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1. Introduction

Given a classical pseudo-differential operator A of order zero on a compact Lie group
(G, in this note we address the problem of reformulating the spectral side of the Weyl
law in the language of the matrix-valued symbols defined in [2]. Similar formulae
are obtained for operators of positive order. Formulae of this type are only known
for the case of the torus G = T", see e.g. Zelditch [12] and here we deal with their
extension to the non-commutative setting.

1.1. Motivation: the quantum ergodicity problem

On a compact Riemannian manifold (M, g), the local Weyl law of Zelditch estab-
lishes that for a classical pseudo-differential operator A € WO(M), of order 0, in
terms of the normalised spectral data {¢;, )\3 of the positive Laplacian —A, on
(M, g) (that are, its system of eigenfunctions ¢; with corresponding eigenvalues )\?)
the following asymptotic expansion is valid (see Zelditch [12])

> (465,65 = ([ aolw,€)dur(,€)) A"+ OO, (1)

s T+*S(M)

for A big enough where ay € C*°(T*M) is the principal symbol of the operator
A, and dup(z,€) is the usual (un-normalised) Liouville measure on the spherical
cotangent bundle T*S(M) = {(z,§) € T*M : ||¢||, = 1}.

When M = G is a compact Lie group, in this note we address the problem of
computing the left-hand side of (1) in terms of the matrix-valued global symbol
of A as developed in [2]. Indeed, according to such a matrix-valued quantisation,
to a pseudo-differential operator, one can associate a unique and globally defined
symbol on the phase space G X G with G being the unitary dual of the group.
Thus, the main problem in reformulatmg the left-hand side of (1) is to translate the
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spectral information (Ag;, ¢;) into an expression involving matrix-valued symbols.
We present this reformulation in Theorem 1.1.

Before presenting Theorem 1.1 and our other observations, we discuss our motiva-
tion, which arose from the problem of understanding the local Weyl formula and
its relation with the quantum ergodicity problem. We have denoted the eigenvalues
of the Laplacian by )\12.. They are usually understood as different levels of energies
E; = )\5, and the most basic quantities testing the asymptotics of eigenfunctions
are the matrix elements (A¢;, ¢;).

These matrix elements measure the expected value of the observable A (when the
order of this operator is zero) in the energy state ¢;. Much of the work in quantum
ergodicity is devoted to the study of the limits of (A¢;, ¢;), see e.g. Schnirelman
[5]. These limits are still the most accessible aspects of eigenfunctions. Indeed,
accumulation points of the sequence (A¢;, ¢;) are called quantum limits of the
system (¢;) with respect to the observable A. A fundamental problem in quantum
mechanics is to determine whether or not, the sequence (A¢;,¢;) has a unique
quantum limit. This is known as the quantum unique ergodicity problem.

The local Weyl formula is connected with the quantum unique ergodicity problem.
Indeed, if N(A\) = #{j : A; < A} is the eigenvalue counting function of /—A,,
then (1) implies that
. 1 N 1 /
)\h_{go W Z (A¢J7 ¢J) - VO](T*S(M)) . f aO(xvg )d:uL(xv 5)7 (2)

<A S(M)

where Vol(T*S(M)) # 0 denotes the volume of the co-sphere bundle when the closed
manifold M # () is non-empty. So, if the observable A is a self-adjoint operator of
order zero, there is a sub-sequence of matrix elements (A¢;, ¢;) which converges to

the quantum limit QL := [p.gn) ao(, & )dpr(z,£').
1.2. Main results

In order to present our results we refer the reader to Section 2, to Subsection 2.3
and to Remark 3.1 for the notations used below.

We denote by L the canonical positive Laplacian on G. Its discrete spectrum
{pe = [§] € G} can be enumerated with the unitary dual G. Then, we use the
notations [¢| := /i, and N(A) = #{[¢] € G : |¢€] < A} for the eigenvalues of VLg
as well as for its Weyl eigenvalue counting formula, respectively.

Our main tool is the following formula

dg

D (AL, &) = é Tr(ogon(, §))dx (3)

i,j=1

presented in Lemma 3.2, where dx is the normalised Haar measure on G, and
A € ¥°(Q) is a classical pseudo-differential operator of order zero, ogon(, ) denotes
its global matrix-valued symbol (c.f. [2]) the functions &;; are matrix-coefficients of
a fixed unitary and irreducible representation £ of GG, and d¢ denotes its dimension.
As a consequence of (3), we derive the results below.
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Theorem 1.1.  Let G be a compact Lie group of dimension n, and let A € WO(G)
be a classical pseudo-differential operator of order zero. In terms of the following
data:

e first, with oy, being the (Hormander) principal symbol of A,
e denoting by ogon the matriz-valued symbol of A defined on G X @,

e and with py denoting the standard (un-normalised) Liouville measure on the
co-sphere bundle T*S(G),

for any A > 0, the partial trace of A admits the asymptotic expansion
> e Te(oon(w,)dr = (] oael,€)dpun(w, €)X+ OO (1)
< G T8(G)
[€]€G: lel<x

Moreover, the convergence at infinity of its average with respect to the eigenvalue
counting function N(X) := #{[¢] € G : |{| < A} is given by the quantum limit
. 1 1
lim —— de [ Tr(ogon (2, €))dr = ———— Oroc(, ENdpr(z,&). (5
ae N GZK|<,\£é (Ta10n(2, £))dr = Gommeras T*gf(G)l (2, &) dp(x,€). (5)
cG: g|I<

Now, we present the following application of Theorem 1.1 to quantum limits.

Corollary 1.2. Under the hypothesis of Theorem 1.1 and by assuming that
A s self-adjoint (an observable) on L*(G), there exists a sequence of unitary
representations &; of the group G such that the sequence

{de; é Tr(ogon(7, &;))dz};

converges to the quantum limit QL := [ oy0c(2, & )dpr(z,€').
T+$(G)

In the following Theorem 1.3 we relax the usual ellipticity condition on the operator?
by imposing the positivity of its matrix-valued symbol (see Remark 3.3).

Theorem 1.3. Let A € V" (G) be a classical pseudo-differential operator, let
m >0 and let us assume that its matriz-valued symbol is positive, i.e.

V(z,[€]) € G x G, Tr(ogob(x, [€])) > 0. (6)

Then, for any A > 0, the partial trace of A satisfies the growth estimate

S° de J Tr(0gon(2,€))da < G a A 4 O, (7)
et le<n

where Cp a4 = QL= [ oy, & )dpr(z,£).
T+8(Q)

Remark 1.4. In Theorem 1.3 the matrix-valued symbol of the operator A€ ¥™(G)
satisfies the trace condition (6) if e.g. on every representation space the matrix-

valued symbol is a positive definite matrix i.e. if V(z, [¢]) € G X G, Tglob(, [€]) > 0.

! See e.g. the discussion in Strichartz [9].
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2. Preliminaries

2.1. The Fourier analysis of a compact Lie group

Let dz be the normalised Haar measure on a compact Lie group G. The Hilbert
space L*(G) will be endowed with the inner product

(f,9) = ff(ﬁ)mdx
G

Next we present some basic facts about the representation theory of compact Lie
groups.

Definition 2.1 (Unitary representation of a compact Lie group). A continuous and
unitary representation of G on C! is any continuous mapping & € Hom(G, U(¢)),
where U(/) is the Lie group of unitary matrices of order ¢ x ¢. The number
¢(=dim (&), also denoted by ¢=dg, is called the dimension of the representation &.

Remark 2.2 (Irreducible representations). A subspace W C C% is called ¢-
invariant if for any x € G, &(z)(W) C W, where {(x)(W) = {{(x)v : v € W}.
The representation £ is irreducible if its only invariant subspaces are W = {0}
and W = C% . Any unitary representation ¢ is a direct sum of unitary irreducible
representations.

Definition 2.3 (Equivalent representations).  Two unitary representations ¢ and
n are equivalent if there exists an invertible linear mapping S : C% — C% such that
for any x € G, S&(x) = n(x)S. The mapping S is called an invertible intertwining
operator between £ and 7).

Definition 2.4 (The unitary dual).  The relation ~ on the set of unitary rep-
resentations Rep(G) defined by: & ~ n if and only if & and n are equivalent
representations, is an equivalence relation. The quotient G = Rep(G)/~ is called
the unitary dual of G.

The Fourier transform of a function is defined on unitary representations as follows.

Definition 2.5 (Group Fourier transform).  If £ € Rep(G), the Fourier transform
F associates to any f € C*(G) a matrix-valued function % f defined on Rep(G)
as follows

(Faf)(€) = f(©) = [f(@)g(@)dzr, § € Rep(G), £(x)" = )z ed.
Note that if Ny := ZN[0, 00), then Fa f : Rep(G) = Uyen, C¢ is a matrix-valued
mapping.

Remark 2.6 (The Fourier inversion formula on a compact Lie group). The
discrete Schwartz space . (G) := F¢(C*(G)) is the image of the Fourier transform
on the class of smooth functions. This operator admits a unitary extension from

L*(@) into

£6) = {o: ep(@) > U € ol = ( X delo@lis) <o} 9

deNg [€le@
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The norm ||¢(€)||us is the standard Hilbert-Schmidt norm of matrices. The Fourier
inversion formula takes the form

Vo € G, flx) =Y deTr[é(x) f(E)], f € C¥(G), (9)
[€)eG
where the summation is in such a way that from each class [{] we choose a unitary

representation £. For proof of these facts see e.g. [2, Proposition 10.3.17 and
Theorem 10.3.23].

2.2. The quantisation formula

Next we present the aspects related to the matrix-valued quantisation as developed
in [2]. For this we require the following definition.

Definition 2.7 (Right convolution kernel of an operator). Let A:C*(G) — C*(G)

be a continuous linear operator. The Schwartz kernel theorem associates to A

a kernel Ky € 2'(G x G) such that Af(x) = [ Ka(z,y)f(y)dy, [ € C®(G).
e

The distribution defined via Ra(z,zy™') := K4(x,y) that provides the convolution
identity
Af(@) = | Ralw,zy™)f(y)dy, | € C(G),

is called the right-convolution kernel of A.

Remark 2.8. By following [2, Theorem 10.4.4], one can apply (9) to show that
A:C>(G)— C’OO(G) can be written in terms of the Fourier transform as follows

= Y ATl () Ral, ) F()], f € C=(G). (10)

€leG

Note that R(z, &) denotes the Fourier transform of the distribution y — Ra(z,y).
In general, one needs to introduce a suitable space of distributions on G x G with
matrix-valued test functions to make sense of (10). We introduce this space in the
following definition.

Definition 2.9 (Matrix-valued distributions defined on G x G).  Let
c:GxG— U ct,

€Ny
be a matrix-valued function such that for any [¢] € G, o(-, [€]) is of C*°-class, and
such that, for any given x € G there is a distribution R(z,-) € 2'(G), smooth in
x, satisfying o(z, &) = E(f, €), ¢ € G. Then we will say that o is a matrix-valued
distribution on G x G.

That any continuous linear operator A : C*°(G) — C*(G) admits a unique matriz-
valued distribution o4, in the sense of Definition 2.9, that is, in such a way that for
any [£] € G, oa(x,€) = Ra(x,§), can be found in detail in [2, Theorem 10.4.4]. The
following theorem summarises this fact by combining Theorems 10.4.4 and 10.4.6 of
2, pp. 552-553].
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Theorem 2.10. Let A: C®(G) — C*(G) be a continuous linear operator. The
following statements are equivalent.

e There exists a distribution o4(z,[¢]) : G X G — Ugen,C™ that satisfies the
quantisation formula

VfeC®(G), V€ G, Af(z) = deTr[e(a)oala, [E)F(E)].  (11)
. [leG
e V(z,[¢]) € G X G, 0a(x,&) = RA(ZE £).

o V(x,[€]), oalx,€) = () A&(w), where A&(x) == (A&;(2))i5-, -

Using the terminology in [2], the function o4 in Theorem 2.10 is called the matrix-
valued global symbol of A. We will change this notation in the case where A is a
pseudo-differential operator on G, using oo, for the global matrix-valued symbol
o of A in order to distinguish it from the standard principal symbol of A, which
we always denote by oj,c, see (14) in Subsection 2.3.

Example 2.11 (Symbol of a Borel function of the Laplacian).  In this note, we
consider the inner product ¢(X,Y) = (X,Y), := —Tr[ad(X)ad(Y)] on g. Note that
(+,-)y is the negative of the Killing form. Let X = {X;,---, X,,} be an orthonormal
basis of g with respect to (+,-)y. The canonical positive Laplacian on G is defined
via Lg=—->" j=1Xj, and then is independent of the choice of X. The spectrum of
Lq is a discrete set that can be enumerated in terms of the set G as

Spect(Le) = {g : [¢] € G} (12)

For a Borel function f : Rf — C, consider the operator f(Lg) defined by the
spectral calculus. One can apply Theorem 2.10 in order to compute the symbol of
f(Leg) as follows

Or(ee) (@, 8) = &(2)" [(La)s () = fg)lac- (13)
Note that the symbol o¢(£) (&) = 0f(ze) (2, &) does not depend of the spatial variable
req.

2.3. Notations

The following notation taken from [1, 2, 12] will be used in the next section.
o For all m € R, U™(G) := ¥ (G) denotes the Kohn-Nirenberg class of
pseudo-differential operators of order m, see Hormander [1].

« We denote by [£]| := Ve [€] € G, the system of eigenvalues of v/ L.

o The unit (co-) ball bundle is denoted by T*B(G) = {(x,€&) : ||£]ly < 1}. Its
boundary T*S(G) = {||{||; = 1} is the spherical vector bundle.

o duy, is the standard Liouville measure on T*S(G), i.e. the surface measure
dp = % induced by the Hamiltonian H = ||¢||, and by the symplectic

volume measure dzdé on T*G.

« We denote by oy : G X G — Urserec End(C) the matrix-valued symbol of a
classical pseudo-differential operator A € ¥°(G). Then, by Theorem 2.10

V€] € G, Va € G, ogop(z, €) = £(x) AL(x). (14)
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3. The spectral side of the local Weyl formula on G

We start this section with the following remark.

Remark 3.1. Let us choose one (any) representative ¢ from each equivalence
class [¢] € G. Each € : G — End(C%) is a continuous mapping where d¢ = dim(¢) is
its dimension. For any x € GG, £(x) is a unitary linear operator. In terms of a basis of

Cde | £(x) : Cl% — C%, can be identified with a unitary matrix &(x) = (5ij<x))§l,§-:1.
If one considers the system of functions

Bi={d2¢;:1<i,j <d, [¢] € G} (15)

Then B consists of eigenfunctions of the positive Laplacian and it provides an
orthonormal basis of L?(G), see e.g. [2, pp. 488, 525].

3.1. Local Weyl formula for zero order operators

The core observation of this note is the algebraic formula (16) of the following lemma.

Lemma 3.2. Under the assumptions of Theorem 1.1 and with the notation in
Remark 3.1 the following formula holds:

de

Z(Afij,@j) :éTr<Uglob(x7£>>dx' (16)

ij=1

Proof of Lemma 3.2. In view of (14) we have that A{(x) = &(z)og0n(2,§), for
every (z,[¢]) € G x G. Note that for any 1 <4, j < dg,

de
ALij () = (E(@)og0b(,£)i7 = Y E(@)ir0g0b (7, s (17)
k=1
In view of the identity
(A(dfgij), dg%&'j) = de(A&ij, &ij) = dEéAgij(x)@ijdxa (18)
and plugging (17) into (18) we obtain that
de de .,
Z de (A&, &ij) = de Z ég(x)iko—glob(ajag)kjg(x)jidx
ij=1 i k=1

= d»sC/;Tr[é(fﬂ)aglob(%f)é(w)*]dﬂi

Now, since the spectral trace is invariant under unitary transformations, we have
that

dféTr[g(I)gglob(xa g)f(l‘)*]dl' = dfé Tr[o-glob(xa g)]dl’

Since d¢ > 1, the proof of Lemma 3.2 is complete. |
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Proof of Theorem 1.1. In view of (1) applied to the basis (¢;); = B we have
the asymptotic formula

ZZ (036). d265) = (| oelw, €)dpun(a,€) )N+ O, (19)

I€|<A ij=1 T+5(G)

any A > 0, where 0y, € C*°(T*@G) is the principal symbol of A, and u denotes
the Liouville measure on T*S(G). Then, the validity of (4) follows from Lemma 3.2.

To prove the equality
1

)\1_{20 Ni Z dffTr(o-glob<x g))dI = W j;GO)'IOC(ZE,fl)dML<x,€,), (20)

HGG |£\<>\

where N(\) := #{[¢] : |£| < A} is the spectral function of v/ L, note that

ANE)\)édgTI'(Uglob(x,fndx = ( [ Otee(x, & )dug(z, §)> N + O\ ) (21)

T*S(G)

Since A" x NOO™! = 1/(Vol(T*S(G))) > 0, A — o0,

(for this fact see e.g. Strichartz [9]) the term of the right-hand side can be neglected
since it goes to zero when A — oo proving (5). n

3.2. Local Weyl formula for operators of positive order

In this subsection A € U™((G) denotes a classical pseudo-differential operator of
order m > 0.

Proof of Theorem 1.3. Let us use the notation of Subsection 2.3. As (),

induces an inner product on the dual g*, denote by [|£]|, = \/(&,&), the length of
a co-vector.

T*G is parallelizable, that is 7*G' = G x g*. Then, the (Hérmander) principal
symbol of Ls is given by (see e.g. Wallach [10, Page 16])

V(z,0) € (T"G\{0}) = (G x g"\ {0}), roceq (2, 0) = (60,0), = [|0]5.  (22)

Moreover, using the version of Strichartz [8, Theorem 1] of Seeley’s functional
calculus [4], we have that vLg € U'(G) is a pseudo-differential operator of first

order. Since \/ZG is not invertible, let \/Zgl be the inverse of \/ZG on the
orthogonal complement of its kernel, i.e. if Py is the L?-orthogonal projection
on Ker(v/Lg), then

\/Z;I\/ZG = \/Zg\/zg;l =I1—-F), Vf e Kel"(\/Zc:), \/Z;vlf =0.

That this operator agrees with the operator f(Lg), defined by the spectral calculus

where f(t) =t¢!, and that \/Zé1 € U1(G) can be found in Shubin [6, Chapter II,
p. 93], see also the remark in Strichartz [8, Page 712].

Let us consider the operator \/Z;f” = (\/Z;)m defined by the spectral calculus,
and define the pseudo-differential operator

A=AVL," € V(Q). (23)
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One also has the property (see Shubin [6, Chapter II, Page 93])

VLG Vi = VELAVLy" =1— Py, Vf € Ker(VLe), VLg f :=0.

In view of the identity

A=Al = AWLS VLG + Py) = AVLG + AP,

we have that for any £ € Rep(G), with £ # 15, where 15 denotes the irreducible
trivial representation, one has that Pyé(z) = 0, and consequently

Oaion (7, €) = E(2)"(AL(w)) = £(2)" AVLGE (x) = () (AL(x)) = (€(2)" AL ()¢ L.

From this, note that the matrix-valued symbol Ggop(2,&) = &(x)*A(z) of A, on
every representation space (different from the trivial one, which corresponds to
|€] = 0) is given by

V(w,€) € G x (G\{1g}); Gaon(,€) = ogon(w, €[] (24)

In view of Theorem 1.1 we have the local Weyl formula

Y d C{Tr(&glob(x,f))dx:< I 5100(x,§’)duL(x,£’)>)\”+O(/\”_1), (25)

(€€ [6]<A T8(@)

where g0, and 0jo¢ ~denote the matrix-valued symbol and the (Hérmander) local
principal symbol of A, respectively. Note that on the co-sphere, |0, = 1 for all
6 € g*\ {0}, and

V(z,0) € (T"G\{0}) = G xg"\{0}, Guoc(,0) = 010c(2, 0)[|0]| ;™ = Tgron(,0). (26)

Then, we have

S €™ [ Te(oga(x, €))dz

[€)eq: 0<[e|<A “
= (] Gl s .€)) X+ OO = [ Telagon (. 1)l
T§(G) e

(T oudn O, €) )N+ ON) — | Trlgyon(r, 16))d
{(®,8"):11€" lg=1} G

— (S el )dpur (@, €) )X+ O = | TrfGgan(a, 15))da.
T*S(G) G
For all 0 < [£] < A, we have that A= < |£|7™. In view of (6) we have that

AT Z dg(f; Tr(ogiob(, §))dx

[€]eG:0<g]<A

< (I Oeele €)dpn(w,€) )N+ ON™Y) = | Telogn(z, 1)) dr.
T+S(G) G
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Consequently,

Z dEéTr(o'glob<-T,f))d$

[E]€G:0<|€|]<A

< (T Ol €)dun (w, €) )X OO [ Ta(gon (1)} dA™
T*S(G) G

The analysis above proves (7). Indeed, note that [; Tr[Ggon(x, 15)] = 0. To see this
note that 1 € Ker(Lg), and the functional calculus implies that for any function

fe€XKer(Lg), vVLc " f =0. Then, since 15(z) = 1 for any = € G, we have that

Uglob('x 1 A\/ EG = A\/ £Gim1 =

The proof of Theorem 1.3 is complete. [ |

Remark 3.3. Let P (vq,---,v¢) = v1 be the projection operator in the first
component on every representation space C, [£] € G. Note that P: > 0, and
define A to be the operator associated to the symbol oo (2,&) = [£|™ P, m > 0.
Note that A satisfies the condition in (6) and then the hypothesis in Theorem 1.3.
However, A is not elliptic, indeed its matrix-valued symbol is not invertible for any
|| > 0. This is an example of a non-elliptic operator that can be analysed with
Theorem 1.3 but cannot be treated with the standard Weyl law.

Remark 3.4 (Expected value of multiplication operators).  Let » € C*(G) be
a smooth function. Let A, : L*(G) — L*(G), A,.f := sf, be the corresponding
multiplication operator by s¢. Let us analyse the behaviour of the expected values

(A(d2€)), d2 &) = de(A&y, &) = de (635, &) (27)

1
where any ¢;; ¢ 1= d¢&;; is an element of the basis B in (15). According to Lemma
3.2 we have the identity

N7 Z de(A6;,€5) = 3y 2 de S Trl(ogon(,€))d (28)
\§|<)\ i,j=1 |E|<>\
where gon (2, ) is the global symbol of A,,. Now, due to (14) we have that
Ogton (., €) = E(2)"52(2)€(z) = #(2)Ig,, [€] €T, 2 €G,

where I, is the identity operator in C% . Consequently,

— L 2
)}Ln;o N Z dngr Tgiob(T,&))dr = ,\ILHSO oY d&:(f; »(z)dz
\§|<)\ [€1<A
:é%(x)dx. (29)

In view of Theorem 1.1 we deduce that following simplified version of (5)

m / %($)dML(m,€’):Cf;%(x)dI. (30)

T*S(G)
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Note that, if the function s € C*(G) is real-valued, the convergence of the average

1
(28) when A — oo, implies the existence of a sub-sequence dZ¢§;, ;. of energy states
in B such that limy o de(5¢&;, j,, &) = [ 2(x)dz, which shows that the Haar
a

integral [ »(x)dx is a quantum limit of the sequence B with respect to A,,.

G
Proof of Corollary 1.2. Let us use a numerable correspondence between N
and the unitary dual G = {[¢;] : j € N}. Let us define the sequence

A, =dg, [ Tr[ogp(z, &)]de.
G

Let S,, be the average sums of the sequence {4, },en. Note that from Theorem 1.1
we have the identity

lim % Z A; = lim ﬁSN(n) = [ Owelz,&)dur(z,¢). (31)

— *
€115 <n B T*8(G)

Then, there exists a sub-sequence {A4,,} such that when j — oo,

Any = [ owc(@,&)dpr(z, &) (32)
T+S(Q)
The proof of Corollary 1.2 is complete. u
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