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Abstract. We first give the Milnor-type theorem on the 4-dimensional Lorentzian oscillator
group. Then we study harmonic sections and the critical point for the energy functional restricted
to vector fields of the same length.
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1. Introduction

Oscillator groups are the important solvable Lie groups, which have many appli-
cations both in geometry and physics. For example, it was shown that, apart
from direct extensions with Euclidean groups, oscillator groups are the only non-
commutative simple connected solvable Lie groups that admit a bi-invariant Lo-
rentzian metric (see [19]). And, the reductive pairs determined by the homo-
geneous Lorentzian structures on the four-dimensional oscillator group, equipped
with a bi-invariant Lorentzian metric, provide four solutions to the Einstein-Yang-
Mills equations (see [8], [18]). Boucetta and Medina investigated the solutions of
the generalized classical Yang-Baxter equation and the classical Yang-Baxter equa-
tion on a broad class of oscillator Lie algebras [2]. Moreover, all the homogeneous
pseudo-Riemannian structures on oscillator groups, equipped with a specific family
of left-invariant Lorentzian metrics, were determined in [9]. Besides, the corre-
sponding reductive decompositions and groups of isometries were identified in the
four-dimensional case. Onda studied algebraic Ricci solitons on oscillator groups
endowed with left-invariant pseudo-Riemannian metrics in [22]. It was known that
there exist exactly three left-invariant Lorentzian metrics up to scaling and automor-
phisms on the three dimensional Heisenberg group. In [14], left-invariant Lorentzian
metrics are classified on the direct product of three dimensional Heisenberg group
and n — 3 (n > 4) dimensional Euclidean space.

In the Riemannian case, it was proved that parallel vector fields are the only ones
that define harmonic maps from a compact Riemannian manifold (M, g) to the
tangent bundle (7'M, g°®), where g° denotes the Sasaki metric on TM (see [13]
[21]). Furthermore, The critical points of the restricted energy functional E|x(
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are also parallel vector fields [10]. However, in the Lorentzian case, vector fields
satisfying harmonicity properties are not necessarily parallel ([4] [3]). Additionally,
it is known that a Riemannian manifold admitting a parallel vector field must
be locally reducible. This property also holds for a pseudo-Riemannian manifold
admitting a parallel vector field that is either space-like or time-like. Recently,
harmonic properties of vector fields were investigated on the oscillator groups with
neutral signature. However, due to the complexity of metric Lie algebras of four
dimensional oscillator groups with neutral signature, there are only three families of
metrics, which are considered to analyse the harmonicity of vector fields (see [28]).

Our aim in this paper is to classify 4-dimensional Lorentzian oscillator group, and
investigate the existence of the harmonic section and the critical point for the energy
functional restricted to vector fields of the same length. This paper is organized
as follows: In section 2, we present some basic facts on harmonic properties of
vector fields. In section 3, we obtain the Milnor-type theorem on the 4-dimensional
Lorentzian oscillator group. In section 4, we study the existence of the harmonic
section and the critical point for the energy functional restricted to vector fields of
the same length on the 4-dimensional Lorentzian oscillator group.

2. Preliminaries

Let (M, g) be a compact, connected, and oriented pseudo-Riemannian manifold of
dimension n. The tangent bundle TM of M can be endowed with the Sasaki
metric g°, as described in [3]. Now, consider a smooth vector field V' on M, we can
associate with V' a corresponding smooth map V : (M, g) — (T'M, ¢g°). The energy
of V is defined as the energy of this smooth map,

B(V) = "vol(M,g) + /vamu (1)

In the non-compact case, the concept of a harmonic map is defined as follows:
Vi (M,g) — (T'M,g®*) is a harmonic map if it is a critical point for the energy
functional. The Euler-Lagrange equations provide a characterization of vector fields
V' which defines harmonic maps, i.e. the tension field 7(V) = tr(V?V') must vanish.
In [3], it is shown that a smooth vector field V' defines a harmonic map from (M, g)
to (T'M, ¢*) if and only if

tr[R(V.V,V).)] =0 and V*VV =0, (2)

where with respect to a pseudo-orthonormal local frame {e;,...,e,} on (M,g),
with €; = g(e;,e;) = £1 for all indices 7, we have

V*VV = Z‘Ei(veiveiv - vVeieiV>‘ <3)

i
Now, we consider the vertical energy E°(V) = % [,/ [[VV]|[?dv of V. Then V is
said to be a harmonic section if it is a critical point of the vertical energy EV. The
corresponding Euler-Lagrange equations are given by

VYV = 0. (4)

When V' is non-compact, the harmonic section is usually defined by the equation
(4). And the definition of vector field defining a harmonic map is shown as the
equation (2).
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Assume p be a non-zero real number and X*(M) = {V € X(M) : |V]]* = p}. We
consider the vector fields V' € XP(M). Assume that the vector fields V' are critical
points for the energy functional E|xs(ps) which is restricted to vector fields of the
same length, the Euler-Lagrange equations of this variational condition show that
V' is a harmonic vector field if and only if

V*VV is collinear to V. (5)

This characterization is well known in the Riemannian case (see [1], [26], [27]). If
V' is not light-like, the same argument applies to the pseudo-Riemannian case [3].
Even if V is a light-like vector field, (5) is still a sufficient condition for V' to be a
critical point for the energy functional E|xors), restricted to light-like vector fields
(see [3], Theorem 26). In the non-compact case, condition (5) is usually taken as
the definition of critical points for the energy functional E|xe(as).

3. Milnor-type theorem on 4-dimensional Lorentzian oscillator group

In general, for every inner product (-,-) of signature (p,q) on low dimensional Lie
algebra g, there exists a basis of g, which is pseudo-orthonormal with respect to
(-,-) up to scalar, and the bracket relations among the elements of the basis can
be written with relatively small number of parameters. In this section, we classify
Lorentzian metrics on 4-dimensional oscillator groups.

The kind of theorem to classify left-invariant pseudo-Riemannian metrics on Lie
groups is called a Milnor-type theorem in [12]. Milnor first obtained this kind of
theorems for left-invariant Riemannian metrics on all three-dimensional unimodular
Lie groups ([20]). Milnor-type theorems were also investigated for left-invariant
Riemannian metrics on Lie groups with dimension less than five([6, 11, 15, 16]),
and for left-invariant pseudo-Riemannian (Lorentzian) metrics on some Lie groups

([7, 17, 23, 24]).
Definition 3.1. Let G be a simply connected Lie group with the Lie algebra g
which is spanned by (2n + 2)-elements:

QaXla"an?}/lw'wY’ruZ‘

Lie group G is called oscillator group if the non-vanishing Lie brackets on g are
shown as follows:

(Xi, Vil =652, QX1 =AY, [@Y]=AX;, 1<ij<n (6
Denote G by G,(A) = G(A1,..., \).

Now, we give the following result, which is the Milnor-type theorem on 4-dimensional
Lorentzian oscillator group.

Theorem 3.2.  For the four-dimensional oscillator group (G1(1),g), there exists
a basis {ey,ea, e3,e4} of g such that the non-vanishing Lie brackets are

le1, €2] = aes + beg + cey, [e1, €3] = dea — aes + fey, [e2, €3] = ke, (7)

where a®> +bd # 0, k # 0, and the matriz of the left-invariant metric g with respect
to the above basis is of the following types:
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Proof.  From the definition 3.1, the oscillator group G;(1) is spanned by the four
elements {Q, X,Y, Z} with the Lie bracket [X,Y] = Z,[Q,X] = Y,[Q,Y] = X.
The Lorentzian metric of the oscillator group is non-degenerate or degenerate on
the derivative algebras spanned by {X,Y, Z}.

(1) The metric is non-degenerate on the derivative algebras spanned by
{X,Y, Z}.

Case 1. The metric on the derivative algebras spanned by {X,Y, Z} is Riemannian.

Let {X,Y,Z} = {es, e3,e4} is the orthonormal basis with [es,e3] = key where

k # 0. Then we take the orthogonal complement e; of the Lie algebra spanned by

{ea, e3,€e4}. We know that e; is spanned by {Q, X,Y, Z}. It is easy to see that the

following equation holds

ad61(627 €3, e4) - (627 €3, 64>

o o
o OO

d
v
f

We can get v = —a by the Jacobi identity [e1, [ea, €3]]+ [e2, [e3, €1]] +[e3, [e2, 1] = 0.
Thus we can get the equations:

le1, e2] = aes + bes + cey, [eq, €3] = dea — aes + feu, [e2, €3] = ke,

where a? + bd # 0,k # 0. The Lorentzian metric g with respect to the basis
{e1, 9, €3, €4} has the matrix of type (I).

Case 2. The metric on the derivative algebras spanned by {X,Y, Z} is Lorentzian.
We have the following results by the classification of three-dimensional unimodular
Lorentzian Lie groups (see [5]).

(a) g3 : [e2, €3] = —7eu, [e2, 4] = 0, [e3,e4] = 0. The frame field {eq, e3, e4} with ey
time-like is pseudo-orthonormal. It is easy to see that there is the same Lie bracket
as case 1 and the metric g with respect to the basis {e1, s, e3,e4} has the matrix
of type (I117).

(b) g3 : [ea,e3] = 0, [e2,e4] = 0, [e3, 4] = aea. The frame field {eg, e3,e4} with ey
time-like is pseudo-orthonormal. Rename ez, e4, €5 to es, €3, €4, respectively. Then
we can get the algebra g has the same Lie bracket as (a) by direct calculation. And
the metric g with respect to the basis {e1, eq, e3,e4} has the matrix of type (I1).

(c) g4 : [ea, €3] = —e3+ey, [e2,e4] = —ez+ey, [e3,e4] = 0. The frame field {es, e3, €4}
with e4 time-like is pseudo-orthonormal.
— — - -+ €4
Take —23 , s
NoRRY

Then we can get the algebra g has the same Lie bracket as (a) by direct calculation.

and rename them eg, e4, respectively.
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And the metric g with respect to the basis {ej,eq,e3,e4} has the matrix of type

(IV).

(d) g4 : [e2,e3] = —e3 — ey, [e2,e4] = €3+ ey, [e3,e4] = 0. The frame field {eq, e3, €4}

with e4 time-like is pseudo-orthonormal.

Tak €3 —eq4 e3-+ey
ake N R

Then we can get the algebra g has the same Lie bracket as (a) by direct calculation.

And the metric g with respect to the basis {ej,es,e3,e4} has the matrix of type

(1V).

(2) When the metric is degenerate on the derivative algebras spanned by

{X,Y,Z}.

Case 1. The metric is degenerate with respect to e,. Because the algebra g is
degenerate with respect to ey, it is obvious that g(es,eq) = 0. Then we can
assume {ej,es} spans the Lorentzian subspace, and the orthogonal complement
of the Lorentzian subspace is spanned by {es, e3}. We can obtain the algebra g has
the same Lie bracket as (a) by direct calculation. And the metric g with respect to
the basis {ey, e, e3, €4} has the matrix of type (V).

and rename them es, e4, respectively.

Case 2. The metric is non-degenerate with respect to es. That is, g(ey,e4) = 1.
Therefore, we can assume {ej, ey} spans the Lorentzian subspace, and then the
orthogonal complement of the Lorentzian subspace is spanned by {es, es}. We can
get the algebra g has the same Lie bracket as (a) by direct calculation. And the
metric g with respect to the basis {e1, s, €3, €4} has the matrix of type (VI). =

Remark 3.3. In fact, we can make ¢ = 0 in the Theorem 3.2 except type (V).
The details can be found in section 4.

4. The harmonic vector of 4-dimensional Lorentzian oscillator group

Now, we study the harmonic properties of vector fields of 4-dimensional Lorentzian
oscillator groups case by case.

4.1. The metric g with respect to the basis {e;,es,e3,¢4} has a matrix of
type (/).

By the equations (7) and 2(VxY,Z) = ([X,Y],Z2) — ([Y, Z],X) + ([Z, X],Y), we

have the Levi-Civita connections of the 4-dimensional Lorentzian oscillator group

G1(1) as follows:

Vee1 =0, Ve, €2 = %(b —d)es + %064,
Ve, €3 = %(—b—i—d)eg—i—%f&;, Ve €4 = —%ceg — %fe;;,
Ve,e1 = —aes — (b + d)es — 5ces,  Ve,ea = —aey,

Vee3 = —5(b+ d)ey + Skey, Ve,e4 = —5ce; — skes,
Ve,e1 = —%(b + d)es + aez — %fe4, V2 = —%(b +d)e; — %ke4,
Vese3 = aey, Vesea = —1 fer + Skes,
Ve,e1 = —%662 — %feg, V€2 = —%cel — %keg,

V€4€3 = —%fGl + %]{62, Ve4e4 = O
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Let V = ze; 4+ yey + zeg + teq. Then by the formula (3), we have

VvV = Zgi(veiveiv_vveieiv)

= %(4(123: + V%2 4 x4 2bdx + d*x + fr + fky — ckz)e
—I—%(act +dft — fkx + 2a%y + by + Ay + d*y — k*y + cf2)es
—I—%(bct —aft+ ckx + cfy 4+ 2a*2 + 0?2 + d*2 + f22 — k*2)es
+%(02t + f2t — K*t 4 acy + dfy + bez — afz)ey.
Thus, V' is a harmonic section if and only if

4a’x + b*x + Ax + 2bdx + d?x + f?x + fky — ckz =0,
act + dft — fkx + 2a%y + 0y + Py + &>y — K>y + cfz = 0,
bet — aft + ckx + cfy + 2a*z + b2z + d?z + f22 — k*2 =0,
At + f2t — k*t +acy + dfy + bez — afz = 0.

First we can assume that ¢ = 0 in the equation (7). In fact, let

2

/ / /
—€3, €9 =€y, €3 =E€3+Mey, €4 =€y

el = e —mez — 5

we have e}, €3] = aes + beg + ceq + mkey = d'el, + Vey + el

Here ¢ = ¢+ mk. It is obvious that there exists m which makes ¢ = 0. The
system of equations (8) can be written to M; X = 0 where X = (¢,z,y,2)". Then
the determinant Det(M;) of the coefficient matrix M; is:

— 2 (4a® + b? + 2bd + d* + f*)(2a* + 3a%0* + b* + a*d® + b*d® + 2a* f* + b2 f?)
+ (16a° + 20a*b* + 8a*b* + b° + 8a*bd + 8a*b*d + 2b°d + 20a*d?
+ 16a*b*d® + 3b*d® + 8a*bd® + 4b°d* + 8a*d* + 3b*d* + 2bd” + d°
+ 240 f? + 21a%b% f? 4 4b* £? + 10a%bdf? + 6b3df? + 17a>d> f?
+ TV d* f? + 4bd® f? + 3d* f? + 8a® f* + 3b* f* 4 2bdf* + 2d* f*)k?
+ (—16a* — 12a®b* — 2b* — 8a*bd — 4b*d — 12a*d® — 4b*d® — 4bd®
— 2d* — 10a*f* — 3b? f? — 4bdf* — 3d* f2)k* + (4a* + b* + 2bd + d*) k"
L o + ask® + ask® + aghk®.
If ag # 0, we can see that, Det(M;) < 0 when k* = 0, and Det(M;) = +o00 when

k* = +o0o. Therefore, 3k s.t. Det(M;) = 0, i.e. there is a non-trivial solution to
the system of equations (8).

If ag =0, ie. a=0,d=—b, we have
Det(My) = —b*f2(f* — 2k) (20> + f> — k?).

It is easy to see that there is a non-trivial solution to equations (8) if f = 0, or
f2—2k* =0 or 2> + f2 — k* = 0. Due to the above three cases, we have the
following theorem.



CHEN, SUN AND TAN 325

Theorem 4.1.  For the Lorentzian oscillator group G = G1(1) with the metric of
type (1), then there exists a harmonic section on Gy = G1(1) if a # 0 or b+d # 0.
If a=0 and b+ d =0, then V is a harmonic section if and only if

(1) V =xe; when f=0, or

(2) V:—2\/\/fbtel+ ft€2+t€4 whenk—\/ﬁ, or

2
(3) V= ;/;)tel—i— ft62+te4 when k——\/%, or

(4) V = ze3 when k? = 2b* + f2.

Furthermore, we can obtain the result on the critical point for the energy functional
restricted to the vector field of the same length.

Proposition 4.2. Let V denote a left-invariant vector field on the Lorentzian
oscillator group Gy = G1(1) with the metric of type (1 ). For arbitrary real numbers
a,b,d, f, there exists k # 0 such that Gy has a critical point for the energy functional
restricted to vector fields of the same length.

Proof. If Gi(1) is a critical point for the energy functional restricted to vector
fields of the same length, we have the equations as follows.

4a’x + U’z + Ax + 2bdx + &’z + fio + fky — ckz = 2)\x,

act + dft — fkx + 2a*y + V*y + Ay + d>y — k*y + cfz = 2)\y,
bet — aft + ckx + cfy + 2a%z + VP2 + d%z + f?z — k*2 = 2)z,
At + f2t — k*t + acy + dfy + bez — afz = 2)t.

(9)

The system of equations (9) can be written to M{X = 0 where X = (¢,z,y,2)7.
Then the determinant Det(M]) of the coefficient matrix M] is:

— f*(4a® + b* + 2bd + d* + f*)(2a* + 3a®b* + b* + a*d* + b d® + 2a* f* + b2 f?)
+ (16a°® + 20a*b® + 8a*b* + b° + 8a*bd + 8a*b*d + 2b°d + 20a’d?

+ 16a%b*d* 4 3b*d® + 8a*bd® + 4b*d® + 8ad* + 3b*d* + 2bd® + d°

+ 24a* f2 + 21a%V* f2 + 4b* 2 + 10a®bdf? + 6b3df? + 17ad> f?

+ TV f? 4 4bd® f? + 3d* f? + 8a® f* 4 3b* f* 4 20df* + 2d* f4)K?

+ (—16a* — 12a%0* — 2b* — 8a?bd — 4b*d — 12a*d* — 4b*d* — 4bd®

—2d* — 10a”f* — 362 f? — 4bdf? — 3d*f*)k* + (4a® + b* + 2bd + d*)k°

+ (32a° + 40ab* + 16a%b* + 2b° 4 16a*bd + 16a°b>d + 46°d + 40a*d*

+ 32ab*d* + 6b*d* + 16a*bd® + 8b>d* + 16ad* + 6b*d* + 4bd® + 2d°

+52a* 2 + 48a%b% f2 + 106* £ + 20a2bdf? + 12b%df? + 36a%d> f?

+ 16b%d? 2 + 8bd® f? 4 6d* f* + 224> f* + 100 f* + 4bdf* + 6d* f*

+2f% — 72a*k? — 56a%b*k?* — 10b*k? — 32abdk? — 16b°dk?

— 56a%d?k* — 2002d?k? — 16bd®k? — 10d*k?* — 54a® f2 k% — 200° f2k2

— 16bdf?k* —18d* f2k* — 6 f*k* +32a°k* + 100 k* +12bdk* +-10d?k* -6 2 k* — 2k5) A



326 CHEN, SUN AND TAN

(—80a* — 64a%* — 12b* — 32a%bd — 16b°d — 64a’d* — 24b*d* — 16bd®

— 12d* — 68a® f* — 28b* f? — 16bdf? — 24d* f* — 12f* + 80a?k?

+ 28b%k? + 24bdk? + 28d*k* + 24 f2k* — 12k*)\2

+ (64a* 4 24V + 16bd + 24d? + 24f% — 24K*)\* — 16)*

2 Det(My) + 51\ + 5507 + 853207 + 5,00
By the above discussion about harmonic section, it is easy to see that for arbitrary
real numbers a, b, d, f, there is k#0 such that Det(M;)>0. Because s4=—16<0,

we can see that 3\, s.t. Det(M]) = 0, i.e. there is a non-trivial solution to the
system of equations (9). [

4.2. The metric g with respect to the basis {ej,es,¢e3,e4} has a matrix
of type (II).

Levi-Civita connection of the 4-dimensional Lorentzian oscillator group Gi(1) is
given as follows:

Vee1 =0, Ve €2 = %(b + d)es + %ce4,
Vees =2(b+d)es + L feu, Vees = —1ces + L fes,
Ve,61 = —aey — %(b —d)es — %664, Ve, €2 = aey,
Vees = 2(—=b+ d)er + Lkey, Ve,eq = tcer + Lkes,
Veer = 2(b—d)es +aes — 3 feq,  Vegeo = 1(—b+ d)ey — Skeu,
Ve,e3 = aey, Veses = 3 fer + skes,
Vee1= —%ce2 + %feg, V.2 = %cel + %/{?63,
Ve, €3 = %fel + %keg, Veeq=0.
Let V = ze; + yes + zeg + tey, then by the formula (3) we can get the result.

VvVV = Z@(Veiveiv_vveieiv)

= %(—4(123: + b%x — *x — 2bdx + d*x + fro + fky + ck2)e
—|—%(—act +dft + fkx — 2a°y + b’y — Sy + d*y + K’y — cf 2)es
+§(—bct —aft —ckr +cfy —20°z + V22 + &2 + [Pz 4 K2)es
+%(—czt + [P+ Kt — acy + dfy + bez + af 2)es.
Thus, V' is a harmonic section if and only if

—4a’z + b*x — x — 2bdx + d*z + f2x + fky + ckz = 0,
—act + dft + fkx — 2a%y + b*y — Py + Py + k*y — cfz = 0,
—bet — aft — ckx + cfy — 2z + b’z + d*z + f?2z + k*2 =0,
—2t + ft+ k*t — acy + dfy + bez + afz = 0.

(10)

It is the same as type () that we can get ¢ = 0 in the equation (7). The system
of equations (10) can be written to MyX = 0 where X = (t,x,y,2)7. Then the
determinant Det(M;) of the coefficient matrix M, is:
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. (b2—|—d2—f—f2—|—k22)((b—d)2(b2f2—|—b2/{32+d2k‘2+f2k’2+k)4)+52f4+52f2k‘2+d2f2/€2)
+ (T0' 2 = 6b°df* + 8b*d* 2 — 2bd° f* + d* f* + 9b* f* — dbdf* + 3d* f* +- 2f°
+ 8b1k? — 8b3dk? + 16b%d°k* — 8bdPk* + 8d*k* + 21b% f?k? — 10bdf? k>
+ 17d% f2k? + 8 f*k? + 12b%k* — 8bdk* + 12d*k* + 10 2k* + 4K%)a?
(— 146 2 4 4bdf* — 6d* f* — 10f* — 200°k* + 8bdk* — 20d* k>
— 24f%k* — 16k*)a* + (8% + 16k*)a®

A
= mg+ m2a2 + m4a4 + m6a6.

It is easy to see that mg > 0, mg < 0. When mqy < 0, it is obvious that there exists
a?, s.t. Det(My) = 0. When mg =0, wecanget b=d=0or b=4d, f=0. If
b=d=0, we have

Det(My) = 2a*(a® — f?)(4a® — f2)f* + (16a°® — 24a* f* + 8a* f*)k*
+(=16a* + 10a® f*)k* + 4a®k"
L ag+ agk® + ask + agk®.

We know that there exists f2, s.t. agp < 0. Therefore there exists f? satisfying
Det(Ms) = 0, i.e. there is a non-trivial solution to the system of equations (10).

If b=d, f=0,wehave Det(My) = 4a’k*(—2a* + 20* + k?)%.
It is easy to see that there is a non-trivial solution to the system of equations (10)

if k2 = 2a% — 2b® or a = 0. Based on the above two cases, we have the following
theorem.

Theorem 4.3.  For the Lorentzian oscillator group Gy = G1(1) with the metric
of type (11 ), then there exists a harmonic section on G1 = G1(1) if b#d, b=d # 0
or f#0. If b=d and f =0, then V is a harmonic section if and only if

(1) V =vyey + ze3 when k* = 2a* — 20, or
(2) V =xe; when a=0.

Besides, we have the result about the critical point for the energy functional re-
stricted to vector fields of the same length.

Proposition 4.4. Let V denote a left-invariant vector field on the Lorentzian
oscillator group Gy = G1(1) with the metric of type (11 ). For arbitrary real numbers
b,d, f and k # 0, there exists a such that G1 has a critical point for the energy
functional restricted to vector fields of the same length.

Proof. If Gi(1) is a critical point for the energy functional restricted to vector
fields of the same length, we have the equations as follows.

—4a’x + b*x — Pz — 2bdx + d*x + f?x + fky + ckz = 2)\z,
—act + dft + fkx — 2a%y + b*y — Py + d?y + k*y — cfz = 2\,
—bct — aft — ckx + cfy — 2a%z + 0?2z + d?z + f22 + k*z = 2)\z,
At + 2+ k*t — acy + dfy + bez + afz = 2\t

(11)

The system of equations (11) can be written to MjX = 0 where X = (t,z,y,2)".
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Then the determinant Det(M}) of the coefficient matrix M, is:
—(b2 + 32 +f2 —|—k:2)((b—d)2(b2f2 + b2k + d2k2 —|—f2l€2 —|—k:4)
+b2f4 + bzfzkz + d2f2/<:2)
+(76 2 — 6b3df* + 8b2d> f* — 2bd3 f? + d* f? + 9% f* — 4bdf!
+3d2 4 4 2f5 + 8b'k? — 8b3dk? + 1662 d°k? — Sbd>k? + 8d'k?
+210% f2k* — 10bdf?k* + 17d% f2k2 + 8f*k? + 120%k* — Sbdk?
+12d%k* + 102k* + 4k%)a®
(—14b* f? 4 4bdf* — 6d* f* — 10f* — 200*k* + 8bdk* — 20d* k>
—24f%k* — 16k*)a* + (8% + 16k*)a®
+(—32a° + 40a*b* — 16a*b* + 20° — 16a*bd + 16a*b*d — 4b°d
+40a*d* — 32a*b*d* + 6b*d® + 16a*bd® — 8b*d® — 16ad" + 6b*d*
—4bd® 4 2d° 4 52a* £ — 48a%V* f2 + 10b* f? + 20a2bdf? — 12bdf>
—36a*d* f? 4+ 16b*d* f? — 8bd® f* + 6d* f* — 224> f* + 100* f*
—4bdf* + 6d% f* + 2 + 724’ k* — 56626 k* + 10b*k? + 32a°bdk>
—16b%dk* — 56a>d*k? 4+ 20b*d*k* — 16bd3k? + 10d*k* — 54a® f2k?
42007 f2k* — 16bdf*k* + 18d% f2k? 4+ 6 f*k* — 32ak* + 100%k*
—12bdk* + 10d°k* + 6 f2k* + 2K%)\
+(—80a + 64ab* — 12b* — 32a2bd + 16b°d + 64a’d* — 24b*d>
+16bd> — 12d* + 68a* f* — 28b* f* + 16bdf* — 24d* f* — 12f*
+80a?k? — 28b%k? + 24bdk* — 28d*k* — 24 %k — 12k*)\?
+(—64a® + 24b* — 16bd + 24d* + 24 f* + 24k*)N\* — 16)*
£ Det(Ms) + 51X + 520% + s3A% + s,\%

By the above discussion about harmonic section and the same as the discussion of
type (1), we can know that for arbitrary real numbers b,d, f and k # 0, there
is a such that Det(M,) > 0. Because s, = —16 < 0, there exists A such that
Det(M}) =0, i.e. there is a non-trivial solution to the system of equations (11). =

4.3. The metric g with respect to the basis {e;,es,€3,¢4} has a matrix of
type (II1).

The Levi-Civita connections of the 4-dimensional Lorentzian oscillator group G;(1)
are given as follows:

Vee1 =0, Veea = 2(b— d)es + 5ceq,
Vees = L(=b+d)es + L feu, Ve €4 = ces + 1 fe,
Ve,€1 = —aes — 5(b+d)es — 1ces, Ve,eo = aey,

Ve,es = 3(b+ d)er + Lkeu, Ve,€4 = —5cer + skes,
Ve,e1 = —%(b+ d)es + aez — %fe4, V0 = %(b—i— d)e; — %ke4,
Ve,e3 = —aeq, Ve,e4 = _%fel - %kez,
Ve61 = 2ces + 4 fe, Ve,e2 = —1cer + 1kes,
Vee3 = —%fel — %/{262, Ve,eq4 =0.

Let V = xe; + yes + zeg + tey, then by the formula (3) we can get the result.
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VWV = > £(Ve, VeV = Vy, V)
= %(—4a2x — V2 + *x — 2bdx — d*x + fx + fky — ck2)e
+%(act +dft + fkx — 2a%y — by + Py — d*y + k*y + cf2)es
—|—%(bct —aft —ckx +cfy — 2a%z — bz — d®z + [Pz + k*2)es
+%(02t + f2t+ k* —acy — dfy — bez 4+ afz)es.
Thus, V' is a harmonic section if and only if

—4a’x — b’z + *x — 2bdx — d’x + fx + fky — ckz =0,
act + dft + fkx — 2a*y — b*y + Py — >y + k*y + cfz = 0,
bet — aft — ckx + cfy — 2a%2 — b2z — d?z + f22 + k%2 = 0,
At + A+ k*t —acy — dfy — bez +afz = 0.

(12)

It is the same as () that we can get ¢ = 0 in the equation (7). The system of
equations (12) can be written to M3X = 0 where X = (¢,z,y,2)". Then the
determinant Det(Mj3) of the coefficient matrix Mj is:

A (—4a® —b* = 2bd — d*> + f3)(—2a* — 3a®V® — b* — a*d® — B*d® + 2% % + b2 f?)
+ (16a°® + 20a** + 8a*b* + b° + 8a’bd + 8a*b*d + 2b°d + 20a’d>
+ 16a*b*d® 4 3b*d? + 8a*bd® + 4b>d® + 8a2d* + 3b*d* + 2bd® + d°
— 24a* f% — 21a*b* f2 — 4b* f* — 10a>bdf* — 6b>df? — 17a*d> f?
— TH*d*f* — 4bd® f* — 3d* f* + 8a* f* + 3b* f* + 2bdf* + 2d* f*)k?
+ (—16a* — 12a%b* — 2b* — 8a*bd — 4b>d — 12a*d® — 4b*d® — 4bd?
—2d* + 10a” f + 3b% f2 + 4bdf? + 3d® fA)k* + (4a® + b* + 2bd + d*)K®
2 ag + agk® + ask* + agk®.
If ag # 0, it is easy to get that ag = 0 when

2a* + 3a2b? + b* + o?d? + b?d?

2 2, 12 2
f7=0, 4a + b+ 2bd + d* or 0% 117

Therefore there exists f2 > 0, s.t. ag < 0, i.e. there is a non-trivial solution to the
system of equations (12). If ag =0, i.e.a = 0,d = —b, we have

Det(Ms) = —02f2(26% — 2 — k) (f + 2k2).

It is easy to see the conclusion that there is a non-trivial solution to the system of
equations (12) if f =0 or 2b> — f2 — k* = 0. Thus, we have the following theorem.

Theorem 4.5.  For the Lorentzian oscillator group Gy = G1(1) with the metric
of type (I11I), then there exists a harmonic section on G; = G1(1) if a # 0 or
b+d#0. Ifa=0 and b+d =0, then V is a harmonic section if and only if

(1) V. =uxe; when f=0, or
(2) V = ze3 when k* = 20* — f2.
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For the critical point for the energy functional restricted to vector fields of the same
length, we have the result as follows.

Proposition 4.6. Let V denote a left-invariant vector field on the Lorentzian
oscillator group Gy = G1(1) with the metric of type (I11). For arbitrary real
numbers a,b,d, f, there exists k # 0 such that Gy has a critical point for the energy
functional restricted to vector fields of the same length.

Proof. If Gi(1) is a critical point for the energy functional restricted to vector
fields of the same length, we have the equations as follows.

—da’r — b’z + Px — 2bdx — d*x + f?z + fky — ckz = 2\,
act + dft + fkx — 2a’y — b*y + Py — >y + k?y + cfz = 2)\y,
bet — aft — ckx + cfy — 2a%z — b2z — d*z + f22 + K22 = 2)z,
At + 2t + k* —acy — dfy — bez + afz = 2)\t.

(13)

The system of equations (13) can be written to MiX = 0 where X = (¢,z,y,2)".
Then the determinant Det(M}) of the coefficient matrix M} is:

fA(—4a® = b* — 2bd — d* + f*)(—2a* — 3a*b* — b* — a®d® — V?d* + 2a*f* + b* f?)
+ (16a° + 20a*b* + 8a*b* + b° + 8a*bd + 8a*b*d + 2b°d + 20a*d*
+ 16a2b*d* + 3b*d* + 8a’bd® + 4b3d® + 8a*d* + 3v?d* + 2bd° + d°
— 24a* f? — 21a*V% f? — 4b* 2 — 10abdf? — 6b3df? — 17a>d> f?
— T2 d? % — 4bd® f? — 3d* f% + 8a® f* + 3b% f* + 2bdf* + 2d° ) k>
+ (—16a* — 12a®b* — 2b* — 8a*bd — 4b*d — 12a*d® — 4b*d® — 4bd®
—2d* + 10a% f? + 3b% f% 4 4bdf* + 3d* f?)k* + (4a” + b* + 2bd + d*)k°
(—32a° — 40a*b? — 16a%b* — 2b° — 16a*bd — 16a*b*d — 4b°d — 40a*d*
— 32a%b%d* — 6b*d® — 16a%bd® — 8b>d® — 16a%d* — 6b*d* — 4bd® — 2d°
+ 52a* £2 + 48a%V% f2 + 106" f? + 20a2bdf? + 12b3df* + 36a>d> f*
+ 16b2d? f% + 8bd® f2 + 6d* f2 — 22a% f* — 100 f* — 4bdf* — 6d° f*
+ 2f% 4+ 72a*k? + 56a*b*k* + 106*k* + 32a%bdk* + 16b°dk*
+ 56a*d*k? 4 206%d*k* + 16bd®k? + 10d*k? — 54a® f2k* — 200° f2k?
— 16bdf?k? — 18d° f2k* + 6 f*k* — 324%Kk* — 106%k* — 12bdk*
— 10d*k* + 6 £2k* + 2k5)\
+ (—80a* — 64a®b* — 12b* — 32a*bd — 16b°d — 64a*d* — 24b°d* — 16bd”
— 12d* + 68a® f% + 28b° f* + 16bdf* + 24d* f? — 12f* + 80a>k* + 28b%k>
+ 24bdk? + 28d%k? — 24 f2k* — 12k*)\?
+ (—64a? — 24b* — 16bd — 24d* + 242 + 24k*)\3 — 16\
2 Det(Ms) 4 51 + 85907 + 530% 4 542
By the above discussion about harmonic section and the same as the discussion of

type (/), we can see that there exists A such that Det(M;) = 0, i.e. there is a
non-trivial solution to the system of equations (13). [
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4.4. The metric g with respect to the basis {e;,es,€3,¢4} has a matrix of
type (V).

The Levi-Civita connections of the 4-dimensional Lorentzian oscillator group G4(1)
are given as follows:

Ve, e1 =0, Ve €2 = %b@g + %(c —d)ey,
Vee3 = 2(—c+ d)es — Laes, Vees = —1bes + Laey,
Ve,e1 = —aey — %b€3 - %(C +d)ey, Ve,ea = aeq,

v6263 = %(C—i— d)el, V62€4 = %bel,

Ve,e1 = —%(c +d)es + %aeg — feq, Veea = %(c + d)ey — key,
Veses = fer + kea, Vese4 = —%ael,

V1= —%beg + %ae4, Ve, €2 = %bel,

V€3 = —%ael, Ve,eq4=0.

Let V = ze; 4+ yes + ze3 + tey and write

€3+ ey ;€3 — ey

2 YT A

/ / /

Then the metric g with respect to the basis {e}, €5, e}, €4} has the matrix

1

-1
By the bilinearity of V¢, V.,V and Vy, .V, and (3), we have:
VIV = ) VeVl = Vy, V)
= (%egVeQV =~ Vv, V) + (Ve VoV = Vy V)
+(Ve, VeV — Vveéegv) = (Ve Ve,V =Vy, V)

= (velvelv - vvelel V) + (v62V62V - VVEQBQV)
(ve3ve4v - vvegeZlv) + (ve4ve3v - Vve4e3V)

= Y (Ve Ve,V = Ve, o, V),

1,J

where ¢;; = g(e;, €;). Furthermore,

VUV = (—3a% — 2bex — 2bdx + bhz)e;
—i—%(—abt —2a*y — 2bcy — adz — bfz)es
—i—%(—b% — aby — bez)es
1
T3

(—bet + bkx — ady — bfy — *z — d*z + 2afz)ey.
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Thus, V' is a harmonic section if and only if

—3a*x — 2bcx — 2bdx + bkz = 0,

—abt — 2ay — 2bcy — adz — bfz = 0,

—b%t — aby — bez = 0,

—bet + bkx — ady — bfy — ?z — d*z + 2afz = 0.

(14)

It is the same as (I) that we can get ¢ = 0 in the equation (7). By the third
equation in the system (14), we can see that b is possibly equal to 0. If b =0, then
by direct calculation, we can get the following solutions.

2

d . d
(1) x—O,y——%Z 1ff—£;

(2) x=0,y=0,2=0, if f# L.

If we have b # 0, the system of equations (14) can be written as MyX = 0 where
X = (t,z,y,2)T. Then the determinant Det(M;) of the coefficient matrix M, is:

— b*(6a° f 4+ 10a°dfb + (dad® f + 3a® f* + a*k*)b* + 2b°df?)

£ —b*(ag + ayb + axb® + azb?).

By calculations, when d # 0, there exists f, s.t. Det(My) = 0, i.e. there is a non-
trivial solution to the system of equations (14). And by direct calculations, when
d = 0, we have the following non-trivial solutions.

_ ko JaBf R L VBRERE e Jead
(1) v = 3 AT o/ y, t= N=i yif b= ek

__k _ JaB+R) L BPHRE o ewT
(2) Tr = §y7 Z = —76fy’ t— W(y lf b— 321 k2 .

Theorem 4.7.  For the Lorentzian oscillator group Gy = G1(1) with the metric
of type (IV), then there exists a harmonic section on G; = G1(1) if b # 0 and
d#0. If b=0 or d=0, then V is a harmonic section if and only if

(1) V:—%Z€2+263+t64 when b=0, f= < or

4a

2
(2) V =teqs when b=0, f# Z—a, or

when d =0, b= \/\/3%; or
@) V== e+ yes+ | CLE ) o PR,
when d = 0, b:_\/%'

With respect to the critical point for the energy functional restricted to vector fields
of the same length, we have the following:
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Proposition 4.8. Let V denote a left-invariant vector field on the Lorentzian
oscillator group G1 = G1(1) with the metric of type (IV' ). For arbitrary real numbers
a,d, f and k # 0, there exists b such that G1 has a critical point for the energy
functional restricted to vector fields of the same length.

Proof. If G{(1) is a critical point for the energy functional restricted to vector
fields of the same length, we have the equations as follows.

—3a%x — 2bcx — 2bdx + bkz = 2)\x,

—abt — 2a*y — 2bcy — adz — bfz = 2\y,

—b’t — aby — bez = 2)\z,

—bet + bkx — ady — bfy — 2z — d?z + 2afz = 2)\t.

(15)

The system of equations (15) can be written to M;X = 0 where X = (¢, z,y,2)T.
Then the determinant Det(M}) of the coefficient matrix M} is:

b?(6a’ f + 10adfb + (4ad? f + 3a®f* + a*k*)b? + 20°df?)

+ (12a*bd + 14a*b*d* + 4b°d® — 4a°b* f — dab®df — 2b* f?

— 20*K*)\ + (—24a* — 8a®bd + 4b*d*)\?

+ (—40a* — 16bd)N* — 161*

£ Det(My) + s1)A + 8907 + 5307 + 5,0
It is easy to see that for arbitrary real numbers a,d, f and k # 0, there is b such

that Det(M,) > 0. Because s, = —16 < 0, we can see that there exists A, s.t.
Det(M}]) = 0, i.e. there is a non-trivial solution to the system of equations (15). m

4.5. The metric g with respect to the basis {e;,es,e3,¢4} has a matrix of
type (V).
The Levi-Civita connections of the 4-dimensional Lorentzian oscillator group G4(1)
are given as follows:
Vee1 = —ces — fes, Veeo = 1(b—d—k)es + ceu,
Vees =2(=b+d+k)es + feu,
Ve,e1 = —aes — 2(b+d + k)es, Ve,eo = aey,

<

e1€4 = 07

Ve2€3 = %(b—’-d—f—k)&l, V6264 = 0,
Ve3€1 = —%<b+d—k’)€2+a€3, V6362 = %(b-}-d—k)&l,
Ve, €3 = —aey, Ve,e4 =0,
Ve4€1 = V6462 = 0, V6463 = V64e4 =0.
Let V = ze; + yes + zes + tey and write
e +e e] —e
e) = 1\/54, €y = €9, €3 = €3€) = 1\/54
By calculation, the metric g with respect to the basis {e}, €}, €}, €}} has the matrix
1
1
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It is the same as type (/V') that we can get the equation

VYV = ) (Ve Ve,V = Ve, ., V),

,J

where ¢;; = g(e;, e;). Furthermore,
AVakva g <—2a2 — k= S0+ d)2) veu.

Theorem 4.9.  Let V denote a left-invariant vector field on the Lorentzian oscil-
lator group G = G1(1) with the metric of type (V' ). Then V is a harmonic section
if and only if V = yes + zeg + tes, Yy, z,t € R;

Remark 4.10. G with the metric of type (V') has a critical point for the energy
functional restricted to vector fields of the same length if and only if A =0, ie. V
is a harmonic section.

4.6. The metric g with respect to the basis {ej,es,€3,¢4} has a matrix of
type (V).

The Levi-Civita connections of the 4-dimensional Lorentzian oscillator group G4(1)
are given as follows:
V., e1 = —ae; — des,

Ve, €3 = —%bel + dey + %fe4,
1

1 1
= aey + zbes + 5cey,

__1 1
= —3ce1 — 5 fes,

Veleg

V6164
Ve, €1 = —%beg — 5Cey, V.2 =0,
Ve, €3 = %beg + %k‘e4, Ve,€4 = %062 — %keg,
Ve,e1 = —%bel + aes — %fe4, Ve,e2 = %beg — %ke4,
Vese3 = —aes, Vese4 = %k‘el + %f@g,
V1= —%cel — %feg, V€2 = %062 — %keg,
Ve4€3 = %kel + %f@?, Ve464 =0.

Let V = ze; 4+ yes + ze3 + tey and write

€1+ es / €1 — €2 / /
€y = ——, €4 = €3, €4 = €4.
\@ I 2 \@ ’ 3 ) 4

el =
By calculation, the metric g with respect to the basis {e], €}, €5, ¢} } has the matrix

1
-1

1

It is the same as type (/V') that we can get the equation

VYV = ) (Ve Ve,V = Ve, ., V),
where €;; = g(e;, €;). v
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Furthermore,

V'VV = 0Pz +Fx — fkr — k*y — ck2)e

1
2
—l—%(act — dkt — 2a*r — 2bdx — f*x + b*y + Py — fky +cfz)es
—i—%(bct + akt +cfx — cky + b%z — 2fkz)es
—i—%(th — 2fkt + acx — dkx + bez + akz)ey.
Thus, V' is a harmonic section if and only if

bV x + cx — fko — k*y — ckz =0

act — dkt — 2a*x — 2bdx — f2x + 0’y + Py — fky +cf2 =0

bet + akt + cfx — cky + b*z2 — 2fkz =0

At — 2fkt + acx — dkx + bez + akz = 0.

(16)

It is the same as (I) that we can get when ¢ = 0 in equation (7). The system
of equations (16) can be written as MgX = 0 where X = (z,y,2,t)7. Then the
determinant Det(Ms) of the coefficient matrix Mg is:

— 209 fk + (—a®b* + 8 fH)k? + (6a’b* f + 4bPdf — 82 f)k?

+ (2a* + 2a%bd — b*d* — 8a® f* — 8bdf?)k* + 2d° fk°

é k?(ao —f- alk + agk:2 —I— a3k3 —I— a4k:4).

When d, f # 0, it is easy to get that agay < 0. If apay = 0, i.e. b =0 we can
obtain the following non-trivial solutions

e ad 2
y_a4f4a2f2 ) _a274f2 ) _a274f2
A 42 2
of equations (16) if k = %}lﬁf

If agay < 0, it is obvious that there exists k # 0, s.t. Det(Mg) = 0, i.e. there is
a non-trivial solution to the system of equations (16). And by direct calculations,
when f = 0, there are the following non-trivial solutions

(1) _ 2a* + 2a”%bd — b2d? _d ;- dv/2a* + 2a2bd — b2d2
y = 5 v, z=w, b= Vo x
512
if k= — va? :
V2a% + 2a2bd — b2d?

2a* + a%bd — b2d? d dv/2a* + 2a2bd — b2d?

(2) y= r, z2=-x, t=— x
a?b? a V246
Va2b?

if k=

V2a* + 2a2bd — B2d2

when d = 0, there are the following non-trivial solutions

_2a +a2f2+a2f\/m . P __b2 B 2N .
Wy = prrar & 20 120k = = (F 4 V22 4 17);

2 +2F 2f22+f2 : b
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Theorem 4.11.  For the Lorentzian oscillator group Gy = G1(1) with the metric
of type (VI ), then there exists a harmonic section on G1 = G1(1) if b,d, f # 0. If
b,d or f =0, then V is a harmonic section if and only zf

2 f2 ad 2f
(].) V:[L'€1+ a4_4a2f2x62+ mxeg—i‘ 4f2
4 2 2
when b= 0, k:%jflf,or

24+22+2 /22+ 2
(2) V=ver+ 2 wiéz!}&%ﬁf
when d =0, k;:—2—2 (f ++/2a®+ f?), or
24+22 2 /22+ 2
(3) V =zert 3 azij;z f\f/Qa;le
when d =0, k= — 22f Vv 2a? + f?),

. 2a* + 2a%bd — b2d> dv/2a% + 2a2bd — b2d>2
(4) V =xe; + 3 xeg + al’€3 + Vo rey
212
when f=0, k=— vazb , or
V2a* + 2a2bd — b2d>
o 2a* + a?bd — b2d? d dv2a* + 2a2bd — b2d?
(5) V=umxe; + 5 xrey + e N zey
21,2
when f =0, k= vah

V2a* + 2a2bd — B2d2

As for the critical point for the energy functional restricted to vector fields of the
same length, there is the following result.

Proposition 4.12.  Let V' denote a left-invariant vector field on the Lorentzian
oscillator group G1 = G1(1) with the metric of type (VI). For arbitrary real
numbers a,b,d, [, there exists k # 0 such that Gy has a critical point for the energy
functional restricted to vector fields of the same length.

Proof. If Gi(1) is a critical point for the energy functional restricted to vector
fields of the same length, we have the equations as follows.
bV2x + ?x — fkr — k*y — ckz = 2)\x
act — dkt — 2a*x — 2bdx — f2x + by + Py — fky +cfz = 2\y
bet + akt + cfx — cky + b2z — 2fkz = 2\
At — 2fkt + acx — dkx + bez + akz = 2)t.

(17)

The system of equations (17) can be written as M{X = 0 where X = (x,y,2,t)T.
Then the determinant Det(Mf) of the coefficient matrix M is:

— 26° fk + (—a®b* + 8b* f2)k? + (6ab*f + 4b*df — 8b* f3)k® + (2a* + 2a%bd
— V?d® — 8a® f* — 8bdf?)k* + 2d° fEP (=205 + 200" fk + 8a’b?k? + 4b3dk?

— 400% f2k* — 20a” fk* — 16bdfk® + 16 f3k® + 2d°k*)\ + (120* — 56b% fk

— 12a%k* — 8bdk® + 48 f2k*)\? + (—24b* + 48 fk)A\* + 167!

£ Det(Mg) + s1A + $9A* + 5307 + 5,0
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By the above discussion about harmonic section, it is easy to see that for arbitrary
real numbers a, b, d, f, there is k # 0 such that Det(Mg) < 0. Because sy, = 16 > 0,
we can see that there exists A, s.t. Det(M}) = 0, i.e. there is a non-trivial solution
to the system of equations (17). ]
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