Journal of Lie Theory
Volume 34 (2024) 113-136
© 2024 Heldermann Verlag

Generalized k-Contact Structures
Uird N. Matos de Almeida*

Communicated by L. San Martin

Abstract.  With the goal to study and better understand algebraic Anosov actions of R¥, we
develop a higher codimensional analogue of the contact distribution on odd dimensional manifolds,
call such structure a generalized k-contact structure. We show that there exist an R¥-action
associated with this structure, afterwards, we relate this structure with the Weyl chamber actions
and a few more general algebraic Anosov actions, proving that such actions admits a compatible
generalized k-contact structure.
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1. Introduction

An algebraic action is, essentially, a translation action on a locally homogeneous
space, perhaps, the best known example is the translation by diagonal elements on
the quotient I'\SL(2,R). This R-action is also a well known example of an Anosov
flow. It is also a well known example of a Reeb flow. In this work, we explore how
this relation between dynamics and geometry on locally homogeneous spaces can be
further generalized.

Our main interest is the study of Anosov systems, in particular, Anosov actions of
R* (Definition 4.1). There are two possibilities: either the subbundle E* @ E~ is
integrable or not. In the first case, T. Barbot and C. Maquera [6] proved that the
action is, in fact, a suspension of a Z* action. We are interested in the second case,
more precisely, when it is “maximally non integrable”. When k£ = 1 this condition
means that £+ @ E~ is a contact distribution, that is, the flow is a contact Anosov
flow.

Motivated by our interest in Anosov actions of R¥ | we propose a definition of contact
structures associated with distributions of higher co-dimension, which we called
generalized k-contact structure (Definition 3.1). Our notion encompasses some
known attempts to generalize the usual contact structure: the notion of contact pair,
introduced by G.Bande, and A.Hadjar [4] and the notion of r-contact structure,
introduced by P. Bolle in [9].

This geometric structure comes with a naturally defined R*-action which preserves
this structure, which we call a contact action, and we are lead to define the notion
of contact Anosov actions. In the special case of k = 1, this geometric structure is

* The author thanks CAPES, CNPq and FAPESP for the financial support and my advisors
Thierry Barbot and Carlos Maquera.

ISSN 0949-5932 / $2.50 © Heldermann Verlag



114 MATOS DE ALMEIDA

actually a contact structure and the notion of contact Anosov action reduces to the
usual contact Anosov flow.

It is well known that geodesic flows in general are contact flows, moreover, on a
negatively curved manifold, the geodesic flow is Anosov [1]. In 1992 Y. Benoist,
P.Foulon and F.Labourie [8] proved, under some additional hypothesis, the con-
verse. To be precise, they proved that contact Anosov flows with smooth invariant
bundles are geodesic flows on a manifold of constant negative curvature. In other
words, contact Anosov flows with smooth invariant bundles can be seen as the ac-
tion of a one parameter subgroup on a locally homogeneous space I'\G/H where G
is a rank 1 semisimple Lie group. Such flows are particular cases of what is known
as Weyl chamber actions (Definition 5.4), which turns out to be the main example
of Anosov actions of R¥. It is natural, therefore, to ask:

1. For general k, are contact Anosov actions (with smooth invariant bundles)
Weyl chamber actions?

2. For general k, are Weyl chamber actions contact Anosov actions?

The first question was answered positively (in a sense) in [17]:

Theorem 1.1. Consider an Anosov contact action on M with smooth invariant bun-
dles. Then, this action is smoothly conjugated to a translation action I'\G/H ~ a,
where G s a reductive Lie Group, H is a closed subgroup, I' C G is a discrete
subgroup acting freely on G/H , such that T\G/H is a compact manifold and a C g
is an abelian Lie subalgebra such that anh =0 and a is contained in the normalizer
Nea(h) of b (and therefore, a acts on I'\G/H by right multiplication).

This result is related to a standing conjecture by A.Katok and R.Spatzier [11]
stating the algebricity' of Anosov actions of R* for k£ > 2, more precisely:

Conjecture: All C*, irreducible, Anosov R*-actions, on any compact manifold,
are C™-conjugate, up to finite covers, to an algebraic action ( Definition 5.5).

The irreducible condition is meant to avoid, for example, the cases where we take
products of Anosov flows. The existence of non algebraic Anosov flows obviously
implies that the product of such flows is a non algebraic Anosov action. To properly
define irreducibility, consider an R* action on M and a factor map 7 : M — N.
This map is called a rank one factor if some subgroup R¥~! acts trivially on N. If
no such factor map exists, the action is called irreducible.

The goal of this paper is to answer the second question: are Weyl chamber actions
contact Anosov actions? We relate the generalized k-contact structures to some
other definitions (generalizing the notion of contact structures) found in the litera-
ture, and show that Weyl chamber actions on semi-simple Lie groups are in fact the
contact action of an associated generalized k-contact structure.

Like the usual contact case, the subbundle E* @ E~ is not integrable, in fact,

our action does not admits a globally transverse submanifold (Lemma 3.9), which
implies that the action can’t be a suspension.

1 'We remark that the obtained conjugacy in Theorem 1.1 is not quite the Weyl chamber action,
nor it is an algebraic action. The group G may not be semisimple, the subgroup H is not neces-
sarily compact and I' is not necessarily a uniform lattice. Compare with Definitions 5.5 and 5.4
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In particular, following the classification of algebraic Anosov actions (of nilpotent
Lie groups) given by T.Barbot and C. Maquera [7], we obtain that every algebraic
Anosov action of R¥ that is not a suspension comes from a generalized k-contact
structure. Our main theorem is thus:

Theorem 1.2. Let (G, K,T',a) be a Weyl chamber action. Then there exists a
generalized k-contact structure on T'\G/K such that the induced contact action is
Anosov and it coincides with the Weyl chamber action.

As a corollary we obtain:

Theorem 1.3. Let (G, K,T';a) be an algebraic Anosov action which is not a
suspension. Then there exists a generalized k-contact structure on I'\G/K such
that the induced contact action is Anosov and it coincides with the algebraic action.

This paper is organized in the following way: In Section 2, we recall some preliminary
definitions, such as the notion of rank of a 1-form, the notion of contact forms, and
Reeb vector fields. We also illustrate in a very basic model the kind of computations
we will make on Section 5, where we exemplify and prove our main theorem.

In Section 3, we give our proposed definition of generalized k-contact structures,
and their associated contact action. We prove some general results and give some
basic examples. In particular, we show how a generalized k-contact structure on a
given manifold B can induce a generalized k + [-contact structure on a principal
T'-bundle M — B over B with a flat connection.

In Section 4, we relate the generalized k-contact structure with Anosov R* actions
to define a contact Anosov action.

In Section 5, we illustrate (via an example) and prove that this construction, in fact,
works for general Weyl chamber actions, proving Theorem 1.2.

In Section 6, we recall the classification of algebraic Anosov actions of nilpotent
Lie groups, given by T.Barbot and C.Maquera [7], specifying the case where the
nilpotent Lie group is Abelian. We use this classification to show Theorem 1.3

2. Preliminaries

Definition 2.1.  Consider a manifold M and a 1-form a on M. The rank of «
at = (denoted as rank(a),) is the co-dimension of the characteristic space

Cla)(z) ={X € T,M ; (ixa), =0 and (ixda), =0}

Recall that for a 2-form, we can define:

ker(da) :=={X ; ixda =0} (1)
and thus, we can write C(«)(z) = ker(ay) N ker(day). n
This notion of rank is prevalent in the theory of Pfaffian systems and (in a sense)
extend the notion of rank of a 2-form (as the rank of the associated bilinear form).
The following is a classical lemma:
Lemma 2.2. [3] For any 1-form «, rank(a), =2k + 1 if, and only if,

(e Ada®™), #0 and (a Ada*t), =0

In particular, 1-forms always have odd rank.
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This lemma complements the similar (and more well known) result for the rank of
a 2-form w:

rank(w), = 2k < (W), #0 and (W), = 0.
An interesting case of forms of constant rank are the contact forms, when the rank
coincides with the dimension of the manifold.

Definition 2.3.  Consider a manifold M of dimension 2k 4+ 1. A contact form
on M is a 1-form o with maximal, constant rank, that is, rank(a), = 2k + 1 for
every x € M. This means that a A do* must be a volume form on M. [ |

Associated with a contact manifold we have two very interesting objects:

Definition 2.4. Let a be a contact form on M. The Reeb vector field X is the
unique vector field in ker(da) such that a(X) = 1. ]

Definition 2.5. Let a be a contact form on M. Then, the distribution F' = ker «
is called the contact distribution. [ ]

From the definition of a contact form, C'(«)(x) is trivial, and thus, we have a splitting
TM =RX @ F. Moreover, if 0 # X € ker(a), we must have ixda # 0 (otherwise
X € C(a)(x)). That is, da is a non degenerate form on F.

Let us construct an example of a contact manifold. Consider the Lie algebra sl(2, R)
with basis {e, f, h} and commutation relations

e.f]=h , [hf)=—2f and [h,e]=2e

Define « as the left invariant 1-form on SL(2,R) given by the dual of h. Let us
check that aAda is a volume form on SL(2,R), that is, & has constant rank = 2 + 1.
For this computation, we notice that the left invariant vector fields e, f, h generates
T.(SL(2,R)) for any x € SL(2,R) and it remains to prove that a Ada(h,e, f) # 0.
We also notice that a(e) = a(f) = 0 and a(h) = 1 by the definition of a as the
dual of A. Thus:

aAda(h,e, f) = a(h)dale, f) = a(h)(ea(f) — fale) — a(le, f1))
= —a(h)?=-1

We’ve shown that (SL(2,R),«) is a contact manifold, moreover, as « is left invari-
ant, then for any uniform lattice I' C SL(2,R), the induced 1-form on the quotient
N\SL(2,R) is also a contact form. By construction, the contact distribution, is
generated by the the vector fields e, f and h is in fact the Reeb vector field.

This example and computations illustrate the main technique used to prove our
main result.

3. Generalized k-contact structures

Definition 3.1. Let M be a smooth manifold (not necessarily compact) of
dimension 2n + k. A generalized k-contact on M is a collection of smooth 1-
forms {aq,...,a,}, which are pointwise linearly independent, and a C*°-splitting
TM =1&® F, dimI =k, such that, for every 1 < j < k we have,

1. F=Nr, kera, 2. ker(doj) =1.
We denote this structure by (M, o, TM =1® F).
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Remark 3.2.  Notice that condition (2.) is actually equivalent to
3. (daj)|, is non degenerate and I C ker(da;).

Moreover, as dim(F') = 2n, the non degeneracy of (doy), is equivalent to

(daf). # 0
it follows that ay A -+ A ag Adaj is a volume form for every j=1,...,k. [
Lemma 3.3. The 1-forms that define a generalized k-contact structure have

constant rank 2n + 1.

Proof. As dim(I) =k we have dim(F) =2n. As ker(da;) =1 and TM = I F
then, (da?“)p = 0 for every point p € M, moreover, as we already remarked,
(daf), # 0. Thus, rank(a;) is, on each point, either 2n or 2n + 1. Finally, as

@70 then a; has odd rank everywhere, that is, rank(o;) = 2n+1 at every
point. ’ -
Lemma 3.4.  The distribution F in a generalized k-contact structure is non
integrable.

Proof. Suppose that F' isintegrable. From Frobenius Theorem, this is equivalent
to [F, F| C F. Take two vector fields Z, W € T'(M, F), in particular, we have

0,(2) = 0y (W) = (12, W) = 0
and thus da;(Z,W) = Z(oj(W)) = W(a;(Z2)) —a;([Z,WV]) =0

which contradicts the fact that da; is non degenerate on F'. ]

Remark 3.5. The distribution F' is maximally non integrable in the following
sense: For every vector field Z tangent to F' there exists a vector field W also
tangent to F' such that [Z, W] is not tangent to F'. ]

Lemma 3.6.  For each j, there is a unique vector field X; € I'(M,I) such that
a;(X;) = 0;j. These vector fields are called Reeb vector fields. Moreover, the Reeb
vector fields commute one with each other: [X;, X;] =0.

Proof. For p € M, the linear functionals /3;(p) which are the restrictions of the
a;(p), 1 <i <k, to the k-dimensional vector space I(p) satisfy

ﬂker(ﬁi(p)) = {0}.

Hence, they form a basis of the dual space of I(p). We define X;(p), 1 <i <k, as
the dual basis. The smoothness of the forms g, ..., a; implies the smoothness of
the vector fields X;,..., X}.

To verify that they commute, we recall that if ) is a volume form, then, iz = 0
implies that Z = 0, thus, we must show that, for any [,

i[Xi,Xj}Oél N Nag A dOé}1 = 0.

As ag A+~ ANy, Ada] is a volume form for any | (Remark 3.2), this will imply that



118 MATOS DE ALMEIDA

First, we notice that for any ¢,/ we have do; Ada) = 0, and thus, forany 1 <35 <k
we have
d(a; Ndoj') =0

and more generally, for any 1 < j; < --- < js < k we have

d(aj, N+ Naj, Nday') = 0.
Thus, for any 1 < j <k

(doix;)ar A+ Nag Adog' = d(ar A~ Naj_y AN A Ao Adag') = 0

and similarly (doix, oix,)ar A~ ANayp Adaj = 0.
Moreover, as a; A -+ A ai Adaf is a volume form, we have

dlag A - Nag ANda') = 0.

Thus, using Cartan’s formula?®:

i X000 A A Qg Ndaj = [ixi,Xj]CM1 A Aag Adag
= [ix, ix,0d+doixJaa A AagAdaf =0 m

Definition 3.7. For a given generalized k-contact structure the induced R¥
action given by the Reeb vector fields will be called a contact action. |

Remark 3.8. Let ¢ be a contact action. Notice that I is precisely T'¢, the
distribution tangent to the action. Moreover, if the splitting TM = [ & F is
smooth, then so are the vector fields X; and therefore, so is the action ¢.

It is sometimes convenient to denote a generalized k-contact structure on M as
the 4-tuple (M, a, ¢, F), where a = (o, ..., ax), ¢ denotes the contact action and
F <TM is the ¢-invariant subbundle where do; is non degenerate. [

Lemma 3.9.  Let (M, «, ¢, F) be a generalized k-contact compact manifold. Then
the contact action does mot admit a global transverse section, that is, a compact
embedded submanifold N of codimension k which is everywhere transverse to the
orbits of the action ¢.

Proof. Suppose that N C M is a global transverse section for the contact action,
then the restriction of daj to N is a volume form on N, but d\} = d(a; A da?‘l).
By Stokes theorem, N has volume zero which is absurd. ]

Remark 3.10.  Among the examples of generalized k-contact structures, we have
the notion of contact pair, introduced by G. Bande and A. Hadjar [4], and the notion
of r-contact structure, introduced by P.Bolle in [9]. The contact pair case is a
generalized 2-contact structure, such that, the 1-forms «; and «s are of the form
a+n and a—n, where « and 7 are of constant complementary rank. The r-contact
structure of P.Bolle is a generalized r-contact structure, such that da; = do; for
every i,J. ]

2 The Cartan’s formula is x =ix od+ doiy where x denotes the Lie derivative. A classical
consequence (see Kobayashi Nomizu [16], Section 1.3 Proposition 3.10) of Cartan’s formula is the
identity i[A,B} = [iA,B]
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Lemma 3.11.  Let (B,o,TB=1& F) be a generalized k contact manifold and
7 : M — B a principal torus bundle (with standard fiber T'). Suppose that this
bundle admits a flat connection, then, this connection naturally induces a generalized
k + 1 contact structure on M.

Proof. Let Y;, i = 1,...,l be the vector fields that generate the T!-action.
Consider on each torus, fibers of the bundle, the canonical 1-forms &,...,¢&,
&(Y;) = 6;;. Consider a flat connection on M, and let TM = H & V the as-
sociated decomposition into horizontal (H) and vertical (V') bundles. Using this
connection we can extend the forms &, ...,& to global forms on M.

As T! is abelian, it follows that, for any [, k,

d&i (Y1, Yie) = —=&([Y1, Y]) = 0. (2)

It is known that for any horizontal vector field Y, the commutator [Y;,Y] is hori-
zontal. Therefore, the 1-forms &; satisfies, for any horizontal vector field W,

d&;(Yi, W) = Yi(&(W)) = W(&(W1)) — &G([Y, W]) = 0 (3)

and thus iy,d§ = 0. Moreover, as the connection is flat, the horizontal distribution
is involutive3and therefore, for any two horizontal vector fields W;, W, we have

d&i(Wr, Wa) = Wi(§i(Wa)) — Wa(§(Wh) — &([Wi, Wa]) =0 (4)

It follows from (2), (3) and (4) that d§; = 0. In particular, for any 1 < i <[ and
1 <75 <k, we have
d(& + maj) = 1 day,

As we have the splitting TB = I @ F, the fibres H(p) of the horizontal bundle
H can be identified with the fibres T} ,) B of the tangent bundle T'B, we have an
induced splitting H = I®&F. Wedenote V=V&lcTM. Itis clear that, for any
J, ker(dm*a;) = V, and thus, forany 1 <:<land 1 <j <k, V= kerd(@—i—w a;).
From these considerations, it is clear that, for any (ji,...,7) € {1,...,k}!, we have
the following generalized (I + 7)-contact structure on M:

(M, & + 17y, ..., G+ ay, mr o, ..., ma,, TM = V@F)

In particular, if B is a contact (equivalently, 1-contact or generalized 1-contact)
manifold, and M — B is a principal torus bundle with a flat connection, then, the
induced structure we have constructed above is a (I + 1)-contact manifold. n

Remark 3.12. In the previous proof, we made some arbitrary choices in the con-
struction of the 1-forms of the induced generalized k-contact structure and we may
question why this induced structure is “natural”. However, while there were some
arbitrary choices on the construction of the 1-forms, the flat connection induces both
a natural splitting TM = VarF , and a natural lift of the R’ action to M which
commutes with the natural principal bundle action, and thus, it gives us a natural

3 A distribution D C TM is involutive if [Y,Z] is tangent to D for any vector fields Y, Z
tangent to D.
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R action. The three following lemmas show us that the most important part of
the definition of a generalized k-contact structure is the splitting and the associated
action, which give us some freedom to choose the 1-forms. This justifies the use of
the words “naturally induced generalized contact structure” in Lemma 3.11.

Lemma 3.13. Let (M,a,TM = I ® F) be a generalized k-contact structure,
and let B = (B;;) € Myxx(R). We define n; = o — 25:1 Bijaj. Then, if B is
sufficiently small, (M,n, TM =1 ® F) is a generalized k-contact structure.

In other words, we can understand the Reeb vector fields Xi,..., Xy as a framing
of the sub-bundle I, and we are allowed to take a different framing Yy,...,Y, of I,
as long as it is sufficiently close to the original and

SpanR{Xh s 7Xk} = Spa’nR{}/lu s 7Yk}
Proof. As B is small, then Id — B is invertible, then
ﬂkermp = mkerai =F.

Also, we can write dn; = (1 — Bii)doy; + Z Bijda,
JFi
where §;; are small. And thus dn = doj' +w, where w is small.

As non degeneracy is an open condition, if w is small enough, then dn; is non
degenerate. Similarly, dn' = da]' + wy where wy is small, and therefore

m A A Adni = det(Id — B)ay A -+ A ag(dai’ + wo)

which is non zero for small wy.

Finally, I C ker(dn;), but as TM = I & F and dn; is non degenerate on F (for
small perturbation of the identity B), then ker(dn;) C I |

A similar argument proves the following Lemma:

Lemma 3.14. Consider a manifold M of dimension 2n+k, a splitting, TM =1®F,
diml = k and, linear independent, non vanishing 1-forms ay,...,ap such that

e F' =) ker(a;)
e day is non degenerate on F' and I = ker(day,)
e [ Ckerdaj for j=1,...,k—1.
Then, there exists B = (3;;) € GL(R™™') and a change of coordinates n; =, Bija;,

j=1,...,k—1 such that (M,ny,...,m—1,a5, TM =1 & F) is a generalized k-
contact manifold.

With some additional conditions, we can improve Lemma 3.13:

Lemma 3.15.  Under the conditions of the previous Lemma 3.13, suppose that the
action is topologically transitive. For B € GI(R¥), denote by n = Ba the change of
coordinates n; = Zj Bijo;. Then, there exists a Zariski open subset of A C GI(RF)
such that (M, Ba, TM =1 ® F) is generalized k-contact.
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Proof. Like in the previous lemma, we have
k k
F:ﬂai:ﬂm and [ Ckerdn; Vj=1,... k.
i=1 i=1
We must show that for a Zariski open set A the conditions

1. dnle is non degenerate for every 1 < j < k;
2. m Ao A Adnj is a volume form.

are satisfied. Now we define do’ = daj* A --- A do;™  for any multi-index
J=(Ji,...,Jr) € N¥. Then, we can write

diff = ) Quda’

|J|=n
where () is some polynomial in the variables 3;; and |[J| = J; 4+ -+ + Ji.

Notice that da’ is clearly a top form over F, and thus da’ = f;da} for some
function f;. As the action is topologically transitive, and the forms da”’ and day
are invariant by this action?, this function is constant over M. Thus, we write

dnff = Pj(B)dag
where P;(B) is a polynomial on the coeflicients §;; of B. We also write
mA- Ane Adnf = Py(B)det(B)ay A+ Aoy Adag

And thus, conditions (3) are satisfied when P;(B) # 0. This polynomial is non zero,
for P;j(Id) =1, and thus, the conditions (3) are met for B in a Zariski open set.

Remark 3.16. The matrix B = (3;;) € GL(R*) above can be understood as
a reparametrization of the action, that is, instead of the canonical basis eq,..., e,
we make new choices for the 1-forms such that the new basis f; = 3¢ f¥e;% will
correspond to the Reeb vector fields, thus it makes sense to speak of “the Reeb vector
fields of the reparametrization”. Notice that unlike the usual Reeb flow on contact
manifold, the commutation relations [X;, X;] = 0 between the Reeb vector fields
does not allow us to consider even the simplest non constant reparametrizations
fiX; (for some functions f;), and the reparametrizations B are the best we can get.
We shall denote these reparametrizations by Be.

4. Anosov dynamics
We recall the definition of an Anosov action and some useful results:
Definition 4.1.  Consider a compact smooth manifold M and a smooth action

¢ : R¥x M — M. This action is said to be Anosov if there exists an element a € R¥,
called an Anosov element, such that ¢* acts on M normally hyperbolically, that is,

4 We recall that we defined the contact action in such a way that it leaves the defining 1-forms
aq,...,qy invariant, that is, x,«; = 0. In particular, this implies that, for any 1 < ji,...,5 <k,
the forms da = daj, A--- Adaj, are also invariant by the action.

> We used here the unconventional notation (%) = B~!
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there exists a continuous, d¢® invariant, splitting TM = Et & T¢® E~, where T¢
is the distribution tangent to the orbits, such that, there exists positive constants
C, X for which

lde™™ (uh)|| < Ce Mut|| V>0 Vut € B (5)
ld™ (u™)]| < Ce™lu™|| ¥t <0 Vu~ € B (6)

Theorem 4.2. (Spectral decomposition for Anosov actions, for example [2]) Let
A RF — Diff (M) be an Anosov action. Then, the non-wandering® set NW (A) of
A is a finite union NW(A)=Q,U---UQ; of disjoint compact and invariant sets ;.
Moreover, each €); cannot be further subdivided into two compact, non-empty, disjoint
and invariant subsets and the action A on each ); is topologically transitive on ;.

Corollary 4.3.  An Anosov action ¢ : R¥ x M — M that preserves a volume is
topologically transitive.

Proof. Let x€ M and let K CR" be a compact set, suppose that K C Bp(0) C R¥,
and let g € Br(0)°. Then, ¢(g,-) defines a volume preserving diffeomorphism of
M . Fix an arbitrary neighborhood U of x. From the Poincaré recurrence theorem,
for almost every y € U, there exists n € N such that ¢(n-g,y) € U. In particular,
(n-g)-UNU #0. As (n-g) € Byr(0)° C Br(0)° C K¢ we conclude that z is
non-wandering. Thus, NW(¢) = M. From the connectedness of M, it follows from
Theorem 4.2, that ¢ is topologically transitive. [ |

Lemma 4.4.  (Structure of Anosov elements, for example [5]) The set A(¢) of
Anosov elements form an open set of R*, and each connected component of A(¢),
is an open cone. Moreover, Anosov elements on the same open cone will have the
same invariant distributions.

Definition 4.5. A generalized k-contact action ¢ will be called a contact Anosov
action, if some Reeb vector field X; defines an Anosov element of the induced contact
action. ]

Lemma 4.6. If ¢ : R¥ — M is a contact Anosov action, then there exists a
reparametrization B¢, B € GL(RF), such that every Reeb vector field is Anosov
and they have the same invariant splitting TM = T¢ ® ET @ E~

Proof.  As the action preserves the volume form a; A --- A ay. A daff, the action
is topologically transitive. Thus, the previous lemma (Lemma 3.15) implies that for
almost any linear reparameterization of the action, the corresponding structure is
still generalized k-contact. From Lemma 4.4, the set of Anosov elements is open,
and moreover, the invariant splitting TM = T¢ & E* & E~ depends only on the
choice of open cone, thus just choose a reparameterization that puts every Reeb
vector field in the same open cone. [ |

Definition 4.7. Let (M,a,TM = I @ F,¢) be a contact Anosov action. The
parameterization « will be called adapted if every Reeb vector field is Anosov.

6 Let G — Hom(M) be an action of a topological group G on a topological manifold M. We
shall say that a point z € M is non-wandering, if, for every neighborhood U of x and for every
compact subset S C G, there exists g € S¢ such that gU NU # (). The set of non-wandering
points is clearly invariant by the action of G.
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Remark 4.8. The Lemma 4.6 proves that every generalized k-contact Anosov
action admits an adapted parameterization. [ ]

Remark 4.9.  Another way to see this definition is to start with an Anosov R¥-
action ¢, consider the action as given by a family of commuting vector fields X;
where each X is the vector field associated with an Anosov element. Using the
splitting TM = T¢ & ET @ E~ we define the dual 1-forms aq,...,q;, and we
suppose that each of those forms has constant rank 2n + 1 and satisfies:

ar A ANag A da? is a volume form. ]

Remark 4.10. Notice that dimE™ = dimE~ = n. This follows from the fact
that, for some fixed j, da; restricted to E* @ E~ is a ¢-invariant symplectic form,
the hyperbolic dynamics will ensure that E* are Lagrangian subspaces.

Remark 4.11. A contact Anosov action can not be a suspension of a Z* Anosov
action by diffeomorphisms. In fact, by Lemma 3.9 there can be no global section
transverse A to the contact action.

5. The algebraic picture and main theorem

First, we recall some definitions from the classical theory of semisimple Lie algebras.

Definition 5.1. Consider a real semisimple Lie algebra g. A Cartan subspace a
of g is an abelian subalgebra, such that, for every = € a, the linear map ad(z) is
hyperbolic (that is, it is R-diagonalizable), and maximal for these properties. The
rank of g is the dimension of a and does not depend on the choice of the Cartan
subspace. [ |

It is well known:

Lemma 5.2. [12] Let G be a semisimple Lie group with Lie algebra g. If a is a
Cartan subspace of g, then its centralizer Zg(a) can be written as

Zg(a)=tDa
where € is the Lie algebra of a compact subgroup K C G.
Remark 5.3. The notation £ for the compact part of the centralizer is not

standard in the literature, where it is more common to denote it by m. Here,
however, we follow the notations of T.Barbot and C. Maquera ([7]). n

The following definition was first given by H.-C.Hof [13], and a more modern
approach was later given by A.Katok and R. Spatzier [15].

Definition 5.4.  The Weyl chamber action associated with a semisimple Lie group
G is the right action of a Cartan subspace on the quotient G/K . This action was
called Weyl chamber flow by A.Katok and R. Spatzier.
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More generally:

Definition 5.5.  An algebraic action is a quadruple (G, K,T",a) such that
o ( is a connected Lie group
e K C (@ is a compact Lie subgroup

e a C g is an abelian Lie subalgebra such that aN€ = () and a is contained in
the normalizer Ng(€) of ¢

o ' C G is a uniform lattice acting freely on G/K

This data gives us a right action of a on I'\G/K. ]

An algebraic action is not, in general, an Anosov action, and Weyl chamber actions
are not quite an example of an algebraic action (they lack the uniform lattice action
on the right). However, the following theorem shows that if " is a uniform lattice
acting freely on G/K, then the Weyl chamber action descends to an algebraic
Anosov action on the compact manifold I'\G/K .

Theorem 5.6. [7] Let G be a connected Lie group with Lie algebra g, K is a com-
pact subgroup of G with Lie algebra €, a is an abelian subalgebra of g, contained
in the normalizer Nyt of € and such that €N a = {0} and let T is a uniform
lattice in G acting freely on G/K . Under these conditions we have a right action
of a on T\G/K . This action is Anosov if, and only if, there exists x € a and an
ad(z) -invariant splitting

g=tdanSalU

such that the eigenvalues of the ad(x) action on S (resp. U ) has negative (resp.
positive) real part.

It is clear that, for a Weyl chamber action, if we fix a Weyl chamber (notion of
positive roots) the splitting into positive and negative rootspaces gives us the desired
S,U subspaces.

5.1. An example: Definitions

We shall consider SO(k,k + n) as the matrix subgroup of GL(R?***™) of elements
that preserves the bilinear form

k 2k+n
(u,v) = g U;V; — E U 0;.
i=1 i=k+1

Using this identification, we can consider the Lie algebra so(k, k+n) also as a matrix
Lie algebra given by

so(k) C X!
so(k,k+n) = Ct so(k) Z' |; CeMyxy; X,Z€E€M,xi; Deso(n) p (7)
X Z D
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Some computations show that the set Z C My, of diagonal matrices can be
embedded in so(k, k + n) in a natural way, that is

0 J 0
7= J 0 0 ) eso(k,k+n); JeE Mgy is diagonal (8)
0 0 0

is a Cartan subspace for the Lie algebra so(k,k +n). It is clear that Z induces an
action of R* on SO(k, k +n). The centralizer of Z is in fact Z & so(n). Thus, this
action descends to an action on SO(k,k + n)/SO(n). Moreover, for any choice of
Weyl chamber the corresponding S,U spaces satisfy

so(k) C X!
E=8SaU= Ct  so(k) Z' |; C&€ My, diag(C) = 0; X, 7€ M,x;
X Z 0

5.2. An example: The generalized k-contact structure
We will define specific left invariant forms on SO(k, k + n), which by construction
descends to left invariant forms on SO(k,k 4+ n)/SO(n).

We consider the splitting g = (so(k,k+n)) = so(n)®Z @& E. This splitting, allow us
to immerse (by zero extensions) Z* C g*, and therefore, with left invariant 1-forms
on G. Because Z is a Cartan subspace, this extension is SO(n)-invariant and thus
it descends to a left invariant form on G/K = SO(k,k +n)/SO(n).

Let eq,..., e be the canonical basis of Z, and o € Z* C g* which we consider as a
1-form on G. For left invariant vector fields A, B, we have

da(A, B) = —a([A, B]).

Thus, if we consider the distribution £ on G induced by £ C g, da is non degenerate
over F if, and only if, the bilinear form

ERESa®b— —a([a,b])

is non degenerate. Some calculations show us that:

e Z,9|NZT =0 e [EEINT=T

« do is non degenerate over £ ® £ if, and only if, a(e;) # ta(e;) # 0 for all

1<4,j<k

Because the last condition is open, there exists a basis «ay,...,a of Z* which
satisfies this condition.
The first condition shows us that Z C kerdo; for 1 < j <k.
It is clear that aq,...,a; actually defines a left invariant generalized k-contact

structure on G/K.

Remark 5.7. The action constructed in our example does not comes from a left
invariant k-contact structure in the sense of [9]. In fact, the condition [£,E]|NZ =T
means that, for 1-forms a,n € Z*, we have da = dn < o = 7 and thus, it is not
possible to obtain a basis aq, ..., a; of Z* satisfying the conditions of the Definition
3.1 and the additional condition do; = da; (Remark 3.10).
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5.3. An example: computations

In this subsection we make explicit the computations we hinted at the previous
subsection, to construct the generalized k-contact structure on SO(k, k+n)/SO(n).

Now, our goal is to define some specific left invariant forms on SO(k, k+n)/SO(n)
and make some computations.

We take a € Z*, where Z is the Cartan subspace given in (8), and we consider «
as a linear form on so(k, k 4+ n) by extending it to zero according to the obvious
basis. By definition, this linear form is zero on so(n) and also SO(n)-invariant’,
thus, it defines a left invariant 1-form on SO(k, k 4+ n) which descends to a 1-form
on SO(k,k+n)/SO(n).

In what follows, we will make frequent use of the different injections
Mk, so(k), Myx, < so(k,k+n),

and thus, we fix the following notation: We denote by Cj; € M} the matrix whose
only non zero coordinate is the 4, j coordinate, whose value is 1 and, E;; = C;; —C};
for any 1 <1 < j <k, we will denote

E,;, 00 0O 0 0 0 Ci O
F,; = 0O 00 ;o Gy = 0 ki O ;o Hyy = Cyi 00
0 00 0 0 0 0 0 0

We will also make no distinction between X, 7 € M, «, and their images:

0 0 X* 0 0 O
0 0 0 and o o0 2z
X 0 0 0 -2 0

We shall denote by X;;, Zi; € M, the matrix with 1 in the 4,7 coordinate and
zero in all others.

We shall make our calculations on SO(k, k+n). For left invariant vector fields A, B,
we have da(A, B) = —a([A, B]). Thus, in our calculations, we are interested only
in the diagonal portion of the My on so(k, k+ n), that is, for two given matrices
M, My € so(k,k +n), in the expression of

R C X!
[Ml,MQ] = Ct Ry A , Ry, Ry € Eﬂ(k),D € Eﬂ(n),X,Z S Mnxk,C’ € Mixr
X Z D

we are only interested in the matrix C'. With this notation, we shall write

[My, My] = C= ( o )

Moreover, as we are actually interested only in the diagonal elements of C', which
can be written as linear combination of elements of Z, we define

I[Ml, M2]| = Diag[[Ml, MQ]] = ZajHjj.
J

7 Just notice that Z is in the normalizer of so(n) and Z Nso(n) = {0}
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Now, some computations: If we write

B4 X BoA X
M1 = At R2 Zt and M2 = At RQ Zt
X Z D X Z D

then [My, M,] = RyA+ ARy + X'Z — RyA— AR, — X'Z.
It is clear that for {s,t} # {i,7} we have

|[EJ7H ]I I[GijuHSt]IZO7
moreover, [Fij, Fst]l = [Gij, Gst) = [Hij, Hst] = 0

and therefore

do” D (Fyy, oo By, Guay oo, Groa e Hioy Hov, oo Hyoy o, Hygomr) =
= Il:HZ'<de(2(F’ij7 Gija Hij? H]Z)

Now, from [F};,G;;] = 0 and [H;;, Hj;] = 0, we obtain

do®(Fy;,Gyj, Hyj, Hyi) = (9)
= 2da(Fy, Hij)do(Gij Hji) — 2da(Fy;, Hji)do(Gij Hij) (10)
= 20([Fy, HD)e1Gij Hjil) — 20([Fy5, Hil) (G Hig ) (11)
Now, |F;j, Hi;]1 =G Hjil = —Hj; and [Fy;, Hi| = [Gij Hijl = His
Thus, do®(Fy, Gy, Hyy, Hys) = 2a(Hj;)? — 2a(Hy)? (12)
More computations: [Xis, Zst] = 0isCiit
and thus, [Xij, Zs] =0 if j#tandi#s
Moreover [Xi, Xstl = [Zi5, Zst] = 0.
So, do*™(X11, Z11, - .. Xy Zi) = Mi<senda (X, Zgt) (13)
1<t<k
- (‘Dknnléi%zaﬂ[)(sta Zal) = (= 1)<k (Hy )" (14)

Finally, from
[Xij, Farl = [Xij, Gl = [ Xy, Ha] = 0 and [Z3;, F] = [ 235, Gat] = [Zij, Hat] = 0
it follows that

dof =V (X 7 F G, H) = +do*™ (X, Z);-;do?(Fy;, Gy, Hij, Hy;)
= :tH i<j Oz(Htt)n(QOé(Hjj)Q — 20[(]‘.]11)2)
1<t<k
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We conclude, that do*"+2:(¢=1 -£ ( if and only if, we choose an appropriate o € Z*
that satisfies

0# a(Hy) # +a(H) i, (15)

5.4. General Weyl chamber actions

In this subsection, we repeat what was done in the previous one, now for a general
Weyl Chamber action. Explicitly, we want to prove the following Theorem 5.8
bellow.

Theorem 5.8.  Consider a real, connected, semisimple, non compact, Lie group
G with Lie algebra g. Let a be the Cartan subspace and K C G the compact group
associated with the compact part of the center of a. Consider also a uniform lattice
I in G acting freely on G/K . Then there exists a (left invariant) generalized k-
contact structure on G /K such that the induced k-contact action is Anosov and it
coincides with the Weyl Chamber action.

Because we lack a concrete representation of the algebras involved, we use a structure
theorem by Kammeyer, where he gives an explicit multiplication table for real
semisimple Lie algebras in terms of the root system. This multiplication table allows
us to make similar computations. In fact, Kammeyer’s proof gives us the necessary
computations, though he does not say it explicitly.

The idea of the proof is to imitate the construction in section 5.2. More precisely,
we shall construct a splitting go = a @ K & N ® N~ where N+ corresponds to
the eigenspaces of positive and negative roots, a is a Cartan subspace and K is
the compact part of the centralizer of a. In particular, this decomposition will be
invariant by the action of a. The next step is to construct the generalized k-contact
structure, that is, we must find linearly independent 1-forms 7y, ..., n such that

1. n; is K-invariant.

2. Njker(nj) =KONT SN~

3. a® K C ker(dn;)

4. (dn))|nx+en- # 0, where N = dim(N=).

Using the idea of section 5.2, we shall take 1-forms on a* and extend them to 1-
forms on go. By construction, this will imply conditions (1), (2) and (3). Finally,
Kammeyer’s theorem gives us the computations necessary to show that the condition
(4) is actually an open condition, and we can therefore choose appropriate 1-forms
M, ...,Mk such that they define a basis of a* and, therefore, give us the desired
generalized k-contact structure.

We recall some basic definitions of the theory of semisimple Lie algebras to establish
some notations before we state Kammeyer’s result and indicate the step of the proof
that gives us our calculations.

Lemma 5.9. ([12], [14]) Consider g° a real semisimple Lie algebra, a Cartan
involution 6 on g°, and the corresponding Cartan decomposition g° =€®p.

There exists a mazimal abelian, 0-stable subalgebra H° C g° such that a = H°Np is
a maximal abelian subalgebra in p.
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Lemma 5.10.  (Helgason,[12], Chapter XI) Under the above notations, H° is a
Cartan subalgebra of g° and a is a Cartan subspace of g°.

Definition 5.11.  With the notations above, we define for every linear functional

o€ at:

g :={xcg’; [h2] =alh)xVhc a}.
If g% is non zero, we say that « is a restricted root of (g° a) and g? its restricted
root space. The set of restricted roots will be denoted by ®(g", a).
In a similar way, if g is a complex semisimple Lie algebra and h C g is a Cartan
subalgebra, for every o € h* we define

g ={x €g; [hz]=alh)zVh € h}.

If g, is non zero, « is called a root of (g,h) and g, the associated root space. The
set of roots will be denoted by ®(g,b). [

Definition 5.12.  Theset {Y € bh; a(Y) #0 Va € ®(g,h)} has a finite number
of connected components called Weyl chambers. For a fixed choice of Weyl chamber
W, we can define

(g, h) = 2" (g,5,W) = {a € (g,b) ; a(x) >0 Vo € W}

The roots on ®*(g,h) are called positive roots, with respect to W, and we speak
about “choice of positivity”, meaning that a Weyl chamber was chosen and the
positive roots are those that are positive with respect to this Weyl chamber.

In a similar way, we can make a choice of positivity for restricted roots and define
the set @ (g, a) of positive restricted roots. [

Definition 5.13. A positive root (resp. restricted root) is called simple if it is
not the sum of two other positive roots (resp. restricted root). The set of simple
positive roots will be denoted by A(g,b), (resp. A(g®,a)). n

Consider a real semisimple Lie algebra g° with a Cartan involution 6, and corre-
sponding Cartan decomposition g = €@p. Consider the #-stable Cartan subalgebra
h° obtained in Lemma 5.9. Let g = g2 the complexification of g°, then, h = h2 (the
complexification of h°) is a Cartan subalgebra of g. There exists a unique linear
extension of the Cartan involution 6 to g which we will also denote by 6. It is clear
that b is f-stable.

Remark 5.14. (Kammeyer, H.,[14]) The terminology “restricted root” and
“restricted root space” is justified by the following: Consider the inclusion map
jra—=bh. Let ¥ ={a e &(g,h); j*a # 0} be the set of roots which doesn’t
vanishes on a, then:

o 9(g’ a)=s%

« For each 8 € ®(g° a), if we denote X5 = {a € I ; j*a = 8}, then

0= (P g.)ng’
anB

From here on, we will always choose positive roots and restricted roots such that
J*®*(g. ) = *(g°,a) U{0}.
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Lemma 5.15. (Wissen, [18] Corollary 2.38) With the above notations, if we
consider the 6 decomposition §° = € da (8 C € and a C p). Then every root
a € ®(g,b) is real valued on a @ it°.

Definition 5.16.  We say that a root o € ®(g, ) is called
e real: If o is real valued on all b, or equivalently, if o vanishes on £°

o imaginary: If a assumes purely imaginary values on all h, equivalently, if «
vanishes on a

o complex: If v is neither real nor imaginary.

The sets of real, imaginary and complex roots are denoted by ®r, ;g and d¢
respectively. [ |

Remark 5.17.  Using the notations of Remark 5.14 above, it is easy to see that
Y= Pc U Pp. u

Denote by ¢ the anti-linear complex automorphism of g given by the conjugation
with respect to g°, that is,

o:g=g"®ig’ =g’ @ig’, g=g1+igs—0(9) =g —ige
It is clear that b is o-stable, and thus, for A € b, we can define \7(z) = Ao (z)).

Remark 5.18. (Kammeyer, [14], Subsection 3) If o € h* is a root then o is
also a root. We can thus construct a subset ®*(g,h) C ®(g,b) such that

®*(g,h) N{a,a’} has cardinality 1 for every oo € ®(g, ).

For any set of roots S C ®(g,b) , we denote S* =5 Nd*(g,h). [

Theorem 5.19. (Kammeyer, [14], Theorem 4.1) Let A(g,h) be the set of simple
roots. There exists a partition A(g,h) = A'UAY such that H' = {H} ; a € A}
and H° = {H? ; o € A} are basis of a and B N € and a basis B of g° given by

B:={X2 X! acdbUudrlu{Z,; ac drp}UH' UH?
such that,
1. [Hg,Hg,] =0 for every a, 3.
2. [Hi, X)) =c X5
3. [Hi, Zs) = di, 475,
4. [Zo, Z_o)=—sgn(a)HY where 2H! is a non zero Z-linear combination in H'.

5. (XL X7 ] = (=1D)9HS | for a € @, where 2HY and H} are non zero
Z-linear combinations in H® and H' respectively.

6. X0 X1 = HO, for a € ., where HY is a nonzero 7 linear combination of

elements HY, where f € AN A
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7. For B¢ {—a,—a%}; XL, X3 = (=1) 7705 X5 + sqn(a)yar s X o'y 5-
sgn(a)—1

8. [Zon Xi] = [Xa * ,Xi.

9. [Za, Zs] = ZAa’g where ZAa”g is some half integer combination of Zaip, Zaots
and Za+5a .
and the constants cgﬁ, dgﬁ and 7o 3 are non zero half integers and satisfy.

(i) dos=0 and d, 3 =d} _5#0

(ii) Cy 5#0 if BE Pir.

(i) cy/s =0 if B € Pix.

(iv) 2y ==l #0

(V) Yap = V=08

(Vi) Yap = £(r+ 1) where r is the largest integer such that  —ra € ®(bh, g)
Moreover, there exists an involution T of g such that, if we denote
N = Spang{ X}, Zs,a € Ot 3 € Ot}

K := Spang{H"} & Spang{X?, X} ;
K':= Spang{X. + (—1)'X" ,, Z, + Z_,a € D,y € D}
K=Ke&K

then g° =K @®a® Nt is an Twasawa decomposition of g°.

a€edh

Remark 5.20. On items 5.19 and 5.19 on Theorem 5.19 above, we have stated
that H°, H', HY and H] are non zero. These affirmations were not stated explicitly
on Kammeyer’s paper ([14]). They are, however, a clear consequence of the proof.
Those vectors are obtained by constructive methods, and a careful analysis of the
construction shows them to be non zero. [ |

We are now ready to prove Theorem 5.8

Proof of Theorem 5.8. As we remarked before, Theorem 5.6 implies that our
action is Anosov, moreover, almost® every element of a is Anosov. Thus it remains
to choose the 1-forms.

First let us notice that Kammeyer’s theorem gives us, the restricted root system
®(g% a). That is, for every § € ®f UPE, v € P, j € {0,1}, we define linear
functionals A%, A, i a — R by:

Ny(HY)) =c?y and \(H)) =d\, VaeAl

It is clear that )\5, A, are restricted roots, with corresponding restricted rootspaces

generated by Xj I and Z.,. Moreover, as g° = = KpadN T is a lawasawa decomposition
of g°, it follows that, we can choose a notion of positivity such that

OH(g% a) = (X, Ay 5 B e dgty € Bl

8 Here, almost every element means that the complement is a finite union of hyperplanes.
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Let us define (g% a) = {X), N\, B € D5,y € D}
We have the restricted root space decomposition
Cl@K: N+ N7
A, N~
=g o P e P RN (16)
AeDt AED—

As we remarked on Lemma 5.10, a is a Cartan subspace, moreover, from Kam-
meyer’s theorem, K is contained in the centralizer of a. As gj = a @ K it follows
that K is in fact the compact part of the centralizer of a.

We are now ready to define the linear functionals.

Take A € a*. We can use the decomposition (16) to extend A to a linear functional
on g°, and therefore we can understand it as a left invariant 1-form on G (the
Lie group with Lie algebra g° we started with). Moreover, as the Lie algebra K
is in the centralizer of a, then A is right invariant by K C G (the Lie subgroup
corresponding to K) and, therefore, can be seen as a left invariant 1-form on G/K .
Because it is left invariant, it passes on to the quotient I'\G/K .

Notice that for such A the items (1), (2) and (3) of Kammeyer’s theorem ensure

that, for any Z € B we have [H° ® H',Z]Nna = {0}. From (6), (8) and (7), it

follows, that for 8 € @ we also have [X3, Z] Na = {0} and thus, for any Y € gj
dA(Y, Z) = =A([Y, Z]) = 0

that is g) C ker d).

Now we want conditions to show that the inequality above is actually an equality,
that is ker(d\) = g) = a® K. As we have already remarked (Remark 3.2), we must
show that d\ is non degenerate on N'* @& N~ . We just have to choose A such that

(A) X does not vanish on H!, H19.

Let us denote X* = (X})acar and Z = (Zs)ges, - Much like in the example, we
want to compute dAN(X° X1, Z) where N is de dimension of N'*. Following the
computations of the example, we denote [A, B] the projection of [A, B] into the
Cartan subspace a. It follows from Kammeyer’s theorem that

[Za, X1 =0

[Za: Z5] =0 a# —p

(X0, X =0 -5

[X0, XA =0 i#j
From this computations, it follows that

ANV (X°, X1, Z) = tlpeqrdN(XG, X° 5)dN( X5, X1 5)dN(Z,, Z_)
YEPR
But from condition (A) we have

AN(XG, X2 5) = M(Hj) # 0

AN(X5, X15) = —=A\(Hj) # 0

AN(Zy, Z ) = —sgn('y))\(ﬁi) #0
and thus dA\V (X% X', Z) # 0 as we desired.

9 Such X does exist, for H., H} are always non zero and are finite in number.
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Notice that the condition (A) is open, therefore, we can choose a basis 7y, ..., n; of
a* satisfying it. From previous considerations, it is clear that such 1-forms descend to
left invariant 1-forms on G/K which then defines a generalized k-contact structure
on I'\G/K for any uniform lattice I'. ]

6. General algebraic actions

In this section we will use Barbot-Maquera’s [7] classification of algebraic Anosov
actions to extend our previous result to a more general class of algebraic actions.
First recall a couple of definitions that tell us how to construct new algebraic actions:

Definition 6.1.  Let (G, K,I',a) be a Weyl chamber action, and suppose that K
is not semisimple, then, its Lie algebra € splits as

t=Thot

where 77 is an abelian ideal (in fact the nilradical), and € a compact semisimple
Lie algebra (in fact the Levi part of a & ¢).

Now we consider £ C £ any subalgebra which contains the Levi factor g* and
K’ C K the associated subgroup. Let a* C ¢ any supplementary Lie algebra for ¢
and denotes by a’ = a® a*. A modified Weyl chamber action is the algebraic action
given by (G, K',T",d’). u

Definition 6.2. Let (G, K’,I",d’) be an algebraic action. It is said to be a
central extension of (G, K,T',a) if

« we have a central exact sequence 1 — Hy — G’ & G — 1 where the Lie
algebra by of Hy is contained in a’;

s p(K') = K;
o p(I") =T}
e pa =a. n

We can now state a simpler version of C.Maquera and T.Barbot’s classification
theorem:

Theorem 6.3. Let (G, K,T',a) be an algebraic Anosov action. Then,

o cither (G, K,T',a) is commensurable ' to a central extension over a (modified)
Weyl chamber action (this happens if G is reductive)

e cither (G, K,T',a) is commensurable to (nil)-suspension.

Thus, to prove Theorem 1.3 we must show that the constructions 6.1 and 6.2 also
have compatible generalized k-contact structures.

Lemma 6.4. Let (G, K',T',d') be a modified Weyl chamber action. Then I'\G/K'
admits a generalized k + 1 contact structure whose induced contact action coincides
with the @' action.

10 Commensurability is an equivalence relation between algebraic actions introduced by
C.Maquera and T.Barbot that implies that implies that, up to finite coverings, they are con-
jugated one to another. For details, see [7]
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Proof. It is clear that the bundle 7 : I'\G/K' — I'\G/K is a principal torus
bundle. In general, however, it doesn’t need to admit a flat connection. But,
the additional (homogeneous) structure on the base space allows us to modify our
previous construction (Proposition 3.11) to our benefit. We denote by «j, ..., ax
the (left invariant) 1-forms on G/K that give us a generalized k-contact structure
on G/K , which descends to a generalized k-contact structure on I'\G /K. We also
denote by Xi,..., X de Reeb vector fields. For a fixed connection, we denote by
X1, ..., X the lifted vector fields.

Let us recall some details of the construction in Proposition 3.11.

We chose a basis of R and wrote our connection as a R' = a* valued 1-form
(&1,...,&). The canonical vertical vector fields Yi,...,Y, satisfy &(Y;) = d;;.
Afterwards, we showed that Y; € ker(d¢;) for every i, j.

The flatness of the connection was used to show that in fact every horizontal field
is in the kernel of d§;. But we need a weaker conclusion. In fact, we need only to
show that the lifted vector fields X ; are in the kernel of d§;. This will allow us to
satisfy the hypothesis of Lemma 3.14.

First, let us fix some notations. We decompose Lie(G) = g as
g=toadaSplU (17)

We denote by E the distribution over G /K obtained by left translating S & U,
and by E the distribution over G/K' obtained in the same way. We notice that for
any j, we have that dr*a; = 7*(do;) is non degenerate on E, for dr induces an
isomorphism between FE and E.
We also denote by Z the distribution generated by Yi,...,Y], Xi,... ,Xk, that is, I
is the left translation of a* @ a.
Now we construct a connection. Notice that the splitting above (Equation 17) is ¢
invariant (it is a invariant and a commutes with ). We consider the projection
(using the above splitting)

g/t —a*
Because the splitting is € invariant, the above projection defines a a* valued 1-form
on G/K’, and thus a connection of the principal bundle G/K' — G/K .

By construction, the distribution £ is horizontal, and thus (&), =0.
Because this connection is left-invariant, d§; can be completely understood by it’s

behavior on a single point. Let X,Y € g/¢, then

The Anosov property of our action means that for any left invariant vector field
Z € E [X;, 7] C E. This means that d&(X;, - ) = 0 and thus I C ker(d&;).

We are now ready to apply Lemma 3.14: We consider on M = G/K' the 1-forms
given by:

* *
m=maor, ... , N =77 O,
* *
Mepr =& +Tar, .o, e =§+ T

and the splitting TM=1&F



MATOS DE ALMEIDA 135

It is clear that £ = ﬂ?;’{ker(nj) and we have shown that for j < k we have
ker(dn;) = I. We also have shown that for j > k41 we have I C ker(dn;).

As every 1-form considered is left invariant, this construction (and the lemma’s
conclusion) descends to our desired generalized k + [-contact structure on I'\G/K’.
That the contact action coincides with the a’ action should be clear. [ |

Lemma 6.5. Let (G, K,T',a) be a (Modified) Weyl chamber action and (G', K', 1", d)
be a central extension. Then I'"\G'/K' — I'\G/K is a principal torus bundle that
admits a flat connection.

Proof. First, we notice that because g is semisimple, the induced exact sequence
0—=h—gHg—0
splits. Moreover, as the extension is central, we can identify

g =g & bho (18)

Now, we do as we've done in Lemma 6.4, that is, we induce a left invariant connection
on the bundle G'/K’ — G /K by projecting left invariant vector fields g'/¥ — by /¥ .
The identification 18 allow us to compute the curvature of this connection and to
check that it is flat. [ ]

Corollary 6.6. (Theorem 1.3) Let (G, K,T',a) be an algebraic Anosov action that
is not (commensurable to) a suspension. Then there exists an generalized k-contact
structure on I'\G /K such that the induced contact action is Anosov and it coincides
with the algebraic action.

7. Final remarks

We have proved, using the classification of algebraic Anosov actions given by
T.Barbot and C.Maquera [7], that every algebraic Anosov action of R*, which
is not a suspension, does admit a compatible generalized k-contact structure. This
shows that it is not unreasonable to suppose that algebraic Anosov actions can
be taken as local models of contact Anosov actions. This, along with the work of
Y. Benoist, P.Foulon and F.Labourie’s [8], motivates the work at [17], where it is
shown that a contact Anosov action, ¢ : R¥ x M — M, with smooth invariant
bundles is, up to conjugation, affine (Theorem 1.1), that is, there exists a Lie group
G, a closed subgroup H and a discrete subgroup I' such that M = I'\G/H and
the action is given by the right multiplication of a subgroup A in the normalizer of
HY,

Keeping in mind the Katok-Spatzier [11] conjecture that states that Anosov action
of R¥, for k > 2, are algebraic, we are lead to the following

Question: Consider an Anosov action of R¥, for k > 2 with smooth invariant
bundles. If it is not a suspension, does it admit a compatible generalized k-contact
structure?

11 Notice that an algebraic action is an affine action where the subgroup H is compact, and the
subgroup I' is an uniform lattice.
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To give a positive answer for this question is to give a nice step towards showing
Katok-Spatzier conjecture. However, to answer negatively, is to show that, in the
smooth invariant bundles context, the Katok-Spatzier conjecture is false.
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