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Abstract. Our main aim is to consider the boundedness of the Hardy-Littlewood maximal com-
mutator M, and the nonlinear commutator [b, M] on the Lebesgue spaces and Morrey spaces over
some stratified Lie group G when the symbols of the commutators belong to the Lipschitz space.
Meanwhile, the corresponding end-point estimates on the Lebesgue spaces and Morrey spaces over
some stratified Lie group G are considered as well. As a result, some new characterizations of the
Lipschitz spaces on Lie group via M and [b, M] are given.
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1. Introduction and main results

Stratified groups appear in quantum physics and many parts of mathematics, includ-
ing several complex variables, Fourier analysis, geometry and topology et al. [10,31].
The geometry structure of stratified groups is so good that it inherits many analysis
properties from the Euclidean spaces [11,30]. Apart from this, the study of func-
tion spaces on stratified groups is more complicated since the difference between
the geometry structures of stratified groups and Euclidean spaces. However, many
harmonic analysis problems on stratified Lie groups deserve a further investigation
since most results of the theory of Fourier transforms and distributions in Euclidean
spaces cannot yet be duplicated.

Let T be a classical singular integral operator. The commutator [b, T| generated
by T and a suitable function b is defined by

b, T]f = bT'(f) = T(bf). (1)

It is known that the commutators are intimately related to the regularity properties
of the solutions of certain partial differential equations (PDE), see [4,7,28].

The first result for the commutator [b, 7] was established by Coifman et al. [6],
and the authors proved that b € BMO(R") (bounded mean oscillation functions)
if and only if the commutator (1) is bounded on LP(R") for 1 < p < co. In 1978,
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Janson [18] generalized the results in [6] to functions belonging to a Lipschitz space
and gave some characterizations of the Lipschitz space Ag(R™) via commutator (1),
and the author proved that b € Ag(R™) if and only if [b, T] is bounded from LP(R")
to LI(R™) where 1 <p <n/f and 1/p—1/q = 5/n (see also [27]).

In addition, Milman and Schonbek [24] used the real interpolation technique to es-
tablish a commutator result that applies to both the Hardy-Littlewood maximal
function and a large class of nonlinear operators. In 2000, Bastero et al. [1] proved
the necessary and sufficient conditions for the boundedness of the nonlinear com-
mutator [b, M] on LP spaces, and the similar problems for [b, M,,| were also studied
by Zhang and Wu [34]. In 2017, Zhang [33] considered some new characteriza-
tions of the Lipschitz spaces via the boundedness of maximal commutator M, and
the (nonlinear) commutator [b, M] in Lebesgue spaces and Morrey spaces on Eu-
clidean spaces. In 2018, Zhang et al. [35] gave necessary and sufficient conditions
for the boundedness of the nonlinear commutator [b, M,] on Orlicz spaces when the
symbol b belongs to Lipschitz spaces, and obtained some new characterizations of
non-negative Lipschitz functions. Recently, Guliyev [14,15] gave necessary and suf-
ficient conditions for the boundedness of some maximal commutators in the Orlicz
spaces L?(G) on stratified Lie group G, where the symbol b belongs to BMO(G)
spaces and Lipschitz spaces /\5(@) respectively, and obtained separately some new
characterizations for certain subclasses of BMO(G) and Az(G).

Inspired by the above literature, the purpose of this paper is to characterize the
Lipschitz spaces Ag(G) in terms of the boundedness of the Hardy-Littlewood max-
imal commutator M, and the nonlinear commutator [b, M] in the context of the
Lebesgue spaces and Morrey spaces over some stratified Lie group G, where the
symbols belong to the Lipschitz space Ag(G). Moreover, the corresponding end-
point estimates on the Lebesgue spaces and Morrey spaces over some stratified Lie
group G are also established.

Let f € Li.(G), the Hardy-Littlewood maximal function M is given by

M) = sl [ £y
B>z

where the supremum is taken over all balls B C G containing x, and |B| is the

Haar measure of the G-ball B. And the maximal commutator M, generated by the

operator M and a locally integrable function b is defined by

My(f)(2) —sup|B|1/|b ) — ()| ()l dy.

B>z

On the other hand, similar to (1), the nonlinear commutator of the Hardy-Littlewood
maximal function M with a locally integrable function b is defined by

(b, M](f)(x) = b(x)M(f)(x) = M(bf)(2).

Note that the operators M, and [b, M] essentially differ from each other. For
example, M, is positive and sublinear, but [b, M| is neither positive nor sublinear.

The first part of this paper is to study the mapping properties of M, on Lebesgue
spaces and Morrey spaces over some stratified Lie group G in the case when the
symbol b belongs to a Lipschitz space. Therefore, some new characterizations of
these Lipschitz spaces via such commutator are established.
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Theorem 1.1.  Let b be a locally integrable function and 0 < § < 1. Then the
following statements are equivalent:

(i) be Ag(G).

(ii) M, is bounded from LP(G) to LUG) for all p,q with 1 < p < Q/B and
1/g=1/p—pB/Q.

(iii) My is bounded from LP(G) to LUG) for some p,q with 1 < p < Q/5 and
1/g=1/p—B/Q.

(iv) M, satisfies the weak-type (1,Q/(Q — B)) estimates, namely, there ezists a
positive constant C' such that

o € G: My(f) (@) > A} < C (A Y fllore) Y@ 2)
holds for all X > 0.

Theorem 1.2.  Let b be a locally integrable function and 0 < < 1. Suppose
that 1 <p<Q/B, 0 <A< Q — Pp.

(i) If1/q=1/p—B/(Q—N). Then b € As(G) if and only if My is bounded from
LPAG) to LNG).

(i) If 1/q = 1/p — B/Q and \/p = u/q. Then b € Ag(G) if and only if M, is
bounded from LPA(G) to L¥*(G).

The second part study the mapping properties of the nonlinear commutator [b, M|
on Lebesgue spaces and Morrey spaces over some stratified Lie group G in the case
when the symbol b belongs to some Lipschitz space. To state our results, we recall
the definition of the maximal operator with respect to a ball. For a fixed ball B*,
the Hardy-Littlewood maximal function with respect to B* of a locally integrable
function f is given by

M (1)) = sup 181" [ 1)l
BCB

where the supremum is taken over all balls B with B C B* and = € B.
Theorem 1.3.  Let b be a locally integrable function and 0 < < 1. Suppose that
l<p<@/B and 1/q=1/p— B/Q. Then the following statements are equivalent:

(i) b€ As(G) and b > 0.

(ii) [b, M] is bounded from LP(G) to Li(G).

(iii) There exists a constant C' > 0 such that

1/q
o B9 (117 [ o) < dtai@an) - <co
o>

Theorem 1.4. Let b be a locally integrable function and 0 < < 1. Suppose
that 1 <p < Q/B,0< A< Q—pp and 1/q=1/p—F/(Q—N). Then the following
statements are equivalent:

(i) b€ Ag(G) and b>0.
(ii) [b, M] is bounded from LP*G) to LNG).
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Theorem 1.5. Let b be a locally integrable function and 0 < < 1. Suppose
that 1 <p<Q/B, 0 <A< Q—pp, 1/g=1/p—F/Q and \/p = p/q. Then the

following statements are equivalent:
(i) b€ As(G) and b > 0.
(ii) [b, M] is bounded from LPMG) to L¥*(G).

This paper is organized as follows. In the next section, we recall some basic
definitions and known results. In Section 3, we will prove Theorems 1.1 and 1.2.
Section 4 is devoted to proving the Theorems 1.3 to 1.5.

Throughout this paper, the letter C' always stands for a constant independent of
the main parameters involved and whose value may differ from line to line.

2. Preliminaries and lemmas

2.1. Lie group G

To prove the main results, we first recall some necessary notions and remarks. Below
we give some preliminaries concerning stratified Lie groups (or so-called Carnot
groups). We refer the reader to [3,10,30].

Definition 2.1.  We say that a Lie algebra G is stratified if there is a direct sum
vector space decomposition

G=@LV,=V1&-- &V, (4)

such that G is nilpotent of step m if m is the smallest integer for which all Lie
brackets (or iterated commutators) of order m + 1 are zero, that is, we have

7 0, j=m '

It is not difficult to find that the above V| generates the whole of the Lie algebra G
by taking Lie brackets.

Remark 2.2.  (see [36]) Let G =G; DGy D -+ D Gpq1 = {0} denote the lower
central series of G, and {Xi,..., Xx} be a basis for V] of G.

(a) The direct sum decomposition (4) can be constructed by identifying each G,
as a vector subspace of G and setting V,, = G,, and V; = §G; \ G;41 for
j=1...,m—1.

(b) The dimension of G at infinity as the integer @ is given by
Q=Y jdim(V;) = dim(G)).
j=1 J=1

Definition 2.3. A Lie group G is said to be stratified when it is a connected
simply-connected Lie group and its Lie algebra G is stratified. ]
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If G is stratified, then its Lie algebra G admits a canonical family of dilations {4, },
namely, for r >0, Xy € Vi (k=1,...,m),

5,,(§:Xk> _ Xm: kX,
k=1 k=1

which are Lie algebra automorphisms. By the Baker-Campbell-Hausdorff formula
for sufficiently small elements X and Y of G one has

expXexpY =exp H(X,Y),

where exp : G — G is the exponential map, H(X,Y) =X +Y +1[X, Y]+ isan
infinite linear combination of X and Y and their Lie brackets, and the dots denote
terms of order higher than two.

The following properties can be found in [29](see Proposition 1.1.1, or Proposition
2.1 in [32] or Proposition 1.2 in [10]).

Proposition 2.4.  Let G be a nilpotent Lie algebra, and let G be the corresponding
connected and simply-connected nilpotent Lie group. Then we have

(i) The exponential map exp : G — G is a diffeomorphism. Furthermore, the
group law (x,y) — zy is a polynomial map if G is identified with G via exp.
(ii) f A\ is a Lebesque measure on G, then exp A is a bi-invariant Haar measure

on G (or a bi-invariant Haar measure dx on G is just the lift of Lebesque
measure on G via exp ).

Notations:

e 1y ! represents the inverse of y € G.
° yil
Let the group identity element of G be referred to as the origin denotes by e.

x stands for the group multiplication of y=! by .

Xt denotes a characteristic function of a measurable set E of G.
L? (1 < p < 00) denotes the standard LP-space with respect to the Haar measure
dz, with the LP-norm || - [|,.

A homogenous norm p: z — p(z) defined on G is a continuous function from G
to [0,00), which is C* on G \ {0} and satisfies

p(z=h) = p(),
p(0;z) = tp(z) forall z € G and t > 0,
ple) =0

Moreover, there exists a constant ¢y > 1 such that p(zy) < co(p(x) + p(y)) for all
z,y €G.

With the norm above, we define the G ball centered at = with radius r by B(x,r) =
{y € G : plytz) < r}, and by AB denote the ball B(z, A\r) with A > 0, let
B, = B(e,r) ={y € G : p(y) < r} be the open ball centered at e with radius r,
which is the image under 4, of B(e,1).
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And by CB(x,r) =G\ B(z,r) ={y € G : p(y~'z) > r} denote the complement
of B(z,r). Let |B(z,7)| be the Haar measure of the ball B(x,r) C G, and there
exists ¢; = ¢1(G) such that

|B(z,r)| = C1TQ, x e G,r>0.

The most basic partial differential operator in a stratified Lie group is the sub-
Laplacian associated with X = {Xj,..., X,,}, is the second-order partial differential

operator on G given by
L=> X
i=1

In the context of a Lie groups G, when Young function ®(¢) = ¢? and its comple-
mentary function W(t) = ¢ with i + % = 1, the following results can be inferred
from [14] by elementary calculations.

Lemma 2.5. (Holder’s inequality on G) Let 1 < p,q < oo with %—l—% =1,0CG
be a measurable set and measurable functions f € LP(§2) and g € LY(Q2). Then there
exists a positive constant C' such that

/Q F@)g(@)lde < Ol w9l oy,

Lemma 2.6. (Norms of characteristic functions) Let 0 < p < oo and Q@ C G be
a measurable set with finite Haar measure. Then

Ixalle@) = lIxellwre@) = Q7.

2.2. Maximal function

Let 0 <a< @ and f: G — R is a locally integrable function. The fractional
maximal function is defined by

Ma(f)le) sz [ 1wl

B>z

where the supremum is taken over all balls B C G containing x.

The fractional maximal function M, (f) coincides for « = 0 with the Hardy-
Littlewood maximal function M (f)(x) = My(f)(x).

The following propositions can be found in [19].

Then

Proposition 2.7. Let 0<a<Q and 1 <p<~y~!= % with % =
the following two conditions are equivalent:

(i) There is a constant C' > 0 such that for any f € LP(G) we have the inequality

(/G (M”<fw7>(””))qw(fﬂ)dx) v < C(/G ’f(:c)!pw(x)dx)

a
Q-

S =

1/p



WU AND ZHAO 1183

Proposition 2.8. Let 0 <a<Q, v=a/Q, ¢=(1—7)"", and f € LIG).
Then the following two conditions are equivalent:

Wz € G : M,(fo)(z) > A} < cw(/@ ]f(yc)|dx>q

with a constant C' > 0 independent of f and A > 0.
(i) we A (G).

The following strong and weak-type boundedness of M, can be obtained from
Propositions 2.7 and 2.8 when the weight w = 1, see Kokilashvili and Kufner [19] for
more details. And the first part can also be obtained from Bernardis and Salinas [2].

Lemma 2.9. Let0<a <@, 1 <p<Q/a withl/q=1/p—a/Q, and fe LP(G).
(i) If 1 < p < Q/«, then there exists a positive constant C such that

[Ma(f)llza@) < Cllfllre)
(ii) If p =1, then there exists a positive constant C' such that
{z € G: Mo(f)(@) > A} < COA M S liey) @ O™
holds for all A > 0.

Finally, similar to Lemma 2.3 in [34] (or see [1]), we give the pointwise relations of
maximal function M, which can be deduced by elementary calculations.

Lemma 2.10. Let B C G be a ball, and f be a locally integrable function. Then,
the following results

M(fxs)(x) = Mp(f)(x) and M(xp)(x) = Mp(xs)(z) = x5(x)

are valid for all x € B.

2.3. Lipschitz spaces on G

Next we give the definition of the Lipschitz spaces on G, and state some basic
properties and useful lemmas.

Definition 2.11.  (Lipschitz-type spaces on G)

(i) Let 0 < B < 1, we say a function b belongs to the Lipschitz space Ag(G) if
there exists a constant C' > 0 such that for all z,y € G,

[b(z) = b(y)| < Clply "))’ ()

where p is the homogenous norm. The smallest such constant C' is called the
Ag norm of b and is denoted by [|b]|4 g, -

(ii) (see Macfas and Segovia [22] ) Let 0 < § < 1 and 1 < p < oo. The space
Lips ,(G) is defined to be the set of all locally integrable functions b, i.e., there
exists a positive constant C', such that

! (1/\17() b]pd>l/p<(]
Sup ——— ( — ) — x ,
PRAVIECANVEI ? -
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where the supremum is taken over all balls B C G containing x and satsfying
bp = ﬁ [ b(x)dz. The least constant C' satisfying the conditions above shall

be denoted by [|b]|Lip, ()

Remark 2.12.  (a) Similar to the definition of Lipschitz space Ag(G) in Defini-
tion 2.11(i), we also have the definition form as following (see [5,9,20] et al.)

. _ |b(x) — b(y)]
1Pllas @ = Sip (p(y—12))P

And [[b][4 @) = 0 if and only if b is constant.
(b) In Definition 2.11(ii), when p = 1, we have

1 1
10l Lip, 1 (6) = %g};m(w /B|b(ac) — bB|dx) = |bl|Lip, (@)-

(¢) There are two basically different approaches to Lipschitz classes on the n-
dimensional Euclidean space. Lipschitz classes can be defined via Poisson (or Weier-
strass) integrals of LP-functions, or, equivalently, by means of higher order difference
operators (see Meda and Pini [23]).

Lemma 2.13.  (see [5,21,22]) Let 0 < B < 1 and b be a locally integrable function
on G.

(i) When 1 <p < oo, then |bl,@c) = l1bllLivs@) = [bllLip,, ) -
(ii) Let balls By C By C G and b € Lipg ,(G) with p € [1,00). Then there exists
a constant C' depends on By and Bs only, such that
5, — b1 < Clolip, 00| Bl

(iii) When 1 < p < oo, then there exists a constant C depends on [ and p only,

such that
[b(x) = b(y)| < Cl[bllvip, @) | BI*'?
holds for any ball B containing x and vy .

2.4. Morrey spaces on G

Morrey spaces were originally introduced by Morrey in [25] to study the local
behavior of solutions to second-order elliptic partial differential equations.

Definition 2.14.  (Morrey-type spaces on G [8])
(i) Let 1 < p < oo and 0 < A < Q. The Morrey-type spaces LP*(G) is defined
by LPNG) = {f € Liy(G) : [Ifllzor ) < oo} with

loc

1 1/p
— p
ey = s (77 | 1FwPan) ™
BCG

where the supremum is taken over all balls B C G containing x.

(ii) Let 1 < p < 0o and ¢(z,r) be a positive measurable function on G x (0, c0).
The generalized Morrey space £7?(G) is defined for all functions f € Lj (G)
by the finite norm

fllzoe(g) = sup ———( — d ,
£re@) = o(z,r)\|B| Jg yray

BCG
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where the supremum is taken over all balls B C G containing x. And the weak
generalized Morrey space WLP?(G) is defined for all functions f € L (G)

loc
by the finite norm
-Q/p

r
||f||Wﬁp,¢(G) - SBI;IE) S0(33’7“) ||f||WLp(B)7

BCG

where W LP denotes the weak LP space of measurable functions f.

Remark 2.15.  (Guliyev [13])
(a) It is well known that if 1 < p < oo then

LP(G) if A=0,
LPMNG) = { L®(G) if A= Q,
S if A\<0or\>Q,

where O is the set of all functions equivalent to 0 on G.

(b) In Definition 2.14(ii), when 1 < p < oo and 0 < A < @, we have LP?(G) =
LPNG) if p(z,r) = |B|M@D/P where B C G denotes the ball with radius
r containing x. ]

We now recall the results on the boundedness of the fractional maximal operator in
the generalised Morrey spaces, which can be found in [16] (Theorems 3.2 and 3.3,
or see [12,17,26]).

(o)

Proposition 2.16.  (Spanne-Guliyev type) Let 1 < p < oo, 0 < a <
1 1 «

.= 3 — g and (1, p2) satisfy the condition

p J
sup 1%~ 9/P essinf oy (z, 5)s%P < Coo(x, 1),
r<t<oo t<s<oo
where C' > 0 does not depend on r and v € G.

(i) Then, for 1 < p < oo and any f € LP¥(G), there exists some positive
constant C' such that ||Mofl|zee2@) < Ol f|rer (@) -

(ii) Then, for p=1 and any f € LY (G), there exists some positive constant C
such that ||Maf||w[:q,w2((g) S C||f||£1,wl (G) -
In the case @ =0 and p = ¢, the conclusions of Proposition 2.16 are also valid.

Proposition 2.17. (Adams-Guliyev type) Let 1 < p < g < oo, 0 < a < %,
and let o(x,T) satisfy the conditions

sup t @essinf p(z,5)s? < Co(x,r)

r<t<oo t<s<oco
and sup tacp(:v,T)l/p < C’r_o‘p/(q_p),
r<t<oo

where C' > 0 does not depend on r and v € G.
(i) Then, for 1 < p < 0o and any f € LP?""(G), there exists some positive
constant C' such that ||Maf|]£q,¢1/q(G) < C'||f||£p7¢1/p(G).

(ii) Then, for p=1 and any f € LY¥""(G), there exists some positive constant
C' such that HMaf”W[qu‘Pl/q(G) < C|fllere) -
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In case we have

we can summarize the results as follows from Propositions 2.16 and 2.17 (see also
Corollary 3.3 in [16]).

Lemma 2.18. Let0<a<@Q,1<p<Q/aand 0<A<Q@Q—ap.

(i) If 1/g = 1/p — a/(Q — \), then there exists a positive constant C' such that
[Mafllarc) < Cllfllirr) for every f € LPA(G).

(ii) If 1/g=1/p— a/Q and \/p = p/q. Then there exists a positive constant C
such that || Mof|pen@) < C| flleae) for every f e LPNG).

3. Proofs of the Theorems 1.1 and 1.2

We now prove the mapping properties of M, on Lebesgue spaces and Morrey spaces
over some stratified Lie group G, where the symbol b belongs to a Lipschitz space.
First, we prove Theorem 1.1.

Proof of Theorem 1.1. If b € Ag(G), then, using Definition 2.11(i), we have

My(f)(x) = sup |B|"" / b(z) — )| £ (v)|dy

B3z

< CIIbl; ey supl B / Ip(y™2) | f ()l dy
B>x B

1
< C|b]| ; — d
< Cltl 050 g | £l
< Clbll 4,y Ms(f)(z).

Therefore, (ii), (iii) and (iv) follow from Lemma 2.9 and above estimate.
(iii) = (i): Suppose M, is bounded from LP(G) to L9(G) for some p,q with

l<p<@Q/pand 1/¢ = 1/p— B/Q. Noting that 1/p+1/¢ =1+ 5/Q, for any
ball B C G, using Lemma 2.5 (Holder’s inequality) and Lemma 2.6, one obtains

1
e [, 00— balte < g [ (17 f, b 'dy)
|B|1+5/Q/ |B|/|b |XB( )d?J)de
< |‘B|1—+ﬁ/c2/BMb(XB)(I)dx

< sl Oncvatoan) ([ i)

C
< WHXBHLP(G)HXB”M,(G) <cC.

This together with Lemma 2.13 gives b € Ag(G).
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(iv) = (i): Assume that M, satisfies the weak-type (1,Q/(Q — 3)) estimates and
(2) is true. In order to verify b € Aﬁ(G), for any fixed ball B* C G, we have

for all z € B*. On the other hand, we get

|b(x) = bp-| <

M)z L / () — b3l (9)dy
‘B* / |b(x) — b(y) x5+ (y)dy
- L ) by
> |b(x) — bp=

for all x € B*. Thus, combined with (2), we obtain
[{z € B*: |b(x) — bp-| > A}| < |{x € B*: My(xp-)(z) > A}
S C <)‘_1HXB* Ll(@))Q/(Q*ﬁ) S C (A—llB*DQ/(Q*ﬁ) .

Let t > 0 be a constant to be determined later; applying Fubini’s theorem, one gets

o |b(z) — bp-|dx = /0°° H:E € B*: |b(x) — bp-
= /0 [{z € B*: |b(z) — bp-

gt\B*|+C/ (A1‘3*‘)9/@—5)&9‘3*‘+C,B*,Q/<QB)/ A-Q/(@-B) 4\
t

t
<C (t|B*\ + ‘B*‘Q/(Qfﬂ)tlfQ/(Qfﬁ)) )

> A}|dA

> )\}’d)\—i—/ [{z € B*: |b(z) — bp-
t

> A}|dA

Let t = |B*|%/9 in the above estimate, we get

b(z) — bp-|dz < C|B*|**7/9,

B*

It follows from Lemma 2.13 that b € Az(G) since B* is an arbitrary ball in G.
The proof of Theorem 1.1 is complete since (ii) = (i) follows from (iii) = (i). =

Proof of Theorem 1.2. (i): We first prove that the necessary condition. Assume
b e As(G), using (6) and Lemma 2.18, we obtain

1My (Pl Loy < ClOI &, )1 MafllLar@) < ClbI &, )l f 1| @)

We now prove that the sufficient condition. M, is bounded from LPA(G) to L4 (G),
then for any ball B C G,

|B|_B/Q<|B|_1/B|b(l‘)_bB|qu>1/qS |B|‘/3/Q<|B|—1/ (Mb(XB)(x))qu>l/q

< |B|_’B/Q_1/Q+A/(QQ)||Mb<XB)||LM(G < C|B| PN QD |y g, re) <G,
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where in the last step we have used 1/g =1/p — 3/(Q — A) and the fact
x5l o) < |BIOV, -

It follows from Lemma 2.13 that b € Az(G). This completes the proof.

(ii): By a similar proof to (i) in Theorem 1.2, we can obtain the desired result. m

4. Proofs of Theorems 1.3 to 1.5

Now, we prove the mapping properties of the nonlinear commutator [b, M] on
Lebesgue spaces and Morrey spaces over some stratified Lie group G when the
symbol b belongs to some Lipschitz space. The following first proves Theorem 1.3.

Proof of Theorem 1.3. (i) = (ii): For any fixed x € G such that M (f)(z) < oo,
since b > 0 then

|6, M](f) ()| = |b(z) M (f)(x) — M(bf)(z)]|
<S§§;|BI 1/|b ) = b f(y)ldy (8)

= My(f

It follows from Theorem 1.1 that [b, M] is bounded from LP(G) to L?(G) since
be As(G).

(ii) = (iii): For any fixed ball B C G and all x € B, it follows from Lemma 2.10
that the pointwise relations

M(xs)(z) = xo(x) and M(bys)(z) = Mp(t)(z).
Then B2 (1B17 [ ble) - Ma)(olrds)
— B (1B [ b MJ<XB><:c>rqu)”q
< BP9 b, M) (x5 0
< OB gl vy < O, 0

which implies (iii) since the ball B C G is arbitrary.

(iii) = (i): To prove b € Az(G), by Lemma 2.13, it suffices to verify that there is
a constant C' > 0 such that for all balls B C G, one get

B|-1-8e / b(z) — by|dz < C. (10)
B

For any fixed ball B C G, let E = {z€B:b(x) <bg} and F = {x€B:b(x) > bg}.
The following equality is trivially true (modifying the argument in [1], p. 3331):

/E|b(-77)_bB‘dl“:/F]b(:E)—bBMx.
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Since for any = € E we have b(x) < bg < Mp(b)(x), then for any x € F,

b(x) — bp| < [b(z) — Mp(b)(x)].
Therefore

1 1
’B|1—+5/Q/B|b<x> - bB’d:E = |B‘1—+B/Q/EUF |b(:€) - bB‘d:C

- |B’1%rﬁ/Q / b(x) — bp|dr < |B|+5/Q/E|b(x) — Mp(b)(x)|dx (11)

< (g [, o) = Mal9)o)
On the other hand, it follows from Lemma 2.5 (Hélder’s inequality) and (3) that
B 1)~ Ma) (@)l
1/q ”»
WWJ/M Mb)@l ) B
. 1/q

< g (1817 [ b - sy < c.
This together with (11) gives (10), and so we achieve b € Ag(G).
In order to prove b > 0, it suffices to show b~ = 0, where b~ = —min{b,0}. Let

bt = |b| — b~ then b =b" — b~ . For any fixed ball B C G, observe that
0 <b"(x) < [b(x)] < Mp(b)(x)
for x € B and thus we have that, for x € B,
0<b(z) < Mp(b)(x) = b* () < Mp(b)(x) — 0" (x) + b (2) = Mp(b)(x) — b(x).

Then, it follows from (3) that, for any ball B C G,

7 | v < o [ s - el
< (i1 [ b~ sy @)

= |B\'8/Q(|B|16/Q @/Byb@)—MB(b)(x)wdx)”q) < C|B|P/e.

Thus, b~ = 0 follows from Lebesgue’s differentiation theorem.

The proof of Theorem 1.3 is completed. [ |

Proof of Theorem 1.4. (i) = (ii): We first prove that the necessary condition.
Assume b € Ag(G) and b > 0. Using (8) and ((i)) in Theorem 1.2, it is not difficult
to find that [b, M] is bounded from LP*(G) to L4*(G).
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(ii) = (i): We now prove that the sufficient condition. Assume that [b, M] is
bounded from LP*(G) to L%*(G). Similarly to (9), for any ball B C G, we obtain

BB [ ble) - Ma)@lrda)
— BB [ M) )
< | BP@O-29=201) b, M) (x5) oo e

< C‘B’A/(Qq)fﬁ/Qfl/qHXBHLP’A(G) <C,

where in the last step we have used 1/g=1/p — 3/(Q — \) and (7).
Using Theorem 1.3, we can obtain that b € Az(G) and b > 0. [

Proof of Theorem 1.5. This proof can be done along the proof of Theorem
1.4. We omit the details. u
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