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Abstract. We study the Fourier transforms for compactly supported distributional sections
of complex homogeneous vector bundles on symmetric spaces of non-compact type X = G/K.
We prove a characterization of their range. In fact, from Delorme’s Paley-Wiener theorem for
compactly supported smooth functions on a real reductive group of Harish-Chandra class, we
deduce topological Paley-Wiener and Paley-Wiener-Schwartz theorems for sections.
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1. Introduction

One of the central theorems of harmonic analysis on R"™ is the so-called Paley-
Wiener theorem, named after the two mathematicians Raymond Paley and Norbert
Wiener. It describes the image of the Fourier transform of the space C°(R™)
of smooth functions with compact support as the space of entire functions on
C" satisfying some growth condition. The theorem has a counterpart, known as
the Paley-Wiener-Schwartz theorem. Here, the smooth functions are replaced by
distributions 7' € C;*°(R") and the growth condition by a weaker growth condition
(e.g. [13], Theorem. 7.3.1).

Both theorems have been generalized to more general Lie groups GG and furthermore
to some smooth manifolds carrying symmetries. For example, the case of Rieman-
nian symmetric spaces of non-compact type X = G/K was considered by Helgason
[9] and Gangolli [8]. They proved a Paley-Wiener theorem for compactly supported
K -invariant smooth functions and Helgason [10] even showed it for general com-
pactly supported smooth functions on X . There is also a Paley-Wiener theorem for
K x K -finite compactly supported smooth functions on a real reductive Lie group G
of Harish-Chandra class due to Arthur [1] and Delorme [6], formulated in terms of
the so-called Arthur-Campolli and Delorme conditions, respectively. Delorme even
proved a version without the K x K-finiteness. A generalization to K -finite func-
tions on reductive symmetric spaces was presented by van den Ban and Schlichtkrull
[2]. Furthermore, later van den Ban and Souaifi [4] proved, without using the proof
or validity of any associated Paley-Wiener theorems of Arthur or Delorme, that the
two compatibility conditions are equivalent.
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Concerning the Paley-Wiener-Schwartz theorem for distributions on symmetric spa-
ces, we mention Helgason [10] and Eguchi, Hashizume, Okamoto [7]. Moreover,
van den Ban and Schlichtkrull [3] also proved a topological Paley-Wiener-Schwartz
theorem for K -finite distributions on reductive symmetric spaces.

Our aim is to establish a topological Paley-Wiener theorem for (distributional) sec-
tions of homogeneous vector bundles on X using Delorme’s intertwining conditions.
Thus, starting, in Section 2 with Delorme’s Paley-Wiener theorem ([6], Thm. 2)
in the setting of van den Ban and Souaifi [4], we will adjust it, in Sections 3 and
4, for our purposes. More precisely, we describe the intertwining conditions for
sections and show that they are equivalent to Delorme’s ones by using Frobenius-
reciprocity (Prop. 4.3 and Thm. 4.5). We consider three levels, (Level 1) refers
to Delorme’s Paley-Wiener theorem (Thm. 2.7), (Level 2) corresponds to the de-
sired Paley-Wiener theorem for sections (Thm. 5.2) and (Level 3) stands for the
Paley-Wiener theorem for ‘spherical functions’ (Thm. 5.2). For the last, we fix an
additional K -representation on the left while a right, not necessarily irreducible,
K-type x is fixed by the bundle E, — X . The intertwining conditions are much
casier to handle (Thm. 4.5) in (Level 3) than in (Level 2), see [19] for examples.

Finally in Section 6, we present our main theorem (Thm. 6.3), a topological Paley-
Wiener-Schwartz theorem for distributional sections in both levels (Level 2) and
(Level 3). Roughly speaking, it describes the image of the Fourier transform, say in
(Level 2), as a space of holomorphic functions on a complex vector space with values
in principal series representations satisfying the usual Paley-Wiener-Schwartz growth
condition and additional relations between the values as well as the derivatives
of these functions at different points that correspond to the same infinitesimal
character. For its proof, we use van den Ban and Schlichtkrull’s technique [3] as
well as Camporesi’s Plancherel theorem for sections ([5], Thm. 3.4 and Thm. 4.3).

This paper ends, in Section 7, by analyzing some consequences of this theorem
for linear invariant differential operators between sections of homogeneous vector

bundles (Prop. 7.2).

The motivation behind this work lies in solvability questions of systems of invariant
differential equations on symmetric spaces G/K . These questions forced us to find
a manageable description for the image under the Fourier transform of non- K -finite
distributional sections of homogeneous vector bundles on G/K , i.e. to establish a
Paley-Wiener-Schwartz theorem in (Level 2). However, the complicated nature of
the intertwining conditions in (Level 2) makes it necessary to switch from time to
time to (Level 3), i.e. to fix an additional K -type. Let us explain the questions in
more detail.

Given an invariant differential operator D between sections of homogeneous vector
bundles over G/K , we want to establish that the equation Df = ¢ is solvable in
smooth sections, provided the given section ¢ satisfies the obvious ‘algebraic’ inte-
grability conditions: D’g = 0 for all invariant differential operators D’ satisfying
D' oD = 0. A positive answer to this problem would be the precise analog of the
famous Ehrenpreis-Malgrange theorem for systems of constant coefficient differential
equations on R™ (see e.g. [13]). The special and easy case of a single equation corre-
sponds to one-dimensional (trivial) vector bundles where the integrability condition
disappears. For symmetric spaces of non-compact type, a positive answer in this
special case has been established by Helgason using his own Paley-Wiener-Schwartz
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theorem [10]. Also for many differential operators between higher dimensional vec-
tor bundles, a positive answer is known as a consequence of a deep theorem of
Kashiwara-Schmid on maximal globalizations of Harish-Chandra modules [14, 15].
Its proof is a tour de force in D-module theory. We wanted to understand to what
extent a more classical approach using Fourier analysis is possible, similar as in the
proof of the Ehrenpreis-Malgrange theorem [13]. This approach should work by du-
alizing, i.e. consider compactly supported distributional sections instead of smooth
sections and then transfer the problem via Fourier transform to the Paley-Wiener-
Schwartz space. In [20], we develop a precise strategy on how to attack this problem
in the Paley-Wiener-Schwartz space and show that the strategy works completely
for SL(2,R). In fact, the results of the present paper as well as applications to
solvability questions are part of the doctoral dissertation [21] of the second author.
For further details, we refer to [21] and the follow-up papers [19, 20].

2. On Delorme’s Paley-Wiener theorem

Let G be a real connected semi-simple Lie group with finite center of non-compact
type with Lie algebra g and K C G its maximal compact subgroup with Lie algebra
t. The quotient X = G/K is then a Riemannian symmetric space of non-compact
type.

Let ¢ = €@ p be the Cartan decomposition, and let a be a maximal abelian
subspace of p. Fix a corresponding minimal parabolic subgroup P = M AN of
G with split component A = exp(a), nilpotent Lie group N, and M = Zk(a) being
the centralizer of A in K. Let (0,FE,) € M be a finite dimensional irreducible
representation of M and A € ai = C". For fixed (o,\) € M x ag, let (o5, Ey )
be the representation of P on the vector space E,, := E, such that we have
ox(man) = a**a(m) € End(E,,) for m € M, a € A;n € N and where p € a* is
the half sum of the positive roots of (g, a), counted with multiplicities. We use the
notation a* for e*'°8(®) . Then, the space

flgman) = a~ o (m)"L(f(9)), }

HIA = :Gg)oEa
> {f MgeG meM, acA neN

together with the left regular action (m,x\(g)f)(z) = f(¢7'x) = (I,f)(z) for
g,z € G and f € HZ”, is the space of smooth vectors of the principal series rep-
resentation of G induced from the P-representation o) on E, ) (e.g.[16], p.168).
The restriction map from HZ* to functions on K is injective by the Iwasawa de-
composition g = x(g)a(g)n(g) € KAN of G. In particular, for f € HZ* we have

f(g) = f(k(g)a(g)n(g)) = alg)~ ) (f(x(g))). This yields the so-called compact
picture of HZ* (e.g. [16], p. 168). It has the advantage that the representation space

HS ={p: K S E, | p(km) = o(m) k), k € K,m € M} (1)

does not depend on A. Here, HZ is equipped with the usual Fréchet topology.
From time to time, we need the L?-norm. The corresponding action in the compact
picture, which we denote — by a slight abuse of notation — also by 7, , is more
involved:

(o (9)@) (k) = alg™'k)" Y Po(k(g k), ¢ € HZ. (2)
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We remark that the representations (o, E,) of M and (o, E, ) of P define homo-
geneous vector bundles E, on K/M and E, , on G/P, respectively. Then, we have
HZ =~ C*(K/M,E,) and H* =2 C®(G/P,E,.,).

Fourier transform for G in (Level 1)

Let C2(G) = | 2(@) = |J{f € C*(G) | supp(f) € Br(0)}
r>0 >0
be the space of compactly supported smooth complex functions on G, where

B,(0) :=={g € G | distx(gK,0) <7} C G

denotes the preimage of the closed ball of radius r» and center o = eK in X under
the projection G — X . Here, distx means a fixed G-invariant Riemannian distance
on X, and e is the neutral element of G. We equip C°(G) with the usual Fréchet
topology, thus C°(G) is a LF-space.

Definition 2.1. (Fourier transform for G in (Level 1)) Fix (o,)\) € M x ag, we
define the Fourier transform of f € C°(G) of (o,\) by the operator

For(f) = moalf) = / £(9)7sr(9) dg € End(HZ). .

We denote in the following by Hol(ag) the space of holomorphic functions in af and
by Hol(af, End(HZ)) the space of maps af 3 A — ¢(A\) € End(HZ) such that

(1.i) for p € HZ, the map A — ¢(\)¢ € HZ is holomorphic function on af with
values in the Fréchet space HZ .

From Delorme’s Lemma 10(ii) in [6], we deduce the following statement.

Proposition 2.2.  The family of maps f +— ('7:07)\<f))(o,>\)eang defines a linear
map from CP(G) into [], .57 Hol(ag, End(HZ,)). ]

Delorme’s Paley-Wiener theorem and intertwining conditions in (Level 1)

We now proceed with the definition of Delorme’s Paley-Wiener space ([6], Def. 3).
It involves Delorme’s intertwining conditions for derived versions of HZ ([6], Sect.
1.5 and Déf. 3 (4.4)). Van den Ban and Souaifi present a more elegant reformulation
of them ([4], Section 4.5, in particular Lemma 4.4 and Proposition 4.5). Our
formulation will be very similar to theirs.

Definition 2.3. (m-th derived representation) For A € af., let Hol, be the set of
germs at A of C-valued holomorphic functions p +— f, and my, C Hol, the maximal
ideal of germs vanishing at A. Denote by H A the set of germs at A of HZ -valued
holomorphic functions p > 1, € HZ, with G-action

(gw)# = 7TU7M(9)'¢/M g € G.
For m € Ny, it induces a representation 7'('((7”;\) on the space

o, . o m o
Hoq(m = H[)\}/m)\ —HH[)\]u (3)

)

which is equipped with the natural Fréchet topology. We call this representation
the m-th derived principal series representation of G'. [ ]
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Here, Hol, acts on H[(f\] by pointwise multiplication. Note that the 0-th derived
representation is the space of smooth vectors of the principal series GG-representation
in the compact picture: H;:\(o) = HY . Intuitively, we can say that Hgo’?(m) contains
all Taylor polynomials of order m at A of holomorphic families ,,.

Moreover, ¢ € [] .57 Hol(ag, End(HZ)) induces an operator ¢5,, on H;:\(m) by

Sm[Vu]) = [6020,], where 1, € H O represents the corresponding class in H;:\(m).

The following definition turns out to be equivalent to Delorme’s intertwining con-
dition ([6], Déf. 3 (4.4)).

Definition 2.4. (Delorme’s intertwining condition in (Level 1)) Let = be the
set of all 3-tuples (o,\,m) with o € ]\//_7, A € at and m € Ny. Consider the
m-th derived G-representation H;j\(m) defined in (3). For every finite sequence
£=(&,8&,...,&) € 2%, s € N, we define the G-representation

S

. TisAi
He =@ HI: )
i=1
We consider proper closed G-subrepresentations W C He.

Such a pair (§,W) with £ € 2% and W C H, as above, is called an intertwining
datum. Every function ¢ € [] _g Hol(ag, End(HZ)) induces an element

(65 ) )izt,.s = b € @ End(HZ ) € End(He).
i=1

(D.a) We say that ¢ satisfies Delorme’s intertwining condition, if ¢¢(W) C W for
every intertwining datum (&, W). n

Next, we define Delorme’s Paley-Wiener space ([6], Déf. 3). We denote by U(E)
the universal enveloping algebra of the complexification of £. Note that our fixed
Riemannian metric on X = G/K corresponds to an Ad-invariant bilinear form on
g, which is definite on ¢ and p. Therefore, we get a norm |- | on by for each
subspace b C € or b C p.

Definition 2.5. (Paley-Wiener space in (Level 1)) For r > 0, Delorme’s Paley-
Wiener space is the vector space

¢ satisfies the growth condition

PW.(G) = { o€ H Hol(ag, End(HC,)) (1.i7),. below and (D.a)

ceM

Here,

(1ii), for all ¥1,Ys € U(E), (0, )) € M x az and N € Ny, there exists a constant
C,«,Nyl,yQ > ( such that

1757 (Y1) $(0, Non(Ya)l| < Crvyiva (14 [Ag [ + (A7)~ erle

for ¢ € End(HZ), where A, is the highest weight of ¢ and | - || is the
operator norm on HZ with respect to the L?-norm of HZ . n
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Notice that due to Lemma 10(i) in [6], the space PW,(G) is equipped with semi-
norms

I6llrvyize = sup (L4 [Ao[* + [AP)Ne W |m \ (Y1) (0, N o (Ya) | g,

(o, \)EM xaf

¢ € PW,.(G), is a Fréchet space. Furthermore, the intertwining condition (D.a)
in Def. 2.5 is a special case of van den Ban’s and Souaifi’s one ([4], Cor.4.7 and

Prop.4.10.). The small difference is, that instead of the defined m-th derived

representations H;’\(m) (3), they consider

Hiy p = Hj ®nol, B,

where F is a finite dimensional Holy-module. By the following proposition, this
leads to equivalent intertwining conditions.

Proposition 2.6. With the previous notations, let (o, \) € M x at. Then, for

E = Holy/my"** | we have Hp g & H;A(m).

Moreover, for any finite dimensional Holy-module E, there exist mq,...,ms € Ny
such that HY, 5 is a quotient of H;)‘(ml) @D Hgo)‘(m)

Proof. Consider a (commutative) ring R with neutral element 1, a R-module
M and I C R an ideal. Then, we have the following isomorphism

M®grR/I=M/IM.
In fact, by an algebraic computation, one can easily show that the two R-maps
a:M&rR/IT—-M/IM and p:M/IM — M ®grR/I
a(m @ [r]) == [rm] Alm]) :=m 1]
are well-defined and inverse to each other. Here, [-] denotes the class in the corre-

sponding quotient. For m € Ny and R = Holy, consider its ideal mTH C Hol,.
Take E = Holy/my"™ and M = Hg,, then

o ~ o m o o\
HE) ®nol, B 2= HY ) /my T HE =0 HY

Moreover, an ideal Z in Hol, is cofinite if and only if there exists m € Ny such that
my* C T (see e.g.[4], Lemma 2.1).

Thus, for some s € N and finitely many cofinite ideals m&”lﬂ, e ,m;"”l of Hol,,
we have that a finite dimensional Hol y,-module F is a quotient of the direct sum

Holy/my" ™' @ Holy/my* ™ @ - - - @ Holy /miy**!.

o,

Hence, the map oo (ma

o, o
)@GBHOO,T)’LS)HHP\],E
is surjective and the result follows. [ |
Now, we can formulate Delorme’s Paley-Wiener theorem.

Theorem 2.7. (Paley-Wiener Theorem, [6], Thm. 2) For r > 0, the Fourier
transform F given by

C2(G) 3 [ = (Forlh) onyerixa € PWH(G)
is a topological isomorphism between the two Fréchet spaces C°(G) and PW,.(G). =
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Remark 2.8. Delorme formulated the Paley-Wiener Thm. 2.7 in terms of all
cuspidal parabolic subgroups. By Casselman’s subrepresentation theorem (e.g. [24],
Thm. 3.8.3.), it is clear that it remains true if we restrict to the minimal parabolic
subgroup P (compare [4], Lem. 4.4).

3. Fourier transforms for (distributional) sections and its properties

Let (7, E.) be a finite dimensional, not necessarily irreducible, representation of K .
We obtain a homogeneous vector bundle E, over X, whose space C*(X,E;) of
smooth sections is identified with the following space:

CX(X,E.) = {f: G B, | f(gk) =72 (k)(f(9)), Vg €,k € K}.

The group G acts on C*®(X,E,) by left translations, (¢- f)(¢') = f(¢7'¢'), where
9,9 € G. We have the following G-isomorphism:

C*(X,E,) 2 [C*(G) ® E,]*.

Here, K -invariants are taken with respect to representation r ® 7, where r denotes
the right regular representation on C'°(G). By taking the topological linear dual of
C>®(X,E;), where (7, F;) is the dual of the representation (7, E.), we obtain the
space of compactly supported distributional sections of E; :

N (X, E,) = (C*(X,E.)). (5)

Co¥(XE,) = | Cr®(XE,) = | J{T € C"(X.E,) | supp(T) € B, (0)}

r>0 r>0

and the inclusion C*(X,E,) C C.>°(X,E,).

Fourier transform in (Level 2)

We want to study the map induced on the space [C®(G) @ E. ¥ = C®(X,E,) by
the Fourier transform F : C°(G) — U5 PW:(G) (see Thm. 2.7):

dr dr
Y fievie Y Flf)eu, fi€CX(G),
=1 i=1

where d, denotes the dimension of F, and v;,i € {1,--- ,d,}, is a basis of E,. For
r > 0, one deduces from Thm. 2.7 that

Thm. 2.7

CO(X,E,) 2 [C*G) @ E )X = [PW,(G)® E,]X.

The goal is to make [PW,(G) ® E.]¥ more explicit and, moreover, to do the same
study for distributional sections C_*°(X,E,). For this, let us study the map

d-
=1

dr
= Y Foalfi) ®v; € [End(HY) @ E,] = H, ® Homg (HZ, E,).
=1



360 OLBRICH AND PALMIROTTA

Bringing the Frobenius reciprocity into play, gives us a better description of the
space Homg(HZ, E;). Namely, we have
Homg(H%, E,) = Homu(E,, E,) defined by
(Frob(SYw,v) = (w,S"0(e)), w € E,, € E;. (6)
Here, S* : E: — HZ is the adjoint of S. Let us next compute the inverse of Frob.

Lemma 3.1. ([18], Lemma 2.12) Let s € Homy (E,, E;) and f € HZ . Then, we

have
Frob=(s)(f) = / (k)5 £ (k) dk. .
K
The dual of Frob is given by
Frob
Homg(E., HZ) = Hompy(E;, E,)
Frob(T)(v) = T(v)(e), v € E, (7)

and for ¢t € Homy(E;, E,) and v € E,, the inverse of Frob is

—~1
Frob (t)(v)(k) = t(r(k")v), k € K. (8)
Coming back to our previous computation, we get

Frob

123

[End(H?) ® E,]* =2 H? ® Homg(HS,E,) = H? ® Homy(E,, E,)

(r:i) oo M ~ 7| (o)
C*(K, E, ® Homy (E,, E;)) HM9) (9)

where 7|y (0) is the o-isotypic component of 7|y. Here, as 7 is restricted to
M, it is generally no more irreducible and splits into a finite direct sum of the
form 7|y = @,c;pm(o, 7)o, where m(o,7) = dim(Homy (E,, E;)) > 0 is the
multiplicity of ¢ in 7|3;. Now by taking the algebraic direct sum over all o € M ,
where only finitely many of them appear, we obtain

(9)
@[End(Hgo) ® ET]K ~ @ H;L]M(U) o H;LJVI

UEJ/\Z UE]\//]
e _
={f: K = B, | f(km)=1(m)"" f(k)},
which can be viewed as the principal series representations corresponding to 7|/ .

Definition 3.2. (Fourier transform for sections of homogeneous vector bundles in
(Level 2)) Let g = k(g)a(g)n(g) € KAN = G be the Iwasawa decomposition. For
fixed A € a¢ and k € K, we define the function €3 ; by

eyr:G — End(E;) = E:®E;
g = eulg) = 1(r(g"k) talgT k) O, (10)
(a) For f e CX(X,E,), the Fourier transformation is given by

FofOK) = / e54(9)f(g) dg = / @) dge B, (11)

G G/K

where the last equality makes sense since the integrand is right K -invariant.
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(b) The Fourier transform for a distributional section T'€ C*°(X,E,) is defined by
F TN k) :=(T,e},) € Er, (A k) € ag x K/M.
Here we view €] , as an element of C*°(X,E;) ® E;, and
() Co%(X,E,) x (C%(X,Es) © ) = E,
is the natural pairing. |

Note that the Fourier transform for sections has already been introduced and studied
by Camporesi ([5], (3.18)). It is a direct generalization of Helgason’s Fourier trans-
form for E. = C. It is not difficult to see that A — F,f(),-) and A — F,T(\, )
are in Hol(af, H T‘M) Observe that, for k € K and g € G, we have, by definition

el i(9) = lk(eX1(g) = X1 (kg). (12)

The function ef ; in Def. 3.2 can be seen as the analogue of the exponential function
in the definition of Fourier transform in the Euclidean case R™. It has some
interesting properties. Note that for fixed & € K, €} ,(g) is an entire function

on \ € af, since a(g~'k)~**?) is an entire function on A € af.

Proposition 3.3. Let 7 € K, A€ ag and k € K. Then, we have
e;,k(hg) :ez\,n( 1k)( ) (h k) /\+p)7 gahe G. (13)

Proof. Let h,g € G = KAN, then by Iwasawa decomposition, we obtain

hg = hr(g)a(g)n(g) = r(hk(g)) a(hr(g)) n(hk(g)) a(g) n(g)
= r(hk(g)) alhk(g)) alg) n(hk(g)) n(g).
\*/ \ ~ / \ vl

g

In other words, we have k(hg) = k(hr(g)a(g)n(g)) = k(hr(g)), and
a(hg) = a(hr(g)a(g)n(g)) = a(hr(g))a(g). Hence,
Sulhg) = rlr(g™ k) (g k)T
= 7(k(g 'Rk R))) talg w(h )M a(h ) A
= ‘3;5( )( Ja(h™'k)~ (o) u

Fourier transform in (Level 3) and its properties

Now consider an additional finite dimensional K -representation v : K — GL(E,).
The Fourier transform in Def. 3.2 induces a mapping

Homg (E,, C>°(X,E,)) — Homg(E,, Hol(ak, HIIM)). (14)

The left hand side of (14) can be identified with a space of functions with values in
Hom(E,, E;), the (v, 7)-spherical functions:

Homg (E,, C°(X,E;)) = CX(G,v,T)
={f:G— Hom(E,, E;) | f(kigks) = (ko) f(g)y(ky) ™, Yk, ke € K}
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For the right hand side of the mapping (14), we use the Frobenius reciprocity
between K and M by evaluating at k£ = 1. In consequence we obtain the space of
functions {¢:a — Homy(E,, E;)}. This motivates the definition of the Fourier
transformation for (v, 7)-spherical functions.

Definition 3.4. (Fourier transform in (Level 3)) With the previous notations, the
Fourier transformation for f € C°(G,~,T) is given by

FAW = [ Gal0)f(0)dg € Bom(B,.F). A€ (15)
Similar, the Fourier transformation for a distribution
T e C,*(G,y,7) =2 Homg (E,,C;*(X,E;))
is defined by FT(N) = (T, e} ) € Hom(E,, E;).
Again, we view €] , as an element of C*(X,E;) ® E;, and
(-,-) : Homg (E,,C*(X,E;)) x (C*(X,E;) ® E;) - Hom(E,, E,)
is the natural pairing. [ |

Observe that for f € CX(G,v,7) and m € M
r(m)  Fof () = /G &5 1(mg) f(g) dg = /G (@) (mg) dg = . F, F\)y(m).

Thus F.f(A\) € Homy (E,, E;). The same holds for distributions. Let us con-
sider now the convolution of f € C*(X,E,) by a (7, 7)-spherical function ¢ €
C>(G, v, ), which is defined by

(f *0)(g) = /G o(ag) f(z) dz = / owg)f(r ) de, geG.  (16)

G

By considering the corresponding Fourier transform, we obtain the following result,
which is analogous to Helgason’s Lemma 1.4 in ([11], Chap. 3).

Proposition 3.5. With the notations above, we then have that
F(fxo)\ k) = ,/.7:T<p()\)f7f()\,k), A€ag, ke K.

Proof. For (\ k) € af x K, we compute

Fo(f v 0)0 k) 2 /G Galoela (@) dedg
=:h

Fubinls tha. / / &3k (xh)p(h) dh)f(x) dz
G G
Prop. 3.3 / /6 (i ( a(z™ k)~ A+P) (h)dh>f(flf)dx

D[ (] a0 oty an)alem )04 (o) da

\—,_/

C)
@
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Remark 3.6.  (a) In a similar way, one can define the left convolution by a scalar
valued-function ¢ € C2°(G). In fact, we know that, for f € C*(X,E,) and g € G,
we have

Foll /) k) = /

G

5 (@)l f (2) da = / &% (gh) £ () dh

G

) (g 1k) O+ /G Gontary () F () dh
2 (o () Frf ) ():

Hence, we can deduce for ¢ € C°(G)

Frlox [)A k) = (mea(@) Fr f(A)(F). (17)

(b) Analogously as for smooth compactly supported sections (16), we define the
convolution for distributional sections 7" € C*°(X,E,) by

(Tx9)(g) = (T, 1l49"), g€G,peCZG,,T)
Then, Prop. 3.5 holds for distributions as well. [ |

Now, for € > 0, take a K -conjugation invariant open neighbourhood U, C B.(e)
in G so that (.., U = {e}, and for 0 < €; < €, we have U, C U,,. Consider a
scalar-valued positive function 7. € C2°(G) with compact support contained in U
satisfying

/ fle(g)dg = 1. (18)

Let us construct from this an endomorphism-valued function n. € C*(G, 7, 7) by

nelg) = / i (b gha) 7 (ko) Ay dbs, g € G (19)
KxK

Then, we get the following observation.

Corollary 3.7.  For each ¢ > 0, let n. € CX(G,7,7) be the (7,T)-spherical
endomorphism function given by (19). Then, its Fourier transform _F,n. converges
uniformly on compact subsets of ai. to the identity map:

Fne(A) — 1dg,,

when € — 0. Moreover, for all eg > 0,c > 0 the family _F.n., € < €, is uniformly
bounded in the strip |Re(\)| < c.



364 OLBRICH AND PALMIROTTA

Proof.  Consider 1. € C*(G, 7, 7), then for g € G:
77€<g) = / / ﬁe(klgk2>7'(k'2k1) dk’l dk’g = / / ﬁe(klglkl_l)T(l) dkl dl
K JK K JK
- [ marwa
K

where we did a change of variable and set 77.(g) := [, fie(kigky ') dki. Here, 7, is
as above (18). By computing its Fourier transform, we obtain, for A € af.

Frnyn) & /G ex1(9)ne(g) dg = / ( /K ex1(g)n(gl)T(1) dl) dg

G

= /G ( /Keil(gl)ﬁe(gl) t) dg = /G a)(9)dg = | e5,(9)9) dg.

€

We see that (1) is uniformly bounded on strips by (18) and since € ;(g) is so
for g € Ue,. Moreover, the last integral is equal to [;; 7.(g)(e5 ;(9) —1dg,) dg+1dg, .

Now, consider a compact set C' C ai. and 0 > 0. Then there exists € > 0 such that
le51(9) —Idp, | < 6 for g € U, A € C.

Thus, this implies that _F,n. converges uniformly on compact sets to Idg_, when
e converges to 0. ]

Furthermore, consider a non-zero linear G-invariant differential operator between
sections of homogeneous vector bundles

D:C™(X,E,) — C®(X,E,). (20)

Invariant means that D(l,f) = [,(Df), for all ¢ € G and f € C*(X,E,). Denote
by D¢(E;,E,) the vector space of all these G-invariant differential operators on
sections. We get the following relation.

Proposition 3.8.  Let ) € Dg(Ez, E5) be an invariant linear differential opera-
tor. Then, we have

(Q®Idg, )el;, = (Q®Idg,)ey;)(1) o€}, A€ag ke K. (21)

Here we view €, as an element of C*(X,E:) ® E, and o denotes the natural
composition Hom(E,, E;) x End(E,) — Hom(E,, E,).

Proof. Let us first consider the case £ = 1. We then have
ey (naky) = a*P7(ky) = a™Pel (k1), n€ N,a€ Ak € K. (22)
In particular, for nya; € NA and g = nak; € NAK =G
lnan)-1€3,1(9) = €31 (marnak) = & 1 (ni(arnay )araky)
2 (k) = a6 (9).
Hence, since @ is linear and G-invariant, we obtain that

lman-+(Q ®1dp, )e31(9) = (Q @ g, ) (linyar)-1€51)(9)
= (Q®dg,)(a7™"e} 1)(9) = 0y ™ (Q ® 1dp, )e}1 (9) (23)
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and by setting g = 1, we have
(Q @ 1)} (mar) 2 @t ™(Q © 1, e, (1), (24)
Therefore, since € ; € C*(X,E;) ® E, C C*(G,End(E;)), we have that
(Q®1dg, ey, € C*(X,Ey) @ B, C C*(G, Hom(E,, E;)).

Therefore, for g = nja1ks € G, we can conclude that

Q® IdET)€§71(n1a1k2) = (Q® IdET)eil(mm)’Y(kz)
(2) )\er((Q ®IdE_r)e>\1)(1)’y(/€2)
2 Qo)) (1) 0 e, (marky).  (25)

Now for general k € K, we observe that e} , = [re] ;. Hence

(Q®©dp)ef, = (Q@1dp)(hehy) 2 W(Q@1dp,)e] ) (1) o},

= (Q®Idg, e} )(1) o€,

Thus, we get the desired result. [ |

4. Delorme’s intertwining conditions and some examples

We study Delorme’s intertwining conditions (D.a) in Def. 2.4 and determine the
intertwining conditions in (Level 2) and (Level 3) induced by them. To do this, we
first need some preparations. In the previous Sect. 3, we have seen the identification
(9). Let us now take a closer look. Using the Frobenius reciprocity (6), we shall
define a linear map

I: @ HZ, ® Homy(HS,, E,) — HI™

oeM

on each summand separately. Let a = ZZZ(;’U) a; ®8S; € HL, ® Homg(HZ, E;),
where S;,i =1,...,m(7,0), runs through a basis of Homg(HZ, E;).
Set s; := Frob(S;) € Homy (E,, E;) and define

m(7,0)
a) :=d, Z S; 0 ;.
=1

Hence, on each summand, [ is the composition of the following isomorphisms

1®Frob

H? @ Homg(HZ,E.) — HZ ® Homy (E,, E;) = Loy H;Sg)a

where m is induced by the natural multiplication map
E, @ Homy(E,, E;) — E.(0).

Summing up over o, we see that I is an isomorphism. For T' € Homg (E,, HZ), let

m(7,0)

(a, T) Z Tr (SioT)a; € HZ,. (26)

=1
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We now consider End(HZ) ® E, equipped with the K -action

k(g @v):=(pol-1)®7(k)v.

Then, there is a natural identification [End(H%) ® E,|X = H @ Homg(HZ, E,),
which gives rise to an isomorphism

j: PEnd(HS) ® E] — €D HE, @ Homg (HZ, E;).
oeM ceM
We define the map J @[End(Hgo) ® B, )% — Hlv (27)
oeM
by setting J := I 0 j. In addition, for 8 = 37, i ® v; € [End(HZ) ® E,]¥ and

T € Homg(E,,HZ), let
dr

(8,T) = (BioT)(v;) € HE. (28)

i=1
We check that (3,T) = (j(8),T), where the pairing on the right hand side is given
by (26). For two vector spaces A, B and a € A,b € Hom(B,C), we denote by
a-b € Hom(B, A) the one dimensional operator

B3> bw— b(b)a.

The operator f; € End(HZ) is finite dimensional. Hence it can be written in the
form 3; = Zj a;j - &, for some ay; € HY, &;; € Hom(HZ,C). Therefore we have
JB) =20 ® (Ui - ;) and thus

G(B). T Z Tr (v - &ig) © Ty = Z Qg (T(vi)) g
= ZozzJ ai(T(v) =) (B; OT)("Uz') = (8,T).

This justifies our shghtly abuswe use of the same symbol (-,-) for two different
pairings. Recall the definition (7) of the dual Frobenius reciprocity.

Proposition 4.1.  Let f := " fi®uv; € C®(X,E,). We shortly write Fyx(f)
for 0 For(fi)) @ vi € [End(HS) ® E.). Then, for every T € Homg(E,, HS),
t = Frob(T) € Hompy (E,, E,) and o € H, ® Homg(HZ, E,), we obtain

(1) (e, T) =to (I()),

(2) (Foulf),T)=toF,f(N,-) € HZ, for X € af,

(3) Frf()‘7 ) = J(@geﬁfa,/\(f))? fO’f’ A€ a(E‘
Proof. (1) It is sufficient to prove it for only one summand in «, hence let

a =a;®8. For T € Homg(E,,H,),t = Frob(T),S € Homg(HZ, E,) and
s = Frob(S), we thus obtain

em. . Frob '
e 2Oy (Prob~'(s) o Frob (1))

=Tr, < /K 7(k)sotr(k™t) dk:) a; =Tr (sot)a; = Try(t o s)a.

(o, T) =Tr (SoT)y
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Since ¢ € M is irreducible and t o s € Endy(E,), by Schur’s lemma, we have that
tos = A-Idg,, for some A € C and thus Tr,(t o s) = d,\. Hence we obtain
(a, T) = (tos)o(dyar) =to(I(a)).

(2) By computation, we get

d-

<]:a,>\(f)’T>:Z( ak(fz OT Z‘FO')\ fz tT (l))

2 5 [ )t ) ds = 3 [ 5o renlolod

In the last line, we set ¢;(k) :=to7(k™)(v;), for k € K. Fix k € K, by applying
(2), we have (mq(9)i) (k) = a(g™"k) " pi(k(g~'k)).
Thus, the above is equal to

dr dr
(Vo r(rla= TN Lala= )~ Ot)y. dg — (Dtoem (a)o
> / o)t o Tt~ ) alg ™) O undg =3 / fi(@)t o € 4(g)uidg

/Q\k Zfz vzdgto/e,\k(g)f(g) dg =to Frf(\ k).

(3) We rewrite (1) in the following way:
(1) Tr,(I7'(B)oT) =top, B € HI", T € Homg(E,, HY,).

Here I71(8) o T € HZ, ® Endg(E;) and Tr, is taken in the second component.
Similarly (2) gives (2'):

(2) Te-(j(For(f)) o T) =to F-f(A, ).
We obtain

Te (1N (FfO ) o 1) Lt o Fof(h ) D e ((Foa(f) 0 T).

The pairing Homg(HZ, E;) x Homg(E,, HZ) > (S,T) — Tr.(SoT) € C is
non-degenerate. We conclude that I~ (F.f(X,-)) = j(B, 57 For(f)). This gives
(3). |

We first study what happens to Delorme’s intertwining condition (D.a) if we tensor

it with £, and take K -invariants.

Definition 4.2. (1) We say that a function
¢ € [][Hol(ax, End(HZ,)) @ B, = @ Hol(az, [End(HZ) © E,]¥)
ceM oCT|m
satisfies the intertwining condition, if for each v € E;
(¢,0); € || Hol(az, End(HZ,))
JEM\

satisfies the intertwining condition in Definition 2.4.
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Proposition 4.3. Let (£, W) be an intertwining datum defined in Definition 2.4.
Forany ¢ €[], 5[Hol(ag, End(HZ)) ® E.|% let ¢¢ € [End(He) ® E-|* be defined by

<¢§76>T = (<¢7 77>7-)§ S End(Hg), v € Bk

Moreover, for any B € [End(H¢)® E.]¥ and T € Hom(E,, He), let (3,T) be defined
similarly to the one in Eq. (28).

(D.1) Then, ¢ satisfies the intertwining condition (1) of Definition 4.2 if, and only if,
for each intertwining datum (§,W) and T' € Homg (E.,W) C Homg (E;, He),
the induced element ¢¢ € [End(He) @ E|* satisfies

<¢£7T> eWw.

Proof. Let ¢ = Y7, fi ®v; € [End(H) ® E,]X. We have to show

ffW)ycw, i=1,...,d,
d.
< <¢§7T> = Zfz OT(UZ‘) e W, VT € HQmK(ET’W)' (29)

=1

The right implication is obvious. For the left, we remark that by K -invariance of ¢y
the endomorphism f; vanishes on all K -isotypic components He(y) with E.(y) = 0.
Thus f;(W) Cc W if f;oT € Homg(E,,W), for all T € Homg(E.,W). Let us
fix 71 € Homg(E,,W). It suffices to show that under the assumption of the right
hand side of (29), we have

inTl(’Uj) GVV, \V/l,]: 17...,d7—.

Consider the mapping A;; € End(E;) sending v; to v; and v; to 0, k # i¢. Then,
for all 7,7 € {1,...,d,}, we have

fioTi(v;) = (d¢, T o Aig) = (¢¢, pr (Th © Ayj)), (30)

where pg : Hom(E,;, W) — Homg (E;, W) is the natural projection to K -invariants.
Since px(T1 0 A;j) € Homg (E,, W), we obtain that f; o T1(v;) € W by assumption
and (30). [

Next, we state the intertwining condition in (Level 2) and (Level 3) induced from
Delorme’s intertwining condition (D.a), more precisely from (1) in Definition 4.2.

Definition 4.4. (Intertwining conditions in (Level 2) and (Level 3))

(2) Consider the map J defined in (27). We say that a function ¢ € Hol(af,, Hlm )
satisfies the intertwining condition, if

T4 € @ Hol(ag, [End(H2) ® E.]*)

UCT|]\4

satisfies the intertwining condition (1) in Def. 4.2.
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(3) Let v be a second finite dimensional representation of K. We say that a
function ¢ € Hol(ag, Homy(E,, E;)) satisfies the intertwining condition, if

for all w € E.,, the element ¢* € Hol(ag, HTIM) defined by
P (A k) = (N (k™ Hw
satisfies the above intertwining condition (2).

We now want to make the intertwining conditions more explicit. Let us first
introduce some notation. Define H T'“fm) as in (3) with o replaced by 7|y . For
two M -representations acting on Ej, Es, respectively, let Holy(Homy (1, Es)) be
the set of germs at A of holomorphic functions with values in Homy,(E7, E3). We

define for m € N
Hom, (E4, Eg)f‘ = Holy(Homy (Ey, Ey))/my"*" Holy(Homy, (Ey, Es)).

In particular, we will need the spaces Homy(E,, E,)?
Let (&, W) be an intertwining datum with

(my and Homy (E,, E b

(m)*

5 = ((0-1a )\hml)) (0-27 A27TrL2)7 ey (0-87)\87m8))7 CAS N

1 N

The Frobenius reciprocity Frob : Homy (E;, E,) — Homg(E., HZ) (see (8))
induces an isomorphism HomM(ET,E )( y — Homg (Er, HZ, (,,)) and therefore an
isomorphism

s

@HomM E,, E,,),, — Homy (E P (m)) — Homg (E,, He)

=1 =1

—~1
also denoted by F'rob . Then, we set

Dy, = {te@HomM (Ey, Bo)Y, ) | Frob (t)€Homue(E,, W) C HomK(ET,Hg)}

C @ Homy (B, Eq,) - (31)

=1

Write by = the set of all 2-tuples (\,m) with A\ € a% and m € Ny. We define the
map _ 3
E—Z f=(o,A\m)—E=(\m).

For s € N and € € =%, we have the corresponding element € € Z . As in Definition
2.4, 1 € Hol(az, HIM) and € € Z° induces an element Vs € Di_y H;‘f‘gwi) = HglM.
Similarly, ¢ € Hol(ag, Homy,(E,, E;)) induces

e € @ Homy (B, B, = HI.

=1
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Theorem 4.5 (Intertwining conditions in Levels 2 and 3).  With the notations
above, we have:

(D.2) (Level 2) ¢ € Hol(a(’{j,H;‘M) satisfies the intertwining condition (2) of Def-
inition 4.4 if, and only if, for each intertwining datum (§, W), the induced
element g € Hg‘M satisfies, for each non-zero t = (t1,ts,...,ts) € Dy,

towgz<t10¢1,...,t80ws)ew

(D.3) (Level 3) ¢ € Hol(af, Homy (E,, E;)) satisfies the intertwining condition (3)
of Definition 4.4 if, and only if, for each intertwining datum (£, W), the in-
duced element pg € Hg’T satisfies, for each non-zero t = (t1,ts,...,ts) € D,

tosOE:(thSOlwuatsogps)GD’[ZV'

Proof. For the first assertion, we have to check, in view of Proposition 4.3,
the equivalence of the condition (D.1) for J ¢ and the condition (D.2) for 1.
This follows by Proposition 4.1(1). Indeed, by construction of Dj,, we know that

—_——1
Frob : Dj, — Homg(FE,, W) is an isomorphism and
—~1
(J7Yp, Frob (t)) = (t10¢1,t20s,... ts01) € He.
For the second assertion, we need equivalence of (D.2) for ¢ for all w € E,

——1
and (D.3) for ¢, see Def. 4.4. Note that ¢“(\,-) = Frob (¢(M\))(w). Hence
—~1
pg = Frob (¢z(A))(w). We conclude that

-1

togr=(to ]%_l(wg))(w) — Frob (togg)(w).

We obtain that ¢ o vy € W for all w € E; if and only if ¢ o oz € Dy, [

Example 4.6. (a) Consider s = 1 and m = 0. Let  := (0,),0) € Z and
W C HZ» a closed G-invariant subspace. Consider Dj, C Homy(E,, E,) as in
Thm. 4.5. The corresponding intertwining conditions read as follows:

(D.2a) (Level 2) ¢ € Hol(a(*C,HQM") satisfies t o 9(\,-) € W for each t € Dy,.

(D.3a) (Level 3) ¢ € Hol(af, Homy(E,, E;)) satisfies t o o(X) € Dy, for each
te Dy,

(b) Consider now s = 2 and m; = my = 0. Let L : H — H*2 be
an intertwining operator between the two principal series representations. Let
€ := ((01,M1,0), (02, X2,0)) € =2 and W = graph(L) C HZ* & HJ2*2. Moreover,
define I™ : Homy(E,, E,,) — Homy, (E,, E,,) by

I7(t)(v) = L{tr(-)"'v)(e)
for v € E; and t € Homp(E,, E,,). Then

Dy ={(t1,t2) [t =1"(t1)} = {(1"(¥)) |t € Homy(E;, E,,)}
C Homy(E,, E,,) @ Homy (E,, E,,).

In this situation, we have the following intertwining conditions:
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(D2.b) (Level 2) For each t € Homy (E,, E,,) and ¢ € Hol(ag, HIM) we have
L(totp(Ar,-)) = I7(t) 0 (Ag, -).
(D3.b) (Level 3) For each t € Homy (E;, E,,) and ¢ € Hol(ag, Homy (E,, E;)) we get

D(tow(h)) =17(t) o p(A2).

5. Topological Paley-Wiener theorem for sections

The Paley-Wiener space for sections of homogeneous vector bundles is defined as
follows.

Definition 5.1. (Paley-Wiener space for sections in (Level 2) and (Level 3))

(a) For r>0,let PW,,(ag x K /M) bethespace of sections 1 € C*(ag x K/M,E,,)
such that

(2.i)  the section 1 is holomorphic in A € af, i.e. ¥ € Hol(a, H&';M).

(2.i7), (growth condition) for all Y € U(8) and N € Ny, there exists a constant
Cy Ny > 0 such that

iy B)||g, < Crny (14 [N?) NerlBeW ke K,

where || - ||z, denotes the norm on the finite dimensional vector space E;
(for convenience, we often denote it by |- |).

(2.417)  (intertwining condition) (D.2) from Theorem 4.5.

b) By considering an additional K -representation ~, let . PW . ,.(a%) be the space
(b) By g p 7, let [, PW-,(ag p
of functions af 3 A — ¢(\) € Homy(E,, E;) be such that

(3.7)  the function ¢ is holomorphic in A € af.

(3.i1), (growth condition) for all N € Ny, there exists a constant C, y > 0 such

that
lo)llop < Cr (1 + [A)~Mertitel,
where || - ||op denotes the operator norm on Hom/(E,, E;).
(3.i4i) (intertwining condition) (D.3) from Theorem 4.5. [
The inequalities provide semi-norms || - |,.—ny (resp.| - |[r—n) on the space

PW, (ag x K/M) (resp. ,PW_,(az)) and make the vector space PW ,.(ag x K/M)
(vesp. ,PW,(az)) a Fréchet space, compare e.g. Lemma 10 of Delorme [6].
Combining Delorme’s Paley-Wiener Thm. 2.7 with the above identifications and
observations, we obtain a Paley-Wiener theorem in (Level 2) and (Level 3).

Theorem 5.2. (Topological Paley-Wiener theorem for sections in (Level 2) and
(Level 3)) Let (1,E;) be a K -representation with associated homogeneous vector
bundle E,.. For r > 0, the Fourier transform

CP(X,E,) 3¢ — F(v) € PW,,(af x K/M)

s a topological isomorphism.
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Moreover, for an additional K -representation (v, E.), the Fourier transform

r

CX(G,7,T) 2 0o —erT(SD) € 'yPWTJ’(aE)
is a topological isomorphism. [ ]

Furthermore, the Paley-Wiener space PW.(af x K/M) is defined as

PW.(az x K/M) := | ] PW,,(a. x K/M),
r>0
similar for | PW,(az). Equip PW,(ag x K/M) and | PW(az) with the inductive
limit topology (compare the next Sect. 6). Then, by the above result (Thm. 5.2),

we also have a linear topological isomorphism from C°(X,E;) (resp. C>*(G,~, 7))
onto PW_(ag x K/M) (vesp. . PW_(ag)).

6. On topological Paley-Wiener-Schwartz theorem for sections
and its proof

Spaces of distributional sections and their topology

In (5), we already introduced C*°(X, E,) as the topological linear dual of C* (X, E:).
We provide C;°°(X,E,) with the strong dual topology. Actually, we know that
C>(X,E;) is a Fréchet space with semi-norms

Illoy = sup livh()l. A€ O(X.Ex), (52)
ge

where Y € U(g) and (2 is a compact subset of G. A subset B C C*(X,E;) is called
bounded, if for each compact Q@ C G and Y € U(g) there exists a constant Cqy > 0
such that sup g [|¢|lay < Cayy. Shortly, every semi-norm is bounded on B.

The strong dual topology on C>°(X,E,) is the locally convex topology given by
the semi-norm system

polT) = sup [T, T € Co(X.E,) (33
peB

where B belongs to the family of all bounded subsets of C*°(X,E:). Similarly, we

equip C~*°(X,E,) = (C*(X,E;))" with the strong dual topology. As an immediate

consequence of these dualities, the topologies on C;*°(X,E,) and C~(X,E,)

induce the same topology on the space of distributions supported in a fixed compact

subset 2 of G ([3], Section 14). For example, one can take 2 = B,(0).

A subset B’ C C;°(X,E;) is bounded in the strong dual topology if for each
bounded B C C*°(X,E;), we have

sup pp(T) = sup |T(p)] < 0. (34)
TeB TEB' B

Since, by Schaefer ([22], Cor. 1.6, p.127), all such sets B’ are equicontinuous, this
means that there exists a continuous semi-norm p on C*°(X,E;) and a constant
C > 0 such that

B c{T € C;*(X,E.) | [T(p)] < Cplp), Vo € O™ (X, Ez)}.
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Consider a basis Yi,...,Y, of g. Then, for a multi-index a € Nf, we define
Yo =Y .Y € U(g). We may assume that the semi-norm p has the form
(32) 0o
p(e) =D llelloa = > sup [y, p(g)l, ¢ € CF(X, Exr) (35)
jal<m jal<m 9

for some m € Ny and compact 2 C G.

It is interesting to notice that C*°(X, E;) is a reflexive Fréchet space, even a Montel
space, that is, it is reflexive, and a subset is bounded if, and only if, it is relatively
compact ([22], p. 147).

Thus, since C;*°(X,E,) is the strong dual space of a Montel space C*(X,Ez), we
can deduce by Schaefer’s Cor. 1 in ([22], p. 154) that C*°(X,E,) is a bornological
space, that is a locally convex space on which each semi-norm pg, which is bounded
on bounded subsets, is continuous ([22], Chap. 2.8, p.61).

This observation leads us to the following general result, which will play an important
role in the proof of the Paley-Wiener-Schwartz theorem. For bornological spaces,
bounded linear maps are continuous ([22], Thm. 8.3, p.62), hence, we obtain the
following.

Lemma 6.1.  Let W be any locally convex topological vector space and consider

a linear map A C=(X.E,) = W

Then, A is continuous if and only if A(B') is bounded in W for every bounded
subset B' C C7>°(X,E,). ]

Let Yi,...,Y; be a basis of the algebra €. For a multi-index « € N}, we consider
Y, =Y - Y™ € U(t). Now we are in the position to define the Paley-Wiener-
Schwartz space for sections.

Definition 6.2. (Paley-Wiener-Schwartz space for sections in (Level 2) and (Level 3))

(a) For r>0,let PWS,,(agx K/M) bethespace of sections ¢ € C*°(ag x K/M,E-,,)
such that
(2.4)  the section 1 is holomorphic in A € af, i.e. ¢ € Hol(ag, H&LM)'

Y

(2.iis), (growth condition) there exists N € Ny such that for all multi-indices
a € N} we have

IO ), < Crnall + A2YFE RO, ke K
for some constant C 4.
(2.i74) (intertwining condition) (D.2) from Thm. 4.5.

(b) For an additional K -representation v, let A PW.S; . (az) be the space of func-
tions ag > A — ¢(\) € Homy(E,, E;) be such that

(3.4)  the function ¢ is holomorphic in A € af.

(3.iis), (growth condition) there exist N € Ny and a positive constant C, y such
that [[p(N) ap < Crn (1 -+ A2V erIRE)

(3.317) (intertwining condition) (D.3) from Theorem 4.5.
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For all » > 0 and N € Ny, we consider
PW S, n i={¢p € PWS,(ag x K/M) | ||¥]l;na < 00,a € NL}, where

[llna = sup (14 AR Ve ROy (0 k)., aEN, kEK.
Aeat, kEK/M

For fixed r, N, the semi-norms || - ||, no give PW.S;, x the structure of a Fréchet

space. We set
PWS,(az x K/M) =] | PWS.,v

r>0 NeNg
and equip it with the locally convex inductive limit topology. 1t is the finest locally
convex topology on PW S, (ag x K/M) such that all the embeddings

PWS,,n <3 PWS,(at x K/M)

are continuous. Furthermore, this topology is characterized by the following prop-
erty. A linear map

A:PWS (at x K/M) — W,

where W is any locally convex space, is continuous if, and only if, all compositions

PWS,,n <3 PWS,(ak x K/M) -2 W
are continuous, i.e., A o4,y are continuous. Exactly the same procedure can be
done for . PW .S, (az).

We are now in the position to state the main theorem.

Theorem 6.3.  (Topological Paley-Wiener-Schwartz theorem for sections)

(a) Let (1,E.) be a K -representation with associated homogeneous vector bundle
E,. Then, for each r > 0, the Fourier transform JF. is a linear bijection
between the two spaces C;°(X,E;) and the Paley-Wiener-Schwartz space
PW S, (at x K/M). Moreover, it is a linear topological isomorphism from
C.*(X,E;) onto PWS;(at x K/M).

(b) Similarly, if we consider an additional K -representation (v, E,) then the
Fourier transform . F+ is a linear bijection between the two spaces C>(G,,T1)

and 7PT/VSW(af{:), for each v > 0, and a linear topological isomorphism from
Co>(G,~,7) onto . PW S, (ag).

Remark 6.4.  Delorme proved in his paper [6] the Paley-Wiener(-Schwartz) the-
orem in (Level 1) for the Hecke algebra

H(G, K) = C.5(G)x = U8) Que) CF(K)k, (36)

which consists of all K x K -finite distributions on G supported by K C G.

Harish-Chandra inversion and Plancherel Theorem for sections

In order to prove Theorem 6.3, we need the Harish-Chandra Plancherel inversion
formula for sections of homogeneous vector bundles.
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Theorem 6.5. (Plancherel Theorem for sections, [5], Thm. 3.4 and Thm. 4.3) Let
Q be a complete set of representatives of association classes of cuspidal parabolic
subgroups QQ = MoAqgNg of G with Q D P = MAN and Ag C A. We have
a* = ap @ ayy, - Then, there exists a finite set Ap C ayy, C a*, and for v € A
there exists an analytic function of at most polynomial growth

T iag — Endy (E;)
such that for each f € C*(X,E,), we have

=) Z/ / Fr( )+ X k) dkdA. "

QEQUEAG

Note that A% = {0}.

Corollary 6.6. With the notations above, let f€CX®(X,E;) and pcCX®(X,E;).
Then

/ ((9). F(g))rdg
= ¥ / / v MR CNF(F)w + A k), dkdX. (37)

QeQ VGAT

Proof. Let {0;,i =1,...,d,} be a basis of E;. We write ¢ = Zf;l @i - U; with
0; € C*(Q). For h € C*(Q), we set hV(g) :== h(g™'). Then
dT

/G ((9), F9)) dg = 3 (0! * F)(e), ),

=1

where we used the usual convolution defined in (16). Note that hx f = [(h)f, where
)

[ is the (left) regular representation on C°(X,E;). By the G-equivariance of the
Fourier transform, we have by (17): F.(h * f)(\ k) = m A (h)(F-(f)(A, ) (k). By
applying Theorem 6.5, we obtain for all i € {1,...,d,}

G < NN =3 [ (0t RO ) Fo D+ A D W) b

Using that pu¥ commutes with 7,,, and that integration over K gives a G-

o - F (A
equivariant pairing between H7** and Hi, “™

above equals
/K G5 Trn (@A) F () + A, ) (k) dk
- /K (5 ey (0P 15 (R), p@NF () + A k) d

, we obtain that the K -integral

Now
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The sum over all ¢ equals Fz(¢)(—(v+ ), k). Combining all the previous formulas,
we obtain the corollary. [ |

Proof of the topological Paley-Wiener-Schwartz Theorem 6.3

For r > 0, let us first provide the bijection between the vector spaces C (X, E,)
and PWS,,(af x K/M).

Proposition 6.7.  Consider a K -representation (1, E;).
(a) Let T € C;*(X,E;) such that F,(T) =0, then T = 0.

(b) For r >0 and T € PWS,,(az x K/M), there exists T € C:®(X,E,) such
that T = F.(T).

(c) Forr>0 and T € C;>°(X,E,), we have F,(T) € PWS;,(at. x K/M).

Proof.  For each € > 0, consider . € C*°(G,7,7) with compact support in the
closed ball B.(e) as in Eq. (19). Let T'€ C_*°(X,E,) be a distribution, then

T.:=T=xn € C*(X,E,),

see Remark 3.6(b). Moreover, by using the same arguments as in the proof of
Cor. 3.7, we have that T, R (weakly). Hence, by the Paley-Wiener Theorem
5.2, this implies that F,(T¢.) € PW,(agxK/M). Note that F,(T¢) is holomorphic on
A € af and it satisfies the conditions (2.7) and (2.i7), of Definition 5.1. Furthermore,
by Remark 3.6(b) after Proposition 3.5, we have

F(T)N k) = o F-(n) N F-(T)(A k), (A k) € ag x K/M. (38)

Due to Corollary 3.7, . F,(n.) converges uniformly on compact subsets of af to the
identity map, whenever € tends to 0. Hence, lim._,o F.(7;) = F,(T") uniformly on
compact sets of af.

(a) Now assume that F.(7) = 0. By (38), we have that F.(T.) = 0. By applying
the Paley-Wiener Thm. 5.2, this implies that 7, = 0. Hence, since T. 7 weakly,
we have that T'= 0.

(b) Consider ¢ € PW .S, ,(ag x K/M). For each € >0 and h € C*(X,Ez), let T.
be the functional given by

= 3 [ [ Emer-an

QEQUEAY,
2 (N) - Fr(n0) (v + N(v + A k) dk dA (39)

with the notations introduced in Theorem 6.5. Since supp(n.) C B.(e), by the
second part of Theorem 5.2 the function _F.(n.) satisfies the growth condition
(3.i7), of Definition 5.1. On the other hand, v satisfies the growth condition (2.7is),
of Definiition 6.2. This implies that for each multi-index o € N}, and N € Ny, there
exists a constant C) n, > 0 such that

by - Fr () NN k) < Crna(L 4 [AP) Vel TR (X k) € ap x K. (40)
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In addition, for each intertwining datum (&, ), the induced element

(F- () € H™

satisfies the intertwining condition (2.747) of Definition 5.1. In fact, going over
to the truncated Taylor series is multiplicative: (,F;(n.)v)e = ,Fr(n)ge For
t € Dy, we have to_ F.(n.)z € Djy by the intertwining condition (3.iii), and since
€ PWS,(af x K/M) satisfies (2.i7), we obtain

to(Fr(ngove) € W.

Together with (40), we see immediately that _F,(n.)¢Y € PW, . .(at x K/M).
Therefore, we can conclude by the Paley-Wiener Theorem 5.2, that there exists a
unique function f. € € (X, E;) such that

Fr(fe) = - F-(ne)e.

On the other hand, by (39) and Corollary 6.6, we have T, = f.. In particular,
supp(T.) C B,yc(0). Now we take lim. o in (39). Using Corollary 3.7 and that
F(h) is rapidly decreasing as well as u@, (v + ) are slowly increasing in iag,, we
can interchange the limit and the integral. We obtain

T.(h) =3 T(h), where

T(h)=>» Y / /K<]-“;(h)(—y—)\, k), puNp(v+ M\ k))dkdh  (41)

QEQVEA],

with supp(T) C B,(0). Note that T is continuous on C>°(X,E:). Since T is com-
pactly supported, we can set h := €] ;. In conclusion, we have found a distribution
T e C >*°(X,E,) such that

FAT)A k) = T(¢3,0) € i T(e3,) = lim Fr (£) (A, k)
= lim  Fo () )Y\, k) = 0\ k), A€ atk € K.

(c) Let us check that for r > 0, F.(T') € PW.S;,(af x K/M). This means that we
need to verify that the Fourier transform of 7' € C (X, E,) satisfies the conditions
(2.4), (2.i1s),, (2.77i) of Definition 6.2.

The condition (2.7) is immediate. Concerning the intertwining condition (2.iii), in
order to show that for each intertwining datum (£, W) and ¢t € Dj,, we have

to(F-(T))e €W C H,

we will use a similar convolution argument as above, except that now we are
interested in left convolution instead of right convolution. For each € > 0, let
de € C*(G) be such that lime,o0, = &y. Therefore, lim. 6. x T = T, for
T € C°(X,E,). Moreover, for all Fréchet representations (7, H) of G and v € H,
we have m(d)v =4 0. By taking the Fourier transform of 6. x 7' € C*(X,E,), we
first prove that for each intertwining datum (£, W) and t € Dj,:

limto .FT((S€ * T)E cWw.
e—0
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We denote by ¢ and 7¢ the natural G-representations on H¢ and Hg'M, respec-
tively. By the Paley-Wiener Theorem 5.2, we already know that

tO]:T((;e*T)EE W.

Then, we have W > t o F.(d. * T)g S (77, (0)F7(T))g = t o (mg(6e) Fr (T)e)-

For t € HomK(ET,EU), we have ¢ o m ,(0) = Ty 2(0) o ¢. This implies for
t € @;_, Homg(E,, Eaz) ) that t o mg(0c) = me(dc) o ¢, and we obtain

to .FT((SG * T)E = 7T§(56)(t o FT(T)E)
Hence, by taking € — 0 and since W is closed, we obtain that ¢ o (F(T))z € W.

It remains to check that F,.(7") satisfies the slow growth condition (2.iis),. Fix
r > 0. We need to show that there exists N € Ny such that for each multi-index «

Ly, Fo(T) (A )| < a1+ [A2)NT5 R

for some constant C, v, > 0. Note that ly, F.(T) = F,(Iy,T). Let m € Ny be the
order of the distribution 7" € C,*°(X,E;). Write Xz € U(n) and H, € U(a) for all
multi-indices 5,7. Since G/K = NA and U(n @ a) = U(n)U(a), then, there exists
a constant C' > 0 such that

T <C Y sup (L (m,h)(9)l,  he C¥(X,Es). (42)

|B1+17]<m 9€Br(0)
Next, we want to apply it to h = €] ;. We observe that

(12)

o, Fr(T)A k) = Fr(ly, TYA B) = (v, T)(€34) = (v T) (k€3 1) = by, T)(eX1)-

Moreover, since lx-1ly, T is a distribution of order m + ||, applying (42) to
(Ig-1ly, T)(h) instead of T'(h), we obtain

sup [(aly, YR <€ Y swp (g, (i, M) (9)], b€ C%(X,Ex).

her |Bl-+|<m-+a] 9B+ (©)

In fact, since K is compact and operates continuously on C*°(X,E.), the constant
C" can be chosen independently of k € K. Moreover, ef; is annihilated by each
Ix, for B # 0 and it is an eigenfunction of each [, with eigenvalue a polynomial
in A € af. of degree < |v[, i.e.,

by, FA (M) B)| = [l by, T ()] < Crnal(1+ AR)YHF ROl (43)
for N > . This completes the proof. [ |

Consequently, by (6), the inverse Fourier transform of ¢ € PW S, (ag x K/M) for
a test function h € C° (X, E;) is given by

P = Z/ / (—v =N\ k), u2(N)(v + A k)) dk dA.

QeQureA]

Finally, we discuss the topology on the image space by which the Fourier transform
becomes a topological isomorphism.
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Lemma 6.8.
(a) The Fourier transform F, : C;>(X,E;) — PW S, (ai x K/M) s continuous.

(b) The following inverse Fourier transform is continuous:

F=U i PWS,(ak x K/M) — C-°(X,E.). (44)

Proof. (a) We will show that for each bounded B’ C C_*°(X,E,), there exist
r >0 and N € Ny such that F,.(B’) is contained as a bounded set in PWS,, y.
Since PW S, v < PW S, (af x K/M) is continuous, by definition of inductive limit,
then the set F,(B’) is also bounded in PW S, (af x K/M). By Lem. 6.1, we will
have that F, is continuous.

Now let B’ C C7*°(X,E;) be bounded. Since B’ is equicontinuous and because of
(35), there exist » > 0,m € Ny and a constant C' > 0 such that

sup pp(T) = sup [T(p)| <C D sup |ly,olg)l, BCC¥(X,Es). (45)

TEB TEB', peB (] 9€B+(0)

Here, Y, refers to a basis Yi,...,Y, of G. Note that (45) just means that (42)
holds uniformly for all T € B’. The same argument that shows (42)=-(43), in the
proof of Prop. 6.7 (c), now gives that for N > % there exists a constant C. y, such

that
||‘FT(T)||T,N,& < Cr,N,a, T € B/,

ie., Fr(B') C PWS,,y is bounded. Hence the Fourier transform is continuous.

(b) It suffices to show that for all » > 0 and N € Ny,
F 1 PWS, o n(ah x K/M) — C™(X,E,) (46)

is continuous. Indeed, by the construction of the inductive limit topology and the
remark between (33) and (34), as well as using F,'(PWS,,n) C C7>(X,E,)
assertion (46) implies assertion (44).

Fix r > 0 and N € Ny. To establish (46), it suffices to show that for every bounded
B C C*(X,E;), we have

p];’<‘7':1(’l/})) S CHer,N,O; ¢ € PWST,T‘,NJ

where pg(-) is the seminorm (33) and C' is a positive constant. Since B is bounded
subset in C°(X,Ez), there exists 2 > 0 so that the support of any ¢ € B is in
Bpg(o). Thus, for ¢ € PWS;, n, we have that

pa(FH ()
= sup [(F; (1), ¢)

D | 3 Z/ / ) = Ak SNV + A, R)) dk A

v€B " QeQ VEAD

sup 3 / /‘ u—)\,k),p?()\)w(z/+)\,k)>’dkd)\.

peB QEQeA],

IN
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Fix now @ € Q and v € Aj,. Set

= sup / /K (Fel@) v = A k) @A)l + A, k)| dk .

soEB

It suffices to show that dg, < C||¢||,n0. We have

sup /
<p€B ?

ag

/ (L4 AAR) (14 [+ A12) 2| B (0) (v — A, B)|

< UGN (v + A, k)| dk dA

< C sup (L4 AP RF(0) (v = X B)| [ (Vv + A k)],
ke]?igia*Q

where dg € Ny depends on the dimension of ‘a7, such that

C ::/ (1+ [v+AP) %@ d) < co.
a

g
For some positive constant N and growth constant m € Ny, we get

dow < € sup (L p4AP) e F () (- = A )|

peB
ke K, \€iag

x sup (L4 APV (N (v + A k)|
keK,AeiaQ

< O sup (LA [pAP) T E () (< = A K)]

peB
ke K, A€iag,

x sup (L+ v+ APy + A k)],
k€K \EiaZ

where [[1E@(\)|lop < C'(1 + [v+A|?)™ of at most polynomial growth of m € Ny. We
incorporate the constants e "l and e~ #¥l into the estimate and obtain

dg, < C" sup e WL+ [v4AP) N E () (—v — A k)

vEB
ke K \eiay,

x sup e M+ v V(v + N E)|
keK Aeialy

= C"sup || Fz(0) | & —(dg+N+m)0ll¥[lrn0-
peB

By the Paley-Wiener Theorem 5.2, F; is continuous, thus

sup || F= (@)l r,— (g +N+my0 < C < 00.
peB

Hence, dg, < C"||¢||,n0 and hence the inverse Fourier transform is continuous. =
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End of the proof of Theorem 6.3. That the Fourier transform F. is a linear
isomorphism is an outcome of Proposition 6.7. The continuity and topology state-
ment results from Lemma 6.8.

We establish the (topological) isomorphisms in (Level 3) by treating C. (G, v, 1)
instead of C*°(X,E,) in a complete analogous way. Alternatively, one can derive
Theorem 6.3(b) by applying Homg (E,,-) to Theorem 6.3(a), see the discussion in
Section 3. [

7. Invariant differential operators and the Fourier range

We consider the vector space of distributional sections C' (X, E,) := C,5(X, E;)

r

supported at the origin 0 = eK € X . Since g-0 # o, GG does not act on C{_o‘io(X, E,),

but K as well as g do, thus C/ (X, E;) is a (g, K)-module (e.g.[24], 3.3.1).
Moreover, it is generated by the so-called vector-valued Dirac delta-distributions 9,

at v € E;:
6,(f) = (v, f(€))r, [f€CT(X,Es),

where (-,-),; denotes the pairing between FE. and F;. In particular, we have the
following identification:

5
U(g) Qu E- {0} » (X Er)
given by 3(Z © 0)(f) = {r2f(e),v)-, for Z € U(g),v € F,, f € C%(X,Es), with
actions Y(Z®0v) =Y Z®v, and k(Z®@v) = Ad(k)Z @ 7(k)v, for Y € g (or U(g)),
ke K.
In addition, every invariant differential operator D € Dg(E,, E;) may be viewed as

a linear map between these spaces D : €\ (X, E,) — CF(X,E;). This map
defines an element

Hp € Homp (B, CL¥ (X, E,))=Z[C X (X, E) @ B5)*
given by  Hp(v) := D(é,) € O F(X,E;), v € E,),d, € C (X E,). (47)
In other words, for f € C*(X,E,),
(Hp(), )7 E (6., D'(f))y = (0. D) (D) (48)

where D' € Dg(Ez, Es) is the adjoint operator of D. Since the graded space
of both filtered spaces Dg(E,, E;) and Homg(E,,C\ (X, E;)) is isomorphic to

[S(p) ® Hom(E,, E,)]*, we have the following isomorphism:
De(E,.E,) — Homg(E,,C:(X,E,))
D HD-

{o}

Here, S(p) denotes the symmetric algebra of the complexification of p C g. Con-
sequently, we have Dg(E,,E;) = C5(G,v,7). Hence, we can apply the Fourier
transform in (Level 3) to invariant dlfferentlal operators. Then, the Paley-Wiener-
Schwartz Thm. 6.3 (b) tells us that

WFT(Dg(EV,ET)) = 7f)w/vs'7-7()(c%).

Using that holomorphic functions of polynomial growth are polynomials, we can
deduce the following result.
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Proposition 7.1.  With the notations above, we have

F(Da(Ey, Er)) = {PePol(ac, Homy (E,, E;)) | P satisfies (3.iii) of Def. 6.2}. m

Thus, provided one has a good understanding of the intertwining condition (3.i77),
one can determine D¢ (E,,E.). In simple cases, that is worked out in [19].

The converse holds by van den Ban’s and Souaifi’s Lemma 5.3 and Corollary
5.4 in [4]. Strictly speaking, these results are in terms of the Hecke algebra
(36). But the (v,7)-isotypic component H(G,K)(y ® 7) of the Hecke alge-
bra is exactly Dg(E,,E;) ® Hom(E,, E,): By Peter-Weyl’s theorem, we have
Homg (E7, C*(K)k) = E., therefore

MG E)(y©7) = Hompex(E, ® By, U(g) Suw C(K)x) © (B, © E)
HOH]K(EW,Z/[(Q) ®u(g) HOIHK<E7~—, COO(K)K>> & HOIH(ET, EA/)
Homg (E,, C’{*O?O(X, E,;)) ® Hom(E;, E.,)
Dq(E,,E;) ® Hom(E,, E,).

i1 1R

1

In other words, given all invariant differential operators D € D¢ (E,,E;), one can
determine explicitly the intertwining condition (3.i74) and the corresponding Paley-
Wiener space.

Moreover, we remark that the isomorphism in Prop. 7.1 can also be described more
algebraically as a Harish-Chandra type homomorphism, we refer to ([18], p. 4) or
([21], Section 2.1) for more details.

In addition, we also have the following result.

Proposition 7.2.  Let D € Dg(E,,E;) be an invariant linear differential opera-
tor. For f € C¥*(X,E,), we then have that

-FT(Df)()‘> k) = W‘FT(HD)()\>‘F'Y(f)(>\’ k)v AE a(*C’k €K, (49)

where F,(Hp) € Pol(ag, Homy (E,, E;)) is a polynomial in A € ag. with values in
Homy, (E,, E;).

Proof. We know that the Fourier transform of a distribution

Hp € Homg (E,, C( P (X, Er))

s defined by . F,(Hp)(\)(v) = (Hp(v), 5.), for v B, where €5, € C=(G,7,7).
Hence, by (48), we obtain for A € af,

T (48) T T
WFr(Hp)(A)(v) = (Hp(v), €5,)- = (v, D'(e31)(1)), = (D'(eX1)(1))v.  (50)
Now, by considering a function f € C*(X,E,), we conclude, via ‘partial integra-
tion’, that (49) holds. In fact

FADF)OK) = /

[ o)D) g / (D'e5,)(9)f(9) dg
(21)

2 / (D'e3,)(1) 0 €} 1(9) () dg = (D' ) (D ()M )

(50)
T

Fr(Hp)N)F5 (A E).
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The same computation remains true for f € C>°(X,E,), by using the pairing (-, -)
instead of the integration. [ |

Remark 7.3.  Consider an additional not necessarily irreducible K -representation
(0, E5). Then, for Dy € Dg(E,,Es) and Dy € Dg(E,,E;), Proposition 7.2 implies
that

”/]:5(HD10D2)(>‘) =, Fs(Hp,)(A) O'YFT(HDQ)()\)7 A € ag.

Acknowledgements. We are grateful to the referee for his very careful reading
of the original manuscript, which helped us to eliminate a lot of misprints and to
improve the presentation.

This work is supported by the Fond National de la Recherche, Luxembourg under
the project code: PRIDE15/10949314/GSM.

References

[1] J.Arthur: A Paley-Wiener theorem for real reductive groups, Acta Math. 150 (1983)
1-89.

[2] E.P.van den Ban, H. Schlichtkrull: A Paley- Wiener theorem for reductive symmetric
spaces, Ann. Math. 164/3 (2006) 879-909.

[3] E.P.van den Ban, H.Schlichtkrull: A Paley- Wiener theorem for distributions on
reductive symmetric spaces, J. Inst. Math. Jussieu 6/4 (2006) 557-577.

[4] E.P.van den Ban, S.Souaifi: A comparison of Paley-Wiener theorems, J. Reine
Angew. Math. (Crelles Journal) 695 (2014) 99-149.

[5] R.Camporesi: The Helgason Fourier transform for homogeneous vector bundles over
Riemannian symmetric spaces, Pacific J. Appl. Math. 179/2 (1997) 263-300.

[6] P.Delorme: Sur le théoréme de Paley-Wiener d’Arthur, Ann. Math. 162/2 (2005)
987-1029.

[7] M. Eguchi, M. Hashizume, K. Okamoto: The Paley- Wiener Theorem for distributions
on symmetric spaces, Hiroshima Math. J. 3 (1973) 109-120.

[8] R.Gangolli: On the Plancherel formula and the Paley-Wiener theorem for spherical
functions on semisimple Lie groups, Ann. Math. 93 (1971) 159-165.

[9] S.Helgason: An analogue of the Paley-Wiener theorem for the Fourier transform on
certain symmetric spaces, Math. Ann. 165 (1966) 297-308.

[10] S.Helgason: Paley-Wiener theorems and surjectivity of invariant differential opera-
tors on symmetric spaces and Lie groups, Bull. Amer. Math. Soc. 79 (1973) 129-132.

[11] S.Helgason: Geometric Analysis on Symmetric Spaces, American Mathematical So-
ciety, Providence (1994).

[12] S.Helgason: Groups and Geometric Analysis, Integral Geometry, Invariant Differen-
tial Operators and Spherical Functions, American Mathematical Society, Providence
(2000).

[13] L.Hormander: The Analysis of Linear Partial Differential Operators I, Springer,
Berlin (1983).

[14] M. Kashiwara: Equivariant derived category and representation of real semisimple
Lie Groups, in: Representation Theory and Complexr Analysis, Lecture Notes in
Mathematics Vol. 1931, Springer, Berlin (2008) 137-234.



[20]
21]
[22]
23]

[24]

OLBRICH AND PALMIROTTA

M. Kashiwara, W.Schmid: Quasi-equivariant D -modules, equivariant derived cate-
gory, and representations of reductive Lie groups, in: Lie Theory and Geometry,
Progress in Mathematics Vol. 123, Birkhauser, Boston (1994) 457-488.

A.W. Knapp: Representation Theory of Semisimple Groups. On Overview Based on
Ezamples, Princeton University Press, Princeton (1986).

A.W.Knapp: Lie Groups Beyond an Introduction, 2nd ed., Birkhauser, Basel (2002).

M. Olbrich: Die Poisson-Tranformation fiir homogene Vektorbiindel, Doctoral Thesis,
Humboldt Universitat, Berlin (1995).

M. Olbrich, G. Palmirotta: Delorme’s intertwining conditions for sections of homo-
geneous vector bundles on two- and three-dimensional hyperbolic spaces, Ann. Global
Anal. Geom. 63/1 (2023), art.no. 9, 31p.

M. Olbrich, G.Palmirotta: Solvability of systems of invariant differential equations
on H? and beyond, arXiv: 2206.01835 (2022).

G. Palmirotta: Solvability of Systems of Invariant Differential Equations on Symmet-
ric Spaces G /K , Doctoral Dissertation, University of Luxembourg (2021).

H. H. Schaefer: Topological Vector Spaces, Graduate Texts in Mathematics Vol. 3,
Springer, Berlin (1971).

F. Treves: Topological Vector Spaces, Distributions, and Kernels, Dover Publications,
Mineola (1967).

N.R. Wallach: Real Reductive Groups I, Academic Press, New York (1988).

Martin Olbrich, Guendalina Palmirotta, Department of Mathematics, FSTM,

Université du Luxembourg, Esch-sur-Alzette, Luxembourg;
martin.olbrich@uni.lu, guendalina.palmirotta@uni.lu.

Received February 24, 2022
and in final form November 24, 2023



