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Abstract. The notions of prime and semi-prime ideals of Leibniz algebras are introduced and
the interrelation of these notions with maximal ideals, irreducible ideals and solvable radical are
investigated. We prove that a maximal ideal of a Leibniz algebra is prime if and only if its
codimension is greater than one. Also, it is shown that if a Leibniz algebra g satisfies the maximal
condition on ideals, then the intersection of all prime ideals, the intersection of all semi-prime
ideals, and the solvable radical of g are all equal.
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1. Introduction

A Leibniz algebra is a vector space equipped with a binary operation which has
the property of being a derivation of itself. This concept first appeared in papers
published in the sixties by Blokh [1], and was popularized three decades later by
Loday [6]. In particular, Lie algebras are Leibniz algebras. So, a lot of research on
the category of Leibniz algebras is supported by analogous results in Lie algebras.

The notions of prime algebras and prime ideals play an important role on the theories
of commutative algebras and associative algebras. These notions have been studied
by several authors [5, 7, 9] in the case of Lie algebras. Our aim in this paper is
to introduce the concept of prime ideals and investigate analogue results as in Lie
algebras and other algebraic structures. The proposed definition generalizes prime
ideals in Lie algebras. So, one naturally expects results on Lie algebras to hold in
Leibniz algebras. However, many results fail to hold. For instance, it is known that
a ring is prime if and only if the zero ideal is a prime ideal. This result also holds
in Lie algebras.

However, as shown in this paper, the zero ideal (0) is not a prime ideal. Analogously,
a Leibniz algebra g is prime ifand only ifits Leibniz kernel Leib(g) := ([x, x] |z € g)
is a prime ideal of g. As in the case of Lie algebras [5], we provide several characteri-
zations of prime ideals, and study interrelations among prime, semi-prime, maximal
and irreducible ideals in Leibniz algebras. We show that, under certain conditions,
any semi-prime ideal is an intersection of a finite number of prime ideals (Corollary
3.20), and the solvable radical is equal to the intersection of all semi-prime ideals

* Corresponding author.

ISSN 0949-5932 / $2.50 © Heldermann Verlag



42 BIYOGMAM AND SAFA

(Corollary 3.8), and also the intersection of all prime ideals (Theorem 3.19). Fur-
thermore, it is known that the Liezation g . = g/Leib(g) of a simple Leibniz algebra
g is a simple Lie algebra, but the converse is not true (see [3]). In this paper, we
show that for a Leibniz algebra g and an ideal J of g, the quotient algebra g/J is
a prime Lie algebra if and only if J is a prime ideal of g. In particular, a Leibniz
algebra g is prime if and only if g is a prime Lie algebra.

2. Preliminaries on Leibniz algebras

Throughout the paper, all vector spaces are considered over a fixed field K. A Leibniz
algebra [6] is a vector space g equipped with a bilinear map [—,—] : g X g — g,
usually called the Leibniz bracket of g, satisfying the Leibniz identity:

[[E, [y,z]] = [[ZC,y],Z]—HIE,Z],y], xr,y,z€g.

A subalgebra h of a Leibniz algebra g is said to be a left (resp. right) ideal of g if
[h,g] € b (resp. [g,h] € h), for all h € h, g € g. If b is both left and right ideal,
then § is called an ideal of g. In this case g/bh naturally inherits a Leibniz algebra
structure.

For a Leibniz algebra g, we denote by Leib(g) the vector subspace of g spanned by
all elements of the form [z,z], x € g, which is called the Leibniz kernel of g. One
can easily see that Leib(g) is an abelian ideal of g which is also the smallest ideal
such that the quotient g = g/Leib(g) is a Lie algebra.

Let s; and s5 be non-empty subsets of g. Then

[51,82] = ([z,9], [y, 2]| © € 81,y € 52)
is called the commutator of s, and sy ([z, 53] := [{x},ss] for z € g). In particular,
[g, 9] is said to be the derived algebra of g which is clearly an ideal of g. Now,
consider the sequence g® = g and g® = [g—Y g*=Y] for k > 1. A Leibniz
algebra g is solvable, if there exists n > 0 such that g™ = 0.

As in ring theory, we say that a Leibniz algebra g satisfies the mazimal (resp.
minimal) condition on ideals if any non-empty collection of ideals of g has a maximal
(resp. minimal) member under the set inclusion (see also [10]).

3. Main results

In [9], a Lie algebra L is said to be prime if [A, B] # 0 for any non-zero ideals
A,B of L. Also L is called semiprime if [A, A] # 0 for any non-zero ideal A of
L. Clearly, a semiprime Lie algebra does not contain any non-zero abelian ideal.
Moreover in [5], an ideal P of a Lie algebra L is called prime if [H, K| C P with
H, K ideals of L implies either H C P or K C P. It is easy to see that a Lie
algebra is prime (resp. semi-prime) if and only if the zero ideal (0) is prime (resp.
semi-prime).

Definition 3.1. (i) A Leibniz algebra g is called prime if [h1, o] C Leib(g) for
b1, b2 ideals of g, then bh; C Leib(g) or hy C Leib(g).

(ii) A proper ideal p of g is said to be prime if [hy,bhs] C p for by, by ideals of g,
then b; Cp or by Cp. u

Clearly, g is a prime Leibniz algebra if and only if Leib(g) is a prime ideal of g, and
if and only if g;. is a prime Lie algebra.
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For x € g, denote by (29) the smallest ideal of g containing x. Let sy be the vector
subspace of g spanned by = and s; = [s;_1,g] for i > 1. Clearly s; C (29) for all
i >0 and hence Y s; € (2%). Also [ Y7 8;,0] € >0 5 implies that > °s;
is an ideal of g containing x. Thus

(29) = Zﬁ (1)

The following result characterizes prime ideals in Leibniz algebras.

Proposition 3.2. Let p be an ideal of g. Then the following conditions are
equivalent:

(i) p s prime.
(ii) If [x,b] Cp for x € g and an ideal b of g, then x € p or h C p.
(iit) If [2, (y®)] Cp for 2,y € g, then x €p or y € p.

Proof. (i) = (iii) Suppose that [z, (y%)] C p. As s; = [s;_1, g], using induction
on ¢ and Leibniz identity, one may easily prove that [s;, ()] C p for all i > 0. Now
(1) implies that [(x?%), (y®)] C p, and since p is prime, either z € p or y € p.

(iii) = (ii) Let x € p and y be an arbitrary element in h. Clearly (y®) C b and so
[z, (y9)] C p. Now (izi) implies that y € p and hence h C p.

(ii) = (i) Assume that h; and by are ideals of g such that [h1,hs] Cp and by Z p.
Choose an element x € h; — p. Since [x,hs] C p, (i¢) implies that hs C p which
completes the proof. [ |

Note that the definition of prime ideals in Leibniz algebras does not imply that for
a prime ideal p and x,y € g, if [z,y] € p, then either x € p or y € p (see the prime
ideal given in Example 3.15). This is true for semi-prime ideals, as well.

Definition 3.3. (i) A Leibniz algebra g is called semi-prime if [h, h] C Leib(g) for
an ideal b of g, then h C Leib(g).

(ii) A proper ideal q of g is said to be semi-prime if [, h] C q for an ideal b of g,
then b C q. n

Clearly, any prime ideal of a Leibniz algebra is semi-prime. Also, it is easy to see
that a semi-prime Leibniz algebra g does not contain any non-zero abelian ideal
b such that h ¢ Leib(g). Moreover, the Leibniz kernel of g is contained in the
intersection of all semi-prime ideals of g.

Lemma 3.4. If g is a Leibniz algebra and q is a semi-prime ideal of g, then
Leib(g) € q.

Proof. As Leib(g) is an abelian ideal of g, we have [Leib(g),Leib(g)] = 0 C g
and hence Leib(g) C q, since q is semi-prime. [

Corollary 3.5.  Let g be a non-Lie Leibniz algebra. Then
(i) The zero ideal (0) is not semi-prime.

(ii) p is a prime ideal of g if and only if g/p is a prime Lie algebra.

(iii) q is a semi-prime ideal of g if and only if g/q is a semi-prime Lie algebra.
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Proof. (i) Since g is non-Lie, Leib(g) # 0. So by the above lemma the zero ideal
(0) cannot be semi-prime.

(ii) If p is a prime ideal of g, then Lemma 3.4 implies that Leib(g) C p and hence
g/p is a Lie algebra. Let bh;/p and hy/p be ideals of g/p such that [hy/p, ha/p] = 0.
Then [h1,h2] C p and so either h; C p or hy C p, since p is prime. Therefore, the
Lie algebra g/p is prime. Conversely, let g/p be a prime Lie algebra and [hy, ha] C p
for ideals by, by of g. Thus

[fh-HJ bz-HJ] _ [h1,b2] +p

p p p

b1 +p f)2+P:O

=0 andso =0or

since g/p is prime. This implies that h; C p or hy C p, which shows that p is a
prime ideal.

(iii) In the above part set h; = by = b. [

The parts (ii) and (iii) of the above result are true for Lie algebras, as well.

Let g be a Leibniz algebra and s a non-empty subset of g. Then

Co(s) ={z € gl [x,y] = [y, 2] = 0, Vy € 5}
is called the centralizer of s in g. Clearly if b is an ideal of g, then so is Cy(h).

Corollary 3.6.  Let g be a non-Lie Leibniz algebra and by an ideal of g. Then
(i) If g is a prime Leibniz algebra, then either b C Leib(g) or Cy(h) C Leib(g).
In addition, if by is prime, then either h = Leib(g) or Cy(h) = Z(h).

(ii) If g is a semi-prime Leibniz algebra, then N Cy(h) C Leib(g). In particular,
Z(g) C Leib(g).

Proof. (i) If g is a prime Leibniz, then since [h, Cy(h)] = 0 C Leib(g), we get
h C Leib(g) or Cy4(h) C Leib(g). In addition, if b is a prime ideal of g, it follows
from Lemma 3.4 that either b = Leib(g) or Cy(h) C Leib(g) C b, i.e. Cy(h) = Z(h).

(ii) If g is a semi-prime Leibniz algebra, then

(6N Cy(h), 5N Cy(h)] € [h,Cy(h)] =0 C Leib(g),

which implies that h N Cy(h) C Leib(g). In particular, if we put h = g, then
Z(g) C Leib(g). [

Lemma 3.7. Let q be a semi-prime ideal of g. Then q contains all solvable
ideals of g.

Proof. Let b be a solvable ideal of g. Then there is a positive integer k such that
(=D pk-D] = h*) = 0 € q. Since q is semi-prime, [H*=2) H*=2] = =1 C q.
By iteration, we obtain h C q. [ |

For an ideal h of g, denote by s4(h) the intersection of all semi-prime ideals of g
containing b, and let Rad(g) be the solvable radical (the sum of all solvable ideals)
of g (see [11]). Note that for an arbitrary Leibniz algebra, Rad(g) need not be
solvable. If g satisfies the maximal condition on ideals, then Rad(g) is clearly the
unique maximal solvable ideal of g. For example, if g is finite-dimensional, then it
obviously satisfies the maximal (and also minimal) condition.
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Corollary 3.8.  Let g be a Leibniz algebra satisfying the maximal condition on
ideals. Then

(i) Rad(g) is semi-prime.
(ii) Leib(g) C s4(0) = Rad(g). Moreover, the equality holds if g is a semi-prime
Leibniz algebra.
Proof. (i) Let h be an ideal of g such that [h, h] C Rad(g).

Then h*+D C Rad(g)* for all positive integer k. Since Rad(g) is solvable, we
have h*o+t) C Rad(g)*) = 0 for some positive integer ko. So b is also solvable
and hence h C Rad(g).

(ii) First notice that by (i), s4(0) € Rad(g), and by Lemma 3.4, Leib(g) C s4(0).
Moreover, by Lemma 3.7, Rad(g) C s4(0) since Rad(g) is solvable. Now, if g is
semi-prime, then Leib(g) is semi-prime. Thus s4(0) C Leib(g). n

Lemma 3.9. Let g be a Leibniz algebra satisfying the maximal condition on
ideals. Then an ideal q of g is semi-prime if and only if Rad(g/q) = 0.

Proof. By Corollary 3.5, if q is semi-prime, then g/q is a semi-prime Lie algebra.
Using Corollary 3.8 and the fact that g/q is a Lie algebra, we get immediately
Rad(g/q) = Leib(g/q) = 0. Conversely, assume that Rad(g/q) = 0. Then the
zero ideal of g/q is semi-prime and Leib(g/q) C s4/4(0) = 0 by Corollary 3.8. This
implies that g/q is a semi-prime Lie algebra. It follows from Corollary 3.5 that q is
semi-prime. ]

Definition 3.10.  An ideal J of g is said to be irreducible if 7 = bh; N hy for by,
bho ideals of g, then J = b or J = bhs.

Lemma 3.11.  Let g be a Leibniz algebra and J an ideal of g.

(i) If J is prime, then J is irreducible.

(ii) If 3 is maximal, then J is irreducible.
Proof. (i) Let bh; and by be ideals of J such that 3 = h; Nhy. Note that T C b
and J C bhy. If J is prime, then [h1, ho] C h1Nbhy = T implies that T = by or T = bhs.
(ii) If J is maximal and J # by, then h; = g and hence T = bh; N hy = hs. n

The following example shows that the converses of the statements of Lemma 3.11
are not true.

Example 3.12. Let g be the 4-dimensional non-Lie Leibniz algebra spanned by

{e1, eq, €3, x} with non-zero products given by [e, e1] = e3, [e2, 2] = ey, [1, €2] = —e9
and [x,x] = —2e3 (see [2, Proposition 3.10 (L46)]). Clearly, the ideal J = (eq) is
irreducible. However J is not prime since [(es), (e1,e3)] = 0 C T, but ey, ez ¢ J.
Moreover, J is not maximal since J & (ez, e3,7). [

Theorem 3.13.  Let p be an ideal of g. Then
(i) p is prime if and only if p is irreducible and semi-prime.
(ii) If g satisfies the minimal condition on ideals, then p is prime if and only if
there is a smallest ideal m containing p properly, such that m/p is not abelian.
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Proof. (i) Let p be irreducible and semi-prime, and let by, hs be ideals of g such
that [h1,h2) Cp. Set n:= (h; +p) N (ha +p). Clearly, p C n and [n,n] C p. This
implies that n C p since p is semi-prime, and thus p = n = (h; +p) N (h2 + p).
Hence p =bH; 4+ p or p = hy + p since p is irreducible. Therefore h; C p or hy C p.
The converse holds by Lemma 3.11 and since prime ideals are obviously semi-prime.

(ii) Assume that g satisfies the minimal condition on ideals. Then
M, = {m| m is a minimal ideal of g such that p ; m} £ ().

Now assume that p is prime and |[M,| > 1, and let m,m’ € M, with m # m’. Then
pCmnm’' S m, somNm’ ¢ M, and thus [m, m'] € mNm’ = p, which implies that
m = p or m’ = p, which is a contradiction. Hence, M, contains a unique element
mg which is therefore the smallest ideal containing p properly. Moreover, mgy/p is
not abelian, since my € p and so [mg, mp] € p and hence [mg/p, mgy/p| # 0.

For the converse, assume that p is not prime and let b, ho be ideals of g such that
h1,62] Cp, by € p and hy € p. If m is the smallest ideal containing p properly
and such that [m/p,m/p] # 0, then m C by +p and m C by + p, since p G by +p
and p G by +p. So [m,m] C [b; +p, by +p] C p, and thus [m/p,m/p] = 0. This
contradiction completes the proof. [ |

The next result shows that a maximal ideal of a Leibniz algebra is prime if and only
if its codimension is greater than one.

Theorem 3.14.  Let m be a maximal ideal of g. Then the following conditions
are equivalent:

(i) m is prime.
(il) m is semi-prime.
(iii) dim(g/m) > 1.

Proof.  (i)=-(ii) Trivial.

(ii) = (iii) Let m be a semi-prime ideal of g. If dim(g/m) = 1, then g/m is abelian
and so [g,g] € m. Hence g C m which is impossible.

(iii) = (i) If m is not prime, then there exist ideals by, ho of g such that [hy, hy] Cm
but neither h; nor by is contained in m. Then maximality of m implies that
m+h; =m+bhy =g and hence [g,g] = [m+ b, m+ bhs] C m. Now assume that the
elements x + m,y + m belong to a basis of g/m. Since [g,g] C m, so (x,m) is an
ideal of g, which is neither equal to m nor (x,y, m). This contradiction completes
the proof. [ ]

Example 3.15. Consider the simple Lie algebra sly(C) = (z,y,z) with Lie
products [z,y] = z, [x,z] = 2z and [y,z] = —2y. Let V = (uvg,v1,v2,v3) be a
4-dimensional vector space and define the action of sly(C) on V by

vf = (i* — 4i)v;_y, v =wviq and v = (3 — 2i)v;,

where 0 < 7 < 3 and vy, = 0. One can check that V is an irreducible module of

sl(C) (see also [4, 8]).
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Now, consider the 7-dimensional Leibniz algebra g = (z,y, 2, vo, v1, U2, v3) with non-
zero multiplications:

[xay] =2z, [fIJ,Z] :23:7 [y7z] = _2y7
i, 2] = (* — di)vi1, (Ui Y] = Vi1, (Vi 2] = (3 = 20)y,

where 0 < i < 3 and vy = 0. Clearly, g = sl,(C) &V (as vector spaces) and
Leib(g) = V is a maximal ideal of g with dim(g/Leib(g)) = 3. Therefore, Theorem
3.14 implies that Leib(g) is a prime ideal of g, and hence g is a prime Leibniz
algebra. [ |

A Leibniz algebra g is called perfect, if [g,g] = g.

Corollary 3.16.  Every maximal ideal of a perfect Leibniz algebra is prime.

Proof. Let m be a maximal ideal of g. By Theorem 3.14, it is enough to show
that m is semi-prime. If it is not semi-prime, then there exists an ideal h of g such
that [h,h] Cm and h Z m. Hence g =h+m andso g =[g,9] = [h+m, h+m] Cm,
which is a contradiction. [ |

A non-Lie Leibniz algebra g cannot be simple in the classical sense, since g contains
the non-zero proper ideal Leib(g). In fact, a Leibniz algebra g is called simple if
g, 9] # Leib(g) and 0, Leib(g) and g are the only ideals of g (see [3, 8]). Clearly if
g is a Lie algebra, then this definition gives the notion of simple Lie algebra, since
in this case we have Leib(g) = 0.

Corollary 3.17.  Let g be a Leibniz algebra such that g = @,~, 9; (with at least
two direct summands), where g; is simple for every i > 1. If J is a proper irreducible
ideal of g, then g =3 @ g, for some j > 1. Moreover, J & Leib(g;) is a mazimal
and prime ideal of g.

Proof.  Let I be the smallest subset of N such that |/| > 2 and g = J® (P, 9:)-
Then J # J®g; forall i € I, and J = (,;(TJ® g;). Now, the irreducibility of
J yields a contradiction and so I has only one element j say. Thus g = J @ g;.
Moreover since g; is simple, J @ Leib(g;) is a maximal ideal of g. Also since g is
perfect, J @ Leib(g;) is a prime ideal of g, by the above corollary. ]

For an ideal h of g, let 74(h) denote the intersection of all prime ideals of g
containing h. We close this section by some results on this notion.

Lemma 3.18. Let g be a Leibniz algebra satisfying the mazximal condition on
ideals, and b be an ideal of g. Then there exists a finite set {p;}I, of prime ideals
such that rq(h) = (o, pi. Moreover, this set is unique if no prime ideal of g is
contained in another.

Proof. If b is prime, then the result is clear. Otherwise there are ideals by, bo
such that [hy, o] € b and by, by Z . Suppose on the contrary that r4(h) = (2, pi-
Since [h+ bi, b+ ba] C b C p; for every i > 1, we get b+ by  p; or b+ b C p;.
Therefore, at least one of these ideals (h + by say) is contained in infinitely many
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prime ideals p;. The same conclusion can be obtained for § + by, and hence we
will get the ascending chain b ; h+ by ; .-+ of ideals of g, which contradicts the
maximal condition.

Moreover, if there is another set {q;}7", of prime ideals such that ry(h) = (-, i,
then

[ [[q17q2]7q3}7”'7qm] - qu - Pi
i=1

implies that q; C p; for some 1 < j < m. This completes the proof. |

Theorem 3.19.  Let g be a Leibniz algebra. Then Rad(g) C r4(0). Moreover,
Rad(g) = s4(0) = r4(0) if g satisfies the mazimal condition on ideals.

Proof. Lemma 3.7 implies that every prime ideal of g contains all solvable ideals.
Thus the sum of all solvable ideals of g is contained in 74(0). For the second part,
suppose on the contrary that 7;(0) is not solvable. Let C be a family of ideals J
such that r,(0)*®) ¢ J for all integer & > 1. Clearly (0) € C, and so C has a
maximal element p, since g satisfies the maximal condition.

We show that p is a prime ideal of g.

Assume on the contrary that there are ideals by, by of g such that [by,bhs] C p,
by € p and by € p. Therefore by +p, ha+p & C and hence there is an integer m > 1
such that r4(0)™ C (hy +p) N (ha + p). Thus ry(0)™+D C [y + p, by +p] C p,
which is a contradiction since p € C. Hence p is prime and so ry(0) C p which is a
contradiction again since p € C. Therefore 74(0) is solvable and so r4(0) C Rad(g).
Now, Corollary 3.8 completes the proof. [ |

Corollary 3.20.  Let g be a Leibniz algebra satisfying the mazimal condition on
ideals and q be an ideal of g. Then the following statements are equivalents:

(i) q is semi-prime.

(i) q = rg(q).

(iii) q is a finite intersection of prime ideals of g.
Proof. (i) = (ii) Lemma 3.9 implies that Rad(g/q) = 0. Hence by Theorem
3.19, we have 74,4(0) = 0, which shows that q = r4(q).
(ii) = (iii) It follows from Lemma 3.18.

(iii) = (i) It is easy to see that an intersection of (prime and so) semi-prime ideals
is semi-prime. |

Problem 3.21. Let p be a prime ideal of a Leibniz algebra g. As mentioned
above, [x,y] € p (for elements z,y € g) does not necessarily imply either x € p or
y € p. Such an implication holds for prime ideals in commutative rings

(zyep=xzE€poryecp),

and is a fundamental tool in proving the prime avoidance lemma in this structure.
So, a question arises to whether the following Leibniz version of this lemma is
correct?

Let {p;}!, be an arbitrary finite set of prime ideals and J be an ideal of g such
that 3 C |, p;. Then T C p; for some 1 <i <n.
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