko 1<k<t<m

+ Z Z QT (—Ffj N dgk,1 A dggfl + FZ VAN d2k N dgg)

1<i<j<kg 1<k,l<m

+ Z Z @ikl (—Ffj A dog—1 N dag + Ffj A doe—y N doy,)

1<i<j<ko 1<k<t<m

+ Z Z bijmug 25 N (—Nig dag—1 A dag + Nk, dag—1 N day,)

1<i<ky 1<k<t<m
1<5<ty

+ Z Z i 2j A (Nie dok—1 N dag—1 — Nk dog N dag)

1<i<ko 1<k,£<m
1<j<fo

+ Z Z bijpw 2 N (Nig dog—1 A dog — Nig dag—1 N day) -

1<i<ky 1<k<€<m
1<5<bo

Now, we show that the 2nd and the 5th terms are zero and by combining the terms
Lst,4th with 3rd,6th respectively, we get [r, 7] = 0. We also show that above equality
always holds, whether g is degenerate or not. If g is nondegenerate, then

[r,r] = Z Z aijngr (=I5 A dary A dag—y + T35 A dage A doy,)

1<i<j<kg 1<k<m

+ Z Z ik 2j N (Nik dag—1 A dag—1 — Nigs dag A do) = 0.
1<i<ko 1<k<m
1<5<4o
If g is degenerate, then for all k < ¢ in {1,...,m} and for all 7,7 in {1,...,ko},
it = €kt Aiks Ajo = €kt Njks Pkt = Ekt Moy Mgy = Ejog Mg

Therefore, Ffj = (ke A\ji) 8i — (€re Air) S5 = engU,

Ml — pell; = mpe(ereT) — (erempe) T,
—mglS; 4 prely; = =l + (Eremie) (erely;) = 0.

=
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Thus the sum of the 1st term with the 3rd term is zero. For the same reasons,
combining the other terms gives zero.

Let g* be the dual vector space with dual basis

{s’{,...,szo,zf,...,zlgo,d’{,...,dzm}.
The subspace span{sy,...,s; 2], ZZ)} is a commutative subalgebra, its comple-
mentary subspace span{dj,...,ds } is an abelian ideal (containing the commuta-
tor) and satisfies the following equations
(s}, 33‘—1] = —s; (9)) ;ja [s7, 3]] = 57 (®;) 5i—1>
(27, dyya) = =27 (95) dy;e [27,dsy] = 27 (®y) d5;_4,

where

ko—1 /p—1
<Z )\]kaM) S1 + Z (Z /\zkazp+ Z )‘]kam) Sp

j=p+1
ko—1 ZO ko
+ <Z )\ikaik0> Sko + Z (Z )\zkbz3> z
i=1 j=1 \i=1
In matrix form A = A M (a|b), where

A= (N rgizm A= (57 (00) |2 (61))  1ckem

1<i<ko 1<i<ko, 1<j<lo
and
0 a2 T A1k bin bz ... bleo
M((l’b) _ _?12 0 .‘ .‘ . a2:k0 bfl b?g .' .' . bg:go ' (9)
—Qip, —Qok, -+ O bior bro2 - brgro

We denote by (,)* the positive-definite scalar product on g* associated to (,), via
the isomorphism

t: g — g
r = f(2)(y) = (7,y),

by setting, (§(z),%(y))* := (z,y). We conclude that g* decomposes orthogonally
g =span{sj,...,s; } ©{2],..., 2} ®span{dj,...,d5,},

i.e. g* is flat. Since £*(x) = 0 for all  in span{sj,...,s;,,2],...,%;,} and for all

E=1,....m

ko
E(dyy, 1) = =Wk Adyy, (d3) = U Ady_y where Uy = Y As],

i=1

then the dual Lie algebra g* is metaflat. |
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Let (g,(, ),&) be a triangular metaflat Lie algebra, then its dual (g, (, )*,&*) is
metaflat but not necessarily triangular. Indeed, if £ = 0 then g* is abelian and &*
is not exact since it is not trivial:

ko
forall k=1,....,m, =Y _ Ausp # 0, thus £ (ds, ) = —y Adyy # 0.
p=1
However, a necessary and sufficient condition for &* to be exact is given by the

following proposition. We will use the notations of the main theorem.

Proposition 3.4.  Let (g,§) be a triangular metaflat Lie algebra. The dual Lie
bialgebra (g*,&*) is triangular if and only if

rank M (a|b) = k. (10)
Proof. = We denote the r-matrices of g and g* by

r= Z a;j s; N\ sj + Z bij si N\ zj + Z fijzi Nzj+ -

1<i<j<ko 1<i<ko 1<i<j<to
1<j<to
* . * * . * * - * * -
rt = E Aijs; Nsi+ E Bijsi N\ zj + E Fijzi Nz +
1<i<j<ko 1<i<ko 1<i<j<lo
1<j<fo

Then (g*,&*) is triangular, if and only if|
forall k=1,...,m, —bp Adyy, =& (dgy ) = ad, 1" = ¢ Adiy.

By (9), this is equivalent to

0 A o A —Bi1n =B ... —Biy,
A=? —1'412 0 A?ko —521 —?22 —?250 and
Ay ~Awy - 0| Buy Bua ... —Bu
Bin By ... Bia 0 Fip - Fiy t
0=R 312 322 - Bl.coQ —F12 0 : F2‘€0
Buy By - But | ~Fiy —Fay -+ 0
By the injectivity of A we get from the first identity above
0 A o A —Bu —Bia ... —Biy, '
M (alb) “Ae 0 S i o B
Ay ~Amy - 0| ~Buy —Bua ... —Bi

i.e. rank M (alb) = ko. Moreover, g* = s* @ 3* @ span{d;,...,d5, } with [g*, g*] =
span{dj,...,d5, } (for all k = 1,...,m, d},_,,d;. can’t be in the center). The
center of g* is of dimension £y, since dim3* = dimker A = dimker M (alb) = ¢, and
s* is its orthogonal in the subspace span{sj,...,s; ,2,..., 2, }. From the second
identity above, we can take the rows of the matrix M (a|b) as a basis of s*. From
(6) and (9), g* is degenerate if and only if g is. [
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4. Examples

(1) The metaflatness in theorem (3.3) is not a necessary condition to a coboundary
to arise from an r-matrix (i.e. a solution of the classical Yang-Baxter equation).
Indeed, if £ is the coboundary of an r-matrix of the form r = z A x, where 2 is a
central element and x in the commutator or

r= Z myj dai—1 A daj—1 + Z Ngj doi—1 N daj + Z Pij dai N daj,
1<i<j<m 1<i<j<m 1<i<j<m
(where m;; # ep;; or nj; # en;j, € = £1) then & is not metaflat.

(2) From (10), if (g,&) is the triangular metaflat Lie bialgebra of the r-matrix

r = E aijsl-/\sj

1<i<j<ko

then the dual Lie bialgebra (g*,£*) is triangular if and only if the skew symmetric
matrix (a;;) = M(a|0) is invertible (so kg is even).
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