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Abstract. Let k be an algebraically closed field of prime characteristic and S(n) be the special
Lie superalgebra of Cartan type over k. Define S(n) = S(n) ® k-{&D1}. So S(n)o = gl(n). Let
g = S(n) or S(n). We investigate in this paper the representations of g when y is restricted or
ht(x) = 1. The main results are listed below.

(1) When ht(x) = 1, the irreducible representations of U, (g) are considered. Precisely, the
composition factors of the Kac modules are confirmed and the dimensions of simple modules are
given.

(2) When x = 0 or ht(x) = 1, the structures of indecomposable projective modules are studied
and the Cartan invariants of U, (g) are given.

(3) When x =0 or ht(x) =1, we show that the representation category over U, (g) has only one
block (reckoning parities in).
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1. Introduction

Throughout this paper, let k be an algebraically closed field of characteristic p > 2.
Recall that by Kac’s classification theorem ([12]), finite-dimensional simple Lie
superalgebras over the complex field are either of classical type or of Cartan type,
with the latter consisting of infinite series of four types W(n), S(n), S(n) and H(n).
Regretfully, the classification of Lie superalgebras over k has not been accomplished.
Fortunately, the Lie superalgebras of Cartan type remain simple and there is no
doubt that they will be one of the most important types of Lie superalgebras over
k. So it is meaningful to study their representations. The special Lie superalgebra,

which is denoted by S(n), is the main research object of this article.

We know that the representations of Lie superalgebras over C have achieved great
progress since [12], see for example the books [4, 13] and the papers [1, 2, 3]. However,
the modular representations of Lie superalgebras were initiated only in recent years,
see [6, 15, 16, 17, 20] etc.

Recently, we got some results on the representations of W(n). In paper [5], the
irreducible representations of W (n) were studied when the height of the character
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equals one. Based on these results, paper [7] gave a calculation of Cartan invariants
for U, (W (n)) when the height of x is less than one. So blocks can be described
clearly for U, (W (n)) when the height of x is less than one. Until now, there
has been some work on the irreducible representations of S(n), see for example
[14, 18, 19]. In [14], authors studied the sufficient and necessary conditions for the
Kac modules to be simple when the character is restricted. In [18], a criterion on
the irreducibility of Kac module was given when the character is regular semisimple,
which is a special case of this paper. In [19], results in [14] were generalized to Lie
superalgebra S(m,n, 1), i.e. sufficient and necessary conditions for the Kac modules
to be simple were given when the character is restricted.

Based on the above results, it is natural to ask the following question, what is the
situation for S(n) when y is not restricted. This paper will give some answers.

Now let g = S(n) or S(n). The paper is organized as follows. In Section 2, we
recall some basic definitions and properties on S(n). In addition, we get the result
that GL(n) can be identified with a subgroup of Aut,(g). In Section 3, results on
irreducible representations of sl(n) and gl(n) are given for later use. In Section 4, we
list some important criterions for the irreducibility of Kac modules. In Sections 5, 6
and 7, we study the irreducible representations of U, (g) when the height of x equals
to one. The sufficient and necessary conditions for the Kac modules to be simple
are given. Moreover, when the Kac module is reducible, composition factors of the
Kac module are confirmed. Meanwhile, dimensions of the simple U, (g)-modules are
given. In Section 8, we give a description of the indecomposable projective modules.
The multiplicities of V, (1) in P (\) are given. In Section 9, the Cartan invariants
of U,(g) are calculated. Meanwhile, the blocks of the category of U, (g)-modules
are confirmed.

2. Preliminaries

2.1. Lie superalgebras of Witt and special type

Let A(n) be the Grassmann superalgebra over k with n odd generators &, &, -+ ,&,.
The Witt Lie superalgebra W (n) is defined to be the superderivations of A(n). One
can check that the elements of W (n) consist of the following set.

W(n) = {ifz‘Dv: | fi € A(”)}

where D; is a superderivation of A(n) defined through D;(&;)=4;;, i,j€{1,2,...,n}.
Let deg(&) =1, 1 < i <n. Then A(n) becomes a superalgebra with compatible
Z-grading. By the definition of D;, we have deg(D;) = —1, i € {1,2,--- ;n}. So
W (n) has a natural Z-grading with

W(n); = k-span{&, - &, Ds |1 <ty <+ <tipg <n, 1 < s <n}

and W(n) = @/~', W(n);. The Zy-grading on W (n) is compatible with the Z-
grading of W(n). So the even subspace (resp. odd subspace) is

Wino=3_ W (n); ( resp. W(n)s = > Wi(n):).
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The Lie-(super)bracket [, | on W(n) is given by
[£Di,gD;) = fDi(g) D — (= 1)V PIE0PIg D5 (f) Dy, (1)

where fD;, gD, are both Z-homogeneous elements of W (n).
Let div be the divergence mapping from W(n) to A(n) defined by:

The special Lie superalgebra S(n) is defined to be the subsuperalgebra of W(n),
consisting of all elements x € W (n) such that div(z) = 0.

2.2. Some structure information on S(n)

In order to describe the structure of S(n) clearly, we introduce the mapping D;;,
where 1 <i # j < n, in the following way:

Dij: A(n) — W(n), f — Di(f)D;+ D;(f)D;.

Let m € {1,2,--- ,n}. Denote by I, the set of ordered sequence (iy,iz, " ,in),
where 1 < iy < iy < -+ < iy <n. Let I = (iy,i9, - ,i,) be an element of I,,.
Denote by &; the element &;,&;, ---&, and by I¢ the set {z | z€Z, 1<z <n, but

T ¢ {i17 e ’im}}'
Lemma 2.1.  Some structure information on S(n) is listed in the following.

(1) S(n) is the k-linear span of the elements belonging to
{Dy(f) | feA* (n), k=1,2,--- ,n}.

(2) S(n) is a Z-graded subalgebra of W (n). Denote by S(n),, the elements of
S(n) with degree m, then S(n),, = k-span{&;(&D; —&D;) |1 €Ly, i,j€1°
with i # 7} Uk-span{&; Dy | I € Lyy1,k € I¢}.

(3) S(n)o is isomorphic to sl(n) as a Lie algebra.

(4) S(n) is a restricted Lie superalgebra. The [p]-mapping on S(n)g is given by
the pth power composition of derivations. Specifically, let I be an element of
I, then the [p]-mapping on even part is given by

(& (&Di = D)) = Gom(&Ds — &D;), @
(&1 D) = 0, (keI

Proof: For (1),(2),(3), the reader can refer to [12, Prop. 3.3.1]. For (4), we can
check it by the definition of [p]-mapping. [

Define S(n) = S(n) @ k-{&,D;}. Let d = £,D1 + &Do + -+ + &,D,,. We can check
that when p{n, S(n) = S(n) ® kd. Obviously, S(n) is a Z-graded subalgebra of
From now on, we always denote g = S(n) or S(n). Since g is Z-graded, there is
a natural filtration on g. We have g = g(=" D g® D ... D g»=2 D 0, where

00 =@, 8, i=-10,1....n—2, )
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Define b = k-span{&;D; | 1 <i < n}, b =k-span{&D; — &1 Dijy [ 1 < i <n—1},
n~ = k-span{{;D; | 1 < j <i<n},and nt = k-span{{;D; | 1 <i < j <n}. Due
to Lemma 2.1(3), S(n)y (resp. S(n)y) has a standard triangular decomposition:
S(n)y =n~ @h®nt (resp. S(n)y =n~ @ h@nt). Denote by b the standard
Borel subalgebra of gg, i.e. when g = S(n) (resp. g = S(n)), b = h @ n* (resp.
b=bhont). Write gt = g = go® g, g= = go ® g_1. They are both Lie
subalgebras of g. The Cartan subalgebra of g, is also considered as a Cartan
subalgebra of g. As usual, define ¢; € h* through €;(§;D;) = 0;;.

Definition 2.2.  Let x € g5 be a p-character of g. We always regard x as an
element of g* by letting x(gi) = 0. The height of x, which is denoted by ht(y), is

defined to be _
ht(x) :==min{i€ Z | x (¢) =0} .

Since x(g1) = 0, ht(x) is always odd. Obviously, ht(x) = —1 if and only if y =0,
ht(x) = 1 if and only if x(go) # 0 and x(g;) = 0 for any i # 0. The main purpose
of the paper is to study the representations of U, (g) when ht(x) < 1. By the same
argument as [5, Lemma 3.3] we have the following lemma.

Lemma 2.3. Let x be a p-character of g. When x =0 or ht(x) =1, U,(g) is a
Z-graded (super)algebra.

Lemma 2.4. GL(n) can be identified with a subgroup of Aut,(S(n)) and Aut,(S(n)),

where Auty(S(n)) (resp. Aut,(S(n))) denotes the group of all restricted automor-
phisms of S(n) (resp. S(n)).

Proof: GL(n) can be viewed as a subgroup of Aut(A(n)) through o (&, &, -+ &.) =
(0&,)(0&,) -+ (0¢;,) for any o € GL(n). Now using the same notation as in [12,
Proposition 3.3.1] one can check that when w = & A 05 A -+ A OE, we obtain
g(0& N O N - NOE,) = |o|0& A O N -+ A 0E,. Therefore the condition in
[12, Prop. 3.3.1(f)] is satisfied. Thus GL(n) is a subgroup of Aut(S(n)). Since
GL(n) acts on S(n) by conjugation (i.e. for any ¢ € GL(n) and D € S(n),
(0-D)(f) = (6Do 1) (f) for f € A(n)), it commutes with the [p]-mapping of S(n).
Thus GL(n) acts on S(n) as restricted automorphism.

For the case S(n), we notice that S(n)y = gl(n) and Lie(GL(n)) = gl(n). So GL(n)
can be naturally viewed as a subgroup of the group of all restricted automorphisms
of S(n)y and the action of GL(n) on gl(n) is also conjugation. Thus the lemma
follows. [

3. Some results on the representations of gl(n) and sl(n)

3.1. The representations of gl(n)

Let char(k) = p. Write G = GL(n), which is a connected reductive algebraic group
satisfying Lie(G) = gl(n). Then G satisfies the following hypotheses described in
[10, Section 6.3].

(Hy) The derived group DG of G is simply connected.
(H;) The prime p is good for gl(n).
(

H3) There exists a G-invariant non-degenerate bilinear form on gl(n), which is
given by (X,Y) — tr(XY).
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The hypothesis (Hj3) ensures the following G-module isomorphism.
w:glin) —gl(n)*, Y= x:Xm—tr(XY),

*

where gl(n)* is made into a G-module through the following coadjoint action

(9-0)(X) = (Ad(g)())(X) = x(Ad(g7)(X)), VX € gl(n). (3)

The isomorphism ¢ implies that for any x € gl(n)*, there exists a unique matrix
Y € gl(n), such that
X(X) =tr(XY), VX €gl(n). (4)

Definition 3.1.  Let x be an element of gl(n)*. Then the matrix Y in formula
(4) is called the corresponding matriz of , which is denoted by M, .

Let x be an element of gl(n)*. Then x is called semisimple (resp. nilpotent)
if M, is semisimple (resp. nilpotent). Since M, has the Jordan decomposition
M, = M, s+ M, ,, where M, (resp. M, ,) is the semisimple (resp. nilpotent)
part of M,, we have a Jordan decomposition for y = ¢~ (M,), i.e.

X = Xs + Xn,

where x5 = ¢ (M, 5) and x, = ¢ ' (M,,,). Moreover, x, (resp. x,) is called the
semisimple (resp. nilpotent) part of y.

Because Lie(GL(n)) = gl(n), we have an algebraic isomorphism from U, (gl(n))
to Ugy(gl(n)) for any g € GL(n) and x € gl(n)*, where g - x is the coadjoint
action described in equality (3). Consequently, in order to study the irreducible
representations of U, (gl(n)) for all x € gl(n)* up to isomorphism, we just need
to fix a p-character in each coadjoint orbit of gl(n)* under the coadjoint action of
GL(n). Let x € gl(n)*, then

(Ad(g)-x)(X) = x(Ad(9)™"-X) = x(¢7" Xg) = tr(g” ' XgM,) = tr(XgMyg™"). (5)

The equality (5) shows that the corresponding matrix of Ad(g)-x is gM,g~*. Hence
in the GL(n) coadjoint orbit of y, there exists a character x’ corresponding to a
Jordan matrix. Consequently, without loss of generality, we can further assume that
M, satisfies the following hypothesis (Hy).

(Hy) M, is a standard Jordan matrix.

We give the definition of standard Jordan matrix below in Definition 3.2.

Definition 3.2. Let Y be a Jordan matrix with the following form
Ji 1
o0 i1 O
2
Y = . , where J; = . .

' Ji 1
0 Im O ji

t; Xt;
is a Jordan block of size t; xt;, 1 = 1,2,--- ,;m. We say that Y is a standard Jordan
matriz if the Jordan blocks J;,1 < ¢ < m, are ordered according to the following

criteria:
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(1) 1=Jo=---=J.=0,but Joy1,Jrsa, -, Jy are all nonzero, 0 < r < m.
(2) The Jordan blocks, which have the same eigenvalue, are adjacent.

(3) When (J;);xt; and (Jy)t, x¢, have the same eigenvalue, then J; is placed above

From now on, we always assume that the corresponding matrix of y is a standard
Jordan matrix, i.e. M, is a standard Jordan matrix. Then through the formula (4)
one can check that x(n*) = 0. Hence we can define the corresponding baby Verma
module

ZY(X) = Uy(gl(n)) @u, v+) K,

where k) = k-span{v,} is the one-dimensional b*-module such that h-vy = A(h)vy
and nt - vy, = 0. Here X is an element of A, , which is described in the following.

Ay ={Xeb [ AR)P — A(hPP') = x(h)* for all h € b} .
={Neb* | AX(h)? = A(h;) = x(hy)P for i =1,2,--- ,n}. (6)

Now h; = &, D; satisfies hle] = h;, 1 <i<mn (see formula (2)). Obviously, 1 ® vy is
a generator of Z)(\).

Remark 3.3. (1) Let {X_o,, X 0, -, X_ay} be an ordered basis of n~. Then
the set {X™ X™2 ... X"N ®uvy|0<m; <p—1} is a basis of Z)(A) by the
PBW basis theorem.

(2) By [10, Prop. 6.7] we have that every simple U, (gl(n))-module is the homo-

morphic image of Z?()) for some A € A,.

Lemma 3.4.  The baby Verma module Zg(/\) has a unique simple head for every
A € Ay, which is denoted by LJ().

Proof: Because M, is a standard Jordan matrix, the conditions of [10, Rem.10.2]
are satisfied. Thus the lemma follows. n

Proposition 3.5. Let x be an element of gl(n)* such that M, =diag(x,z, - ,x,y),
x #vy. Then the following two statements hold:

(1) LY(aer+- - -Fae,_1+bey) = k—spaun{Ek"’1 Efn2 Ek711®w |0 <k; <p-—1}.

nn—1""nn-2"""“n
So dim(LO(ae; + -+ + aeq_y + bey)) = p L.
(2) Lﬁi()\) = L?C(M) if and only if X = p.

Proof: Under this condition, y = x; is semisimple and the centralizer of x (see
[10, Sec.7] for its definition), which is denoted by [, , is equal to the following set.

A O
[X: {( O = ) ‘AEM(n_l)X(n_l),ZEk}.

Let {L£)(n) | 1 € Ty € Ay} be the set of isomorphism classes of simple [, -modules.
Denote by u = k-span{E1,, Esp, -, En10}) and p = [, & u. By [10, Prop.7.4]
we gt LY (1) = Uy(gl(n)) ®u, ) L£5(1). Meanwhile {L9(p) | p € Ty} is the set of
isomorphism classes of simple U, (gl(n))-modules.
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So in order to prove (1), we need to show that Eg(ael + -+ ae,_1 + bey) =

k-span{v,}. Set
, A O
b = {( o0 0 ) | Ae M(nl)x(nl)}

" O O
and [ = {( O - ) | z € k} = k-span{E,, .. }.

Obviously, I, = I, @ I[. We can check that [f belongs to the center of [,. So for
any L9 (p), I} acts on L9 (u) through the multiplicity p(E,,). We conclude that
E?((ael + -+ a€e,_1 + bey,) is a simple [ -module. Because

Eg(ael + -t ae,q + b€n>’[;< = EO

i, (aey + -+ aey_q)

and ﬁ?cl[/ (a€y + - -+ ae,—1) is one-dimensional, the result in (1) follows.
X

For proving the result (2), we assume A = Aje; + Aaea + -+ + A\_16,1 + \n€, and
po= pu€r + po€s + -0+ fn 161 + fin€n. We will show that if £(X) = L9 (u),
then A = pu. First, A, = p1,. Otherwise we would have E,, - L) (\) = A\,L)()) and
Ern - L9 (1) = pn L9 (1), a contradiction. So L£I(A) = L) (u) as irreducible le[;(([;()‘

modules. This is equivalent to saying that
ﬁ?(()qu + )\262 + -+ )\ananl) = Eg)((,ulﬁ + fo€a + -+ - + /Ln,len,l)

as irreducible [;(-modules. So we have \; = p; for 1 < 7 < n — 1 since )<|[;<
corresponds to the matrix diag(x,z,--- ,z). Now the proposition follows. |

Proposition 3.6.  Let x be an element of gl(n)* and M, be a non-diagonalizable
matriz. If M, , = diag(x,x,--- ,2,y),x # y, then there exist 1 < jo <ig <n—1
such that E; ;, @ vy is nonzero in the simple module Lg(A) for any X € A,.

Proof: We use the same notations as in Proposition 3.5 for [, [;( and Lg)(()\).
Denote by n[t =k-span{F,;; | 1 <i<j<n-—1}, by = k-span{E;; | 1 <i < n},
n =kspan{E;; [1<j<i<n-—1}and by =h @nf;. Then by, is a subalgebra
of [, and nf; is a nilpotent ideal of by . Let A = Aje; + Agex + -+ + A\ye, be an
clement of Ay. Since x|+ = 0, every irreducible U, (b, )-module is of the form
k-span{v,}, where nf; -y =0 and k- vy = A(h)vy for any h € b So L9()) is the
simple head of UX([X)(X)UX(b[X)U,\. Because E,, , belongs to the center of [, E, ,, acts
on LJ(A) through the multiplicity of X,. Hence L9 ()) can be viewed as a simple
Uy, (I )-module. Because M, is a non-diagonalizable standard Jordan matrix and
xz #y, we get x|y, # 0. So by [10, Prop.7.6] we have dim (Eg()\)) > p. Since
LY(N) is the simple head of U,(Iy) R, (br,) Vr» there exists 1 < jo < ig < n —1
such that FE;j, ® vy is nonzero in L£J(A). Thus the proposition follows since
Ly(A) = Uy(gl(n)) ®u, ) LY(A). m

Definition 3.7.  Let W be the Weyl group of gl(n). Then for any w € W and
A € h*, the dot action “-” is defined to be

w-A:=wA+p)—p,

where p is the half sum of all the positive roots.
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Let R = {e; —¢ | 1 < i # j < n} be the set of root systems of gl(n) and
II={e —€11]|1<i<n-—1} be the set of all simple roots.

Definition 3.8.  Let x be an element of gl(n)*. We say that x has a standard
Levi form if and only if x(b") = 0 and there exists a subset I of II such that

#£0, fael,

x(gH(n)-a) = { =0, ifaeR\I

Let x be an element of gl(n)*. We can check that if M, is a nilpotent Jordan
matrix, then y has a standard Levi form. Denote by R; the set RNZI and by W;
the subgroup of the Weyl group generated by s, with « € I. In fact, Wy is the
Weyl group of the Levi subalgebra Iy, := b © @, cr, 8H(n)a-

Remark 3.9. In the sl(n) case, the definition of standard Levi form and the
notation W; can also be given(see Definition 3.8).

Denote by «; the simple root ¢ — €41. Then z,, = E;;11,7-4, = Eij11,; and
he, = Eii — Eit1,+1. In addition, the set {z,,,2_q,, ha, } is isomorphic to sl(2) as
a Lie algebra. By the same argument as [10, Exam. 6.9] we have the following
proposition.

*

Proposition 3.10.  Let x be a character of gl(n)* or sl(n)* and X\ be an element
of Ay. If there exists a simple root a such that x(x_,) # 0 and x(h,) = 0, then
ZYN) = Z(sa-A). Naturally, LY(N) = LY (sq-A). In particular, if x has a standard
Levi form, then L}(X) = L)(s - \) for s € W;.

Proof: Let A be an element of A,. We have A(hy)? — A(hy) = x(ha)? = 0.
So there exists an integer 0 < a < p — 1 such that A(h,) = a- 1. By the same
argument as [BGG Prop 1.4] we have that 27! ® vy is a maximal weight vector
(ie., n* -2t @ vy = 0). Thus the following homomorphism exists.

Y Zg()\ —(a+1a) — Zg()\)
Ur—(a+1)a = -17(1—21 X vy
In addition, the isomorphism ¢ is surjective because :c[f]a =0,
2 @ @ u) = o @ vy = (2 4 X(@-a)!) ® 0r = (7-0)"0,

and x(z_q) # 0. Furthermore, ¢ is an isomorphism since dim(Z2(A — (a +1)a)) =
dim Z?(X). Through calculation we have sq-A = A—(a+1)a. Thus the proposition
follows. u

Proposition 3.11.  Let x be an element of gl(n)* and M, = E,_1,,. Then
L?C(aq + -+ a€e,_q + bey)

nn—1""nn—-2 n

:k-span{EkH B Ek}1®v)\|0§ki§p—1,1§z’§n—1}.

Proof: Let p =& u, where

[ = {( é 0O ) | A e Mn-1)x(n-1), 2 € k} , u= k—span{Eljn,Ezn, oo En_1n).

z
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We can check that [ is a subalgebra of gl(n) and p is a parabolic subalgebra of gl(n).
Because u is a nilpotent subalgebra of p and x|, = 0, any irreducible U, (p)-module
can be realized as an irreducible U, (I)-module with trivial u-action. Let L£J(\) be
the simple U, (p)-module corresponding to weight A. Since x| = 0 and E,,, belongs
to the center of [, we have that L (ae; + - -+ + a€,_1 + be,) = k-span{v,} by the
same argument as Proposition 3.5(1). Define

Z) (aer + -+ + aep_1 + bey) := Uy (gl(n)) Qu, ) Ly (aer + - -+ + aen_1 + bey).

Then LJ(a€y + - - - + a1 + bey,) is the simple head of Z) (ae; + - -+ ae,_1 + bey).
Since dimZ?  (ae; + - - + ae,—y1 + be,) = p"~ ', the following inequality holds

dimL) (ae; + - - + ae,_1 + be,) < p" (7)

On the other hand, one can check dimG - x = 2(n — 1). So the dimension of
LY(ae; 4 -+ - + a1 + bey,) is divisible by p*~' by [10, Prop.7.6]. Hence

ding(ael 4ot ae, g+ bey) > pt (8)

n—1

Now comparing formulas (7) and (8) we get dimLY (ae; + - - - + aen—1 + be,) = p
So L)(aey + -+ + aen_y + bey) = Z7 (aey + -+ + aep_1 + be,). The proposition
follows. [

3.2. The representations of sl(n)

In this subsection, we will determine the representations of sl(n) under some con-
ditions. Recall that char(k) = p. When p { n, gl(n) = sl(n) @ k-span{d}, where
d = diag{1,1,--- ,1} belongs to the center of gl(n). So every finite-dimensional
simple gl(n)-module restricts to a simple sl(n)-module and every simple sl(n)-
module can be got through this method. However, when p | n, the situation is
different. Fortunately, there are some discussions on this situation in paper [11].

Lemma 3.12. [11, Prop. 1] Let k be an algebraically closed field of characteristic
p>0 and p | n. The restriction of a simple gl(n)-module to sl(n)-module is either
simple or has length p with all composition factors isomorphic to each other.

Lemma 3.13. [11, Prop. 2| Let x be a character of gl(n)* such that M, is a
Jordan matriz. If all Jordan blocks of M, have size divisible by p, then there is a
unique (up to isomorphism) simple gl(n)-module E with p-character x such that
the restriction of E to sl(n) is not simple. Otherwise, all simple gl(n)-modules with
p-character x restrict to simple sl(n)-modules.

Denote by tr(—,X) the element of gl(n)* with tr(—, X)(Y) = tr(XY) where
Y € gl(n). From Subsection 3.1 we get that the set {tr(—, X) | z € gl(n)} equals
to gl(n)*. Because there is a natural monomorphism from sl(n) to gl(n), we get an
epimorphism ¢ : gl(n) — gl(n)* — sl(n)*. So the set {tr(—, X) | X € gl(n)} can
describe all characters belonging to sl(n)*. By Lemma 2.4, GL(n) is a subgroup
of Aut,(S(n)). By the same discussion as formula (5) we can see that in order to
describe the representations of U, (sl(n)) for any x € sl(n)* up to isomorphism, we
just need to consider the characters belonging to the following set

{tr(—, X) | X is a standard Jordan matrix}.

From now on, we always assume that x is of the form tr(—, X)), where X € gl(n)
is a standard Jordan matrix.
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Definition 3.14. If y is of the form tr(—, M) (ie. x(Y) = tr(MY) for any
Y € sl(n)), we say that x corresponds to the matrix M.

Recall that we use the notation b = k-span{&D; —&41D;q1 | 1 < < n—1}, which
is the standard Cartan subalgebra of sl(n).

*

Remark 3.15.  Let x be an element of sl(n)* corresponding to M, . Then every
element of A, can be written in the form A = Aje; + Aoea + -+ + A€, where
(N —N)P— (N —Aj) = x(Ey — Ej)P, 1 <i# j <n. We remind the reader that
61+€2+"'+€n:0 in 6*

Proposition 3.16.  Let x be an element of sl(n)*. If x corresponds to the matriz
diag(z,z, -+ ,x,y), © #y, then the following results hold:

(1) LS(a€r+ - -+aey, 1 +be,) = k-span {E’“ Ef2,  EM @uy | 0< k< p-— 1}.

P D PR Dl
So dim(L?{(ael ot ag, + bey)) = P
(2) LY(N) = LY(u) if and only if X\ = p in b*.

Proof: When ptn, the results are obvious due to Proposition 3.5.

We discuss now the case when p|n. We first introduce some notation. Denote
by Z2(N)¥ = Uy (gl(n)) Qu, o) kx, 22N = Uy(sl(n)) Qu, o) ka, M2(X)*)
(resp. M2(X)*™)) the maximal submodule of Z2(A)9™ (resp. Z2(A)*™) and of
LA (resp. LY(A)*™) the simple head of Z(X)#) (resp. Z2(A)*™). By
Remark 3.3 we get that Z2(A)*™ and Z2(A\)9™ have the same basis. Obviously,
MY(X)#™ is an sl(n)-module. So every simple sl(n)-module can be viewed as one
simple quotient module of a simple gl(n)-module. Because M, = diag(z,z, ..., z,y),
by Lemma 3.13 every simple sl(n)-module is meanwhile a gl(n)-module. So every
simple sl(n)-module can be viewed as the restriction of a simple gl(n)-module.
Hence every sl(n)-maximal weight vector in LI(A)*™ can be viewed as a gl(n)-
maximal weight vector meanwhile.

We now prove the result in (1): By Lemma 3.13 and the above discussion, we get
that L (ae;+- - - + a1+ be, )™ is a simple sl(n)-module. So by Proposition 3.5,
the result in (1) follows.

For the result in (2): We only need to prove the necessity. Recall that we have
b = k-span{Ey;—E, Foy—FE33,- -+ , Ey_1.,-1— By, } . By the above discussion we get
that if L2(X)*™ is an irreducible module, then there exists a simple gl(n)-module
Lg)(()\’)g[(") such that the restriction of Lg()\’)g[(") to sl(n)-module is isomorphic to
Lg()\)ﬁl(”) and \ [g.= A. ie.,

L?C(X)g“”) si(n) = L?((/\)Sl(n)- (9)
Because LI (X)) 22 L9 (11)*™  the following isomorphism holds.
LX) gy 22 L9 (). (10)

By the formula (9) (resp. (10)) we get that there exists a gl(n) maximal weight
vector vy (resp. vy ) in L‘;{(X)gl(”) such that X' [;= A (resp. ' [g= p). If X # p,
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then X' # 1/, which means that there are two maximal weight vectors vy, and v,/ in
0 [(n 0 I(n) ~ 70 I(n Tt S L

LO(N)8) - So LO(N)9m) = L9(4/)9") this is a contradiction to Proposition 3.5(2).

Thus A = pu. [ |

Proposition 3.17.  Let x be an element of sl(n)* corresponding to M. If M
is non-diagonalizable and My = diag(x,z,--- ,x,y) with x # y, then there exist
1 < jo <io <n—1 such that E;;, ® vy is nonzero in the simple module LY(X) for
any A € A,.

Proof: Because M, = diag(z,x,--- ,x,y) with = # y, M has one Jordan block
of size one. By Lemma 3.13 and the same argument as Proposition 3.16 we get
that every simple U, (sl(n))-module can be viewed as the restriction of a simple
U, (gl(n))-module. By Proposition 3.6 the proposition follows. n

*

Proposition 3.18.  Let x be an element of sl{(n)* corresponding to E,,_1,,. Then

L?C(ael + -+ a€e,_q + bey)

n,n—1"-"n,n—2 n

:k—spaun{Ek’“1 Efn-2 -Ekh@v,\]OSkigp—l,lgz’gn—l}.

Proof: Because p > 3 and the size of Jordan blocks of E,_;, is either 1 or 2,
which is not divisible by p, the proposition can be proved by the same argument as
Proposition 3.17. [ |

4. Some preliminary result

Let g = S(n) or S(n). In this section, we always assume that x is an element of
g* satisfying ht(x) =1, i.e. x(go) # 0 but x(g;) = 0 for all i # 0. By Lemma 2.4,
GL(n) can be regarded as a subgroup of Aut,(g). We can also check that GL(n)
keeps the grading of g.

Definition 4.1.  Let x be an element of g* with ht(x) = 1. If x|, corresponds
to the matrix Y, then we say that y corresponds to the matrix Y or Y is the
corresponding matrix of y. When g = S(n), the corresponding matriz of x is
denoted by M, .

Remark 4.2. We state the following remarks.
(1) When g = S(n), the corresponding matrix of x is unique. When g = S(n),
the corresponding matrix of x is not unique.
(2) When g = S(n), we have the following results:
(a) If X is zero in sl(n)*, then the corresponding matrix of A is of the form kE,
for some k € k, where E,, = diag{1,1,---,1}.
(b) If x corresponds to both M, and M;, then there exists some k£ € k such that

M;( = M; + kFE, . So the definitions of semisimple and nilpotent characters
are well defined for y.

(c) Let g be an element of GL(n). If M is a corresponding matrix of x, then by
the same argument as formula (5) we get that the corresponding matrix of g.y
is of the form g(M + kFE,)g~ ', k € k. Because U, (g) = U, (g), we can also
assume that y corresponds to a standard Jordan matrix up to isomorphism.
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Proof: We only need to prove (2)(b). Let v be an element of sl(n)* corresponding
to the matrix M, — M. Then we can check that v is zero in sl(n)*. By the result
in (2)(a) we have M| — M = kE, for some k € k, i.e. M} = M+ kE,. ]

From now on, we always assume that x corresponds to the matrix M, , which is a
standard Jordan matrix.

Definition 4.3.  Let N be a simple U, (go)-module. The induced module
K\(N) £ Uy(9) ®u, ) N

is called a Kac module. Here, N is regarded as a U,(g")-module through trivial
g -action.

Because M, is a standard Jordan matrix, by Lemma 3.4 the baby Verma module
Z(A) has a unique simple quotient LJ(A) for any A € A,. We will write K, (\) for
the Kac module K, (L9 (X)) for simplicity.

Lemma 4.4. [5, Prop.3.9] Let N be a simple U, (go) -module. Then the Kac module
K, (N) has a unique maximal proper submodule and a unique simple head, which are
denoted by M, (N) and L, (N) respectively. Furthermore, the set {L,(N)| N € I'}
constitutes the complete set of isomorphism classes of irreducible U, (g)-modules,
where I' denotes the set of representatives of the isomorphism classes of irreducible

U, (go) -modules.

In particular, if x satisfies the hypothesis (Hy), then any Kac module K, (\) has a
unique maximal proper submodule and a unique simple quotient, which are denoted
by M,(X) and Ly(X\) respectively. Consequently, the set {L,(\) | LY(\) € T}
constitutes the complete set of isomorphism classes of irreducible U, (g)-modules.
Moreover, we have Ly(X\) = Ly(n) if and only if L(X\) = L) (u).

From now on, we always assume that A is an element of A, . By the same argument
as [5, Lem.4.1] we have Lemma 4.5 below.

Lemma 4.5.  The set Dy A Dy A--- A D, ® LY(X) is contained in any non-zero
U, (g) -submodule of K, ().

Denote by ¢ : K, (A\) — L,(\) the canonical map from K, (\) to L, (\).

Lemma 4.6. If there exists an element vy in Lg()\) such that the expression
©(Dy ADy A+ AN D, ®uvyg) is non-zero, then L, (\) = K, (\).

Proof: Obviously, ¢ is a U, (g)-module homomorphism. If there exists vy € LI ()
such that Dy A Dy A--- A Dy @ vy is zero in Ly (A), then by the simplicity of LY ())
and the following commutation relations in U, (g)

(&Dj) - (Dy NDyAN---ANDy) = (11)

(DyADy A+ ADy)- (6D~ 1), i =],

we know that every element in Dy A Dy A -+ A D,y @ LY(X) is zero in Ly (X). So if
@©(D1ADyA---ADy,®wp) is non-zero, then every element in Dy ADyA---AD, @ LY ()
is non-zero in L, (\).
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Now assume L,(A) # K,(\). Then by Lemma 4.4 we have that K, (\) has a
non-zero maximal submodule M, ()) such that L,(\) = K, (\)/M,()\). Because
Dy ANDyA---AD, @ LY(X) € My(X\) (Lemma 4.5), Dy ADyA--- A Dy @ g is zero
in L,(A), a contradiction. Thus the lemma follows. n

Lemma 4.7. Assume X\ = A\je1+Aaea+- - -+ A,6, and p(Dy ADy, A+ -AD; ®@vy) # 0,
1< <9< <ig<n. Let i,k,l be three different positive integers with i < ;.
Then the following results hold.
(1) If k1 € {iy,ig, -+ yis} and Ny — N # 0, then D; A Djy ANDiyy A-++ AN D;, @ vy
has non-zero image in Ly (\).
(2) If k,1 & {ir, i, -+ yis} and Ny — N # 0, then D; A Djy ANDiyy N-++ AN D;, @ vy
has non-zero image in L, ().
(3) If k¢ {i1,ig, - ,is}, L € {i1, i, -+ ,is} and Ny — N # —1, then
D; ND;; NDjy \--- N D;, @ vy has non-zero image in L, (X).
Proof: We prove the results in (1) and (2) together. For (1), assume k = i,, and
l=14. Since 1 < iy and 1 < iy < iy < --- <1y < n, the following equalities hold:
§i(Ex Dy, — §D1) - Di A Diy A Diy A-++ A Dy, @ vy
= [&i(&Dr — &D1), Di A Diy AN Diy A-+- N D;, ] @ vy
= (&Dr —&D1) - Diy AN Diy A -+ N Dj, @ vy,
+(=1)"'D; ADy A+ AND;, (& Dy)D
—(=1)"'D; A Dy, A--- A Dy,_,(&D)D
= M= AN)Diyy, ADiyy A+ N Dy, @ vy.
For (2), since k,l ¢ {iy,is,--- ,is}, we have the following equality:

(& Dy—&D))-D;ADy, ADi, A+ -AD;, @0y = (Ao —\)Diy ADy, A+ - -AD;, @uy. (13)
Because A\, — A\ # 0 and D;; A Dy, A--- A D;, ® vy has non-zero image in L, (A),
both formulas (12) and (13) imply that D; A D;; A D;, A--- A D;, ® vy has non-zero
image in L, ().

(12)
inz+1 /\/\Dls ®/U)\

A---AD;, ®vy

Tt4+1

For (3), assume [ = 4;. Since k ¢ {iy,is, -+ ,is}, the following equalities hold.
§i(&x Dy — §D1) - Di A Diy A Diy A-++ A Dy, @
[€i(Ex Dy — & Dy), Di A Diy A Diy A -+ A\ Dy ] @ vy
= (&Dx —&D1) - Diy ADiy A+ A Dy, @ vy (14)
+(=1)!D; AD;jy A--- AN Dy, [ (&Di)Dj, y A+ A D;, @ vy
= M—N+1)Dy ADiyy AN---D;, @ vy € Ly ().
Because A, — A\ # —1 and D;, A D;, A --- D;, ® vy has non-zero image in L, (}),
(14) implies that D; A D;; A D;, A ---D;, ® vy has non-zero image in L, (A). n
Lemma 4.8. Assume that M is a submodule of K, (X), A = Ajeg+Aeea+-- -+ A€

If there exist 1 <1y < iy < --- < iy <n such that Dy ANDiyy, N--- AN D;, @vy belongs
to M, then we have the following results:
(1) ]f )\k - /\l 7é 0, k?,l g {il,ig,"' ,is} or k‘,l S {’ig,ig,"' ,’is}, then
D, ND;, \--- N D;, ®@vy belongs to M .
(2) If A\ — N # —1, where k & {iy, 09, ,is} but | € {ig, -+ ,is}, then
Dy NDij, \--- N\ D,;, @vy belongs to M.



900 DuaAN

Proof: For (1), by the same calculation as formula (12) and formula (13), we have
the following equality.

§i(§&x Dy — &Dy) - Diy AN Diy A --+ A Dj, @ vy,
=M = N)Diy ADijy A-+- AN D;, @wy. (15)
Since A, —\; # 0, eq. (15) implies that D;, A D;; A--- A D;, @ vy belongs to M.
For (2), assume [ = i;,2 <t < s.
£ (&xDr — &Dy) - Dy ANDjy A -+- N D, @ vy,
= [&,(&Dx, — &Dy), Diy NDiy A -+ AN D;] @ vy
= (&Dr, — &D1) - Diy A+ A Di, @ vy (16)
+(=1)'"'D;, A+ ADi,_, (&, D;,)D
=M—=N+1)Dy, A+ AD;, @y,

A---AD;. ® vy

i1

Since A\, — N\ # —1, Di, A--- A D;, ® vy belongs to M. ]

Definition 4.9. Let y be an element of g* corresponding to M, . When ht(y) =1
or x = 0, define [, to be the number of different eigenvalues of M, . This is
equivalent to saying that if M, , = diag{zy, -, 21,22, -+, 2o, -+ ,Ts, - ,Ts},
x; # x; when 7 # j, then [, = s.

Remark 4.10. By Remark 4.2(3) we can see that [, is well defined for S(n).

5. The case when I, > 3

Let g = S(n) or S(n) and x € g*. In this section we always assume [, > 3, i.e.

Mx,szdlag{g:la”' 7w£ag‘27"' ,I%,"' s Lgy e 7'%'8}’
————

vV vV
k—1 l m

s >3 and x; # x; for 1 <i # j <s. We will study the irreducible representations
of U, (g) under the above conditions.

Theorem 5.1.  Ifl, >3, K,()) is irreducible.

Proof: By Remark (3.15) we have (A\; — \;))P — (N — ;) = x(&D; — &;D;)P for
1 <1 # j < n. So the following inequalities hold:

AM— A #0 or —1; (17)
A=A #0 or —1; (18)
A — A #0 or — 1. (19)

We consider the canonical map ¢ : K, (\) — L, (). First the equation below
&n(&D1 = & Dk) - D ® vy = (A — Ap)un

implies that D,, ® vy has non-zero image in L, (\).
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Then based on the inequality (17) and the repeated use of Lemma 4.7(2) we have
that anl/\Dn®U)\, Dn,Q/\anl/\Dn(@U)\, Ty Dk+1 /\Dk+2/\"'/\Dn®U,\
have non-zero images in L, (). Now the inequality (18) and Lemma 4.7(3) imply
that Dy A---A D, ®wv, has non-zero image in L, ()). Finally, by the inequality (19)
and the repeated use of Lemma 4.7(1) we have that Dy_1 ADxA---AD, ®vy, -+,
Dy ANDyA--- A D, ®@v, have non-zero images in L, (\). Consequently, by Lemma
4.6 the theorem follows. [

6. The case when [, = 2

Let g = S(n) or S(n). We will study the irreducible representations of U, (g) when
[, = 2. Assume that x corresponds to M, , which is a standard Jordan matrix.

Then based on Remark 4.2(2)(c) and Lemma 2.4 we can write
M, s = diag{x,--- ,z,y,-- ,y}, v #y and k > t.
T &\tf—/

Proposition 6.1.  Ift > 2, K, () is irreducible.

Proof: Since t > 2, k+ 1 # n. We have the following inequalities.

Al = A1 #0 or —1; (20)
AM— A #0 or —1; (21)
A=A, #0 or — 1. (22)

Because the formula (20) holds, by repeated use of Lemma 4.7(2) we have that
Dyyo N\ -+ AN D, ® vy has non-zero image in L, (). Since k >t > 2, by Lemma
4.7(3) and the formula (21) we get that Dy 1 A---AD,®uvy, -+, DoeAD3sA---AD,®uv)
have non-zero images in L, (). Finally, since £ > 2, by Lemma 4.7 (1) and the
inequality (22) we know that Dy A Dy A--- A D, ® vy has non-zero image in L, ().
Now the proposition follows due to Lemma 4.6. [ |

We will focus on the case when M, ; = diag(z, - ,2,y),x # y (i.e.t = 1) in the
following.

Proposition 6.2. Let M, , = diag(z,...,z,y), v #y. If A # ae; + ... +ae,—1 + ey,
then K, () is irreducible.

Proof: Let A = \jeg + Aoeg + - - - + \pe,. Since \ # aey + - - - + ae, 1 + be,,, there
exist 1 <1 # j <n—1,such that A\; # A;. By the following equation we know that
D,, ® vy has non-zero image in L, (A).

gn(é‘lDz - é‘ij> : Dn KUy = ()\z — )\j)v,\ 7§ 0.
Because = # y, Ay — A\, ¢ F,. By repeated use of Lemma 4.7(3) we have that

Dy,_1 AND, ®uvy, -+, Dy ND3 A --- A D, ®@v, have non-zero images in L, (A). In
addition, since A\,_1 — A, € F,,, Dy ADyA---A D, ®uvy has non-zero image in L, (\)
by Lemma 4.7(1). Hence the proposition follows by Lemma 4.6. ]

Lemma 6.3. Let M, , = diag(x,--- ,z,y),x # y. If M is a non-zero U,(g)-
submodule of K, (\), then D, ® vy € M.
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Proof: We apply Lemma 4.5 and get that Dy A Dy A --- A D,, ® v\ belongs to M.
Since = # y, Ay — Ap—1 ¢ F,. Through repeated use of Lemma 4.8(1) we get that
DyANDsN---AND, vy, DsANDyAN---AND,Q@uvy,--, Dy_1AD, ®vy, belong to
M. Since A\, — A\; ¢ F,, Lemma 4.8(2) implies that D,, ® vy belongs to M. ]

Proposition 6.4.  Let x be a non-semisimple character and I, = 2. Then K, (\)
is irreducible.

Proof: Based on Propositions 6.1 and 6.2 we only need to check that when
M, s = diag(z, -+ ,z,y), v #y and A\ = ae; + -+ - + ae,_1 + be,, K, (N) is simple.
Let N be a non-zero U,(g)-submodule of K, ()\). Then by Lemma 6.3, D, ® vy
belongs to N. Since x is non-semisimple, by Propositions 3.6 and 3.17, there exist
1 <jo <igp <n—1suchthat £ ;, ® vy is non-zero in L?C(ael + - 4 ae,_q + bey).
Now the result holds since &,&;,Dj, - Dy @ va = & Dj, @ vy € LY(A) N N. n

From now on, we always use the notation N* =n* @ g.

Lemma 6.5. Let x be a semisimple character with M, = diag(z,---,z,y). If
A=aler+---+e€,-1)+be,, D, Quy is annihilated by N in the Kac module K, (\).

Proof: We need to show the following equalities (23), (24) and (25).

g1 (D, ®vy) = 0; (
nt (D, ®@vy) = 0; (
g? (D, ®vy) =0. (

N DN DN
G2 TSNV
S— N N~

(24) can be checked directly by calculation. (25) is obvious since in U, (g) we have
g?@D, C g+ D,g? and vy is annihilated by any element belonging to g(¥). We
prove (23) here. Let = be an element of g;. We divide it into two cases.

Case I: When x = §£;D; (1 < i # j # k <n). This case can be checked directly
through the formula (1), Propositions 3.5 and 3.16.

Case II: When x = §,(§;D; — &:Dg) (1 <i#j#k<n).
(1) If 1 <4,5,k <n—1, then (23) can be checked by the formula (1).
(2) If i = n, then there exist j,k € Z such that 1 < 7 # k < n —1 and
r =&, (&D; — &Dy). Now (23) holds due to the following equation:
X - (Dn & U,\) = ()\j — /\k)U)\ =0.

(3) If i #n, j =n, then x = &(&§. Dy — &Dy), k # n. Using the commutative
relation in U,(g), the result in (23) can be proved through the following
equality:

x- (D, ®@vy) = —=&D, ®v\=0.

When ht(y) < 1, the reduced enveloping superalgebra U,(g) is Z-graded. By

8, Prop.3.5], every simple U, (g)-module is Z-graded. Actually, the Z-gradings

of K\ (\) and L,(\) are both determined by the degree of the standard generator

vy. From now on, we always assume that the Z-grading of v, is zero. Now let

M = ,., M; be a Z-graded U,(g)-module. Define the Z-grading length of M,

which is denoted by ZI(M), to be

ZI(M) = i | M; # 0} — 1,

where A means the number of elements belonging to a set A.
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Assume that both A and B are sets. We now introduce a notation A\B, which is
defined by
A\B ={a|a€ Abut a ¢ B}.

Denote by A;?b a subset of A, whose elements are of the form ae; +- - - +ae,—1 +be, .

Proposition 6.6. Let x be a semisimple character with M, = diag(z,z,--- ,z,y),
x #y. Then the following results hold:

(1) Ky(X) is simple if and only if X ¢ ALP.
For X € A\ALY, dim(Ly(X) = 2"dim(LJ(N)).
(2) When X\ = ae; + -+ + a€,_q1 + be,,, we have the following exact sequence.

0— Ly(aeg +---+ae,—1 + (b—1)e,) = K, (N) = L (A) — 0.

(3) In the Grothendieck group of the category of U,(g)-modules, we have
152
[Ly(ae; + -+ ae,—1 + bey)| = 5 Z(—l)’[KX(ael + -t a1 + (b—1)e,)].
i=0
In addition, dim(L,(aeq + -+ + ae,—1 + be,)) = 2" 1pn~h,

Proof. For item (1), based on Proposition 6.2 we need to show that when
A =ae + -+ ae,1 + be,, K (N) has a non-zero proper U, (g)-submodule. Let
M be the U,(g)-submodule of K, (\) generated by D, ® vy. By Lemma 6.5 we
have M = U,(g_1®b™)- D, ®v,. Since the Z-gradings of homogeneous elements in
U,(g_1@b™) are less then zero, the gradings of the homogeneous elements belonging
to M are less then —1. Hence M is a non-zero proper U, (g)-submodule of K, ().
Now by Lemma 4.4, Propositions 3.5(2) and 3.16(2), the result in (a) follows.

For (2), we first show the following claim.
Claim: ZI(Ly((a€e; + - -- + aey_y + bey)) =n — 1.

As a vector space, K, (A) = A(g_1) ® LY(X). By the definition of Z-grading length
we have

ZI(K,(\) = n. (26)

Because K, (ae; + --- + ae,—1 + bey,) is reducible, the maximal proper submodule
M, (a€e; + - -+ ae,—q + bey,) of K, (ae; + - - - + a€,—1 + bey,) is non-zero. By Lemma
4.5, the set Dy ADy A--- A Dy, ® LY(X) is contained in M, (ae; + - - -+ ae,_1 + bey).
So ZI(Ly(aer + -+ -+ aepq + bey,) <n—1.

Now we prove ZI(L,((ae; + - - + a€,—1 + bey)) > n — 1. Since A\, — A\ ¢ F,, by
repeated use of Lemma 4.7(2) we have that vy, D,_1 ® vy, Do ADy_1 @ vy, -+,
Dy N---ND,_1 ®vy have non-zero images in L, (\). Since A\, — Ay ¢ F,,, we obtain
that Dy ADyA---AD,_1 ®vy has non-zero image in L, () by Lemma 4.7(3). Thus
the claim follows.

Now let W be a non-zero U, (g)-module, then by Proposition 6.2, formula (26) and
the above claim we get

ZIW) >n — 1. (27)

Let A = aey + - - - + ae,—1 + be,,, we will prove that K, (\) has only two composition
factors.
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Assume that N is a non-zero submodule of K, (\). By Lemma 4.5 we know that
the set Ky(A)_n = D1 ADyA--- A Dy ® LY(A) is contained in N. So
(Kx(A)/N)—n =0, (28)

which implies that the Z-grading length of the quotient module K, (X)/N is less
than n—1. Now combined with the formula (27) we have ZI(K,(\)/N) =n—1. So
the image of L) (\) in K,(A)/N must be non-zero. Obviously, vy € K,(A\)/N. By
the irreducibility of LY () we get (K, (A)/N)o = L)(A) = (Ly(A))o. Consequently,
K, (\)/N is a simple module and of course K,(\)/N = L,()\). Hence, N is a
maximal submodule of K, (\). Moreover, by Lemma 4.4 , we get that N is the
unique maximal submodule of K, ()\). So K,(A) has only one non-zero proper
submodule. Hence N must be the submodule generated by D,, ® vy in the process
of the proof for (1). By Lemma 6.5, D,, ® v, is a maximal weight vector of weight
ae;t+aes+- - +ae,_1+(b—1)e,. So N = M, (\) = L, (aer+aes+- - -+ae,—1+(b—1)e,).
The proof of (3) follows from (2) directly. One only needs to notice that p is odd
under our assumption that p > 2 and (a — p)e, = ae,. For the dimension of L, ()
we can refer to Propositions 3.5 and 3.16. [ ]

Theorem 6.7.  Let x be a character with |, = 2. Then we have the following
results.

(I)  When x is not semisimple, Ly (\) = K, (\) and dim(Ly () = 2"dim(L3(N)).
(II) When x is semisimple, i.e. M, = diag{x,---,z,y,--- ,y}, v #y and k > t,
] ——— S —
the following results hold: k t
(1) If t > 2, Ly(A) = K (A). So dim(Ly(X) = 2"dim(LY(N)).
(2) If M, = diag(x,x,--- ,x,y), x #y, then
(a) Ky(X) is simple if and only if X € A \ AP, In this case,
dim(Ly (X)) = 2"dim(LY (X))
(b) When A = ae1 + -+ + ae,_1 + be,, there exists an exact sequence
0— Ly(aer + -+ ae,_1 + (b—1)e,) = K (A) = L (A) — 0.
(c) When X is of the form ae; + - - - + a€,—1 + be,, then
dim(L, (\)) = 2" 1pn~t.

Proof.  The results in (I),(II)(1) and (II)(2) can be obtained from Propositions
6.4, 6.1 and 6.6 respectively. [ |

7. The case when [, =1

Denote by g = S(n) or S(n). In this section, we always assume that M, is the
corresponding matrix of x with [, =1, ie. M, = M, ; + M,,, where

M, s = diag{z,z,--- ,z}, v € k, and

0 1
0 o1 O
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Let I be the subset of II defined as I = {a € II | x(z_,) # 0}. Denote by |I| the
number of elements belonging to I.

7.1. The nilpotent case

In this subsection, we always assume that x is a nilpotent character, i.e. M, = M, ,,.
One can check that y has a standard Levi form (see Definition 3.8). Recall that the
definition of W; is given between Definition 3.8 and Lemma 3.10. Denote by €2,
the subset of A, described in the following:

Qy={AeA, [ A=ae; + - +aeg_1+be+ (a+1)e + -+ (a+1)e,, 1 <i <n}.

Proposition 7.1. If A ¢ Q,, K,(\) is irreducible.

Proof: Set A\™" =min{j | \; # \}.

Since A ¢ Q,, A # aey + aeg + -+ + ae,. Hence, A™" is well defined. In addition,
AN#ae; + -+ aep_q +bey, 50 2 <\ < — 1,

Case I: When \™® =n—1,then A\ = ae; +-- - +ae,_o+be,_1 +ce, with ¢ #a+1
and b # a.

Because the following equality holds,

§n(§n-1Dp1 —&1D1) - Dy @ vy = (b — a)uy,

D,, ® vy has non-zero image in L, (\). Let kK =1,1 = n. By repeated use of Lemma
4.7(3) we get that D,, 1 AD,®uvy, Dy 9oAD, 1 AD,®uy, -+, DoAD3A---AD,Quv)
have non-zero images in L, ().

o If n >4, then
§1(§n—1Dpo1 — &n2Dp—9) Dy AN Dy A+ N Dy, ® vy
:(b—a)Dg/\Dg/\"'/\Dn(gU)\. (29)

o If n =23, A =ae; +bey+ces. Now b # ¢ since \ ¢ 2,. The following equality
holds:

&1(& Dy — &3D3) - Dy A Dy A D3 ® vy,
= (b-C)Dg/\Dg@’U)\. (30)

Both formulas (29) and (30) imply that D; A Dy A--- A D, ® vy has non-zero image
in L, (\).

Case IT: When 2 < X\ <n—2 X =ae +---+ae_1 +be+ Niy1€i01+ -+ ey
with b # a,ie. A\; — A #0.

Under this condition, the following equality holds.

& (&Di — &1 D1) - Dy @ vy = (A — Ap)va.

So D,, ® vy has non-zero image in L,(\). Let k = 4, = 1. Then by repeated
use of Lemma 4.7(2) we get that D, 1 A D, ® vx, Do A Dy_1 AN D, @ vy, -+,
Dit1 ANDjio N--- A D, ®vy have non-zero images in L, (). Since A ¢ Q,, we have
the following two cases.
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(1) There exist i + 1 < k,l < n, such that A\, # \;.

(2) i1 =Ag2 ==, Fa+ 1.
« For case (1), we use Lemma 4.7(1) repeatedly and get in consequence that
Dz/\Dz-I—l/\ . '/\Dn®7})\, Dz—l/\Dz/\ . -/\Dn®v,\, AR Dl/\Dg/\ . '/\Dn®1}>\

have non-zero images in L, ().

o For case (2), A\ = aey + -+ + a1 + be; + cepq + - -+ + ce, with a # b, and
c#a+1. So \y — N\, # —1 Set k = 1,1 = n, by repeated use of Lemma
4.7(3) we get that D; ADijyy A+~ AD,®@uy, Di gy AD;A--+AD, ®@uvy, ---
Dy A Ds A --- A\ D, ®vy have non-zero images in L, ().

)

—Ifi>3,set k=2,l=1i. Now \y — A\, # 0. By Lemma 4.7(1) we know
that Dy A Dy A--- A D, ® vy has non-zero image in L, (\).

— If i =2, then A = aey +bes +c(e3+ -+ +¢€,), b# a. Because X ¢ Q,,
b#c Set k=21=3X N —X\ #0. By Lemma 4.7(1) we know that
Dy A Dy A --- A D, ®v, has non-zero image in L, ().

Now the proposition follows from Lemma 4.6. [ |

Proposition 7.2.  Let x be a nilpotent character. If |I| > 2, K, () is irreducible.

Proof: Because M, is a standard Jordan matrix and |I| > 2, there exists a
subgroup of W; generated by s,_1 and s,k =n —2or k =n — 3 (when n = 3,
it must be (s2,s1) = Wr). Considering Proposition 7.1, we only need to check the
case when A € ), .

Claim: If A € Q,, there exists an element s belonging to W, such that s-\ ¢ Q,.
We will prove the claim below in Case (1) and Case (2).

Case 1. When \ # ae; + aea + -+ + ae,. Then A = aey + beg + bes + - - - + be,,,
b # a or there exists 2 < ¢ < n such that b # a and

A=ae;+aea+---+ag_1+be;+ (a+ 1)1+ -+ (a+ 1e,.
If A =ae; + bey + bes + -+ + be,, b # a, then
Sp_1 - A=ae; +beg + -+ bey o+ (b— 1)1+ (b+ 1)e,.
Since b # a, sp—1- A ¢ Q.
If A\=aey+aeca+---+ae_1+be;+(a+ 1)1 +---+(a+1)e,, bF#a, 2<i<n,
then we divide the situationin to the following cases.
(a) If : <n —2, then
Sp—1-A = a(er+...4+€-1)+bei+(a+1)e 1+ +(a+1)€e_otae,_1+(a+2)e, ¢, .

(b) If i=n—1, then A = ae; +aea + -+ + ae,_o + be,_1 + (a+ 1)e,.
— When s,,_o € W;.
Sp—9* Sp—1 - (a€l + aeg + -+ ac,_o + be,_ 1 + (a+ 1)€,)
= Sp_o-(a€; +aeg+ -+ ae,_3+ae, o+ ae, 1+ (b+ 1)e,)
=ae;+aeg+ - +ae, 3+ (a—1)e, 2+ (a+ 1)epq1 + (b+ 1)e,
Since a #b,a+1#b+1. So (Sp—25n-1) - A & .
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— When Sn—3 € WI.
Sp1- Sp—g - (a€ + aey + -+ 4 aep_o + bey—1 + (a+1)e,)
= 8,1 (ae; +aeg+ - +ae, 4+ (a—1)e,_ 3+ (a+1)ep_2 + be, 1 + (a+1)e,)
=ae; +aea+ - +ae,_g+ (a—1)ey_3 + (a+1)ep_o + aepq + (b+1)e, ¢ Q.
SO (Sn_lsn_g) . )\ ¢ QX'
(c) If i=n. A\=ae, +aea+ -+ ae,_1 + bep, b # a.
— When s,_o € W;.
Sp—1 - Sp—o - (a€; +aey + -+ + ae,_1 + bey)
=Sp_1- (a€ +aeg+ - +ae,_3+ (a—1)ep_o + (a+1)€,—1 + bey)
=ae; +aes+ - +ae,_3+ (a—1)e,_g + (b—1)e,1 + (a+2)e, & Q.
S0 (8p—1Sn—2) - A € Q.
— When s,_3 € W;
Sp—3 - (a€] + aeg + -+ - + a€,_1 + bey,)
=ae; +aes+ - +ac,_g+ (a—1)ep_3 + (a+1)€po + ac,_1 + be, & Q.
Case 2. When A = ae; +aes + -+ + ae,,.
Sp—1-A=ae; +aex+ -+ ae,_o+ (a— 1)1 + (a + 1)ey,.
which is the situation in Case(1)(b). So there exists an element s € Wy such that
s AN Q.
Now combining the Claim with Lemma 4.4, Propositions 3.10 and 7.1, the proposi-
tion follows. ]

Lemma 7.3. When My = Ey,,_1,, n>4. Let
A=aleg+e+--+e1)+be+(a+ e+ + (a+ 1e,
with b# a. If i <n—2, K,(X\) is irreducible.

Proof: Because M, = E,_1,, W; = {Id, s,—1}. Through calculation, the following
equality holds:

Sn—1°A=a(er+ea+-+e€_1)+be;+ (a+1)e 1+ +(a+1)e o+ ae,_1+ (a+2)e,.
Since b # a, s,—1-A ¢ . So K, (s,—1-A) isirreducible. By Lemma 4.4, Propositions

3.10 and 7.1, K,(\) = K, (sp—1 - A). Thus K, (A) is irreducible. n
Remark 7.4. Due to Lemma 7.3, Propositions 7.1 and 7.2, we only need to
consider the case when M, = E,_;, with the weights belonging to the following
two cases.

(1) N=ales+ -+ ep2) +bep1 + (a+ 1)e,, b # a.
(2) A=aler+ -+ €-1)+ by, b €T,

Remark 7.5. (1) When n =3, A€, if and only if X is of the three forms

A = ae€y + bey + bes. (31)
A = aey + bey + (a+ 1)es. (32)
A= a€1 + ae€s + ces. (33)

For the case (31), if b = a, then A is of the case in Remark 7.4(2). If b = a+1,
then A = ae; + (a + 1)ea + (a + 1)es, which is the case in Remark 7.4(1).
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If b# a and b# a+1, then so- A =ae; + (b—1)ea + (b+ 1)es ¢ Q,, so K, (N)
is irreducible. Cases (32) and (33) are special cases of Lemmas 7.4(1) and 7.4(2)
respectively.

(2) Combining Proposition 3.10, Lemma 4.4 and the following equation
Sp—1 - (a€L + aea + -+ + a€p_g + bey_y + (a+ 1)€y,)
= ae;taeg+---+ae, o+ ae, 1+ (b+1)e,

we can see that we only need to consider one of the two cases in Remark 7.4.

Lemma 7.6. Let M\, =E,_1,. If \=a(es+ea+---+e€,_1) +be,, D,y @0y can
be annihilated by N in the Kac module K, (\).

Proof: By Propositions 3.11 and 3.18 we have

Lg(ael + -+ a€e,_1 + bey)
— k-span {EanflEk”*Q EMy@u | 0<k<p-11<i<n-— 1} .

nn—2"""n
The same argument as Lemma 6.5 will complete this lemma. ]

Now let N be the submodule of K, (\) generated by D, ® vy. By Lemma 7.6 we
have N = U, (g_1®b7)- D, ®vy. Obviously, the gradings of homogeneous elements
belonging to N are less then —1. Hence N is a non-zero proper U, (g)-submodule
of K\ (X). So K,(A) is not simple. By Lemma 4.5, Dy ADyA---AD, @ LY(A) € N.
So ZI(Ly(N\)) <n—1.

Lemma 7.7. Let M, = E,_1,,. If A\ =a(e1+e2+ -+ €,-1) + be,,, then we
have ZI(Ly(\)) =n — 1.

Proof: Based on the above discussion, we only need to show that ZI(L,(\)) > n—1.

(1) When b # a and b # a — 1, then A\, — A\; # 0. By repeated use of Lemma
4.7(2) we get that D, 1 ® vy, Dyo A Dp_1 @vy,-++y, Do A--- A Dy 1 ® vy
have non-zero images in L, (). Since A\, — A\,—1 # —1, by Lemma 4.7(3) we
have that Dy A Dy A --- A D,,_1 ® v has non-zero image in L, ()). Thus the
result holds.

(2) When b=a or b=a — 1. Set

N=s,1-A=alei+e+ - +€e_2)+(b—1e1+ (a+1e,.
Then X, — A =b—a—1=—1 or —2. By repeated use of Lemma 4.7(2)
we get that D, @ vy, Dy o AD,, @vyry--+, DoA---ANDy o AND, ®vy have
non-zero images in L, (\'). Because a —b+1 =1 or 2, the calculation below
implies that Dy A Dy A --- A Dy,,_o A D,, ® vy has non-zero image in L, (\'):

gl(gnDn - gnlenfl) : Dl A D2 JARERIWAN Dn72 A Dn ®U)\’
= (a—b+1)D2/\"‘/\Dn_g/\Dn(X)U)\/.

Now the lemma follows from Proposition 3.10 and Lemma 4.4. |

Denote by A;‘? a subset of A, consisting of elements of the form ae;+- - -+ae,_1+be,
or aey + -+ + a€p_o + bep_1 + (a + 1)e,.
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Theorem 7.8.  Let x be a nilpotent character, i.e. M, = M, ,. Then the irre-
ducible representations of U,(g) can be described below.

(I) When |I| =1, i.e. My, = E,_1,, the following results hold.
(1) K\ (A) is reducible if and only if A € A?. In addition,
K, (a1 + ...+ ae,—1 + be,) = K (aeg + ... + aep_o+ (b—1)€,—1 + (a+1)e,).
(2) If A € AN\AZY, we have dim(Ly(\)) = 2"dim(L(N)).

X
(3) If X\=ae; + - -+ ae,—q + be,,, then
(a) There exists the following eract sequence
0— Ly(A—¢€,) = K (X)) = Ly(\) = 0.

(b) In the Grothendieck group of the category of U, (g)-modules, we have
152 ,
[Ly(ae;+---+ae,—1+bey)| = 5 Z(—l) (K (ae1+- - +ae,—1+ (b—1i)e,)].
i=0

(¢) If X € A%, dim(L,(N)) = 2"~ 1pnt.
(II) When |I| > 2, K,()) is irreducible. So dim(L, (X)) = 2"dim(L3(X)).

Proof: We first prove the results in (I)(1). Under this condition, W; = {Id, s,_1}.
Because s,,_1-(a€;+---+a€,_1+be,) = aeg+- - +ae,_o+ (b—1)e, 1+ (a+1)e,, we
have K, (ae +---+ae,—1 +be,) = K, (aeg +-- -+ ae,_o+ (b—1)e,—1 + (a+1)e,) by
Proposition 3.10 and Lemma 4.4. The reader can refer to Remark 7.5(2), Lemmas
7.3 and 7.7 for the remaining result in (I)(1). The result in (I)(2) follows from the
fact that if X € A \AY?, then K, ()) is irreducible, which is stated in (I)(1). For
(I)(3), one can get it by the same argument as Proposition 6.6. The result in (II)
has been proved in Proposition 7.2. [ |

Theorem 7.9.  Let x be a nilpotent character. If |I| =0, then x = 0, which is
a restricted character. The representations of Uy(g) have been studied in [14].

7.2. The non-nilpotent case

In this subsection, we consider the case when [, = 1 and M, is not nilpotent.
ie. M, = M, s+ M,, with M, , = diag{z,z,--- ,xz},x # 0. We will establish a
Morita-equivalence between the categories of U, (g)-modules and U, (g)-modules
to solve the problems.

The reader should notice that under this condition, when g = S(n), x|z = 0, which
is of the nilpotent case. We have studied it in subsection 7.1. So we always assume

g = S(n) throughout this subsection.

Let a be a fixed element satisfying o —a = 2P and 0 =€, + €3+ --- +¢€,. Then
ao is an element of A,,. Because the characteristic p is odd, —ac is an element
of A_,,. Now we introduce two functors between the categories of U, (g)-modules
and U, (g)-modules:

Fo : {U,, (g)-modules} — {U,(g)-modules}
M — M@kas(OzO')

G_o : {Uy(g)-modules} — {U,, (g)-modules}
N — N®xL_, (—«ao)
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We can check that F,o0G_, = Id‘UX(g)-modules and G_, 0 Fy = Id|UXn(g)—mOdllleS'
So the categories of U, (g)-modules and U,, (g)-modules are Morita-equivalent.

Proposition 7.10.  Let A be an element of A, such that
A= Q0 + i1€] + ig€g + -+ + U6, .
Then we have the following isomorphisms.
(1) Fo(Ly, (1€ +igea + -+ +in€y)) = Ly(N).
(2) Fuol(Ky, (1€ + dg€q + -+ - +iney)) = K (N).
Proof: (1) Assume that v, is the highest weight vector of L, (i1€1+1i2€2+- - -+in€p)
and v, is the highest weight vector of L, (ao). The reader can check that vy ® va,

is a highest weight vector of F,(L,, (i1€1 + izex + -+ - + in€,)). Since F, and G_,
are Morita-equivalent they send simple objects to simple objects.

Hence F,(Ly, (i1€1 + i2€2 + - - - + in€y)) is simple.
Consequently we obtain F,(Ly, (i1€1 + ta€a + - - - 4+ in€,)) = Ly (A).
The result of (2) can be proved through the following equalities. For the third
isomorphism, the reader can refer to [7, Lemma 5.1].

./T"a(KXn(ﬁQ + i2€2 + -+ ZnEn))

= Ky, (161 +iser + - +ine,) @ Ly, (o)

= (U (9) ®u,, (o) Ly, (i161 +izea + -+ +iney)) @k Ly, (a0)

= Uy (9) ®u, (g4 (L?Cn (i1€1 +i2€2 + - - + in€pn) Rk Ly, (OzU)) U, ()

= Ux(g) Qu, (g+) L(;((/\) = KX()\).
Now the proposition follows. [ ]
Theorem 7.11. Let x be a character with the property that M, = M, s + M, ,

with M, , = diag{x,z,--- ,x}, © # 0. Then the conclusions on irreducible repre-
sentations of Uy(g) are as follows:

(I) If |I| > 2, K, (\) is irreducible.
(IT) If |I| = 1, the following results hold.
(1) K,(X) is reducible if and only if \ € A?. In addition,
K, (ae;+ ...+ ae,—1 +be,) = Ky (aer + ...+ aep_o+ (b—1)e1 + (a+1)e,) .
(2) For A € AN\AYY, we have dim(Ly())) = 2°dim(L2(N)).
(3) When X\ = aey + -+ + a€,_1 + be,, then

(a) There exists the following exact sequence
0— Ly(A—¢€,) = K, (\) = L,(\) = 0.

(b) In the Grothendieck group of the category of U,(g)-modules, we have
p—1
D (1) [Ky(aer+ - +aen1+(b—i)en)).
i=0

(¢) If A€ AP, dim(Ly (X)) = 27~ 1pn L,

N | —

[Ly(ae1+- - -+ae,_1+be,)| =
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(III) If |I| =0, d.e., M, = diag{z,z,--- ,x},x # 0, then
(1) When X\ = ao, the following exact sequences exist:
0— Jy(\) = K (\) = Ly(ao) — 0,
0— Ly((a—1)o) = Jy(A) = Ly(aoc —€,) — 0.
(2) When A =ao +bey + €3+ -+ + €,,b # 1, the cases are listed below.
(@) If b=2,d.e. A= (a+1)o+ ey, then
0— Jy(A) = K (A) = Ly(N) — 0,
0— Ly((a+1)o —€,) = Jy(A) = Ly((a+1)o) — 0.
(b) Ifbe {3.4,-- ,p—1}, then
0= Ly(ac+ (b—1)e; + e+ -+ +€,) = K (A) = L (\) — 0.

(3) When A = ao +be; + €41+ -+ €,,10 € {2,3,--- ,n— 1}, we have the
following exact sequences:

(a) If b=1, then
0— Jy(A\) = K (X)) = Ly(A) — 0,
0— Ly(ao + €41+ -+ €,) = Jy(A) = Ly(ao) — 0.
(b) If be {2,3, -+ ,p—1}, then
0— Ly(ao + (b—1)e + €41 + - +€,) = K (A) = Ly (A) = 0.

(4) When X = ao + be,,, the cases are listed below.
(a) If b=1, then

0= L) = K (A) = Ly(\) =0,
0 = Ly(a0 — eny + €2) — Jy(A) = Ly (ac) — 0.
(b) If be {2,3,-- ,p—2}, then
0= L (a0 + (b—1)en) = K (\) = L,(\) = 0.
(c) If b=p—1, then
0= J((N) = Ky(N) = Ly(3) =0,
0= Ly(ao + (p — 2)en) — J(\) = Ly((a —1)o) — 0.

(5) Otherwise, Ly(\) = K, (X).

Proof: By Proposition 7.10, the categories of U, (g)-modules and U,,, (g)-modules
are Morita-equivalent. So the results in (I), (II),(III) can be obtained through
Theorems 7.8(I1),7.8(I) and 7.9 respectively. [
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8. The indecomposable projective module

Let g = S(n) or S(n). In this section we always assume that y is an element of g*
corresponding to M, . Recall that 0 = ¢ +€e,+---+¢, and 0 =0 when g = S(n).
Denote by PJ(A) (resp. Py(A)) the projective cover of LI () (resp. Ly(A)) in the
category of U, (go)-modules (resp. U, (g)-modules). Denote by V,(N) the induced
module U, (g) ®u, (g-) N where N is a U,(go)-module with trivial g_,-action. By
the same argument as [7, Lemma 4.10] we have the following proposition.

Proposition 8.1. (BGG-reciprocity) The following reciprocity holds
(P(N) = Vi (PY(w)) = [Ey(pn+0) s (V).

Theorem 8.2.  Let x be a character of g* such that ht(x) = —1 or 1. Then the
following results hold.
(I) When I, >3, we have P\(\) =V, (PY(A - 0)).
(II) When I, = 2, we have the following results.
(1) If x is not semisimple, Py(X) =V (PY(A = 0)).
(2) If x is semisimple with M, = diag{x,--- ,z,y,--- ,y}, k>t > 2, then
0 —_—— ——
Py(\) =V (P)(A—0)). k t
(3) If x is semisimple with M, = diag{z,---,z,y}, then

(a) If X =aey +aey+ -+ aeu_1 + ey, then [Py(N) 1 Vy(PY(p))] # 0 if
and only if
p=A—0 o0orjt=M\N—0+¢€,.

(b) Otherwise, Py(X) = Vy(PY(A—0)).
(III) When I, =1, i.e. M, = kE, + A, where A is a nilpotent standard Jordan

matriz. Denote by 14 the set of simle roots « such that x((go)_o) # 0. We
have the following results.

(1) When |Li] > 2, P,(N) = V,(PY(A - 0)).
(2) When |14] =1,
(a) If X =aey +aey+ -+ aep_1 + e, then [Py(N) : Vy(P(1))] # 0 if
and only if w=X—o or p=AX—o+e€,.
The reader should notice that under this condition, we have
P, (ae; + aey + - - + ae,—1 + bey,)
= P (ae; +aeg+ -+ +ae,_ o+ (b—1)e1 + (a + 1)ey,)
and
P;()(ael +aey + -+ + ae,_1 + bey)
= Pg(aq +aeg+ -+ ae, o+ (b—1)e, 1+ (a+ 1)ey,).
(b) Otherwise, when X\ # ae; + aeg + - - - + a€,—1 + bey,

or A # aey +aey+ -+ a€y_o + beyy + (a+ 1)e,,
we have Py(X) =V (PY(A —0)).
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(3) When |14] =0,

(a) If X=ao, then [P(X) : V(PY(u))] # 0 if and only if
p=(a—1)o,(a—1)o+e,a0+ (p—1)ep,
(a—1)o+e+e++e, 1<i<n.

(b) If A =ac — €, then [Py(\) : V(PY(1))] # 0 if and only if
p=(a—1)o, (a—1)o+e€, (a—1)o — €.

(c) If \=ao +be;+ €01+ -+ + €, but X # ao,ao — €,, then we have

(PN - Vo (POu)] £ 0 if and only if

W=A—0 or fu=\—o0-+¢.
(d) Otherwise, Py(\) = Vy(PY(X—0)).

(IV) All of the above multiplicities satisfy that if [Py(X) : V (PL(u))] # 0, then
[Pe(A) : VX(PS(N»] =1

Proof: Based on Proposition 8.1, the results in (I),(II) can be proved by Theorems
5.1 and 6.7 respectively. The results in (III) are consequences of Theorems 7.8, 7.9
and 7.11. -

9. Cartan invariants

Let g = S(n) or S(n). We are now in a position to calculate the Cartan invariants
of U,(g) when ht(x) = —1 or 1. We start with the calculation when x is regular
semisimple, i.e. x is semisimple and x(&§D;) # x(§;D;) for 1 < i # j < n,
(equivalent to the condition that I, = n). We remind the reader that we always
use the notation AO = Z?:l Fpei and AX = {)\ = Z?:l )\iei ’ )\f — )\1 = X(&Dz)}

whenever g = S(n) or g = S(n) in this section.

9.1. The regular semisimple case

In this subsection we always assume that y is a regular semisimple character. By
Theorem 8.2(1) we know that when y is regular semisimple, P (\) = V, (PY(A—0)).

Lemma 9.1.  We have the following conclusions when g = S(n) with p | n
(1) LY(N) = ZY(N). In addition, LY(X) = LY(u) if and only if A= .

(2) PY(N) = Z2(N) for any X in Ay

(

).

= S XO

Proof:
ZO()\) 9" The same argument as Proposition 3.16 can be applied to get that
every simple sl(n)-module can be viewed as the simple head of some LS (X)#. By
Lemma 3.13 we have that L9(X)%" |y, is simple. So LI(X)™) = Z2(X)8) |
lgoow Wrevpr(gve that if LO(X) = L)(u), then A = p. Since LY(N) Z'L?C(M) 1mp11(?s

Y(A) = Z)(u), the same argument as [9, Lemma 3.1] can be applied to get this
result.

1) Because x is regular semisimple, by [10, Proposition 7.3] LO()\)Q[(”) =
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(2) This result can be proved by the same argument as [10, Proposition 7.3]. [

By Lemma 9.1, Theorem 8.2(1) and [10, Prop.7.3] we have Py (\) = V,(ZY(A—0)).
So we will focus on the calculation of [V, (Z)(\)) : Ly ()] for any A, u € Ay Define

. b 1<i<n, 1<i<j<mn,
Q_ lagi ja§i1§i2"'§ik n 1<y <ig <<, <n—-1 '

We can check that @) is a subalgebra of g. Recall that nt={§D; | 1<i<j<n}

b={&D;|1<i<n} when g=S(n)and h ={D; —&1Dia |1 <i<n—1}
when g = S(n), by = h @ nt. Define

We can check that g_1 ®n™ (resp. n" @ Q", g1 ®&nt ® Q") is a p-nilpotent ideal
of g1 @by (resp. by ®QF, Q).

Lemma 9.2.  Denote g_1 ®nt @ Q" by Q. Let M be a simple U, (Q)-module.
Then M can be viewed as a simple U, (h)-module with trivial QP-action. In
particular, M is one-dimensional.

Proof: Because QP is p-nilpotent, the set N ={m € M | a-m = 0,Va € QP} is
non-empty. Now let b € Q,n € N,a € QP. Since P is a ideal in (), we have the
following equality

a-(b-n)=>b-(a-n)+a,bl-n=0,

which means that N is a submodule of M. So M = N by the irreducibility of
M. Hence M is annihilated by QP. Now by [10, Sec. 6.2] we get that M is one-
dimensional. [ |

Remark 9.3. (1) The same argument can be applied to g_; ®bg (resp. bo&Q™)
to get the result that the set of simple g_; @ by (resp. by @ QT )-modules can be
parametrized by {ky | A € A, }.

(2) The simple U, (Q)-modules can be parametrized by {ky | A € A, } due to the
regular semi-simplicity of x.

Let N = (ZAeAX NA)()@ <Z N, >i be a Zy-graded U, (h)-module. Define

HEAy T TH
m-chN = Z diHlN)\e/\—O—ﬂ'( Z dimN#e”>.
NACN; N,CN;

Lemma 9.4. Let g = S(n) or S(n) with n > 6. Then in the category of
U, (Q)-modules, we have the following equality:

[U(Q) @, (g-1000) kn] =27 7"p™ { > U(Q) Buywosah) kA] ’

AEAL

mo = dim QF —n, m; = dim Q7 .
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Proof: When n > 6, define

o €l€2€3Dn> 515254Dn> 51£2€5D
| G16E364Es D, E16364Ds, E26364Ds, 616D

6§i§n—1},

which is a subset of QS“ The weights of the elements belonging to I are listed in
the following set

In={e1+es+e3—€p,61+€a+ € —€n, 61+ €+ €5 — €61+ €2+ €3+€4+ €5 — €y}
U{er+es+es—es,6at+estes—es,60+teat6—6,]6<i<n-—1}

One can check that the weights belonging to Iy are linear equivalent to the set
{€1, €2, ,€,}. Consequently, the following equality holds:

H (14 e+ () 4 -+ (e*)P ) = Z ol

a€clr AE€Ao

Now let M = Uy(Q) ®u, (g_,ab0) kr. For any x’ € (go)* and X € A/, we have
e > oneng € = Dosen, €. Denote by (QF)r the weights of elements belonging to
X

Q7. So the following equalities hold:

7-chM = e H (T4 e+ () + -+ ()™ <Zeu)x H(1+mo¢)

ac(Q)r\Ir pHEAQ aeQ?t

_e)\pmozeu 1+7Tm1 (71'2:1)

HEAQ
0(1 4 m)™ Z e’ = pmo2™ (1 4+ 1) Z e”.
vehy vehy
Hence,
[U(Q) @u(a_semo) ko] = ™2™ Y~ ([ka] + [ka(T)]) - (34)
AEA,

Now let N = Uy (Q) ®u, voe0+) ka- Then N = A(g_1) ® ky as a vector space. For
1<igp <ig <+ <1y <n, we have

> Dy ADi,---AD;, @ky= > Kky(5)
Y A€M,

Consequently,

|3 Q) Bnmsn | =27 S ol + (D] (35

AEAy AEA

Since n > 6, we have m; > n. The proof can be completed by combining formulas

(34) and (35). ]
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Lemma 9.5. Let g = S(n) or S(n) with n > 6. Then in the category of
U, (bo @ g>1)-modules, we have the following equality:

[Ur (b0 @ g21) Bumoses) ka] = 277271 Y~ k] + [ka(D)),
Aehy

where k =, dim gy; — dim QS“, t=> o dimgy; 1 —dim Q7.
Proof: Define

I ={&& (&3 D5 — &4Dy), £:61(&3 D3 — &uDy), £.62(E3D3 — €4Dy)}
U {fnfz(ngl - £2D2> ’ 3 S i S n— 1}7

which is a subset of g>1\@Q with n-elements. Moreover,the weights of the elements
belonging to I are linear equivalent to the set {ej, €9, -+ ,€,}. Now the same
discussion as Lemma 9.4 can be applied to have the Lemma. |

Theorem 9.6.  Let g = S(n) or S(n) with n > 6 and x be a reqular semisimple
character. Define a = dim (Zi21 sz‘) and b = dim (ZiZO 92i+1). Then for any
A i € Ay, we have the following results:

(1) When g = 5(n), then [P(\) : Ly()] = [P(N) : Ly(u)(1)] = 215,
(2) When g = S(n), then [Po()) : L(w)] = [Pe(\) : Ly(){1)] = 221pon+1.
Proof: (1) By Theorem 5.1 we know that when g = ) With n > 6 and y

S(n
is regular semisimple, L,(A\) = K,(A). In addition, L(X) = Z)()\). Thus the
following result holds:

L (N) = Uy(9) ®u, (bomas1) Ka- (36)

Now the theorem can be checked by the following equalities.
[VaP{)] = [Ux(9) ®uya-) Z(V)]
= [Ux(8) ®uy(5-) Ux(80) @uyio0) kn] = [Ux(8) Ru(_1000) Kn
= [Uy(9) ®u,(@) Un(Q) B (g_1000) ki

— 2m1fnpm0 Z [Ux(g) ®Ux(Q) UX(Q> ®UX(50@Q+) k“:| (Lenlma 94)
peAy

= 2mTpmo Z [Ux(9) @, ooma+) K]

neMy

= 2MTpmo Z [Ux(g) QU (boBg>1) [Ux(bo ® g>1) Ou, (600Q+) k“”

HENAy

= gblmnyamn Z [Ux(8) ®uy(b020s1) [Kal + [ku(T)]] (Lemma 9.5)

IS o

= 271" Y (L) + Ly (1){1)] (36).

HEAy

(2) The case g = S(n). We should notice that 0 = ¢, + €+ -+ 4+ ¢, = 0. So
A=A+0=A+20 == A+ (p—1)o. Meanwhile, the discussion above also
holds. So [Py(A) : Ly(p)] = Elfz_ol [P(N) : Ly(p + io)] = 207 Tpe u
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9.2. The general case

In this subsection, we will calculate the Cartan invariants of U,(g) for x € g*
when ht(x) = 1 or ht(x) = —1. First, denote by €, the subset of A, such that
Irr(Uy(g0)) = {LI(A) | X € ©}. Then by the same argument as [7, Theorem 4.7]
we have the main theorem of this subsection.

Theorem 9.7.  Let g = S(n) or S(n). For v € Q,, define

b= [AZYM): L] = Y, [Z0(): LYUONA(LUE) : L(v)]:

YEA YEAX,EEQ
The following results hold for any \,u € Q, and i,j € Zy :
(1) When g = S(n),

(PN« Ly()] = p™o2" bt (37)
PUNG) : Ly () ()], = 972" st (39)

(2) When g = S(n).
[P« L()] = p" 2™ 1yt (39)
PN Ly(n) ()], = po 72 (40)

The definitions of mqg and my have been given in Lemma 9.4.

Corollary 9.8.  Let g = S(n) or S(n). Then both the category of U, (g)-modules
and the category of U, (g)-supermodules have only one block.

Proof: By the same discussion as [7, Corollary 4.9] we have the corollary. [
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