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Abstract. We provide some geometric properties for o-symmetries of system of ordinary
differential equations. According to the corresponding geometric representation of o-symmetries
and solvable structure, we give the first integrals for the system of first-order ordinary differential
equations and for the system of n-order ordinary differential equations which has not enough
symmetries and \-symmetries.
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1. Introduction

The study of symmetry properties of ordinary differential equations (ODEs) is a
classical and well-established topic (see [1, 6, 13,19-22]) and provides a powerful
tool for both the explicit computation of solutions to the equations and a better
understanding of their qualitative behavior. It is well known that if an ODE &
admits a local symmetry, this can be used to reduce the order of £ by one. This
procedure, usually referred to as symmetry reduction method, is particular useful
when & is a k-order ODE whose local symmetries form a solvable k-dimensional Lie
algebra (one can see [2—4,12,14]). In this case, in fact, £ can be completely integrated
by quadratures [9,13,19]. Although the Lie symmetry group theory provides a
powerful tool for analyzing ordinary (and partial) differential equations [19, 20],
not every technique can be based on symmetry analysis [10,11], and this requires
generalizations of classical Lie methods. Muriel and Romero [15] introduced a new
class of symmetry based on a new method of prolonging vector fields known as
the A-prolongation, leading to the notion of A-symmetry, that strictly includes Lie
symmetry. For applications of A-symmetry, one can see [15-18,24-26].

In recent papers [7,8], Cicogna et at have introduced a generalized prolongation
operation, defined not on single vector fields but on sets of vector fields, and de-
pending on a smooth matrix function o : J'M — Mat(n,R). This is called o-
prolongation or joint A-prolongation to emphasize that it is an extension of the
A-prolongation. Correspondingly, they introduced the notion of o-symmetry, or
joint A-symmetry, for systems of ODEs: Lie-point vector fields which—after being
o-prolonged up to suitablem order leave a given set of equations & invariant—are
said to be o-symmetries for &£.
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The aim of this paper is to provide some geometric properties for o-symmetries of
system of ordinary differential equations. According to the corresponding geometric
representation of o-symmetries and solvable structure, we give the first integrals for
the system of one-order ordinary differential equations and for the system of n-order
ordinary differential equations which has not enough symmetries and A-symmetries.
So, in analogy with the symmetries case and A\-symmetries case, o-symmetries are as
useful as symmetries case and \-symmetries to concern first integrals of differential
eqgation systems.

This paper is organized as follows. In Section 2, we collect some basic notations and
concepts about symmetries, A-symmetries and o-symmetries. In Section 3, we give
the first integrals of system of a first-order ordinary differential equations by using
the o-Liouville vector field we defined. In Section 4, we give the first integrals of
system of m-order ordinary differential equation. In Section 5, we give a summary
of the paper.

2. Preliminaries and geometric properties for A-symmetries

We will firstly recall some basic notion, also set some general notation to be used in
the following.

2.1. Equation, solutions and symmetries

We will only consider ordinary differential equations, the independent variable will
be denoted as = € R, the dependent one(s) as y € U = R or y* € U C R™ in
the multidimensional case. We denote by M = X x U the phase bundle, and by
(J*M, 7% M), or J*M for short, the associated jet bundle of order k.

A differential equation £ of order n is a map F : J"M — R, and is naturally
identified with the solution manifold S(£) = F~'1(0) C J"M. In the case of I-
dimensional systems &£, we have [ maps F’ : J"M — R (or equivalently a map
F:J"M — R') and a solution manifold

S(E)=F0)=(FHY 10)n..n(FY7(0) c J*M.

For m-dimensional dependent variables, J"M has dimension (m(n + 1) + 1), and
a system of [ independent equations identifies therefore a solution manifold of
dimension (m(n+1)+1—1).
Given a smooth function vector y = f(x), there is an induced function pr®™ f(z),
called the n-th prolongation of f, which is defined by the equations

da,ya . da fa

o = gga = 1,...,m, a=0,..,n.

Thus pr(™ f(x) is a function vector from R' to the space J"M.

A function vector f: R' — U is a solution to the differential equation(s) £ under
study if and only if its n-th prolongation lies entirely in the solution manifold S(&).

Let us now consider a vector field Y on J"M, we say that £ is invariant under Y
if and only if its solution manifold has the property Y : S(€) — T'S(£). This can
also be cast as the condition [Y'(€)]s) = 0.

If Y is the prolongation of a (Lie-point) vector field X on M,Y = X™  we say
that X is a symmetry for £ (more precisely, this would be a symmetry generator,
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we will adopt this standard abuse of notation for ease of language). The condition
for X to be a symmetry is therefore [X™(€)]ge) = 0.

2.2. Local coordinates

We will consider local coordinates (z,y%), a =1,...,m in M = X x U, and corre-
spondingly local coordinates (z,u¢) (with k= 0,...,n), where y**) := (9Fy*/0z*),
in J"M.

A general vector field on J"M will be written in local coordinates (here and below
we will use the Einstein summation convention, the notation y*) denotes the k
order derivative of y) as

m a a m m m(n 0
Yzf(ﬁ,yl,...,y )%_Fq/]k(l‘vylvay 7y1(1)a"'7y (1)7"'7y ())Wa (1)

this is the prolongation of

0
oy®

(2)

X =&z, ., ym)% + ¢*(z, ", . y™)

if and only if the ¢{ satisfy the (standard) prolongation formula
Ui = Dot —y" M IDE, g = 6"

The notation D, identifies the total derivative with respect to z,

_ 9 a(k+1) 0O
De=5. 1Y dye®) °

2.3. A-Prolongations and A-symmetries

After the work of Muriel and Romero [15,16] it is common to also consider -
symmetries of ODEs. A vector field Y written in local coordinates in the form (1)
is a A-prolonged vector field if its coefficients satisfy

Vier = Dot — y" VD& 4+ Myt — 5" H¢) (3)

with A being a smooth function A\ : J'M — R. We also say that Y is the nth
A-prolongation of X (see (2)) if 1§ = ¢?, i.e., if X is the restriction of Y to M.

If the A-prolongation Y of X leaves an equation (or system) & invariant, we say
that X is a A-symmetry for €.

2.4. o-Prolongations and o-symmetries

Let the set x = {X;,7 = 1,...,d} be a vector fields set defined on M, assume that
they are in involution and their rank is constant for the sake of simplicity. The
involution assumption means that there are smooth functions ,ufj M — Ri,5,k =
1,...,d such that
[Xi>Xj] = /LZXIW

we will consider vector fields Y; on J*M , which is some kind of generalized prolon-
gation of the X;. In local coordinates, and with z*®) := 2z these will be written

atk )
as 9 P
Xi=¢&(t, )a + ot @ )@v
- a g a a ,.a(l) a(k) 0
Y, =¢&(t,x )at—i—z/zi,k(t,x ARSI )&Cak.
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Definition 2.1.  Let {¢7,i,j = 1,...,d} be a set of d?> smooth real functions on
JYM . The vector fields ) = {Y;,i = 1,...,d} on J*M are said to be o-prolongations
of x if the coefficients ¢, satisty, for k > 0,

e = (Dehiy, — 2 Dy&) + ol ( ke — xa(kﬂ)fj)-

If the o-prolongations Y; of the X; leave the system of equations £ invariant, then
we say that the involution system y is a o-symmetry for £.

3. First integrals of system of first-order ordinary differential equations

In this section, we study the system of ordinary differential equations

T = f(t,x), (4)

where x € R™ and & stands for the derivative with respect to the time ¢. Associated
with (4) we consider the dynamical vector field F' = f;(t,z);> and characteristic
J

vector field I' = 2 + f;(t, x)%.

Definition 3.1. A differential form w of degree p (or equivalently p-form) is said
to be an invariant form of (4) if it satisfies

(2 +Lp)w=0. (5)

Lemma 3.2.  Suppose that a vector field set
a 0 . o
V= {XZ- =1 (t,az)%, i1=1,...,0, a=1, ,n}

is a o-symmatry of (4). Then it enjoys the property
(2 +18) X;+ i, =0 (6)
Proof. From the definition of o-symmetry, it requires that

Y;(jja - fa(t7x)) = 07 (7)

for ¢« = 1,...,1, where Y; is a one-order prolongation of X;,i = 1,....,l. By the
o-prolongation formula, we have

a 0
)/i = 7]@' (t7x) + % l(t T JI) Axo (1)7 (8)

where i, = Dinf + o/n®. Substituting (8) into (7), we have

msca—fa(t,x»:(nf(t,x) O (D + ol 5 ) (@ = falt @)

_ 8771

0 m Ofa
+fm ,'72 +o 7,77]_?71 / =0. (9)

ox™
Multiplying % to (9) and taking sum over a = 1,...,n, we obtain

ong
ot 83:“

one 0 om0, 0
+ fm Ox™ Oz to ’77] " dz™ dze '

(10)

which is equality (6).
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0~ _ Ont 0
&XZ ot axa’

In fact,
67]1 0 kafm 7]

[F7Xz] = [fma o i 8xk] fm dr™ Jrk T Waxim’

Uij = ‘71‘771' 0

¢ Oz’
So, just comparing (10) with 2X; + [F, X;] + o7 7X;, we can get the conclusion. m
Example 3.3. Consider the linear system
$1:t+x1—$2, $2:$2—x1. (11)

We know the dynamical Vector field F = (t +z! — 2?);2% + (22 — 2')52% and the
characteristic vector field I' = 2 + (t + 2! — 2%) 5% + (#* — 2') 525 It is clear that
the vector field set {U = 52, V = 5%} is a o-symmatry of (11) because by Lemma
4.3 we have

U, =U~V, [V,[]=-U+V.

Thus in this equation we can get that o] = 1,07 = —1,03 = —1,05 = 1, so
(%+LF>U+U}U+U§V: T, U] +U -V =0,

(2 +Le)VHolU+adV = V]-U+V =0,

Example 3.4. Consider the non-linear system
il = te“”z, i? =te". (12)

The dynamical Vector ﬁeld F = te” 2 + te” 8 == and the characteristic vector
field I' = at + te*” 8 5+ te® a =% are clear We can verify that the vector field set
{U = e 2,V =e” 3%} is a o-symmetry of (12) because by Lemma 4.3 we have

[U.1] = —te” U +te”V, [V,I]=te" U —te” V.

. . - 1 2 1 2
Thus in this equation o} = —te® , o} =te®, o4 =te” , o5 = —te

(%*LF>U+“W+0%‘7=[F,U]—tez10+te V=
<% +LF> V40lU+02V =, V]+te"'U -tV =0.

We now define the o-Liouville vector field set which is a generalization of the -
Liouville vector field (see [26]) based on C'*-prolongation.

Definition 3.5. A vector field set {X; = 1?52 ,i = 1,...,1} is called a o -Liouville
vector field set of (4), if there exists o;; € C™(t,z,%),i,j = 1,...,1, such that for
any X; € ), , |

It is well known that the total mass of an object is unchanged in any case whenever
it is experiencing mechanical, physical or chemical motion, which is the celebrated
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“Law of conservation of mass”. According to the “Law of conservation of mass”, if
the phase density is p, we can deduce the continuity equation % + div (pF') = 0,
which is equivalent to fl—f + (div F)p = 0. In fact,

o 4 g _o, o Op gy 00 Ofn
o TAVPE) = 5 gt gt P e pg

IR S
=5 Tl Tt +p(div F) = 0 + (div F')p.

Moreover, because % = (% + Lp)p, thus the phase density p satisfies the following

partial differential equation

(% + Lp)p+ (div F)p = 0. (14)

The following lemma states a remarkable property of the o-Liouville vector field set
{X; = nf%,i =1,...,1}, which shows the relationship between a o-Liouville vector
field set and a o-symmetry.

Lemma 3.6.  If we have a o-symmetry

a 0 . .
Y= {Xi—ni(t,a:)%, i=1,...,1, a= 1,...,n}
of (4), then the set of vector fields

{Zi :pXi:pnf(t,x)%,i: 1,...,l,a= 1,...,n} (15)

is a o -Liouville vector field set of (4).

Proof. = We only need to show that the set of vector fields (15) enjoys the property
(13), i.e., 5 '
(§ + LF) (pX;) + olpX; + (div F)pX; = 0. (16)

Because a o-symmetry of (4) has the property (6), from (14) we obtain
(% + LF) (pXs) + Uprj + (div F)pX;
= (% + LF> (p)Xi + p(% + LF) X + olpX; + (div F)pX;
= <(% + L) (p) + (div F)Z?) Xi+p <(% + Lp)X; + ang> —0. m
In fact, conversely, we can get another lemma.

Lemma 3.7. If Y = {XZ- = n(t, w)a%a, i=1,..,1, a=1, ,n} is a o-Liouville
vector field set of (4), then the set of vector fields

X i) O . _ }
{Zl_ e =1 i=1,...,1, a=1,...n (17)

is a o-symmetry of (4).

Proof.  We only need to show that the set of vector fields (17) enjoys the property

(6), i.e., ) . -
(g +2e) (5) 4l =0 9
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From (14) we obtain

p
_ —((F+Lr)p) X 1(5 ) A
= o +§ §+LF (XZ)—FO'l

9 Xi J‘.&_<Q )(l) A 1(§ > . i, X
<0t+LF><p>+Ui o 3t+LF D X1+p 8t+LF (XZ)+Ui D
Aj
p

_ ((div F)p) - X; n (5 + Lr) (Xi) + 045X
p? p

_ (leF)'Xi_(dIVF)'Xi —0 =
p p

Example 3.8.  Insystem (11), we can get that divergence of F' is equal to 2 and
from the continuity equation, the phase density can be written as p = e~2!. In this
case, 2 4+ (div F)p = —2e72 4+ 2% = 0.

Now we show that the vector field set {pU,pV} = {e#U,e *V} is a o-Liouville
vector field set of (11). By Lemma 3.2 we directly calculate

(% + Lp)(pU) + aipU + o?pV + (div F)pU
0 0
= (& + Lr)(p)U er(a + Lp)U + pU — pV + 2pU

= —2pU +p((% + Lp)U +U = V) +2pU = —2pU + 2pU = 0,
(% + Lp)(pV) + o9pV + o3pV + (div F)pV

= (% + Lp)(p)V +P(% + Lp)V —pU +pV + 2pV

= —2pV —i—p((% + Lp)V—=U+V)+2pV = =2pV + 2pV = 0.

Lemma 3.9. If Y = {XZ- =ni(t,r):%, i=1,...,n, a=1, ,n} is a o-Liouville

oxa?

vector field set of (4) and has the property S\ 07 =0, j =1,...,n, then the n—1

=1 "1
form w =ix,+. 1x,S) is an invariant n — 1 form, where 0 is the volume form
dzt A - ANdx™.
Proof. It suffices to show that the n — 1 form w enjoys the property (5), i.e.,
(a% + LF) ix,+.+x,$2 = 0. Using the property of Lie derivative, we obtain

0 . . .
(a + LF) S A Z(%+LF)(X1+...+Xn)Q +ix, 44, LPQ
= —U{?;XjQ - (le F)ZXIQ — = UiinQ — (le F)ZXnQ + (le F)Z'X1+“.+XnQ

== _0)ix, Q== (> o)ix, =0,
j=1 Jj=1

where we have used the Cartan’s identity and LrQ = (div F')Q (see [23] for more
details). ]

Remark 3.10.  For system (11), we know that {pU,pV} = {e " %U,e *V} is a
o-Liouville vector field set and 0} + 04 =1—-1=0, 0? +02=—-1+1=0.
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We calculate
(24 L) w= (2 +Lr) ipwspvda A da?
. 1 2, - 9 1 2
= Z(%+LF>(pU—|—pV)d$ A dx + LpU+pV (a + LF> dr” Ndz
= i(—a%pU—o%pV—(div F)pU—ocipU—oc3pV —(div F)pV)dml A da:Q + (le F>iPU+PVd$1 A d'I'Q
= i—(div F)pU_(divp)dexl N d:c2 + (le F)ipU+pvd$1 A dSL’2 = O,
thus iy pvda! A dz? is an invariant 1-form of (11).
Theorem 3.11.  If we have n—1 wvector fields Z, ..., Z,,_1 which have the property
(% -+ LF>Zj = span{X; +---+ X,.}, j=1,..,n,

and a o -Liouville vector field set Y = {X; = nf(t,x)aia, i=1,..,n,a=1,..,n} of

(4) possessing the property S ol = 0,7 =1,...,n, then we can get a first integral
of (4) which has a form iz, - iz, |ix,+.+x,2.

Proof. In fact, by lemma 3.9 and the assumption, we can get

0 . . .
(& + LF) (iz1 iz yix 4t %, )

T Y &uLr)m Uz UX et X Sy ‘Z(%+LF)ZR712X1+"'+XTLQ

. . 0 .
iz iz, (E + LF) (ix14+x,82) = 0. m
Here we give two examples to clarify Theorem 3.11.

Example 3.12.  Consider the linear system

1 2

it =2+ 2?17 =t a2t (19)

The dynamical vector field is F' = (z' + 2%) 3% + (2! 4+ 2?) 52 and the characteristic

vector field is T’ = 2 + (z' + 2%) 32 + (2! 4+ 2%) 5% . We can verify that the vector

field set {G = 2' %, H = 2?55} is a o-symmetry of (19) because by Lemma 4.3

_ _ 10 10 1 2y 0
G T]=GI' - TG==x 51 T .2 (x" 4+ )78331
2 0 1 0 .%'2 xl

Oxl 2
9 0 1 0 T —le
Fr i
. . . 2 1 2 st
Thus in this equation we can get that of = =%,07 = 4,05 = 4,05 = =%, so

ol + 03 = 0,0f + 05 = 0. Due to divF = 2, the phase density can be written
as p = e 2! hence the vector field set {pG,pH} = {e ?G,e ?'H} is a o-Liouville
vector field set and iygiprdzt A dz? is an invariant 1-form.
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We can also verify that the vector field K = e* % + e* 2, satisfies
(2 +Lp) K =2K - [K,F| = 2K — 2K =0.
At last, we claim that ixi,gippda' A dz? is a first integral of (19). Calculate

ipcprdr’ A da? = e *atde® — e atda?,

iipciprds’ A dz® = 7:(8215%_’_6%%)(672)&1'1(11}2 — e Ma?dat) = 2! — 2,
ox oz

1.2
7d($dtx):x'l—x'Qz(x1+m2)—(x1+x2)20,

thus, by using theorem 3.11, we find a first integral z! — 2% for (19).

Example 3.13.  Consider the non-linear system
it =", it=e". (20)

The dynamical vector field is F' = 6562% + e % and the characteristic vector field

is T =2 + 6552% + e””la;;. The vector field set {G = ex2%, H = e”‘J%} is a
o-symmetry of (20) because by Lemma 4.3 we have
G T =—e"G+e“H, [HT]=e"G—e"H.

Thus in this equation we get that o} = —e®' | 02 = ¢**, o} = ', 02 = —¢*", 50
ol + 05 =0, 0} +03 =0. Due to divF = 0, using 2 + (div F')p = 0, the phase
density p can be written as p = C', C' is any constant. Hence the vector field set
{pG,pH} = {CG,CH} is a o-Liouville vector field set and i,gpndz’ A dz* is an
invariant 1-form. We can also verify that the vector field K = % + % satisfies

a — — —
(5 +Lr)K=-G-H.
At last, we claim that igicaycgdr' Adz? is a first integral of (20). Calculate
bpaipgdrt A da® = Ce* da? — Ce® dxt,
igipaypads’ A de® = i%Jr%(Cedeﬁ - Ce“ldxl) = Ce* — e,

d(Ce™” — Ce®")
dt

thus, by using theorem 3.11, we find a first integral Ce*” — Ce*" for (20).

2. 1. 1 2 1 2
=Cev i? — Ce® it = Ce® T — Ce™ T =0,

4. First integrals of system of n-order ordinary differential equation

Consider the following nth order ordinary differential equation
22 = f“(t,x“,a:“(l), ...,:1:“("_1)), (21)

where (t,2%) € M C R™"! is some open subset. Clearly, its characteristic vector

field is 5 oo ob 5
[=g+aWm+ .+ 2" Vot + [ gt

Let Q:=ip(dt Adz' A---Adz™ Adz' DA - Adz™D A - dzt =D AL A dg™ D)

be the characteristic form.
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Definition 4.1. Let X and Y be vector fields and consider a set of vector fields
{Y1,...,Y;u} respectively. Let D be a distribution, and © be a simple differential
form defined on generic manifold M .

(1) Y is called a o-symmetry of X, if there exist functions U{,i, j=1...m
defined on M such that for VI=1,....m

Y, X] = o3 Y* — (X(&) + 03" X.
(2) Y is called a o-symmetry of D, if for Vi =1,....,m, X € D
YLX]+ (X&) + o)X e .
(3) Y is called a symmetry of D, if we have [Y!, X]| € D for VI =1,...,m.

By the Frobenius theorem, if a distribution D spans the tangent space to an integral
submanifold, which has the same dimension as D, then it is Frobenius integrable
provided the dimension is constant. A simple differential form © is Frobenius
integrable if its kernel is Frobenius integrable and of maximal dimension everywhere.

Definition 4.2. Let X = {Xj,..., X, } be a involutive system of independent
vector fields and Y = {Y7,...,Y;} be a system of independent vector fields. We say
that the system {X,Y?} is solvable with respect to the involutive system X if and
only if ¥; (I =1,...,n —r) is a symmetry of the system {X,Y7,...,Y; 1}.

Now, we first give some properties of o-symmetry and their proofs.

Lemma 4.3. (1) Let Y = {X;, i = 1,..,d,} be a o-symmetry of (21) and
Y ={Y1,...,Yq} be the n — 1-order o-prolongation Y. Then for any Y; € Y,

[Y;, ] = ofYy — (D(&) + 07 &)T

for af € C®(J*M),i,j =1,...,d, where Y; is a n — 1-order o-prolongation of Y.
(2) Conversely, if

X; = &t ") o + (1) s (2, a0 0) 2 O
+ 0 (t 2, 20 x“(”_l))%
is a vector field defined on J" "M such that
X, T] = 07 X — (T(&) + 076)T (22)
for af € C°(J'M),i,j =1,...,d, then the vector field set
v; = fi(t,:c“)% —1—77?(15,35“)%, i=1,....d

defined on M, denote by Y, is a o-symmetry of the equation (21), and X; are the
n — 1-order A-prolongation of ).
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Proof. (1) Equation (21) considered above has the following form:

mn 1

dd:fl _ fl(t, xa7 s xa(n—1)>7
drz™ m(t 20 a(n—1)
dtm - f ( y Ly y )7

where 2% = (2!, ...,2™),2°0) = (') 2™0)) j=1,..,n —1 and

O am 0 om0 ) 0 L me) 0
I'= + z! Oxl Tt Oxm s Hz1(1) + te Oxm(1)
gm0 gm0
+ +z Oxl(n—2) + +x Oxrm(n—2)
1 a a(n—1 0 m a a(n—1 0
—|—f(t,:v,...,x( ))W—F”'_’_‘f (t,x,...,:p( ))W
Y-—{‘-(tx) —i-w (t:v)a A + ;4 (8,27, ) 0 4.
[ 1,0 anm 7,1 A1)
a m n— m(n— 8
+wzla m(l) '+¢i7n—1(tvx axl(l)w'wx (1),...,I1( 1)7---al‘ ( 1))W
a m n— m(n— 8
+"'+'¢i7n_1<t,l' 7x1(1),-..,x (1),,271( 1),...7.T ( 1))W,
where i =1,....d, ¥, = (Duyy — 2 D) + oj(¥fy, — 220H0G).
Now, we compute
V;,T] = ;I - TY;
8
_wzl(tx) +wzl(tx) +w1281 +wllaxm(1)
8 3 0
+ 7vbi,n—l 8$1("_2) + ¢zn 1m + Y;(f )8 1(n—1) + U
+YU%—!1——r@»f—rwlwi— D) o — D) 5o
! dgm(n=1) ot Ozt 507 g o1 a1 (M)
my O m 0
- F( i,1)m - F( zn 1)7,11) T F<¢i,n71)7axm(n71)'

So on S(A) = {z%™ — fo=0,a=1,...,m},

Y. T)() = ~T(&)
¥ (") = iy = Do) = —2' VL&) + oi(wio — 2/ V)

—2™ V(&) + ol (vyy — 2™ 1E)
OD(E&) + ol (v, — 2'Vg)

Y3, T(2™) = 47 — D)
i, N(xl(l)) = %12 - F(%{l)

Y5, (2™ M) = 0 = D(eh) = —2"@0(&) + o;(ufy — 2" Pg)

[V, (") = i,y = D(¥,0) = =2 I0(&) + 0i(8,, o — ' 7P8)
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[Y;, D) (2™ 2)) =y = D07, _y) = =2 (&) + ol (Y] _y — 2™728)
[Y;, T](2' D) = Vi(f) = T(¢}, 1)

,n—1

Vi, D) (2™ D) = Yi(f™) = T(4]h1)-
Moreover, because ) is a o-symmetry of (21), then on
S(A) = {x®™) — fo =0, a=1,...,m},
for the m-order prolongation Y = {Y1,....Y,} of Y, for i =1,...,d, we have
Yi(z®™ — 9y =0, i=1,..da=1,..,m

Hence }_/;(xl(n)) = ¢i1,n - Y;(fl) = (Fwil,n—l - fl]-—‘gl) + o-zl'(djll,n—l - flfl)’

Yi(a™™) = o7 = Yi(f™) = (Dofh_y — f7T&) + oty — f7&),

and [V, T)(a""Y) = —f'T& + (U — £16),

Vi, )™ = =06 + 0i(4] 1 — f76)-
So we can get that Y, T[] = olY; — (D(&) + olg)T
(2) Suppose (22) holds. If we apply both elements of this equation to ¢, we obtain
(X, T(t) = Xil(t) = TXi(t) = ~T(&) = 076 — (D(&) + 076).
Moreover, compute that

. 1 a a m a 8 1 8 m a
=, (t @ )@ + it e )ﬁ Thegam T T hagmm T
1 0 5, 1 )
+ Min—1 Opln—2) Tt 771 n— 15 m(n—2) + X’L(f )8‘%1(”71) +oee
m 0 0 my O 9
+ Xi(f )7,,1(”,1 - (fz)& - F(ni,O)ialJ - F(m,o)iaxm - F(ﬁz Do GYSTE)
8 1 a m 8
- F(nz 1) m(l) T F(ni,n—l)axl(n_l) - F(ni,n—l) Hrm(n—1)"

We apply both elements of the equation (22) to 2'0), i =1,...m, j=0,...n —2,
and we obtain

[Xi, D)(2") = niy = Dniy) = ofm — (D(&) + of&n)a'™,

X3, T)(2™) = oy = D(nffy) = ofnit — (D(&) + o)™,
(X, D)(2'Y) = iy = D(iy) = ofmy — (D(&) + 076) 2"
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(X, T)(z™0) = gy = D) = oty — (T(&) + of&)a™®),
[Xi? F] (zl(n_2)) = /’71‘1,71—1 - F(nil,n—Q) = O-zkn;:,n—Q - (F(gl) + O.fgk)xl(n—l),

[Xi, F](;pm(n—Q)) — 77%_1 — F(n%_” = 05:7712?71—2 — (F(&) + Ufgk)xm(n—l)’

then we know that

nh =T +ofnp — ((&) + oF )2,

ny =T l) +ofni — (D(&) + oy &)™,
771'1,2 = F(nil,1) + ‘757711,1 — (T(&) + oF&) '@,

nly =T + ofnly — (D(&) + of&)a™?),
771'17”—1 = F(nil,n—Z) + le'cnl}:,n—2 - (F(gl) + O—zkgk)l'l(n_l)a

771‘%—1 = F(m%_g) + ang?n_Q — (F(fl) + Uffk)a?m(”_l),
which implies {X;,i = 1,...,d} is an n — 1-order o-prolongation of ).

Moreover, we apply both elements of the equation (22) to 2™V, a = 1,...,m;
then on S(A) we can obtain

Xl(fl) = F(nzl,n—l) + Ufnl}:,n—l - (F(&) + O-zkgk)flu
Xi(f™) =Tnf) + ofmitn1 — (D(&) + o &) f™.
Let us check that ) is a o-symmetry of the equation (21), i.e., on S(A),
Vi(xa(”) —f9 =0, a=1,...,m,

where the vector fields set {V;,i = 1,...,d} is the n-order o-prolongation of Y. In
fact, on S(A),

Vi(a™™ — f) = o, = Xi(f*) = (06,1 — fT&) + 07 (U ny — F26) — Xi(f)

= (Fm‘fnfl — [T&) + Uf(ng,nq — 1% — Xi(fY) =0, a=1,...m.
]

Thus, we have the following

Theorem 4.4. Let Y = {X;,i =1,....d} be a o-symmetry of (21) such that the
n—1-order o-prolongation Y = {Y1,...,Yq} of Y is in involution and {Y1,...,Yq,I'}
are linearly independent everywhere. Then iy, - - - 1y,Q2 is Frobenius integrable.
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Proof.  Since ) is a o-symmetry of (21), Y is a o-symmetry of kerQ). So the
Lie bracket is closed on span(Y U kerQ) = keriy, - - -1y;,§2, and then iy, - - - iy, is
Frobenius integrable by definition. [ |

We know that when Y = {X;, i = 1,...,m} are in involution, its o-prolongation
{W;,i=1,...,m} doesn’t have to be in involution; so we give the following theorem
which can be fond in [7].

Theorem 4.5. Let Y = {X; = nf(t,x )8ac“’ i =1,...m, a =1,...,n} be a
o -symmetry of (21) satisfying [X;, X;| = /LZ]Xk for ufj smooth functions on M. If
ag satisfy, for all k =1,...,m, the equations

(Da(ply) + o piy; — oS + Wiloh) = Wyol) — plior) oy =0, (23)

then, the qth o-prolongations W; satisfy the same involution relations, ¢ = 1,2, ...,
ie. (Wi, W;] = ,uf]Wk Moreover, if the n—1-order o -prolongation Y = {Y1, ..., Y;,}
of Y and T are linearly independent everywhere, then iyl---iylfl is Frobenius
integrable.

Proof. This follows from an explicit computation. We proceed by induction on
the order of the prolongation. Denoting by Z; the (¢ — 1)th o-prolongation of X;,
we have

(Wi, Wil = Wi, Z; + Wg%}
= (Wi, Zj] + Wiy 650
= 2+ 0y Z] Wiy
= 122 = Z(08,) 5y + W) sy — Vgt oo
) ) - iy ) e
Thus, assuming [Z;, Z;] = pl;Z, (i.e. the involution relations are satisfied for

q — 1th prolongations), the requirement that [W;, W;] = ufjWk is equivalent to
the requirement that

VVZ( ;q) - VVJ( ) wak,q ILLZDIwZ7q—1 + qujo'llcwla,q—l' (24)

Using W5, = Ziypj, 1, with standard computation we obtain

Ja—1
Wi(¥5,) — Wivi,)
= Wi Dot 1 + 0505 1) = Wi( Doty + 04 1)
= WiDpth oy — WiDof o 4+ 9 Wila}) — ¥ i Wio))
+ Ufwi(i/)g,qq) - Uij(wgq 1)
= DWWy + ot Wity — D Wity —
+ wg,qfl i(o ) wkq Wj(o; ) + UkW(%gq 1) — Ufmfj(wz,qfﬁ
= Do Zlf, 1+ 0f ety — DoZihf,  — oF Zpalt,
+ ¢Z,q—1Wi(Uf) - ¢g,q—1Wj(Uf) + UfZi(@bk,q—ﬂ - szj (%%-1)

]?ka/fa

i,q—1
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= Do(Zi5 g1 — Ziti 1) + 01 (2l gy — Zitiig1)

+ 1 (Wi(0}) = Wi(o7)) + 05 (Zi(Wft 1) = Zr(¥f 1))
= Dw(ﬂfj¢g,q—1) + O?(M2j¢ﬁq—l) - Uf(ﬂgcﬂbza,q—l) + @ng,q—l(Wi(U?) - Wj(af))
= Do (i) ¥k g1 + 11 Da (U} 1) + 07 (it y1) — o5 (17 1)

+ Uf 1 (Wi(0f) = Wi(a?)).

Comparing with (24), we must require

Dx(#fj)¢g,q—1 + :u?le’(wZ,q—l) + Uf(ﬂgcj¢ﬁq—1) - Uf(#éiwlch_ﬂ
+ Q/JZ,qA(M/i(U;‘C) - VVJ(O{C)) = M%wag,qfl + II’LZO’Z’I/}IG;(]71'
That is, eliminating equal terms on both sides and renaming the summation indices,
Dw(ﬂéj)¢zq—1+gf(ﬂij¢ﬁq—1)_Uﬁﬂiﬁﬁq—ﬁ‘ﬂbﬁq—l(VVz‘(Ué‘)_VVj(Uﬁ))_Nf}UéQﬁﬁqq =0.
We can now collect the ¢y, ; terms, and finally obtain
(Dx(“éj) + Ufﬂgcj - O-fl’l’gci + VVi(Ué') - VVJ(UD - Mi‘cjailg) Q/’lch—1 =0,
which is condition (23). So if condition (23) is satisfied, we know that Y is in

involution.

Moreover if the n — 1-order o-prolongation Y = {Y1,...., Y.} of Y and I' are
linearly independent everywhere, according to theorem 4.4, iy, - - - iy,€2 is Frobenius
integrable by definition. [ |

Inspired by the idea in Ferraioli and Morando [5] and Sherring and Prince [21], the
problem of finding first integrals can be reduced to finding Frobenius integrable 1-
forms and the corresponding symmetries that can reduce the problems to first-order
cases. We will show that o-symmetries together with symmetries can be used to be
derive first integrals, when differential equations do not possess enough symmetries
and A-symmetries.

Theorem 4.6.  Suppose

(1) X ={X;, i =1,...d} is a o-symmetry of (21) and Y = {Y;,i = 1,...,d} is
the n — 1-order o-prolongation of X ;

(2) Zj, j=d+1,...,mn is symmetries of (21) and Y; is the n—1-order standard-
prolongation of Z;, j=d+1,...,mn;

(3) Y;, j=d+1,...mn satisfy the condition
Y;, Y] € span{Y1,....Ya, Yas1, ... Vi1, Yjia, -+, Youu, I}
forany j=d+1,...mn and l=1,....mn;
(4) Y, ={N,...Y,1,Y 0, ... Yo, I}, J=d+1,...,mn are involutive systems.
(5) Yi,..., Yo and T are linearly independent everywhere. Put
o =y, iy, iy vy iy, Q, j=d+ 1 mn,

then ' =

5 J =d+1,....mn are closed, and locally provide mn — d
Y

functionally independent first integrals of (21).
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Proof. Similar to Theorem 4.4, we know that Lie bracket is closed on
span{Yy, ...,  Yu,Yari, ., Yjo1, Y1, oo, Yo, I} =kero?, j=d+1,..,mn,

thus, o7 is a Frobenius integrable 1-form. Since Yi,...,Yy, Yai1, ..., Y, and T’ are
linearly independent, we have iyjfl +# O,iykfl #0,7=1...,dk=d+1,.. mn,
which implies iy,07 # 0, and ¢7,j = d + 1,...,mn is locally simple. Therefore, w*
is closed according to the result in Sherring and Prince [21]. Then locally, w' = dI;,
i=d+1,...,mn, where I; are functionally independent first integrals of (21).

The proof for w’ is closed can be given by direct calculation. Without loss of
generality, we show that w*! is closed. Since Zg,; is a symmetry of (21), there
exists pgp1 defined on J"'M such that LdeQ = [1g1). Because of (3), there
exist p; such that

d+1

LYd+1U = LYd+1 (ZYd+2 RO N0 Sl 'ZYdQ)

ZLYd+1Yd+2 e ly vy ’Lde + -+ (S7IPREE ZLYd+1Ymn7'Y1 R ZYdQ

iy, "W lLy, Ya " ZYdQ R O FIPR R R ZLYd+1YdQ

+ in+2 C Yty 'iydLdeQ
mn

_ d+1

= E o
=1

Then we can calculate

dH)dedH — ( O_d+1)d0,d+1 o d(inJrlO'dJrl) A O_d+1

— A1y g d+1 d+1 _ d+1 d+1
= (ly,,, 0“7 )do"" — (Ly,,, 0" — iy, do“") No
mn

_ d+1 d+1 d+1 5 _d+l
= dy,,, (0“7 ANdo") — E o Aot
I=1

Because 0! A do®™!' = 0 by Frobenius integrability and o¢t! A ¢! = 0 by
degree. [ |

(ZYd+1 o (R

Remark 4.7.  If the symmetry Z;, j = d+1,...,mn of (21) in theorem 4.6 has the
form ) in theorem 4.5 satisfying conditions [Z;, Z;] = 0,4,j = d+1,...,mn and (23),
then the condition (3) in theorem 4.6 can be replaced by (3’): Y;,j =d+1,...,mn
satisfy the condition [Y;, Y]] € span{Yi,...,Ya, Yai1, ..., Y1, Yie1, -, Yo, I'} for
any j=d+1,...mn and [ =1,....d;

In Theorem 4.6, if we don’t have o-symmetry of (21) but have a o-symmetry of
{Y;, i=d+1,...,mn}, we can get another theorem.

Theorem 4.8.  Suppose
(1) Z;, j = d+1,...,mn are symmetries of (21) and Y, are the n — 1-order
standard-prolongation of Z;, j=d+1,...,mn;
(2) Y=A{Y;, i=1,..,d} is a o-symmetry of {Y;, j=d+1,...,mn};
(3) Y;, j=d+1,..,mn satisfy the condition
D/;‘, }/2] € Span{Yl, ey Yda Yd+17 ceey }/},1, }/}'Jrl, cee 7Ymn7 F}

forany j=d+1,...mn and l =1,...,mn;
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4) Y;={Y,....Y; 1, Y, .. Yo T =d+ 1, ...,mn are involutive systems.
(5) Yi,...., Yo and T are linearly independent everywhere. Put
O'j = ?;ydfl cee ’L'yjilllyﬁl cee iymn’iyl cee inQ, ] =d + 17 ., mn,

, P
then w! =

Py 7 =d+1,....,mn are closed, and locally provide mn — d
Y.

functionally iﬁdependent first integrals of (21).

Proof. Similar to the proof of theorem 4.6. [ |

Theorem 4.9.  Suppose
(1) X ={X;,i=1,...,d} is a o-symmetry of (21) and Y ={Y;,i =1,...,d} is the
n — 1-order o-prolongation of X which is in involution,

(2) {Y ={1,....Yo. '}, Z:={Z441, ..., Zinn}} is a solvable structure with respect
to the involutive system Y ;

(3) Yi,...,Ya, Zait, .oy Zonn and T are linearly independent everywhere. Put o/ and
W as before. Then dw™' = 0,dw’ = 0 mod W, ..., W=t j =2 .., mn.

So locally Wit = dI,
w? = dly — Zgyi (Ip)d1L,

W = dlpp—q mod w™t W™l

where Iy, ..., Lyn_q are linearly independent first integrals of (21), and they are
also first integrals of vector fields Yi,...,Yy.

In particular, if Y;,j = 1,...,d are symmetries of span{Y¥jii,...,Ys,I'} and in
smooth matriz function o : J'M — Mat(n,R), ¢4, =0,i=1,....d, put

4 - , j
i . . . . . j_ g .
g —Zyd+1"'Zymn’lyl"'2%7125/j+1"'ZYdQ, w’ = 72‘}/05-7 ] = 1,...,d,
J
then locally w' = dlpn_qi1 mod Wt W™,
d __ d+1 mn 1 d—1
w® =dl,, mod W, .., W" W, WY,

hence, we find a complete system of first integrals Iy, ..., L, for (21).

Proof. By assumption, span{Yy,...,Y;, '} is a Frobenius integral with sym-
metry Z,,, therefore span{Z,,,,Y1,...,Ys, '} is a Frobenius integral and, recur-
sively, span{Z;, ..., Zyn, Y1, ..., Y4, I'} is a Frobenius integral for ¢ = d + 1,...,mn.
Then %! is Frobenius integrable with symmetry Z;.,, so w®! is closed and
locally w®! = dI;. Consider the foliation F of kerw?"! which is spanned by
Y1, oo, Y, Zavo, Zasss ooy Zmn and T'. Restrict 092 to some leaf L; of F!. Then
09?2 is Frobenius integrable on L; with symmetry Z .o, so w?*? is closed on
L. Because of the decomposition of the exterior derivative, we have d;w?*? = 0,
dw?*? = 0 mod w™! and locally wi*? = d\I, = dly — Z,(Iy)dl,, where d; is
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the restriction of d to L;. Then the result follows by induction and we have
w=dl_g— S0 Zga(L_ g™ i =d 4+ 2,...,mn — d.

In particular, 1f Yj, =1,...,d are symmetries of span{Yj1,..., Yy, I'} and o), = 0,
1=1,...,d, then Yy is a symmetry of I', thus we can continue with the steps above

until w?; therefore we can get 4
mn—

1 _ d+l
W = d[mnfdJrl - E Zd+l(Imnfd+1>w )
=1

mn—d

Z Zd—H mn d+l ZYk mn . u

Remark 4.10.  If the o-symmetry X of (21) in theorem 4.9 has the form ) in
theorem 4.5 satisfying conditions [X;, X;] = 0,7,7 = 1,...,d and (23), in smooth
matrix function o : J'M — Mat(n,R), ¢4, =0,i =1, ...,d, then we can also find a
complete system of first integrals I, ..., [,,, for (21). Moreover, in theorem 4.9 if )
and Z is a generalized solvable structure(see [14]) of kth-order ODE (21) (k > 3),
we can find a complete system of first integrals Iy, ..., [, for (21) too and the
examples of this case can be found in [14].

Here, we give an example of how we can use our theory to find the first integral.

Example 4.11.  Consider the system
il = tax? 4+ 22! — 223
i? = 2tx® + 2%t — 26323 (25)
3 = ta? + 2t — 223

so the characteristic vector field is

I'= 24 (ta? + 2! — 122%) ;25 + (22 + 2% — 26%0%) 25 + (ta? + 22! — t22%) 2,

and the characteristic form is Q = ipdt A dz' A da® A dz®. We can verify that the
vector field set {X; = 32 + 52, Xo = 525 + 525 } is a o-symmetry of (25) because
by Lemma 4.3 we have

[X.,T] = X,T - T'X, = t2 4 2t2 ;1 O — X, +12X,,

In this equation o} = t?, o3 = t2, oy = t, os =1t and clearly [X;, X5] = 0. We
can also verify that X3 = % + % is a symmetry of {Xj, X3, '}, in fact we have
[Xg,Xg] = [Xg,Xl] = 0, and

[Xg,r] == X3F - FX3 = —tQ% - QtQ% - t23;g3 - —tQXl - tQXQ.

Then by using Theorem 4.6, (also can use theorem 4.8 or theorem 4.9), we can get
a first integral of (25). Calculate

iXQiniF<dt VAN dl’l VAN dl’z VAN dI?))
= ixyix, (dx' Adx? Ada? — (ta® + Pa' — P2®)dt A da® A da?
+ (2t2® + 2820 — 26%0%)dt A dat A da? — (ta? + 2ot — 22®)dt At A 2?)
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= ix,(da? A dx® — (2ta® + 2t%2" — 2022%)dt A da® + (ta® + P2t — 223)dt A da?
—da' Nda? + (ta® + 2t — o) dt A da? — (ta? + Pt — 22®)dt A dat)
= dr® — da® + dx'.
Moreover, ix,ix,ix,ir(dt A det A dx? A dx?®) =2, so

ixyix,ir(dt Adzt Ndx? Ada®) at —a? 4+ 2B
Z'Xgixzixlip(dt/\d:tl/\dIQ/\dl‘g) o 2 ’

and it is obvious that

d$1—$2+fl;3 .
CT = Lt 4 2 — 27— (2007 + 2200 — 220%) + o + 2! — £22%) = 0.

x17x2+x3

Thus, is a first integral of (25). [

5. Conclusions

In this paper, o-Liouville vector field have been introduced, and providing a general
method to obtain the first integrals of system of a first-order ODE

For giving the first integrals of system of n-order ODE, we consider a solvable
structure structure not only for the vector field associated to an ODE system, but
for the involutive distribution formed by such vector field and o-symmetry of the
system. This idea was also behind the paper [14], but instead of a o-symmetry,
which is much more general, the authors considered the symmetry algebra s[(2) and
the structure underlying the symmetry algebra s[(2) can be exploited to complete
the integration.

According to Lemma 4.3, Theorems 4.4, and 4.5, if the ODE considered doesn’t have
a symmetry algebra s[(2), we can also use o-symmetry to find some first integrals.
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