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1. Introduction

In [11], Barbasch and Vogan studied special unipotent representations for complex
simple Lie groups G. These representations are of interest in various areas of
representation theory. For instance, they are conjectured to be the ‘building blocks’
of the unitary dual of G. This idea is verified by Vogan [32] for G = GL(n,F) where
F = C, R and H, and by Barbasch [5] for all complex classical groups. Moreover,
these representations are conjectured to be quantization models of special nilpotent
orbits (Conjecture 2.5). The conjecture was shown to be true by Barbasch [8] for
classical nilpotent orbits, and by Losev, Mason-Brown and Matvieievskyi [19], [24]
in general (Remark 2.7).

A main goal of this manuscript is to study a map defined by Lusztig and Vogan on
nilpotent orbits of complex reductive Lie algebras. More explicitly, let N be the
set of nilpotent elements of the Lie algebra g of G, and © C N be a nilpotent
orbit. For any e € O, let G, be the stabilizer subgroup of e under conjugation,
and (G.)" be the isomorphism class of irreducible, algebraic representations of G..
They conjectured that there is a bijection between the sets

d:{(0,0) | OCN,o€ (G, for any e € O} — AT(Q), (1)

where AT(G) C t* be the collection of highest dominant weights of finite dimensional
representations of G. The conjecture is later proved by Bezrukavnikov, and the
image of ® is computed explicitly in some cases — namely, Achar [1] computed the
bijection G = GL(n,C), and the calculations are later simplified by Rush [27].
On the other hand, Liang-Zhang [18] computed the bijection for minimal nilpotent
orbits, and Zhang [38] computed the case of G = G5(C).

In [37], the author defined a map analogous to (1):
U : {(O0,7) | O C N special orbit, m € (A(0))"} — AT(G),
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where O is a special orbit in the sense of Lusztig, and A(O) is Lusztig’s quotient of
the component group A(O) := G./(G.)° of G, (c.f. [20, Chapters 4, 13]). To relate
¥ to special unipotent representations and quantization, note that the domain of
¥ is in one-to-one correspondence with the special unipotent representations of G.
Indeed, given the validity of the quantization conjecture mentioned above, then W is
equal to @ for 7 € (G,)Y that factors through G, — G./(G.)? = A(O) — A(O). In
such cases, one can effectively compute (part of) ® by understanding W. This idea
is pursued in [37] for classical nilpotent orbits, so that one can prove a conjecture
by Achar and Sommers [2] on the image of ® for classical Lie groups.

In this manuscript, we compute the image of ¥ explicitly for all complex exceptional
Richardson orbits. As a consequence, we prove that the Achar-Sommers conjecture
also holds for these orbits (Theorem 2.10).

2. Preliminaries

2.1. Special unipotent representations

Let G be a complex simple Lie group, with maximal compact subgroup K. We
recall the construction of irreducible, admissible (gc, K¢)-modules, where K¢ = G
is the complexification of K .

Let H = T'A be the Cartan decomposition of the Cartan subgroup H of G, with
h = t+ a. We make the following identifications:

bc=hxbh, tc={(r,—z):xeb}=h, ac={(z,2):z€h}=.
Let (Ar, Ar) € b* x b* such that n := A, — Ag is integral, and write

{n} :==w (2)

as the unique dominant weight to which 7 is conjugate under the action of the Weyl
group w' € W := W(g,h). Write v := A, + A\g. We can view 7 as a weight of T'
and v a character of A. Put

X()\L, )\R> = Indg(Cn ®C, ® tI'iV)K—ﬁnitm

where B D H is the Borel subgroup of G determined by a choice of positive roots
Af. Then we define J(Az, Ag) be the unique irreducible subquotient of X (A7, Ag)
containing the K¢ = G-type V{% By [39], every irreducible admissible (g, K)-
module has the form J(Ap, Ag). We will refer to the pair (Ar, Ag) as the Zhelobenko
parameter for the module J(Ar, Ag).

Among all J(Az, Ag)’s, we focus on the following collection of irreducible modules:

Definition 2.1. Let G be a complex Lie group, and YO C ’g be a special
nilpotent orbit in the Langlands dual of g. Writing O as the Lusztig-Spaltenstein
dual of *O, and \p := LTH as one half of the semisimple element in a Jacobson-
Morozov triple attached to “@. Then the special unipotent representations attached

to £O are given by the set
H(LO) = {J()\(f), w)\o) | AV(J(/\@, U})\(f))) Q 6},
where AV(X) is the associated variety of any (gc, K¢)-module X (cf. [34, Sec. 2]).
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By Corollary 5.18 of [11], J(Ao, wAp) have associated variety greater than or equal
to O for all w € W. Therefore II(*O) consists of irreducible representations
J(Mo,wAo)’s whose associated varieties are precisely equal to O. Note that by
Theorem 1.5 of [11], J(A\,wp) = J(z\, zwp) for all x € W. So we can begin with
any W -conjugate of \.

Here is the main theorem of [11]:

Theorem 2.2.  ([11], Theorem III) The cardinality of TL(*O) is equal to |A(0)V],
i.e. the number of irreducible, non-isomorphic representations of A(Q). Moreover,

by writing M(*0) = {Xo, | 7 € AO)'}, (3)

then the character formula for each Xo . can be obtained explicitly.

A detailed proof of Theorem 2.2 is given by [11] in the case when Ao is integral,
i.e. YO is an even orbit. In the Appendix, we complete the proof of the theorem
for non-integral \p.

2.2. Richardson orbits

Although one can get the character formula for all Xo . by Theorem 2.2, its
expression can be quite complicated. Therefore, we focus on the case when O
is Richardson, i.e, there exists a parabolic subalgebra p = [+ n such that O is
the dense orbit in the G-saturation G - n of n. In particular, their closures can be
obtained by the image of the moment map

p:T*(G/P) =G xpn— O (4)

given by (g, X) := g - X for some parabolic group P = LN. We would like to
investigate when the above map is birational:

Proposition 2.3.  Let O be an exceptional Richardson orbit other than
A4 + Al; D5<CL1) m E7, Eﬁ(al) + Al, E7(CL3) m Eg. (5)

Then there exists a parabolic subgroup P such that the moment map pu in (4) is
birational onto O.

Proof.  Our choices of P for all Richardson orbits other than the four orbits in
(5) are listed in Sections 4-8. It is known that if [G° : P°] =1, then p is birational.
This holds when G./(G.)? = A(O) = 1. Also, by the results in [25], the map
is birational when O is even (so that the Levi subgroup L is given by the nodes
marked with 0’s). By checking the tables in [14], we are only left with

D4(a1) + Al in E7; DG(al), D7(CL2) in Eg (6)

along with the four orbits mentioned in the proposition.
Indeed, we can apply Lemma 5.5 in [16] to check birationality of p, which says that
for any e € O, the number of components in p~!(e) is equal to

Z dimVy, - [ooy : Ind%(L)(sgn)],

PpeA(e)
where 00 is the Springer representation H™P(B,)¥.
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One can use the table in [3] to check that the above value is equal to 1 for the orbits
in (6). Therefore p is birational for all the orbits stated in the proposition. n

For all exceptional Richardson O other than the four orbits in (5), Theorem 9.11 of
[11] provides a nice character formula for all TI(£O).

Theorem 2.4.  Let O be an exceptional Richardson orbit not equal to four orbits
in (5), and | be the Levi subalgebra of the parabolic subgroup corresponding to O
given by Proposition 2.3, then the following statements hold:

(a) The number of elements in
P(O) :={wlo | who| is dominant and regular}

is equal to the number of conjugacy classes of A(O). In particular, there exists
a unique Ay such that (A, ") =1 for all simple roots in I, and \; — X\ is a
sum of positive roots for all X € P(O).

(b) The elements in P(O) = {A\1, Aa,..., A} can be arranged such that we have
IAi — M| < |Aig1 — M\ forall i.

(¢) The representations J(A1, ;) ezhaust all special unipotent representations in
II(*O). More precisely, suppose A(O) = Sy for 2 < k<5, and C; = (k) >
o> O, = (1%) is the total ordering of partitions of k (such ordering exists
since k < 5). Then m; € A(O)V are parametrized by the partition C;, with

Xom = J(A, i) = Indf (V;)

for some finite-dimensional representations V; of L with the highest weight
(A — X)) |- In particular, when © = 1, then m is the trivial representation of

A(O)Y and Vi is the trivial representation of L.

Proof.  The values of ); in (a) and (b) are computed in Sections 4-8. Assuming
the results of (a) and (b) hold, then for each \;, let I; be as defined in Section 9 of
[11] such that the character formula of I; is given by

> sgn(w)X (A, wh), (7)

weW (L)
so that [; = Indf(V/\’i_/\i) as K¢ = G-modules. Obviously, we have AV ([;) =

Ind}(0) = O, and its composition factors must consist of special unipotent repre-
sentations attached to O. Using the arguments in 9.11 - 9.21 of [11], one can see
I = J(A\, A;) and (c) follows. [

2.3. Vogan’s conjecture on quantization

As mentioned in the introduction, the special unipotent representations I1(*Q) are
conjectured to be the ‘quantizations’ of (local systems of) O. More precisely, we
have the following conjecture by Vogan in the 1980s:

Conjecture 2.5.  [[34], Conjecture 12.1]  Let O be a complex special nilpotent
orbit, and m be an irreducible representation of A(O). Then there exists an
irreducible representation Wy, of G. that factors through Ge/(Ge)o = A(O) such

that: Xoxke = R(O,%) = Indg, (Wy),
where R(O, ) is the global section of the vector bundle G xg, Wy — G/G. = O.
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To provide some evidences on the validity of Conjecture 2.5, the results in [30]
imply that the irreducible L-modules V; in Theorem 2.4(c) are all ‘lifts’ of some
Wy, € A(O)Y in Conjecture 2.5. Namely, the restricted representation V;|, factors
through L./(L.)° = G./(G.)°, and is isomorphic to Wy, . Indeed, for triv € A(O)",

one can easily verify the conjecture for exceptional Richardson orbits:

Theorem 2.6.  Let O be an exceptional Richardson orbit. Then Xo v = R(O).

Proof. When O is not equal to the four orbits in (5), the map u : T*(G/P) — O
is the normalization of the orbit closure O@. By standard arguments in algebraic
geometry (see [17] for example), R(O) = C[T*(G/P)]. By a result of [25], the latter
is isomorphic to Ind¢ (triv) as G-modules. This means R(O) = Ind¢ (triv) = Xo uiv
and therefore Theorem 2.6 holds for these orbits. We will get the same conclusion
for the four orbits in (5) in Section 9. |

Remark 2.7. As mentioned in the introduction, Conjecture 2.5 is proved in full
generality in [19] and [24]. More explicitly, a definition of unipotent representations
for G-equivariant covers of nilpotent orbits is given in [19, Definition 1.4.1]. It is
shown in [19] (for classical groups) and [24] (for exceptional and spin groups) that
all special unipotent representations X¢ , in Definition 2.1 are unipotent represen-
tations attached to some covers of O. Then by [19, Section 6.7], Conjecture 2.5
holds for all special unipotent representations.

2.4. The Lusztig-Vogan map
We now give a precise description of the map (1) given by Theorem 8.2 of [35]:
Definition 2.8.  For each nilpotent element O C g, and W, € (G)Y for any
e € O, write

R(0,0) = IndG.(W,) = > mo,(A)Indf(ed), (8)

AEATH(G)
where all but finitely many meo ,(\) € Z are zero. Then the Lusztig-Vogan map
O :{(0,0) ]| OCN,o€ (G, for any e € O} = AT(G)

is defined by ®(O,0) = Az, where Ay, is the largest dominant element in
Equation (8) such that me o(Amax) 7 0. n

The paper [37] studies ® for all classical nilpotent orbits O, and all (G.)" that
factors through (G./(G.)°)Y = A(O)Y, and consequently proved the following
conjecture of Achar and Sommers for classical groups:

Conjecture 2.9. [2] Let O be a special nilpotent orbit. Consider the special piece
Sio ([21)) of the Lusztig-Spaltenstein dual *O of O:

Sio = {'PC @|LP ¢ LOs, for other special LOSP - %}

For each P € Sip, let Hup be the semi-simple element of a Jacobson-Morozov
triple corresponding to LP. Then there exists Wy € A(O)Y (which can be seen as a
representation of G. that factors through A(O) ) such that ®(O, ) = Hwp.
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Let us describe how the above conjecture is proved in [37] for classical groups. In
[37, Definition 1.5], the author defined the map

U : {(O,7) | O special nilpotent orbit, 7 € A(O)¥} — AT (G), (9)

as follows: Suppose the character formula Xo , is given by

D aox(w)X (Ao, who).

On the level of Grothendieck groups, the restriction of X¢ , into K¢-modules is of
the form

Xoxlke = Y aox(w)ndf({Xo —who}) = Y box(A\)IndF(ed), (10)
weW AeA+H(@)

where {A\o —wAp} is as defined in (2), and bp () € Z. We define ¥ (O, 1) := Anax,
where Apax is the largest dominant element in (10) such that bo r(Amax) # 0.

Since Conjecture 2.5 holds for all nilpotent orbits, one can relate the two maps W
and ® by Equations (8) and (10). As a consequence, one can verify Conjecture 2.9
by computing W. This is done for all classical special nilpotent orbits O and all
7 € A(O)Y in [37]. In this manuscript, we apply the same strategy for exceptional
Richardson orbits and obtain the following:

Theorem 2.10.  Let G be a complex exceptional Lie group of adjoint type, and O
be a Richardson orbit. For every semisimple element Hrp in a Jacobson-Morozov
triple corresponding to LP € Svp, there exists m € A(O)V such that V(O, ) = Hip.

Consequently, Conjecture 2.9 holds for all exceptional Richardson orbits.

3. Proof of Theorem 2.10 - general case

In Sections 4-8, we write down the details for Theorem 2.4 and Theorem 2.10 for
all Richardson orbits other than the four orbits in (5). Namely, for each exceptional
Richardson orbit O, we list

o the Levi subalgebra [ where O is induced from, by specifying a sub-diagram
of the Dynkin diagram of g;

o all irreducible representations m; of A(Q) = S, (k = 2,3,4,5) in terms of
partitions of k;

« the values of \; appearing in Theorem 2.4(a)—(b).
This verifies Theorem 2.4.

We now turn our attention to Theorem 2.10. By Equation (7) and (10), the image
of ¥ can be easily computed as ¥(O,7;) = {\ —wr(\)} for all 7; € A(O)Y,
where wy, is the longest element in the Weyl group W (L). The values of V(O, ;)
are recorded on the second last column of the tables in terms of the weighted Dynkin
diagram of “g. And the last column records the orbit “P whose Dynkin element
Hip is given by the previous column, which verifies Theorem 2.10 for all but four
exceptional Richardson orbits given in (5).
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G, orbits

The exceptional group G5 has three Richardson orbits.
(_27 1a 1) (17 _17 O)
o—©

Fix the Dynkin diagram of g by:

3
O o i VO, ) | tP
0 0
o—0
G ® (1) (0,0,0) 3 0
0 1
o—0
(3) (0,—1,1) 3 A
Go(a) | (1:1.0) |
(2,1) | (1,-1,0) 3 A,
0 2
o—0
(1,1,1) | (1,0,-1) 3 Go(a1)
-2,1,1) (1,-1,0
( ) ( ) p) )
0 3 <1> (_17_273) 3 GQ
5. F, orbits

1093

The exceptional group F); hasnine Richardson orbits. Fix the Dynkin diagram of g by

1234 (0,0,1,-1)(0,0,0,1)
RSN with simple roots: [ °® 5 o——+o
(0,1-1,0) 333%:3)
o ( M Ai U0, ;) Lp
0000
¢ & (0,0,0,0) 2 0
0001
2) (3,0,0,3) 2 A
F 3 < 2, %H Y5
alar) * 1000
(L) | (5.0,0,3) 2 A
0010
F4(a2) 1 z')) <1> (07%7_717%) 2 A1+Avl
00 0 2
3 4 1 -
G| R RN V'F
2000
1 2 2 Y
Bs H (1) (0,1,0,—1) A,
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© : i Ai v(o,m) | LP
0100
(4) (3:3:%:3) 2 A+ Ay
1010
Fy(as) | § 93 (3,1) (1,0,—1,1) 2 Ay + Ay
1002
<2’2> (%’%_73>%) 2 By
0101
2,11 (3573 2 Cs(a1)
00 20
1,1,1,1) | (5,552, ) 2 Fu(as)
2 3 4 23200
| w @b |z s
1 2 3 21 01
As 2 (1) (07%7%,%) 2 Cs
AR 2322
0 ’ ) (4.5.3.3) 2 R
6. FEg orbits
The adjoint exceptional group FEg has fifteen Richardson orbits.
2
65431
(0,0,0,1,1,0)
(0,1,-1,0,0,0) (0,0,0,1,-1,0)
*® °
(1,-1,0,0,0,0) (0,0,1,=1,0,0) (=1 =1 -1 -1 1 -V3)
27 29 209 2192y )
O [ us A ‘I/(O,ﬂ'i) Lp
0
Ee ¢ 1) | (0,0,0,0,0,0) 00000 g
1
Eg(a1) 5 1) | (0,1,310,0,0) 0000 0 |g4
2 0
D5 5 (1) | (0,1, =110 1000 1 |94
0
001 00
FEs(as3) 2 (2) | (0,1,0,1,0,0) : 34,
5 3
(1) | (0,0,~1,1,0,0) 00000 |4
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o T A U(0,m) Lp
2 1
Ds(a)) | 69 1 | @,0-1,110 1000 1) 444
2 0
Ag+4, | 65 3 (1) | (1,0,-1,1,0,0) Lo 01 014,424,
0
D, 65 3V |(G3325358 200072 9
2
As 6> 4 (W | (35500 POOO T
0
3 3) | (1,0,-1,1,0,—/3) 010 10 |94,+4,
Dy(aq) ¢ 2
6 5 5 1
<21> (%?%7?)%)%7%) 1 0 0 0 1 A3+Al
0
(1%) | (0,-1,-2,1,0,0) 00200 pa)
2 2
As 6.5 4 1 | (2,1,0,-1,2,0) 20002y,
2 1
dpt2a | 804 VI g3 [T1OTT a4a
2 2
24, 43 (1) |(0,3,2,1,0,0) 00200 n,
2
31 -1 -3 =5 —3V3 1 1 011
Ay 6543112 |G335,55 757 As
S 0
12y | (1,0,—1,-2,-3,—v3) | 2 0 2 0 2 | Bay)
2 2
24, 6543 11 | (432100 20202 p
2 9
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7. Er orbits

The adjoint exceptional group FE; has twenty seven Richardson orbits excluding
2

Ay + Ay and Ds(aq). Fix the Dynkin diagram m with simple roots:

(17 _17 07 0707 07 0,0) (07 07 17 _17 07 07 07 0) (0707 07 Oy 17 _17 07 0)

]
(07 17 _17 07 07 0707 0) (07 0707 17 _17 07 07 D) (07 07 0707 07 ]-7 _17 O)

@ [ e s (0, m;) Lp
.—.—.—g—.—.
o ) (1) | (0,0,0,0,0,0,0,0) 000000 | g
0
[ ] .—.—.—I—H
Er(a1) 4 (1) (0,0,0, %, =L,0,0,0) 000001 | 4
0
[ ] [ ] .—.—.—I—H
Eq(a2) 6 4 (1) (07%’—717%7—71707070) 010000 | 94,
.—.—.—g—.—.
1 -1 —1 -1 11 =1 1 000010
E7(as) 2 (2) (353 52,2 3:3) (341)
° ° 0
7 1 I
(1% | (0,-1,0,0,0,1,0,0) 000002 | 4,
2 0
7 3 series
Es om 1632135101000 200000 1 (34,)”
.—.—.—i—H
1 -1 1 -1 1 1 100000
Eg(a1) 2 2 (3:5:0,-1,3,5:3:3) 44,
o o o 0
7 5 3 I
<12> (07717%7%71707090) 010001 A2+A1
2 0
[ ] [ ] .—.—.—I—H
Er(as) s o g3 2235183D 000100 | 45424,
0
"0 .—.—.—I—H
Dg(a1) 765 W | (.13 320,000 010002 ] 44
0
[ o= ] [ = ]
Ds + Ay 76 31 1@ | (1,0,-1,0,1,0,—1,0) 020000 124,
2 2
[ ] [ ] g—I .—.—.—I—.—.
Aq 75 IR TN E.N) PR0°00 | A vsa
.—.—.—g—.—.
2 (3 |(,0-1,-1,1,0,-1,1) 010010 | 24, + 4,
Er(as) e .H 0
76 31 I
<21> (%7%17%37%17%7%7%17%) 000101 (A5+A1)/
.—.—.—g—.—.
<13> %7_717_737%1%1%7_717_71) 000020 D4((l1)
2 0
e e
Ds O | (F,32,8,32,32,8,3 3 200002 | (454 Ay)"
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o e Ai \I/(O,ﬂ'i) Lp
.—.—.—g—H
51 -3 -7 3 —1 —1 3 101001
Eo(as) 2 @ | G735 733:9) Az + 24
oo o 1
765 3 I
<12> (%7%7%,%7%1%7%7%) 100010 D4((11)+A1
0
[ = ] [ = = ] .—.—.—I—H
Ds(a)+Ar | 76 431 | q) | 101,33 5520 010100 | a3+ 4,
2 0
"o o .—.—.—I—H
A4+A2 765 31 <1> (%7%7%37%7a%7%7%37%) 002000 A3+A2+Al
.—%—. .—.—.—g—H
(AS)H 543 <1> (—737—737%?%’—71’—737%7%) 000022 Dy
2 0
As+As+A; | 76 431 1y | (0,-1,-2,2,1,0,—1,1) 000200 | 4,4+ A,
.—.—.—i—.—.
A4 2 <2> (_17_2»%a%’%17%371’2) 100012 D4+A1
° .—I—. 0
1% | (-1,-2,3,3,5,32.2,1) 010102 | ps(ay)
.—.—.—g—.—.
oo 000 531 -1 =3 =5 —1 1 020101 /
Dia)+A, | Te513 1@ 1655555 53) - (4s)
» 1533535323235 020020 | Bo(as)
.—0—.—% .—.—.—g—.—.
D 7654 ) (%’%’?’_77’—711,%’%7%) 220002 (AS)H
.—.—.—g—H
51 -3 -7 —-11 5 1 9 210101
2 (3) it ik i hw atl eV Y As + A
D4(u‘1) .—O—Q—I ° 1
7654 1 I
<21> %7%7_737 %7%7%7%7%) 201010 Dﬁ(a2)
.—.—.—g—H
<13> (%7%7_73)_77’_711)%’%’%) 200200 E7((Z5)
.—%—H .—.—.—g—H
(A3+A1)” 5431 <1> (_%7_%737%7%7%7%372) 020022 Ds
.—.—.—g—.—.
A2+3A1 765431 <1> (372’170771772’73,0) 020200 AG
2 1
7 5431
242 7 (1) | (=3,-2,2,3, 1 1 23 5 011012 | p 44,
.—.—.—i—.—.
5 1 —3 -7 —11 —15 13 17 221012
A 2 (2) I A A A A a4 D¢
0
76543 I
<12> (%7%7%37777’7711»7715»1777%) 220202 E7((l3)
2 0
(341)" 65431 (1) (—?11727%7%7—717—737—75’%) 020222 Ee
2 2
765431 5 1 —3 —7 —11 —15 —19 49 222222
0 O G 3 g g gy Er
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8. FEj orbits

The exceptional group Eg has thirty two Richardson orbits excluding Fg(a;) + Ay

2

.—.—.—.—I—.—.
8765431

(07 Oa 07 07 Oa 17 _1’ 0)

and FE7(a3). Fix the Dynkin diagram with simple roots:

(0717_170 0707070) (07070717_1707070)

(0,0,0,0,0,1,1,0)
(17_1707870707070) (070717_?70707070)

00008 T000F F T 233

(@) ™ i (0, ;) Lp
H—O—O—E—O—.
Eg ¢ (1) | (0,0,0,0,0,0,0,0) 0000000 | g
0
[ ] H—O—O—I—H
Es(ax) 8 @ | (3, %£,000,0,0,0) 1000000 | 4,
0
[ ] [ ] H—O—O—I—H
Eg(as) 8 6 M | G, F 550,000 0000001 |9y,
0
0100000
2 0,0,1,0,0,1,0,0 3A
Es(as) g (2) ( ) 1
[ ] [ ] 0
8 3
1%y | (0,0,0,-1,0,1,0,0) 2000000 | 4,
1
2 1 211,0,0,1,0,0 0000000 | 44
Eg(a4) 2 () (272777777) 1
[ ] [ ] [ ] 0
8 6 3
12 | (4,3%,0,-1,0,1,0,0) 1000001 | 4,4 44
2 0
[ ]
*—o [ ]
Es (ba) 875 | (1,0,-1,3, 555, 340) 0010000 | a5 424,
0
0000010
2 1,0,—1,1,0,1,0,0 Ay +3A
Eg(a5) 2 () (7 ) Pt ) 2+ 1
[ = ] [ ] [ ] 0
87 5 3
(1% | (1,0,-1,0,-1,1,0,0) 0000002 | 94,
0
ooe ,
B (a1) 876 (1| (3,355 520,0,0,0) 2000001 | g,
0
e o (3) (1,0,-1,1,0,—-1,-1,-1) 0100001 | 94,44,
Eg(bs) 87 54 0
1 -1 -3 1 —1 -3 —1 -1 1010000
2 | G533 530 35) Az + Ax
0
(13> (%7_717_73)%’_71’_737%7%) 0200000 D4((l1)
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o 5 i V(0,m;) Lp
0
2 <3> (10 17_217_2331707_1) 0001000 2A2+2A1
Eg(aﬁ) (=1 ° e 0
87 5 31
(21> (%7_717_73707_17%7_717_71) 1000010 A3+2A1
1
(13 | (0,-1,-2,%,54,1,0,0) 0100000 | Dy(ar)+ As
2 0
*oo I
Dr(a1) 876 4 | G353 F10-10 0010001 | 454 4,
0
Fis(be) 2 (2) | (1,0,-1,-2,0,1,0,-1) 0000100 | A5+ A2+ A
a— s 2
876 31
(1?) | (1,0,-1,-2,-1,1,0,0) 0000000 | pDy(ar) + As
0
31 -1 -3 0001001
D+ (a2) 2 (2) (3555 %,21,0,-1) 2A3
876 43
% | (.335221,00) 1000100 | 4,424,
j—. H—.—.—E—.—.
Eg 043 (1) | (0,0,0,3,2,1,0,0) 2200000 | p,
0
*—e [ = o o H—.—.—I—.—.
Ds + Ay 87 5431 @) | (0,-1,-2,1,0,-1,2,-1) 0020000 | 4444,
1
-1 1 —1 -1 2100000
Ee(a1) 2 (2) (%53 %5:3,21,0,5) Dy + Ay
[ ] .—I—. 0
7 543
(1) | (5,5 553210, 20100011 Ds(ar)
2 0
[ ]
[ o= o o ] *—e
Ag + Aq 8765 31 (1) %7%7—717—737—757170 —1) 0010010 Ag+ Ag + Ay
0
eoeee 531 -1 =3 -5 1 —1 1010002
D6((11) 87654 <2> (27272) PR ERE 2) A5
0
z |34 33258250 0200002 | gg(as)
2 2
*o .—I—.
Ag 87 543 (1) (1,0,-1,3,2,1,0,0) 2000000 | p,+ Ay
0
(5) | (1,0,-1,-2,2,1,0,—3) 0100100 | 444 45
0
2
Faar) see bee | Gn | 00132102 POT00T0 | py(ar) + 4g
0
1 -1 -3 =5 5 3 —1 -3 1000101
32 |Gz 5 3303 As + Ay
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(@) T i V(0,m;) Lp
0
(31%) | (1,0,-2,-3,2,1,0,~1) 0101001 | gy(az) + A
1
(221) | (0,-1,-2,-3,2,1,0,~1) 0100010 | pgay)
0
(21%) | (1,-1,-2,-3,2,1,0,0) 0010100 | pr(as)
0
(1% | (0,-1,-2,-3,2,1,0,1) 0002000 | gy(ay)
2 0
Ds 6543 1 | (0,0,4,3,2,1,0,0) 2200002 | py
0
o (as) 2 @ | (F355:3210,3) 2101001 s+ 4,
[ ] .—I—H 1
7 5431
1% | (2,32 32.3,2,1,0,32) 2100010 | pglay)
2 0
Da + A 87654 (| (3,2,1,0,-1,-2,-3,0) 0020002 | 44
2 0
8§76 1 e
AstAs+ay | BT84 1 |y | (73 21 =5 20 =13 -1y | 0010101 | 4544,
2 0
A4+A2 87 5431 (1) (_1’_2’_3’3’27110’_2) 2002000 D5+A2
0
D4(a1)+A2 8765431 <2> (2717077177277374773) 0110101 A7
0
0 | G585 | 2000200 | gy
1
A 2 @) | (3,5,4,3,2,1,0,3) 2100012 | pg
4
0
76543
12y | (3,5,4,3,2,1,0,3) 2010102 | gr(ay)
2 0
D4 65431 <1> (74,74’4’372’170774) 2220002 EG
0
9 (3) | (-3,-4,4,3,2,1,0,-5) 2210101 | gy Ay
Dy(a1) N 1
8 65431
(21) | (=3,-5,4,3,2,1,0,—4) 2201010 | pr(ay)
0
(13) | (=4,-5,4,3,2,1,0,-3) 2200200 | py(bs)
1
24, 2 2 | (6,54,321,0,-1) 1011012 | p,
0
876543
(1% | (6,5,4,3,2,1,0,1) 0200202 | fpy(a5)
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@ [ s i T(0,n;) Lp
1

A 2 (2) | (~8,5,4,3,2,1,0,-9) 2221012 | By
2 0

765431
(12) | (-9,5,4,3,2,1,0,-8) 2220202 | py(ag)

2 2

0 8765431 | () (6,5,4,3,2,1,0,—23) 2222222 | g,

9. Proof of Theorem 2.10 - the four exceptional cases

We now finish the proof of Theorem 2.10 for O equal to the four orbits in (5).
Note that all these orbits have Lusztig’s quotient A(O) = S,, and the special piece
Sto = {fO} only contains one element. Therefore, one only needs to find one
7 € A(O)Y such that ¥(O,7) = Hip in order to verify Theorem 2.10.

Note that the orbits A4+ A; in E7 and Fg(a;) + Ay in Eg are called exceptional in
Section 4 of [11].

9.1. O = A4—|—A1 in E7

By checking the tables of [4] directly (the calculations for other orbits can be found
in the Appendix), the two left cell representations attached to O are equal to
J 5; a,(01), J 5g +4,(02), where oy, 0y are the two left cell representations attached
to O' = [332211] 4 [11] in D¢ + A;. Using Proposition 6.6 of [11], the character
formulas for Xo, can be derived from that of O’ in

(7717%17%1’;171 l l7l)

(1,-1,0,0,0,0,0,0) (0,0,1,-1,0,0,0,0)|(0,0,0,0,1,—1,0,0)
D+ Ay =

L 4 @ @ o
(0,1,-1,0,0,0,0,0) (0,0,0,1,-1,0,0,0) (0,0,0,0,0,0,1,-1)

Using Theorem 3.4 in [37],

0 1
/ _ ...I. . / 2 _o—o—o—I—o .
v(O',(2) = 02020 27 \P(O’<1>)_02101 2

1 -1 -1 -1 -1 -3 =5 11
\II(A4+A17<12>):{(1717_17_27_27_37472)}:<§7777777777777?)‘

In terms of Dynkin diagram, we have

0 1
= H—O—I—H . 2 :o—o—o—I—H

Note that we have (A, + Ay, (2)) = Ha 44, = Hr(a,44,) and Theorem 2.10 holds.
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9.2. O = D5(a1) in E7

As in the above subsection, one can derive the character formulas of X¢ » from that
of O = [332211] in Dg. More precisely, we have

0 1
U(O,(2) = psede oi WO, (1) = pgoels

Therefore, one can compute that
\D(D5(a1)7 <2>) = {(1’ 17 _17 _17 _37 _37 37 3)} = (17 17 _17 _17 _17 _17 _37 5)a

U(Ds(ay), (1?)) = {(1,1,-1,-2,-2,-3,3,3)} = (1,0,0, —1,—1,—1,—3,5).

In terms of Dynkin diagram, we have

0 0
U(Ds(m). (2)) = p3edas: VDsla). (1) = tories

Note that W(Ds(ay),(2)) = Ha, = Hr(ps(a,)), and Theorem 2.10 holds.

9.3. O = EG(al) + Al in Eg

The character formulas for Xp, can be derived from that of @' = Ds(ay) + [11]
in E7 + Ay, as before, which, by the last subsection, can be derived from that of
[332211] + [11] in D¢ + A;. Using the same argument as above, we have

0 1
V(Eo() + A (2) = parites o P a) T 4L 0%) = e

We have V(Egs(a1) + A1, (2)) = Hay4a, = Hr(pg(ay)+4,) and Theorem 2.10 follows.
9.4. O = E7(CL3) in Eg

Finally, we can derive the character formula of X¢ , from that of O’ = [332211] in
Dg. As in the previous subsections, we have

0 0

V(Er(as), (2)) U (Er(as), (1%))

2000002 2000010
We have W(Er(as), (2)) = Ha, = Hr(g,(a4)), and Theorem 2.10 holds.
This finishes the proof of Theorem 2.10. [ |

Remark 9.1. For the four orbits above, the sum of the two special unipotent
representations attached to Ay + Ay, Ds(ay) in G = E7, and Eg(ay) + Ay, E7(as)
in G = Ey are isomorphic to Indg(triv), where the semisimple part of L is of
type A4 + A; for the orbits Ay + Ay, Fg(a1) + Ay, and of type Ay for Ds(aq),
E;(a3). In fact, the orbit [332211] in Dg that shows up in all the above examples is
also a Richardson orbit, induced from GL(5) x SO(2). The sum of the two special

S0(12) .
L (5)xs0(2) (tT1V).

There are two consequences of this observation: (a) Non-birationality of p: We give
an alternative proof of Proposition 2.3 for these four orbits — for example, suppose

unipotent representations attached to [332211] is isomorphic to Ind



WoNG 1103

on the contrary that p: T*(G/P) — Ds(ay) is birational with the semisimple part
of L is of Type A4, then

R(Ds(a1)) = C[T*(G/P)] = Indy" (triv) = Xpy(a,).miv & XDs(ar) sen-

However, the multiplicity of Ds(a;) in R(Djs(ay)) is one, while the multiplicity in
X Dy (ar) triv D X Ds(ar)sen 1S greater than one.

(b) An alternative proof of Conjecture 2.5 for these orbits goes as follows: By
[34], we have Xo v = R(O) —Y) and Xogen = R(O,sgn) — Y, for some genuine
Kc-modules Y7, Y;. Therefore,

Indg(ter) = Xo,triv D XO,sgn = R(O) + R(O, Sgn) — 1/1 — Y'Q

By Proposition 4.6.1 of [8], the left hand side is equal to R(O) + R(O,sgn). So
Y1 =Y, =0 and hence we have X 4y = R(O) and Xo gn = R(O, sgn). [

The method we used in (b) in the above remark can also be applied to verify
Conjecture 2.5 for other Richardson orbits with non-birational moment maps. For
example, let O = Fy(a3) in Fy. If we take the the parabolic subgroup whose Levi is
of type Ay + :4\1, then one can show that X 31y = R(O, (31)). On the other hand,
if we take the the parabolic subgroup whose Levi is of type By, then one can show
that X(97<22> = R(O, <22>) .

Funding: The author is supported by Shenzhen Science and Technology Innovation
Committee grant (no. 20220818094918001).

A. Special unipotent representations for non-even O

Based on the results of [11] on the structure of II(*O) for even “O, we give a sketch
proof of Theorem 2.2 when the special orbit “O is not even (or equivalently Ao is
not integral). Although it is known by the experts that the results in [11] carry over
to all Ao regardless of its integrality, we do not find a proof of such result in the
literature.

Sketch Proof of Theorem 2.2 for non-even YO :

(I) Let A := Ao. Consider the Lie subalgebra g’ of g with roots « satisfying
(a¥,\) € Z. Tt turns out that there is a choice of simple roots of g’ such that
their inner products with A is equal to either 0 or 1.

(IT) Upon restricting to g, the result in [11] applies, and we can obtain integral
special unipotent representations with infinitesimal character A = % for
some even orbit O’ € g/,

(ITT) More explicitly, let O’ € g be the Lusztig-Spaltenstein dual of “O’, and
VE(O') be the left cell representation of W’ denoted by VI (wywer) in [11]. By
Chapter 4 of [20], the irreducible representations in VL (Q') are parametrized

by {0’ | z € [A(O")]} (i.e. partitions [n]"n3*?...] of k if A(O') =2 Sy).
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(V)

(VD)
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By Theorem I1I of [11], the unipotent representations II(£O’) are parametrized
by m € A(Q')Y, and their character formulas are given by

1
JG/(/\,ww)\) = Z o Z tI'ﬂ— |.T| Z tI‘o— X(;/ A w )\)
‘ ( )‘ z€[A(0")] w' eWw’

Under the above identification of elements in VL(Q0'), the representation
oL, = Ufﬂv] is special, and is the Springer representation of 0. All other irre-
ducible representations Jg: (A, wA) with our choice of A have character formu-

las involving special representations 7., € (W')", where deg(7,) < deg(c.,).

By a version of the Kazhdan-Lusztig conjecture (c.f. [5, Theorem 4.2]),

1
J(A\, w ) = ~ O tr(z)|x| tro (W)X (AN, w'A)  (11)
a2 MO 2

are character formulas of irreducible representations of G for all 7 € A(Q)V.
The same result goes for character formulas of other irreducible representations
Jor (A, wA) that involves 7/, € (W')".

Let Jy,(0%,) is the J-truncated induction defined in [20, Section 4.3]. It
contains a unique special representation o, with deg(oy,) = deg( ,) (and
similarly we have 7, € Jy,(7},) for all special representations 7/, € (W’ V).
By studying the W x W-module C[W] (c.f. [11, Proposition 6. 6]) these char-
acter formulas in G contain expressions involving oy, (or 7y,), and their asso-
ciated varieties can be determined by the Springer correspondence of oy, (or
Tep). Since deg(7s,) < deg(osy,), the irreducible representations J(\, w,A) in
(11) are the ones with smallest possible associated variety for our choice of A.

We verify the following statements in the next couple of sections:
e For all orbits we are studying, A(O) = A(0'), and oy, = Jj/,(0?%,) is non-
zero and irreducible. More precisely, oy, is the Springer representation
attached to O, the Lusztig-Spaltenstein dual of *O.

e If O is not equal to the three exceptional orbits (A4+ Ay in E7, Ay+ Ay
and Fg(a;)+ A; in Fg) listed in [11, Definition 4.5], J}V,(0?%) is non-zero

and irreducible for all o/, € VE(O'). Since VE¥(O) = JV.(VE(O)) by
[10, Proposition 3.18], the elements of VL(O) can be parametrized by

r € [A(0)] = [A(O)] +— 0, = Jy(a)) € VE(O).
This identification of elements in V*(O) matches with that of [20].

The first point guarantees that all J(A, w,\) have associated variety equal to
O (see also Theorem 5.2 of [26]), and they have the same cardinality as the
number of irreducible representations of A(O), i.e. all J(\, w,\) € II(YO) and
ITI(YO)| = |A(O)Y|. The second point and [11, Proposition 6.6] reformulate
Equation (11) into

1
J(\, we\) = = r.(x)|x Io, (W) X (A, wA).
( ) |A(O)|xe§(’))}t ()] \wezwt (w)X( )

In other words, the character formula of J(\, w,\) is given precisely by The-
orem IIT of [11], and the result follows.
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A.1. Classical Lie algebras

We apply the strategy in the previous section to classify all classical special unipotent
representations. Recall from [14] that each classical nilpotent orbit O C g can be
uniquely characterized by a partition, except in Type D that there are two orbits
corresponding to a single very even partition of the form

20 >2a>20>2b>--- > 2c> 2

(the wvery even orbits). Since all very even orbits are even, the results in [11] can
be applied directly. For convenience, we denote all non-very even “© by their
corresponding partition.

Proposition A.1 ([14], Proposition 6.3.7).

o Lg of Type B: Let YO = [rop > rop_1 > -+ > 10| be a nilpotent orbit of
Type B, ie. |{i | m; = a}| is even for all even integers . Then YO is a
special orbit if and only if its dual partition defines a nilpotent orbit of Type
B or, equivalently, ropy1 + 1oy is even for all | <k —1.

o Lg of Type C: Let YO = [ropy1 > rop > -+ > r1] be a nilpotent orbit of
Type C, ie. |{i | i = a}| is even for all odd integers . Then *O is a
special orbit if and only if its dual partition defines a nilpotent orbit of Type
C or, equivalently, ropq + roy is even for all | < k.

e Lg of Type D: Let YO = [ropi1 > 1o, > --+ > 19 be a non-very even orbit
of Type D, i.e. |{i | r; =a}| is even for all even integers a.. Then O is a
special orbit if and only if its dual partition defines a nilpotent orbit of Type
C or, equivalently, rojq + 7oy is even for all | < k.

For any special orbit “O, the Lusztig’s quotient A(*QO) is given by:

Proposition A.2 ([37], Proposition 2.2).

o Lgof Type B: Let YO = [rop > rop_1 > -+ > 10] be a special orbit. Separate
all even rows (which must be of the form ro 1 = 1oy = « ), along with odd row
pairs of the form roy = 1ro_1 = [ and get

Lo =iy, >, =0 > = > = Ul s, asl U185, B9,
i J
o Lgof Type C: Let YO = [ropy1 > 1o > -+ > 1] be a special orbit. Separate

all odd rows (which must be of the form roy, = ro = ), and even row pairs
of the form rop =191 = 3 and get

LO :[TIQ/qul > T/2/q > 7,/2/1171 > > TZ/SI > T/ZI > Tlll] U U[aivai] U U[ﬁjvﬁjL
i J
o Lgof Type D: Let PO = [ropy1 > 1o, > - -+ > 1o be a special, non-very even

orbit. Separate all even rows (which must be of the form ro, = ry = ),
and all odd row pairs rop = ro_1 = [ and get

PO =y =, > = = s e = Ul s asl U85 B,
i J

Then A(*O) = (Z)2Z)?, regardless of the number of a;’s and B ’s.
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For any special orbit “O, consider “O = *PU*Q, where P is the orbit of the same
type as O without the «;’s, and *Q := (Ji_,[o;, ;]. Note that LP is even with
A(FP) =2 A(FO) and the results in [11] hold for “P. More precisely, the coordinates
of Ao consists of:

o Lg of Type B: integers coming from P, half-integers coming from *Q.
« g of Type C: half-integers coming from “P, integers coming from *Q.
o Lg of Type D: integers coming from “P, half-integers coming from Q.

Let “g’ be the Lie subalgebra of “g whose roots are given by the roots o in ‘g
satisfying (", A\p) € Z. We will study integral special unipotent representations
I(*Q), where *O' C g’ = Lg" + Lg), is an even orbit given by *O' = *P 4+ £Q,
with

Lg of Type B: P c lg) is of Type B; 1Q c g, is of Type D.

Lg of Type C: P c Lg) is of Type C; LQ c g, is of Type C.

Lg of Type D: LP c Ly, isof Type D; LQ c g, is of Type D.

Note that A(0) = A(FO) = A(LP) = A(FO') = A(O').

We now study the unipotent representations I1(?P) and I1(*Q) individually. For
LQ . it has trivial Lusztlg quotient, and the special unipotent representation attached
to it is II(L'Q) = {IdeL(al)X <G (o (tTiv - - K triv) }. Moreover, the (unique) left

cell representation is V*(Q) = JK(lGIX XAy, (5gn - KWsgn).

On the other hand, suppose the left cell representation of P is VL (P) = @ ol
x€EA(P)

Then VEHO) = @ ! &JA 71X XA, (sgn - Ksgn).
T€A(O")
For # € A(0') = A(O), let

w(G W(GY)
Oy 1= JW((G)( IXJAO‘(I 21>< x Ay, (sgn - Ksgn))

_ gW(G)
o JW(GQ)XAal_lx---xA%_l(Um XsgnX---Xsgn).

One can use Equation (4.6.5) of [20] to check that the right hand side is non-zero
and irreducible, and hence Step (VI) holds for all special O. More explicitly, TI(*O)
is given by

I(*O) = {Indg « () x () (TN we X )BtriviR- - Rtriv) | J (X, weX) € T(FP)}.

A.2. Exceptional Lie algebras

For exceptional special nilpotent orbits, we only focus on *O C “g such that *O is
not even. Since there are no such orbits in G5, we will only study exceptional Lie
algebras of Type F and F'.



In the following tables, we list all non-even special orbits “©® and their Lusztig-
Spaltenstein dual O. In the third column, we get the subalgebra g’ of g determined
by Ao (Step (I)). Then Ao determines an even orbit “O’ C g’ (Step (II)), whose
Lusztig-Spaltenstein dual O’ is recorded in the fourth column.
can use [21] to compute VE(O’) (see Example A.3 below), and then we have

VL(O) — @U’EVL(O’)

of the table, with oy, € V¥(O) always appears first in the list. And the last column

W(G)
J, W (G")

WoNG

records the degree deg(oy,) = deg(o?,).
The computations below are carried out by LiE [31] and MATLAB.

A.2.1. Type Fj.

The results for Fj are as follows:

1107

Afterwards, we

(¢') (Step(VI)), which is given in the second last column

Lo O g o’ VE(O) | deg(osy)
A | Fy(a)| By [711] | 49,24 1
A+ A Fy(as) | Cs5+ Ay | [33] + (2] 9 2
Cs As Cs+ Ay | [19] + [2] 8 9
A.2.2. Type Fg. The results for Fg are as follows:
Lo (@] g o VE(O) | deg(oy)
Ay Eg(ay) | A5+ Ay | [6] +[17] 6, 1
24, D5 D [713] 20, 2
As+ Ay | Ds(ar) | As+ Ay | [413+[17] | 64, 4
Ay +2A, | A+ Ay Ds 331] 60, 5
As Ay Ds [51] 81, 6
A+ Ay | A+ 240 [ A5+ Ay | 2V +[17] | 60, 11
Ds(ay) As + Ay D [2219] 64, 13
A.2.3. Type E;. The results for F; are as follows:
Lo O g o VEO) | deg(osp)
Ay Er(ay) De+ Ay | [11,1] +[17] 7 1
24, E-(as) D¢ + Ay [913] + [2] 27, 2
As + A, Ee(a1) | Do+ Ay | [7312]+[12] | 120,,15, 4
As + 24 E;(ay) D¢+ Ay | [53%1] + [2] 189; 5
As Dg(ay) D¢ + Ay [715] + [2] 210, 6
Dy(ar) + Ay Es(as) D+ Ay | [531%] + [12] | 405,, 216, 8
As+ Ay | Ds(ay) + Ay | Dg+ Ay | [3%13] + [2] 378 9
Ay + Ay Ay+ Ay | De+ Ay | [322%12] + [17] 512!, 11
Ds(ay) Ay Dg+ Ar | [3%15]+ (2] | 420,84, 13
Ds + A 24, Ds+ Ay | [319] + [12] 168 21
Dg(ay) As De+ Ay | [2218] + [2] 210/, 21
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A.2.4. Type Eg.

WoNG

The results for Es are as follows:

Lo @) g’ (o4 1723(9)) deg(0sp)
Ay Es(a1) | BE7+ Ay E7 + (12 8. 1
24, Eg(as) Ds [13,13] 35, 2
Ay + Ay Fg(as) | Er+ Ay Er(as3) + [17] 2104, 50, 4
Ay + 24 FEs(bs) Dg [93%1] 560, 5
Az Er(a1) Ds [11,1°] 567, 6
Dy(a)+A; |  Eg(ag) | Er+ Ay Er(as) + [12] | 14004, 1050,, 175, 8
Az + Ay D7(ay) Dg [73%13] 3240, 9
As+ A1 | EBs(ar)+A | En+ Ay Ds(ay) + [1%] 4096, 11
Ay + 24 D7 (as) Ds [53312] 4200, 840, 12
Ds(ay) Feg(ay) Dy [7316] 2800, 700, 13
Ds(a1)+A1 | Er(as) | Br+ A | (As+ Ag) + [2] 6075, 14
Ag+ Ao+ AL | Ag+ AL | Br+ Ay |(A3+ A+ Ap)+[12] 2835, 14
Dg(ay) Feg(a3) Dy [5318] 56007, 3200, 21
Ag+ Ay |Ay+As+ A | Er 4+ Ay | (A +3A1) +[17] 2835, 22
Fr(ay) | Ds(a1)+A; | Br+ Ay | (As+2A1) + [2] 6075/, 22
D7 (as) Ag+ 24, Ds [322219] 42007, 840/, 24
Eg(a1)+A; | As+ A1 | Er+ A | (Ay+ Ay) + 17 4096, 26
Fr(a3) Ay Er+ A4 Ay + 2] 2268/, 972", 30
Er(ay) Az Er+ Ay Ay +[2] 567" 46

Here is an example on how the above results are obtained:

Example A.3. Let YO = Dy(a;) + A; be a nilpotent orbit of Type Fg. By
calculatmg $EH explicitly, one can check that “g’ is of Type E7 + A;, and the
coroots o such that (o, ¥ H) = 0 forms a Lie subalgebra “I' of Type (As+4;)+0.
Then O’ C *g is the even orbit

LO = nd, ¥ (0) = Da(ar) + [2].
By looking at the tables of [12], one can check that Lusztig-Spaltenstein dual of O
and “O" are O = Eg(ag) and O' = Er(as) + [17] respectively. Also, one can check
from [14] that A(O) = A(O') = S;.
We now study the left cell VL(QO'): Firstly, note that Er(as) = Indgg(D4(a1)). By
[21], the special piece attached to Dy(aq) is equal to {Dy(ay), Az + A1,2A5 + Ar},
and their Springer representation constitute the left cell

VE(Dy(ay)) = 80, @ 60, @ 10,

(in fact, VI(Dy(a;)) can also be obtained directly from (4.11.2) of [20], but this
perspective is useful in determining left cells for classical orbits with large Lusztig
quotient).
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Let [13], [21], [3] be the conjugacy classes of Sz, then by Proposition 4.14 of [11]
(which is valid since O’ is even),

VEHO') = JETH1(80, Wsgn) & JET 141 (60, M sgn) & J57 42 (10, K sgn).
Using the notations of Step (III) in the first section, we obtain

013y = JEr41(80, M sgn),

oy = JHTE41 (60, K sgn)

and Ol = Jgﬁ:ﬁl (10, M sgn).

By Proposition 3.18 of [10] and (4.13.3) of [20], we have

JE6+A1 (80, Msgn) @ J5¢, 4 (60, K sgn) & JEGJFA1 (105 X sgn)
= 1400, & 1050, @ 175,.

Moreover, oy, = 1400, is the special representation corresponding to the O under
the Springer correspondence. Therefore, this verifies Step (VI) and Table A.2.4 for
this orbit. [ |

We end the Appendix by mentioning the character formulas of the special unipotent
representations I1(?O) when O is equal to the three exceptional orbits, i.e. Ay+ A;
in E7, A4 +A1 and Eﬁ(al) —|—A1 in Eg

From the Tables A.2.3 and A.2.4 above, one can check that for the O C ¢
corresponding to these O’s, A(O) = A(0') = S, and

VL(O/) = op2 D opg.
However, their truncated inductions are given by

JW'( 12]) = Osps J&/V’(Ufz}):()a

so VE(O) = o4, contains one irreducible representation only. In other words, the
second bullet point of Step (VI) does not hold for these orbits, and one cannot
express their character formulas in the form of Theorem III of [11].

Nevertheless, the character formulas of II(£Q) can still be obtained by using Step
(IV), and the number of representations is equal to the number of irreducible
representations of A(Q) = A(O').
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