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Abstract. We show that generalised time-frequency shifts on the Heisenberg group H,, =~ R?*+!
give rise to a novel type of function spaces on R?"*1. Similarly to classical modulation spaces
and Besov spaces on R?"*! these spaces can be characterised in terms of specific frequency
partitions of the Fourier domain R?”*! as well as decay of the matrix coefficients of specific
Lie group representations. The representations in question are the generic unitary irreducible
representations of the 3-step nilpotent Dynin-Folland group, also known as the Heisenberg group
of the Heisenberg group or the meta-Heisenberg group. By realising these representations as non-
standard time-frequency shifts on the phase space R*"*2 ~ H, x R?"*! we obtain a Fourier
analytic characterisation, which from a geometric point of view locates the spaces somewhere
between modulation spaces and Besov spaces. A conclusive comparison with the latter and some
embeddings are given by using novel methods from decomposition space theory.
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1. Introduction

The modulation spaces MP9(R"), introduced in Feichtinger [16], are the prototyp-
ical and by far most well-studied examples of function spaces induced by a square-
integrable unitary irreducible representation of a nilpotent Lie group. The represen-
tation which is used is the Schrodinger representation of the Heisenberg group H,,
but it often comes in disguise as the so-called time-frequency shifts f — ™! f(t+x)
of complex-valued functions f on R". Other frequent function spaces like the ho-
mogeneous Besov spaces BP'4(R"™) also permit a representation-theoretic descrip-
tion, and a common framework for such representation-theoretic descriptions, the
so-called coorbit theory, was developed in Feichtinger and Grochenig [19]. While
modulation spaces are characterised by linear translations in space and frequency,
homogeneous Sobolev spaces are characterised by linear translations in space but
dilations in frequency. This paper is motivated by the question what happens when
instead of linear or exponential types of actions in the frequency variable one employs
some type of polynomial action.

This is where nilpotent Lie groups come into play because not only their group laws
but also the actions of their unitary representations are described by finite order
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polynomials. In particular, we look for square-integrable unitary irreducible repre-
sentations of some connected, simply connected nilpotent Lie group which, realised
as some kind of generalised time-frequency shifts, give rise to function spaces that
differ from the classical modulation spaces and Besov spaces. Unfortunately, coorbit
theory itself does not offer any standard tools to compare or distinguish the function
spaces arising from different group representations. However, the modulation spaces
MP9(R™) and the homogeneous Besov spaces BP*4(R") also happen to be so-called
decomposition spaces, and the recent monograph by Voigtlaender [42] provides novel
methods for making conclusive comparisons.

The family of function spaces introduced in this paper will be analysed both from a
representation-theoretic as well as from a decomposition space-theoretic viewpoint.
The generalised time-frequency shifts we use to define these spaces are given by the
projective generic representation of a specific connected, simply connected 3-step
nilpotent Lie group first considered in Dynin [14]. This group is given as a semi-direct
product R?"*2xH,,, and its Lie algebra is generated by the left-invariant vector fields
on the Heisenberg group H,, and multiplication by the 2n + 1 coordinate functions.
In his paper Dynin makes use of its projective generic representations to develop a
Weyl-type quantization on H,,. As Dynin was motivated by the quantization, his
account on the group and its generic representations was not very detailed. Folland
mentioned the paper [14] in a miscellaneous remark in his monograph [21, p.90],
saying that the group might be called ‘the Heisenberg group of the Heisenberg
group’. Some years later, in [22], Folland provided a detailed account on a whole
class of 3-step nilpotent Heisenberg constructions of this type, which he then called
‘meta-Heisenberg groups’ of the underlying 2-step nilpotent groups. Paying tribute
to both its first introduction by Dynin and its detailed study by Folland, we will
call it the Dynin-Folland group H,, 5.

Since the generic representations of H, o seem different enough to induce a new
class of function spaces on R*"*! we give a description of H,, > and all its unirreps,
classified via Kirillov’s orbit method. This enables us to study not only the coorbit
spaces (of mixed LP9-type) related to the generic representations of H,, o, which we
call Heisenberg-modulation spaces, but also the ones related to all other unirreps.
We thereby provide a complete classification and characterisation of all the coorbit
spaces related to H,, 2. Our analysis is based on a merger of the coorbit-theoretic
and decomposition spaces-theoretic desciptions of the spaces, which is facilitated by
the semi-direct product structure of H, » = R*"*? x H,,.

Let us remark that we are not the first to consider coorbits related to unitary irre-
ducible representations of nilpotent Lie groups other than the Heisenberg group. In
their paper [3], Beltita and Beltita have used Kirillov’s orbit method and the work of
Pedersen (cf. [32,33]) to define ‘modulation spaces for unitary irreducible representa-
tions of general nilpotent Lie groups. Although some of their methods are inspired
by coorbit theory, their approach does not make explicit use of it because their
representations are not necessarily square-integrable. The resulting spaces, some
of which are coorbits, are called modulation spaces and the classical unweighted
modulations spaces MP9(R") are among them, but the focus of [3] and a series of
subsequent papers (cf. [1,2,4]) lies on the mapping properties of Weyl-Pedersen-
quantized pseudodifferential operators rather than function space theory. However,
concrete examples of low-dimensional nilpotent Lie groups that give rise to coor-
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bits Co,(LP(G)) different from classical modulation spaces were recently given by
Grochenig [27]. By employing concrete realizations of the groups’ generic unitary
irreducible representations, the author shows that the matrix coefficients for Gaus-
sian windows may satisfy integrability criteria that are very different from the ones
known to be satisfied by the matrix coefficients of the Schrodinger representation.
In particular, it is shown that for the generic representations of the 7-dimensional
Dynin-Folland group H; » the associated unweighted space Co,(LP(H,3)) is differ-
ent from MP(R3) for any p € [1,0]\{2}.!

The paper is organised as follows. In Section 2 we briefly recall some facts about the
Heisenberg group H,, and the Schrodinger representations, which will be crucial for
our approach to the Dynin-Folland group H, » and for studying the coorbit spaces
related to H, . In Section 3 we give an explicit and elementary construction of
the Dynin-Folland Lie algebra and group as well as the group’s generic unitary
irreducible representations. In Section 4 we classify all the unitary irreducible
representations of the Dynin-Folland group in terms of Kirillov’s orbit method. As a
by-product, we show that all of these representations are square-integrable modulo
their respective projective kernels, and we provide convenient descriptions of the
corresponding projective representations. In Section 5 we introduce the Heisenberg-
modulation spaces EP4(R?*"™!) for a reasonable class of weights. Our definition
is intended to be rather intuitive and in analogy to the definition of modulation
spaces in Grochenig’s monograph [26], with the difference that the representations
in question act by H, -frequency shifts on R+ Tn Section 6 we introduce a class
of decomposition spaces on R?"*! whose frequency covering of R*"*! is governed
by a discrete lattice subgroup of H,,. These spaces are the natural candidates for a
decomposition space-theoretic characterisation of the Heisenberg-modulation spaces
EPA(R?**1) " and the geometry of their frequency covering will be the basis for a
comparison with modulation and Besov spaces.

The main results of this paper are proved in Section 7. In Subsection 7.1 we
study the coorbits of mixed LP*9-type related to the generic representations of the
Dynin-Folland group and show that they coincide with the Heisenberg-modulation
spaces EP9(R?"1). In Subsection 7.2 we provide a complete classification of all
the coorbits related to H,, o, from which we conclude that all non-generic coorbits
are classical modulation spaces either over R” or R!. Finally, in Subsection 7.3
we show the equality of the Heisenberg-modulation spaces and the decomposition
spaces from Subsection 6. Combining the decomposition-space description with the
machinery in [42], we prove that the Heisenberg-modulation spaces EP4(R?*"*!) are
a distinctive new class of functions spaces on R?"*! which do not coincide with
classical modulation spaces? and Besov spaces except in the case when all three
coincide with L?(R?"*1).

Convention. The authors make the choice to use several letters in the latin
alphabet multiple times each; distinct notions may be assigned the same letter,
yet in a distinguishable font in each case. This serves the purpose of coherence with
the several important sources on which this paper draws.

! The topological dimension has to be 3 since the generic representations of Hj 5 act on
L?(H,;) = L?(R?), but Grochenig’s argument remains valid for all 2n + 1 € N.

2 This extends Grochenig [27, Prop. 3.4] to weighted mixed-norm coorbits.



54 FI1SCHER, ROTTENSTEINER, RUZHANSKY

2. The Heisenberg group

In this section we recall some facts about the Heisenberg group H,, which will be
crucial for our approach to the Dynin-Folland group H, o and the study of the
coorbit spaces related to H,, 5. We construct the Heisenberg group H,, as the meta-
Heisenberg of R™, that is, following Folland [22]. We will see how the Schrodinger
representations is the natural representation via this construction and we will give
some explicit formulas for the left- and right- invariant vector fields which will be
needed later on.

2.1. A realisation of H,,

Let us define the operators P; and Q, 7,k = 1,...,n, acting on the Schwartz space
S (R™) by

i) = ), 0
Q@) = mf(a) )

where f e .7 (R™) and x € R™. One checks easily that these operators are formally
self-adjoint and that for any 5,k =1,...,n,

[P, i) = Q5 Qi = 0, [P, Qi) = 21, (3)

where I denotes the identity operator. Here we have used the usual convention that
the commutator of two operators A, B acting on . (R") is [A, B] := AB—BA. The
relations (3) are called the Canonical Commutation Relations (CCR) or Heisenberg
Commutation Relations.

Let us denote by (27 P}, 21 Q) the Lie algebra (over R) of skew-adjoint operators
on . (R") generated by the operators 2mi P; and 2mi (), (with Lie bracket given
by the commutator bracket). The CCR show that

(2mi) ' 21 Py, 2mi Q) = RPL@® ... ORP, ®RQ, @ ... ®RQ,, ® RI,

This Lie algebra has dimension 2n+1 and is 2-step nilpotent. And, (27i P;, 2mi Q)
is isomorphic to the Heisenberg Lie algebra b, , whose definition we now recall.

Definition 2.1. The Heisenberg Lie algebra b, is the real Lie algebra with
underlying vector space R?"*! endowed with the Lie bracket defined by

[ij’ka] = [XQj’XQk] = [ij’Xt] = [Xq]"Xt] =0, [ij7XQk] = ijtv (4)

where j,k =1,...nand (X,,,..., X,,, X4, ., X, Xt) denotes the standard basis
of R?n+1, [

The canonical Lie algebra isomorphism between (27i P;j, 2mi (), and b, is

dp : b, — @2mi P}, 210 Q) (5)
defined by

dp(Xp,) =2mi P;, dp(X,, ) =27miQk, j,k=1,...,n and dp(X;) = 2miL

The Lie algebra b, is nilpotent of step 2 and its centre is RX;. In standard

coordinates
(p7Q7t) = (p17 A 7pn7q17 AR aQnat>7
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and similarly for (p,¢’,t'), its Lie bracket given by (4) becomes

[(p,q,1), (' ¢, t))] = (0,0,pq" — qp') (6)
if p¢’ abbreviates the standard inner product of p and ¢’ on R™.

The Heisenberg group H,, is the connected, simply connected Lie group correspond-
ing to the Heisenberg Lie algebra bh,. Hence H,, is a nilpotent Lie group of step
2 and its centre is exp(RX;). The group law of H, may be given by the Baker-
Campbell-Hausdorff formula, which we now recall for a general Lie group G and
corresponding Lie algebras g (see, e.g., [9, p.11,12]). It reads

expo(X) Oc expa(Y) = exp(X +Y + HX Y]y + (X, [X. Y]],

1
24
This formula always holds at least on a neighbourhood of the identity of G and
in fact whenever the series on the right hand side converges. If G is a connected
simply connected nilpotent Lie group, the exponential mapping exp, : g — G is a
bijection and (7) holds on g since the series on the right hand side is finite. For the
case g = b, it yields, for all X,Y in b,,

- [Y7 [Xv Y]g]g) - [Ya [X> [Xv Y]g]g]g + .. ) (7)

expy, (X) On, expy, (Y) = expy, <X +Y + [X Y]> (8)

We now realise the Heisenberg group H,, using exponential coordinates. This means
that we identify an element of H,, with an element of R*"*! via

(p,q,t) = expy, Z o T4 Xg,) +1X4).

Hence, using this identification, the centre of H,, is {(0,0,¢) | ¢ € R} and the group
law given by (8) becomes

%(pq’ —qp')). 9)

Since the H,-Haar measure coincides with the Lebesgue measure on R?"*! we
can make further use of the latter coordinates and write the H,,-Haar measure as
dpdqdt. Consequently, L*(H,) =~ L*(R*"*!) for all r € R".

Furthermore, the identification H,, ~ R?*"™! allows us to define .#(H,,) =~ . (R*"*1).

(p,q.t)Om, (0, ¢, 1) = P+p.q+d,t+t +

2.2. Left-invariant vector fields

Let us recall the definitions of the left and right regular representations of an
arbitrary unimodular Lie group G' on L*(G):

Definition 2.2.  The representations L and R of G on L?(G) defined by
(L(9)f) (91) = fg7 1) and  (R(9)f)(91) = f(19), 9,01 €G, feL*G),

are called the left and right regular representations of G on L?(G), respectively. ®

Naturally, the left and right regular representations of G on L?*(G) are unitary and
their infinitesimal representations yield the isomorphisms between the Lie algebra
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of G and the Lie algebra of the smooth right- and left-invariant vector fields on G,
respectively. More precisely, the left-invariant vector field dR(X) corresponding to
a vector X € g at a point g € G is given by

d

dR(X)f(9) = —

| f (9 expy, (7X)),

7=0

for any differentiable function f on G, whereas the right-invariant vector field
dL(X) corresponding to X is given by

d

AL(X)f(g) = 5

f(expy, (—7X)g).

7=0

Short computations in the case of the Heisenberg group H,, yield the following
expressions for the left and right-invariant vector fields corresponding to the basis
vectors X, , X, , Xy for j,k =1,...n. The left-invariant vector fields are given by

0 1 0 o 1 0 0
X, )=|——=g,— X V=2 4+ Zp — X,) =

the right-invariant vector fields by

o 1 0 o 1 0 0
—dL(X,,) = (% + 5%’%) , —dL(X,,) = (a_tzk — 3P g) , —dL(Xy) = .
J

2.3. The Schrodinger representation

Here we show that there is only one possible representation of the Heisenberg group
H,, with infinitesimal representation dp defined by (5). This ‘natural’ representation
p will turn out to be the well known (canonical) Schréodinger representation of H,,.
We start with the following three observations. Firstly, from the group law, we have

(p7 q, t) = (07 q, O)(pa Oa O)(Oa 0>t + %)
= expy, (1 Xq) - - - expy, (6:Xq,) expa, (1 Xp,) - - - expy, (P X, )
e (0 +2)X,).

Secondly, from the definition of an infinitesimal representation, we know that if dp
is the infinitesimal representation of p, then we must have

plexpy, (TX)) = Y

for every X € b, 7 € R, where the right hand side is understood as the strongly
continuous 1-parameter group of unitary operators with generator dp(X) defined
by Stone’s theorem. Therefore, if it can be constructed, the representation p will
be characterised by the 1-parameter groups with generators

dp(X,,) = 2mi Py = 0 dp(X,,) = 2mi Qu = x(2mimy) and  dp(X,) = 2mil
J

Thirdly, it is well known that the operators 2mi P;, 2mi Q) and 2mi1 are defined on

< (R™) but have essentially skew-adjoint extensions on L?(R™), and generate the

l-parameter unitary groups of operators on L*(R"),
{6dp(Tij)} {edp(Tqu)} {edp(TXt)}

TER’ TER’ TER’
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given respectively by

ePTXn) f(r) = fxy,..., x4 T, T,),
) f(z) = T f (),
D f(r) = TTE(),  for fe LA(RY), x e R”,

From the three observations above, the unique candidate p for a representation of
H,, having infinitesimal representation dp must satisfy

P (eXpHn(ijpj>) f(x) = edp(ijpj)f(x) = f(@1,..., 25 +pj,.. - Tp),
p (expm, (@ Xq,)) fx) = WX f(z) = 207 f(z),
p (expm, (tX1)) f(x) = X0 f(2) = 2™ f(x),

for f e .Z(R") and x € R", and we must have

p(p, g, 1) f(x) = eW@Xa)  edrlanXan) odorXp)) - odo(nXon) odp((t+5)X0) £ (1)

_ 2riar (edp(mxm) . edp(pnxpmedp((t#;—q)xt)) £(2)
_ (2rige (edp(o,o,tJr%)) Fla + p) = e2mian 25 (0 4 )

that is, p(p, ¢, 1) f(x) = ™) f (3 4 p). (10)

Conversely, one checks easily that the expression p defined by (10) gives a unitary
representation of H,,. In fact we recognise the so-called Schridinger representation
of H,,.

Let us recall that there is an intimate connection between the Schrédinger represen-
tation p and the time-frequency shifts used in time-frequency analysis. Following
the convention of Gréchenig’s monograph [26], a generic time-frequency shift on
L*(R™) is the unitary operator defined as the composition M,T, of a translation

(T,f)(2) := f(z +p) = (p(p,0,0)f) ()

and a modulation
(M, f)(x) := e*™ f(x) = (p(0,q,0)f)(x).

The family {M;T}}pq.0)en, in fact coincides with the unitarily equivalent version
of the Schrodinger representation which is realised in the natural coordinates of the
semi-direct product H, = R"*! x R™ and then quotiented by the central variable
t. We will be making use of this alternative representation from Section 5 onwards.

2.4. The family of Schrodinger representations

In this section we describe the complete family of Schrodinger representations py,
A e R\{0}, of H,.

In this paper we prefer to define a Lie algebra or a Lie group via a concrete
description (the most common realisation or the most useful for a certain purpose)
rather than as a class of isomorphic objects given by a representative. Indeed, we
have defined the Heisenberg Lie algebra b, via the CCR on the standard basis of
R2"*1 and we have considered a concrete realisation of the Heisenberg group H,,.
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However, it is interesting to define other isomorphisms than dp. Indeed, let us
consider the linear mapping dpy : b, — (2mi P}, 21 Q) defined by

dpr(Xp,) = 2mi Pj,  dpx(Xy,) = A27i Qp, j,k=1,...,n anddpx(X;) = A2mil,
for a fixed A € R\{0}. Proceeding as for p, the following property is easy to check:

Lemma 2.3.  For each A € R\{0}, the mapping dpy is a Lie algebra isomorphism
from b, onto (2mi P;,2mi Qy). It is the infinitesimal representation of the unitary
representation py of H, on L*(R™) given by

AP, 0.0)f (x) = ST f (4 p),
for fe L*R"), x € R*. Naturally p = p;.

The representations p, given by Lemma 2.3 are called the Schrédinger representa-
tions with parameter A € R\{0}. A celebrated theorem of Stone and von Neumann
says that, up to unitary equivalence, these are all the irreducible unitary represen-
tations of H,, that are nontrivial on the centre:

Theorem 2.4. (Stone-von Neumann) For any A € R\{0}, the representation
px of H,, is unitary and irreducible. If A\, N € R\{0} with X = X, then the
representations py and py are inequivalent. Moreover, if m is an irreducible and
unitary representation of H, such that 7(0,0,t) = e for some X\ = 0, then 7 is
unitarily equivalent to py .

For a proof see, e.g., [21, Ch. 1 § 5].

It is not difficult to construct other realisations of the Schrodinger representations
defined above. For example, let us define the mapping p, of H,, by

~ A
p?Qat = )\p77q7)\t

We check readily that it is a unitary irreducible representation of H, on L?*(R").
We can show easily that it is unitarily equivalent to p, by direct computations or,
alternatively, using the Stone-von Neumann theorem and checking that it coincides
on the centre of H,, with the character e*™* .

The Stone-von Neumann Theorem gives an almost complete classification of the
H,, -unirreps. In fact, we see that the only other unirreps which can appear are
trivial at the centre. Passing the centre through the quotient, those representations
are now unirreps of the Abelian group R?*", hence characters of R?". We thus have:

Theorem 2.5. (Classification of H,,-Unirreps) FEwvery irreducible unitary repre-
sentation p of H, on a Hilbert space H is unitarily equivalent to one and only one
of the following representations:

(2) O@p) | (p,q,t) > ¥+ g b e R, acting on C,

(b) px, A€ R\{0}, acting on L*(R").

3. The Dynin-Folland Lie algebra and Lie group

This section is dedicated to giving an explicit and elementary approach to the Dynin-
Folland Lie algebra and group as well as the generic representations associated with
the construction.
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3.1. The Lie algebra b,

In this subsection we study the real Lie algebra
Q2mi Dy, 211 Dy, , 210 Dy, 20 X, 20 Xy, 20 Xy

generated by the left-invariant vector fields

%, = Cri)R(K,) = e (&~ tad).,
Py = (Qmi)VAR(X,) = @ri) (4 ). (1)
2y = (@2mi)'dR(X,) = (2mi) ' Z,

and the multiplications by coordinate functions

ot (0,0:t) = pif(pgt),
Lol 0. 0:1) = @ f(p,q,1), (12)
Zif (p,q,t) = tf(p,qt),

where j, k., l,m = 1,...n and f € %(H,). To this end, we compute all possible
commutators between these operators, up to skew-symmetry. The symbol I will
denote the identity operator on L*(H,,).

Since the scalar multiplication operators commute, we have

[(2mi) 25, (2mi) 25,] = [(2mi) 25, (2i) 23] = [(2mi) 2., (2mi) 23] = 0.

The commutator brackets between the left invariant vector fields 2, , 2, , %, for
J,ke{l,...,n}, can be computed directly using (11):

(27Ti)2 [@pj7 ‘@(Ik] = [apj - %Qjab af]k + %pkat] = [apja %pkat] + [_%qjah a%]
= %5j,kat + %(Sk,jat = 5j,k O = 271'2'5j,]€ Dy,

(271—2.)2 [‘@pﬁ ‘@t] = [apj - %Qjab at] = 07

(271—2.)2 [‘@qj7 ‘@t] = [aq]' + %pjat; 815] = 0.

Naturally, course we obtain that the operators Z,, Z,, , Z; satisfy the CCR since the
space of left-invariant vector fields on H,, forms a Lie algebra of operators isomorphic
to b, (see Section 2.2). Let us compute the commutator brackets between the left-

invariant vector fields and the coordinate operators, first the commutators with &, :

2710) [Py 2] = [0, = 30500m] = O] = Gju ],
(2mi) [@pja wl = [apj - %Qjatﬂk] = 0,
(2m) [@pﬂ %] = [0, = 300t] = [-3¢0.t] = —305 = —324,
then with 7,
(27i) [Py, Zp) = [0, + 300 06] = O,
(27”) [@q]v '/gbr ] = [aq]- + %pjataqlc] = [aqqu:] = 5j,k L
(27”) [@q]v ,%] = [aq_y' + %pjat’t] = [%pjatvt] = %pj = %“g{pﬁ

and eventually with Z;:

(2m2) [Z, 2] [Ce.pk] = 0,
2mi) (20, 24 = [0nax] = 0,
(2mi) [Py, Z2) = [6,t] = L
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We conclude that the linear space (over R) generated by the first order commutator
brackets between the operators 2., Z,,, % and 2, , Z,,, Z; is (2mi)~" times

R2,&RI®RZ, &...®RZ, ®RZ, ®...ORZ,,.

The whole lot of commutators tells us that very few second order commutators
remain. More precisely, the Lie brackets of Z;, 2, or %, with any -@pw @qj,, Dy
and %j,, g, 2t can only vanish or be equal to I, and the operator I clearly
commutes with all operators, hence does not create any new structure. Therefore,
the second order commutator brackets are all proportional to I and all third order
commutators must be zero. We have obtained:

Lemma 3.1.  The real Lie algebra (2mi Dy, 211 Dy, 278 Dy, 211 X, 270 X,
2mi 23y generated by the operators (11) and (12) equals

R27i 2, @ ... @ R2mi 9, DR21i Z,, @ ... ®R27 9, ® R2mi ,®
R27mi Z,, ®...®R2mi Z,, DR2mi 2, ® ... ®R2mi Z,, ®R2mi Z; @ R2mi L.

In particular, the identity operator 1 is the only newly generated element and spans
the centre of the Lie algebra. Furthermore, this Lie algebra is 3-step nilpotent and
of topological dimension 2(2n + 1) + 1.

We now define the ‘abstract’ Lie algebra that will naturally be isomorphic to
Q2mi Dy, , 21 Dy, 278 Dy, 20 X, 21 Xy, 271 Xy First we index the standard ba-
sis of R2(2n+1)+1 by

(Xurs s Xy Xogs oo o Xons Xooy Xy oo s Xy Xyro -+ Xyos X, X))
Then we consider the linear isomorphism

dr : R2H O (010 D, 21 Dy, 271 Dy, 21 Xy, 2700 R, 28 Xy (13)
defined by

dr(Xy,) =211 Dy, dn(Xy,) = 27w D, dr(Xy) =271 2,

dr(Xy,) = 2mi 2, dn(X,,) =27 2,
dr(X,) =2mi Z;, dn(X;) =2mil.

<

Definition 3.2.  We denote by b, o the real Lie algebra with underlying linear
space R*2"+D+1 and Lie bracket [-,-]y,, defined such that dr is a Lie algebra

hn,2
morphism. [ ]
This means that the vectors in the standard basis of R2*+1D+1 gsatisfy the following
commutator relations .
[Xuijvk]hn,z = 5],k‘ Xwa
[Xuj7Xxk]hn,2 = 5j,k‘ XS;
1
) [Xu]-;Xz]hn,z = _§ija (14)
[ij’ ka]hn,Q = 5j,k Xsa
1
[ij7XZ]hn,2 = §Xxja
\ [Xw7XZ]hn,2 = Xs-

In (14), we have only listed the non-vanishing Lie brackets of b, 2, up to skew-
symmetry.
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Our choice of notation b, o for the Lie algebra reflects the fact that we just have
applied a further type of Heisenberg construction to b,. We will refer to b, o as
the Dynin-Folland Lie algebra in recognition of Dynin’s and Folland’s works [14,15]
and [22], respectively.

To conclude this subsection, we summarize a few properties of b, o. Before we list
them, however, let us recall the notion of strong Malcev basis of a nilpotent Lie
algebra. The existence of such a type of basis for every nilpotent Lie algebra is
granted by the following theorem. See, e.g., [9, Thm.1.1.13] for a proof.

Theorem 3.3. Let g be a nilpotent Lie algebra of dimension d and g1 < ... <g;<g
be ideals with dim(g;) = m;. Then there exists a basis {X1,..., X4} such that

(i) for each 1 <m < d, b, := R-span{Xy,..., X,n} is an ideal of g;
(i) for 1<) <1, b, = g5

A basis satisfying (i) and (ii) is called a strong Malcev basis of g passing through
the ideals g1,...,9;-

Proposition 3.4. (i) The Lie algebra b, is nilpotent of step 3, with centre
3(bn,2) = RXs-
(ii) The mapping dm is a morphism from the Heisenberg Lie algebra b, onto
2mi Dy, , 211 Dy, , 271 Dy, 210 X, 21 Xy, 270 L)

(iii) The subalgebra (2mi Dy, ,2mi Dy, 271 D) is isomorphic to the Heisenberg Lie
algebra b, , and so is the subalgebra RX,, ®...®RX, ®RX,,. Furthermore,
the restriction of dm to the subalgebra RX,, ® ... ® RX, ®RX, coincides
with the infinitesimal right regular representation of H,, on L*(R™).

(iv) The subalgebra 2mi Z,,, 211 Z,,,, 210 Xy, 2mi 1) is Abelian and so is the sub-
algebra a : = RX, ®... ®RX, ®RX, PRX;.

(v) The basis {X, Xy, ..., Xoy, Xz, Xy X, - s Xuy } 35 a strong Malcev basis of
Bn2 which passes through the ideals 3(h,2) and a.

3.2. The Lie group H, ,

Here we describe the connected simply connected 3-step nilpotent Lie group that
we obtain by exponentiating the Dynin-Folland Lie algebra b, 2. We denote this
group by H,, 5.

As in the case of the Heisenberg group (cf. Subsection 2.1) we can again make use
of the Baker-Campbell-Hausdorff formula recalled in (7). Since the Dynin-Folland
Lie algebra is of step 3, we obtain the group law

eXpHmz (X) QHn,Q eXpHn,g (X,) = eXpHnyz(Z)7
with 7= X+ X'+ X, Xy, + 5 [(X = X, [X X )b, (15)

Let us compute Z more explicitly. We write

X = Z(quuj +v;Xy,) +wXy + Z(:Cijj +y; Xy,) + 2 X, 45X,

j=1 j=1

and similarly for X’.
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As in the Heisenberg case, we abbreviate for instance sums like Z?:l u; Xy, by the
dot-product-like notation uX,. Consequently we have

X =uXy, +vX, +wX, + 22X, +yX, + 22X, + sX,.
We compute readily (cf. [35, Lem. 3.4])

Lemma 3.5. With the notation above, the expression of Z given in (15) becomes

Z = (u+u) Xy + (v+0)X, + (w +w + W)Xw
+ <J; + o' + i(z’v - zv’))Xx + <y +y' - %(z'u - zu’))Xy + (z+2)X,

o / VA _ —
+<S+S’+M — —Z8Z(uv'—vu')>Xs.

As in the case of the Heisenberg group, we identify an element of the group with an
element of the underlying vector space R*?"+D+1 of the Lie algebra:

(u, v, w,,y,2,5) = expy, , (uXu +vX, + wX, + X, +yX, + 22X, + 3X3>.

We conclude:

Proposition 3.6.  With the convention explained above, the centre of the H,, o is
expy,, , (RX;) = {(0,0,0,0,0,0,s) | s € R}, and the group law becomes

/2 S AR A Y A |
(u,v,w,x,y,z,s)@HM(u,v,w,a:,y,z,s)

v — o

:(u+u’,v+v',w+w’+u T

!/

x+x’+i(2’v—zv’) , y+y’—%(z’u—zu’) , 2+ 2

= (T T} B e 1)

2 2 2 8

Furthermore, the subgroup {(u,v,w,0,0,0,0) | u,v € R*, w € R} is isomorphic to
the Heisenberg group H,, .

3.3. An extended notation — ambiguities and usefulness

In this Section, we introduce new notation to be able to perform computations in
a concise manner. Unfortunately, this will mean on the one hand identifying many
different objects and on the other hand having several ways for describing one and
the same operation. Yet, the nature of our situation requires it.

Having identified the groups H, and H, » with the underlying vector space (via
exponential coordinates), many computations involve the variables p, ¢, t, u, v,
w, T, Yy, z, s, which may refer to elements or the components of elements of the
Lie algebras R", b,, b, 2 as well as elements or components of elements of the Lie
groups R", H,,, H, 2. Certain specific calculations moreover involve sub-indices
J.k, ... =1,...,n of the latter, that is, the scalar variables p;, qx,t, w;,.... Yet
other formulas become not only less cumbersome but more lucid if we also introduce
capital letters to denote members of H,, = b, = R?"*! and calligraphic capital
letters for either H,-valued or scalar-valued components of the [2(2n + 1) + 1]-
dimensional elements of b, o =~ H,, 5.
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We fix once and for all the standard variables that define the elements of the Hei-
senberg group H,, = h,, = R?"*! to

X = (p7Q7t) = (ph <o s Pnyd1, - 7QTl7t)7 (17)

and let the standard variables that define the elements of the Dynin-Folland group
H, 2 = b, = R2Z"U+1 he denoted by

(P7 st) = ((uvuw)?(I?va)?S) (18)

= (U, ey U, U1y e e Uy W), (T e Ty YLy e e s Yy 2)5 S)-

This purely notational identification of elements belonging to Lie groups, Lie al-
gebras and Euclidean vector spaces will prove very useful in many instances. The
H, and H, »-group laws, for example, can be expressed in a very convenient way.
Let expressions like p'q or uv’ again denote the standard R™-inner products of the
vectors p’, q and u,v’, respectively, whereas R?"*!-inner products will be denoted by

Coy =40, Dpent-

Moreover, let us introduce the ‘big dot-product’

XX :=(p,g.t) (. ¢, 1)

for elements in b, =~ H, =~ R?"™! as an abbreviation of the H,,-product (9), and let
us agree that for all such vectors we can employ the b, -Lie bracket notation

[X, X'] = [X, X]y, := (0,0,pg" — qp’).

We can then rewrite the H,,-group law as

1
XOn, X' = (p,¢.t)0n, (.¢. )= (p+p, ¢+t +1 +5(pd — ap'))
= XX =X+ X'+ [X X)) (19)

Let us turn our attention to the group law of H, 5. The beginning of (16) can be
rewritten as

(u+u’,v+v’,w+w’+%(uv’—yu’)) = PP,

if P = (u,v,w) and similarly for P’. For the rest of the formula we need to introduce
the operation
ad* g, (X)(X') = (t'q,—t'p,0), (20)

if X = (p,q,t) as in (17) and similarly for X’. As the notation suggests, the
operation ad*y, is the coadjoint representation, where b, and its dual have been
identified with R?"+1.

Using the notation explained above, direct computations yield the following two
lemmas and one proposition (cf. [35], Lemmas 3.7 and 3.8 as well as Subsection 3.6,
respectively).
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Lemma 3.7. With the convention explained above, the product of two elements

(P,Q,S) and (P, Q,S") in H, o = b2 is
(P,Q,S)Gm,, (P, 2,8
= (PP, @+ Q'+ {(ad"n, (P)(Q) — ad"w,(P)(Q)) .
S+8+3((P.@)=(QP)) - Q- Q,[P.P]). (21)
while their Lie bracket is given by

[(P> Q7 8), (Pl7 Ql? Sl)]hn,z

= ([P, Py & (0w, (P)(Q) — ad"m, (P)(Q)), (P, @)~ (Q,P)).  (22)

Lemma 3.8. (1) Any element (P,Q,S) in H, o can be written as
(P,Q,S) = (o, Q+ Lad*n, (P)(Q), 0) O, , (P.0,0) O, , (o, 0,5+ (Q, 73>)) .
(2) For any X, X1, X € R2"! | the following scalar products coincide:
(ad™m, (X)(X1), Xo) = (X1, [Xo, X]).

(3) For any X e R* and (P,Q,S) € H, 2, we have

(X,0,0) Gn,,, (P,Q,S) =(0,Q,S8) On,, (X P,0,0)

for some Q' € R*"*! gnd S8’ e R given by
8 =8+{QX+(P)).

Proposition 3.9.  The Dynin-Folland group can be written as the semi-direct
product R?"*2 x H,,. Here, the first factor coincides with the normal subgroup
A :=exp(a), defined by Proposition 3.4(iv).

3.4. The generic representations of H, ,

Here we show that the isomorphism dm defined in (13) can be viewed as the
infinitesimal representation of a generic representation 7 of b, .. We will present
the argument for the whole family 7, A € R\{0}, of generic representations which
contains m = 7.

We begin by defining for each A € R\{0} the linear mapping
dry : RECDFY s (97 @, 20 Dy, 270 Dy, 20 Ky, 270 X, 270 B,
dma(Xy,) = 211 Dy, drx(Xy,) = 271 9, dmn(Xy) = 2w Dy,

by dma(Xy,) = A2mi Zp,, dma(X,,) = A2 2y, (23)
dmn(X,) = X2mi 23,  dma(Xs) = A2mi L.
With all our conventions (see Section 3.3) we can also write

dmy(u,v,w,x,y, z,8) = 2mi (u@p + 09y +wD + A X, + Ny 2y + A2+ )\SI).

The main property of this subsection is:
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Proposition 3.10. (1) For any A\ € R\{0}, the linear mapping dmy is a Lie
algebra isomorphism between b, o and
Q2mi Dy, 271 Dy, , 21 Dy, 20 X, 20 Xy, 2700 X)),
(2) dm =dnr.

(3) Let A € R\{0}. The representation dmy is the infinitesimal representation of
the unitary representation my of H,o acting on L?*(H,) given by

(m(P. Q.8)) (X) = STASHRXGP) f(x o), (24)
for (P,Q,8)eH, ., XeH, and f e L*(H,).
(4) If A =X in R\{0}, the representations mx and wy are inequivalent.

Proof. Parts (1) and (2) are easy to check.

For Part (3), one can check by direct computations that (24) defines a unitary repre-
sentation 7, of H, » and that its infinitesimal representation coincides with dm) .

Clearly each 7y coincides with the characters S — €™ on the centre of the group

H, ». Hence, two representations m, and 7y corresponding to different A = X" are
inequivalent, and Part (4) is proved. [

Let us explain how (24) appears by showing that the unique candidate for the
representation 7y of H, 5 on L*(H,) =~ L*(R*"*!) that admits dr as infinitesimal
representation is given by (24).

As in Proposition 3.4(iii) (see also Section 2.2), we see that the restriction of dmy
to the subalgebra RX,, ®... ®RX, ®RX, = b, coincides with the infinitesimal
right regular representation of H,, on L?*(R™). Therefore, the restriction of my to
{(P,0,0) | P e R**1} is given by the right regular representation of H,,:

(mA(P,0,0)f)(X) = f(X+P).
The same argument also yields that such 7, satisfy

(m(0,Q,0)f)(X) = e*NOY#(X),
(mr(0,0,8)f)(X) = €™ f(X).

These equalities together with the group law and, more precisely, Part (1) of
Lemma 3.8, imply

(7?,\(77, Q,S)f) (X)
= (m(0, @+ ad"w, (P)(Q), 0)ms(P,0,0)mr(0,0,8 + - (Q, P)) ) (X)
_ 627Ti)\<Q+%ad*Hn (P)(Q),X>627rz‘)\(8+%<g,7>>)f(X - P).

By Lemma 3.8 Part (2) we have (ad*m,(P)(Q),X) ={Q,[X,P]), and thus

(Q+ jad",(P)(Q), X ) + 5(Q.P) = (Q, X) + ;(Q,[X, P + ;(Q.P)
= <Q,X + %P + %[X, %P]> = <Q,X-(%7’)>;
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with the convention that the dot product denotes the Heisenberg group law (cf. Sec-
tion 3.3). Hence, the unique candidate for 7, is given by (24). Conversely, one
checks easily that Formula (24) defines a unitary representation of H,, 5.

Corollary 3.11.  In the exponential coordinates (u,v,w,z,y,z,s) the represen-
tation my is given by

(o, 0,0, 2,9, 2, 8)£) (B, ¢, £) = 2N (@0 ) H(0wa)' (wv) )y §z Gv-ua)+s)

xflp+u,qg+v,t+w+ %(pv—uq)).
Since the family of operators
(m2(0, Q,0)mA(P,0,0) ) (X) = ™Y f(X « P)

may be regarded as the natural candidate of time-frequency shifts on L*(H,), we
will explore their role more thoroughly from Section 5 on.

4. The unirreps of H,, 2

In this subsection we will classify all the unitary irreducible representations of the
Dynin-Folland group employing Kirillov’s orbit method. For a description of this
method we refer to, e.g. [9]. We will first give a description of the coadjoint orbits of
H,, ». Subsequently, we will construct the corresponding unirreps. Finally, for each
orbit we will have a look at the corresponding jump sets.

4.1. The coadjoint orbits

In order to classify the H,, 5-coadjoint orbits, we first we give an explicit formula
for the coadjoint representation Ad*Hn’2 of H, > on the dual b2 of its Lie algebra
Bn2. Recall that Ad*y,, , is defined by

(Ad*n,,(9)F, X ) = (F,Adn, ,(g7")X) (25)
for ge H, 2, X €b,2 and F € bfm. We denote by
(X X X, X0 X, X X X X XD XD,
the dual standard basis of R22"+D+1 We check readily (cf. [35, Lem 3.11]):
Lemma 4.1.  For any X € h,2 and F € b, , with
F = fu X0+ [uXD + fu X0 + X0+ [y Xy + XD+ XD,
X =uXy, +v X, + wX, + X, +yX, + 22X, + sX,,

we have

Ad'w, (expp, ,(XDF = (fu+ fuv = 31, + o+ f20) X
+(fo = fou+ 3fo+ fiy = Hhu)X;
(fo + £2) X0+ (o= fo) X2+ (f, = fo0) X;
H(f- e B pe) x4 X
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The specific form of the coadjoint action implies that the coadjoint orbits of H,, o
are all affine subspaces. This was already indicated in [22]. In the following we
provide an explicit description of the orbits by giving their representatives. Given
our convention, we may write R"X, for RX, ®.. . ®RX,, and similarly for R" X,
R"X,, R*"X, etc.

Proposition 4.2.  Every coadjoint orbit of H, 2 has exactly one representative
among the following elements of by, 5

Case (1): fo X if f=0.
Case (2):  fu Xy + fo X5+ f, X + £ X7 if fs=0 but f, = 0.

Case (3) qu;; + fUX;k + fo;; + fyX; Zf fufy = fvf:c; fs = fw =0
and (fz, fy) # 0 € R*™.

Case (4):  fuX§ + X0+ X7 if fo = fu =0, fo=f,=0.

All coadjoint orbits except the singletons are affine subspaces of by, ,. More precisely,
in Case (1), the orbit of fsXZ isthe affine hyperplane passing through fsXF given by

Ad*m, ,(Hn2)(fsX7)
— X OR'X ®R"X! ORX: OR"X, O R"X? ®RX?. (26)
The orbits Ad*w, ,(H,2)(f:XZ), fs € R\{0}, are the generic coadjoint orbits. They

Jorm an open dense subset of b3, .

In Case (2), the orbits are the 2n-dimensional affine subspaces
Ad*Hn,Q (Hn,2>(wa:) + me; + fyX; + sz:) (27)

= fu X+ X0 XG4+ LXT 4 (oX] b axg - EERRX s e Ry,

In Case (3), the orbits are the 2-dimensional affine subspaces

Ad*Hn,z (Hn,2)(quvj + va: + er; + fquj)

= JuX + [ X7+ o X0+ [, X + R(-f, X)) + [oX7) + RXT. (28)
In Case (4), the orbits are the singletons f, X+ f, X +f. X with f,, f, € R", f, e R.

Proof.  Case (1): Take F € bj,\{0} with non-vanishing component f,. Then
we choose X as in Lemma4.1 with z,u,v in such a way that the coordinates of
Ad*g, ,(expy, , X)(F) in X, X7 and X are zero, that is,

fw+st:07 f$_f$u:fy_fsv:07

and we choose w, x,y such that the coordinates in X}, X* and X are zero, i.e.,

fz—f§“+%—fsw=0, and

0 = fut fuv = 2fy+ for+ S fzv = fo— fuu+ 2L+ fay— 2 fozu.
Thus we have obtained Ad*g, ,(exp(X))F = f,X}; equivalently we can say that

the orbit Ad*y, ,(H,2)F describes the 2(2n + 1)-dimensional hyperplane through
fsX¥ which is parallel to the subspace b, 2*/RXZ.
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Case (2): We assume f; =0 but f,, = 0, so that we have

Ad Hn,2(eXpHn,2(X))F = (fu + fuw¥ — 5 zfy)Xu + (fv — fuwu + 5 Zfz>Xv
X+ L X+ £ X+ (f— g fav o fyu) X2
We choose © and v such that the coordinates in X and X vanish, that is,
1 1 1 1
V= f—w(—fu+ §zfy) and wu:= f—w(fv + §fo)-

Then the X7-coordinate of Ad*n, ,(expy, ,(X))F becomes

1
independently of the other entries w, x,y, z,s of X. Therefore,
Fo= fo X + X5+ [, X + fLX
with f/ = f,+ ﬁ(fufm + fufy) is in the same orbit as F' and F” is the only element
of the orbit with zero coordinates in X;* and X*. We choose F” as the representative

of the coadjoint orbit that contains F'. Similar computations as above, together with
setting

f:= %f:pv‘i‘ %fyu:fZ"“ (fufz+fvfy)

b= fuv— 2fy €R" and = —fyu+ [, e R

yield Ad*w, . (expy, ,(X))F' = F' + X7 + aX; — %x

This yields the description of the F’-orbit.
Case (3): We assume f; =0 = f,,. Then

Ad*g,, (eXpHn,g (X)) F
= (fu= SE)X0+ (Fot 2R)X0+ F X2+ BX5 + (fo = 3hev + 5 fu) X2

We also assume (f,, f,) = 0. Then we can choose v or u such that the X7-
coordinate vanishes, and for z = 0 the u- and v-coordinates f,X; and f, X,
respectively. This means that, in this case, F' and F' := f; X+ fi X5+ f X7+ f, X
with (f., 1) L (—fy, fz) in R?" are in the same orbit. Furthermore, F” is the only
element of this orbit with (f}, f) L (—f,, fz). Similar computations as above, with
Z:=3€eR and a:= fz—%fxv—kéfyue]R,give

Ad*w, ,(expy, (X)) F' = F' —Z2f, X5+ 2f,X; +aX}.

This yields the description of the F’-orbit.

If f, = f, =0, then F = f,X}+ f,X}+ f.XI = Ad*Hn’z(eXpHn,g(X))F for any
X € b,2. This corresponds to Case (4), concluding the proof of Proposition 4.2. =

4.2. The unirreps

To begin with, let us show that the representations corresponding to the orbits of
Case (1) via the orbit method coincide with the representations ) constructed in
Section 3.4:
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Proposition 4.3.  Let f; = A € R\{0}. The representation m as defined by (24)
is unitarily equivalent to the unirrep corresponding to the linear form Fy := AXZF.
A mazimal (polarising) subalgebra subordinate to Fy is

[(=a=R"X,®R"X, ®RX, ®RX,.

Proof.  One checks easily that the subspace [ of b, is a maximal subalgebra
subordinate to F} and that its corresponding subgroup is

L = expy,,() = {(0,Q,8) | Qe R**!, SeR}.
Let pp, 1 be the character of the subgroup L with infinitesimal character 2miF} . It
is given for any X = X, + yX, + 2X, + sX; e[ by

pF1,L(eXpHn2(X)) = 627riF1(X) — 627ri)\s’

and also for any (0,Q,S) € L by
pFl,L(07 Q, 8) = ¢S, (29)

In order to define the representation induced by pp, 1., we consider Fy, the space of
continuous functions ¢ : H, o — Cthat satisfy

0l Ou,, 9) = prLl)¢(g), foralleL, ge Hyp, (30)

and whose support modulo L is compact. Let ind(thL)E”’2 be the representation
induced by pp 1 on the group H, » that acts on Fy. It may be realised as

((ind(pFl,L)f"’Q (9))90) (1) == ©(91 OH,. 9), 9,91 € Hya, € Fo.

By Proposition 3.6, the subset {(X,0,0) | X € R**1} of H,, is a subgroup of
H,, » which is isomorphic to the Heisenberg group H,,. Here, we allow ourselves to
identify this subgroup with H,,. Let U denote the restriction map from H, s to

H,,, that is,
Ulp)(X) = ¢(X,0,0)

for any scalar function ¢ : H,» — C. Clearly, if ¢ € Fy, then Uy is in C.(H,),
the space of continuous functions with compact support on H,,. In fact, a function
@ € Fy is completely determined by its restriction to H,, since the Lie algebra of
H, within b, » complements [. With this observation it is easy to check that U
is a linear isomorphism from F; to C.(H,,). Since C.(H,) is dense in the Hilbert
space L?*(H,), the proof will be complete once we have shown that the induced
representation ind(pFl,L)E"’2 intertwined with U coincides with the representation
7y acting on C.(H,,), that is,

VgeHuo Voe Fo U |imd(on )i (9)(¢)| = mo)Up).  (31)

Let us prove (31). We fix a function ¢ € Fy. By Lemma 3.8 Part (3) we have for
g=(P,Q,8) and g; = (X,0,0) € H,

((ind(pr, )" (9)) (X.0,0) = & ((X.0.0) O, , (P. Q.5))
= ¢ ((On,, (X+P,0,0))
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with (=(0.9.8+(Qx(;P))) €L,
for some Q' € R**!. Since ¢ is in Fy, it satisfies (30) and we have
2 (e ®Hn,2 (X 'P’ 07 0)) = pF1,L(€) SO(X 'P7 07 0)
627riA(S+<Q,X . (%P)>)(’D(X o 73’ O, O)

by (29). We recognise (mx(g)f)(X) with f = Uy due to (24). Therefore, (31) is
proved, and the proof is complete. [

Proceeding as in Proposition 4.3, we can give concrete realisations in L?(R") and
L*(R) of the unirreps associated with the coadjoint orbits of Cases (2) and (3) in
Proposition 4.2 (for a proof see [35, Prop. 3.15]):

Proposition 4.4. o Case (2): Let Fy:= f, X + f. X5 + f, X + f.X7 € by, with
fs =0 but f, =0. A maximal (polarising) subalgebra subordinate to Fy is

[y = RnXU@RXw@RnXx@R"Xy@{%wau +2X, | zeR}@RXS.

The associated unirrep of Hyo may be realised as the representation (g, 1. 1,.f.)

acting unitarily on L*(R™) wvia

~ ~ z i (W fw+T fa zfz
(T fontint) (9)0) (@) = (@ + u — %fafs)f£2 (wartsfotylytafs)

exp w20+ = g fofut = 5 fy)g

for g = (u,v,w,z,y,2,s) € Hy,2, ¥ e L*(R"), and @ € R™.

o Case (3): Let Fy:= f, X+ fu X3+ fu X7 + f, X € bly with fuf, = fofe and
fs = fw=1f.=0 but (fs, f,) = 0. A mazimal (polarising) subalgebra subordinate
to F3 is

[5:=R"X, ®R"X, DRX, DR"X, DR"X, DRX;.

The associated unirrep of H, o may be realised as the representalion (s, 1, t..f,)
acting unitarily on L*(R) by

(Tt t (O0) (2) = W (Ez) e hrt i) excp m(%; - (—fzv+fyu))’

for g = (u,v,w,z,y,2,5) € Hya, ¥ e L*(R), and Z € R.

By Kirillov’s orbit method [9,30], Propositions 4.2, 4.3, and 4.4 imply the following
classification of the unitary dual of the Dynin-Folland group:

Theorem 4.5.  Any unitary irreducible representation of the Dynin-Folland group
H, 2 is unitarily equivalent to exactly one of the following representations:

Case (1): my for X € R\{0}, acting on L*(H,,), defined in Proposition 3.10,

Case (2): (s furtyrfs) Jor any fo, fy € R, f. € R and f, € R\{0}, acting on
L*(R"), defined in Proposition 4.4,

Case (3): T(furfosfosfy) for any fmfvaf:vafy e R™ with foy = fufs but (facyfy) =0,
acting on L*(R), defined in Proposition 4.4,
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Case (4): the characters my, s, ) given for any fy, fo € R" and f.eR by

ﬂ-(fu,f@,fz)(u, . S) _ 627ri(ufu+va+2fz)7 (u7 o ,8) e H,,.

4.3. Projective representations for H, »

In this subsection, we give explicit descriptions of the projective representations of
H, .. However, we first need to discuss the square-integrability of the unirreps of
H, > and to describe their projective kernels. Recall that the projective kernel of
a representation is, by definition, the smallest connected subgroup containing the
kernel of the representation.

Theorem 4.6. (i) Ewvery coajoint orbit of H, o is flat in the sense that it is an
affine subspace of by, 5. Consequently, every unirrep ™ of Hyz is square integrable
modulo its projective kernel. Moreover, the projective kernel of w coincides with the
stabiliser subgroup (for the coadjoint action of Hy, 2 ) of a linear form corresponding
to .

(ii) The respective projective kernels are the following subgroups of H, o :

Case (1): Rp, = expy, ,(RX;) = Z(Hy2) for the representation 7y,

Case (2): Rp, = expy,,, (RXw®R”X$®R”Xy@RXZ@RXS) for the representation
T (fwsforfysfz) 2

Case (3): Rp, = {(w,v,w,2,y,2,5) € H,2 | 2 =0, fyv = fyu} for the representa-
Lion T(fy,fo.forfy) »

Case (4): Rp, = H, 2 for the character m, y, t.)-
In Part (ii) above, we used the notation of Propositions 4.3 and 4.4 and Theorem 4.5.

Proof. In Proposition 4.2, we already observed that the coadjoint orbits were affine
subspaces. So Part (i) follows from well-known properties of square integrable uni-
rreps of nilpotent Lie groups, see Theorems 3.2.3 and 4.5.2 in [9]. Part (ii) is proved
by computing the stabiliser of each linear form Fi,..., F, using Lemma 4.1. |

Given a unirrep 7 which is square integrable modulo its projective kernel, it is
convenient to quotient it by the projective kernel, in which case we speak of a
projective representation and denote it by 7P". We conclude this subsection by
listing the projective unirreps of the H,, o, which will give us useful insight.

Corollary 4.7. o Case (1): Let A € R\{0}. Then the projective representation of
H, »/Rp corresponding to m is given by

(7' (P, Q) (X) = NN "GP yi(x o).

e Case (2): Let fu,f, € R*, f, € R and f, € R\{0}. Then the projective
representation of Hy, 2/ Rp, corresponding to my, s, 5,.7.) 15 given by

<7T§);w,fz,fy,fz)(u7 v)w) () = e*™ifv (w+2) w(a+ u).

In particular, it is unitarily equivalent to the projective Schrodinger representation
of H,/Z(H,,) of Planck’s constant f,.
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o Case (3): Let fu, fy, [o, [y € R™ be given satisfying (fs, f,) # 0 € R* and
<(_fyafx)7(fuafv)> = O; set )‘fz,fyXEk = _me:;k + ]tg/‘)(z< fO?" Afzyfy = ’(fxafy)’
Then the projective representation of H,/Rp, corresponding to my, 5, f..f,)
given by

(Wf}u,fv,fz,fy)(%()w) (2) : = (WF;u,fv,fmfy)(eXp(ZXZ + CXC)w) (2X>)

_ 627ri)\fz’fy (2(4’%) 77b(2 + Z)

In particular, it is unitarily equivalent to the projective Schridinger representation
of Hy/Z(H,) of Planck’s constant Ay, y, .

e Case (4): is trivial.

5. The Heisenberg-modulation spaces EP*4(R?"*1)

In this section we introduce the notion of Heisenberg-modulation spaces, a new
class of function spaces on R?"*!. Our definition employs a type of generalised
time-frequency shifts, realised in terms of the generic representation m = 7 of the
Dynin-Folland group H,, » discussed in Subsection 3.4. Our approach is motivated
by the search for Lie groups whose matrix coefficients characterise spaces that are
very different from the classical modulation spaces and Besov spaces.

Before we define the new spaces, we recall some facts about the coorbit and decom-
position space pictures of classical modulation spaces, thereby providing a guideline
for the analysis to follow.

Convention. Throughout the paper the bracket (., .) ' (ny denotes the sesqui-
linear .7 (R")-.%(R")-duality which extends the natural inner product on L?*(R").

5.1. Merging perspectives

In this subsection we briefly review some aspects of classical modulation spaces and
homogeneous Besov spaces on R™. For the necessary background in coorbit theory
and decomposition space theory, we refer to Feichtinger and Grochenig’s founda-
tional paper [19] on coorbit theory and to Feichtinger and Grobner’s foundational
paper [17] on decomposition space theory.

5.1.1. Modulation spaces on R" defined via the Schrodinger
representation

It is well known that given p,q € [1,90), a weight of polynomial growth v on R*"
and any non-vanishing window ¢ € ./(R"), the modulation space MP4(R™) can be
defined as the space of all f e .7 (R") such that

e = (| (] vanr

The spaces do not depend on the choice of window ¢ € .(R™)\{0} and the typical
examples are v¢(p, q) = (1+]p[*+|¢[*)*? and vs(p) = (1+|p[*)¥%. Cf. Grochenig [26,
SS 11.1].

A reformulation of the norm (32) in terms of the projective Schrodinger representa-

tion of H,, and the mixed-norm Lebesgue space L2% over H,/Z(H,) =~ R*" gives
access to viewpoints of both coorbit theory and decomposition space theory.

1

dq) Ol/palp> 1/q< w. (32)

fla) e Y(x+q) do
R
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We realise the Heisenberg group H,, as the polarised Heisenberg group (see e.g. [21,
p. 68]), by employing coordinates we will call split exponential coordinates for H,,.
This means writing a generic element of H,, as

1
((,1),p) = (0,4,)(p,0,0) = (p,q.t + 5ap),
so that, with this notation, the group law of H,, is given by

((a.1),p) (¢, 1), 1) = ((g+ ¢, t +t +pd),p+ D).

The structure of H,, as the semi-direct product H,, = R""! x R" is now more
apparent. Accordingly, we equip H,, with the bi-invariant Haar meausure py, in
split exponential coordinates. This is precisely the Lebesgue measure d(q,t)dp,
which coincides with dt dgdp since Z(H,,) = exp(RX;) is normal in exp(R"X, @
RX;). The representation of H,, induced from the character

x s exp(RXq +RX;) <H, — C: ((¢,1),0) — ™,

gives the Schrodinger representation defined in Section 2.3. In split exponential
coordinates, it is given by

(((@:1),p)) (@) = 29 gz + p).

Quotienting by the centre Z(H,,) = exp(RX;), this yields the projective represen-
tation

(77" (@.p))(2) = 2 p(a + p) = (M,Ty) ()

of H,/Z(H,), respectively. Note that the quotient of the Haar measure by the
centre equals the measure dqdp.

We notice that these are the representation and measure used in (32) except for the
exchanged roles of p and ¢. In fact, the projective representation used in (32) is not
PP" but is related to it via intertwining with the Fourier transform on R™. Indeed,

setting ﬁpr = Fpprf—17 (33)

a short calculation yields
(57 (0. p)0) (@) = (F (0 (@, D) F0) ) (@) = 2 2702 (i + g).

Therefore, we can view MP9(R") as the space of all f e .# (R") such that

|1l pagany = (f ) (f via,p)? ’<f, PP (4, P)V) 2oy ’ dq>Q/p dp) o (34)

This is precisely the definition of modulation spaces in the framework of coorbit the-
ory (cf. Feichtinger and Grochenig’s foundational papers [18,19]) once it is observed
that .(R"™) is a good enough reservoir of test functions and that the Schrodinger
representation of the reduced Heisenberg group can be replaced by the projective
Schrodinger representation (cf. Christensen [8] and Dahlke et al. [12]).
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We can also rewrite (34) in terms of mixed Lebesgue norms as

| flagpagny = IKF 8P O oa, /20, - (35)

It will be useful in the sequel to consider mixed Lebesgue norms in the following
context:

Definition 5.1. Let G be a locally compact group given as the semi-direct
product G = N x H of two groups N and H (so that N is isomorphic to some
normal subgroup of G). Let 6 : H — R* be the continuous homomorphism for
which we obtain the splitting dug(n,h) = 671 (h) dux(n)dug(h) (cf. [29, p.9]).
Given a weight v on G and p,q € [1,], we define the mixed-norm Lebesgue
space

LP9(G) := {F : G — C | F measurable and 1E ] ppaggy < w0}
with
1/a

g = (| (] von P 1F b du(n)) ™75 0) )

if p,q < oo and the usual modifications otherwise. For LPP(G) we also write LP(G)
since the two spaces coincide. [ |

In Definition 5.1 we did not specify the type of weights v that we are considering.
In the context of coorbit spaces, it is common to assume v to be w-moderate for
a control weight w which renders LP9(G) a solid two-sided Banach convolution
module over L! (G).

Remark 5.2. It is well known that the modulation spaces MP9(R"™) do not
depend on the choice of window 1 since the norms in (34) or (35) are equivalent for
different non-trivial windows (here Schwartz functions). It is also true that instead
of the Schrodinger representation p we can choose any member of the family of
Schrodinger representations py, A € R\{0} (see Section 2.4).

5.1.2. Modulation spaces on R" defined as decomposition spaces

We now have a closer look at (33) and (34), and highlight fundamental connec-
tions between the representation-theoretic coorbit picture of modulation spaces and
the Fourier-analytic decomposition space picture. In terms of notation, we follow
the conventions of [17,42]. Let us emphasise the fact that, in order to take the
decomposition space-theoretic viewpoint, it is crucial to replace pP" by pP’.

We assume that the weight v is a function of the frequency variable p only:

v(g,p) = v(p).

The modulation space norm with window 1 is equivalent to a decomposition space
norm

oo smay = | (|7 (0:) (36)

since we have for any f e .7 (R")
G @D = (F@n)d)y = (F( +p)Ff) (),

L2(Rn)
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allowing us to use well-known properties of Fourier multipliers. The letter 2 in
(36) denotes a well-spread and relatively separated family of compacts {Q;}ic; which
cover the frequency space {p € I@"} Since the @); can be chosen to be the translates
of a fixed set ) along a convenient lattice A < I@”, one can employ a partition
of unity whose constituents ¢; are compactly supported in the sets (; in order
to estimate the p-integral in (34) from above and below by a weighted ¢4-sum of
integrals over the compacts @);, for which the localised pieces of v can be replaced
by an equivalent discrete weight u = {u(i)}es-

5.1.3. Besov spaces on R”

A similar translation of the coorbit picture into an equivalent decomposition space
picture can be applied to wavelet coorbit spaces, such as the homogeneous Besov
spaces BP9(R™) and the shearlet coorbit spaces.

A generic, but fixed class of wavelet coorbit spaces is constructed in the following
way. Consider the group G := R™ x H, where H is a subgroup of GL(R"), the
so-called dilation group. Its representation 7 acts on L?(R™) via

(7@, ) (&) = Idet () e=2m15€ o). (37)
Let us define the intertwined representation
¥ = FrF !,

which acts on L*(R") via (7*(95, h)i/)) (x) = \det(h)l_l/2 Yv(h Ty —x).
The square-integrability and irreducibility of 7 is equivalent to H satisfying certain

admissibility conditions. Given a weight v on H, the membership of a distribution
f in the coorbit Coz(LP9(G)) of LP9(G) under 7 is determined via the norm

”fHCo.;(Lg’q(G)) = |<f, 7 2WHL“?"’(G)
o - o aP  gp \Ya
(| (] v s s mor a) ™ o)™

The transition to the equivalent decomposition space norm is performed via a
covering of the dual orbit O = HT¢, < R™, which is an open set of full measure.
Here (., .) denotes the extension of the L?*(R")-inner product to the space of
distributions F~!(D'(0)), where D(0) := C*(O).

The homogeneous Besov spaces Bg’q(R”), for example, are obtained by choosing
H =R* x SO(n) (cf. Grochenig [25, 3.3]). In this case, the isotropic action on R™
induces coverings which are equivalent to the isotropic dyadic coverings used in the
usual decomposition space-theoretic description of BP*9(R").

While homogeneous Besov spaces have been studied for decades, shearlet coorbit
spaces have been introduced and studied only recently (see e.g., [11,13]). A general
theory for wavelet coorbit spaces is due to the recent foundational paper Fiihr [23].
The equivalence of the two descriptions for homogeneous Besov spaces had in fact
been known before the introduction of decomposition spaces, whereas the decompo-
sition space-theoretic description in the much harder general case was established
recently by Fithr and Voigtlaender [24]. Note that Fiihr and Voigtlaender denote
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the quasi-regular representations 7 by m, whereas 7 was chosen to fit within our
narrative.
5.1.4. Guideline

In the previous paragraphs, we have observed that the standard definitions of
modulation spaces and wavelet coorbit spaces, in particular homogeneous Besov
spaces, on R™ are in each case given as a family of spaces of distributions f on R"
whose norms are defined via

[£1:= K56 @l ppagy -

More precisely, each family is defined via the LP9-norms of the matrix coefficients
of a (possibly projective) square-integrable unitary irreducible group representations
o of a semi-direct product G = N x H with N = R" in which the exponent q is
assigned to the integral over N whereas the exponent p is assigned to the integral
over H. In each case the action of o := F'&F on L*R") gives access to a
decomposition space-theoretic viewpoint.

5.2. A first definition

In this subsection we give a first definition of Heisenberg-modulation spaces which
is guided by principles we extract from the discussion in the previous subsection.
Accordingly, our first task is to write the Dynin-Folland group as a semi-direct
product. For this, we write the element of the group in split coordinates:

Lemma 5.3.  The Dynin-Folland group may be realised as the semi-direct product
Hn72 _ R2n+2 % Hna

by writing the elements of Hy 2 as products (0, Q,S)Ow,, , (P,0,0). We denote such
an element by

((2,8),P) := (0,2,5) Om,, (P,0,0).

Then the group law in these coordinates, to which we refer as split exponential
coordinates for H,, o, is given by

((2,8).P) Ou,, ((2.5).P)
= ((Q+Q + Lad"w, (P)(Q). 8 + 8+ (P, Q)), P+P).

The generic representation my, A € R\{0}, realised in split exponential coordinates
and acting on L?(H,,) is given by

(M ((Q.8).P)9) (X) = 2@ y(x o).
The corresponding projective representation is given by
(7'(Q. ) ) (X) = #@X (X +P).

Moreover, the Haar measure pp,, in split exponential coordinates is given by

dpm, ,((Q.8),P) = dSdQdP.
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Proof. The group law in split exponential coordinates follows from direct com-
putations.

As in Proposition 4.3, we obtain the unirrep m, by induction from the character
prL: ((Q,8),0) > ™5 the critical ingredient is the product

((0,0),X) On,, ((Q,8),P) = ((Q+ 5ad"w, (X)(Q),S +(X, Q) X+ P),

from which the expression for the representation m, follows right away. The projec-
tive representation is obtained by quotienting the centre as in Corollary 4.7.

The Haar measure factors as dugzn+2(Q,S) dugzn+2(P) = d(Q,S) dP, the product
of the Haar measures in exponential coordinates of R?"*2 and H,,, respectively.
This is owed to fact that because of the semi-direct product structure a cross-
section for the quotient R*"**\H,,, >~ H,, can be given in exponential coordinates
(cf. [9, p. 23 Rem. 3)); finally, the central coordinate S can be split off again for the
same reason. [

For the representations m,, A € R\{0}, and the corresponding projective represen-
tations 7 , see Lemma 5.3, we will consider

= F Al F (38)

in the following, where F is the (2n + 1)-dimensional Euclidean Fourier transform.
To begin with, we focus on the case A = 1, and as usual we skip the subscript and
write 7P" for 71". One checks readily that it acts on L*(R*"*!) via

(FP(Q, P)y) (X) = Py (X + ad*(P)X).

The concrete action of 7P on L*(R?*"*!) will only be of indirect interest to us since
it is the action of 73" on L*(R*'*!) that will play a key role in our analysis of
function spaces.

We recall that the Schwartz space . (R*"™!) coincides with the space of smooth
vectors of 7, which we consider a reasonably good choice of test functions for our
first definition. In analogy to the frequently used weights

vi(p) = (14 pf)?, se R, (39)
in the theory of function spaces on R", we define weights on H,, whose polynomial

growth is controlled by powers of the homogeneous Cygan-Koranyi (quasi-)norm

o, H = [0,00), (0 1) (07 + a)? + 1662) "

Like every quasi-norm it is continuous, homogeneous of degree 1 with respect to
the natural dilations on H,,, symmetric with respect to X — X! and definite, i.e.
| X| = 0 if and only if |X| = 0. The fact that this quasi-norm is sub-additive, thus
in fact a norm, was first proved in Cygan [10]. For more details on quasi-norms we
refer to the monograph Fischer and Ruzhansky [20, 3.1.6].

Definition 5.4. For s € R we define the weight v by
VIR CH, - (0,0), VB (P) = (14 [Pl )
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Since any two quasi-norms on H,, are equivalent, different choices of quasi-norm in
Definition 5.4 yield equivalent weights vil».

Definition 5.5. Let s€ R, p,q € [1,90], and let ¢ € #(R*"*!). We define the
space EP (R*1) by

EPAR™) = {f e S (R*) | |f

E§)7Q(R2n+1) < w}
with 11l gpaganssy == 1</, 7VT”¢>HLS£‘R (Hoo/Z(Hp )

We refer to the spaces EP4(R**1) as Heisenberg-modulation spaces or H, -modu-
lation spaces. [ |

The name of these spaces is motivated by the Heisenberg-type frequency shifts
™ (0,P),P € H,, we make use of. The letter ‘E’ for the notation is generic and
stands for ‘espace’.

For regular enough functions f the H,,-modulation space norm is explicitly given by

| £l ppazznsny = < J ( f ’<f,%pr(Q,P)¢>y'(Hn))p dQ)q/pvan(p)q dp> 1/q

Hn R2n+1

- (J ( J | J fE)eHETRG(X + ad"(P)X)dX )de)Q/pV?"(P)qu> :

H, R2n+1 R2n+1

if p,q < o0 and with the usual modifications otherwise.

In the remaining two sections of this paper we develop a decomposition space-
theoretic picture and a coorbit-theoretic picture of the spaces EP4(R***1). Let us
mention two aspects of the following results. Firstly, this will imply (see Section 7.2)
that, as on R™ (see Remark 5.2), the specific choice of 7w, = m = 7 for A = 1
is unnecessary, and that distinct non-vanishing windows ¢ will give equivalent
norms. Secondly, by building upon recent fundamental results in decomposition
space theory [42], our descriptions will lead to a conclusive comparison of the
spaces EP9(R?" 1) with modulation spaces and Besov spaces on R*"*1 in the final
subsection.

6. The decomposition spaces EP9(R?"*1)

In this section we introduce a new class of decomposition spaces. For the sake of
brevity, we abstain from recalling the essentials of decomposition space theory and
instead refer to Feichtinger and Grobner’s foundational paper [17] and Voigtlaender’s
recent opus magnum [42]. As their notations and conventions differ very little, we
will adhere to the more recent account [42].

To arrive at an admissible covering of © = R2"*! and a convenient LY (R -
bounded admissible partition of unity (BAPU), we make use of a discrete subgroup
I'<H,.

We define I':= expy, ({(a,b,c) € R>! | a,be (2Z)",c e 27}). (40)

It is well known (see e.g. [9, SS 5.4]) that I" is a lattice subgroup of H,, in the sense
that it is discrete and cocompact in H,, and that

{(a,b,c) € Z*"* | a,be (2Z)", c € 27}

is an additive subgroup of b, .



F1SCHER, ROTTENSTEINER, RUZHANSKY 79
Furthermore, its fundamental domain is
3 = expy, ([0,2)*"*).

We construct an admissible covering with subordinate BAPU around this lattice.

Figure 1: Detail of the lattice subgroup I' of H; =~ R?® defined by (40).
Proposition 6.1.  Let I be the lattice as above in (40). For a chosen ¢ € (0, 3), we

fiz a non-negative smooth function 9 supported inside P := (—e,2 +¢)?"*! < R2n+1
which equals 1 on (—5,2 4 5)*"*" and set

0,(2) := (2 eq7Y) as well as V. = 197/(2 D).

~'el
Finally, for s € R we define ufl" := {uf ()} er by ufln(y) := vH(v), with vi»
as in Definition 5.4. Then

(i) & = {Pevy}iezzns1 is a structured covering of O := R2n+1

(ii) © := {U,}ser is an L'-BAPU subordinate to & with supp(V,) < P ey for all
vel.

(iii) The weight uf» is P -moderate and we have for all y€T and Z€ P, :

(7)< vIN(E) = | V(@)

y

In the proof of Proposition 6.1 and other arguments, we will use the following
observation.

Lemma 6.2.  The H,, -group multiplication can be expressed by affine linear maps:
E+a 10 0\ /¢ a

Sey = w+b =10 1 O)|w]+|b]=T,Z+y (41)
T+ ¢+ 1(&b— wa) b —2a 1) \7 c

for any = = (§,w,7) and v = (a,b,c) in H,. The (2n + 1) x (2n + 1) matriz T,
of determinant 1 and |T, |0 = 1+ 5 37, (laj| + |bs]) satifies

T '=T=T

y —5 and T’YT’Y' = T’YJF’YI = CF,y o

Lemma 6.2 follows from easy computations left to the reader.



80 FI1SCHER, ROTTENSTEINER, RUZHANSKY

Proof of Proposition 6.1 Part (i).  Since I' is a lattice subgroup with
Yeyc P, :=Per,

the family of non-empty, relatively compact, connected, open sets & constitutes a
covering of O. If P, n Py # J, then there exist =,= € P such that Zey = =" «~'.
The equality [Z"~'«Z|y = |y' ey |y, yields the estimate
/ —1 —=/—1 « = -
77 e, < g B, < 2,

<242+ ) +16(2+)?)"!
So for a fixed v there are only finitely many +' € T' with |/ ¢y < 9 and the
argument is independent of . Therefore, the following supremum is finite:

<9. (42)

Ny :=sup |y*| < oo, where v :={yel'| P,n P, # J},
~el’

and the covering is admissible. The same argument gives an admissible covering for
the open set (—5,2 + 5)*"*! < P. Finally, combining Lemma 6.2 with (42) gives

n
sup sup |7, Tyl = sup sup (1 + 3 Z(]aj —ai| + |b; — bi])) < o0,
vell ~'ey* vel' y'ey* j=1

so this shows that & is a structured covering of O = R2n+1, u

Proof of Proposition 6.1 Part (ii). Since the conditions (i)—(iii) from [42,
Def. 3.5] follow from the construction of ©, we only have to show the condition (vi),
that is, the uniform bound on the Fourier-Lebesgue norm |F~'49, ]|, (R2n-+1)- The
latter follows from

H}Llﬁ“/HLl(Rznu) - HP — -7:71(790(7)°771>)HLl(RQ"“) - HF?I@OHU(R%“)’

which holds since the group multiplication is given by an affine transformation of
determinant 1, by Lemma 6.2. [ |

Proof of Proposition 6.1 Part (iii).  Part (iii) follows easily from the triangle
inequality for the Cygan-Koranyi norm and the compactness of P. [ |

We conclude this section by introducing our new class of decomposition spaces,
employing the structured covering and subordinate L'-BAPU discussed above. The
definition we give uses .#”(R*"!) as a reservoir instead of Z'(0) = F(D'(0))
because it will ease the proof of one of our main theorems substantially. The
justification is given subsequently.

Definition 6.3. Let & be the admissible covering of R2"*! with BAPU ©
defined by Proposition 6.1. Then for p,q € [1,0] and s € R we denote by
EP4(R?*1) the decomposition space

D(P,LP, (%)
—{F e S ®*) | o ey = [(1IF O flim@en) el oy < 2}

For EPP(R?"1) we may also write EP(R?"1).
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The space ./(R?"*!) cannot always be used as a reservoir of decompositions spaces
if completeness of the space in questions is desired. In our case we may use it
however, due to [42, Thm. 3.8], since for any integer N > 4n + 3 + |s| the sequence

of complex numbers
n

—112n 1 2n 2
i) = [ det(Ty)[” max{1, | T7H[Z 2} [ inf, L+ ED] +5 2 (el +150) ™
’ J=1
is an element of fl‘s‘(l‘) c (2 ().

7. The coorbit spaces related to H,, »

In this final section we study the coorbit spaces derived from the projective repre-
sentations of the Dynin-Folland group H,, 2. Projective irreducible representations
were already used by Christensen [8] to characterise the classical modulation spaces.
Their use was recently extended to the general classical coorbit setting by Chris-
tensen, Darweesh and Olafsson [6], including the possibility of choosing a more
convenenient, possibly non-Banach locally convex vector spaces as the standard
reservoir of distributions (see also [7]). The very recent paper [43] by van Velthoven
and Voigtlaender moreover drops the usual assumption of reducibilty and extends
the whole theory to the setting of quasi-Banach spaces. The authors moreover show
that one may exchange the defining reservoirs of distributions under certain natural
conditions. We will use this fact to identify the coorbits derived from the projec-
tive generic representations with the H,,-modulation spaces EP4(R?*"*1) in the first
subsection. This is followed by a complete classification and characterisation of all
coorbits related to H, o in the second subsection and a conclusive comparison of
the spaces EP4(R*"*1) with the classical modulation® and Besov spaces on R***!
in the third subsection.

Proceeding as in Section 6, we abstain from recalling the fundamentals of coorbit
theory and instead refer to [6,19,25,43]. We will nevertheless recall a few basic
notions and important results we will crucially use in our analysis. While these
notion were originally introduced in [19], the corresponding versions for (possibly
reducible) projective representations are due to [6] and [43].

7.1. The generic coorbits

In this subsection we define the generic coorbit spaces under the projective repre-
sentation 7} of the Dynin-Folland group H, » and show that they coincide with
the Heisenberg-modulation spaces when \ = 1.4

To begin with, we recall that since 7y is square-integrable modulo the centre
(cf. Theorem 4.6), it satisfies the orthogonality relations

A7 (f f2>y%£r<f3, f4>H%§,r
|| m@Pin,, T @ PIon,  dQ P,

Hn xR2n+1

for all f1, f2, f3, fa € Hspr (cf. [9, p. 169]).

3 See also Grochenig [27], in particular Subsection 3.5.

4 The general case is shown Subsection 7.2.
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These relations directly imply that any yeHzpr = L*(R**) with [] 3, =[A"*!
DY

satisfies the reproducing formula

(i) anery = Jf TR PIY) o gonsnySTEPH(Q, PIY, B pagansay dQ dP,

Hn XR2n+l

for all f,h € Hxpr. Hence, for any such ¢ the maps f — Vi (f) is an isometry of
Hyzp into L*(H, 2/Z(Hy)), and ¢ is called an admissible vector.

The admissiblity of the window 1 is crucial for the definition of general coorbit
spaces. Moreover, we will require certain integrability criteria with respect to the
weights in question. Let us first list a few crucial properties of these weights in order
to state the criteria.

Lemma 7.1.  For the weights vi» s € R, on H,, from Definition 5.4 we have the
following:

(i) If s€[0,0), then vE» is submultplicative.

(ii) If se (—0,0), then v is vBr -moderate.

(iii) The extensions of vE» to H, o and H,/Z(H, ), which we also denote by

vEBn satisfy (i) and (i) for the respective (quotient) group structures.

Let vi» be vilr-moderate for si,s, € R. Then for every p,q € [1,0] the space
LP4, (Hn2/Z(Hy2)) is an L', (H,2/Z(H,2))-Banach convolution module.

Proof.  Since for the H, o-Haar measure in split-exponential coordinates § = 1,
the proofs are identical to the proofs of the standard Euclidean statements in [26],
Lemmas 11.1 and 11.2. [ |

For given s € R and p,q € [1, ], and p’ = 1, the lemma immediately implies that
any weight w := v," with s’ > [s| is a control weight in the sense of [19,25] and
p’-weight in the sense of [43] for the Banach space Y = L% (H,,»/Z(H,2)). Now,

given an admissible vector ¢€ Hyzpr = L*(R*"*1) such that Vi (v) € Ly, (Hy2/Z (Hy2)),
the space 3’-[71T or , 1s defined as the Banach space
A

Hipr = {f € Hapr | Vo(f) € Lyy(Hup/Z(Hyp))
equipped with the norm | f|4: . = IV (s, (/2 (5,0 2)) -
Ty W

Its conjugate-linear Banach dual space (HLlp )7 is the natural reservoir of distri-
A

butions to define the generic coorbit space we are interested in, while the defining
window 1) will chosen from

By := {1 € Hzp | Vy(¥) € Lig.(Hp 2/ Z(Hy2)), MVy () € Ly, (Hy0/Z(Hy )},

where  (MV,(¥))(Q,P):=  esssup esssup V() (Q", P")]
(Q'PHeU * (Q,P) (Q",P")e(Q',P')* U

is the two-sided local maximal function for any relatively compact unit ball U at
0eH,/Z(H,2). Without loss of generality we can choose U to be any open ball

Br(0) :={(Q,P) € Hyp/Z(H,2) | [Q[gzn+1 + [Plm, < 1},

defined by the Euclidean norm | - |gzn+1 and the Cygan-Koranyi norm |- |g,, .
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Definition 7.2.  (The Generic Coorbits) Let s € R, p,q € [1,00], and let 7},
A € R\{0}, be the projective representation of the Dynin-Folland group H,,» from
Subsection 5.2. Let w := vi™ for some s’ > |s| and let ¢ be an admissible vector
in By, . We then define the coorbit space

Cozpr (le’gn (ang/Z(Hn,g))> = {f e (Hzp o) | Vo(f) € LV, (H,2/Z(Hy )},
and equip it with the norm

|f HCO%ET (108 (Hoa/200,) = Ve () HLj;;}n (Ho2/Z(Hy 2))- n

Before we move on to the decomposition space-theoretic characterization of these
spaces, we show that Definitions 5.5 and 7.2 define the same spaces and that we
may replace (’H;Tkpr’w)ﬁ by ' (R?"*1) and By, by .#(R**') in what follows. All of
this follows from a very recent result in coorbit theory once we prove the following
proposition.

Proposition 7.3.  The Schwartz space . (R*"*1) is a 7Y -invariant subset of
Bw and a dense subspace of H;T;rw for each w := v with s € [1,00). Moreover,

every ¥ € (R with ¢ 2men+1y = [A*"*! satisfies the reproducing formula

ol o gonsry = J TR PIY) o gy STEPH(Q, PIY, B 2 gansay dQ dP,

HnXR2n+l
for all fe ' (R and h e /' (R¥H1).
Proof. To begin with, we observe that the voice transform Vi (f) = (¢, 7y (Q, P)w)

can be rewritten as

Va@Q.P) = (B @Ry, = [ Gi(E) e TyE-P)

L2(@2n+1) R2n+1

for any two Schwartz functions 1, 15. This implies that the map
Vi LR @ LR — LA(R2) . (@7@) . V@({ﬁ;)

extends to a map V defined on L*(R**?) =~ L2(R?>**!) ® L*(R*>**!). Given as
the composition of the unitary coordinate transform (7 F)(P,Z) := F(P,Z«P),
Fe L*(R**?), and the partial (2n + 1)-dimensional Euclidean Fourier transform

in the second variable, V' itself is unitary. Clearly, it maps y(R4n+2) onto itself,
hence V' maps Y(RQ”H) « Y(RQ”“) into y(Rmn).

In particular, this implies that for fixed ¢ € .7 (R*"*1)\{0} we have f e .#(R*"*™) if
and only if Vj,(f) € #(R**?). So, from the continuity of V;, f : R*"™? — C and the
denseness of Schwartz functions f in L?(R?*"*!), we conclude that the representation
7y is strongly continuous on .#(R***!) and, by duality, that it is weak *-continuous
on . (R?*1). We can therefore follow the proof of [26, Cor. 11.2.7] essentially
verbatim to show the desired reproducing formula.

In order to prove the inclusion of .#(R*"*!) in B,, for an arbitrary but fixed
s € [0,00), we first recall that if @) denotes the homogeneous dimension of a given
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homogeneous Lie group G, one requires at most R?-many left translates of any ball
of radius R > 0 defined by a homogeneous norm to cover any right translate of that
ball (see, e.g., [20, Lem. 5.7.5] or [28, Prop.B.3]). In particular, this holds true for
the balls Br(0) € H,,2/Z(H,,») defined above. Now, since Vj,(¢)) € & (R*"2) it is
clearly locally bounded and a member of every LiHn (Hy2/Z(H,2)) with s" € [0, c0),

thus also for ' = s + Q = s + 4n + 2. This shows that ./ (R*"*!) < B,,.

Moreover, by picking a non-vanishing window 1 € .%(R*'*1)  the membership
f e Z(R*1) implies the membership Vyf € S (R"?) © Ly, (H,2/Z(H,z))
for all s € R, so we also conclude that .(R*"™!) is a subspasce of the coorbit
var = Cozpr(Ly,(H,2/Z(Hy))) . The denseness of . (R***!) follows from the
atomlc decompositions provided by classical coorbit theory (cf. [19, Thm. 6.1 (i)]):
for every non-vanishing window 1 € By, in particular every admissible window in
S (R**1) " and every € > 0 there exist an N € N, coefficients ¢, ...,cy € C and
points (P1, Q1),...,(Pn,9n) € H,,2/Z(H, ) such that

If - Z (P, Q). <e. (43)

vpr

Since these finite linear combinations are Schwartz functions, the claim follows. This
concludes the proof of the proposition. [ |

Corollary 7.4. Let se R, p,qe [l,o] and A € R\{0}. Then

Cospr (LP8, (Hap/Z(H,2))) = {fe. (R |Vy(f)e LB, (Hp/Z(H,0)) | (44)
In particular, for A =1, we have
EPYR2) = Cos (Ls;?n (H,2/Z(H,7))).

Moreover, Definition 7.2 and, a fortiori, Definition 5.5, do not depend on the specific
choice of window .

Proof.  Since the coorbit space is independent of the choice of (non-vanishing)
window in the space of better vectors, we may choose a window ¢ € . (R*"*1)
with [t[2@en+1y = 1. The identification of the two spaces now follows directly
from [43, Cor. 4.9], in view of the reproducing formula for such ¢ and the inclusion
of spaces proved in Proposition 7.3. [ |

7.2. A classification of the coorbits related to H,

We recall that by [19, Thm. 4.8 (i)] two coorbits are isometrically isomorphic if the
defining representations are unitarily equivalent. This is important because Propo-
sition 7.5, which classifies the coorbit spaces related to the Dynin-Folland group
according to the projective unirreps of H, 2, also provides decomposition space-
theoretic characterisations of the coorbits. As a consquence, these characterisations
permit a conclusive comparison of the spaces with classical modulation spaces and
Besov spaces via the decomposition space-theoretic machinery developed in [42].
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Proposition 7.5. Let p,q € [1,] and s € R. Let vy and vi» be defined
as in (39) and Definition 5.4, respectively. Let 7y, \ € R\{O} be the projective
representation of H,o from Lemma 5.3 and set 7\ :=F 'ay' F for the (2n+1)-
dimensional Euclidean Fourier transform F. Moreover, let EPA(R*1) and
EPYR?>"1) be defined as in Definition 6.3 and Definition 7.2. Then, up to isometric
isomorphisms, we have the following classification and characterisations of coorbits
of LP9 under the projective unitary irreducible representations of the Dynin-Folland
group H,, 5 :

Case (1): For my" we have
CO%)}\)r (Lsgn (Hn,2/Z(Hn,2))> = E;)’q(RZ”"'l) _ ES’q(R2n+l).

Case (2): For 7T(fw fortofe) WE have

~ pr = ~pr pP.q — P.a/mpn
CO (fw fa,fy.f2) ( Vs ( n/Z( ))) Copfw (LVS (Hn/Z(Hn))> Mvs (R )
Case (3): For 7T(fu Fortarty) WE have

Cogr (L2a(H,/Z(H)) = Copr  (LES(HL/Z(HL)) = MES(R).

(fu fv,fx, fy) fz y

Proof. Case (1) We will show that for an arbitrary but fixed A\ € R\{0} the
identification

Cosge (L2, (Hoo/Z(H,2)) ) = EPIRY™), (45)

holds and that the norms are equivalent up to a fixed, positive factor depending on
A. This gives (1) since for A = 1 we have, by Corollary 7.4,

EPd (R2n+1 ) _ Ep,q (]R2n+1 ) )

Now to prove (45), we see that because of (44), it suffices to show the equivalence
of the respective norms for tempered distributions f. Our line of arguments will be
very close to the argument which proves the equivalence of the coorbit space and
decomposition spaces norms of the modulation spaces MP9(R***!). Let us choose

a window ¢ € . (R**1)\{0} whose Fourier transform ¥ = 9 is a non-negative
function supported inside P = (—¢,2+¢)?**! which equals 1 on (—%,24 3)2+1 5

Hence, ¥ = 0 = ¢, and for any f € S (R?*"*1) we compute

120, ms

~ . —_ o~ p
:f (f Vi (PP f J(E) e (2 p) d=
R2n+1 N JR2n+1 R2n+1

-2 e,

dQ) P P

P

dQ) P,

ﬁ F(2) e 2mNOE) (2o P) d=
R2"+1

5 The resulting reproducing formula and coorbit norm for such ¢ are adjusted by the factor
kum(kznﬂ) ‘A|—(2n+1) )
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To estimate | f||3, (2P from above, we apply to

|, f@emeDizpa= (F (i o)) @

the change of variables Q — —\Q, which produces a factor |/\|_% in the coorbit
norm. For general fe.” (R*"1) we have to extend the integral representation (46) to

(Fmgepi) = (F I 0Pw) (2

by duality. Now, an application of Young’s convolution inequality yields the crucial
estimate

Hf—l(fw;’%o,mﬁ)

Lo (@)
7; FE P )] gy (47)
The first factor is bounded by
|70, PYO) [ o gzn iy = IF 0] goniny < 0 (48)

for the following reason: we apply to

<}11(7r§r(0,7>)19)>(x) _ J 2D (20 P) dE

R2n+1

with X = (p,q,t) and P = (u,v,w) the change of variables Z — = := Z«P. By
rewriting

(X,2P ) =(X2-P-[5P])
— (X, P)+ <X —ad*(P)(X), é>

1 1
== (0.t (v, w)" )+ (p = 5o, A + gtu )2 ).

[1]2

I

we obtain
—1(,__pr . —27ri)\<(p,q,t)T,(u,v,w)T> —1 . 1 1
(f (7 (077’)?9)>(p,q,t) =e (F0)(p = 5tv,q + 5tu,t)

and, since (p, g, t) (p 1752; q+ 1tu,t) is measure-preserving, also (48). If we then
use (47) and ul» SP P)dP with constant Cy, we get

TN
S

(2n+1)q

< Ny Ca A5 |70 oy 2 | F 0P| Coalte (e,
’yEF ( )
thus for some C5 > 0 the estimate
1 N . ~

Us
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For the estimate from below we notice that for v € I' and P € ¥+~ the function
E — J(=+P) equals 1 on supp(¥,) 2 X «v. By Young’s convolution inequality we get

. ~ —1(7 pr
H]: (ﬂvf) LP(R2n+1) < Crop H]: (fﬂ (O’P)ﬁ) Lp(R2n+1)
and therefore
J— = q -
Z u?”(V)q H]: 1(19%7() LP(R2n+1) <G qCj’@p A ’ Hf”CO Pr(qu )

~ell

Equivalently, there exists some C} > 0 such that

(7. )

Thus, the two norms are equivalent for any A € R\{0}. This proves Case (1).
Case (2) and Case (3) are almost immediate since by Corollary 4.7 the projective
representations W?;w fortofey a0 W?;u fortorfy) COINCide with the projective Schrodinger

Ch HfHES’q(R2n+1) = (]

< Hf”co%gr(LS?n) .

Lp (R2n+1)> ’YEF Zq
Hp

Us

representations pl and pg’\; . with parameters A = f,, and A = Ay, 5, , respectively.
w [y ’

Now, it is well known that also for A# 1 one has Coper (LP9(H,/Z(H,))) = MP9(R").
One either argues as in Case (1) or uses the fact that each p, can be obtained from
p = p1 by dilation along the central variable ¢. This proves the Cases (2) and (3),
and we are done. [

The following corollary follows from an application of the embedding theorem for
decomposition spaces [42, Corollary 7.3].

Corollary 7.6. For 1 <p; <pa <o, 1 <q <@ <o and —0 < Sy < 81 < 0,
we have B (R > B2 (R,

Proof.  Let T, be defined by (41) in Lemma 6.2. Since det(T),) =1 for all ye I,
so —s; < 0, and % < 1 implies (%) = oo according to Voigtlaender’s convention,
we get

H
11wy () . B
= | (Jen(r 5 200 S (CRYR I
! u{{n (7) YEL | pag-(ay /ag)! Hn vel'|| po
and may therefore apply [42, Corollary 7.3]. n

7.3. A comparison of the spaces EP9(R?""!)

In this subsection we prove the second main result of our paper. To be precise, we
prove that the spaces EP4(R?*"*1) form a hitherto unknown class of function spaces
on R?"*1  distinct from classical modulation spaces and homogeneous as well as
inhomogeneous Besov spaces.

Our proof is built on the classification by Proposition 7.5 and novel results in decom-
position space theory by Voigtlaender. In his thesis [41] and the monograph [42],
Voigtlaender has developed a powerful machinery for comparing decomposition
spaces in terms of the geometries of the respective underlying coverings 2. While
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numerous previous papers focused on case-based results (such as partially sharp
embeddings between modulation spaces, Besov spaces, and their geometric interme-
diates, the so-called a-modulation spaces; cf. [5,31,34,36-40]), Voigtlaender’s work
provides an extensive collection of necessary and sufficient conditions for embeddings
and coincidences of decomposition spaces.

The proof of the following theorem is based on Voigtlaender [42], Theorems 6.9,
Theorem 6.9 1, Lemma 6.10, and Theorem 7.4.

Theorem 7.7.  Let p1,qi1,p2,q2 € [1,0] and s1,s2 € R. Ezxcluding the case
when (p1,d1) = (2,2) = (p2,q2) and s; =0 = sy, we have

M P2:92 (R2n+l ) 7

Vsg
Egluth (R2n+1) £ Bg’;"” (RQn—&-l)’ (49)
Bp2.az (R2+1),
S2

This holds true in particular if (p1,q1) # (P2,dq2) or S1 # So.
If (p1,a1) = (2,2) = (P2, q2) and s; = 0 = sy, the spaces coincide with L*(R?*"*1).

Remark 7.8. Let us point out that the result Ef(R®) # MP (R?) for any
p € [1, 0] was first published in Grochenig [27], in which the author uses a very short
and elegant argument based on the p-integrability of Gaussian matrix coefficients
of the generic representations of Hj 5.

Proof. To prove (49), we proceed by contradiction for all three pairs of spaces
from top to bottom. Let us mention that the upper two cases make use of [42,
Thm. 6.9] and [42, Lem. 6.10], whereas as the third case makes use of [42, Thm. 6.9
1]. The unweighted L%-case (p1,q1) = (2,2) = (p2,q2) and s; = 0 = sy follows
from an application of Pythagoras’s theorem or [42, Lem. 6.10].

(1) EPray(RH) 2 MPzae (R**1): To begin with, we recall that MPza (R
can be characterised as the decomposition space D(2, LP2, 6322) of frequency domain
O, = R2+1 | covering 2 1= {Qr}rezye With Qp := Q + k := (—,2 +¢)? + k and
e € (0,3), and weight ug, (k) := (1 + |k[*)®/2. The precise choice of covering will
become clear from the proof.

Now, let (p1,d1) # (2,2). If (p1,q1) # (P2, q2), the spaces cannot coincide by [42,
Thm. 6.9], and we are done. If (p1,qi1) = (p2,q2) # (2,2), then by the same
theorem they coincide only if the respective frequency coverings which define the
spaces are weakly equivalent. In the following we will show that they are not. To
be precise, we will show that neither &2 is almost subordinate to 2 nor vice versa.
Since both coverings are open and connected, it suffices to show

N(Z,2) = sup,r|{ke (2Z)* | P,nQr# T} = © and
N(2,7) = SUDpge(2z)2n+1 {vel | P,nQr#T} = o

To show N(Z#,2) = w0, we observe that P = () implies that the set P intersects
as many neighbouring @), as ) and

{keZ|PnQu# @)l = (ke Z|QnQu# @) = 32+,

On the other hand, we consider the cube [0,2]*"™! < P = @ and the edge & which
connects the origin with exp(2X,,) = (2,0,...,0).
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Now, choose v := (0,b,0) := exp(b1X,,) € I', i.e. with b = (b1,0,...,0) € (22)",
and consider the paralleleppiped [0,2]*"*1 e~ and the edge &+v. Since the origin
is mapped to v and exp(2X,,) = (2,0,...,0) is mapped to

exp(ZXpl + le(h + 2b1Xt) = (2, O7 c. ,O, bla O, ce ,O, 2b1),

the edge &« intersects at least by-many Q. (in the the X;-direction). As b, € (27Z)
was arbitrary, this implies N(#, 2) = .

To show N(Z2,%) = oo, we observe that the maps 7, from (41) in the proof
of Proposition 6.1 are volume-preserving, so the sets P, become more and more
elongated as [b)| — . A growing number of sets P, are therefore required to cover
one set Q + (0,b,0) for large |by|, which proves our claim.

We have therefore produced a contradiction to [42, Thm. 6.9], hence the spaces
cannot coincide under the assumption (p1,qi) = (P2, q2) # (2,2).

Thus, suppose s; or sy is different from zero and, without loss of generality,
(p1,d1) = (P2,92) = (2,2). If the two Hilbert spaces coincide, then by [42,
Lem. 6.10] we have uf"(y) = u(k) whenever P, n Q) # . Since the weights
are obviously not equivalent as |y| — oo, the spaces cannot coincide. This proves
the first case.

(2) EPvar(R2+1) = BP2a2(R?"*1): To begin with, we recall that the inhomoge-
neous Besov space B4 (R**1) can be characterised as the decomposition space

D(A,LP*, 1%,) of frequency domain O, = R2n+1 covering & := {Bj}ren, with
52

B, — Boi+2(0)\Bar—2(0) if keN,
- B4(0) it k=0,

and weight u? := {25%},cx,. (See, e.g. [42, Def. 9.9].)

Our line of arguments is the same as in (1). If (p1,q1) # (2,2) or (p2,q2) # (2,2),
then by the same argument we only need to consider (p1,qi) = (p2,d2) # (2,2)
and show that & and % are not weakly equivalent. To be precise, we show
that &2 is almost subordinate but not weakly equivalent to 4. To this end,
note that supzcp |E| grows at most linearly in v (for v varying only in the X;-
direction it stays constant), while sup=z.p |Z| grows exponentially in k. So, while
for small |y| the sets P, intersect a bounded finite number of sets By and vice
versa, for large |y| we have |K,| := [{ke Ny | P, n Qy # &} = 1 or 2, whereas
Tyl == {yel | PynQr # T} — © as |k| — 0. Thus, N(Z, %) < © and
N(#,2?) = . Hence, & is not weakly equivalent to &, but since both coverings
are open and connected, & is almost subordinate % (cf. [17, Prop. 3.6]). Thus, the
spaces cannot coincide by [42, Thm. 6.9].

Thus, if s; or s, is different from zero and, without loss of generality, (p1,q1) =
(p2,q2) = (2,2), then by [42, Lem. 6.10] the two Hilbert spaces coincide only if
ugn = 1132- However, since this is never the case, the spaces cannot coincide.

(3) EPvay(R¥+1) = BP2a(R>*1): To begin with, we recall that the homoge-
neous Besov space Bg;m (R**1) can be characterised as the decomposition space
D(%, LPQ,EE%) of frequency domain @y = R2"*1\{0}, covering & := {B}}rez with

By := Byis2(0)\Byi—2(0), and weight u/? := {255}, ., . (See, e.g. [42, Def. 9.17].)
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So, the characteristic frequency domain of Bg’;m (R?"*1) differs from the frequency
domain Oy := R?"*! of EPrai(R2H).

Now, if we suppose that the spaces coincide, then clearly

[l gzrar gonsny = [f] pp2az gonsa)
for all f with f € CP(O1 N Oy) = CP(Os). Hence, since Oy is unbounded,
[42, Thm. 6.9 3] implies (p1,q1) = (P2, 92) = (2,2) and ufl» = u??. Thus,
(p1,d1) = (2,2) = (p2,q2) and s; = 0 = sy, the negations of both our assumptions,
must hold true simultaneously, a contradiction. This completes the proof of the
theorem. -

The following result follows almost for free.

Corollary 7.9.  We have the strict embedding ESI(R*t!) — BP9(R>"T1)  for
all p,q e [1,0] and all s <0.

Proof. Since & is almost subordinate to % by the proof of Theorem 7.7 2), our
claim follows from the embedding theorem [42, Thm. 7.4] once we show that

K. = <

(120 | (erCrs) % pulie)

er~<q1/f>’) keNp

for r := min{p,p’}, [x := {y e T | P, n By # &}, k € Ny, and T, defined by
(41) in the proof of Proposition 6.1. Fortunately, K, is computed easily because
|det(T5)| = 1, ug"(y) = 1, ugP(k) = 2 for k€ No, |4 = 1 and @2 - (a1/a2)’ =
q- 1" = 0. In the end, we have, since s <0,

K= (2%)

el
Tk ¢az-(ai/az)’

< Q0. |

keZ’gw
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