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Abstract.  Using the projective oscillator representation of sl(n+ 1) and Shen’s mixed product
for Witt algebras, Y. Zhao and the second author [Generalized projective representations for
sl(n+1), J. Algebra 328 (2011) 132-154] constructed a new functor from sl(n)-Mod to sl(n+1)-
Mod. In this paper, we start from n = 2 and use the functor successively to obtain a full
projective oscillator realization of any finite-dimensional irreducible representation of sl(n+1). The
representation formulas of all the root vectors of sl(n+1) are given in terms of first-order differential
operators in n(n + 1)/2 variables. One can use the result to study tensor decompositions of
finite-dimensional simple modules by solving certain first-order linear partial differential equations,
and thereby obtain the corresponding physically interested Clebsch-Gordan coefficients and exact
solutions of Knizhnik-Zamolodchikov equation in WZW model of conformal field theory.
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1. Introduction

Sum-product type identities are important objects both in combinatorics and num-
ber theory. The Jacobi triple identity and quintuple product identity are such
well-known examples. Macdonald [23] used affine analogues of the root systems
of finite-dimensional simple Lie algebras to derive new type sum-product identities
with the above two identities as special cases. Kac [17] found the character formula
for the integrable modules of affine Kac-Moody algebras and showed that the Mac-
donald identities are exactly the denominator identities. Kang and Kim [19] found a
number of interesting combinatorial identities from various expressions of the Witt
partition functions in connection with the denominator identity of a certain graded
Lie algebra. The denominator identities of finite-dimensional simple Lie algebras
are Vandermonde determinant type identities, which do not produce sum-product
identities of numbers. In this paper, we show that our full projective oscillator rep-
resentations of special linear Lie algebras naturally give rise to certain sum-product
type identities of finite type.
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Finite-dimensional irreducible representations of finite-dimensional simple Lie alge-
bra over C were abstractly determined by Cartan and Weyl in early last century.
However, explicit representation formulas of the root vectors in these simple alge-
bras are in general very difficult to be given. In 1950, Gelfand and Tsetlin [8,9] used
a sequence of corank-one subalgebras to obtain a basis whose elements were labeled
by upside-down triangular data for finite-dimensional irreducible representations of
general linear Lie algebras and orthogonal Lie algebras, respectively. Moreover,
the corresponding matrix elements of the actions of simple root vectors (or Cheval-
ley basis) were explicitly given. Based on the theory of Mickelsson algebras and
the representation theory of the Yangians, Molev [24] constructed a weight basis
for finite-dimensional irreducible representations of symplectic Lie algebras and ob-
tained explicit formulas for the matrix elements of generators. He [25] has also done
similar work for o(2n + 1). There are also many interesting works in this direction
(e.g., cf. [6,7,12,13,22,24]). Knowing the representation formulas of simple roots is
not enough to solve the general decomposition problem of the tensors of irreducible
representations because they are not commuting operators.

In this paper, we present a first-order differential operator realization of any finite-
dimensional irreducible representation of sl(n+1) in n(n+1)/2 variables (cf. Theo-
rem 2.3). Moreover, the explicit formulas of all the root vectors are given, which will
be helpful in solving the general decomposition problem of the tensors of irreducible
representations. In physics, the Clebsch-Gordan coefficients are numbers that arise
in angular momentum coupling in quantum mechanics. They appeared as the
expansion coefficients of total angular momentum eigenstates in an uncoupled tensor
product basis (e.g., cf. [4,5]). We refer [1,2,21,26] for more applications and later
developments. Mathematically, the numbers are those of explicitly determining the
irreducible components in the tensor of two finite-dimensional simple modules in
terms of orthonormal bases. The first fundamental step is to find explicit formulas
for the highest-weight vectors of those irreducible components. Even that is in
general a very difficult problem. Our result in this paper simplifies the problem
to solving certain first-order linear partial differential equations. As a very special
example, we find the explicit formulas of the highest-weight vectors of irreducible
components in the tensor module of the simple module with highest weight kw; and
any finite-dimensional simple module of special linear Lie algebras. The well-known
sl(n+1) | sl(n) branching rule and the multiplicity-one theorem of gl(n+1) | gl(n)
are direct consequences. Our representation formulas can also be used to find exact
solutions of Knizhnik-Zamolodchikov equation in WZW model of conformal field
theory (cf. [20,29,31]). An important feature of our representation is its connection
with certain sum-product combinatorial identities of finite type. Below we give a
more detailed introduction.

Let n > 1 be an integer. Denote by GL(n + 1,R) the group of (n+ 1) x (n+ 1)
invertible matrices. A projective transformation on R™ is given by

Au+b

Ctu+d for weR ’ (1)

where all the vector in R” are in column form and

( 4 g) € GL(n + L,R). (2)
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It is well-known that a transformation mapping straight lines to straight lines must
be a projective transformation. The group of projective transformations is the
fundamental group of n-dimensional projective geometry. Physically, the group
with n = 4 consists of all the transformations of keeping free particles including light
signals moving with constant velocities along straight lines (e.g., cf. [14,15]). Based
on the embeddings of the Poincaré group and De Sitter group into the projective
group with n = 4 | Guo, Huang and Wu [14, 15] proposed three kinds of special
relativity.

For simplicity, we assume that the base field is the field C of complex numbers in
the rest of this paper. Let E, be the square matrix with 1 as its (r, s)-entry and
0 as the others. The special linear Lie algebra

siin+1)= > (CEi;+CE;)+ > C(Ery — Erp1p41)- (3)
1<i<j<n+1 r=1
Let A = C[xy, 29, -, 2, be the polynomial algebra in n variables. Set

D= ixﬁxs, [n = i Em < g[(n) (4)
s=1 1=1

Let M be an sl(n)-module. We fix ¢ € C and make M a gl(n)-module by letting
I,|p = ¢1dys. Denote -

M = o &c M. (5)
For any two integers p < ¢, we denote p,q = {p,p + 1,---,q}. Differentiating
the transformations in (1), we get an inhomogeneous first-order differential operator
representation of sl(n + 1). Using this representation and Shen’s mixed product
for Witt algebras in [28], Zhao and the second author [35] obtained the following

representation Of 5[(7’L + ].) on ]/\4\1
EZJ|M\:I'16% ®IdM+Id£{®EZJ|M, (6)

(Bii — Ej )l = 00y, — 1;0,,) @ Ildy +1dy @ (Eis — Ejj)|u, (7)

Einiilg = oD@ 1dy + 2 @ In|v + Z T @ Eiylvy Engiliyp = =0 @ Idar, (8)

r=1

(Enn — Entint) 57 = (D + 200,,) @ Idy +1dy @ (In + Epn)lm (9)

for 4,7 € 1,n with 4 # j. The first factors in the first terms of (6)-(9) are from
differentiating (1).

Moreover, M =U(sl(n+1))(1® M) (10)
forms an sl(n + 1)-submodule. Denote by 47, the subspace of polynomials in <
with degree k.

Set M, = oy @c M, My, =M( M. (11)

According to (6) and (7), M, is the tensor module of the sl(n)-modules 7, and
M, and M, is an sl(n)-submodule of M. If M is a simple sl(n)-module, then M
is a simple sl(n 4+ 1)-module (cf. [34,35]). When M is a finite-dimensional simple
sl(n)-module, Zhao and the second author [35] found a sufficient condition for M

—

to be a simple sl(n + 1)-module; equivalently M = M.
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When M is a highest-weight simple sl(n)-module, M is a highest-weight simple
sl(n + 1)-module for some highest weight A\. As we will see that A can be any
dominant integral weight of sl(n+1). Starting from n = 2 and a finite-dimensional
irreducible first-order differential operator representation of sl(2), we apply (5)—(9)
inductively in this paper to obtain a first-order differential operator realization of
any finite-dimensional irreducible representation of sl(n+1) in n(n+1)/2 variables.
Denote by N the set of nonnegative integers. Throughout the whole text, we use
the notaion V,,(\) to stand for a highest-weight simple sl(n + 1)-module for some
highest weight .

Let {wy,- - ,w,} represent the fundamental dominat weights for sl(n+ 1), suppose
that A = > | kiw; is a dominant integral weight of sl(n 4+ 1). We find that the

degree of M equals:
max{r € N| M, # {0}} = > ki = |A]. (12)
i=1

Moreover, we have the sl(n)-modules
n—1 n—
Mo=M = Vn—l(z kiviwi), My = Vn—l(z kiw;). (13)
i=1 i=1

Indeed, the sl(n)-modules M, and M _, have the same number of irreducible
components. According to Weyl’s character formula we have

d(\) =dimV,(0) = ] Tooihy 4y (14)
j—i
1<i<j<n+41
1Al
(e.g., cf. [16,34]). If A = kw;, then the equation Z dim M, = d,(\) is directly

equivalent to the well-known classical combmatorlal 1dent1ty

ST 00)

(e.g., cf.p. 10 in [27]). As a byproduct, we prove

n—1 (k] + 1) s n—1 n
(J s+1 )%1(2 kiw; +ws + Z kiyiw;) = dn(Z kowe).
i=1 i=s (=1

s:O n

When ky =ky=--- =k, =k, M is a Steinberg module and the above equation is
equivalent to another well-known classical combinatorial identity

(" 1)) e

s=0
(e.g., cf.p. 51 in [27]).
In Section 2, we present the inductive construction of the differential-operator real-

ization of any finite-dimensional representation of sl(n+1). In Section 3, we deter-
mine a basis for any finite-dimensional representation of sl(n + 1) and its relation
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with the Gelfand-Tsetlin basis. Moreover, we find all the highest-weight vectors for
the irreducible sl(n)-components in M and M = V,,(\). Section 4 is devoted to
the detailed study on the special cases when the highest weights are kjw; + kows,
kiwi + kow, and kw;, respectively.

2. General construction

In this section, we start from n = 2 and repeatedly use (5)—(9) to construct the
objective representation of sl(n 4+ 1). We also use the fact that the tensor algebra
of two polynomial algebras is isomorphic to the polynomial algebra in all involved
variables.

Let some positive integer n > 1 be given. Recall the special linear Lie algebra
sl(n 4+ 1) in (3).

Set hi = Enyointy2—i — Eny1-ims1-i; i€ 1,n. (15)
The subspace H= Z Ch; (16)
i=1

forms a Cartan subalgebra of sl(n + 1). We choose
{E;;|1<j<i<n+1} as positive root vectors. (17)
In particular, we have
{Ento—int1—i | i=1,2,---  n} as positive simple root vectors. (18)
Accordingly, {E;;|1<i<j<n+1} are negative root vectors (19)
and we have
{Ent1—int2—i |i=1,2,--- ,n} as negative simple root vectors. (20)

The representation formulas in [8] were given only for the elements in (15), (18) and
(20). In particular,

slin+1)_ = Z CE;; and sl(n+1), = Z CEj; (21)

1<i<j<n+1 1<i<j<n+1

are the nilpotent subalgebra of negative root vectors and the nilpotent subalgebra of
positive root vectors, respectively. A singular vector of an sl(n + 1)-module V is a
weight vector annihilated by the elements all positive root vectors. The fundamental
weights w; € H* are

wi<h7«) == 5@',7"' (22)
Set

g() = 5[(n) + (C(En,n - En+1,n+1)7 g+ = Z CEn+17i, g_ = Z CEj,n-i—l- (23)
=1 j=1

Then %, is a Lie subalgebra of sl(n 4+ 1) and ¥. are abelian Lie subalgebras of
sl(n 4+ 1). Moreover,
slin+1)=9_ &% dY,. (24)
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Let M be an sl(n)-module, recall the sl(n + 1)-module M and its submodule M
defined in (4)—(11). According to (6)—(9),

G, (1o M)={0}, U@%)1&M) =1 M. (25)
By the PBW theorem,
Usl(n + 1))(1® M) = U@ )U(G)U(G,)(1e M) =U@)1a M).  (26)
Furthermore, (11) and the first equation in (8) imply
M, =9 (1 M). (27)

First we consider the case n = 2. For k € N, we take

M = Z Cy' C C[y, (28)

be the k-dimensional s[(2)-module with the formulas given by
Eroly = y*0, — ky, Eailu = =0y, (E1q— Eao)|n = 2y0, — k. (29)
Now we convert M into a simple gl(2)-module by letting
(Ey1+ Esp)|m = cldyy, (30)
where ¢ € C is an arbitrary constant. Applying (5)-(9). Note

M = Clzy, 29) ®c M = Span{z$'252y” | a1, a0 €N, B € 0,k} C Clzy, 20,y]. (31)

Then M = U(sl(3)_)(1® M) is a simple s[(3)-submodule of M with highest weight
vector 1 ® 1 whose weight is

)\:—(%c+§)w1+kzwg. (32)
Moreover, it is finite-dimensional if and only if we choose ¢ € #. Denote
ki=—(sc+ 2), ko =k, (33)

where ki to be any nonnegative integer. Fix ki, we have the following full projective
oscillator representation of sl((3):

E1,2|]\7 = 110,, + yzay — kay, E2,1|]\7 = 290, — ay7 (34)
Enslsr = 21(2100, 4 2205, — k1) 4 (21 + 22y) (Y0, — k2), (35)
By sl = 22(2105, + ©20,, — k1) — (21 + 22y)0,, (36)
E31l57 = —0u, 3|57 = — Oy, (37)

(Erg — Eag)lqp = 2102, — £20,, + 2y0y — ko, (38)

(Eoo — Es3)|57 = 105, + 20905, — Y0y — k1. (39)

Recall (11) and (12). We have:
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Proposition 2.1. Let 0<r <ky, M, = ]\//TT When ki <r < ky+ ko,
B, = {x?lxgm(xl + 29y)" " yPla, 00 €N, ay = k13 €0, ky + ko — r} (40)

forms a basis of M,. If r > ky + ko, M, = {0}. In particular,
k1+k2

{x?ll‘SQy’B’Oﬂ;OQ € N, o+ oy < kl; ﬁ € m} U( U BT) (41)

r=ki1+1
is a basis of the simple sI(3)-module Va(kywi + kaws) = M.

Proof. ~ We prove the theorem by induction on r. If r =0, My=1® M = ]\/4\0.
Suppose M, = M, for r < { < k. Consider r = £. For any (a1, as,3) € N* with
a1+ as=0—1and < ky— 1, we have

a2y’ e ey T e M. (42)

Moreover, (35) and (36) give

Ens(ay"25%y7)
E23(a:§”x§2y5“)
_(UHB—hi—k=1) Bk ay gy (43)
-B-1 (=B =k —2) \afrag>tlystt
and gy = o By € M, (44)
a0 1 al o Vi
x11x22+1 = mEgg(xlla:f) e M,. (45)
Since
0+ —Fk —ky—1 —k
R e A I LY (B RV (B R SR PN
Solving (43) yields o aseyf at >ty e My, (47)

According to (44)—(47), M, = M,. By induction, M, = M, for r €0, k;.
For technical convenience, we allow r = k; in (40). Then

By, = {x?1x§’2yﬂ|a1,a2€N, ar+oae = ky; S0, kg} is a basis of M, :M\kl. (48)

In this case, 4. = CE, 3+ CEs3 (cf. (23)). For an element in (40), we have

Qa1 ,.00 r—ki1, 8

Eya(27 5% (21 + 20y)" ™y")
= (21(2100, + 2200, — k1) + (21 + 229) (Y0, — k2)) (25 252 (21 + m2y)"™y)”)
= (r+4 8=k — ko)x{ a5 (xy + zoy) T MyP (49)
and
By (25 252 (21 + 2oy) "y”)
= (22(210s, + 2204, — k1) — (21 4 22y)0,) (27 252 (21 + 220)"y”)

= B a2 (21 + moy) T RyP (50)
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by (35) and (36). Note that if § = k; + ko — r, then (49) becomes 0. Thus if B, is
a basis of M,., (49) and (50) implies that B, is a basis of M,,; by (27). Starting
from r = k; and (48), we obtain that B, is a basis of M, for any r € ky + 1,k + ko
by induction. Since

Biy ik, = {27125 (11 + 22y) ™o, a0 €N, g + g = ki }, (51)

(49) and (50) with 7 = ky + ko and S = 0 imply

E13<Bk1+k2) = E23(Bk1+k2) = 0. (52)
By (27), M, = {0} for ki + k, <r € N. -
— (r+1)(ke+1) if 0 <r <k,
Note that  dim M, = 53
e " {(k?1+1)(/€1+k‘2+1—7“) if by <r <k + ko. (53)
Moreover, (14) gives
dy(yion + hogwp) = L+ D2 + (k1 + K2 +2) (54)

2
Thus the equation Zk1+k2 dim M, = dim M = dim V,(\) becomes

kl k1+k2
Z(T’—l-l)(kz-i—l)-l- Z (k1 +1) (k1 + ks +1—7) = (k1+1)(k2+;)(k1+k2+2)_ (55)
r=0 r=ki1+1

This completes the realization of the simple sl(3)-module Va(kiw; + kows) = M in
the variables y, z1, x5 (cf. (32) and (33)). Let

be the polynomial algebra in n(n + 1)/2 variables. For convenience, we make the
following convention

variable z;;, 1< j <41,

xi,j: _1, ]:Z+1, iE 1,7’L, (57)
0, otherwise.
Moreover, we use the notation a; = (1,2, -+ ,;;) € N' for i € 1I,n and
n(n+1)
a = (ag,ag,..,a,) € 2

Denote by X" and X the monomials
o Gl G2 Qi g o o a2 (%
X' =my gy xyt and X® = X9 XG? - X0

i1

For 1<j<i<nand ©= (0,05, ,0;,_j:1) € NI we denote

ZLj,61 Ljoy " Lj,0i—j+1

dig(©) = [Vihon Fatde T e (58)

Li,0, Li,0 T Li ;541
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In particular, we take

Di7j<8) = di,j(shj + 17]+27 72)

Tjs -1 0 cee 0
Tjtls Tjp1j41 -1 - 0 (59)
Ti—1,s LTi-15+1 Ti—14542 - -1

T s Tij+1 LTij+2 0 Ty

Lemma 2.2. For 1 < s < j <1t <n, the following equations hold,

(1) Dij(s) =mis+ > wiyDi15(5);

t=j+1

1—1
(11) DZ'J‘ (S) = Ts + Z :Et,sDi,t—Q—l (t + 1) .

t=j

Proof.  The algebraic cofactor of x;¢, (j +1 <t <1i) in D;,(s) is

Ai .= (_1)i+tx

)

Tjs -1 0 s 0 0 0 - 0
Tjtts Tjtrg+1  —1 0 0 o 0
Tp—1s Te—1j41 Ti—1j42 *°° Ti—14—1 0 0 - 0

Tys  Tyje1 Tggea o ot Ty —1 0 0
Tit1,s Le+1+1  Tet154+2 "0 Te+lt—1 Te41t4+1 —1 te 0
Ti-1,s LTi-1454+41 Ti-1,54+42 - LTi—1t—-1 LTi—14+1 LTi-1t42 °°° -1

Tjs —1 0 cee 0
l’ . :L‘ . . _1 .« .. 0

_ |*Mi+ls Jj+1,5+1 _
=T = Di14(5)
Tt—1,s Tt—14+1 Le—14+2 *°° LTi—14-1

Hence expanding the determinant (59) according to the last row, we get
i i
Dyjls) = wis + Y wigdie = wig+ Y wigDiory(s).
t=j+1 t=j+1

which proves (i). Expanding the determinant (59) according to the first row, we
obtain

D;j(s) = xjsD;j11(j + 1) + Dj jia(s)
= xj,sDi,j-H(j + 1) + xj+1,sDi,j+2(j + 2) + DZ'J'_A'_Q(S)

i—1
= ... = Z «Tt,sDi,t—l—l(t + ]-) + Dz,Z<S)
t=j

Note that D, ;(s) = z; s, therefore (ii) holds. n
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Recall our realization of the simple sl(3)-module V5(kjw; + kows) in (28)—(55). We

redenote
T11 =Y, To1 =T1, To2 = T2. (60)

Thus we have used (4)—(12) to realize the s[(3)-module Vi (kjw; + kows) as a sl(3)-
submodule of the sl(3)-module €5 = Clx; 1, %21, T22], whose representation formu-

las are given in (34)—(39) with M replaced by %5. Suppose now that we have used
(4)—(12) successively to realize the simple sl(n)-module

M = V,_1(kowr + kswa + - -+ + kpwy—1)
as a simple submodule of the sl(n)-module €,-1 = Clz; ;|1 <j<i<n—1].
Fix ¢, € C and impose Iy = e, ldyy. (61)
Then M become a simple gl(n)-module. Use (4)—(12) with

Ty = Tn1, T2 =Tpa, *°, Tn=Tpn (62)
Now —
M = C[Inlaxn%"' xn,n} ®(CM
- C[xn 1, Tn 25" xn,n} ®(C (gnfl
= C[xnlamn%"' xn,n} ®CC[ZE2,]|]—<]<Z<”_]—]
= Clz; ;|1 <j<i<n]=%,. (63)

Then M = V,(\) is a simple module with highest weight vector whose weight is

n—1

A== (e Dew+ 30— ki )wn + Fows + Kgs + + iyt (64)

i=1
In particular, we can choose appropriate ¢, € C such that
1 n—1
ki=—=((n+ Den + Y (n = i)kipr) €N, (65)
i=1
Thus M is a finite-dimensional simple sl(n 4+ 1)-module. Indeed, k; can take any
nonnegative integer.

For convenience, we extend the representation of sl(n + 1) on M to the represen-
tation of sl(n+ 1) on %, by (4)—(9) with M replaced by %,_; and M by %, . Fix
cni1 € C. We make €, as a gl(n + 1)-module by imposing

Luiale (66)
Theorem 2.3.  Take the convention in (57). The representation formulas of
gl(in+1) on 6, are as follows:
1
Ei,i’(fn +lcn+1_cn+z 'rrz Tri n r+1 sz ls Ti_1,s
for iel,n+1, (67)

Eijle, = me for 1<j<i<n+1, (68)

r=i—1
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and for 1 < Z<j n+1:

s
7,j|<5 - E zrzax,]+ E E D] 1s xsz Ts,t E Dj 15 n+1 S-

s=i—1 t=1

~—~
D
Ne)

~—

Proof. When n =2, (67)-(69) become

-3
]

2
ElQ“KQ = T2 13x2 2T %7189@1,1 — ko1, E21|‘£2 = 1’2,23@,1 - 8.%1,17

~J
—_

Eisle, = $2,1($2,16x2,1 + $2723;52,2 — k1) + (221 + 1‘2,2%,1)(11,13@,1 — k),

N
\)

Essle, = 562,2(%2,13332,1 + 902,13362,1 — k1) — (w91 + $2,2$1,1)8x1,1,
E31|‘52 = _833217 E32|‘€2 = _a:vg,ga

1
Eiile = xo 13362 .t 181:1 T 503 — g — ky — ko,

- =
LN

1
Exle = 022900, , — 01,104, , + 363 C2— k1,

-3
(@)

1
Essle, = —2910z,, — 22204, , + 308 — C2.

~~ o~~~ o~~~ —~ —~
-3 -3
ot w
L D Y D O — T

Under the identification (60), (70)—(73) are exactly (34)—(37). Moreover, (74) — (
s (38) and (75)—(76) is (39). According to (33), the sum of (74)—(76) is exactly
(66) with n = 2. So the theorem holds for the case of gl(3).

Suppose that the theorem holds for sl(n). In the rest of this paper, we make a
convention that

differential operators on %,_; are also viewed as those on %,,. (77)

Let i € 1,n. First

(Ei,i - En+1,n+1>"za”n = an,raxn,r + xn,iamnyi + (In + Ei,i)|‘€n_1 (78)
r=1
by (7) and (9). Note M = V,,_1(kow; + kswa + - - - + kpwp—1). Applying (67) with n
replaced by n — 1, we get

n—1

1
([ + E’L z) bn—1 = Cp + Ecn — Cp—1 + Z(l’s,ia’psﬂ' - n s+1 sz 1,s acl 1,8° (79)
. 1 .

According to (65), Cp = —m(nkl + Z(n — i) kiy1). (80)

By our inductive construction,

1 S .
Ca1=——((n— Dky+ Y (n—1—i)kiy). (81)
=1

Thus nj;lc —Cpo1 = —ky. (82)

The expressions (78)—(79) and (82) imply

(Ei,z’_ n+1n+1 E xnr xn,«—i_ E ajsz Tsi n s+1 E Zj— 15 Ti-1,s" (83)
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n+1
Hence En+l,n+l‘%”n = e T Z rr En+1,n+l))|‘5n
r=1
1
by (83), and

Eiilg, = (Eii — Entins1 + Engini1)le,

n
1
- Cn+1 —Cp + Z(xs,ia:vs,i - n s—l—l sz 1,s acl 1,8° (85)

+
Assume 1 < j<i<n+1. Ifz—n+1
En+1,j|<fn = _axn,j = :En,n—i-la:chﬁ (86)
where the last equation dues to the convention (57) that x,,+1 = —1. When
1 <n+ 1, we have
EZy]l(fn = xnylaxnj + E ,J |(gn 1 Z xryiaxr,j’ (87)

r=t—1
where the last equation is from inductive assumption.

Let 1 <i<j<n+1. We want to prove (69). Note that

n r—1 s n—1 s n n r—1 n—1 n
)IDIHIED I D IS D IED DD DE (88)
r=i+1 s=i t=1 s=i t=1 r=s+1 r=i+1 s=i s=i r=s+1

Consider j = n + 1. By the inductive assumption and (88), we have

n n
Ei,n+1|‘5n = Tn; E xn,raccnﬂ» + $n,i1n|?fn_1 + E xn,rEi,r|‘€n_1

r=1 r=1

= xn,i<cn + i xn,raxn,T) + i xn,rEi,r

:xnz Cn+§ xnr Tn,r _'_E xnr 'Lrl‘gn 1+xnz iy

Cffn—l

,L1+ 5 xnr i,r

r=i+1

rLl

i—1 n—1

= Tn, Cn+ E :Cnr :Enr + E g xnrxsz Ts,r

r=1 s=i—1

+ Ty <:Lcn—cn1 +i<x57ia$s,i —kns11) sz 1,600, 15>
+ Z Tn,r (szza:csr_‘_ Z ZDT‘ ls xsz Ts,t ZDT ls n S+l>

r=1+1 s=i—1 t=1
= § § (*rn,t_F E xn,rDrl,s(t)> xs,iamsyt § (xn z+ E xn r 7" 1,s > knferl
s=1 t=1 r=s+1 r=s+1

- E (znt+xnzx1 1t+ E xnr r—1,i— 1t)> 8:ci,17t_kll‘n,i+mn,i E xn,raxn,r

r=i+1 r=1
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— Z Z (mn,t+ Z In,r-Drl,s(t)> 740z, , —Z (xm+ Z Ty Dy 15 )knsﬂ

s=1—1t=1 r=s+1 r=s+1
= E E Dns xsz Ts,t E Dns n s+1) (89)
s=i—1t=1

where in the last equality, we have used Lemma 2.1 (i). When j < n+ 1, inductive
assumption and (69) with n replaced by n — 1 imply

Ezvjl%n = In 7483777, 7 _'_ EZ J |(Fn 1

s
== Inz :Dn]+ § xrz mT]+ E E D] ls xsz Ts,t E D] 13 n+1 s

s=i—1 t=1
- Zxrz rr]+ Z ZDj ls xsz Tst ZDJ ls n+1 s- u (90)
s=i—1 t=1
For 1 <5 <7< n, we set
= {("‘) = ((91,02, s ,92'_]'4_1) | 07« € 1,_n, dz,g<®) 7A 0} (9].)

Recall that A = )77 | k;w; is a dominant integral weight of s[(n + 1). Denote
@;j(©)€N; forje1,n:

Sa(\) = IT I ds©)® z": S ay(0) | C %, (92)

< ky—
1<j<i<n O€l; ; — & = eyl
i=j O€li;

Moreover, the homogeneous subset of S,,(A) with degree r in {x, 1, Ty 2, ..., Tppn} 1S

<&4A»T=:{ IT I dis(©)© e Su( }: Y an,® r}. (93)

1<]<Z<'I’L @eji,j .] 1 ©€], N
Al

Recall [A| =7, k. Then S,(A) = J(Sa(N)),.
r=0
According to (10)—(12) and (63), the simple sl(n + 1)-module we have

V.A\)=McCMC%,.
Theorem 2.4.  As a vector space, V,(A) is spanned by S,(\). Moreover, the
homogeneous subspace (Vi (X)), = M, is spanned by (S,(X\)),.

Proof. See Appendix A. [ |

3. Bases and singular vectors

In this section, we determine a basis for the sl(n + 1)-module V,,(\) realized in
Theorem 2.4 and a connection with Gelfand-Tsetlin basis (cf. [8]). Moreover, we

calculate all the sl(n)-singular vectors in M. In particular, the results restricted to
M, and V,,(\) = M yield to certain sum-product type combinatorial identities.
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First we define a lexicographic degree
(0%
lexdeg(X?) = (@1,1,@2,17@2,27 QG Qo Qg ,Oén,n)

for monomials %, according to the order:

We say that lexdeg(X®) > lexdeg(X®') if there exists (s,t) in (94) such that
a;j = a;; for all indexes (i,7) < (s,t) and a,; > of,. This gives a total order.
For any polynomial f € %, , we define lexdeg(f) to be the maximal lexicographic
degree of monomial appears in f. Define a relation in (V,(\)), (0 < r < |)]) as

follows:
Vu,v € (Vi(A))r, u~v if lexdeg(u) = lexdeg(v). (95)

This is an equivalence relation. Let
B(X), be a set of representatives of the elements in (S,())),/ ~ (96)

(cf. (92) and (93)), and Q(\), be the set of monomials with maximal lexicographic
degree of the elements in B(\),.. Suppose

f= 11 TI @(©)® € (Su(\), (97)

1<i<i<n ©€]; 5

Without loss of generality, we can rearrange the index © = (6s,...,0;_;41) € J;;
(cf. (2.84)) in each factor d; ;(©) of f such that 6; < --- < 6;_j41. Thus the mono-
mial with maximal lexcoghraphic degree in d; ;(©) is Hl I 21 10, Therefore,
the the monomial with maximal lexcoghraphic degree in f is

i—j+1

I 1II H AT (98)

1<j<isn ocl; ;
01<-- <91 J+1

By the definition of S, (A\) in (92) and (98), we conclude that Q(\), is the set of
monomials X € €, satisfying the following conditions:

Z Qpn; =1, and (99)
j=1

0 < ap1 <k,

O0< ap1 +apno < a1+ k1 <k + ke,

l l—s s l
Zam ZO&n 1]+k'1 Zan,s7j+2ki<~~<2ki, (100)
Jj=1 j=1 i=1 i=1

3
3
|
—
3

n—1
OSZan,j<Zozn_Lj+k1<...<a1,1+ k:Z<Z]gZ
Jj=1 j=1 —

By Theorem 2.4, B(\) =B\, (101)

is the polynomial basis of V().
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Set o) = JaW.. (102)

Next we associate X* € Q()) to a Gelfand-Tsetlin pattern of shape A. By Theorem
2.3, let

i1
Tt = Enyo—inyo—i(1) = %ch+1 — Cp — Z kg forie2,n+1, (103)
s=1
1
and set Topt11 = -y 1cn+1 — Cp. (104)
Put & =(0,--+,0,1,0,---0). (105)

Then we can extend the weight A of sl(n + 1) to that of gl(n + 1)
A= Tpt1161 + Tnt1262 + * + Tt 1nt+16n+1 (106)
(cf. (15), (22), (80) and (81)). Define
Tig = Tit+lj+1 T Qjoipnn—it1 for 1 <j<i<n (107)
inductively. Expression (100) yields
Tit1j = Tij 2 Titlj+1 for 1<j<i<n. (108)
Therefore, we obtain a Gelfand-Tsetlin pattern of shape A:

T1 T2 T Tn+1
Tn,1 e Tnon
(109)
T2,1 72,2
T1,1

So we have a one-to-one correspondence between Q(A) and the Gelfand-Tsetlin
basis. Note that there is one-to-one correspondence between B(A) and Q(\). In
summary, we have:

Theorem 3.1.  The set B()\) is a basis of V,,(\). Moreover, there is a bijection
between B(X\) and the Gelfand-Tsetlin basis.

Recall that a singular vector is a weight vector annihilated by positive root vectors,
next we want to find all the sl(n)-singular vectors in M and M = V,,(\) by the
method of determinants given in [32].

{z:;]1 <j<i<n} annihilated by

Lemma 3.2. A rational function in X =
s < n} must be a rational function in

positive root vectors {Es; | 1 < t <
{Dn,l(l)a Dn,2(2)7 e 7Dn,n(n>}'

D, (i), if § =7,
Proof. Set Yij = ‘ o (110)
Tij, f1<yj<i<n
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Indeed,
ZEka; —1 0 cee 0
Thilk Thoil ksl -1 - 0
Ykk = . .
Tp-1k Tn-1k+1 Tn—-1k+2 -~ -1
T,k T k+1 Tnk+2 " Tnn
Th+1,k -1 0 -0
T2k  Tha2k+2 -1 e 0
— xk,kyk+1,k+1+ cee | (111)
Tpn-1,k Tn—1k+2 Tn—1k+3 °°° -1
T,k T k42 Tn.k+3 o Tan
Thus Thk = YetrperUhk + D Gk (112)
I=k+1
where gi’s are rational functions in {y; |k +1 < j <7< n}. (113)

So the sets of variables X and
Y={y|1<j<i<n}

are functionally equivalent. Let f be a rational function in X', which is annihilated
by positive root vectors {Es; | 1 <t < s < n}. Then it can also be written as a
rational function in . We prove that f is independent of {y; ;|1 < j <i < n} by
backward induction. By (68) and (111),

Esi(ypr) =0 forany 1<k<n and 1 <t<s<n. (114)

In particular,

0 0
En,n—l(f) = Z (xn,nan,n—l - axnfl,nfl)(yl}j) 7f = Ynn f =0 (115)

oy; s 0 _
1<j<i<n Yi,j Yn,n—1

by (68) and (110). Thus f is independent of ¥, ,,—1. Assume that f is independent
of {yi;lk <j<i<n} forsome 1 <k <n—1. By (68), (112) and (114),

0
Ek,kfl(f) = Z Ekk 1 yz,] Z ylk af /
I=k+1

1<g<isn ’j 8yk k—1

n

of of 1 of
- ™ + 57— =0. 116
l;—i-l yl’k(aylv’“—l 9 Oy, k—l) YirLh+1 bk Yk k-1 (116)

)

By inductive assumption, f is independent of {y; x|k +1 <1 < n}. Thus the above
equation yields

1 of
Yeri ¥k g = — = 0. (117)

So f is independent of yi ;1. Then (116) implies

Zylk —0= O O _..._ 9 =0, (118)
e Oy k-1 OYk+1,k—1 OYk41,k—1 OYn. k-1

which implies that f is independent of {y; ;|k —1 < j <i<n}.
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By induction, f is independent of {y; ;|1 < j <i<n}. Namely, f is a rational
function in {y11, Y22, , Ynn}- [
Suppose a rational function in {D,,;(7)|1 < i < n}:
F(Dni(1),- -+, Dnp(n))
G(Dni(1),+ -, Dnn(n))

where F' and G are polynomials in n variables. Write

—He%,, (119)

F(Dp1(1), -, Dypp(n)),G(Dna(1), -+, Dypn(n)) and H (120)

as polynomials in {z;; | 1 <j<i<n—1} with coefficients in Clx, 1, -, Zp,).
Denote the “constant terms” by f, g and h respectively. Then

F@nase o @nn) = 9(@n1s e Tan)W(Tat, o Tn). (121)
Note that the “constant term” in D, x(k) is just z, . Thus we have
f@n1, s Tun) = F(Tnts s Tnn);, 9(Tna,-  Ton) = G(@n1, -+ s Tpp). (122)
So (119) becomes
F(xpa, - Ton) = G(@n1, - Top) M (Tnas - Top)- (123)
Substituting D,, (k) into z,4 in the above equation, we get

F(DnJ(l)a T an,n(n)
G(Dn,1(1)7 ) Dn,n(n))

= W(Day(1),- -+ , Du(n)) (124)

is a polynomial of {D, ;(i)|1 <i < n}. Therefore, every polynomial in %, annihi-
lated by {E,; | 1 <t < s < n} must be a polynomial of {D,,;(¢)|1 <i < n}.
For 8 = (B1, P2, -+, Bn) € N*, we set

n—

AB) =) (kix1 + Bi = Biv1)wi (125)

1

[y

and £(8) = (Dun(n)” (Dng-a(n = 1)) - (Dna (1)) (126)
Moreover, we calculate that

the weight of &(3) is A(5) (127)
by (15), (22) and (67).
Let |3] be the length of the multi-index 3, namely |5] =", 8;. Set

Q’I‘ = {6 = (517627"' aﬁn) e N” | |B| =T, 0< ﬂz < kiv ZG].,_TZ}, (128)
Al

Q=) and (129)
r=0

Qr: {ﬁ: (ﬁlaﬁ?a"' aﬁn) eN” | |5| =T, Og/ﬂz gkzv 2627_n} (130)
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Then €2, C Qr. In the following, we identify a singular vector with its nonzero
constant multiple. Denote by .. the subspace of homogeneous polynomials with
degree r in Clzy 1, Tno, -, Tyl By (91), (92), (126) and Lemma 3.2, we have:

Theorem 3.3.  Forr € N, the sl(n) singular vectors in M, are {¢(8) ] B e},
which generate all the sl(n) irreducible components in

n—1
]\/4\7« =, Q¢ Vo ( Z ki+1wi)- (131)
i=1

Numerically, it implies the sum-product identity (cf. (14))

> dua(MB) = (” o 1) o ( Z Kivir ). (132)

Bef),

For r € 0,|)\|, the sl(n) singular vectors in (V,(A)), = M, are {£(B) | B € Q,}.
Moreover, {§(B) | B € Q} are the highest-weight vectors of all the sl(n) irreducible
components in V,(\) = M. The numeric sl(n+ 1) | sl(n) branching rule

D dua(A(B) = du(N) (133)
BeN

—~

naturally follows (cf. (14)). If r < ky, then Q, = Q,., which yields (V,(N)), = M,..

By (132) we can derive a formula for (V,,(\)), and V,,(\) as follows with the proof
being presented in Appendix B:

Proposition 3.4.  We have dim(V,(\)), =

n+r—1=>3"(k; +1)

n—1 s n—1
_ Z(_1)8< j=1 )dn1<2kiwi + wg + Zki+1wi> (134)
s=0 i=1 i=s

n—1

for r € 0,|\|. Moreover,

n—1 Xn: (k + 1) s n—1 n
) <j:s+1 ’ )dn—l(z k:z-wi + ws + Z kiﬂwi) = dn(z k)g&)g). (135)
i=1 i=s /=1

s=0 n
Proof. See Appendix B. [ |
Consider the case ky = ky = -+ = k, = k. The sl(n + 1)-module V,, (k> " w;) is

called a Steinberg module. According to (14), its dimension

n(n+1)
2

dn(kiwi) = (k+1) (136)

Moreover,

s n—1
dp_y ( Z; ke 4wy + Z_: kwl-) - (Z) (k+1)"5" (137)
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By (134), the dimension of homogeneous space of degree r € 0, nk is

n

dim(V,(A)), = 1@4y(”+r_1_3%+1U¢%(§ih%+w,+§fmﬁ

2 n—1
_ n_l(_1)8 (” o _nl__ls(k" - D) (Z) (k+ 1)~ (138)

o

s=

and (135) becomes
n—1 s n—1
n(n+1) f(n—s)(k+1)
(+1)"5" =3 (-1) ( . o ( §1 b 0,43 )

: (—1)° ((” — )kt 1)) <”> (k+ 1), (139)

n S

= O

n—

s=0
which is equivalent to the well-known classical combinatorial identity:
- —s)(k+1
}:(—U8<0l s)( *')>(”)::@++1w (140)
—~ n s
(e.g., cf.p.51 in [27]).
Remark 3.5. By (67) with ¢ =1, {A\(B) | 5 € Q} are distinct weights of gl(n).

Thus the multiplicities of the gl(n) irreducible components in V,,(\) are one; that
is, the multiplicity-one theorem of gl(n + 1) | gl(n) holds. [

By (128), || = [x—+]. So sl(n)-modules M, and My, have the same number
of irreducible components. Moreover, (125), (128) and (130) give

n—1

{AB) | B € Qysr \ Qyga} = {(k + Doy + Y kiawi}. (141)
i=1
. L n—1
Thus Mk1+1/Mk1+1 = Vn71<<k1 + 1)&)1 -+ Z ]{Zi+1wi). (142)
i=1
According to (125) and (128),
n—1
D)1 B€ Uy = { D kiwi . (143)
i=1
n—1
Hence MIM =V, < Z k:iwi> (144)
i=1

is a simple s[(n)-module.
Note that as an sl(n)-module, o7 = V,,_1(rw;) in (131). By using the sl(n) singular
vectors {£(B8) | B € .} in

—

M,

n—1

Vo1(rwy) @ Vi, < Z kiﬂwi) , (145)

i=1
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one can derive the corresponding Clebsch-Gordan coefficients. Moreover, they can
also be used to construct sl(n)-module homomorphisms

n—1
from Vn,l('r’wl) ®(C Vn,1 ( Z klei) to anl(/ﬁ) (146)
i=1

for any dominant sl(n) integral weight u, which are fundamental in constructing cor-
responding intertwining operators of the vertex operator algebra associated with the
affine Kac-Moody Lie algebra A (e.g., cf. ( [31])). Using these intertwining oper-
ators, one can obtain the corresponding exact solutions of Knizhnik-Zamolodchikov
equation in WZW model of conformal field theory (cf. [20,29,31]).

4. Special cases

In this section, we give more detailed description on the special cases when the
highest weights are kyw; + kows, kywy + kpw, and kw;, respectively.

4.1. A= k1w1 + k2w2, n = 3
In this case, (92) becomes

a;;(©)€eN; forjen—1,n:

n

Sn()‘> - H H di’j(g)am(@) Z Z ai,j(@) < kn—j—i—l (147)

n—1<j<i<n ©€]; ; = 6c
=7 Bl ;

because k3 = ky = --- = k, = 0. According to (58), (147) only involves variables
{Zn_14,2n; 1€ 1,n—1,7€1,n}. Since V,(\) is spanned by S, (\), we have

Va(A) CClzy_r,zn, |1 €1l,n—1,5 €1,n].

For simplicity, we redenote

Yi = Tp—14, Tj = Tpj for iel,n—1,5 € 1,n.

We also take the convention g, = —1. Then the set

n
@i, By et €Ny Y0 < ks

n n—1

. i=1
Qg Vs,t J ¢
Hwi ' H (xsyt - -Z'tys) ° H yj n—1
i=1 1<s<t<n i—1
/ E Vs,t + § ﬁj S kQ
1<s<t<n 7j=1

spans V,,(A) by (147).
According (67)—(69), we have the following representation formulas of sl(n + 1):

n—1
Eijlv,oy = 10y, + Yi0y,, Einlv,00 = 204, + yz( Zysays - k2),
s=1
n n—1
Ei,n+1|Vn()\) = xz( Z xsaxs - kl) + yz(Z(xs + Inys)ays) - kZ(Iz + xn%)a
s=1

s=1
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En,j‘Vn()\) = mnaxj - ayj7 En+1,j‘Vn()\) = _axja

(Eii — En+1,n+1>|vn()\) = Z 250y, + 20y, + :0y, — k1 — ko,

s=1

(En,n - En+1 n+1 |Vn Z xsaxs + xn f Z ys Ys

E”v"+1|vn()\) = x”(z xsams o k (IS + xnys)ﬁys, En+1,n|Vn(>\) = _al'n
= 1

m
,_.
3
—

©
Il

for 7,7 € 1,n — 1. By Theorem 3.3, sl(n) singular vectors in M, are
{22 (p1 + Tpyn_1)" | 5, ENst < ko;s+t =1},
whose weights are
{(ka+s—t)wy +twy | s,t e Njt < ko;s+t =1}

for r € N. According to (14),

G4+1[(0+0l+n—1\[(l+n—2
dp—1(lwy + lows) = - (1 ’ )(2 )

n—1 n—2 n—2

So (132) becomes

i key4+2s—r+1(ks+s+n—1\[(r—s+n—2
n—1 n—2 n—2

s=max{0,r—ka}

_(n+r—1 n+ky—1
n n—1 n—1 )

Let k3 = =k, = 0 in Corollary 3.4. Since r < k1 + ko < k1 + ko + 2,
(”+T_1_Z(kj+1)) (Z(kj"‘l)) (n—s)
J=1 — 07 Jj=s+1 = =
n—1 n n

when s > 1. Thus (134) and (135) become
n—1 n—1

_(n+tr—=1\[kat+n—-1 B n+r—2—k\(ki+k+n
N n—1 n—1 n—1 n—1
and

—1
dim V,(\) — <k1+i2+n)dn_1(k2w1)— (’“2 +: )dn_l((k1+k2+1)w1)

. k‘1+k2+n k‘2+n—1 _ k:2+n—1 k’l—l—k‘z—l—n
N n n—1 n n—1 ’

dim(V,(\)), — (” e 1) a1 (1) — (” o2 kl) dor (k1 + Fz + Den)
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4.2. A\ = kw, + kpwy,

In this case, the representation of sl(n + 1) is given in the formulas (67)—(69) with
ko =---=k,_1 =0. Recall that

1'1,1 —1 0 ce 0
T21 T2.2 —1 cee 0
Diy(1) =1 --- . (148)
Tj11 Tj-12 Tj-13 *°° -1
Lj,1 Lj,2 iz o g

Now the sl(n + 1)-module V,,(\) is spanned by

n

S() = {szzﬂwj,lu))ﬁj

J=1

a, B €N Ja| <k, |B] < kn} :

By Theorem 3.3, sl(n) singular vectors in M, are

{25,(Dpn (1) | 5,t € Njt < kyys +1 =7},
whose weights are {swy + (k, —t)wp—1 | s,t € N;t < k,; s+t =r} for r € N.
So (132) becomes

ZT: kp+2s—r+n—1(s+n—-2\[(k,+s—1r+n—2
n—1 n—2 n—2

s=max{0,r—kn}

_(n+r—=1\/n+k,—1

B n—1 n—1 '

Suppose ki1 + k, > r > ki + 1. The set

n

{ngsz(D]J(l))Bj | aaﬁ S Nna |(I| - klaﬁn =r— klv |/B| - /Bn < kl + kn - T’}
i=1

j=1
forms a basis of (V,,())), by (148). Thus

kt+n—1\(k+k,—r+n-—-1
dim(Vn(A))r:(l;r_l )(1+ n_1+ )
By Theorem 3.3, sl(n) singular vectors in (V,,(\)), are

{28 (D1 (1) | s,t € N;s < kyjt < ky;s+t=r},
whose weights are

{swi + (kp —t)wp_1| s, t € N;s < ky;t <ky;s+t=r}.

So we have

“‘i‘%’” kn+2s—r+n—1(s+n—2\(kn+s—7r+n—2
n—1 n—2 n—2

s=max{0,r—ky}

kit n=1\ (ki +k,—r+n—1
N n—1 n—1 ’
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4.3. A=kw;,, 2<1<n—1

For simplicity, we denote

Tp—i+1,00 LTn—itl,0s " Tn—itl,0;4,-1

_ _ | Tn—i+2,00  Tn—i+2,00 " Tn—it2,0,1,1
dj(0) = d;j(01,02- -+ bijn) = |77
L0, L4,0, T Lj0i4j-1

forjEn—i+1,n and@:(91,"',91'4_]'_1)6;”7;7]'.Set
]Ii,j = {(61, ,ei+j,1) € NiJrjil | 91 <n—1+ 1, 91 < 92 < - K 9i+jfn g]}
By Theorem 3.3, the homogeneous subspace (V,())), is spanned by
{ [T I[4©%° a0 e 3 3 a@) <k Y a0) = r}.
j=n—1i+1 96111-,]- j=n—1i+1 @E]Ii_’j @E]Ii’n

So V,(A) does not involve the variables {z,.s | 1 < s < r < n —i}. The
representation of sl(n + 1) is given in the formulas (67)-(69) with k., = 0 for
i #7r € 1,n, |4 replaced by lv,(»y and all the ingredients containing z,, deleted
for1<s<r<n-—i.

By Theorem 3.3, sl(n) singular vectors in M, are
{25 (Dpisi(n—i+ 1)) | s,t €Nt < k;s+t=r},
whose weights are
{sw1+ (kK —t)wi—y +tw; | s,t eNst < k;s+t=r} (149)

for r € N. Moreover,

So (132) becomes

r

Z dp—1(swy + (k+s—1r)wi—1 + (1 — s)w;)

s=max{0,r—k}
n+r—1 i—1 (k-‘rnk—i-i-j)
“\ n_1 H ()
j=1 k

Suppose r € 0, k. By Theorem 3.3, sl(n)-module (V,,()\)), is an simple module with
highest-weight vector (D, ,—iy1(n—i+1))", whose weight is (k—r)w;—1 +7w;. Thus

dim(V, (), = (k—r—l—i—l) <r+nfz')

1 —1

i—1 (k+n4+j)

— . v
7j=1 (k—ll_j)

Hence (133) is directly equivalent to

S () ()
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A. Proof of Theorem 2.4

We will prove Theorem 2.4 in this section with two lemmas. Recall again that
xs; = 0 if s < i —1 by the convention (57), and D, (i) = 0 when s < i < n by

(59). Thus by the last equality in (89), we can write

Einiilg, = — ¥,
n
with (I)z = E Dnvs(t)l‘s,iaxs’t, \Pz = E Dn,s(i)kn—s—‘rl- (150)
1<t<s<n s=1
Lemma A.1. Forieln, 1<t<s<n and © € J,,;, we have
D;(ds1(0)) = Dyp(1)dst(©) — dt(Os) (151)
(0,---,0) it s =n,
where Oy = (01,02, ,0s_441,1) if s=n-—1, (152)
(61,92,"' ,95,t+1,2',8+2,"' ,n) if s <n—2.
Proof. We calculate: @;(ds+(0)) =
Tt,01 Tt,0, Lt,0s_t41
— &, LTt41,00 Tt41,09 Tt4+1,05_t41
- 3
Ls,01 Ls,00 Ls,0s_t41
Lt,01 Lt,0o T Lt,0s ¢11
s Tj-1,00  Tj—1,62 Lj—1,05—t+1
= i |Dnj(61) D;(62) D, j(0s—t+1)
j=t Tjr1,00  Tj+102 0 Titl0e g
Ls,0, Ls,05 Ls,0s_t41
Lt,0, Lt,07 Tt,0s 41
Lj—1,01 Lj—1,02 Lj—1,05—t11
S n n n
= Z Tji Z Tr,0, D1 (1 + 1) Z Try Dnrs1 (r + 1) Z Tr 9,1 D1 (r+1)
=t r=j r=j r=j
Lj+1,61 Zj+1,02 Lj+1,05—t41
Ls,01 Ls,65 Ls,05_141
Tt,0, Lt,0, Tt,05_¢41
s Lj—1,01 Lj—1,02 Lj—1,05—141
=Y i |50, D1 (G +1) 20, Dnjir(j+1) 01 Dnj+1(j +1)
g=t Tji1,6, Tj1+1,02 Ljt1,0s—t11
xs,el 1'5792 xsﬁs—ﬂ—l
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T,04 Tt,09 T Lt,0s_i41
Lj—1,01 Lj—1,02 T Lj—1,05_¢11
S n n n
+Y @i | 2 o Dnpr(r+1) 3 200, Dnpa(r+1) o X @rg, D (r+1)
=t r=s+1 r=s+1 r=s+1
Tj+1,01 Tj+1,02 T Lj+1,05—¢41
Ls,0 Ls,02 T Ls,0s 41

= Z$jz n,j+1 ] + 1)d (@)

L6, Lt,6, T Lt,05_ 141
Lj—1,01 Lj—1,02 T Lj—1,05s_t41
+ Z Tji |Dnsy1(01) Dnsy1(02) -+ Dpsi1(0s—¢41) (153)
j= Tj4+1,01 Tj4+1,0, T Lj+1,05—¢+1
Ls,01 Ls,0o T Ts,0s_t41

by Lemma 2.2(ii). Here we make the convention D, ,+1(n+1) =1 and D,, ,41(8) =0
if1<0<n.

In the following, putting a bracket on a row in a determinant means removing that
row. If s =n,

(153) Zxﬂ ni41(G 4 1)dne(©) = D1 (i)dy1(0). (154)

Suppose s =n — 1. Then we have

Tt.0, Tt,0, s Tt,0,_,
- o e e g
(153) Z:I:'J2 nj+1(J + 1)dn_14(0) + Zxﬂ L0, T, 0, . Tno,
Jj=t Tj+1,00 Tj+1,60 *°° Tj41.0p_ ¢y
Sty Tooter e Tnotan
Loy  Teoy “°°  Tib, 4
= Dor()dur(0) = i (O) + (e e o s )
’ Tnoy Tngy ~° Tng,_,
= Dpi(i)des(©) + (1) dps(i, 01, -+, ). (155)

Assume s < n — 2.
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(153) = Y 53D j1(j + 1)ds1(©)
j=t

l't,el xt,@g
s Lj—1,0 Tj—1,09
+ Zx]’,i Dn,s—l—l(‘gl) Dn,s+1(‘92>
=t Tj+1,01 Zj+1,0
:Us,91 xs,@g
= Dy 1(i)ds1(©) — Dy,s11(i)ds 1(O)
:I:t,el zt,@g
s Lj—1,0 Tj—1,09
+ Zﬂfﬂ Dys1(6h)  Dnsi1(62)
J=t Tjt+1,0, Tjt1,02
:Usﬂl xs,@g
Tt,0, Lt,05 141
n 5,0 Ts,05 141
- Z (_1>Sijl’j,i Tst1o Ls+1,05—t+1
Jj=s+1
(xjﬁl Ljbs—i11
Tn,0, Tnbs_t11
xt,91
s (x]’el
+ D y(i)ds 1 (©)+> (—1)*
— Ts,01
! xs—‘rlﬂl
Tn,6,
Tt,q Tt,0,
- D . -1 s—t| Ls,i Ts.0,
n’t(l)ds’t<@>+< ) Ts+1,i  Ts+1,6,
Tn,i Tn,6,

Lt,0s_141

Tj1,05_141
Dn,s—l—l (‘gs—t—H)

Tj+1,05—141

xSﬁs—H—l

Lt,0s_141

Lj—1,05—t41
Dn,s+1 (‘gs—t—H)

Tj+1,05—141

xS,Gs—t-H

0 0

0 0

LTs+1,54+1 Ls41,54+2

Lj,s+1 Lj,5+2
Tn,s+1 Tn,s+2
Lt,0s_t41 0

Ljbs—t41 0

Ls,05_111 0
Ls+1,05-141 Ls+1,5+2

Tn,0s—t41 Ln,s+2
Lt,05_ 141 Tt 542
Ls,05_ 141 Ts,s+2

Ls+1,05_141 Ts+1,5+2

Tn,0s—t41 Tn,s+2

= Dn,t<i)d5,t(@) + (_1)s_tdn,t(2.; 917 e aes—t-‘rl? s+ 27 e 7”)'

Ts+1n

LTs+1,n

xn,n
Tt,n

Ts,n

Sy

xs—i—l,n

Tnn

(156)
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Expressions (154)—(156) imply

Q;(ds+(©)) = Dy (i)ds 1(©) — dpp 1 (O5) (157)
0,---,0) if s=mn,
where C:)S = ¢ (01,09, ,05_411,1) if s=n-1, (158)

(917627"' 7057t+17i75+27"' 7n> if s<n—2.
This completes the proof. [

For 1< <is < <ipmr1<n, 1 <m<n—1and f € %,, we define

Eil,n—‘rl Eig,n-‘,—l T Ein_m+1,n+l
$m7i1 .CCm’iQ e xm,im_nﬂ n—m-+1
Tmilin Tmilis 0 Tmilin oo | ()= D Einnlaf), (159)
‘e e ‘e e j=1
Tn—141 Tn—ljds " Tn—lim_ni1
where CLZ‘]. = (—1)1+jdn_1’m(i1, st 7ij_1, Z.j+1, T ,in—m+1) (160)

is the algebraic cofactor of Ej, ,11 in the matrix (cf. (58)).

Lemma A.2.  These first-order differential operators defined in (159) are

Ei1,n+1 EiQ,’n+1 e Ein_m+1,n+1
xm»il xm7i2 T mmyimfnﬁ»l
Tm4141 Tmtlie " Tmtlim—ni1
Tn-141 Tn-ljs " Tn—lim_np
n n—m-+1
= (—1) dn,m(zly PN 77/7L7m+1) m —n + .rn7taxn7t - ks
t=1 s=1
n—m+1 m—1n—m+1
+ E : E : @iy D, (t)x&ijaﬂfs,t - § § Kp—s+1Dn,s (Zj)aij' (161)
1I<t<s<m j=1 s=1 j=1

Proof. By (91), (159) is equal to

n—m-1 n—m+1
Z ((I)zj (aijf) - \I/z']- (az]f)) = Z ((I)zj (CL@J.)f + Qi q)ij (f) - \Iji]‘ (aij f)) (162)
Jj=1 J=1
According to (151),
n—m-+1
Z (I)ij (az] )
j=1
n—m+1

= (Dn,m(ij)aij - (_1)n7mdn,m(7f.17 e 7Z'nfm+1))

i=1
n—m+1 n—1
= Tni; iy + g Ti; D1 (t+ 1)y,
7=1 t=m

- (_l)n—m(n —m+ 1)dn,m(i17 e 7Z‘n—m+1)
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n—m+1 n—1 n—m+1
N S (Dn,m(t 'S )
j=1 t=m j=1
- (_1)nfm<n —m—+ 1)dn,m(i17 te 7infm+1)
= (_1)n7mdn,m(i17 e 7Z'nfm+1) - (_1)nfm<n —m + 1)dn,m<i17 T 7in7m+1)
— (= ) (=1)" (i1, - i), (163)

where the second equality was obtained by Lemma 2.2 (ii). Moreover,

n—m-+1 n—m-+1

Z aijq)ij: Z Z az‘an,s(t)xS,ijaws,t
j=1

1<t<s<n j=1

Tsiq Tsig e xs,in_m+1
xm,il xm,ig e xm,in,mJA
— Z Dy s(t) |Tmitii Tmatin " Tt linompr | Oren
1<t<s<n
Tn-141 Tn-lis °~°° Tn—lin_mi1

n
= <_1)nimdn,m(ila e 7in7m+1> Z xn,ta;cn,t
t=1

Ls,iy Ls,io Lsyin—m+1
xmvil xm:i2 o xm»infnw»l
+ Z Dy o(t) | Tmiriy Tmgri, - Tn+1,in—mas1 &m. (164)
1<t<5<m oo oo “ e
Tn-141 Tn—1ljs " Tn—ljin_msp
Furthermore,
n—m-+1 n—m+1 n
g ‘I’i]-az‘]- = g E k‘n—s+1Dn,s(lj)az‘j
j=1 7j=1 =1
n n—m+l1 m—1n—m+1
= E E knferan,s(Zj)aij + E E knfs+an,s<Zj)aij
s=m j=1 s=1 gj=1
n
n—m . .
= (_1) knfs+1dn,m(zla T 7anm+1)
s=m
m—1n—m+1
+ E E k’n_s+1Dn75(Zj)a7;j. (165)
s=1 j=1
In summary, we obtain (161). ]

Now we are going to prove the main theorem of Section 2.

Theorem 2.4 As a vector space, V,()\) is spanned by S,()\). Moreover, the
homogeneous subspace (V,, (X)), = M, is spanned by (S,(X)),.

Proof.  We prove the theorem by induction on n. If n = 2, the sets

JLl = “H?,Q = {(1)7 (2)}7 J2,1 = {(172)7 (27 1)} (166)
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MOI‘GOVGI’, dl,l(l) =T1,1, d1,1(2) = —1, d272(1) =T21, d2’2(2) = T22, (167)

T1,1 —1

d271(17 2) = —d2,1<2, ].) = = T1,1%2.2 + x21- (168)

T21 T22
Under the identification (60), the basis (41) is contained in the set

0 < Qg 1+ 2 X ]{31
S ()\) C :E.l’ggll 3222.77(11111(1'271 + $272£C171)O/171 and C V()\) (169)
0 < a1 +O/171 < ]i]g

(cf. (32) an ( 3)). In consequence we obtain Vo(\) = M = Span S5(\) and
= = Span (S2(A)),. So the theorem holds for n = 2. Set

W (), = Span (S, (X)), (170)
Suppose that the theorem holds for n — 1, which is equivalent to
(Vn()\))o = anl(k'gwl + ]{73(4.)2 + -+ knwn,l) = W()\)O (171)

Assume W(A), = (V,,(A)), for some 0 <7 < |\ = i k;. Take
i=1

= I II di(©™® e (s.)..

1<j<i<n ©€]; 5

by Lemma A.1,

Esnia(f) = (@,—0,) H H d; ;(© ©)21s(®

1<g<i<n ©€]; i

= /) D ai(0)d e (Dn,j(s)dz‘,j(@)—dn,j(és)>

1<j<i<n O€];

—f Z kn—j+1Dn,j(3)

j=s

= Z Z Z Ozm(@) _kn—j-i-l Dn,j(s)f

Jj=s i=j ©€l; ;
= 3 Y 0(0)diy(0) My (B f EW Ny, (172)
1<5<isn GEJZJ
where we have used the fact D, ;(s) =0 when j < s, and D, ;(s)f € (Sp(A))rs1 if
Z Z aivj((—)) < kn—j-‘rl-
i=j O€l; ;

Therefore we get by (23) and (27)

r+1 Z Es n+1 ) - W(A)T—H' (173)
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On the other hand, we set

Py = S (V4 TT 1T dis(@)7© Z Z anj(©) >0} (174)
j=1 €ln,

1<j<i<n ©€l; 5
for 1 <m < n. It is obvious that

< Pr2+1 =l T (Sn()‘))TJrl- (175)
n' —1 n

We may assume Y kg <17 < Z ks with some n’ € 1,n. We claim
s=1 s=1

1
Pr—i—l

Pﬁﬂn = (Sn<)‘))r+1~ (176)

Assume that it is not true. Take any

[T I %5(0)® € (Su(A)er \ P+ (177)

1<j<i<n ©€]; 5

n—n/+1
Then > ) ani®) =0, (178)
j=1 ©€el,
n n'—1
and Z Z a,;(©)=r+1> Z ks. (179)
j=n—n/420€], ; s=1

However, by (92),

Y Y@< Y Y Y au@< Y k=Y k

j=n—n/4+2 O], ; j=n—n'42 i=j O€l;; j=n—n/+2
(180)
which contradicts (179). Thus
PT»1+1 g p7»2+1 = C P:L—&-ln = (Sn()‘))r-H (181)

Take any g € Pl,;. It can be written as g = ¢’D,,1(1) for some ¢ € (S,(\)),. By
the definition of S, (),

g'dn-11(0) € (Sn(A))r € (Va(A))r (182)

for any © € J,_11. According to (153), (154), (159) and (169),

El,n+1 EQ,n-l—l T En,n+1

T11 T1,2 te Tin n

T21 T22 s Tan (g/) = (_1)n—1 (T — Z ]fz —n+ 1) g. (183)
Tpn—11 Tpn-12 °°° TLp—1n

Since the coefficient r — >~ k; —n+1 < —n + 1 is nonzero, g € (V,,(\)),41. Hence
i=1
Pr1+1 = (Vn(A))r+l~
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Next we assume that P7" C (V,,(A)),41 for some m € 2,n —n’ + 1 by (181). Take
any he Pﬂl\Pﬂll Without loss of generality we assume h=d,, (1, ..., Vpmi1) R/
with b’ € (S,(A)), and 1 < ¥ < -+ < Vy_pi1 < n. According to (93),

B dp—1.m(0) € (Sp(N)): for any © € J,_1. (184)
Suppose H H d; ;(©)P© (185)

1<j<i<n ©€l; 5

We write b’ = hjhLh} according to the range of the index j as follows:

m—1n—1 n—1n—1
ST I @@, = TITL IT dutor®. )
Jj=1 i=j ©€l; ; Jj=m i=j O€l;;
H H dn] an (187)
j=m Oel, ;

based on (174) and h¢ P"7". We apply the operator defined in (159). By Lemma A.2,

E’L91,n+l E192,7L+1 e En—m+17n+1
xmvﬁl xm:'&2 e zmﬂgmfnJrl
h/
Tm+1,91 Tm+1,92 " Tm+1,9m—nt1 ( )
xn—l,l% CBn—l,ﬂz o In—l,ﬁm_n+1
n—m+1

= (_1)n7m(m_n_ Z ks)h/dn,m(ﬁla"' 719n7m+1)
n—m+1 n—m+1m-—1
- Z a9, ®y, (W) — Z an 1D o (9))ag '
n— m+1 n—m+1m—1

= (-)"m-n— > k)h— > > k1D s(0)ag
s=1 =1 s=1

n—m+1

=1

The first term is an integral multiple of h. Let us figure out what the remnant is.
As (171), we have

n—m-+1 n—m-+1m-—1
D ag o, (B hyhy — Z an o1 D (0)) g, B’
=1 s=
n—m+1
= > aghyhl (% (hY) an S+1Dn5(z91)h’>
=1 —
n—m+1 m—1 n ~
= > aphbBE[ Y D Y Bi(0)dii(0) T (Dn(91)d;5(0) — dn j(O9,)) By
=1 j=1 i=1 ©€l;;
m—1

- Z kjn—s—&-an,s(ﬂl)h/l]

s=1
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n—m+1m-—1

3

M

=1 1

J ) ldnJ(@ﬁz)h aﬁz} (189)

M=

>—‘

i=1 ©€]; ;

(D2 Bis(©) = kujsr) Doy (01) ay,
=1 O€l; ;
Bij(
Since j <m —1, 3;,;(0) # 0 implies
d; j(©)7'd, ;(0y,)h ag, € PM71. (190)

IfF S S Bii(0) — kn_jur #0, (92) yields D, ()l ag, € P77". Thus (189) is

ocl;,
a polynomial in Span Pﬁrll.

Note that A} is a polynomial in {z;; | m < j<i<n-—1}. By (164)

n—m-+1

> ag o, (B h

=1

= (_1)n_mh,1hgdn,m(1917 o 719n—m+1> Z xn,taxn,t(hé)
t=1

:L‘Sv’ﬂl :L‘57192 e ‘/Esvﬁnfm«l»l
xm7ﬂ1 xm7192 o xmyﬁn—m-&-l
AN /
+ h1h3 : : Dna’;(t) xm+1ﬂ91 xm+1ﬂ92 e xm+1719n—7n+1 aﬁ7s,t (h2) = 0 (]‘9]‘)
1<t<s<m
xn—l,ﬁl xn—l,’ﬂg e xn—l,ﬂn,erl

There remains one term in (188). Since h} is a polynomial of {z;; | m < j <i < n}
and is homogeneous in X,, with degree r, we have

n—m-+1

Z ay, Py, (h/B)hll h/2
=1

= (_1)nimh/1h/2dn,m(7917 T 779n7m+1) Z xn,taﬂcn,z(hg)
t=1

xs)ﬁl Isy"92 e xsﬂ?nfmﬁ»l
xmvﬁl xmﬂ92 T xmaﬂnf’rrrl»l
/AN /
+ hihy E Dy, (t) Tm+1,91 Tm+1,92 " Tm4+1,090 g1 ams,t(h3>
1<t<5<m e “ e
Tn-1,97, Tn—-19, *°° */Enfl,ﬂn_m_H

(—=1)" "™ rhihshydy (D1, - Opmy)
= (=1)"""rh. (192)
Therefore, by (189)-(192),

n—m+1
(188) = (—1)" ™(r+m—n— Y _ k)h+h" (193)

s=1

with some A" € Span P, .
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Since m < n —n' + 1, we have

n’ n—m-+1
r+m—n<r<ZkS< Z ks
s=1 s=1

and so the coefficient (—1)"(r +m —n — >."_"*' k,) is nonzero. By (176),
h lies in V(A),11. Based on induction on m, we have P, C (V,())),41 for all
1 <m<n—n"+1. Hence (S,(A\)r41 € (Vu(A))rs1 and (Vi (A))rg1 = W(A)ir

(cf. (170)).
It remains to show that (V,,())), = {0} when r > >""  k;. Recall |\| =>7"  k;.

Let f'= H H d; j(©)7®) be some nonzero polynomial in (S, (\))}-

1<j<i<n ©€]; 5
n

Since i > i (©) =" ki, (92) shows

j:]- eEJn,j i=1
f =11 IT dust@)y© (194)
jil ®€J]n,j
with > 7,,;(0) = k,_j41 for 1 <j < n. As (172), we have
ocly,;

Eonni(f) =) ( > mi(©) - knfj+1>Dn,j(3)f’ =0 (195)

Jj=s O€l,;

for 1 < s <n. Hence (V,(A))r+1 = {0}. Thereby, (V,())), = {0} for any r > ||
by (27). |

B. Proof of Proposition 3.4

In this section, we use (132) to prove

Proposition 3.4 We have dim(V,,(\)), =
n—1 n—i—r—l—i(k—i—l) s n—1
= Z<_1)8 ( Jj=1 ’ )dnl(z kiw; + ws + Z ki+1wi) (196)
5=0 =1 =S

n—1

for r € 0,|\|. Moreover,

n—1 i (k + 1) s n—1 n
) <j5+1 ! )dnl(z kiw; + ws + Z kiyiw;) = dn(z kewe).  (197)
i=1 i=s (=1

n

Proof. For se1,n,let r,=1r— Z(k] +1). Set

i=1

(Alfs ={BeN|B|=rs Bi <ki_yforie€2s; B; <k foriecs+1,n},

ﬁ;:{ﬂeNn

18] =rg; Bi < kiy forie2;s;
65+1<ks+ks+1+1; ﬁzészorzem '
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Since r < Y k;, we have r, < 0. So Qfﬂ = ﬁfn = (). Obviously Q‘;’s C ﬁﬁs and
i=1

~ ~ s+1
BN =0, kg1 +1,--- 0)+Qﬁj+11

n—1 —1
By (131) and (132) with Z ki iw; replaced by Zklwz + wg + E kipiw; and r

replaced by r,, note that ;2%,,3 = () and Qis = () if r, < 0. We have

s n—1
dim (7., @ V,,_1 ( Z kiwi + ws + Z kisiw;))

i=1 =35

Z dn 1 Z k; e e Z kz—i—lwz + Z 57,—&-1 wz (198)

BeQs,

Hence, by (137) and (138),

Z dn 1 Z kzwz + Wg + Z kz+1wz + Z 61—&-1 Wz

Befs \Os,

Z dn 1 Z k Wz+ws + Z kz+1wz + Z 6z+1 wz (ks+1+1)(ws+l_ws>)

As+1
ﬁeQTs+l

s+1

Z dn 1 Z k; Wi + Wst1 + Z kl+1wl + Z 62+1 wz

peQitl, i=stl

s+1

:( Z — Z dy— 1 kaz+ws+1+ Z k1+1wz+z — Bit1) Wz

+1 +1 +1 1
Beqy] s+1 QS 1\Qf‘s+1 i=st

s+1
=dim(,,,, ® V,4 Z kiw; + wsyq + Z kiviwi))
i=s+1
s+1

- Z 'rL 1 Z ki Wi + Wsy1 + Z kz—HWz + Z Bz_l,_l wz (199)

BELTLNTTY, i=stl

Moving items, we get

s+1

dim(e7,,,, ® V_i( Z kiw; + wsiq + Z kiviw;))
1=s+1

- ¥ dnlzk1%+ws+zk@+1wz+z — Bi1) wi)

,BEQS \Q5
s+1

+ Z n 1 Z/{: Wi + Wey1 + Z ]fZ_sz + Z BH—I wz)' (200)

1 1
Q§j+l\91§;#+l 1=s+1
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Note that Q7L \ Qr1 = (0,---,0, (k, + 1)) + Q7 = @, multiply (200) by (~1)°
andsumover 1<3<n—2

n—2 s+1
Z( ) dlm '1(277“5-0-1 ® V 1 Z kzwz + Ws+1 + Z kz+lwz
s=1 i= s+1
Z dn 1 /{31 + kQ + w1 + Z k:sz, -+ Z BH—I Wz
ﬁeﬂl \Ql
n—1
+(—)"? Z n—1(2 kiwi + (kn—1 + kn + Lwp—1 + Z(ﬁz — Biv1)ws)
pedn—1 \anL ' i=1
= — Z dn—1((k1 + ko + 1wy + Z Fipiw; + Z — Bit1)wi). (201)
ﬁte \Ql

Since Q, \ Q= (k1 +1,0,---,0) + Qil, as a conclusion, by (198) and (201),

dim(M,/ (Vo (A))r)
n—1
= Zdnl (k1 + ke +14 51 — 52w1+z ki1 4 Bi — Biv1)wi)
ﬁEQl =
n—1
= (Z Z >n1 (k1 + ke +1+ 5 — 52w1+z (kix1 + Bi — Big1)wi)
peql  BeQL \QL i=1

n—1

s n—1
= Z(—l)s_l dlm(ﬁfré X Vn—l(z k:iwi + wg + Z k:i+1wz~))

s=1 i=1 i=s
n—l n+r—1->(kj+1) s n—l
< )dn—l(z kiw; +ws + Z kiy1w;)
i=1 i=s
Here we make the convention that for p € Z and ¢ € N,

- S
p! .
_P_ifp>g,
(p):: dp—qv P21
q 0, if p<gq.

s=1 n—1

Moreover, we have

dim(V,,(\)), = dim M, — dim(DM, /(V,(\)),)

n—1
n+r—1
= ( n—1 >dn—1(z ki+1wi)
i=1

:<—1>5<”+7"—1—Z< '
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and

dim V,,(A) = )~ dim(V,, (X)),

Al ne1 n+r—1-—3(kj+1)
"

s n—1
j=1 )dn—l(z kiw; + ws + Z Ei1w;)
n—1 i=1 i=s

n—1 n -+ ’)\| _ (k + 1) s n—1
= Z(—l)s ( j=1 J )dn—l(z k:zwz + ws + Z k?i+1wz‘)
s=0 n i=1 i=s
n—1 S (k, + 1) s n—1
= Z(—l)s (j—8+1 ’ >dn1(z kiw; + ws + Z ki+1wi),
s=0 n i=1 i=s

where we just treat wy = 0.

Acknowledgements. The authors would like to thank the referee for carefully
reading this manuscript and giving many helpful recommendations.

References

[1] A.Alex, M. Kalus, A.Huckleberry, T. Alan, J.von Delft: A numerical algorithm for
the explicit calculation of SU(N) and SL(N,C) Clebsch-Gordan coefficients, J.
Math. Phys. 52/2 (2011), art. no. 023507, 21 pp.

[2] C.Bohning, H. Graf von Bothmer: A Clebsch-Gordan formula for SL3(C) and ap-
plications to rationality, Adv. Math. 224/1 (2010) 246-259.

[3] I.V.Cherednik: A new interepretation of Gelfand-Tsetlin bases, Duke Math. J. 54
(1987) 563-577.

[4] J.J.de Swart: The octet model and its Clebsch-Gordan coefficients, Rev. Mod. Phys.
35/4 (1963) 916-939.

[5] A.R.Edmonds, Angular Momentum in Quantum Mechanics, Princeton University
Press, Princeton (1957).

[6] V.M.Futorny, D. Grantcharov, L. E. Ramirez: Singular Gelfand-Tsetlin modules of
gl(n), Adv. Math. 290 (2016) 453-482.

[7] V.M. Futorny, D. Grantcharov, L. E. Ramirez: New Singular Gelfand-Tsetlin gl(n)-
modules of index 2, Commun. Math. Phys. 355 (2017) 1209-1241.

[8] I M.Gelfand, M. L. Tsetlin: Finite-dimensional representations of the group of uni-
modular matrices, Dokl. Akad. Nauk SSSR 71 (1950) 825-828.

[9] I M.Gelfand, M. L. Tsetlin: Finite-dimensional representations of the group of or-
thogonal matrices, Dokl. Akad. Nauk SSSR 71 (1950) 1017-1020.

[10] M.D.Gould: On the matriz elements of the U(n) generators, J. Math. Phys. 22
(1981) 15-22.

[11] M.D.Gould: Wigner coefficients for a semisimple Lie group and the matriz elements
of the O(n) generators, J. Math. Phys. 22 (1981) 2376-2388.

[12] M.D.Gould: Representation theory of the symplectic groups. I, J. Math. Phys. 30/6
(1989) 1205-1218.



[13]

ZHOU AND XU 1175
M. D. Gould, E. G.Kalnins: A projection-based solution to the Sp(2n) state labeling
problem, J. Math. Phys. 26 (1985) 1446-1457.

H. Guo, C. Huang, H. Wu: Yang’s model as triply special relativity and the Snyder’s
model de Sitter special relativity duality, Phys. Lett. B 663 (2008) 270-274.

H. Guo, C. Huang, H. Wu: The principle of relativity and the special relativity triple,
Phys. Letters B 670 (2009) 437-441.

J. E. Humphreys: Introduction to Lie Algebras and Representation Theory, Graduate
Texts in Mathematics 9, Springer, Berlin (1972).

V.Kac: Infinite Dimensional Lie Algebras, Birkhduser, Boston (1983).

T. Kaeding: Tables of SU(3) isoscalar factors, Atomic Data and Nuclear Data Tables
61/2 (1995) 233-288.

S.Kang, M.Kim: Free Lie algebras, generalized Witt formula and denominator
identity, J. Algebra 183/2 (1996) 560-594.

V. G.Knizhnik, A.B.Zamolodchikov: Current algebra and Wess-Zumino models in
two dimensions, Nuclear Phys. B 247 (1984) 83-103.

X.Li, J.Paldus: Unitary group tensor operator algebras for many-electron systems.
I: Clebsch-Gordan and Racah coefficients, J. Math. Chem. 4/1-1 (1990) 295-253.

P. Littelmann: An algorithm to compute bases and representation matrices for slyy1
representations, J. Pure Appl. Algebra 117/118 (1997) 447-468.

I. G. Macdonald: Affine root systems and Dedekind’s n-function, Invent. Math. 15
(1972) 91-143.

A.1. Molev: A basis for representations of symplectic Lie algebras, Commun. Math.
Phys. 201 (1999) 591-618.

A.1. Molev: Weight bases of Gelfand-Tsetlin type for representations of classical Lie
algebras, J. Phys. A: Math. Gen. 33 (2000) 4143-4158.

J.Ramos: Differential operators in terms of Clebsch-Gordan coefficients and the wave
equation of massless tensor fields, Gen. Ralativity Gravitation 38 (2006) 773-783.

J.Riordan: Combinatorial Identities, R.E.Krieger Publishing Company, Malabar
(1979).

G.Shen: Graded modules of graded Lie algebras of Cartan type (I) — mized product
of modules, Science in China A 29 (1986) 570-581.

A. Tsuchiya, Y.Kanie: Vertex operators in conformal field theory on P! and mon-
odromy representations of braid group, Adv. Stud. Pure Math. 16 (1988) 297-372.

M. Wang, H. Yeh: The most degenerate irreducible representations of the symplectic
group, J. Math. Phys. 21 (1980) 630-635.

X.Xw: Introduction to Vertex Operator Superalgebras and their Modules, Kluwer
Academic Publishers, Dordrecht (1998).

X. Xu: Differential invariants of classical groups, Duke J. Math. 94/3 (1998) 543-572.

X.Xuw: Differential operator representation of S, and singular vectors in Verma
modules, Algebr. Represent. Theory 15 (2012) 211-231.

X.Xu: Representations of Lie Algebras and Partial Differential Equations, Springer,
Singapore (2017).



1176 ZHOU AND XU

[35] Y.Zhao, X.Xu: Generalized projective representations for sl(n + 1), J. Algebra 328
(2011) 132-154.

[36] D.P.Zhelobenko: The classical groups: spectral analysis of their finite-dimensional
representations, Russ. Math. Surveys 17 (1962) 1-94.

Zhenyu Zhou, Chern Institute of Mathematics and LPMC, Nankai University, Tianjin 300071,
P. R. China; 9820230052@nankai.edu.cn.

Xiaoping Xu, Institute of Mathematics, Academy of Mathematics and System Sciences, Chinese
Academy of Sciences, Beijing 100190, P. R. China; xiaoping@math.ac.cn.

Received August 31, 2022
and in final form July 11, 2023



