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Abstract. We prove some properties of the cosymplectic Lie algebras and show, in particular,
that they support a left-invariant product. We also provide some methods to construct these
algebras and classify them in dimensions three and five. These constructions provide a large class
of left-symmetric algebras in odd dimensions.
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1. Introduction
Cosymplectic manifolds were introduced by Libermann in 1958. She defined them
as follows. An almost cosymplectic structure on a manifold M of odd dimension
(2n+1) is a pair (α, ω) , where α is a 1-form and ω is a 2-form such that α∧ωn is
a volume form on M . The structure is said to be cosymplectic if α and ω are closed.
Any almost cosymplectic structure (α, ω) uniquely determines a smooth vector field
ξ on M, called the Reeb vector field of the almost cosymplectic manifold (M,α, ω) .
It is completely characterized by the following conditions

α(ξ) = 1 and ιξω = 0, (1)

where ι denotes the inner product. If we consider the vector bundle morphism
Φ : X(M) −→ Ω1(M) defined by

Φ(X) = ιXω + α(X)α, (2)

for all X ∈ X(M) , then the condition that α∧ωn is a volume form is equivalent to
the condition that Φ is a vector bundle isomorphism. In this case the Reeb vector
is given by ξ = Φ−1(α) . For more details on cosymplectic geometry, we refer the
reader to the survey article [5], and the references therein.
In this paper, we are interested in Lie groups admitting a cosymplectic structure
which is invariant under left translations (left-invariant). Let G be a (2n + 1)-
dimensional real Lie group and let g be the corresponding Lie algebra. Denote by
e the unit element of G . If G is endowed with a left-invariant differential 1-form
α+ and 2-form ω+ such that (α+, ω+) is a cosymplectic structure, we will say that
(G,α+, ω+) is a cosymplectic Lie group and that (g, α, ω) is a cosymplectic Lie
algebra, where α = α+(e) and ω = ω+(e) .
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The fact that (g, α, ω) is a cosymplectic Lie algebra this is equivalent to the following
conditions:

1. α([x, y]) = 0 , ∀x, y ∈ g .
2. ω([x, y], z) + ω([y, z], x) + ω([z, x], y) = 0 , ∀x, y, z ∈ g .
3. α ∧ ωn 6= 0 .

The Reeb vector field is the unique left-invariant vector field ξ+ satisfying α(ξ) = 1
and ιξω = 0 . If ξ+ is the Reeb vector field of (G,α+, ω+) , then ξ = ξ+(e) is called
the Reeb vector of (g, α, ω) . Note that, because of 1. , a semi-simple Lie algebra (or,
more generally, a Lie algebra satisfying [g, g] = g) cannot support a cosymplectic
structure. We refer to [4] for more information on the five-dimensional cosymplectic
Lie algebras and their classification.
To begin, we need some basic definitions that we will use throughout the paper.
Let (A, ·) be an algebra over K , not necessarily associative or not necessarily finite-
dimensional. The associator (x, y, z) of the three elements x, y, z∈A is defined by

(x, y, z) = (x · y) · z − x · (y · z).

An algebra (g, ·) over K with a bilinear product (x, y) 7→ x · y is called LSA, if the
product is left-symmetric, i.e., if the identity

(x, y, z) = (y, x, z)

is satisfied for all x, y, z ∈ g . For a left-symmetric algebra A , the commutator

[x, y] = x · y − y · x

defines a Lie algebra g := gA , which is called the sub-adjacent Lie algebra of A .
A symplectic Lie algebra (g, ω) is a real Lie algebra with a skew-symmetric non-
degenerate bilinear form ω such that for any x , y , z ∈ g ,∮

ω([x, y], z) = 0, (3)

this is to say, ω is a non-degenerate 2-cocycle for the scalar cohomology of g , where∮
denotes summation over the cyclic permutation. It is known that (see [6] and

[11]) given a symplectic Lie algebra (g, ω) , the product given by

ω(x ∗ y, z) = −ω(y, [x, z]), ∀x, y, z ∈ g, (4)

induces a left-symmetric algebra structure “∗” on g that satisfies x∗y−y∗x = [x, y] .
In this case, we say that the left-symmetric product “ ∗ ” is associated with the
symplectic Lie algebra (g, ω) . Geometrically, this is equivalent to the existence of
left-invariant affine structure (a left-invariant flat torsion-free linear connection) on
a symplectic Lie group .
The paper is organized as follows. In Section 2 , we show that any cosymplectic Lie
algebra supports a left-symmetric product and explore some of their properties. In
Section 3 , we present some procedures to construct cosymplectic Lie algebras. In
particular, we suggest two different constructions of cosymplectic double extensions.
In the last section we will prove some results in low dimensions and obtain a
classification of three- and five-dimensional cosymplectic Lie algebras.
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Notations: Let {ei}1≤i≤n be a basis of g . We denote by {ei}1≤i≤n its dual basis
on g∗ and by eij the 2-form ei ∧ ej ∈ ∧2g∗ . We denote by 〈e〉 the Lie algebra
spanned by e .
The software Maple 18r has been used to check all needed calculations.

2. Left-symmetric product associated with cosymplectic Lie algebra
It is known that any symplectic Lie algebra can be equipped with an affine structure.
On the other hand, a contact Lie algebra does not necessarily admit a left-symmetric
product. Our main result is to show that any cosymplectic Lie algebra supports
a left-symmetric product. In the following, we consider a (2n + 1)-dimensional
real cosymplectic Lie algebra (g, α, ω) with Reeb vector ξ . Therefore, we have an
isomorphism

Φ : g −→ g∗, x 7−→ ιxω + α(x)α. (5)
Throughout the remainder of this paper, we set h = kerα ∈ g and ωh = ω|h×h .

Lemma 2.1. Let (g, α, ω) be a cosymplectic Lie algebra with the Reeb vector ξ .
Then, h is an ideal of g and (h, ωh) is a symplectic Lie algebra.

Proof. For x ∈ h and y ∈ g , we have

α([x, y]) = −dα(x, y) = 0,

where d is the Chevalley-Eilenberg differential. Hence h is an ideal of g . To prove
that (h, ωh) is a symplectic Lie algebra, it is clear that ωh is a 2-cocycle. Consider
a basis {ξ, e1, ..., e2n} of g , with {e1, ..., e2n} is a basis of h . We have

0 6= α ∧ ωn(ξ, e1, ..., e2n) = ωn
h (e1, ..., e2n).

Then, (h, ωh) is a symplectic Lie algebra.

Denote by “∗” the left-symmetric product associated with the symplectic Lie algebra
(h, ωh) and (·, ·, ·)∗ its associator ( i.e., (x, y, z)∗ = (x∗y)∗z−x∗(y∗z) , ∀x, y, z ∈ h) .
As in the symplectic framework, the non-degeneration of Φ defines a product “ · ”
on g by

Φ(x · y)(z) = −Φ(y)([x, z]), for all x, y, z ∈ g. (6)

Proposition 2.2. The product defined by (6), is characterized by the following
properties.
(1) For all x, y ∈ h, we have x · y = x ∗ y + ω(x, adξy)ξ .
(2) For all x ∈ g, we have ξ · x = adξx and x · ξ = 0.
Proof. (1) For all x, y ∈ h , and z ∈ g , the relation (6) becomes

ω(x · y, z) + α(x · y)α(z) = −ω(y, [x, z])− α(y)α([x, z]) = −ω(y, [x, z]).

For all z ∈ h , we have ω|h(x · y, z) = −ω|h(y, [x, z]) and

α(x · y) = −ω(y, [x, ξ]) = ω(x, [ξ, y]), for z = ξ.

(2) If x = ξ and y ∈ h is arbitrary, the relation (6) becomes

ω(ξ · y, z) + α(ξ · y)α(z) = −ω(y, [ξ, z]).
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On the one hand, if z = ξ we obtain α(ξ · y) = 0, then ξ · y ∈ h . On the other hand
for all z ∈ h , we have ωh(ξ ·y, z) = −ωh(y, [ξ, z]) = ωh([ξ, y], z) . Hence, ξ ·x = adξx ,
for all x ∈ g .
Finally, if y = ξ , we also have ω(x · ξ, z) + α(x · ξ)α(z) = 0 .
Thus, x · ξ = 0 , for all x ∈ g .
The following lemma shows that adξ is a derivation relatively to the left-symmetric
product associated with the symplectic Lie algebra (h, ωh) .

Lemma 2.3. For all x, y ∈ h, we have adξ(x ∗ y) = adξx ∗ y + x ∗ adξy .

Proof. First, it is easy to see that adξx ∈ h for all x ∈ h . Let x, y, z ∈ h . By
using relations (3) and (4) and Jacobi identity, we have

ωh(adξ(x ∗ y)− adξx ∗ y, z) = ω([ξ, x ∗ y], z) + ω(y, [[ξ, x], z])

= −ω([z, ξ], x ∗ y) + ω(y, [[ξ, x], z]) = ω([x, [z, ξ]], y)− ω([[ξ, x], z], y)

= ω([[x, z], ξ], y) = −ω([ξ, y], [x, z]) = ωh(x ∗ adξy, z).

The following theorem shows in particular, that any cosymplectic Lie algebra sup-
ports a left-symmetric product.

Theorem 2.4. The product “ · ” given by Φ(x · y)(z) = −Φ(y)([x, z]) for all
x, y, z ∈ g, induces a left-symmetric product on g.

Proof. On the one hand, for all x, y, z ∈ h , we have

(x, y, z) = (x · y) · z − x · (y · z)
= (x ∗ y + ω(x, [ξ, y])ξ) · z − x · (y ∗ z + ω(y, [ξ, z])ξ)

= (x ∗ y) · z + ω(x, [ξ, y])ξ · z − x · (y ∗ z)
= (x ∗ y) ∗ z + ω(x ∗ y, [ξ, z])ξ + ω(x, [ξ, y])ξ · z − x ∗ (y ∗ z)− ω(x, [ξ, y ∗ z])ξ
= (x ∗ y) ∗ z − x ∗ (y ∗ z) + ω(x, [ξ, y])ξ.z + A(x, y)ξ

= (x, y, z)∗ + ω(x, [ξ, y])ξ.z + A(x, y)ξ,

where A(x, y) = ω(x∗y, [ξ, z])−ω(x, [ξ, y ∗z]) . It is clear that (x, y, z)∗ = (y, x, z)∗ .
Using (3) and the fact that ω(ξ, .) = 0 , we obtain ω(x, [ξ, y]) = ω(y, [ξ, x]) , and

A(x, y)− A(y, x) = ω([x, y], [ξ, z])− ω(x, [ξ, y ∗ z]) + ω(y, [ξ, x ∗ z])
= −ω(z, [[x, y], ξ]) + ω(y ∗ z, [x, ξ])− ω(x ∗ z, [y, ξ])
= ω(z, [ξ, [x, y]]) + ω(z, [y, [ξ, x]]) + ω(z, [x, [y, ξ]]) = 0.

It follows that (x, y, z) = (y, x, z) for all x ,y ,z ∈ h . On the other hand, let x, y ∈ h ,
we have

(ξ, x, y)− (x, ξ, y) = (ξ · x) · y − ξ · (x · y)− (x · ξ) · y + x · (ξ · y)
= (adξx) ∗ y + ω([ξ, x], [ξ, y])ξ − adξ(x.y) + x ∗ adξy + ω(x, [ξ, [ξ, y]])ξ.
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Then, (ξ, x, y)− (x, ξ, y) = 0 is equivalent to{
adξ(x ∗ y) = adξx ∗ y + x ∗ adξy

ω([ξ, x], [ξ, y]) = −ω(x, [ξ, [ξ, y]]).

The first equation is ensured by Lemma 2.3 , while the second follows from the
closure of ω and from the fact that ω(ξ, .) = 0 .

It is known that (see, for example, [10] Proposition 1-1) on a Lie group, an affine
connection is bi-invariant if and only if its associated left-symmetric product is
associative. We obtain the following result.

Corollary 2.5. Let (G,α+, ω+) be a cosymplectic Lie group with the Reeb vector
ξ+ . The affine structure associated is bi-invariant if and only if the following
conditions are satisfied for all x, y, z ∈ h :

(1) (x, y, z)∗ = ω(adξy, x) adξz .
(2) x ∗ adξy = 0.
(3) (adξx) ∗ y = (adξy) ∗ x.
(4) ad2

ξx = 0.

Remark 2.6. Note that, if adξx = 0 , then the relation 1. becomes (x, y, z)∗ = 0
for all x, y, z ∈ h . This means that the left-symmetric product “ ∗ ” associated with
the symplectic Lie algebra (h, ωh) is associative, which is equivalent to saying that
(h, ωh) is a symplectic Novikov Lie algebra (see [1] for more details).

3. Cosymplectic double extensions
We suggest two different constructions of cosymplectic double extensions. In the
first construction, we combine two characterizations of the cosymplectic Lie algebras.
The second way of construction got inspiration from the notion of symplectic double
extension.
Double extensions of Lie algebras: Let (g, [ , ]) be a Lie algebra, θ ∈ Z2(g) a
2-cocycle, and (g(θ,e), [ , ]θ) the central extension of g by the 2-cocycle θ , i.e.,

g(θ,e) = (g⊕ 〈e〉, [ , ]θ) with [x, y]θ = [x, y] + θ(x, y)e, x, y ∈ g.

Let g = 〈d〉⊕ g⊕〈e〉 be the direct sum of g with the one-dimensional vector spaces
〈e〉 and 〈d〉 . Define an alternating bilinear map, [ , ] : g× g −→ g as follows

[x, y] = [x, y] + θ(x, y)e, x, y ∈ g,

[d, x] = φ(x) + λ(x)e, x ∈ g, (7)
[d, e] = v + te,

where D = (φ, λ, v, t) ∈ End(g)× g∗ × g× R . Set

∂φ(x, y) := φ([x, y])− [φ(x), y]− [x, φ(y)]

θφ(x, y) := θ(φ(x), y) + θ(x, φ(y)).

We have the following result.
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Proposition 3.1. The alternating map given by (7) defines a Lie algebra (g, [ , ]),
if and only if

(1) ∂φ = θv,

(2) tθ − θφ = dλ,

(3) v ∈ Z(g) ∩ ker(θ),
where ker(θ) = {x ∈ g | θ(x, y) = 0, ∀y ∈ g}.

Proof. On the one hand, for all x, y ∈ g , we have∮
[[d, x], y] = [[d, x], y] + [[x, y], d] + [[y, d], x]

= [φ(x) + λ(x)e, y] + [[x, y] + θ(x, y)e, d]− [φ(y) + λ(y)e, x]

= [φ(x), y] + θ(φ(x), y)e− φ([x, y])− λ([x, y])e− θ(x, y)v

− tθ(x, y)e− [φ(y), x]− θ(φ(y), x)e

=
(
∂φ(x, y)− θ(x, y)v

)
+
(
θφ(x, y)− tθ(x, y)− λ([x, y])

)
e.

Hence (1) and (2) hold. On the other hand, we have for all x ∈ g∮
[[x, e], d] = [[x, e], d] + [[e, d], x] + [[d, x], e]

= 0 + [v + te, x] + 0 = [v, x] + θ(v, x)e.

Hence v ∈ Z(g) ∩ ker(θ) . The other possible Jacobi identities are immediately
checked.

Under the conditions of Proposition 3.1 , the Lie algebra g(D, θ) = (g, [ , ]) is called
the double extension of (g, [ , ]) by (D, θ) , where

D = (φ, λ, v, t) ∈ End(g)× g∗ × g× R .

Remark 3.2. (1) The Lie algebra g(D, θ) is a semi-direct product 〈d〉n(g⊕〈e〉)
of the abelian Lie algebra 〈d〉 with the central extension g ⊕ 〈e〉 relatively to the
derivation D ∈ Der(g⊕ 〈e〉) which is given by

D(x) = φ(x) + λ(x)e, x ∈ g, D(e) = v + te.

(2) φ is a derivation of Lie algebra g if and only if v = 0 or θ = 0 . In particular,
this holds when either Z(g) = {0} or ker(θ) = {0} .

3.1. The first construction
We start with two characterizations of symplectic Lie algebras. The first one was
given in [9] to characterize in general cosymplectic manifolds. We state here its
analogue for cosymplectic Lie algebras.

Proposition 3.3. [9] Let g be a Lie algebra and α, ω two forms on g with
degrees 1 and 2 respectively. Consider on the direct sum g = g ⊕ 〈e〉 the 2-form
ω = ω+α∧ e∗ . Then, (g, α, ω) is a cosymplectic Lie algebra if and only if (g, ω) is
a symplectic Lie algebra.
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Remark 3.4. The Lie algebra g = g⊕〈e〉 is a central extension of g by θ = 0 .

As for the second characterization; see [2], [4] and [8].

Proposition 3.5. There exists a one-to-one correspondence between (2n + 1)-
dimensional cosymplectic Lie algebras (g, α, ω), and 2n-dimensional symplectic Lie
algebras (h = kerα, ωh) together with a derivation D ∈ Der(h) satisfying

ωh(Dx, y) = −ωh(x,Dy), x, y ∈ h. (8)

An endomorphism satisfying (8) is called an infinitesimal symplectic transformation
(for short, an i.s.t.). By combining these two characterizations (Propositions 3.3 and
3.5 ) , we propose the following construction of cosymplectic Lie algebras.
Let (g, α, ω) be a cosymplectic Lie algebra with the Reeb vector ξ . Then we can
always write g as g = h⊕ 〈ξ〉 with h = ker(α) . Let (g⊕ 〈e〉, ω = ω + α ∧ e∗) be a
symplectic Lie algebra associated with (g, α, ω) (see Proposition 3.3). A derivation
D ∈ Der(g⊕ 〈e〉) consists of a 4-tuple (φ, λ, v, t) ∈ End(g)× g∗ × g×R , such that

D(x) = φ(x) + λ(x)e for x ∈ g, and D(e) = v + te.

Lemma 3.6. The derivation D ∈ Der(g) is an i.s.t if and only if the following
conditions are satisfied for all x ∈ h.

(i) φ is an i.s.t on h,
(ii) λ(x) = ω(x, φ(ξ)),
(iii) ω(v, x) = α ◦ φ(x),
(iv) t = −α ◦ φ(ξ).

Proof. Indeed, for all x, y ∈ g , we have

ω(Dx, y) + ω(x,Dy) = ω(φ(x), y) + ω(x, φ(y)) + λ(x)ω(e, y) + λ(y)ω(x, e). (9)

Using (9) and the fact thatç D is an i.s.t, that yields to ω(φ(x), y) = −ω(x, φ(y)) .
Let y = ξ and x ∈ h is arbitrary. Once again, by applying (9) and the fact that D
is an i.s.t we obtain λ(x) = ω(x, φ(ξ)) . Let y = e . Then, for all x ∈ h , we have

ω(Dx, e) + ω(x,De) = ω(φ(x) + λ(x)e, e) + ω(x, v + te)

= ω(φ(x), e) + ω(x, v),

since D is an i.s.t, it follows that ω(x, v) = α ◦ φ(x) . Finally, for x = ξ and y = e ,
we have

ω(Dξ, e) + ω(ξ,De) = ω(φ(ξ) + λ(ξ)e, e) + ω(ξ, v + te)

= ω(φ(ξ), e) + t,

therefore, t = −α ◦ φ(ξ) . This completes the proof.

Let D = (φ, λ, v, t) satisfy the conditions of Lemma 3.6. Denote by “ ∗ ” the left-
symmetric product associated with the symplectic Lie algebra (h, ω) and let Rx be
the right multiplication by an element x , that is Rxy = y ∗ x . Then we obtain the
following result.
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Theorem 3.7. Let (g, α, ω) be a cosymplectic Lie algebra with the Reeb vector ξ .
Let g = 〈d〉⊕g⊕〈e〉 be a double extension of g by (D, θ = 0), where D = (φ, λ, v, t)
satisfies the conditions of Lemma 3.6. Then

ω = ω + α ∧ e∗, α = d∗,

defines a cosymplectic structure on g if and only if
(1) φ ∈ Der(g),
(2) v ∈ Z(g),

(3) Rφ(ξ) = 0 and [φ(ξ), ξ] = 0.

The Reeb vector is d.

Proof. With θ = 0 , Proposition 3.1 implies that φ ∈ Der(g) , v ∈ Z(g) and
dλ = 0 . Notice that

dλ = 0 ⇔

{
ω([x, y], φ(ξ)) = 0, ∀x, y ∈ h,

ω([ξ, x], φ(ξ)) = 0, ∀x ∈ h.

(10)

(11)

The equation (10) is equivalent to ω(x, y ∗φ(ξ)) = 0 , for all x, y ∈ h . One can then
deduce that Rφ(ξ) = 0 . Since ω is a 2-cocycle the equation (11) becomes

ω([φ(ξ), ξ], x) = 0, ∀x ∈ h.

Since ω is a non-degenerate 2-form on h , it follows that [φ(ξ), ξ] = 0 . To complete
the proof, it remains to verify that α ∧ ωn 6= 0 , which is equivalent to prove that
Φ : g −→ g∗ is an isomorphism. Indeed, for all x ∈ 〈d〉 ⊕ g ⊕ 〈e〉 , we can write
x = x1d+ x+ x2ξ + x3e with x ∈ h and x1, x2, x3 ∈ R . A direct calculation gives

Φ(x, y) = ωh(x, y), ∀y ∈ h,

Φ(x, ξ) = −x3, Φ(x, e) = x2, Φ(x, d) = x1.

This means that, if Φ(x, .) = 0 , then x = 0 .

3.2. The second construction
Let (g, α, ω) be a cosymplectic Lie algebra and [ , ] its Lie bracket and let

g = 〈d〉 ⊕ g⊕ 〈e〉

be a double extension of (g, [ , ]) by (D, θ) . We define a 2-form ω and a 1-form α
on the vector space g by requiring that

ω = ω + d∗ ∧ e∗, and α(x) = α(x), ∀x ∈ g, α(d) ∈ g, α(e) ∈ g.

On the one hand, if we assume that α is a 1-cocycle, we obtain
α([x, y]) = θ(x, y)α(e) = 0,

α([d, x]) = α(φ(x)) + λ(x)α(e) = 0,

α([d, e]) = α(v) + tα(e) = 0.

(12)
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On the other hand, since ω is a 2-cocycle, for any x, y ∈ g ,∮
ω([x, y], d) = ω([x, y], d) + θ(x, y)ω(e, d) + ω(φ(x), y) + λ(x)ω(e, y)

− ω(φ(y), x)− λ(y)ω(d, y) (13)

= −θ(x, y) + ω(φ(x), y) + ω(x, φ(y)) = 0,

and
∮

ω([x, e], d) = ω(v, x) = 0. (14)

We distinguish two cases.

The first case: α(e) = 0 . We use relations (12) , (13) and (14) to obtain

α ◦ φ = 0 and α(v) = 0, θ = ωφ and v ∈ ker(ω).

Note that, α(v) = 0 and v ∈ ker(ω) implies that v = 0 . By combining the relations
(12) , (13) and (14) with Proposition 3.1 , we obtain the following result.

Theorem 3.8. Let (g, α, ω) be a cosymplectic Lie algebra with the Reeb vector
ξ . Let g = 〈d〉 ⊕ g⊕ 〈e〉 be a double extension of g by (D,ωφ) with

D = (φ, λ, 0, t) ∈ Der(g)× g∗ × g× R.

Then ω = ω + d∗ ∧ e∗, α(x) = α(x), ∀x ∈ g, α(d) ∈ R,

defines a cosymplectic structure on g if and only if
(1) α(e) = 0,
(2) α ◦ φ = 0,
(3) tωφ − ωφ,φ = dλ,

where ωφ,φ = θφ , and the Reeb vector is ξ .

Proof. It suffices to verify that Φ :g −→ g∗ is an isomorphism. Let x∈〈d〉⊕g⊕〈e〉
and write x = x1d + x + x2ξ + x3e , with x ∈ h and x1, x2, x3 ∈ R . After a short
calculation we obtain

Φ(x, y) = ωh(x, y), ∀y ∈ h, Φ(x, e) = x1,

Φ(x, ξ) = x1α(d) + x2, Φ(x, d) = −x3 + x1α
2(d) + x2α(d).

In other words, if Φ(x, .) = 0 , then x = 0 .

The second case: α(e) 6= 0 . To simplify notation, we can assume whithout loss
of generality that α(e) = −1 . We use relations (12) , (13) and (14) to obtain

ωφ = θ = 0 and φ ∈ Der(g),

λ = α ◦ φ and t = α(v),

v ∈ ker(ω).

Together with Proposition 3.1 and relations (12) , (13) and (14) , we therefore have:
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Theorem 3.9. Let (g, α, ω) be a cosymplectic Lie algebra with the Reeb vector
ξ . Let g = 〈d〉 ⊕ g ⊕ 〈e〉 be a double extension of g by (D, θ = 0), where
D = (φ, α ◦ φ, v, α(v)) ∈ Der(g)× g∗ × g× R. Then

ω = ω + d∗ ∧ e∗, α(x) = α(x), ∀x ∈ g, α(d) ∈ R, α(e) = −1,

defines a cosymplectic structure on g if and only if

(1) ωφ = 0,

(2) α ◦ φ([x, y]) = 0, ∀x, y ∈ g,

(3) v ∈ Z(g) ∩ ker(ω).

The Reeb vector is ξ .

Proof. Similarly to the proof of Theorem 3.8 , it suffices to verify that Φ : g −→ g∗

is an isomorphism. Let x ∈ 〈d〉 ⊕ g⊕ 〈e〉 and write x = x1d + x + x2ξ + x3e , with
x ∈ h and x1, x2, x3 ∈ R . We have

Φ(x, y) = ωh, (x, y), ∀y ∈ h, Φ(x, ξ) = x1α(d) + x2 − x3,

Φ(x, e) = x1 − x1α(d)− x2 + x3, Φ(x, d) = −x3 + x1α
2(d) + x2α(d)− x3α(d).

As a result, if Φ(x, .) = 0 , then x = 0 .

Examples 3.10. To illustrate and compare the two constructions presented
above, we end this chapter by obtaining deferent five-dimensional cosymplectic Lie
algebras from the same three-dimensional cosymplectic Lie algebra. We consider
the following three-dimensional cosymplectic Lie algebra:

g : [e1, e2] = e1, α = e3, ω = e12.

Let g = 〈e4〉 ⊕ g⊕ 〈e5〉 be a double extension of (g, [ , ]) by (D, θ) , where we have
D = (φ, λ, v, t) .
It is straightforward to show that any derivation on Lie algebra g has the following
form

φ =

a b 0
0 0 0
0 c f

 , a, b, c, f ∈ R.

Set v = ze3 ∈ Z(g) and λ = λ1e1 + λ2e2 + λ3e3 ∈ g∗ , where z, λi ∈ R . Simple
calculations yield the following results.

The first construction gives the cosymplectic Lie algebra

g1 : [e1, e2] = e1, [e4, e3] = fe3 + λ3e5,

[e4, e2] = be1, [e4, e5] = ze3 − fe5.

α = e4, ω = e12 + e35, ξ = e4.
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The second construction:

(i) In the first case, α(e) = 0 ,

g2 :
[e1, e2] = e1 + ae5, [e4, e2] = be1 + λ2e5,
[e4, e1] = ae1 + (a2 − ta)e5, [e4, e3] = λ3e5,
[e4, e5] = te5.

α = e3 + xe4, ω = e12 + e45, ξ = e3, x ∈ R.
(ii) In the second case, α(e) 6= 0 ,

g3 :
[e1, e2] = e1, [e4, e3] = f(e3 + e5),
[e4, e2] = be1 + c(e3 + e5), [e4, e5] = t(e3 + e5).

α = e3 + xe4 − e5, ω = e12 + e45, ξ = e3, x ∈ R.

Let us denote by D(gi) the derived Lie algebra of gi , i = 1, . . . , 3 . It is clear
that for a suitable choice of the constants (b, f, λ3, z) we have dim(D(g1)) = 3 ,
while dim(D(g2)) and dim(D(g3)) are less than or equal to two. Therefore, the
cosymplectic Lie algebra g1 never comes from the second construction.

4. Classification in low dimension

4.1. Three-dimensional cosymplectic Lie algebras.
Let g be a three-dimensional Lie algebra. Denote by α = a1e

1+a2e
2+a3e

3 a 1-form
and by ω = a12e

12 + a13e
13 + a23e

23 a 2-form on g . On each three-dimensional Lie
algebra we compute the 1- and 2-cocycle conditions for α and ω respectively. Next,
we calculate the rank of Φ . If Φ has a maximum rank, then g will be endowed with
a cosymplectic structure.

Proposition 4.1. Let (g, α, ω) be a three-dimensional cosymplectic real Lie al-
gebra. Then g is isomorphic to one of the following Lie algebras equipped with a
cosymplectic structure:
g2.1 ⊕ g1 : [e1, e2] = e1 (decomposable solvable, Bianchi III)

α = a2e
2 + a3e

3, ω = a12e
12 + a23e

23, a3a12 6= 0.
g3.1 : [e2, e3] = e1 (Weyl algebra, nilpotent, Bianchi II)

αa2e
2 + a3e

3, ω = a12e
12 + a13e

13 + a23e
23, a3a12 − a2a13 6= 0.

g−1
3.4 : [e1, e3] = e1 and [e2, e3] = −e2 (solvable, Bianchi VI, a = −1)

α = a3e
3, ω = a12e

12 + a13e
13 + a23e

23, a3a12 6= 0.
g03.5 : [e1, e3] = −e2 and [e2, e3] = e1 (solvable, Bianchi VII, β = 0)

α = a3e
3, ω = a12e

12 + a13e
13 + a23e

23, a3a12 6= 0.

Two cosymplectic Lie algebra (g1, α1, ω1) and (g2, α2, ω2) are said to be isomorphic
if there exists a Lie algebra isomorphism L : g1 −→ g2 , such that,

L∗(α2) = α1 and L∗(ω2) = ω1.

The following proposition gives a complete classification up to isomorphism of three-
dimensional cosymplectic real Lie algebras.
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Proposition 4.2. Let (g, α, ω) be a three-dimensional cosymplectic Lie algebra.
Then, (g, α, ω) is isomorphic to one of the following cosymplectic Lie algebras:

• g2.1 ⊕ g1 : (α, ω) = (e3, e12).
(α, ω) = (λe3, e12 + e23), λ ∈ R− {0}.

• g3.1 : (α, ω) = (λe2, e13), λ ∈ R− {0}.
• g−1

3.4 : (α, ω) = (λe3, e12), λ > 0.
• g03.5 : (α, ω) = (λe3, e12), λ > 0.

Proof. We proceed as follows. We act by the automorphisms of g on ω to find
the simplest possible form ω0 , then we seek all the a utomorphisms which transform
ω into ω0 , and finally we act by these automorphisms on α in order to simplify it.
We will give the proof for Lie algebra g−1

4.3 : [e1, e3] = e1 , [e2, e3] = −e3 , since all
cases must be treated in the same way. Cosymplectic structures on g−1

4.3 are given
by the following family

α = a3e
3, ω = a12e

12 + a13e
13 + a23e

23, a3a12 6= 0.

In this case, the automorphisms are given by

T1 =

t11 0 t13
0 t22 t23
0 0 1

 and T2 =

 0 t12 t13
t21 0 t23
0 0 −1

 .

The automorphism L =

1 0 a23
a12

0 1
a12

−a13
a12

0 0 1

 satisfies L∗(ω) = e12 ;

all automorphisms that satisfy L∗(ω) = e12 are

L1 =

t11 0 a23
a12

0 1
t11a12

−a13
a12

0 0 1

 and L2 =

 0 t12 −a23
a12

− 1
t12a12

0 a13
a12

0 0 −1

 .

A direct calculation gives L∗
1(α) = α and L∗

2(α) = −α . Therefore, we can take
α = λe3 , with λ > 0 .

By Proposition 2.2, we have the following consequence.

Corollary 4.3. The left-symmetric product associated to the three-dimensional
cosymplectic Lie algebras is given by

• g2.1 ⊕ g1 : e1 · e2 = e1 , e2 · e2 = e2 .

• g3.1 : e2 · e2 = 1
λ2 e3 , e3 · e2 = −e1 .

• g−1
3.4 : e1 · e2 = e2 · e1 = 1

λ2 e3 , e3 · e1 = −e1 , e3 · e2 = e2 .

• g03.5 : e1 · e1 = 1
λ2 e3 , e2 · e2 = 1

λ2 e3 , e3 · e1 = e2 , e3 · e2 = −e1 .
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4.2. Five-dimensional cosymplectic Lie algebras
In [4] the authors give a classification of five-dimensional cosymplectic Lie algebras,
starting from four-dimensional symplectic Lie algebras endowed with a derivation.
They did not complete the correspondence with the well-known five-dimensional
Lie algebras in the literature [12]. We propose here a direct method (case by
case), by searching among the 40 five-dimensional Lie algebras [12], those which
are cosymplectic and we give their structures.

Proposition 4.4. Let (g, α, ω) be a five-dimensional cosymplectic real Lie alge-
bra. Then, (g, α, ω) is isomorphic to one of the following cosymplectic Lie algebras

A5,1 : [e3, e5] = e1 , [e4, e5] = e2 (nilpotent)
α = a3e

3 + a4e
4 + a5e

5

ω = a13e
13+a23e

14+a15e
15+a23e

23+a24e
24+a25e

25+a34e
34+a35e

35 + a45e
45,

a3a15a24 − a3a23a25 + a4a13a25 − a4a15a23 − a5a13a24 + a5a
2
23 6= 0.

A5,2 : [e2, e5] = e1 , [e3, e5] = e2 , [e4, e5] = e3 (nilpotent)
α = a4e

4 + a5e
5

ω = −a23e
14 + a15e

15 + a23e
23 + a25e

25 + a34e
34 + a35e

35 + a45e
45,

a23(a4a15 + a5a23) 6= 0.

A5,5 : [e3, e4] = e1 , [e2, e5] = e1 , [e3, e5] = e2 (nilpotent)
α = a3e

3 + a4e
4 + a5e

5

ω = a24e
15 + a23e

23 + a24e
24 + a25e

25 + a34e
34 + a35e

35 + a45e
45,

a24(a3a24 − a4a23) 6= 0.

A5,6 : [e3, e4] = e1 , [e2, e5] = e1 , [e3, e5] = e2 , [e4, e5] = e3 (nilpotent)
α = a4e

4 + a5e
5

ω = −a23e
14 + a24e

15 + a23e
23 + a24e

24 + a25e
25 + a34e

34 + a35e
35 + a45e

45,

a23(a4a24 + a5a23) 6= 0.

Aa,−a,−1
5,7 : [e1, e5]=e1, [e2, e5]=ae2, [e3, e5]=−ae3, [e4, e5]=−e4, a∈ ]−1, 0[ ∪ ]0, 1[ .

α = a5e
5

ω = a14e
14 + a15e

15 + a23e
23 + a24e

24 + a25e
25 + a34e

34 + a35e
35 + a45e

45,

a5a14a23 6= 0.

A1,−1,−1
5,7 : [e1, e5] = e1 , [e2, e5] = e2 , [e3, e5] = −e3 , [e4, e5] = −e4

α = a5e
5

ω = a13e
13 + a14e

14 + a15e
15 + a23e

23 + a24e
24 + a25e

25 + a35e
35 + a45e

45,

a5(a24a13 − a14a23) 6= 0.

A−1
5,8 : [e2, e5] = e1 , [e3, e5] = e3 , [e4, e5] = −e4

α = a2e
2 + a5e

5

ω = a12e
12 + a15e

15 + a25e
25 + a34e

34 + a35e
35 + a45e

45,

a34(a5a12 − a2a15) 6= 0.
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A0,−1
5,9 : [e1, e5] = e1 , [e2, e5] = e1 + e2 , [e4, e5] = −e4

α = a3e
3 + a5e

5

ω = a15e
15 + a24e

24 + a25e
25 + a35e

35 + a45e
45,

a3a15a24 6= 0.

A−1,0,q
5,13 : [e1, e5] = e1 , [e2, e5] = −e2 , [e3, e5] = −qe4 , [e4, e5] = qe3

α = a5e
5

ω = a12e
12 + a15e

15 + a25e
25 + a34e

34 + a35e
35 + a45e

45,

a5a12a34 6= 0.

A0
5,14 : [e2, e5] = e1 , [e3, e5] = −e4 , [e4, e5] = e3

α = a2e
2 + a5e

5

ω = a12e
12 + a15e

15 + a25e
25 + a34e

34 + a35e
35 + a45e

45,

a34(a5a12 − a2a15) 6= 0.

A−1
5,15 : [e1, e5] = e1 , [e2, e5] = e1 + e2 , [e3, e5] = −e3 , [e4, e5] = e3 − e4

α = a5e
5

ω = −a23e
14 + a15e

15 + a23e
23 + a24e

24 + a25e
25 + a35e

35 + a45e
45,

a5a23 6= 0.

A1,p,−p
5,17 : [e1, e5]=pe1−e2, [e2, e5]=e1+pe2, [e3, e5]=−pe3−e4, [e4, e5]=e3−pe4, p 6=0.

α = a5e
5

ω = a24e
13 − a23e

14 + a15e
15 + a23e

23 + a24e
24 + a25e

25 + a35e
35 + a45e

45,

a5(a
2
23 + a224) 6= 0.

A1,0,0
5,17 : [e1, e5] = −e2 , [e2, e5] = e1 , [e3, e5] = −e4 , [e4, e5] = e3

α = a5e
5

ω = a12e
12 + a24e

13 − a23e
14 + a15e

15 + a23e
23 + a24e

24 + a25e
25 + a34e

34

+a35e
35 + a45e

45, a5(a12a34 − a223 − a224) 6= 0.

A−1,p,−p
5,17 : [e1, e5] = pe1 − e2 , [e2, e5] = e1 + pe2 , [e3, e5] = −pe3 + e4 ,

[e4, e5] = −e3 − pe4, p 6= 0.

α = a5e
5

ω = −a24e
13 + a23e

14 + a15e
15 + a23e

23 + a24e
24 + a25e

25 + a35e
35 + a45e

45,

a5(a
2
23 + a224) 6= 0.

A−1,0,0
5,17 : [e1, e5] = −e2 , [e2, e5] = e1 , [e3, e5] = e4 , [e4, e5] = −e3

α = a5e
5

ω = a12e
12 − a24e

13 + a23e
14 + a15e

15 + a23e
23 + a24e

24 + a25e
25 + a34e

34

+a35e
35 + a45e

45, a5(a12a34 + a223 + a224) 6= 0.
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As,0,0
5,17 : [e1, e5] = −e2 , [e2, e5] = e1 , [e3, e5] = −se4 , [e4, e5] = se3 , s 6∈ {−1, 0, 1}.

α = a5e
5

ω = a12e
12 + a15e

15 + a25e
25 + a34e

34 + a35e
35 + a45e

45,

a5a12a34 6= 0.

A0
5,18 : [e1, e5] = −e2 , [e2, e5] = e1 , [e3, e5] = e1 − e4 , [e4, e5] = e2 + e3

α = a5e
5

ω = a24e
13 + a15e

15 + a24e
24 + a25e

25 + a34e
34 + a35e

35 + a45e
45,

a5a24 6= 0.

A1,−1
5,19 : [e1, e5] = e1 , [e2, e3] = e1 , [e2, e5] = e2 , [e4, e5] = −e4

α = a3e
3 + a5e

5

ω = a23e
15 + a23e

23 + a24e
24 + a25e

25 + a35e
35 + a45e

45,

a3a23a24 6= 0.

A
1
2
,−1

5,19 : [e2, e3] = e1 , [e1, e5] =
1
2
e1 , [e2, e5] = e2 , [e3, e5] = −1

2
e3 , [e4, e5] = −e4

α = a5e
5

ω = a13e
13 + a15e

15 + 2a15e
23 + a24e

24 + a25e
25 + a35e

35 + a45e
45,

a5a13a24 6= 0.

A−1,2
5,19 : [e2, e3] = e1 , [e1, e5] = −e1 , [e2, e5] = e2 , [e3, e5] = −2e3 , [e4, e5] = 2e4

α = a5e
5

ω = a12e
12 − a23e

15 + a23e
23 + a25e

25 + a34e
34 + a35e

35 + a45e
45,

a5a12a34 6= 0.

A1
5,30 : [e2, e4] = e1 , [e3, e4] = e2 , [e1, e5] = 2e1 , [e2, e5] = e2 , [e4, e5] = e4

α = a3e
3 + a5e

5

ω = 2a24e
15 + a24e

24 + a34e
25 + a34e

34 + a35e
35 + a45e

45,

a3a24 6= 0.

A0,−1
5,33 : [e1, e4] = e1 , [e3, e4] = −e3 , [e2, e5] = e2

α = a4e
4 + a5e

5

ω = a13e
13 + a14e

14 + a25e
25 + a34e

34 + a45e
45,

a4a13a25 6= 0.

A−1,0
5,33 : [e1, e4] = e1 , [e2, e5] = e2 , [e3, e5] = −e3

α = a4e
4 + a5e

5

ω = a14e
14 + a23e

23 + a25e
25 + a35e

35 + a45e
45,

a5a14a23 6= 0.

A5,36 : [e2, e3] = e1 , [e1, e4] = e1 , [e2, e4] = e2 , [e2, e5] = −e2 , [e3, e5] = e3

α = a4e
4 + a5e

5

ω = a23e
14 + a23e

23 − a25e
24 + a25e

25 + a35e
35 + a45e

45,

a5a23 6= 0.
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A5,37 : [e2, e3] = e1 , [e1, e4] = 2e1 , [e2, e4] = e2 , [e3, e4] = e3 , [e2, e5] = −e3 ,
[e3, e5] = e2

α = a4e
4 + a5e

5

ω = 2a23e
14 + a23e

23 + a35e
24 − a34e

25 + a34e
34 + a35e

35 + a45e
45,

a5a23 6= 0.

Remark 4.5. Every five-dimensional cosymplectic Lie algebra is necessarily solv-
able.

Unlike the three-dimensional Heisenberg algebra, the five-dimensional Heisenberg
algebra does not support any cosymplectic structure. As a general result, we have
the following:

Proposition 4.6. Let h2n+1 be the (2n+ 1)-dimensional Heisenberg Lie algebra
generated by elements {ei, fi, z}{1≤i≤n} , with the relations [ei, fi] = z . Then h2n+1

supports a cosymplectic structure if and only if n = 1.

Proof. Proposition 4.2 shows that h3 = g3.1 admits cosymplectic structures. Let
n ≥ 2 , and α ∈ h∗2n+1 , ω ∈ ∧2h∗2n+1 be a 1-cocycle and 2-cocycle respectively. On
the one hand by using the Maurer-Cartan equations of h2n+1 we get α(z) = 0 , on
the other hand. For all ei, ej, fj , j 6= i , we have

ω(ei, z) = ω(ei, [ej, fj]) =

∮
ω(ei, [ej, fj]) = 0.

In the same way we find ω(fi, z) = 0 for all 1 ≤ i ≤ n . It follows that Φ(ei, z) =
Φ(fi, z) = 0 for all 1 ≤ i ≤ n .

Denote by aff(2,R) the affine Lie algebra, generated by elements {e1, ..., e6} , with
the relations:

[e1, e3] = −e1, [e2, e4] = −e1, [e3, e4] = e4, [e4, e5] = e3 − e6, [e5, e6] = −e5,
[e1, e5] = −e2, [e2, e6] = −e2, [e3, e5] = −e5, [e4, e6] = e4.

Proposition 4.7. The only non-solvable cosymplectic Lie algebra of dimension
less than or equal to seven is isomorphic to

(aff(2,R)n 〈e7〉, α, ω).

Its Lie brackets are given by those of aff(2,R), to which we add these new entries:
[e7, e6] = λe2 , [e7, e4] = λe1 , λ ∈ R, and the cosymplectic structure is α = e7 ,
ω = e15 + e26 + e34 + e46 .

Proof. Let (g, α, ω) be a five-dimensional cosymplectic non-solvable Lie algebra.
It is well known (see [11]) that any four-dimensional symplectic Lie algebra is
solvable. By Proposition 3.5, we deduce that g contains an ideal of codimension
1 , and this contradicts the fact that g is non-solvable. Now let (g, α, ω) be a
seven-dimensional cosymplectic non-solvable Lie algebra. By Proposition 3.5, (h, ωh)



El Bourkadi and Mansouri 265

is a six-dimensional non-solvable symplectic Lie algebra. On the one hand, it is
known that (see [3]) the only non-solvable six-dimensional Lie algebra is (up to
isomorphism) (aff(2,R), ω0) with

ω0 = e15 + e26 + e34 + e46.

On the other hand, on aff(2,R) any derivation D is inner (see [7]). Hence, there
exists x ∈ h such that D = adx . The 2-cocycle condition of ω0 gives that

ω0(adxy, z) + ω0(y, adxz) = ω0(x, [y, z]).

Since D is an i.s.t, it follows that ω0(x, [y, z]) = 0 , ∀y, z ∈ h . By direct computation
we find that x = λe2 , λ ∈ R and, using Proposition 3.5, we complete the proof.
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