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Abstract. A representation theory for Bol algebras is proposed. For a suitable (2,3)-
cohomology theory for Bol algebras, we define a (2,3)-coboundary with companion and next
we define a (2, 3)-cohomology group. Deformations of Bol algebras are investigated. In particular,
one-parameter infinitesimal deformations of Bol algebras are characterized in terms of Bol alge-
bras of deformation type and (2, 3)-cocycles with coefficients in the adjoint representation. The
(2, 3)-cohomology group is also applied to study abelian extensions of Bol algebras.
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1. Introduction

Bol algebras were introduced in [11, 19] as infinitesimal objects associated with local
smooth Bol loops, in a study of the differential geometry of these loops. Just as the
case of relationships between Lie algebras and Lie groups, Bol algebras are tangent
algebras to local smooth Bol loops (see also [13, 18] for an overview). Some topics of
the general theory of Bol algebras were considered in [4, 8, 12, 17]. Apart from Akivis
algebras or Lie-Yamaguti algebras (first called “generalized Lie triple systems” [21]),
Bol algebras constitute an important class of so-called binary-ternary algebras. As
Lie-Yamaguti algebras, Bol algebras also constitute a generalization of Lie triple
systems.

Deformation problems appear in various areas of mathematics and mathematical
physics. The deformation theory found applications, e.g., in number theory, quan-
tum mechanics (deformation quantization) with connections in pure mathematics,
etc. The deformation of algebraic structures started with the works [1, 2]. Next
the deformation theory is extended to Lie algebras in the works [15, 16]. The rep-
resentations and deformations of various algebraic structures were considered by
many researchers. It is well known that deformation theory of algebras has many
applications in mathematics and physics.

A suitable cohomology of a given algebraic structure controls its deformations and
abelian extensions. The representation and cohomology theory of Lie triple systems
was first considered in [22, 24| (see also [3, 5, 7] for other approaches to this theory).
In [27] the cohomology of Lie triple systems was studied using the cohomology of
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Leibniz algebras. A cohomology theory for Lie-Yamaguti algebras was initiated in
[25] while in [28] infinitesimal deformations and abelian extensions of Lie-Yamaguti
algebras were characterized by the (2,3)-cohomology group (here one observes a
generalization of results from [27] in full analogy of a generalization of Lie triple
systems by Lie-Yamaguti algebras). Infinitesimal and formal deformations of Lie-
Yamaguti algebras were also considered in [9].

As mentioned above, Bol algebras constitute another generalization of Lie triple
systems. Analyzing the set of defining identities of a Bol algebra (see Definition
2.1), one observes that a Bol algebra differentiates from a Lie triple system by
an additional binary skew-symmetric operation satisfying a single one identity (see
the axiom (B2) in Definition 2.1). This seemingly modest generalization leads to
significant complexities when trying to extend results from Lie triple systems up
to Bol algebras (e.g., unlike the case of Lie-Yamaguti algebras which are also a
generalization of Lie triple systems, the ternary operation in Bol algebras is not a
derivation). A cohomology and deformation theory for Bol algebras constitutes, so
far, a missing part in their general theory. So our concern in this paper is to set up
a study of a lower order cohomology theory for Bol algebras. However we observed
that some peculiarities appear while dealing with a suitable definition of a (2, 3)-
coboundary for Bol algebras (in fact we found essential to define a coboundary with
companion). We show that our cohomology of Bol algebras is suitable in a study of
deformations and abelian extensions of Bol algebras.

The organization of the paper is as follows. In Section 2 we define a representation
and a suitable (2,3)-cohomology group for a Bol algebra and we point out that
any representation of a Maltsev algebra induces a representation of the associated
Bol algebra. In Section 3 (2,3)-cocycles are used to investigate deformations of
Bol algebras. It turns out that the characterization of t-parameter infinitesimal
deformations in terms of (2,3)-cocycles requires an additional notion of a “Bol
algebra of deformation type” (a similar notion is introduced in [28] in case of
deformations of Lie-Yamaguti algebras, and it seems that the notion of algebras of
deformation type is essential in the deformation theory of some types of algebras).
Section 4 is devoted to a study of abelian extensions of Bol algebras. The interplay
between abelian split extensions of Bol algebras and their representations or their
(2,3)-cohomology groups is considered. It is observed that there is a one-to-one
correspondence between equivalent classes of abelian extensions of a Bol algebra B
by its B-module V' and elements of the (2,3)-cohomology group.

Throughout this paper, all vector spaces and algebras are finite-dimensional and are
considered over a base field K of characteristic zero.

2. Representation and cohomology

In this section, we recall basic facts regarding Bol algebras and next we present a
representation and a (2,3)-cohomology theory for Bol algebras. In [14] a repre-
sentation of Bol algebras is defined, but from this definition representations of Lie
triple systems (as in [22, 24, 27]) are not recovered; moreover, it seems that such
a representation of Bol algebras could not be applied, e.g., in a study of abelian
extensions of Bol algebras.
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Definition 2.1. ([11, 19]) A Bol algebra is a triple (B, *,][,,]), where B is a vector

space, “x”: B x B — B a bilinear map (the binary operation on B), and “[,,]”:
B x B x B — B a trilinear map (the ternary operation on B) such that

(BO1) zxy=—y=xux,

(B02) [z,y, 2] = =y, x, 2],

(B1) Oayelr,y, 2] =0,

(B2) [z,y,u*xv] = x,y,u] v+ ux[z,y,0] + [u,v,zxy] —uv *zy,
(

B3) [z,y, [u,v,w]] = [[z,y,u],v,w] + [u, [z, y, v], w] + [u, v, [z, y, w]]
for all w,v,w,z,y,z € B, where O,, ., denotes the sum over cyclic permuta-
tion of x,y, z and wv * ry means (u * v) * (z xy).

Observe that when zxy =0 in (B, *,|[,,]), we gets a Lie triple system (B,]|,,]) so
one could think of a Bol algebra (B, x,[,,]) as a Lie triple system (B, [,,]) with an
additional skew-symmetric binary operation “x” on B such that the compatibility
condition (B2) holds (this vision of a Bol algebra is of prime significance throughout
the present paper; e.g. see the proof of Theorem 3.4 in Section 3). The algebra
(B, *,],,]) will be denoted simply by B.

The definition of a Bol algebra as above is the one of a left Bol algebra (see also
[4, 17]). In a study of the tangent algebra of a local analytic loop satisfying the right
Bol identity, one considers right Bol algebras [13, 18, 19] (see also [4, 8]). From a
left Bol algebra (B, *,[,,]), one defines a right Bol algebra structure on the vector
space B by the new operations

r-y:=—xxy and (z,z,y):=—[z,y,z2].
Throughout this paper, by a Bol algebra we always mean a left Bol algebra.

In [8] the classification of all two-dimensional right Bol algebras over R is given.
From this classification we obtain the following example of two-dimensional left Bol
algebra.

Example 2.2.  Let B; be a two-dimensional real vector space with basis {e1, ea}.
Define on B, the following bilinear and trilinear nonzero products:

€1 x eg = —ey, |e1, e, €1] = Aeg,
€ * € = —€; %€, [eiaejaek] = —[6j7€i,6k]7 i F

where A € R. Then (By, *,[,,]) is a left Bol algebra.

Recall that a Maltsev algebra is a nonassociative algebra (A, -) satisfying -y = —y-x
and zy - zx = (2y - 2) x4+ (yz- ) - v+ (22 - x) -y for all x,y,z in A.

A representation theory for Maltsev algebras was developed in [23]. The definition
of the representation of a Maltsev algebra is reminded in the proof of Proposition
2.7 below. For now, we recall the construction of left Bol algebras from Maltsev
algebras.

Example 2.3. Given any Maltsev algebra (M, x), one gets a left Bol algebra

(M, x,],,]) if one defines on (M, ) a ternary operation as

[z, y, 2] == 3 (x x yz — y * 22 + 2xYy * 2)

[11] (see also in the proof of Proposition 2.7 below). Therefore, any alternative
algebra gives rise to a Bol algebra.
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Definition 2.4. ([11, 19]) Let B be a Bol algebra. A linear map Il : B — B
satisfying, for all u,v,w € B,

M(uxv) = (TTu) * v 4+ u* (ITv) + [u, v, x] —uw * X,
H([u, v, w]) = [Hu,v,w] + [u, Hv, w] + [u, v, Hw]

for some y € B is called a pseudoderivation with companion y of (B, x,[,,]).

From the axioms (B2) and (B3) it is clearly seen that the operators d(x,y) defined
by 0(x,y)(z) := [z,y, 2] are pseudoderivations with companion z * y of the Bol
algebra B.

The notion of a pseudoderivation with companion allows an embedding of any
Bol algebra into some enveloping Lie algebra: if consider the vector space of all
pseudoderivations with companion Pder(B) := {(II,x)} of a given Bol algebra
(B, x,[,,]), then the external direct sum g := B+Pder(B) is a Lie algebra and
B is isomorphic to a subspace of g ([11]; see also the survey [13]). The notion of
a pseudoderivation is extended to the one of a hypoderivation with companion in
case of hyporeductive triple algebras ([6]) which are a kind of a generalization of
Bol algebras. In accordance with the theme of the present paper, the notion of
pseudoderivation of Bol algebras as above is also generalized in the presence of a
representation of a given Bol algebra (see Definition 2.12 below).

Definition 2.5. Let B be a Bol algebra and V' a vector space. Let p: B — End(V)
be a linear map, where End(V') is the vector space of all endomorphisms of V', and
D,0: Bx B — End(V) bilinear maps. The triple (p, D, ) is called a representation
of B in V (and then V (or (V,p,D,6)) is called a B-module) if the following

conditions holds:
R1)  D(zy,x9) + 0(x1,22) — 0(22,21) = 0;

) [D(x1,22), p(y1)] = p([21, 22, 31]) — O(y1, x1 % 22) + p(a1 * 22)p(y1);

) Oz, y1 xy2) = p(y1)0(21, y2) — p(y2)0(x1,y1) — (DY, y2) — p(y1 * y2) ) p(1);
R31)  [D(z1,22), D(y1,92)] = D([z1, 22, 31], y2) + D(y1, [21, 22, 2]) ;

) [D(x1,22),0(y1, y2)] = O([z1, 22, 1], y2) + O(y1, [21, T2, y2]);

) 021, [y1, y2,ys]) = 0(y2,93)0(x1, y1) — O(y1,y3)0(21, y2) + D(y1,y2)0(21,y3)
for all z;,y; € B.

Because of (R1) the representation (p, D, #) could be also written as (p, ). Observe
that if p =0 and z*y =0, Vz,y € B, then (R1), (R31), (R32), and (R33) imply
that (V,#) is a representation of the Lie triple system (B, [,,]) (see [27]).

Example 2.6. In case when V = B, there is a natural representation (called the
adjoint representation) of the Bol algebra B, where the representation maps p, D,
and 6 are given by

p(u)(v) =ux*xv, Du,v)(w)=[u,v,w], Ou,v)(w)=|w,uv] Yu,v,w € B.

It is well-known (see [11, 13]) that any Maltsev algebra has a natural Bol algebra
structure (the associated Bol algebra; see also Example 2.3 above). Therefore a class
of nontrivial examples of (p, D, 0) for Bol algebras is constructed from the following
result.



Issa 175

Proposition 2.7.  Let (M,%) be a Maltsev algebra and p a representation of
(M, x). Then p induces a representation of the Bol algebra (M, x,][,,]) associated
with (M, x).
Proof. Given a Maltsev algebra (M, x) with representation p, the following
notations were introduced in [26], for an integer k:

[z, y, 2|k = xyz —yxxz+ kay * z,

Oc(x,y) = p(x)p(y) + kp(y)p(x) — p(z *y),
Di(x,y) == [p(x), p(y)] + kp(x + y).

That p is a representation of the Maltsev algebra (M, ) means that p satisfies
either of the following equivalent conditions (see Lemma 7.1 in [23]):

p(z *yz) — p(2){p(x), p(y)} + p(Y){p(x), p(2)}
= {p(x), p(y * 2)} — p(2)p(z * y) + p(y)p(z * 2), (1)
[D1(z,y), p(2)] = p([z,y, 2]1), (2)

where {p(z), p(y)} denotes the Jordan product p(x)p(y) + p(y)p(x). In [10] it is
proved that (M, x) is a Lie triple system with respect to the ternary composition
[z,y, z]s while from [11] we know that (M, x) is a Bol algebra with respect to the
ternary composition [z,y, z] := [z,y, z]2. Then (M, *,[,,]) is called the Bol algebra
associated with (M, x). Now we define

e(xvy) = %92($ay)7 and D(l’,y) = %DQ(xay)
We claim that (p, D, ) as defined above is a representation of the Bol algebra
(M, x,],,]) associated with (M, x).

That (p, D, ) satisfies (R1), (R31), (R32), and (R33) follows from [26]. We just
need to check (R21) and (R22) for (p, D,0). We have

Y, 2)) +0(z, 2% y) — plzxy)p(2))
| = pBlx,y,2]) +30(z,2 xy) — 3p(x xy)p(2)

= [
= [[p(z), p(y)], p(2)] + [p(x * y), p(2)] — p(x * y2) + p(y x 2) — p(xy * 2)
= [[p(), p(W)] + p(z x y), p(2)] — p(x * yz —y* x2 + 1Y * 2)
= [ y), p(2)] = p([z,y, 21 =0 (by (2))

)
and so (p, D, 0) verifies (R21). Likewise we have
)

3(0(z,y = 2) — p(y)0(x, z) + p(2)0(x,y) + D(y, 2)p(x) — p(y * z)p(x))
y*z) — p(y)(30(z, 2)) + p(2)(30(x,y)) + 3D(y, 2)p(x) — 3p(y * 2)p(z)
= Os(z,y * z) — p(y)02(, 2) + p(2)02(x, y) + Da2(y, 2)p(x) — 3p(y * 2)p(z)
= p(x)p(y * 2) + py x 2)p(x) — p(x x yz) — p(y)p(z)p(2) — p(y)p(2)p(x)
+ p(y)p(x * 2) + p(2)p(@)p(y) + p(2)p(y)p(z) — p(2)p(x * y)
= {p(), p(y * 2)} — p(2)p(x x y) + p(y)p(x * z) — (p(z * yz)
(v

p(){p(x), p(y)} + p(y){p(), p(2)}) = 0 (by (1)

and so (p, D, #) verifies (R22). This completes the proof. ]

As a specific application of Proposition 2.7 above, we consider the following example.
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Example 2.8. Let M be a 4-dimensional vector space over K with the basis
{e1,e9,€3,e4}. If we define on (M, %) the nonzero products as

€1 % ey = —€y, €1%€E3 = —€3, €1 %€y =€y, €y*e3=2ey,
eixe;=—ejxe, 177,

then (M, %) is a Maltsev algebra [20] (since char K = 0, this is the unique 4-
dimensional Maltsev algebra over K). Let M, be the space spanned by {ej,es}
and V' the one spanned by {e3,es}. It is clearly seen that (M, %) is a subalgebra of
(M, x) and (V, %) is an ideal of (M, *). The 2-dimensional Bol algebra (M, *, [,,])
associated with (M, %) is given by the following nonzero products:

€1 * €2 = —€3, [61,62,61] = —é€y,
ei*ej:_ej*ei7 [eiaejaek]:_[ejaehek]a 7’%]

Now let p be a representation of (Mjy,*) into the space V' induced by the adjoint
representation of (M, *). The application of Proposition 2.7 gives the representation
of the Bol algebra (Mo, *,[,,]) into the space V' as follows:

plei)(es) = —es, pler)(es) = es, plea)(es) = 2eq, plez)(es) =0,
O(e1,ex)(ex) =0=0(ea,e1)(er), D(er,es)(er) =0, k=3,4.

The result next gives a characterization of a representation of Bol algebras (we omit
its proof since it is similar to the one of Theorem 3.4 in Section 3).

Proposition 2.9.  Let (B,*,[, , ]) be a Bol algebra and V a vector space. Let
p: B — End(V) be a linear map, and D,0 : B x B — End(V') bilinear maps.
Then (p, D, 0) is a representation of B in V if and only if (B®V,*,{,,}) is a Bol
algebra, where, for all x; € B and u; €'V,

(21 + wr)*¥ (22 + ug) 1= 21 * 29 + p(w1)(u2) — p(w2)(u1),
{z14+u1, xotug, x3+usz}t == 1, T2, x3] + D(x1, 22)(us) —0(x1, 3) (u2) + 0 (2, 3) (u1) .

The Bol algebra (B®V,*,{,,}) is called the semidirect product of the Bol algebra B
with its B-module V. The following useful property of representation maps follows
from Definition 2.5.

Lemma 2.10.  Let (p, D,0) be a representation of a Bol algebra. Then

[ADm(zla T2), ADm(yl, )

= App([z1,22,91],92) + App(y1, [21, 22, y2]) — Ap (Y1 * Yo, 1 % 22) (3)
for all x;,y; € B, where the operator Ap , is defined as

Ap p(u,v) :== D(u,v) — p(uxv).
Proof. From (R21) we have
[D(x1,22), p(y1 * y2)] = p([21, 22,91 % y2]) — O(y1 * yo, 21 % 22) + p(@1 % 22) p(41 * Y2),
i.e., by (B2),
[D(x1,22), p(y1 * y2)] = p([21, 22, 31] * y2) + p(y1 * [21, 22, 92])
+o([yr, Y2, w1 % 32]) — p(y1y2 * w122) — O(y1 * Y2, 1 * T2) + p(@1 * T2)p(Y1 * y2). (4)
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Likewise we have

[D(y1,y2), p(1 * 2)] = p([y1, Y2, 1] * 22) + p(z1 * [Y1, Yo, T2])
+p([21, 22, 1 * ya]) — (X172 * Y1y2) — O(21 * 2, Y1 * Y2) + p(y1 * y2)p(a1 % T2). (5)

Subtracting memberwise (5) from (4), we get

[D(z1,22), p(yr * y2)] + [p(21 % 22), D(y1,42)]
= [p(@1 % 22), p(y1 * y2)] + p([z1, T2, 1] * y2) + p(Y1 * [21, T2, 2]) — p(y192 * 2122)
+{p([yr, yo, w1 % w2]) — p([y1, y2, w1] * w2) — p(a1 * [y1, ya, 22]) — p([21, T2, Y1 * Y2])
+ p(@1@2 % Y1y2)} — 0(y1 * yo, T1 % T2) + (21 % 2, Y1 * Yo) (6)
(note that the expression in {---} is zero by (B2)). Now observe that (R1) implies
that D(u,v) = 0(v,u) — 0(u,v). Thus , in (6), we have
—0(y1 * Y2, 11 * T2) + O(x1 * To, Y1 * Y2) = D(y1 * Yo, 1 * T2)

and so (6) now reads

[D(x1,22), p(y1 * y2)] + [p(21 % 2), D(y1,y2)] = [p(21 * 2), p(Y1 * y2)]
+o([21, 2o, 1] * y2) + p(yr * [T1, T2, 92]) — p(11Y2 * 122) + D(Y1 * Y2, 11 % 22).  (7)

Subtracting memberwise (7) from (R31) and next rearranging terms, we obtain
equation (3). ]

From (3) we get that the vector space spanned by all >, ;Ap ,(u;,u;) is a Lie
subalgebra of End(V).

An (n,n + 1)-cohomology group for Lie-Yamaguti algebras is constructed in [25].
A similar construction could be carried out over Bol algebras, but this remains an
open problem. However, because of applications in a study of deformations and
abelian extensions of Bol algebras (see Sections 3 and 4 below), we restrict ourself
to a construction of (2, 3)-cohomology groups for this class of algebras.

Definition 2.11. Let B be a Bol algebra, V' a B-module and (p, D,#) a rep-
resentation of B. Let C*(B,V) be the space of bilinear maps v : B x B — V
such that v(zy,7s) = —v(z2,71) and C*(B,V) be the space of trilinear maps
w: BxBxB — V such that w(zy,x9,23) = —w(x2,x1,23) for all z; € B.
The pair (v,w) € C?(B,V)x C3(B,V) is called a (2, 3) -cocycle if, for all z;,y; € B,
the following conditions hold:

(CC1> Ozl,zg,zgw(x17m27x3) = 07

(CC2)  w(wy, 22, y1 * y2) + D(x1, 22)v (Y1, Yo2)
= w(Y1, Y2, 1 *T2) + D(y1, y2)v (21, 2) +v([T1, T2, 1], Y2) + v (Y1, [T1, T2, Y2))
+p(y1)w(x1, 2, 2) — p(Y2)w (w1, w2, y1) + p(w1 * 22)V (Y1, y2)
—P(yl * yQ)V($1>$2) - V(yl * Yo, T1 * $2),
(CC3)  w(w1, 22, (Y1, Y2, y3]) + D(z1, 2)w(y1, Y2, ys3)

= w([z1, w2, 1], y2, y3) + Wy, (21, T2, Y2, y3) + w(Y1, Y2, (21, T2, y3))
+D(y1, y2)w(x1, T2, y3) + 0(y2, y3)w(z1, T2, Y1) — O(y1, ys)w(x1, T2, Y2).
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The vector space spanned by all (2,3)-cocycles will be denoted in the following by
Z*(B,V) x Z3(B,V). The notion of pseudoderivation with companion as given
above is slightly generalized as follows.

Definition 2.12. Let B be a Bol algebra, V' a B-module and (p, D, #) a rep-
resentation of B. A linear map f : B — V is called a pseudoderivation with
companion x € V of B into V with respect to the representation (p, D,#) if, for
all ; € B,

f(z1 % 22) = p(x1) f(22) — p(@2) f(21) + Ap,p(21, 22) (X)),

f([z1, 29, 73]) = (22, 3) f(21) — O(21, 73) f (2) + D (21, 72) f (23).

Observe that, in case of the adjoint representation of B, f = d(x,y) is a pseudo-
derivation with companion x*y of the Bol algebra B (as in Definition 2.4). Perhaps
this notion of pseudoderivation with respect to a representation could help to gen-
eralize some aspects of the general theory of Bol algebras as initiated in [11, 18, 19].

Definition 2.13. Let B be a Bol algebra, V' a B-module and (p, D, #) a repre-
sentation of B. Then (v,w) € C*(B,V) x C3(B,V) is called a (2, 3) -coboundary if
there is a pair (f, x), where f: B — V is a linear map and x € V such that
(BB1) v(x1,22) = p(x1) f(x2) — p(@2) f(21) + Ap (21, 22)(X) — (a1 * 22),

(BB2) w(wy, w2, x5) = (2, v3) f (1) =021, 23) f (w2)+D (1, w2) f (23) = f ([01, 72, 25])
for all x; € B. The element y € V is called the companion of (v,w).

Denote the vector space spanned by all (2, 3)-coboundaries by B?*(B,V) x B*(B,V).
Observe that f is a pseudoderivation of B into V' with companion y if and only if
(v,w) = (0,0). The definition of a (2,3)-coboundary with companion as above, as
well as the operator Ap , (see Lemma 2.10), is justified by the following result (see
also Proposition 4.5 in Section 4).

Proposition 2.14.  B?*(B,V) x B3(B,V) is contained in Z*(B,V) x Z3(B,V).

Proof.  Assume that we are given a (v,w) € C*(B,V) x C3(B,V) satisfying
(BB1) and (BB2). We need to check that (v,w) also satisfies (CC1)-(CC3).

For (CC1) we have

Ox17$27$3w(x17 L2, x3) = 0961,332,273{19(‘7317 172) + 9(1’1, $2) - @(CL’Q, xl)}( f($3)

R1)
- f{ozl,xg,xg [3317 x?) xg]}(B]_)

and so (CC1) holds for (v,w) by (R1) and (B1).

For (CC2) we have

W(T1, T2, Y1 % Y2) + D(1, 22)v(Y1, y2) — D(y1, y2)v (21, ¥2) — v([T1, T2, 1], Y2)
— vy, [21, 22, 32]) + p(y2)w (@1, 22, y1) — p(y1)w (@1, 22, Y2) — WY1, Y2, T1 % 22)
— p(@1 x 22)v (Y1, Y2) + p(Y1 * y2)v(21, T2) + V(Y1 * Y2, T1 * T2)
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= {— FUwr, mo, 1 % ya]) + f([21, T2, 1] % y2) + f (v * [21, 22, y2] )+ f([y1, Y2, 71 % 22])

— flyrys * :vlﬂfz)}(m)

+ {— D(z1,22)p(y2) f(y1) + p([x1, 22, ya]) f (1) — O(y2, 71 % 22) f (31)
o) Dl 2 f() + plar = 2ol )}

+ {+ D(x1, 22)p(y1) f(y2) — p([1, 2, 31]) f(y2) — p(y1) D]y, 22) f (312)

+ 0(y1, 21 % 22) f (y2) — p(1 * x2)p<y1)f(y2)}(ml)

+ {+ Oz, y1 * ya) f(x1) + D(y1, y2) p(w2) f (1) + p(y2)0 (22, Y1) f (1)

—mmww%mﬁ@n—Mm*mmwﬁﬂ“&mm

{00,915 92) F(@2) = Dy, 92)pl) f(52) = ply)B(w1,91) F(2)
()01, 1) F(22) + plyr * 12)p(21) (22 §

+{[D(@1,22), Dy, )] + [y * 92), Dlwr,2)] + [Dlys, o), pls +22)]
— D([w1, m2,51], y2) + p([T1, T2, 01] * y2) — D(y1, [71, T2, y2])
+ p(yr * [21, 22, ya]) + [p(z1 % 22), p(Y1 * y2)] + D (Y1 * Y2, T1 * T2)

— p(y1ys * flez)}(s)(x)

and so (CC2) holds for (v,w) by (B2), (R21), (R22) and (3). For (CC3) we have

_l’_
(R22)
_l’_

w($1>332a [yla Ya, y3]) - w([iﬂl, x27y1]7y2>?/3) - w(yla [x17952>?/2],?/3)
- w(y17y27 [xla Zo, ?JS]) + D(Ihx?)w(yla y27y3) - 9(92,93)“}@1’ $27?Jl)
+ 0(y1, y3)w(x1, 2, Y2) — D(y1, y2)w(x1, T2, Y3)

{ (w2, [Y1, Y2, y3]) — O0(ye, y) ($2,y1)+9(y1,y3)9(9€2,yz)

(
—D yl y2 $2 ?43)}

+{4<wwwﬁw@mwmw—mMmmw>

D)oy} S ()

O([z1, 22, 4], y3) — O(y2, [21, 22, y3]) + [D(xh$2),‘9(y2,y3)]}(R32)f(y1)

_|_

(R32)

D((er,w2,1),0) = Do, [, 22,32]) + [Dlan, 22), Dl o)l } - F o)

+

{-

+ {0 x1, %2, %1, y3) + O(y1, [x1, T2, y3]) — [D($1,112),9(y173/3)]} f(y2)
{-
/

_|_

{ I1 Ta, yl Y2, y3 + H$1,$27y1]=y27y3] + [917[951,$27y2]7y3]

+ Y1, Yo, [351,1’271/3]]}(]33)

and so (CC3) holds for (v,w) by (B3), (R31), (R32) and (R33). This completes the
proof. [ |
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Consistent with Proposition 2.14 above, we can now give the following definition.

Definition 2.15. The (2,3)-cohomology group of a Bol algebra B with coeffi-
cients in the B-module V' is the quotient space

H2(B,V) x HYB,V) = (Z%(B,V) x Z3(B,V))/(B%(B,V) x BB,V)).

3. Deformations

3.1. Infinitesimal deformations

In this subsection we study infinitesimal deformations of Bol algebras. For this
purpose we need the notion of a “Bol algebra of deformation type”.

Definition 3.1. A Bol algebra of deformation type is a quadruple (B, pu,v,w),
where B is a vector space, u, v : Bx B — B are bilinear maps and w:BxBxB — B
is a trilinear map such that
(BO1")  wv(xy,29) = —v(x2, 1),
(B02)  p(w1, w2) = —p(w2, 1),
(B03")  w(xy, x9,x3) = —w(xe, 1, T3),
(BY")  Opyapasw(T1, T2, 23) =0,
(B2)  wl@, z2,v(y1,92)) = viw(@r, x2,11), y2) + vy, w(z1, 22, 92))
Fw(yr, Y2, v(x1, 22)) — v(v (Y1, y2), a1, 22)) — v(pw(yr, y2), v(z1, 22))
—u(v(y1, y2), v(@1, 22))
(B3")  w(z, m2, w(y1,y2,y3)) = w(w(z1, 12, 91), Y2, y3)

+w(yr, w(T1, 12, 12),Y3) + Wy, Yo, w(T1, 72, ¥3))

U:J

for all z;,y; € B. Then the triple (u,r,w) is said to define a Bol algebra of defor-
mation type.

The conditions (B03’), (B1’), and (B3’) say that (B,w) is a Lie triple system.
Therefore a Bol algebra of deformation type is a quadruple (B, p,v,w) such that
(B,w) is a Lie triple system and (B01’), (B02’), (B2’) hold. The condition (B2’)
could be seen as a compatibility condition.

Let B be a Bol algebra, v : B X B — B and w : B x B x B — B be bilinear
and trilinear maps respectively. Consider a t-parametrized family of bilinear and
trilinear operations:

T kg Tg 1= Ty x To + tv(wy, x2), [T1, X2, T3]y 1= [T1, o, 3] + tw(x1, 20, 3), x; € B.

Definition 3.2.  The pair (v,w) is said to generate a t-parameter infinitesimal
deformation of B if By := (B, *,[,,]:) is a Bol algebra.

We can now give the following characterization of ¢-parameter infinitesimal defor-
mations of Bol algebras.

Proposition 3.3.  With the notations above, (v,w) generates a t-parameter
infinitesimal deformation of a Bol algebra B if and only if

(i) (%, v,w) defines a Bol algebra of deformation type;

(i) (v,w) is a (2,3)-cocycle of B with coefficients in the adjoint representation.



Issa 181

Proof.  Suppose that (v,w) generates a t-parameter infinitesimal deformation of
the Bol algebra B, i.e. B, is a Bol algebra. It is easy to see that the axioms (B01),
(B02), and (B1) for B; are equivalent to

v(xy, xo) = —v(x9,11), (8)
w(x17x27'r3) = —W(xg,xl,x?,), (9)
Oxl,xz,l‘:sw(xl?x%m?)) =0 (10)

respectively. The left-hand side of (B2) for B; is

[x1,x2,y1 * y2]t — [x1,$2,y1 * yQ] + t([a:l,a:g, V(yuyz)] + w(xl,:cz,lh * 3/2))
+ Pw (w1, 2o, v (Y1, Y2))

while the computation of its right-hand side gives

[T1, T2, Ynle *¢ Y2 + Y1 *e [T1, T2, Yale + (Y1, Y2, 21 % Tale — (Y1 % Y2) *¢ (01 % 22)
= [21, 22, 1] * Y2 + Y1 x (21, 02, Y] + [Y1, Y2, 21 x T2] — (Y1 % Y2) * (21 % 2)
+ t{w(wr, T2, Y1) * Y2 + Y1 * w(x1, Ta, Y2) + WY1, Y2, T1 * T2) + [Y1, Y2, v(21, 72)]
+v([zr, 22, 41], y2) + v(yn, [01, T2, 42]) — (Y1 % y2) * v, 22)
—v(y1,y2) * (z1 % 2) — V(Y1 * Yo, 71 * T2)}
+ v (W@, 22,51), y2) + v(yr, w(x1, 22, 42)) + wW(yr, Y2, v(21, 72))
—v(v(y1,y2), 21 % T2) — V(Y1 * Yo, v(21, 22)) — V(Y1 y2) * v(w1,22) } — o(t?),

where o(t3) := t3v(v(y1, y2), v(x1, 22)) is the term in power t3. Therefore the axiom
(B2) for B; holds if and only if

(21, 22, v(y1, Y2)| + w(1, T2, Y1 * Y2)
= v([z1, 22, Y1), y2) + v (Y1, [21, 02, 92]) + [y1, Y2, v(21, T2)]
+ w(Ty, To, Y1) * Y2 + Y1 * w(T1, T2, Y2) + W(Y1, Y2, 1 * T2)
— (y1 * y2) * v(w1,2) — (Y1, y2) * (1 % 22) — v(y1 * Y2, T1 * Xa), (11)
w(z1, T2, V(y1, y2))
= v(w(@1, 2, 41), y2) + V(y1, w(T1, T2, Y2)) + W (Y1, Yo, v(21, T2))
—v(V(y1, y2), ¥1 * T2) — V(Y1 * Yo, v(T1, T2)) — V(Y1 Ya) * v(T1, T2). (12)

Finally, proceeding as for (B2) above, one finds that the axiom (B3) for B; holds if
and only if

[:Cla x27w(y17 Y2, 3/3)] + W(iCl,l'Q, [ylv Y2, y3])
- UJ([JH,ZEQ, y1]7 92793) + UJ(?Jl, [mla $2,y2],y3) + w(y17y27 [$1>$27?/3D
+ (w1, 22, y1), Y2, y3] + [y1, w(@1, T2, ¥2), ys] + [y1, Y2, w(T1, T2, y3)], (13)

and

w('xlvaaw(yhy%yS))
= w(w(T1, T2, Y1), Y2, Y3) + w(yr, w(T1, T2, Y2), y3) + w(Y1, Yo, w(w1, T2, y3)).  (14)
Thus the proof is complete by (8)—(14) since (8), (9), (10), (12) and (14) define a

Bol algebra of deformation type while (10), (11) and (13) define a (2, 3)-cocycle of
B with coefficients in the adjoint representation. [ |
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The following result shows that, given a Bol algebra B, any (2, 3)-cocycle of B as
in Definition 2.11 gives rise to a Bol structure on B& V.

Theorem 3.4. Let B be a Bol algebra, (V,p,D,0) a B-module and (v,w) a
(2,3)-cocycle of B. If we define on B ® V' the operations

(1 + ) %, (T2 + u2) = 21 * 2 + v(21, 22) + p(21)(u2) — p(22) (1) (15)
[T1 + up, o + ug, k3 + usl, 1= [T1, T, k3] + w(w1, T2, 23) + D(x1, 22)(u3)
—0(xy1, x3)(u2) + 0(x2, x3)(uy), (16)

where x; € B and u; € V', then B®,,\V = (B® V,*,,[, ,]u) s a Bol algebra.

Proof. That (B®V,[,,],) is a Lie triple system follows from Lemma 4.5 in [27].
Thus we are done if we check (B2) for B®(,,,)V . We have

(21 4+ w1, xa + Uz, (y1 + v1) *u (Y2 + v2)]w

= ) ) * 5 ) * D s s }
{[331 T2, Y1 yQ]}(B2) + {w(ﬂﬁ T, Y1 * Yo) + D(1, 22)v (Y1, Y2) (cc2)

+ {9(@,91 o) (ur) — O(xy, Y1 * y2)(u2)}(322)

4 {— D(x1,22)p(y2)(v1) + D(x17x2)p<yl>(v2)}(R2l)

while
(1 4+ ur, Zo + Uz, Y1 + Vi)w *0 (Y2 + V2) + (Y1 +v1) *y [T1 + ur, T2 + Uz, Yo + V2w
+ [Y1 + v1, ¥2 + U2, (@1 + ) *, (T2 + u2)]w
— ((y1 +v1) *y (y2 + v2)) *, ((z1 + up) *, (T2 + us))

= {[%7902791] * Yo + Y1 * [%7332,92] + [ylnyaxl * $2] — (Y1 * y2) * (w1 * $2)}(82)

{ $17$2ay1 y2)+y(y17[xlax27y2]) P(y2)w($1,$2,y1)}
(CC2)
+ {p w(x1, T2, Y2) + w(yr, Yo, 1 * x2) + D(y1, y2)v (1’17352)}(002)
+ { y1 * Y2, T1 * $2) p(y1 * y2)V($1,$2) + P(xl * $2)V(yh 3/2)}(002)
+ {p 0(x2,v2) — p(y2)0(z2, 1) — Ap (v, yz)p(fﬁz)}(R22)(ul)
+ {p -751, yl P(y1)9($1, 92) + AD,p(ylv yz)P(iUl)}(Rm)(W)
= o) Dl ) = plla, 1] + 00 w1 % 02) = pls w ma)plun) - (00)

¥ {p<y1>D<x1,x2> ol ma ] = 0,y wms) + ploy s adpun) - (00).

Therefore (B2) for B®(,.)V holds by (B2) for B, (CC2), (R21) and (R22). ]

The proof of Theorem 3.4 above can be modified for a proof of Proposition 2.9 in
Section 2.
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3.2. One-parameter formal deformations

Let (B, *,[,,]) be a Bol algebra and K[[¢]] the ring of power series in one variable ¢
with coefficients in K. Denote by B[t]] the set of power series with coefficients in
the vector space B.

Definition 3.5. A 1-parameter formal deformation of the Bol algebra B is given
by a pair (f;, g;), where f; is a K[[t]]-bilinear map f; : B[[t]] x B[[t]] — B[],
fo = > soFitt, and ¢ a K[[¢]]-trilinear map ¢, : B[[t]] x BJ[[t] x B[[t]] — B][[t]].
g = ZpoG t', where Fy := x, Gy := [,,], and each F; (resp. G;) is a K-
bilinear map B x B — B extended to be K[[t]]-bilinear (resp. K-trilinear map
B x B x B — B extended to be K][[t]]-trilinear), such that By := (B[[t]], fi, 9¢) is
a Bol algebra over K[[t]]. A deformation (f;, g;) is said to be of order | whenever

! . .
fe = ZiZOF"tl’ g1 = 2o Git'.

That Br is a Bol algebra means that, for all z;, y;, € B,

ft($1,$2) = _ft(x%xl): (17)
gt(£€1,$2,373) = —Qt($2,$1,1‘3>7 (18)
Oxl,mz,mggt(:phx?)'r?)) = 05 (19)

gi(w1, 22, [i(y1,92)) = felge(@1, 2, 91), y2) + fe(yr, ge(@1, 22, 12))
+ 9: (Y1, Yo, fr(wr, x2)) — fe(felyr, va, fi(zi,22)),  (20)
9:(w1, 2, 9 (Y1, Y2, ¥3)) = 9e(9e(x1, T2, Y1) Y2, Y3) + 9e(Y1, 9e(T1, T2, Y2), Y3)
+ 9:(y1, Y2, 9 (21, 22, Y3)).- (21)

The relations (17)—(21) are equivalent to the following set of equations (which are
called the deformation equations of a Bol algebra):

(961,372) _Fk(x%xl)y (22)
Gk(9€17$2,$3) —Gk($2,$17$3)7 (23)
Oy w05 Gr(T1, 2, 23) = 0, (24)

k
Z G' $17$2,Fk—z‘(y1792))
= Z ( (Gr—i(x1,22,y1),y2) + Fi(v1, Gr—i(x1, 22, y2))

+Gi(y1,y2,Fkﬂ‘($1,$2))> —Z Fr(Fs(y17y2)aFt(x17$2))a (25)

r+s+t

k k
Zi:OGi ($17 .1'27 Gk*i(y].? y27 93)) - Zi:o (GrL(Gk,Z (‘7:17 .’];‘2’ y1)7 y2’ y3)

+Gi(yla kai(xl, T2, y2)7 3/3) + Gi(!/l; Y2, Gk7i<$17 T2, 1/3)))7 (26)

for £ > 0. The equations (22) and (23) imply that (Fy, Gy) € C*(B,V)x C3*(B,V).
We will be interested in formal deformations (f;, g;) of first order i.e.

ft(a7 b) = Fo(a, b) + F1 (aa b)t and gt(aa ba C) = GO(a> ba C) + Gl(aa ba C)t
and we shall consider the set of equations (22)—(26) when k£ = 1,2, 3.
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For k =1, equations (24)—(26) lead to
O$1,$2,$3G1(1‘17 T, I'g) - 07 (27)

Go(w1, 2, F1(y1,92)) + G1(1, 22, Fo(y1, y2)) = Fo(G1(21, T2, 11), Y2)
+ Fo(y1, Gi(w1, 22, 42)) + Go(yr, yo, Fi(x1, 22)) — Fo(Fo(yi, v2), F1(w1, 22))
— Fo(F1(y1, v2), Fo(z1, 22)) + F1(Go(z1, 2, 91), y2) + F1(y1, Go(1, 72, 12)
+ G1(y1, Yo, Fo(w1,22)) — Fi(Fo(y1, v2), Fo(z1, 72))

i.e.

(21, 22, F1(y1, y2)] + G1(21, 2,91 * y2) = Gi(21, Ta, Y1) * Y2 + Y1 * Gi(21, T2, Y2)
+ [y1, yo, Fr(wy, 2)] — (y1 * y2) * Fi(w1, 22) — F1(y1, y2) * (21 * 22)
+ Fi([z1, 22, 51), 42) + Fi(yr, (21, 22, 42]) + G1(y1, y2, 1 % 22)
— Fi(y1 * Yo, 1 * xa), (28)

Go(x1, 2, G1(y1,y2,y3)) + G121, 22, Go(y1, y2, y3)) = Go(G1(z1, T2, Y1), Y2, Y3)
+ Go(y1, G1(x1, T2, ¥2), y3) + Go(y1, Y2, G1(x1, T2, y3)) + G1(Go(x1, T2, Y1), Y2, Y3)
+ G1(y1, Go(x1, 22, ¥2), y3) + G1(y1, y2, Go(x1, T2, ¥3))
i.e.
(@1, 22, G1(y1, Y2, y3)] + G1(z1, 22, Y1, y2, y3]) = [G1(z1, 22, 1), Y2, y3]
+ [y, G1(z1, 22, ¥2), Y3] + [y1, y2, G1(21, 2, y3)] + Gi([21, 22, Y1), Y2, U3)
+ Gl(yla [351, T2, y2]7 3/3) + G1<y17 Y2, [371, T2, y3]) (29)
From (27)-(29) and having (CC1)-(CC3) in mind, it is now easy to see that the

infinitesimal (F},Gy) is a (2, 3)-cocycle with respect to the adjoint representation.
For k =2, (24)—(26) lead to

Gi(x1, 2, Fi(y1,92)) = Fi(Gi(z1, 22, 11), y2) + Fi(y1, Gi(z1, 22, ¥2))
+ G1(y1>y2, F1(9€1>332)) - Fl(y1>y2) * Fl(l’l,ﬂ?z) - Fl(y1 * Y2, Fl(xl>$2))

— Fi(Fi(y1,92), 71 % 22), (30)
Gi(w1, 72, G1(y1, Y2, ¥3)) = G1(Gr(1, T2, 1), Y2, ¥3) + Gi(yr, Gi(w1, 72, Y2), Y3)
+ G1(y1, Y2, G1 (71, 72, Y3)). (31)
Likewise, for k =3, (24)—(26) lead to
o(3) = 0, (32)

where 0(3) := Fy(F1(y1,y2), F1(x1,22)). One observes that the equations (22), (23),
(30), (27), and (31) imply that the (2,3)-cocycle (Fi,G;) defines a Bol algebra of
deformation type. Therefore, by Proposition 3.3, we get that the first order formal
deformation (f;,g;) of the Bol algebra B generates a t-parameter infinitesimal
deformation of B.

Definition 3.6. Let B be a Bol algebra. Let (f;,¢:) and (f/,g,) be two 1-
parameter formal deformations of B, f{ := > (Fjt" and g; := >, Git', where
Fy =% =F, and G, = [,,] = Gy. Then (f/,g;) is said to be equivalent to ([, g:)
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(denoted by (f/,q;) ~ (f{,9;)) if there exists a formal isomorphism ®; := B}. — Br,
®,(x) == Y ;5i(2)t", where all ¢; are K-linear maps B — B extended to be K][t]]-
linear, ¢g = id, such that, for all z; € B,
fil@y,m9) = O i @i(a1), Py(22)),
9i (1,29, 73) = ‘I)t_lgt(q)t(ﬂfl), Dy (22), Py(23)).

The deformation (f;,g;) is called the null deformation (denoted by (fo, go)) when-
ever 0 = (F1,Gy) = (F,,Gy) = ---. The deformation (f:, g;) is called a trivial

deformation when (fi,g¢) ~ (fo, 90)-
Now the condition ®,(f/(x1,22)) = fi(P(z1), Pi(x2)) is written as

(bo(zpoF;(%l’ z2)t )t + ¢1(Z -

Jz

= Fo(Y_,  aile)t, > a(w)h + Py (o)t Y drlwa)t)t +

Fi(xy, ma)t )t + - -

i.e., since ¢y = id and Fy = %, we obtain
(w1, 22)t° + F (21, 20)t" + - + ¢1 (Fp (w1, 22) )t + ¢y (F (1, 29) )t 4 - - -
= (go(x)t" + Py () th + - ) * (o (w2)t° + Py (wo)th +---)
+ Fi(do(z1)t°, do(a2)t” + pr(wa)t' + - )t
+ Fi(oy(x)th, do(w2)t0 + o (wo)tt + -t 4.

Comparing the coefficients of ¢! from both sides, we get (having in mind that ¢y = id
and F{(z1,x2) = 1 % x9)

Fl(x1,22) + ¢1(x1 % T2) = 21 % ¢1(x9) + P1(11) * 29 + Fi (21, 12)
ie. (F] — F1)(x1,29) = 1 % ¢1(w9) — o % Py (1) — d1 (21 * 22). (33)
Likewise, proceeding as above, one finds out that the condition
O(gi(w1, w2, 23)) = gu(Pu(21), Pi(2), Pi(w3))
gives (G} — G1) (1, 9, x3)
= [21, @2, 1(w3)] + [1(21), w2, 3] — [P1(22), 21, @3] — Pu([21, T2, 235]). (34)
Thus, by (33) and (34), we proved the following result.

Theorem 3.7.  Let (fi,g:) and (f],q;) be two equivalent 1-parameter formal
deformations of a Bol algebra B. Then the infinitesimals (Fy,G1) and (F|,G})
of (fi,q:) and (f],g;) respectively belong to the same cohomology class in the space
H*(B, B) x H3(B, B).

One observes that the coboundary (F] — Fy, G} — G;) has companion n € B such
that Ap ,(z1,22)(n) =0, Vz; € B.

4. Abelian extensions

In this section we aim to study abelian extensions of Bol algebras. We prove that any
such an extension gives rise to a representation and a (2, 3)-cocycle of a given Bol
algebra; moreover abelian extensions are classified by the (2, 3)-cohomology groups.
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Definition 4.1.  Let (B x[,1), (V,*v,[,,]v), and (B, *5,[,,]5) be Bol algebras
and let i:V — B and p: B — B be homomorphisms. The algebra B is called an
extension of B by V if the short sequence Egz : 0 — V % B 5 B — 0 is exact.

Tt is called an abelian extension of B if V is an abelian ideal of B i.e. u v =0,
[u,v,-]g =0, [u,-,v]g =0 and [-,u,v]gz = 0 for all u,v € V. Asectwnofp is a

linear map o : B — B such that poo =1idp, in which case E5 is said to be split.

Definition 4.2. Two extensions of Bol algebras Fgz : 0 — V LY BA& B0
and £z :0—=V EN B N B — 0 are said to be equlvalent if there is a Bol algebra
homomorphlsm P B — B such that the following diagram commutes:

0— V- B-& B —0

bid Ly lid

0— V- B4 B —0
The following result provides a construction method of a representation of a given
Bol algebra B from an abelian extension of B.

Proposition 4.3.  Let V be a vector space viewed as a Bol algebra with trivial

operations and let Eg : 0 — V % B% B0 be an abelian split extension of a
Bol algebra B. Define the maps p: B — End(V), D,0: B x B — End(V) by

p(z)(u) == o(z) *5 u, (35)
D(xy,@2)(u) == [o(x1), 0(22), ulp, (36)
0(x1, w2)(u) := [u, 0(21),0(22)] 5, (37)
forall x,z; € B and uw €V . Then
(i) (p, D,0) is a representation of B in V;
(ii) the representation (p,D,0) does not depend on the choice of the section o ;

(iii) equivalent abelian split extensions of B give the same representation of B.

Proof. (i) We need to check (R1), (R21), (R22), (R31), (R32), and (R33) for
(p, D,0) as defined by (35)-(37). By (B1) in B we have

[U(‘Il)? O-(IQ)a u]§ + [0-<I1)7 U, 0(x2>]§ + [u7 O-(x1>7 J(IQHE =0,
i.e., using (36) and (37),
D(xy1,x9)(u) — 0(x2,x1)(u) + 0(x1, 22)(u) = 0,
so that we get (R1). By (B2) in B we have

[0(21),0(2),0(y) x5 ulg = [0(z1), 0(22), 0 ()] 5 *5 v + 0 (y) *5 [o(21), 0(22), u] 5
+lo(y),u,0(x1) x5 0(22)]g — (0(y) #p u) x5 (0(21) *5 o(22))
i.e., using (35) and (36),
[o(21), 0(x2), p(y)(w)]g = lo(21),0(22),0(y)] 5 *p u+ 0(y) g D(w1, 22)(u)
—[u,0(y),0(x1) x5 0(22)]5 — p(y)(u) x5 (0(21) %5 0(22))



Issa 187

or (D(x1,22) © p(y)) (u) = p([z1, 22, y])(w) + (p(y) © D(x1,22)) (u)
—0(y, x1 % 12)(w) + p(w1 * 2)(p(y)(u))

(here we used the fact that

0(21),0(22),0(Y)lg — o([x1, 22, y]) € Ker(p) = Im(i) =V
and o(z1) x5 0(x2) — o(x1 * x2) € Ker(p) = Im(i) =V, and next we applied (37)).
Thus we obtain

(D(x1,22) 0 p(y) = p(y) © D(x1, 72)) (1)

= o1, 22, y]) (w) — Oy, 21 % 22) () + (p(21 * 22) © p(y)) (u)

which is (R21). Again by (B2) in B, we have

[o(2), u,0(y1) *5 0(y2)] g = [0(2),u,0(y1)]5 *5 0 (y2) + () #5 [0 (), u,0(y2)]
+lo(y),0(y2),0(z) #gulg — (o(y1) *5 o(y2)) #5 (0(2) *5 u)
which leads to (R22) (proceeding as above). Likewise, in B, the equality (see (B3))

[o(21),0(72), [G(yl),a(yg),u]g]g = [[0(%),0(962),0(?/1)]@U(yz),u]g
+lo(y), lo(21),0(22), 0(y2)] 5, ulg + [0(y1), 0(y2), [o(21), 0(22), 5]

implies (R31), the equality

[0(x1), 0(72), [u,0(11), 0(y2)]5l5 = [lo(21), 0(22), ulg, o (Y1), 0(v2)] 5
+u, [o(21), 0(22), 0(y1)]5, o (y2)| 5 + [u, 0(y1), [0(21), 0 (22), 0 (y2)| 5l

implies (R32), and the equality

[U, O'(l’), [U(yl)7 U(y2>7 J(?J?:)]B]E - [[U, O-(I)7 U(yl)]ﬁa U(yQ)u 0(y3)]§
+[0<y1)a [U, O(ZL’), 0<y2)]§7 U(y3)] BT [0(y1>7 0(?/2), [U, U('T)7 U(?/3)]]§]§
implies (R33). Thus we get that (p, D, ) is a representation of B in V.
(ii) We proceed to show that the representation (p, D, ) of B does not depend on
the choice of the section 0 : B — B.
Suppose that o’ : B — B is another section. Then, Yz; € B, p(o’(z;) — o(x;)) =0
which implies that o’(z;) — o(z;) € V so that ¢'(z;) = o(x;) + v; for some v; € V.
Next, Yu € V', we have
o'(x;) xgu = (0(x;) + vi) ¥ u = p(x;)(u);
[0 (21), 0" (22), u] 5 = [o(21) + v1,0(22) + v2,u] g = D(w1, 22) (u);
[u, 0’ (x1), 0" (x2)] g = [u, 0(21) + v1,0(22) + V2] g = O(z1, 22) ().
Thus (p, D, ) does not depend on the choice of o.
(ili) Suppose that E'5 and E are equivalent abelian split extensions of B, i.e. there
is a Bol algebra homomorphism ¢ : B — B satisfying poi = j and gop = p (see Def-
inition 4.2). Let ¢ and ¢’ be some sections of p and ¢ respectively. We have, for all
z€B, (qopoo)(x)=(poo)(z)=x=(qo0’)(x). Thus (poo)(z)—0o'(x) € Ker(q) =V
and so there is a v € V such that ¢'(x) = (p o o)(x) + v. Therefore, for all u € V|
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v) xgu=o(z)*zu (in the last equality we used
©(V)) and so equivalent abelian split extensions

we get o'(z) *gu = ((poo)(x)
the fact that «(V) =2V = j(V)
give the same p.

iR+

Likewise one gets that equivalent abelian split extensions give the same D and 6.
This completes the proof. [ ]

The following result shows that any abelian split extension of a Bol algebra B
induces a certain (2, 3)-cocycle of B.

Proposition 4.4.  Let V' be_a vector space viewed as a Bol algebra with trivial
operations, and let 0 -V — B — B — 0 be an abelian split extension of the Bol
algebra B by V. For all x; € B, define the maps

v(z1,x2) =0 (x1) %5 0(z2) — o(z1 * 22), (38)
w(x1, T2, 3) 1= [o(21),0(x2),0(x3)] 5 — 0([21, T2, 23]). (39)

Then (v,w) is a (2,3)-cocycle of B with coefficients in V', with respect to the
representation (p, D,0) given by (35)—(37).

Proof. Obviously v € C?(B,V) and w € C3(B,V). Next we must check that
(v,w) satisfies (CC1)—(CC3) (see Definition 2.11).

That w satisfies (CC1) and (CC3) is proved by Lemma 4 in [27]. Thus we are done
if we check (CC2) for (v,w). Consider the equality (see (B2))
)
a(

[0(21), 0(x2), 0 (11 *EU( 2)5
= lo(x1),0(x2),0(y1)]g *5 0 (y2) + o (Y1) *5 [o(21), 0(22), 0 (12)]
+[U(Z/1)7U(y2)70($) g o(@2)]g — (0(y1) x5 0(y2)) *5 (0(21) x5 o(22)),

then we obtain that its left-hand side is

[o(z1),0(22),0(y1) x5 0(y2)] 5 = [o(21), 0(22), v(y1,92) + o(y1 * 12)]5  (by (38))

= D(z1, 22)v(y1,42) + [0(21),0(22), 0(y1 * y2)] 5 (by (36))

= D(x1, 22)v(y1,Y2) + w1, T2, y1 * ya2) + o([21, 12, Y1 * ¥a]) (by (39))
while its right-hand side is

[o(z1),0(22),0(1)|5 *5 0(y2) + o (1) x5 [o0(21),0(22), 0(y2)] 5
+[o(1),0(y2), 0(21) x5 0(22)]5 — (0(41) *5 0(42)) *5 (0(21) x5 0 (22))
= (w1, w2, y1) + o([z1, 22, 11])) x5 0(y2) + 0 (1) *5 (W1, T2, y2) + 0([21, T2, Y2]))
+[o(), o(y2), v(wr, 22) + 021 * 22)] 5
— (V(y1,92) + oy * yz)) 5 (V@1 m2) + o1 * 22)) (by (38) and (39))
= —p(y2)w (w1, 22,91) + v([21, 22, 11], y2) + o ([21, T2, 1] * Ya2) + p(y1)w (w1, T2, Y2)
+ v(y1, [71, @2, 90]) + 0 (y1 * [21, T2, y2]) + D (Y1, y2)v(@1, 22)
+ WY1, Yo, ¥1 * T2) + o ([y1, Y2, T1 * T2]) + p(w1 * 22)V (Y1, Y2)
— p(y1 * y2)v (21, T2) — V(Y1 * Yo, T1 * T2) — o (Y1 * y2) * (21 * 22)).
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Therefore, comparing these expressions of the left-hand and right-hand sides and
using (B2) for B, we have

D(l‘hxz)V(yhyz) + W(Ilax% U * y2) = V([ﬂﬁl,xm y1]7y2) + V(yh [1‘17@, y2D
+ D(y1, y2)v (21, T2) + w(y1, Yo, 11 * 22) — p(y2)w(z1, T2, 1) + p(y1)w (1, T2, y2)
+ p(z1 * 22)v (Y1, 12) — p(y1 * y2)v(T1, T2) — V(Y1 * Y2, T1 * T2),

which is (CC2). This completes the proof. [

Given a Bol algebra B, V its B-module, and (r,w) a (2,3)-cocycle of B, then
Theorem 3.4 said that B®,.,)V = (B® V,*,,[,,].) is a Bol algebra. Therefore,
the short exact sequence 0 — V' — B®,.)V — B — 0 is an extension of B by V.

Proposition 4.5.  Assume that Ey.) : 0 - V — B®u,)V — B — 0 and
Eywy: 0=V = B® )V — B — 0 are two abelian extensions of a Bol algebra
B by its B-module V. Then E,.y and E .y are equivalent if and only if (v,w)
and (V',w') belong to the same cohomology class.

Proof. Let ¢ : B®,)V — B®( )V be the corresponding homomorphism,
ie. (1 4 up) *, (2 +u2)) = @(x1 + ur) *, (T2 + us) (40)

(71 + ur, T2 + ug, 23 4 usly) = [@(z1 + u1), (T2 + u2), (T3 + u3z)]w (41)

where z; € B and u; € V. Then the commutativity of diagram (see Definition 4.2)
implies that there is a linear map f : B — V such that ¢(z; +w;) = z; + f(x;) + ;.

The left-hand side of (40) is
e((z1+ur) * (T2+uz)) = p(1 % 22 + v(T1, 22) + p(21)(U2) — p(2)(u1)) (by (15))
=21 % 1 + f(21 % m2) + v(21, 72) + p(21)(u2) — p(22)(11)
while its right-hand side is
(1 + ur) * @22 + u2)
= a1 % 1 + V' (21, 22) + p(w1)(f (22) + u) — p(w2) (f (1) + w1).

Thus we obtain

(v = V) (w1, 22) = p(w1) f(22) — p(w2) f(21) — f(21 % 72). (42)
Likewise, from (41), we obtain
(w— W/)(l’hxzaxs)
= D(z1,22) f(23) — 0(21,23) f(22) + 022, w3) f(21) — f([21, 22, 23]). (43)

Therefore, (42) and (43) imply that (v,w) and (¢/,w’) are in the same cohomology
class of the cohomology group H?(B,V) x H3(B,V).

Conversely, let (v —1/,w—w') € B*(B,V) x B3(B,V) and has companion 1. Then
there is a linear map f: B — V such that

(v — V/)(‘Tla@) = p(x1) f(w2) — p(@2) f(21) + AD,p(x17x2)(77) — fxy % x2),
(w—w") (21, 2, 23) = D(1, 02) f(23) —O(1, 23) f (22) +0(202, 23) f (1) — [ ([21, T2, 23]).
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Now define a map ¢ : B®(,.)V — BB )V by setting o(z +u) ==z + f(z) +u,
where f = f+ f and f is a pseudoderivation of B with companion —n, i.e.

-~ ~ ~ -~

f(zy* x2) = p(x1) f(22) — p(22) f(21) + AD p(T1, 22)(—7) — f(21 * T9)

~ -~

= P(xl)f(@) — p(z2) f(x1) = App(w1,22) () — f(21 * 22),

-~ o~ -~ ~

f([z1, 22, 73]) = O(22, 23) f(21) — O(21, 73) f(22) + D (21, 72) f (23).

Clearly ]7 is a linear map B — V and ¢ is well-defined. We proceed to show that
¢ is a homomorphism. We have

((z1 +wr) *, (22 + ug)) = @(x1 * T2 + v(21,22) + p(w1)(u2) — p(22)(u1)) (by (15))

-~

=z %22+ (f + f)(z1 % 22) + v(21,22) + p(21)(u2) — p(T2) (1),

O(x1 + ur) % ©(22 + u2) = 21 * o + V' (21, 22) + p(z1) (f(22) + u2)
- 0(502)(]?(351) +up)

=y % 2 + V' (w1, 22) 4+ (1) (f + f)(22) + p(1)(u2) — p(2)(f + f)(21)
— p(x2)(ur).
((r1 +u1) %, (T2 + u2)) = (a1 * 23 + v(21, T2) + p(1)(u2) — p(22) (1)) (by (15))

-~

=21 % To + (f + f)(z1 % 22) + (21, 72) + p(21)(U2) — p(2) (1),
P14 1) % o9 + ug) = @1 % 29 + 1V (21, 9) + plar)(f(2) + up)
- P(@)(ﬂxl) + uy)

= x1 % @9 + V' (21,22) + p(x1)(f + f)(22) + p(o1)(u2) — p(z2) (f + f)(21)
— p(x2)(u1).
o((z1 +wr) *, (22 +uz)) = @(x1 +ur) *r ©(T2 + ug). (44)

Next we have

o([r1 + ur, 12 + ug, T3 + usly) = [T1, T2, w3 + f([71, 22, 23]) + W (1, T2, 73)
+D(I1, ZEQ)(Ug) - ‘9(1‘1, ZE3)<U2) —+ Q(ZEQ, ZE3)(U1)

while

[p(@1 4+ ur), (@2 + u2), (x5 + uz) | = [@1, T2, T3] + W' (21, T2, T3)

+ D(1, 22) (f(23) + us) — 0(x1, 23)(f(@2) + uz) + 0(x2, 23)(f(21) + w)
= (21, T2, 23] + W' (21, X, 3) + D(x1, x2) f(23) + D(271, xg)f(:vg)

~

+ D(1, 29)(uz) — O(w1, 23) f(22) — 0(21, 23) f(02) — 021, 73) (U2)

-~

+ 0(z9, x3) f(21) + 022, 23) f(21) + O(22, 23) (11).
Thus

o[z + ur, Ty + ug, w3 + usly,) — [p(r1 + 1), p(z2 + u2), p(x3 + uz)]w

= f([z1, w2, ¥3]) = O(w2, 23) f (1) +0(21, 13) f (v2) — D(1, T2) f (23) + f ([0, 2, 73])

— (g, 23) f (1) + 0(w1, w3) f (22) — D(21, 22) f(23) + (w — ') (21, 22, 03) = 0

by the definition of w — ' and f.
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Hence we get

e[y + ur, g 4 ug, w3 + uslw) = [0(21 + 1), (22 + u2), p(3 + ug)ler.  (45)

Therefore, by (44) and (45), there is a homomorphism ¢ : B®q,.\V — B®u oV
so that E(,.) and E . are equivalent. This completes the proof. [ |

Remark 4.6.  From the consideration above (Propositions 4.3, 4.4, and 4.5) we
get that there is a one-to-one correspondence between the set of equivalence classes of

abelian extensions of a given Bol algebra B by its B-module V' and the cohomology
group H*(B,V) x H3(B,V).

Further discussions

We conclude the paper by pointing out some questions that could be of interest for
further investigation.

o We defined a low-dimensional (2,3)-cohomology theory for Bol algebras. One
could set up a general (n,n + 1)-cohomology theory for this class of algebras. Of
course such a theory must include, as a particular case, the one of Lie triple systems.

o In [11, 19], the set of pseudoderivations with companion of a given Bol algebra
is used to construct its enveloping Lie algebra. We generalize the notion of pseu-
doderivation up to the one with respect to a representation of a given Bol algebra
(see Definition 2.12). So it is natural to ask in which extent the construction from
[11, 19] could be generalized. This consideration is motivated by the fact that when
the representation of a Bol algebra reduces to the adjoint representation, then one
recovers the usual pseudoderivation with companion as reminded in Definition 2.4.

« Inrecent years, Rota-Baxter algebras and relative Rota-Baxter algebras of various
types were intensively investigated. Therefore a study of (relative) Rota-Baxter Bol
algebras is topical.
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