Journal of Lie Theory
Volume 33 (2023) 925-952
© 2023 Heldermann Verlag

On the Universal L,,-Algebroid of Linear Foliations
Karandeep J. Singh

Communicated by A.Pasquale

Abstract.  We compute an L -algebroid structure on a projective resolution of some classes
of singular foliations on a vector space V induced by the linear action of some Lie subalgebras
of gl(V). This L -algebroid provides invariants of the singular foliations, and also provides a
constant-rank replacement of the singular foliation. The computation consists of first constructing
a projective resolution of the foliation induced by the linear action of the Lie subalgebra g C gl(V),
and then computing the L -algebroid structure. We then generalize these constructions to a vector
bundle E, where the role of the origin is now taken by the zero section L.

We then show that the fibers over a singular point of a projective resolution of any singular foliation
can be computed directly from the foliation, without needing the projective resolution. For linear
foliations, we also provide a way to compute the action of the isotropy Lie algebra in the origin on
these fibers directly from the foliation.
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1. Introduction

Let M be a smooth manifold, equipped with a singular foliation F. By singular
foliation, we mean a subsheaf F of the sheaf of vector fields X on M such that

(a) for all U C M open, F(U) is a C*°(U)-submodule of X(U),
(b) for all U € M open and X,Y € F(U) we have [X,Y] € F(U),

(c) for all x € M, there exists an open subset U, of M containing x, such that
F(U,) is a finitely generated C'*°(U,)-module.

This definition of singular foliations was used in [9]. An equivalent definition, using
compactly supported vector fields, appeared in [11, 1] among other places. This
equivalence was shown in [13, Proposition 2.1.9], and the construction of the sheaf
out of compactly supported vector fields appeared in [3].

In [9], it was shown that under certain conditions on F one can associate an L,-
algebroid over M to (M,F). Here an L. -algebroid is a non-positively graded
vector bundle £ = E;, with a collection of multibrackets

{ly :T(A*E) = T(E) }i>1,

where ¢ has degree 2 — k, and a vector bundle map p : Ey — T'M intertwining
¢y with the Lie bracket of vector fields, called the anchor, satisfying some quadratic
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identities. L. -algebroids were first defined in [12] as higher analogues of Lie al-
gebroids. When M = {x} is a single point, the definition reduces to that of a
non-positively graded L., -algebra, which appeared in [8] as strongly homotopy Lie
algebra. For the definition and important properties, we refer to [10, Section 2.1].
The construction of [9] can be broken into two parts:

(i) Choosing a resolution of F in the category of C3-modules by finitely gener-
ated projective modules?,

(ii) Constructing an L., -algebroid structure on the complex given by the resolu-
tion.

In step (i) the conditions posed on F are used. Neither of the steps is constructive,
but plenty of examples are given. Because of (i), the Ly, -algebroid constructed in (ii)
satisfies a universality property, which implies uniqueness up to a notion of homotopy
([9, Corollary 2.9]). It will therefore be referred to as a universal L,-algebroid of F.
Because of the uniqueness up to homotopy, this L. -algebroid captures invariants
of the singular foliation F. Moreover, it allows to replace the singular foliation by
a collection of constant-rank objects, which provides a framework to extend some
results from the theory of Lie algebroids to singular foliations. Further, knowing a
universal L., -algebroid of a singular foliation allows to compute the modular class
of a singular foliation as in [10].

In this article, we generalize the example of the foliation Fy consisting of vector fields
vanishing in the origin given in [9]. The foliation Fy is induced by the canonical
linear gl(V')-action on V. The universal L., -algebroid given in [9, Example 3.99]
only has two nonzero operations, turning it into a differential graded Lie algebroid
(dg-Lie algebroid): ¢ = 0 for k > 3. This raises several questions:

(1) Can we construct the universal L., -algebroids for linear actions of other Lie
algebras explicitly?

(2) Can this approach be generalized to higher-dimensional leaves, with the cor-
responding isotropy Lie algebra?

(3) Does the universal L., -algebroid for such a foliation always admit a dg-Lie
algebroid structure (i.e. an L.-algebroid structure for which only the unary
and binary brackets are non-zero)?

Main results. We address the questions above in the following examples:
- The Lie subalgebra gl(V, W) C gl(V') for a given subspace W C V',
- the Lie subalgebra sl(V') C gl(V') of traceless endomorphisms,

- the Lie subalgebra sp(V,w) C gl(V) of endomorphisms preserving a non-
degenerate skew-symmetric 2-form w € A2V*.

All three questions have a positive answer in the cases gl(V, W) and sl(V). We
answer questions (1) and (2) partially in the case of sp(V,w), and we do not know
the answer to question (3) in this case.

1 As we work in the smooth category, this is equivalent to choosing a resolution of F(M) in
the category of C'°°(M)-modules by sections of vector bundles. We therefore do not distinguish
between the sheaf and its global sections.
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The resolutions of the module F we construct are minimal at the origin, which
means that all differentials, being vector bundle maps, vanish at the origin. An
advantage of this is that two L. -algebroid structures constructed on minimal res-
olutions are not only homotopy equivalent, but actually L. -isomorphic in a neigh-
borhood of the origin, as explained at the end of section 2.1.

In section 2 we address questions (1) and (3).

In section 2.1 we recall the construction for gl(V'), which induces the foliation
given by all vector fields vanishing in 0 € V', as given in Example 3.99 of [9].

In section 2.2 we consider the case of gl(V, W), which induces the foliation
generated by the linear vector fields tangent to the subspace W. We give a
geometric resolution and describe an L, -algebroid structure with only a unary
and binary bracket in Proposition 2.4 yielding a positive answer to question (3).

In section 2.3 we consider the case of s[(V), which induces the foliation
generated by linear vector fields preserving a constant volume form on V.
We compute a geometric resolution in Proposition 2.6, and describe an L-
algebroid structure with only a unary and binary bracket in Proposition 2.8
yielding a positive answer to question (3).

In section 2.4 we fix a non-degenerate element w € A?V* and consider the
case of sp(V,w). We compute the geometric resolution in Proposition 2.12,
and give a binary bracket in Proposition 2.15 depending on a map r* we chose.
We show that this bracket does not satisfy the Jacobi identity, and give an
expression for the ternary bracket. In the appendix A we investigate if the
binary brackets can be simplified by picking ¥ to be a cochain map in some
degrees, and show that this cannot be done when V' is 4-dimensional. The
answer to question 3) remains inconclusive in this case.

In section 3 we turn our attention to the higher-dimensional analogues of the above-
mentioned cases and address the corresponding questions 2) and 3). In each of the
cases the results of the earlier sections generalize.

In section 3.1 we consider the foliation of vector fields on a vector bundle E
which are tangent to the zero section. We compute the geometric resolution
in Proposition 3.5, and describe an L., -algebroid structure in Proposition 3.7.

In section 3.2 we consider the foliation of vector fields on a vector bundle which
are tangent to a vector subbundle, of which the zero section is a special case.
The geometric resolution and L., -algebroid structure are given in Proposition
3.8.

In section 3.3 we consider the foliation on an orientable vector bundle £ — L,
with non-vanishing section p € I'(A"E), where n = rk(FE), generated (as Cf-
module) by the linear vector fields which preserve p. We give the geometric
resolution in Proposition 3.10, and the L., -algebroid structure in Proposition
3.11.

In section 3.4 we consider the foliation on a vector bundle £ — L generated
by the linear vector fields which preserve a non-degenerate w € I'(A*E). The
projective resolution is given in Proposition 3.12, and a binary bracket of the
L,-algebroid structure in Proposition 3.13.
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Finally, in section 4 we consider a general foliation F on a vector space V', for which
the origin p is a singular point. We show that the fibers over p of any geometric
resolution which is minimal at the origin can be computed directly from F, without
needing to find a geometric resolution (Proposition 4.2). In the case that F is linear,
we additionally show that part of the structure of the isotropy L..-algebra (see [9,
Section 4.2]), which is an invariant of the foliation F, can be recovered from the
foliation directly (Proposition 4.3).

Acknowledgements. We thank Marco Zambon for fruitful discussions and helpful
comments. We thank Wouter Castryck and Robin van der Veer for helpful discus-
sions. We thank Sylvain Lavau for providing useful comments. We acknowledge the
FWO and FNRS under EOS projects GOH4518N and G0I2222N.

2. Zero-dimensional leaves

Convention. Throughout this article, for a finite-dimensional real vector space
W, we will consider the trivial vector bundle W x V' over a finite-dimensional real
vector space V. Its global sections will be denoted by I'(IW).

Unless stated otherwise, repeated indices will be summed over.

In this section, we compute a universal L. -algebroid for some classes of singular
foliations generated by some Lie subalgebra of the Lie algebra of linear vector fields
on a vector space V', addressing questions (1) and (3) from Section 1.

2.1. Vector fields vanishing at the origin
In this section we recall Example 3.99 of [9]. Let V be a real vector space of
dimension n > 0, and let

Fo(V) = {X e X(V) | X(0) = 0} (1)

be the submodule of vector fields on V' vanishing in the origin. It is easy to see that
it is a singular foliation. A resolution of F; can be constructed using the following
lemma.

Lemma 2.1.  The complexes
0—=T(A"V*) e B (V) L], — 0, (2)
dn, do d1 €Vq
0—T(A"V*) —»...—T (V) —C®°(V) —=R—=0 (3)

are exact. Here for k=1,....n, dy : T(A*V*) = T(A*1V*) and p: T(V*) — 1,
are the contraction with the Euler vector field x'0,:, I, is the ideal of functions
vanishing at the origin ¢ € V and ev, is the evaluation of a function at ¢ =0. In
particular, the complexes remain exact when applying the functor — @ceoqy I'(W)
for some vector bundle W xV — V.

Taking W =V and tensoring (2) with I'(V) = X(V') we obtain the exact sequence
0— TNV RV)-2e 2TV @ V)L~ LEV) = Fo(V) —=0. (4)

Here, and in the rest of this article we use the convention that I'(V* ® V) sits in
degree 0, and the differential d, has degree 1.
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An L -algebroid structure on I'(A*V* @ V') can be given as follows: for the unary
bracket, we take d,, as in (4). For the binary bracket we take the Nijenhuis-
Richardson bracket: For 0 < ki, ky < n — 1 define

[—,—]: T (AM"PV*@V) x T (APTV @ V) - T (A=Y @ V) by
[f1- (1 @ wi), for (¢2 @ws)] i= fifa (Prtw (P2) @ wo — (—=1)"*2d91,, (¢1) @ wy)
+ (fip(d1 @ wi)(fa) - (P2 ® wa) — fap(d2 @ wa)(f1) - (P1 @ w1)) (5)

for fi € C°(V), ¢y € ANNV* w; € V (i = 1,2). Here, for v € V,a € A*V*,
() € AF1V* is the insertion of v into the first slot of a, and p(¢; ® w;) is
understood to vanish if k; # 0.

One can check that this defines a dg-Lie algebroid over V' for which the image of p
is exactly Fo. We denote it by L. (Fo).

Note that the differentials d, vanish at the origin for p = 2, ..., n. This implies that
any Ls.-algebroid structure with the same property is L., -isomorphic to the one
above in a neighborhood of the origin: by [9, Corollary 2.9], any two L..-algebroid
structures are homotopy equivalent by an L..-morphism ®. By minimality and [9,
Lemma 4.13(iii)], this implies that the homotopy equivalence is an isomorphism in
the origin. As invertibility is an open condition it follows that it is an isomorphism
in a neighborhood of the origin.

2.2. Linear vector fields preserving a subspace

Let V' be a real vector space of dimension n, and W C V a linear subspace. Let
Fw(V) ={X e F(V)| X(Iw) C Iw}

be the C*°(V')-submodule of linear vector fields tangent to the subspace W . This
is a singular foliation, and is induced by the action of the Lie subalgebra gl(V, W)
of gl(V) given by

gl(V,W) ={A e gl(V) [ AW) C W},

the endomorphisms of V' preserving W. The leaves of this foliation consist of the
origin, the connected components of W \ {0}, and the connected components of

V\W.

Example 2.2. Let V = R:LW = {(2,0) € R? | z € R}. Then Fy (V) is
generated by the vector fields 0, y0,, y0,, and the leaves are the positive z-axis,
the origin, the negative x-axis, the upper half plane and the lower half plane. In
this case gl(V, W) consists of all upper triangular matrices.

We can describe a minimal universal L., -algebroid of Fy as an L., -subalgebroid
of Loo(Fp). In particular, it will again be a dg-Lie algebroid.

Definition 2.3.  Let j € {1,...,n}. Define K; C ANV*®@V = Hom(NV, V) by
K; ={¢p e NV*QV |VYw € W,Vvy,...,v;_1 €V :p(w,vy,...,v;_1) € W}.
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Proposition 2.4. (i) The differential d; : T(NV* @ V) = T(NT'V*®@ V) as in
(4) restricts to a map d; : I'(K;) = I'(Kj_1).

(ii) The bracket (5) restricts to the subspaces I'(K;).
(iii) The subcomplex

0= D(,) 2= T(K, ) T 2T (I) 2 Fyp (V) —=0 (6)

is ezact, where pw = plp,)-

Consequently, I'(K,) with the restrictions of dy and [—,—] is a minimal universal
Lo -algebroid of the foliation Fyy .

Proof. Ttems (i) and (ii) are straightforward computations. For item (iii), fix a
complement C' of W in V. Then K; can be identified with AV*@ W & AN'C* @ C,
and the complex (6) decomposes as

(I'(K,),0) = (D(ANV*@W)BT(AC*® C), 0w + 0c),

where Ow (@) = 2'te,(¢p) for ¢ € T(AN'V* @ W), and {e;}1, is a basis for V', with
linear coordinates {z'}?_,. For ¢ € [(N'C*®C), dc(v) = y'iys, (), where {fi}_;
is a basis for C', and {y'}/_, are the corresponding linear coordinates. By Lemma
2.1, both are exact, concluding the proof. [ |

2.3. Vector fields preserving a volume form

The next choice for a Lie algebra g acting linearly on a vector space V we consider
is g = sl(V), the Lie algebra of traceless endomorphisms. Observe that the partition
of V' is identical to the case of gl(V'), but that the underlying submodules of Xy
are different. Let p € A"V* be a non-zero element, and denote the foliation given
by the action of sl(V') by F,.

2.3.1. The projective resolution. As it is in general not possible to restrict
a projective resolution of a module to a submodule, one cannot directly get a
projective resolution of the module of vector fields generated by the action of s((V),
by restricting all modules to live over s[(V'). But for the most part, the resolution
we will construct is related to the one given in (4). Consider the following diagram

of C*°(V)-modules:

TNV @ V) 2TV e V), (7)
r(v+) —2—T(R)

where 0; : I'(V*) — I'(R) is the contraction with the negative of the Euler vector
field 2°0,: and Tr is the trace of endomorphisms.

Now there is a linear map ¢, : A2V* ®@ V — V* by taking partial traces: for
P €NV v eV, we set
P2t @ v) = =1, ().

We now claim that (the constant extension of) ¢o completes (7) to an anti-commu-
tative square.
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Indeed: let {e;}"_, be a basis of V', with corresponding coordinates {z‘}?,, and
let ¥ @ v € T(A’V*® V). Then
01(92(v) ®v)) = =01 (1s(1))) = 2"te 00 () = —2"tute, (¥)
= —Tr(z's, () ® v) = —Tr(do(v @ v)).

More generally, for 1 < k < n, we can define the anti-symmetrized partial trace
map ¢ : AFV* @V — ARV For a € A*V* v €V, we set

dr(a®@v) = (—l)k_lLv(a).

Observe that ¢, is the usual trace.

Note that the map 0, : I'(V*) — I'(R) as in (7) of free C°°(V)-modules can be
extended to obtain a cochain complex

0— DAV e D(an-tys) 2oL pysy D oo y) 0. (8)

The cochain complex is concentrated in negative degrees, with C*°(V') being in
degree —1. Note that by Lemma 2.1, the complex is exact in degrees —2,..., —n—1,
as it is the truncation of (3). The following lemma describes the compatibility of ¢
with the respective differentials:

Lemma 2.5.  The map ¢ : (T(A*V*QV),d,) — (T(A*71V*),8,) is a cochain map
of degree —1, which is surjective in degrees 0,...,—(n—2), and an isomorphism in
degree —n + 1, where do is as in (4), and O, is as in (8).

Proof. Let a®v e I'(A*1V* @ V). We first show that ¢ anti-commutes with
the respective differential:

Op(dri1(a ®v)) = O((—=1)*e(@)) = (=1) ', (1(@) = (—1)F2", (e, (@)
= —p(T'te; (@) @ V) = —p(dps1(a @ V)).
To see the surjectivity, pick a basis {e;}"; of V', and a dual basis {e'} , of V*
such that g = e! A--- Ae™. For k € {1,...,n}, a basis for A*¥"1V* is given
by {e* A---ANett | 1 <4y < -o- < gy < n}. Given € A --- A et et
ge{l,...,n} —{i1,...,ik—1}. Then
Gp(e™ A NNt ®e,) =€t A A
where ¢ is not summed over. Further, under the identification

VoSAVRV, veselA-ANe"®u,

¢n is the map V — A""1V* given by contraction with the volume form e!A---Ae®,
which is an isomorphism. [ |

We use the properties of ¢ to construct a projective resolution for F,.
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Proposition 2.6. For i=1,...,n, let K; C N'V*®V be defined by K; := ker(¢;).
The sequence

dn—1 da P

0 T(AV 2 (g, ) 2 () e Fu(V) ——0 (9)

is ezact, where p, = plp,)-

Proof.  Note that by definition of ¢;, K7 = sl(V'), so p, is surjective by definition
of F,(V). Let i € {1,...,n —2}. Consider the following diagram with (anti)-
commuting squares, where the middle and bottom rows are exact by Lemma 2.1:

d;

di 2 di 1
['(Kit2) . I'(Kis1) - I'(K) I'(Ki-)

l l | l

F(/\H_QV* ® V) ﬂ) F(/\Z—HV* ® V) g F(/\ZV* ® V) l) F(/\z—lv* ® V)

id’iﬂ l¢z’+1 lqﬁi ld’i—l

DAV — 2 D(AV*) — s (ALY 22 T(A2V)

For exactness at ['(K;), take x € I'(Kj;) such that d;(x) = 0, where d; is understood
to be p,. Then by exactness of the middle row, there exists ¢ € D(A™V* @ V)
such that d;11(¢) = x. Now ¢ may not be an element of I'(K;;;), so we consider
¢i+1(1). Note that

0i9i11(¥) = —i(0i1(¥)) = —¢i(x) = 0,
so by exactness of (8) there exists 7 € T'(A"™V*) such that
Gir1(1h) = O (7).
Using surjectivity of ¢;.o, lift 7 to an element 7 € T'(A™2V* ® V). Then
Git1 (¥ + 0i12(7)) = i1 () = Oiga(7) = 0,

50 1 + 0i42(T) € Kijq, and 041 (¢ + 0i42(7)) = x.

For exactness at I'(K,,_1), consider

dn(¢n)_18n dnfl
_—

0 D(A™V*) D(Kp_1) D(K,s)
0 D(AV* @ V) 2 DAV @ V) L2 DA 2V @ V)

\L(]ﬁn id’n—l i¢n—2
On

DAY 2 p(Ar1y) 7 p(an2ye) R paAnsye)

Let ¢ € I'(K,,—1) such that d,_;(§) = 0.
Then there exists n € I'(A"V* ® V) such that d,(n) =¢.

As ¢, is an isomorphism, we have n = ¢, (¢,(n)).
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Moreover, we know that 0,,—1(¢n(n)) = —dn-1(dn(n)) = —Pn-1(§) = 0, so we have
¢n(n) = Oy(m) for some m € I'(A"V*). Consequently,

€ = du(¢;, " (0u(m)))-

Finally, exactness at ['(A"V*) is clear. [

2.3.2. The L., -algebroid structure. In this section, we will construct the L.-
algebroid structure on the resolution (9) of F,(V). As in most degrees the spaces
involved in the resolution of ), are contained in the spaces involved in the resolution
of Fy, we try to use the restriction of (5).

The following lemma shows that this can be done:

Lemma 2.7.  The bracket (5) restricts to the subspaces I'(K;).

This gives us a hint on how to extend the bracket to (9): on the subcomplex given
by the part up until degree n—1, it is given by (5). Note that there is no issue when
ki1 + ko — 1 = n: since the bracket should land in I'(K,,) = 0, we can unambiguously
extend this definition when we replace I'(K,) by I'(A"V*).

For degree reasons and the Leibniz identity in a L. -algebroid, we only have to
specify what happens when we pair the constant extension of X € K; = s[(V) with
the constant extension of u € A"V*. Due to the requirement that the differential is
a derivation of the binary bracket, there is only one choice for this: We set

(X, p] :=0e (A"VT). (10)
We then obtain:

Proposition 2.8.  The binary operation defined by the restriction of (5) on the
spaces U'(K;), together with the extension of (10) defines a dg-Lie algebroid structure

on the resolution (9) of F, (V). This is a universal Lo, -algebroid of F,, which is
minimal at the origin.

2.4. Vector fields preserving the linear symplectic form

Next, we consider the symplectic Lie algebra. Given a vector space V of even
dimension n, and a non-degenerate skew-symmetric bilinear map w : V xV — R,
we consider the Lie subalgebra of gl(V') preserving w:

Definition 2.9. Let (V,w) be a symplectic vector space. The symplectic Lie
algebra is the Lie subalgebra of gl(V') given by

sp(Vow) :={A € gl(V) |w(Az,y) + w(x,Ay) =0 Vz,y € V}, (11)
By restricting the anchor p to I'(sp(V,w)), we obtain a singular foliation
Fo(V) = p(D(sp(V,w)).

In section 2.4.1 we construct a projective resolution of F, (V') (Proposition 2.12).
In section 2.4.2 we construct a part of the L. -algebroid structure. We give an
expression for the binary bracket (Proposition 2.15), depending on a choice of
left inverse r“ of an injective cochain map. This bracket does not satisfy the
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Jacobi identity, so we give an expression for the ternary bracket, which serves as a
contracting homotopy for the Jacobiator. In appendix A we investigate whether ¢
can be chosen to be a cochain map in some degrees, which would simplify the binary
bracket. We show that when dim(V') = 4, r¥ can not be chosen as a cochain map
in any degree (Proposition A.5).

2.4.1. The projective resolution. As before, we first construct the projective
resolution of the foliation F,, = p(I'(sp(V,w))) on V. The starting point is the same
as for s[(V'), but the rest of the approach will be quite different, as the analogue of
the map ¢ is not surjective in negative degrees. First consider the map

¢4 gl(V) — A*V* given by ¢¢(A) = A-w for A € gl(V),

where for z,y € V, (A w)(z,y) = w(Az,y) + w(z, Ay).

The next step is to extend this map to the entire dg-Lie algebra I'(A*V* ®@ V), as
in (4) and (5). This immediately raises the question what the codomain should be.
We define for p=1,...,n

PNV QV — ATV @ APV
by G0 ® X) = (=11, (@) @ € A ixw,
where {e;}7; and {e'}", are dual bases of V' and V* respectively. When viewing

the domain and codomain of ¢ as Hom(APV, V) and Hom(AP~'V, A*V*) respec-
tively, the map ¢, can equivalently be described as

¢Z(¢)(U1, Ce ,Upfl) = w<'l)1, Ce ,Upfl, —> W

for ¢ € Hom(APV, V), vy,..., 0,01 € V.
We now equip the graded C°°(V)-module T'(A*V* @ A2V*) with the differential

9, : D(NPV* @ APV*) — T(AP IV @ APVY)
given by Ipla® 1) = —a"t,(a) ® T
Here the grading is chosen as

D(AV* @ A2V*)P = D(APTIV* @ A2V,

Finally, there is an action of the dg-Lie algebra T'(A*V* @ V) on T'(A*V* ® A2V*):
for a®@X ENV* RV, BT EANV* R A V*,
we set (@@ X) - (BeT1)=(—-1)"lax(B) @ T + te,() B @ e Atx(T) (12)
for constant sections, and extend it to non constant sections using the Leibniz rule
with respect to the anchor of T'(gl(V)). Note that by multiplying by —(—1)®~D@=1)

we can turn this into a right action. We have the following lemma summarizing the
properties of the data above, of which the proof is a direct computation.
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Lemma 2.10. (i) ¢y is surjective, and ker(¢y) = sp(V,w).

(ii) For k> 2, ¢ is injective. In particular, ¢4 is an isomorphism.

(iii) ¢“ is a cochain map of degree —1, i.e. we have ¢%dy1 + Oy, = 0.

(iv) The operation defined in (12) is a dg-Lie algebra action. Consequently, there
is a dg-Lie algebra structure on T(A*V*@ V) & T(AV* @ A2V*) encoding this
action.

For p > 0, the degree p-part is given by T(APTIV* @ V) @ T(APTIV* @ A2V*),
and the differential is given by d + 0.

(v) ¢“ is a derivation of the bracket on T(A*V* @ V) & ['(A*V* @ A2V*): for

a®@X eT(NVYRV), Y e T(NVY @ V), we have the equality

g1 ([a®X, BRY]) = ¢ (a®X), BRY]+(-1)" a® X, 67 (BY)]. (13)

Corollary 2.11. By property (iii), the differentials de and O, restrict and descend
to the kernel and cokernel of ¢~ respectively. We denote the differential induced by
O on I'(coker(¢®)) by O..

Using these properties, we can construct a projective resolution:

Proposition 2.12.  For i =3,...,n+ 1, let C; be defined as C; := coker(¢y).
The sequence

On 0: da(¢5)"10a
0 —=T(Chpy) —=... —=T(C3) == T(sp(V,w)) —=F,(V)—=0, (14)
is ezact. Here ¢, : 0 — I(A"V* @ A*V*) is understood to be the zero map.

Proof.  We start by proving exactness at I'(C,) for p = 4,...,n+ 1. Consider
the following diagram in which we use the notations A, := I'(A"V* ® V) and
B, := T(A"V*®@A?V*) merely for the purpose to get the diagram into the textframe:

dp+1 dp dp—1
Ap+1 Ap Apfl Apf2
l 1 b5 J{ b1 l p—2
3y Bp—1 Op—2
B, B, B, B, 3
l EN \L Op—1 Op—2 \L

[(Cp1) —=T(Cp) =—=T(Cpr) —=T(Cp)
For 7 € T(AP~1V* @ A2V*), assume that there exists X € T'(AP~'V*® V) such that
Op1(7) = b1 (X).
Then ¢ o(dp—1(X)) = =0 2(¢5_1(X)) = 0, and by injectivity of ¢% ,, it follows
that d,_1(X) = 0. By exactness of (4) we find X = d,(Y"). Now

Op1 (7 + ¢, (Y)) = ¢p_1(X) — ¢;_1(X) =0,

- ¥p-1  ¥p—1

so by exactness of (3), with W = A?V* we find that there exists p € T(APV*QA?V*)
such that 7 = d,(u) — ¢/(Y'), showing that the class of 7 modulo the image of ¢*
is a coboundary.
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For exactness at ['(C3), assume that for 7 € T(A?V* @ A?V*) such that
dz(¢53) 7' 9(7) = 0.
Then there exists X € T(A3V* @ V) with
(63) 7 0x(7) = d3(X), or Oa(r+¢5(X)) =0,
which implies that there exists p € T'(A*V* @ A?V*) such that

83<,u) =T+ ¢3(X)7

so the class of 7 module the image of ¢“ is a coboundary.

Finally, by definition of F, the anchor restricted to sp(V,w) is surjective, so it
suffices to show that the kernel is precisely (da(¢%)™109)(T(A2V* A2V*). Take some
A € T'(sp(V,w)) such that p,(A) = 0. Then A = do(X) for some X € T(A*V*®V).
As ¢4 is an isomorphism, we have A = dy(¢) ¢4 (X).

As 010%(X) = —¢¥(d2(X)) = ¢7(A) = 0, it follows that ¢4§(X) = d(p) for some
p € TNV @ A?V*), and A = da(¢%)102(11), concluding the proof. m

2.4.2. The (partial) L. -algebroid structure

In this section we construct part of an L., -algebroid structure on the resolution (14).
Due to the algebraic structures present, there is a canonical Lie bracket {—, —} on
the graded C°°(V')-module underlying the resolution (14). It is given by

{A,B} = [A, B]
for A, B € I'(sp(V,w)), where [—, —] is the usual bracket, and

{A, wp +1m(0711)} = [A, we] + im(6F,)

for A € I'(sp(V,w)),wr, € ['(Ck41). Here the bracket [—, —] on the right hand side
is the semi-direct product bracket as described in Lemma 2.10iv).

Remark 2.13.  One way to see that {—, —} is well-defined, is by forgetting the
differentials d, and 0., and viewing (T'(A*V*) & T(A®V* @ A2V*), ¢¥) as a dg-Lie
algebra. The resolution (14) of F, (V) is then precisely the cohomology of this dg-
Lie algebra. Consequently, the bracket equips the graded module with a graded Lie
algebra structure. [ |

When at least one of the entries of {—, —} has degree 0, the differential in (14) is a
derivation of {—, —}. However, for elements wy,ws € I'(C3), for the differential in
(14) to be a derivation of the bracket, the equation

[d2(¢§’)_182w1,w2] — [wl, d2(¢g)_laQWQ] = 8_3[0.}1,0.)2] =0e F(C4) (15)

must hold. This means that the expression (15) must lie in the image of ¢4, but
one can check that this is not the case: the binary operation {—.—} therefore does
not equip the resolution (14) with a L..-algebroid structure, as the differential is
not a derivation of the binary bracket.

To rectify this, we modify {—.—} to obtain a new binary operation [—, —] on the
resolution (14), for which the differential is a derivation.
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Before we define this binary operation, we make a choice of left inverse of the map
@2 DNV QV) = TNV @ A*VY)
for p > 2. Define 7% : APV* ® AV* 5 APHV* @V by

w 1 _1p 3 ; .
rp(wp ®7) = (ZH_lwp/\Lei(T) - p((IH_)l)Lei(Wp)/\T> Ruw (e e NPTV RV

for w, € APV* 7 € A*V*. Further, {e;}",,{e'}’, are dual bases for V and V*
respectively, and w™! : V* — V is the inverse of the contraction map w:V — V*.
The proof of the following lemma is a straightforward computation:

Lemma 2.14.

(i) For k > 2, r¢ intertwines the sp(V,w)-action on T(A*V* @ A2V*) and
DANFLV* @ V).

(ii) For k> 2, we have 1§ o ¢%,, = idp(akr1y-gy) -

We can now give an expression for the binary operation [—,—] for which the
differential of the resolution (14) is a derivation, providing the binary bracket for an
L,-algebroid structure on the resolution.

Proposition 2.15.  When at least one entry of [—, —] has degree 0, we set
[--1={--}
Now let p,q > 2. For w, € T(APV* @ A*V*), w, € T(AIV* @ A2V*), set
[wp, wall := [ry 10 Bp(wp), Pylwq)] + [Polwy), 75104 Fy(wq)]
T im(@2,,) € D(Cpay). (16)
Here P, : T(APV* @ A*V*) — D(ker(r%)) is the projection
P, =id— gb;’H o r;",

and [—, —] on the right hand side is the semi-direct product bracket as described in
Lemma 2.10(iv). Then the differential of (14) is a derivation of [—,—].

Proof.  The proof is a direct computation using Lemma 2.10(iv) and Lemma
2.14(i). n

The natural question is now: Does [—, —] satisfy the Jacobi identity? To address
this, we distinguish two cases. We first compute the Jacobiator when at least one
of the entries has degree 0, and then when all the entries have negative degree.

- For A, B,C € I'(sp(V,w)), the Jacobiator of [—,—] is the Jacobiator of the
Lie algebroid I'(sp(V,w), which vanishes.

- For A,B € I'(sp(V,w)), wr € I'(coker(¢y,,)), the Jacobiator being zero is
equivalent to coker(¢¢, ;) being an sp(V,w)-representation.
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- For A € I'(sp(V,w)), wp € [(coker(¢f,,),w; € I'(coker(¢f,,), the Jacobi-
ator being zero is equivalent to the sp(V,w)-action on I'(coker(¢%)) being a
derivation of [—, —] restricted to negative degrees. This is the case because 7y
intertwines the sp(V,w)-actions on T(APV* @ A?V*) and T(AMV* @ A2V*).

Consequently, the Jacobiator vanishes when at least one entry has degree 0.
Now let k,I,m > 2, and

wy € I'(coker(¢y,1)), wi € I'(coker(¢f,,)), wp € I'(coker(¢,,)).

A lengthy computation shows that the Jacobiator
[lwr, 1], win] + (=) E DM [, ], wi] + (1) E D o, wi], wi]

does not vanish, but is equal to
5(II_a ) —]])(Wk7 Wi, Wm) = gﬂw/ﬁ wr, wm]] + [[5((")/6)7 wi, wm]] (17)
+ (= 1) owr, 0(wr), wm] + (=1) [wr, w1, D(win)],

where [wy, wy, wy,] is given by the class of

—

i1 [0 1], Pon @)+ (=)D [y, wnm], Pe(w)] (18)
+ (=)D [, @i, Prwn)

modulo the image of ¢, _;, and

[[wk,wl]] = [rk,lﬁkpk(wk), Pl(wl)] + [Pk(wk), rl,lalPl(wl)] € F(/\kJrlilV* & /\QV*).

We recognize equation (17) as a contracting homotopy for the Jacobiator: conse-
quently, —[—, —, —] is a ternary operation satisfying the higher Jacobi identity an
L. -algebroid must satisfy.

In particular, this does not equip the complex (14) with the structure of a dg-Lie
algebroid as in the case of gl(V'), gl(V, W), and sl(V). As this structure is only
unique up to L. -algebroid homotopy, this does of course not exclude the possibility
that there exists a dg-Lie algebroid structure inducing the foliation F,.

In Appendix A, we investigate to what extent 7 can be chosen to (anti)-commute
with the differentials, as this would simplify both the binary and ternary bracket.

Remark 2.16. (1) For degree reasons, the operation [—, —, —] vanishes when
dim V' < 4. This means that when dimV =2 or dimV = 4, the foliation F, does
admit a universal L. -algebroid with only a unary and binary bracket. Of course,
for dimV = 2, sp(V,w) = sl(V), for which it was already known that a dg-Lie
algebroid structure structure exists.

(2) When dimV = 6, the unary, binary and ternary bracket determine the full
L -algebroid structure. u

3. Higher-dimensional leaves

In this section we address question (2) of section 1. Instead of considering foliations
on a vector space with linear generators, we consider foliations F on vector bundles
7w : I — L which are generated by fiberwise linear vector fields such that the zero
section is a leaf.
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As for z € L the fibers E, = 7' ({z}) of 7: E — L are transverse to L, the foliation
F restricts to the fibers ([1, Proposition 1.10]). We consider foliations for which the
restriction J|, coincides with one of the examples in section 2. All results given
in section 2 will carry over, although in order to define the analogue of F,, and F,
we need the existence of non-vanishing sections of A’ E* and A2E* respectively.

In section 3.1, we consider the foliation of all vector fields on the vector bundle F,
for which the restriction to the zero section is tangent to the zero section. This
foliation consists of all fiberwise linear vector fields and is the analogue of Fy in
section 2.1.

In section 3.2, we consider the foliation of all fiberwise linear vector fields on F
tangent to a subbundle D, which is the analogue of Fy in section 2.2.

In section 3.3, we assume that E is orientable, and consider the foliation of all
fiberwise linear vector fields on E which preserve a non-vanishing (on L) section
p € T(A™PE)E*)  which is the analogue of F,, in section 2.3.

In section 3.4, we assume that E — L is a symplectic vector bundle with non-
degenerate w € T'(A?E*), and consider the foliation of all fiberwise linear vector
fields on E which preserve w, which is the analogue of F,, in section 2.4.

3.1. Vector fields tangent to the zero section

To generalize section 2.1, we need a generalization of the Lie algebra gl(V') for a
vector space V' to a vector bundle. Let L be a smooth manifold, and let 7 : £ — L
be a (real) vector bundle of rank n. One way to generalize gl(V) would be to use
the Lie algebra bundle End(FE). This is however not the right thing to consider:
although it acts infinitesimally on E, for € L the leaves of the foliation are given
by 0, € E, and the connected components of E, \0,. We are however interested in
the situation where the zero section is a leaf, and the transverse foliation at a point
of the zero section is given by (1). This is the case when dealing with a linearizable
foliation around an embedded codimension n leaf with isotropy Lie algebra bundle
End(E) acting on the n-dimensional fiber of the normal bundle by all vector bundle
maps EF — E.

First recall that there are two distinguished classes of smooth functions on a vector
bundle E. The fiberwise constant maps, given by the image of 7* : C*(L) —
C>(FE), and the fiberwise linear ones, given by I'(E*). Now let

Xin(B) = {X € X(E) | X (7*(C*=(L))) € m*(C>(L)), X(T(E")) C T'(E")}

be the set of vector fields preserving the fiberwise constant functions and fiberwise
linear functions. First off, we note that X;,(E) is isomorphic to the sections of a
transitive Lie algebroid over L (see [7, Theorem 1.4]).

Lemma 3.1. (i) There is a short exact sequence of C*°(L)-modules

00— (End(E)) —%= Xyn(E) —"=X(L) 0.

Here p is the restriction of a vector field to the subalgebra 7 (C*(L)) and

d

WA = | Soern(—tA)
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which is a fiberwise extension of the identification of linear vector fields on a
vector space with the endomorphisms on the vector space.

(il) X4n(F) is a finitely generated projective C*°(L)-module. So there exists a
vector bundle gl(E) such that X, (E) = T'(gl(F)).

(i) Xun(F) is closed under the Lie bracket of vector fields.
(iv) The triple (gU(E), p,[—,—]) is a Lie algebroid.

Proof. (i) is a local computation, (ii) follows from (i), and (iii) and (iv) are
immediate. [

We can now construct a singular foliation on E for which L is a leaf: let
Fi(BE) ={X € X(E) | X|, € X(L)}.

m

Lemma 3.2. Fi(F) = Im(C®(E) Qce(r) Xiin(E) = X(E)), where m is the
natural multiplication map.

Proof. It follows from a local computation. [ ]
Remark 3.3.  Note that C®(E) @cee(r) Xiin(E) = I'(7*(gl(£))), which are the
sections of the action Lie algebroid corresponding to the natural action of X, (F)

on E. The anchor of this action Lie algebroid 7*(gl(E)) is m, and the bracket is
given for f,g € C®(E), X,Y € X;;,(F) by

[f@X.g@Y]=[fgo[X.Y]+ [X(9)®Y —gY(f) ® X.
3.1.1. The projective resolution. Lemma 3.2 now gives a first step in the

resolution of Fp(F):
P(r*(gl(E))) —— Fr(E) —=0.

Observe that m is not injectivel However, the kernel can be explicitly described.
As a first step, we show that the kernel only affects the direction transverse to the
leaf.

Lemma 3.4. ker(m) C ['(m*(End(E))) C I'(n*(gl(E))).
The following argument is thanks to Marco Zambon.

Proof.  There is a commutative diagram of C°°(E)-modules given by

I'(7(gl(E))) X(E)

Id®p
\ dm

D(7*(TL))

The statement now follows from Lemma 3.1(i). ]

Viewing End(E) as E* ® E, we can write down a complex analogous to (4).

0——=TD(r*(A\"E* ® E)) —2 ... — 2 T(7*(g(E))) —= Fr(E) —=0,  (19)
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where dp : T(m*(A"E* @ E)) = I(7*(AF'E* @ E)) (20)
is given by drla®e) =y, (a) @e, (21)

for a ® e € T(7m*(A*(E* @ E))), {e;}, a local frame of E, and {y‘}", the
corresponding linear coordinates (note that this does not depend on the choice of
frame and defines a global section € € I'(7*E) ). We then have:

Proposition 3.5.  The complez (19) is ezact.

Proof. Proving exactness is completely analogous to the case considered in sec-
tion 2.1: it suffices to pick an open cover of L over which E trivializes (so 7*(FE)
trivializes over the preimages of this cover), and show exactness over this open cover.
But for trivial bundles the result is equivalent to the exactness of (4). n

3.1.2. The L, -algebroid structure. We claim that we can again find a dg-Lie
algebroid structure on the resolution (19). Note that for degrees —1,..., —n+1, the
involved spaces are simply the fiberwise extensions of (4), so we take the fiberwise
extension of (5). To incorporate X;,,(FE) inside into this, we recall the following:

Lemma 3.6.  The action of X, (F) on I'(E*) extends to T'(E), all tensor, wedge
and symmetric products and their pullbacks to E.

Proof.  Recall that an action of X;;,(E) on a vector bundle F is a flat gl(E)-
connection on the vector bundle F'. As the action on T'(E*) is equivalent to a
gl(E)-connection on E*, one can dualize this connection, and extend it via the
Leibniz rule to tensor powers.

Finally, to extend the action to the pullback, we recall that
L(m*(E")) = C™(F) ®cey I'(E"),

and that both factors have a natural action of X, (F).
For g ® X € C®(E) @coo(r) Xiin(E), [ @ a € I'(7*(E*)), the action is given by

(9@ X)-(f®a)=gX(f)®a+gf®X(a)
Since duals and tensors commute with pullbacks, the result follows. ]

Using these actions, we can describe a dg-Lie algebroid structure on the resolution
(19):

Proposition 3.7.  The complex (19) carries a dg-Lie algebroid structure, where
the binary bracket is given by the analogue of equation (5) on elements of degree
—1 and lower, and the bracket involving an element f @ X € I'(r*(gl(E))) and an
element goa®e € D(1*(AFE*®FE)) for f,g € C®(E), X € Xin(E), a € T(A*E*),
e € I'(E) is given by

[feaX ga®e=fXg)R@a®e+ fgR X -(a®e).

The bracket involving two elements of I'(w*(gl(E))) is given by the action Lie
algebroid bracket.
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3.2. Linear vector fields preserving a subbundle

Let m: E — L be a vector bundle and D C E a vector subbundle. In this section
we combine sections 2.2 and 3.1 to give a projective resolution of the subfoliation
Fp C Fp given by

fD(E) = {X € .FL<E) | X(ID) C ID};

where Ip is the vanishing ideal of D C E. In other words, Fp(E) consists of all
vector fields which are tangent to the subbundle D. Note that when D = 0, we are
in the situation of section 3.1.

This can be approached in a similar way as Fr: define

Xiin(E, D) :={X € Xiin(E) | X(P(Ann(D))) C T'(Ann(D))},

where I'(Ann(D)) C I'(E*) is viewed as a subset of C*(F).
For i > 2, let K; C A'E* ® E be the subbundle given by

Ki={¢pc NE*® E|Vd € D,Ve,,...,e;_1 € E:¢(d,ei,...,e; 1) € D},

Here the condition should be read fiberwise. Further, define gl(E, D) C gl(£)
as the subbundle whose sections are precisely X, (F, D). Then the analogue of
Proposition 2.4 holds, and we find:

Proposition 3.8. (i) For j > 2, the differential
dj : T(T*(NE*® E)) —» I'(m*(N'E* @ E))

as in (19) restricts to a map d; : I'(n*(K;)) — I'(n*(K;-1)), and we have
dy(I'(7"(K3))) C T'(n*(gl(E, D))).

(ii) The complex

0——=T(r*(K,)) —== ... —Z- T(x*(gl(E, D))) -2~ Fp(E) —=0  (22)

1s exact.

(iii) The bracket as described in Proposition 3.7 restricts to (22).
Consequently, (22) with the restrictions of the differential and bracket is a universal
L, -algebroid of the foliation Fp, which is minimal at points of L.

3.3. Vector fields preserving a volume form

In section 2.3 we constructed the universal L -algebroid for the foliation given by
the action of sl[(V) for an n-dimensional vector space V. Although we made the
choice of a volume form, this was not strictly necessary in this case.

Now if we want to generalize this example to the case of higher dimensional leaves,
i.e. a linear foliation on a vector bundle = : £ — L of rank n, such that the
zero section is a leaf and the transverse foliation on the fibers E, for x € L is
isomorphic to the one given by the action of sl(E,), one approach would be to
take an appropriate Lie subalgebroid sl(FE, u) of gl(F) and to look at the induced
foliation on F .
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To generalize the special linear subalgebra, the sections of the Lie subalgebroid
sl(E, p) should sit in a short exact sequence

0 ——D(Endy(E)) —2=T(sl(E, ) —2= %(L) 0, (23)

where Endy(F) is the kernel of the vector bundle map Tr: End(E) — R given by
the trace.

3.3.1. The projective resolution. Assume that F is orientable and pick a
volume form p € I'(A"E*). Then we can identify the Lie algebroid sl(F,u) as
follows: Let

xH

lin

(E) = {X € Xim(E) | X - p =0},

where X -y is defined as in Lemma 3.6. A local computation shows that there exists
a vector bundle sl(E, u) satisfying (23) such that

P(sl(E, p)) = X

lin

(E)

analogous to Lemma 3.1. To construct the projective resolution, we adopt a similar
approach as in the case where L was a point. Define

Tr: Xn(E) > T(A"E®) by Tr(X)=—-X -

Clearly, X (E) = ker(ﬁ). Moreover, this really extends the trace:

lin
Lemma 3.9. For A € I(End(E)), Troa(A) = Tr(A)u.
Proof. Pick a local frame {e;}", for E and a dual frame {¢‘}?_, for E*, such

that u=e! A---Ae". Then

e oexp(—tA)A---Ne

i=1 t=0
- 1 i d n
:—Ze/\ Neto —| exp(—tA)A---Ne
i=1 =0
:Zel/\---/\eioA/\---/\e":Tr(A)u. n
i=1

We now apply the same ideas as in the case where L is a point. As in Lemma
3.4, the kernel of p, : I'(m*(sl(E£, 1)) — X(E) is contained in I'(7*(Endy(E))), so
we proceed in a similar way as in section 2.3. Define for i = 2,...,n the vector
bundle map ¢; : A'E* @ E — A"'E* over L by ¢;(a ®e) = (—1)"i.(a) for
a € N'E*je € E. Setting K; = ker(¢;), we obtain the following analogue of
Proposition 2.6:

Proposition 3.10.

dn(b';lan d —1
—_—

0 —= (7" (A"E")) D(r* (K1) <=5

B Dt (5B, )~ FIHE) —0 (24)

15 exact.
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3.3.2. The L. -algebroid structure As in section 2.3.2, to define the L.-
algebroid structure on the resolution (24), we would like to restrict the bracket as
described in Proposition 3.7 to the kernel of the morphisms ¢ for k € {1,...,n—1}.
For elements of degrees —1 and lower and for two elements from I'(7*(s[(E, u))) this
is clear, as this is just the fiberwise extension of Lemma 2.7.

For the bracket between I'(7*(sl(E, 1)) and I'(7*(K,)), take an element
f@ea®eecl(K,),

where f € C®(E),a € I'(N1E*),e € I'(F), and an element X € I'(7*(sl(E, p))),
we compute

(=)o ([X, f@a®e]) = pu(X)(f) © te(@) + [ @ 1e(X - @) + @ 1x.e(a)
= pu(X)(fee(@) + f® X - (te(@)) = 0,

as [ ® a®e € I'(K,) means that t.(a) = 0. Hence, the bracket restricts to the
subspaces given by the kernels of the ¢;. Finally, as in section 2.3.2, we use the
natural action of I'(7*(sl(E, u))) on I'(m*(A"E*)) = C*(E)u to define the bracket
between degree 0 and —n + 1.

Therefore, we again obtain a dg-Lie algebroid structure:
Proposition 3.11.  The resolution (24) of F¢(E) carries a dg-Lie algebroid struc-

ture, where the binary bracket is the restriction of the one described in Proposition
3.7 when both entries have degrees 0, ..., —n + 2, and the bracket

[X, 7]
of X e I'(n*sl(E, ) with T € I'(w*(A"E*)) is given by the natural action of X on
7 as in Lemma 3.6.

3.4. Linear vector fields preserving a fiberwise symplectic form

We now turn to the symplectic case: let 7 : ' — L be a symplectic vector bundle
with we€'(A?2E*) a non-degenerate skew-symmetric bilinear form. By now we know
how to construct a Lie subalgebroid of gl(E) of linear vector fields preserving w:

consider in(E) ={X € X;(F) | X -w =0},

lin

where X - w is defined as in Lemma 3.6. Note that Xy (E) is closed under the Lie
bracket of X, (E).

As in the previous section, there exists a vector bundle sp(E,w) over L, such that

P(sp(E,w)) = X5, (E).

lin

We therefore obtain a Lie subalgebroid sp(E,w) C gl(E) over L, which generates a
linear foliation F7 on E. The zero section is a leaf, and the transverse foliation on
E, for x € L is given by the standard sp(F,,w,)-action on E,.

3.4.1. The projective resolution. We proceed as in section 2.4. Define for
p=1,...,n+ 1 the vector bundle map

¢y NE*Q E — NTTE* @ N°E*
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over L, given by ¢%(a®e) = (=1)""1ie,(a) @€’ Ate(w), where {e;}7-, and {e’}},
are dual local frames of £ and E* respectively. Note that ¢ is independent of the
choice of basis. Define the differentials

dy, : T(m*(N'E* @ E)) — I'(m* (A" 'E* ® E))
as in equation (21), and
Oy : D(m*(APE* @ A°E*)) — T'(n* (NPT E* @ A2 EY)),

given by d,(a ® 7) = —i () ® 7 for a € T(7*(APE*)), 7 € I'(7*(A*E*)). Then
¢“ is a cochain map of degree —1, and setting C; := coker(¢¥), with induced
differentials 9, : ['(7*(C,)) — T'(7*(C,_1)) we can describe a projective resolution
as in section 2.4:

Proposition 3.12. The sequence
N On
P D () I (s (B, w))) 2 F () — 0 (25)

15 exact.

3.4.2. The (partial) L. -algebroid structure. To obtain the binary brackets,
we follow the same approach as in section 2.4. Let

e T(APE* @ AN°E*) — (AW E* @ E)
be defined by

rtay©7) = (e A= T 0) A7) @ e € T (N E 9 )

for « € T(APE*), 7 € T(A*E*). Then:
Proposition 3.13.  Using the notation from section 2.4.2, the binary operation
[—, =] on (25) defined by

- The standard 7*(sp(E,w))-action on itself and 7 (C;) for i = 3,...,n when
one of the entries lies in I'(7*(sp(E,w))),

- [wp, wq] = [T;;J—lappp(wp)a Py(wg)] + [Powp, 74104 Py(w,)],
for w, € T(m*(A\PE* @ A*°E*)), w, € I'(7*(ALE* @ A2E*)) where

P, . T(7*(A\PE* @ N°E*)) — T'(7* (ker(ry)))
is the projection id — ¢, 4 o1y .

equips (25) with a differential graded almost Lie algebroid structure, as in [9, Defi-
nition 3.68].
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The same remarks as in section 2.4 can be made:

Remark 3.14. (1) The operation defined in Proposition 3.13 satisfies the Jacobi
identity if at least one entry has degree 0, but not when all of the entries have degree
< —1. The analogue of (18) defines a ternary operation which serves as a contracting
homotopy for the Jacobiator.

(2) When the rank of E is at most 4, the Jacobi identity is trivially satisfied.

(3) When the rank of E is equal to 6, the full L, -algebroid structure is determined
by the differential, the binary bracket asin Proposition 3.13 and the analogue of (18).

4. The isotropy L,-algebra in a singular point

Let F be a foliation on the vector space V. Assume that the origin p € V' be a leaf
of F. In [9, Section 4.2] the authors define an L., -algebra with trivial differential
associated to a leaf of a foliation. Given a minimal resolution

0—=T(E) -2 2 T(B) —L~F——0 (26)

of F at p, and an Ly -algebroid structure {lg, p}reny on I'(E,), it is defined by
restricting the multibrackets ¢; to the fibers (£;),, which is well-defined because
pp = 0. This Ly-algebra is an invariant of F, extending the isotropy Lie alge-
bra F/I,F, which is canonically isomorphic to (Ep), with the restriction of ¢, ([9,
Proposition 4.14]). In particular, the binary bracket ¢y turns (E;), into a (Ep),-
representation. In this section we show that the spaces (E;), can be recovered
directly from F, without needing to find a projective resolution of F. Moreover, we
show that if F is linear, the (Ep),-representations on the (E;), can be determined
explicitly. Note that the (Ej),-representation on (Ej), is just the adjoint represen-
tation. This construction builds on [9, Remark 4.9] which states the following:

Lemma 4.1. (E;), = Tor!™ ) (F,R),
where the C*°(V')-module structure on R is defined by evaluation in the origin.

o2 (V)

Proof.  One way to construct Tor, (F,R) is to take a projective resolution

On

0——D(B,) -2~ .. 2T (By) 2~ F——0

of F, then take the tensor product with R over C*°(V') to obtain

O ®id 01 ®id .
0)—— F(En) ®Coo(v) R ;@) ce &) F<E0) ®C°°(V) R 0

and compute the cohomology. As I'(E;) ®cery R = (E;), and the differentials
become trivial, the result follows. [ |

It is however a well-known fact (see [14, Theorem 2.7.2] for instance) that instead of
first taking a projective resolution of F and then taking the tensor product with R,
we can equivalently first take a projective resolution of R, and then take the tensor
product with F and compute cohomology. A major advantage here is that we know
an explicit resolution of R: it is given by the complex (3). We therefore obtain:
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Proposition 4.2.  For i =0,...,n, we have
(Ey)p = H(T(AV) Qcoevy F(V), de ® id) (27)
where N1 (V*) is understood to be 0, and d = tyig , -

Next, we consider the action o; of the isotropy Lie algebra F/I,F = (Ey), on (£;),
by the binary bracket f5. It turns out that when F is a linear foliation, we can
define a canonical action on the right hand side of (27) which under the isomorphism
of Proposition 4.2 corresponds to o;.

Proposition 4.3.  Let F be a linear foliation on V. Then:

(i) The map lin: F — F given by X XW € F descends to an injective Lie
algebra homomorphism lin : F/I,F — F. Here X denotes the linear part
of the vector field X .

(ii) Let i = 0,...,n. For X € F(V), a®Y € I'(AN'V*) @cey F(V), the
assignment

X+ LF) (a@F) =XV a@Y]ry=Lxn(@)@Y +a@ [XD V] (28)

defines a representation of F/L,F on T(A'V*) Qcwy F(V), compatible
with the differential d,, where [—, —|pn is the Frolicher-Nijenhuis bracket.
Consequently, there is a well-defined action on the cohomology groups.

(iil) The F/I,F-action on H'(T(AV*) Qceovy F(V),de @ id) induced by the
F /1, F -action (28) is equivalent to the F/I,F -action on (E;),.

Proof. (i) The fact that lin is a well-defined Lie algebra homomorphism was
shown in [2, Section 4]. For the injectivity, we need to show that if a vector field
Y € F(V) vanishes quadratically, it can be written as a linear combination

i=1

where X; € F(V), and f(p) =0 for i =1,...,r. As F is a linear foliation, we can
take the X; to be linear vector fields which are linearly independent over R. Then

0=Y" =% o)X,
=1

which implies that f*(0) = 0.
(ii) This follows directly from the fact that lin is a Lie algebra homomorphism, and

that the Frolicher-Nijenhuis bracket satisfies the Jacobi identity. The compatibility
with the differentials follows from the fact that

[ﬁXu), inazi] = L{x(l),miaﬁ] = 07

as XM is linear.
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(iii) For this, we recall the isomorphism (27) as described in [14]. Given the
projective resolutions (3) and (26), we can take the tensor product to obtain a

double complex
(F(/\.V*) ®C°°(V) P(E,), de ® id, id ® 8.)

From the double complex, we can construct the total complex
(Tot(L'(A°V™) @coe(vy I'(Ea), do @ id +1d @ 0s).
Then the maps
id® p: Tot(T(A*V™) @ceo vy I'(Ee)) = T(A V) @coovy F(V)
and evp, ®id : Tot(I'(A*V™) @cee(vy ['(F,)) = R @coo vy I'(Es)

induce isomorphisms in cohomology. As both maps are compatible with the F/I,F-
actions, the isomorphisms in cohomology respect the F/I,F-action as well. [ ]

The proposition now allows us to compute invariants of the foliation F (V') without
needing an explicit resolution of F, as we do in the following example.

Example 4.4.  Consider on V' = R? the foliation F; (V') = (20,, y0,)co(vy. Then
by Lemma 4.1,
(Eo)p = Torg (F(V),R) = B/, 7.

For Tor{™ V)(F(V),R), a straightforward computation shows that the middle co-
homology of
do . A
F(/\ZV*) Rcoo(v) F(V)——=T(V*) R oo (V) F(V)—=F(V) (29)
is one-dimensional, generated by the class of v := dr ® y0, — dy ® x0,.. Observe
that this element is not exact in (29): although it can be written as

dx @ yo, — dy ® 0, = do(dx N dy ® 0y,)

in (4), 0, € F(V). Moreover, any exact element in (29) must vanish at least
quadratically in the origin, which is not the case for ~.

Finally, it is easy to see that ds is injective, so we now know that for any minimal res-
olution (26), the space (Ey), is two-dimensional, the space (E}), is one-dimensional,
and the spaces (E;), for i > 2 are trivial. The Lie algebra structure on (Ej), is
the non-abelian two-dimensional Lie algebra, while the action of (Ej), on (E4), is
trivial.

Example 4.5. We can modify the previous example to obtain a foliation which
is not linear: consider Fo(V) = ((x + zy)0,; + y*0y, yOu)co(vy. It is not difficult
to see that Fo(V) is a projective C°(V)-module. Consequently, for any minimal
resolution (26), (Ep), is two-dimensional, and (E;), = 0 for ¢ > 1. Although it
was already known that there exists no analytic diffeomorphism of V' taking the
generators of F5(V) to the generators of Fi(V) of the previous example (see [5,
Proposition 1.2]), the above argument shows that there does not even exist a smooth
diffeomorphism of V' taking the C*°(V')-module F>(V') to F1(V'), showing that not



SINGH 949

even the germs of the foliations F; and F, are equivalent, even though the modules
generated by the first order approximations of the generators around p € V are
equal. Of course, in this case the difference between F; (V') and F2(V') can be seen
by considering the dimension of the regular leaves: for F; they are 1-dimensional,
while for F, they are 2-dimensional.

Appendix
A. Compatibility of r“ with the differentials

In this section we use the notation from section 2.4, and investigate whether the left
inverse ™ of ¢* can be chosen to be a cochain map in some degrees, which would
simplify the brackets of the L., -algebroid structure.

As the choice of 7 in (16) is not unique, we investigate whether the left inverse ¢
can be chosen to be compatible with the differentials, as this would force [—, -] to
be equal to {—, —}. However, it is clear that this is not possible in all degrees: first of
all, as r{ is not only a left inverse, but the unique inverse, as ¢4 is an isomorphism.
Hence, there is no choice there. Then, the existence of 75 : ['(A?V* @ A2V*) —
L(A*V* @ V) such that
Tlfag + dg’l:é) =0
implies that dyr{dy; = 0, which is not the case.

Nevertheless, we consider the other degrees, as compatibility with the differentials
would simplify the binary and ternary brackets.

We start with the lowest degree: Let n = dim V. In degrees —n and —n + 1, we
get the following square

0 DA™V* & V)
o
T(A"V* @ A2V*) 2= T(A1V* @ A2V)

Given a left inverse 7%, : T(A"'V* @ A?2V*) = T(A"V* @ V) of ¢* such that

r/gv—lan =0,
we note that the constant extension of the value at the origin fﬁ\jl(O) is also a left
inverse of ¢¥ which satisfies

It therefore suffices to show that there exists no constant (in V') left inverse r¥_, of
¢“ such that

n ——
W —
re 0, = 0.

Let p € A"V*, 7 € A2V*. Then we can view 9, as an injective R-linear map
O : N"V* @ A2V = V@ A" IV* @ A2V,
as O, has linear coefficient functions, and 7%17;1 extends by idy+ ® 7:;”; to a map
idy- @79 V@AV @AV 5 VIR ATV RV
by C*(V)-linearity.
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Now idy+ ® r%_,0,(p® 7) = 0 implies that
e @ e, (1) @ 7 € ker(idy- @ ).

However, as ker(idy« @ r%_,) = V*@ker(r%_,), it follows that ¢, (1) @7 € ker(r*_,)
foreach i=1,...,n.

These elements actually generate the entirety of A" 1V* @ A2V* forcing r*_ | = 0,
contradicting the assumption that r¥_,¢% = id.

Now fix dimV = 4. The general case discussed above shows that there exists no
left inverse 7§ of ¢4 such that dy§9; = 0. We will show that there exists no
sp(V,w) -equivariant left inverse s of ¢4 satisfying dsr505 = 0.

The requirement that 75 is sp(V,w)-equivariant is natural, as ¢4 is. We follow [4,
Chapter 16] to determine the space of all sp(V,w)-equivariant maps A2V*@A2V* —
A3V* @ V| and then restrict to those which are left inverses of ¢%. For this, we
decompose the respective spaces into irreducible sp(V,w)-representations:

Lemma A.1. Ri=NV*QVEROW @ S*(V)
Ry := NV* QAN V* X RPZ2 W™ ¢ S2(V) @ C,
where W = Ann(Rw) C A%V, and C' is an irreducible representation not isomorphic

to R, W or S*(V).

Now we would like to apply a variation of Schur’s lemma (see for instance [6]) to
compute the space of sp(V,w)-equivariant maps A?V* @ A2V* — ASV* @ V. We
first obtain:

Lemma A.2.

Homep(vw) (Re, R1) = Endgpve) (R)®? @ Endgpve) (W) @ Endgyve) (S*(V))
~R2pR*OR.
Proof. By Schur’s lemma, the restriction of a map of representations to irreducible
factors is either 0, or an isomorphism, which proves the first isomorphism in the
statement. For the second isomorphism, we observe that when complexifying, the

representations

C,W ®g C, S2(V ®z C)

are irreducible sp(V ®g C,w)-representations, where w is now extended to a C-
bilinear skew-symmetric map

WZV®RCXV®RC—)C.
Moreover, it is easy to see that for any representation 7', the natural map
Endgp vy (T) ®r C — Endgyvegew) (T @r C)

is an isomorphism. As the endomorphism ring of a complex irreducible represen-
tation is C by Schur’s Lemma, it follows that the endomorphism ring of the real
representations R, W, S?(V') is R, concluding the proof of the lemma. [
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We explicitly construct the generators of Homgp(v,.)(Ra, R1): pick a basis {e;}}, of
V such that w = e* Ae® +e2 Aet, and let

1
Ty = 5(el®eg+eg<éi>e4—e3®el—e4®eg)EV@V.
Lemma A.3. Let 7 € A2V*. Define

Ti=7— o (rler,es) + T(es, e4))w.

N |

Let 71,79 € N2V*. Then Homgy (v, (R2, R1) is generated by the maps

p1(T1 @ T (7'1(61, e3) + (e, eq))(Ta(er, e3) + Ta(ea, e4))m,,

(71 A T2) (€1, es, €9, e4) Ty,

(@) A @) (aler, e) + male,€0)),
(Tl(eh es) + 7i(ea, €4)) (W) A (W) (R),

(W) ("), e)Talen, e)w ™ (e7) - ™t (e),

where pi,py correspond to the trivial representation, qi,qx to W, and s to S*(V).
Here - denotes the symmetric product in S*(V), N3V*QV s identified with V@V
via the volume form fw Aw, and N*V and S*(V) sit inside V@V as

DP2(T1 & To

G2(T1 @ T2

( )=
(n®@mn)=
@ (1 ® 1)
(1 ® 1)
( )

S(T1 & Ty

1
vl/\v2»—>§(v1®vz—?)2®vl),
1
V] Uy > = (U1®U2+U2®U1)

The lemma above allows us to formulate a condition under which

Ap1 + Aopa + pupr + pope + s (30)
is a left inverse of ¢:
Lemma A.4. (30) is a left inverse of ¢4 if and only if

A =2—-10 s, 1 =ps—2, and v = —2.

It is now straightfor\yvard to show that there is no value of Ay, s € R such that the
corresponding map 75 = (2 — 10A\2)p1 + Aape + (2 — 2)q1 + p2ge — 25 satisfies

dsr§ds = 0.
Consequently:
Proposition A.5. When dimV = 4, there exist no sp(V,w) -equivariant
s TNV @ AV = TNV @ V), g : TPV @ AV - T(A'V @ V)

satisfying 505 + d47%j =0.



952

1]

[13]

[14]

SINGH

References

I. Androulidakis, G.Skandalis: The holonomy groupoid of a singular foliation, J.
Reine Angew. Math. 626 (2009) 1-37.

I. Androulidakis, M. Zambon: Holonomy transformations for singular foliations, Ad-
vances Math. 256 (2014) 348-397.

I. Androulidakis, M. Zambon: Stefan-Sussmann singular foliations, singular subalge-
broids and their associated sheaves, Int. J. Geom. Methods Mod. Phys. 13 (2016),
art. no. 1641001, 17 p.

W. Fulton, W. F. J. Harris: Representation Theory: a First Course, Graduate Texts
in Mathematics 129, Springer, New York (1991).

V. W. Guillemin, S.Sternberg: Remarks on a paper of Hermann, Trans. Amer. Math.
Soc. 130 (1968) 110-116.

J. Humphreys: Introduction to Lie Algebras and Representation Theory, Graduate
Texts in Mathematics 9, Springer, New York (1972).

Y. Kosmann-Schwarzbach, K. C. H. Mackenzie: Differential operators and actions of
Lie algebroids, in: Quantization, Poisson Brackets and Beyond, Proc. Conf. held at
Manchester 2001, American Mathematical Society, Providence (2002) 213-233.

T.Lada, J.Stasheff: Introduction to sh Lie algebras for physicists, Int. J. Theor.
Physics 32/7 (1993) 1087-1103.

C. Laurent-Gengoux, S. Lavau, T. Strobl: The universal Lie co-algebroid of a singular
foliation, Documenta Math. 25 (2020) 1571-1652.

S.Lavau: The modular class of a singular foliation, arXiv: 2203.10861 (2022).

H. J.Sussmann: Orbits of families of vector fields and integrability of systems with
singularities, Bull. Amer. Math. Soc. 79 (1973) 197-199.

T. Voronov: Q-manifolds and higher analogs of Lie algebroids, in: XXIX th Workshop
on Geometric Methods in Physics, Proc. Conf. held at Bialowieza 2010, American
Institute of Physics, Melville (2010) 191-202.

R. Wang: On Integrable Systems and Rigidity for PDEs with Symmetry, Ph.D. Thesis,
Utrecht (2017).

C. Weibel: An Introduction to Homological Algebra, Cambridge Studies in Advanced
Mathematics, Cambridge University Press, Cambridge (1995).

K. J.Singh, Dept. of Mathematics, Katholieke Universiteit Leuven, Belgium,;

karandeep.singh@kuleuven.be.

Received August 8, 2022
and in final form May 8, 2023



