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Abstract.  We classify all the multiplicative Lie algebra structures on symmetric groups and
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1. Introduction

The Schur multiplier of a group was introduced by Schur in 1904 during his works
on projective representations of groups [14]. Given a group K, the Schur multiplier
of K is the second cohomology group H?(K,C*), where K acts trivially on C*.
Several attempts have been done to characterize the structure of the Schur multiplier
for some classes of groups, for example, the dihedral group, metacyclic group,
alternating group, quaternion group, and many other groups [6]. It has been a
powerful tool in the classification of finite simple groups, and finite p-groups [5, 6, 9].
It is worth to describe the structure of the Schur multiplier for a given group.

The finite dimensional Lie algebra analogue to the Schur multiplier was developed in
[2, 3]. Again, the classification of finite dimensional nilpotent Lie algebras according
to the dimension of its Schur multiplier has been a line of investigation.

In 1993, G.J.Ellis [4] introduced an interesting algebraic structure called “multi-
plicative Lie algebra” which is a generalization of groups as well as of Lie algebras.
In [12], F. Point and P. Wantiez introduced the concept of nilpotency for multiplica-
tive Lie algebras and proved many nilpotency results which are known for groups
and Lie algebras. In 2021, M. S. Pandey et al. [10] discussed another notion of solv-
able and nilpotent multiplicative Lie algebra with the help of a multiplicative Lie
center and Lie commutator. To see more structural properties of multiplicative Lie
algebra, in [1] Bak et al. constructed and studied two homology theories for multi-
plicative Lie algebras which are already known for groups and Lie algebras. The
authors introduced and studied Schur multiplier in terms of homology. In 2018,
Lal and Upadhyay studied the theory of extensions of multiplicative Lie algebras
and introduced the Schur multiplier as the second cohomology of multiplicative Lie
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algebras [7]. The authors also introduced the concept of the Lie exterior square of
multiplicative Lie algebras and consequently, they described the Schur multiplier of
a multiplicative Lie algebra as the group of non-trivial relations satisfied by the Lie
product. Schur multiplier was also expressed in terms of presentations.

It is an interesting problem to characterize the structure of the Schur multiplier for
multiplicative Lie algebras. Note that, given a group K, there is always a trivial
multiplicative Lie algebra structure on K. Every non abelian group holds at least
two multiplicative Lie algebra structures: one is trivial and the other one is given by a
commutator. In [11], Pandey et al. determined all possible multiplicative Lie algebra
structures for certain finite groups. In this paper, we give a complete classification
(upto isomorphism) of multiplicative Lie algebra structures on symmetric groups S,
and the alternating groups A, , for every n. We also find the Schur multipliers and
the Lie exterior squares of certain classes of finite multiplicative Lie algebras given
in [11]. At the end of the article, we give a table having the Schur multiplier of some
precise multiplicative Lie algebras.

2. Preliminaries

In this section we recall some basics of the Schur multiplier of a group from [6],
multiplicative Lie algebras, and second Lie cohomology from [7].

Definition 2.1. Let K be a multiplicative group and H be an abelian multi-
plicative group. We say that K acts on H if for each x € K and a € H, there is a
unique element of H denoted by a” or az, such that

1. (ab)* = a®b", for all a,b € H and x= € K;
2. (a®)¥=a" ,forall a € H and z,y € K

3. a' =a,forall a € H.

A function f : K" — H is called an n-cochain of K in H. The set of all n-
cochains, written as C™(K, H), becomes an abelian group under the multiplication.
For n =0, we put C°(K, H) = H. The formula

A1 (f(T1, .0 T0g1)) = [, Tpg1) X

n

X Hf(xla e s L1y BT 1, T2y - - 7$n+1)(71)2 X f(x1,...,2,)
i=1

1 n+1
=) Tn1

determines a group homomorphism d,,; : C"(K,H) — C"*(K, H).

Thus, we have the following sequence of abelian groups:
L CNK H) S oK HY S on Y (K H) -

with the composition d, 1 o d, : C" Y (K, H) — C"" (K, H) is zero. So we have
Im(d,) C ker(d,41). Denote Z"(K, H) = ker(d,,+1) and B"(K, H) = Im(d,). The
elements of Z"(K,H) and B™(K,H) are called n-cocycles and n-coboundaries,
respectively.
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The n-th cohomology group H™(K, H) of K with coefficients in H is defined by:
2"(K, H) > 1. [ |

H"(K,H) = man_

Definition 2.2.  Let K be a finite group. Suppose K acts on C* trivially. Then,
the second cohomology group H?(K,C*) is called the Schur multiplier of K and is
denoted by M(K).

Now we state the following results related to the Schur multiplier of a group.
Proposition 2.3. M(K) = {1}, if K is a finite cyclic group.
Proposition 2.4. Let Ky and K5 be finite abelian groups. Then

M(K; x Ky) =2 M(K;) x M(Ky) x Hom(K;, K»).

Definition 2.5. Let K be a group. Then the non-abelian exterior square K N K
of K is a group generated by the elements of the set {a Ab: a,b € K} satisfying
the following conditions for all a,b,c € K :

1. aNna=1,;
2. abANec=(“bN¢c)(aNc);
3. aNbc=(anb)(Pabec). "

Now, we have an epimorphism y : K A K — [K, K] defined by x(g A h) = [g, ]
and the kernel of x is the Schur multiplier M(K) of K, that is, we have the short

exact sequence
1 — M(K) — KANK 5% [K,K] — 1. (1)

Definition 2.6. A multiplicative Lie algebra is a triple (K-, x), where K is a
set, - and % are two binary operations on K such that (K -) is a group (need not
be abelian) and for all z,y, z € K, the following identities hold:

l. zxx =1

rx(y-2)=(z*xy) ¥ (z*2)

(T y)*z="(y*z) (x*2)

((z*y) = 2)((y x2) ¥* ) ((2 % 2) %" y) = 1
exy) = (Cax"y)

AN S

1

where “y denotes xyx~ . We say that x is a multiplicative Lie algebra structure on

the group K.

Proposition 2.7.  [[4]] Let (K, -, %) be a multiplicative Lie algebra. Then the
following further identities hold:

1. (1xz)=1=(z*1) forall x € K.

2. (z*xy)-(yxx)=1 forall z,y € K.

3. @ (yxv) =Y (uxv) for all x,y,u,v € K.

4. [(z*y),z] = ([x,y] *2) forall x,y,z € K.

5. 2 xy =" ((x*xy)™ ) and xxy ' =" ((xxy)™") forall z,y € K.
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By the universal property of K A K, there is a unique group homomorphism
p: KNK — K

given by ¢(aAb) = axb whose image is K x K and we have the short exact sequence

1 —sker(¢) — KAK -2 Kx K — 1. (2)

Definition 2.8. A multiplicative Lie algebra structure * on a group K is said to
be a proper multiplicative Lie algebra structure if axb # 1 for some pair of elements
a,be K and also axb # [a, b] for some pair of elements a,be K. We term a group K
as a Lie simple group if there is no proper multiplicative Lie algebra structure on K .

We say the multiplicative Lie algebra structure % is trivial if a xb = 1 for every
a,b € K and is improper if a xb = [a, b] for every a,b € K. n

Definition 2.9. Let (G, ) be a group. Two multiplicative Lie algebra operations
*1 and xo defined on GG are said to be distinct if and only if there is no multiplicative
Lie algebra isomorphism from (G, -, *;) to (G, -, *2).

Proposition 2.10.  [7] Let K be a group with trivial Schur multiplier. Then any
multiplicative Lie algebra structure on K is uniquely determined by a K -equivariant
homomorphism from [K, K| to K.

Definition 2.11. A multiplicative Lie 2-cocycle of a multiplicative Lie algebra
K with coefficients in an abelian group H with trivial Lie product is a pair (f,h),
where f € Z?(K,H) is a group 2-cocycle of K with coefficient in the trivial K-
module H, and h is a map from K x K to H satisfying the equations:

1. h(xz,1) =h(1l,2) = h(x,z) =1 forall x € K.

2. hz,yz) = h(z,y)h(z,2) fly™9) (g, 2 % 2) flylzx 2),y ) f(zxyY (xx2))
for all z,y,z € K.

3. h(xy,z) = h(y, 2)h(z, 2) f(a™ o) f(m,yx2) fx(yx2),z7 1) f(T(y*2), (z%2))
for all z,y,z € K.

L Bysa? 2 h(awz, g)h(exyd 2) f((y>a) o 2, (0x2)5°y) F((gra) s 2)- (o),
(zxy)*¥x) =1 forall x,y,z € K.

5. h(Px2y) = h(z,y)f(z,xxy) f(z7" 2) " f(z(x*y),27") forall z,y,2 € K.
The set Z%,; (K, H) of all multiplicative Lie 2-cocycles of K with coefficient in H
is an abelian group with respect to the coordinate wise operation given by

(f,h) - (f5, 1) = (£ f', b)),

Given any identity preserving map g from K to H, the pair (dg, ¢*) of maps from
K x K to H given by

dg(x,y) = g(y)g(zy) 'g(x) and g*(z,y) = g(zxy)~"

is a member of Z3,, (K, H).
Let MAP(K, H) denote the group of identity preserving maps from K to H.
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We have a group homomorphism

X MAP(K, H) — Z3 (K, H) given by x(g) = (dg,9").
The image of x is called the group of multiplicative Lie 2-coboundaries of K with
Z]2ML(K> H)

coefficient in H and is denoted by B3,,(K,H). The quotient group B (K H)
ML )

is called the second Lie cohomology of K with coefficient in H, and is denoted by
H2, (K, H).
Now, we have a natural projection homomorphism p : H3,, (K, H) — H*(K,H)
defined by .

p((f. 1) + By (K, H)) = f+ B*(K, H).
Now onwards, we denote (f,h) + B3, (K,H) and f + B*(K,H) by (f,h) and f,
respectively. [ ]

Now we have the following results:

Proposition 2.12.  ([7], Proposition 3.3) Let H and K be abelian groups with
trivial multiplicative Lie algebra structures. Then

H2,, (K, H) = HX(K, H) x Hom(A2K, H).
Proposition 2.13.  ([7], Proposition 3.4) The kernel of the homomorphism
p: H]2\/[L(K7 H) — H2(K7 H)

is isomorphic to Hom(AQTK,H), where N2°K is the non abelian exterior square of

K, and J is the subgroup of N2K generated by
{((@*y) A 2)((y * 2) A" 2)((zx x) A" y)}-

Remark 2.14. We have an exact sequence

2 ~
1— Hom(%,[—[) s 12, (K, H) -2 H2(K, H).

Corollary 2.15.  [[7], Corollary 3.5] Let K be a group with trivial Schur multiplier
and improper multiplicative Lie algebra structure. Then

Hy (K, H)= H*(K,H) x Hom(AN°K, H).

Definition 2.16. Let K be a finite multiplicative Lie algebra. The group
H2,, (K,C*) is called the Schur multiplier of K, and is denoted by M(K).

Definition 2.17. Let (K,-,x) be a multiplicative Lie algebra. Consider the
multiplicative Lie algebra K A" K generated by the set

{a Nb|a,b e K} U{|a,bo|la,b € K}
of formal symbols subject to the following relations:
I.1Na=aANl=aNa=]la)y=a,1l]o=]a,a]yp=1
2. (anb)(bAa)=1=]a,blyb,alo
3. (anbe)HaAb)(Panbc)=1=[a,bcly [a,blo[’a clo
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4. (abAc)7H(eb A% c)(a Ae) =1 = [ab,cly[*h,% cJola, o

5. laAb,uAv] = [[a,blo, (uAv)] = [a,blo* (uAv) = [a,blo % [u,v]o
6. (aAb)(bAa)=(®a"t A c)(aAc)

7. [a,blo[b,° alo = [**a™",% clola, c]

8. [la, o, [u, v]o] = [[a, 0], [u, v]]o

9.

(aAb) % (uAv) = (a*xb) A (u*v) where a,b,c,u,v € K.

The multiplicative Lie algebra K AF K will be called Lie exterior square of K.
Proposition 2.7 ensures the existence of a unique homomorphism y from K A K to
K given by x(aAb) = axb and x([a,bly) = [a,b]. We have the following short exact
sequence of multiplicative Lie algebras for a finite multiplicative Lie algebra K :

1+ MK)— KANK— (K+«K)[K, K| —1. (3)

3. Schur multiplier and Lie exterior square
of a multiplicative Lie algebra

We start the section with a classification of all the multiplicative Lie algebra struc-
tures on symmetric groups and alternating groups.

Theorem 3.1.  The symmetric group S, is Lie simple for every n € N.

Proof. Forn < 3, itisclear. Assume n > 4. Let x be a non trivial multiplicative
Lie algebra structure on S,,. Then we know that S, xS, = A,, ([11], Theorem 2.9
(3)). Since for all a,b € S,,, (axb)[a,b] € Z(S,xS,) and Z(A,) =1, axb = [a, ]
for all a,b € S,,. This shows that x must be improper. Hence, S,, is Lie simple. =

Theorem 3.2.  The alternating group (A,,-) is Lie simple for n # 4 but the
alternating group (Ay,-) has three multiplicative Lie algebra structure up to isomor-
phism.

Proof. For n #4, (A,,-) is Lie simple ([11], Theorem 2.9 (2)). Now, consider
Ay = <a,b | a®=b*=1, aba:ba2b> = {1,a,a? b,ab,ba,a’b,ba’ aba, bab, a*ba, aba’},

where a = (123) and b = (12)(34). Since Ay x Ay = Vj ([11], Theorem 2.9 (2)), we
have the following four possibilities of multiplicative Lie algebra structures on Ay:

1. ax; b =1, that is, z x; y = 1, for all x,y € A, (trivial multiplicative Lie
algebra structure);

2. a*xy b = [a,b] = a’ba, that is, x xo y = [z,y], for all z,y € A, (improper
multiplicative Lie algebra structure);

3. a*x3b=0b;

4. a*4 b= aba®.

Clearly, (Ay,-,*1) and (Ag, -, ;) are not isomorphic for every i = 2,3,4.
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Claim 1: (A4, -, *2) and (A4, -, x3) are not isomorphic.

Let ¢ : (A4, -, %3) = (A4, -, *2) be a multiplicative Lie algebra homomorphism. Then

Pax3b) = ¢(a)x2 ¢(b) = ¢(b) = [¢(a), ¢(b)]
= ¢(b) = d(a)p(b)p(a) ' o(b) = ¢(b) = 1.

Thus, ¢ can not be injective. Therefore, (Ay, -, x2) and (Ay, -, *3) are not isomorphic.
Claim 2: (A4, -, *2) and (Ay, -, x4) are not isomorphic.

Let ¢ : (Ayg, -, %x4) = (Ayg, -, *2) be a multiplicative Lie algebra homomorphism. Then

Y(axyb) = 1(a) x2 $(b) = d(aba®) = [¢(a), ¥(D)]

= Y(a)p(b)y(a)® = Y(a)y(b)¢(a)~"P(b) = ¥(b) = L.
Thus, 1 can not be injective. Therefore, (A4, -, *2) and (A, -, *4) are not isomor-
phic.
Claim 3: (A4, -,%3) and (Ay, -, *4) are isomorphic.
Consider the group homomorphism from x : (A, -, *3) —> (A4, -, *4) defined by
x(a) = a?, x(b) = b. Clearly, x is bijective.
Now, we have x(ax3b) = x(b) = b. On the other hand, x(a)x;x(b) = a®x4b = *(axy
b) (ax4b) = aaba’*aaba® = a*ba*ba® = b. Hence, x(ax3b) = x(a)*4 x(b). Similarly,
we can show that y(x %3 y) = x(z) x4 x(v), for all x,y € Ay. Therefore, (Ay,-,*3)
and (Ay, -, *4) are isomorphic. ]

Now, we discuss Schur multipliers and Lie exterior squares of some given multiplica-
tive Lie algebras.

Theorem 3.3. Let K be a group.

1. Suppose K is an abelian group with trivial multiplicative Lie algebra structure.
Then the Lie exterior square K AL K = M(K) with trivial multiplicative Lie
algebra structure. Moreover,

M(K)= M(K)x M(K).
2. Suppose K is a Lie simple group with trivial Schur multiplier. Then
M(K) = Hom([K, K], C*).

Moreover, the Lie exterior square K N K 2 [K, K| x Hom([K, K], C*) with
improper multiplicative Lie algebra structure.

Proof. By sequence (3) and Definition 2.17, we have K A¥ K = M(K) with
trivial multiplicative Lie algebra structure. The rest follows from the Proposition
2.12 and Corollary 2.15. [

Corollary 3.4.  Let K be a group with trivial Schur multiplier and a multiplicative
Lie algebra structure x such that K, K] is a non abelian simple group. Then M(K)
is trivial and K \'K = [K, K| with the improper multiplicative Lie algebra structure.
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Proof.  Since the Schur multiplier of K is trivial, K A K = [K, K]. By Remark
214 M(K) = Hom([LJK], C*), where J is the subgroup generated by {((z xy) AY
2)((yx2)N2x) ((zxx)AN"y) | z,y,z € K}. Also, by Proposition 2.10, the multiplicative
Lie algebra structure * is uniquely determined by a K -equivariant homomorphism
¢ |K,K] — K. Since [K, K] is simple, either ¢ is trivial or injective.

If ¢ is trivial, then J = {1}.

Now, suppose that ¢ is injective. Since we have ¢([z x y,Y 2]) = (z xy) * 2, we
obtain ¢([x xy,Y z|[y x 2,7 z][z xx," y]) = 1. So J = {1}. Hence, M(K) is trivial.
By sequence (3) and Definition 2.17, we have K A* K & [K, K] with the improper
multiplicative Lie algebra structure. u

Corollary 3.5.  Let K be a non abelian simple group with trivial Schur multiplier
and a multiplicative Lie algebra structure x. Then M (K) is trivial and K NP K = K
with the improper multiplicative Lie algebra structure.

Proof. Follows from Corollary 3.4. [ |

Now, we calculate the Schur multiplier of the Klein four group, the direct product
of two cyclic group, the Dihedral group and the Quaternion group with arbitrary
multiplicative Lie algebra structures from [11].

Proposition 3.6. Consider the Klein four group Vy = (a,b|a* =1 = b?, ab = ba)
with multiplicative Lie algebra structure x given by axb = a. Then

M(Vy) = Vi,
Proof. By Remark 2.14, we have

M(Vy)
J

1—>H0m( ,(C*)—>M(V4)L>M(V4)’

where J is the subgroup of A2V} generated by

{((zxy) A7 2)((y % 2) A 2)((2 x2) A" y)}
Claim: J = {1}

For x = a,y = a,z = ab, we have
((a*a) Aab)((a*ab) ANa)((abxa) ANa) = (L Aab)(aNa)(aNa)=1.

For x = a,y = b,z = ab, we have
((a*b) Aab)((b*ab) Aa)((abxa) Ab) = (a Nab)(aANa)(a ANb) = (aAb)(aNb)=1.
Similarly, for any combination of x,y and z, we can see that

(w5 ) AV 2) (g 2) A 2) () A g) = 1.
Hence J = {1}.
Claim: p is surjective.
By identities (2) and (3) of Definition 2.11, it is easy to see that

h(a,ab) = h(a,b) = h(ab,b) and h(b,ab) = h(ab,a) = h(b,a).

By using identity (4), we have
(i) h(a,b)h(a,b)f(a,a) =1
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Now, since h(ab,ab) =1 , we have
(ii) h(b,a)h(a,b)f(a,a) = 1.
On comparing (i) and (ii), we have h(a,b) = h(b,a). Therefore,
h(a,ab) = h(ab,b) = h(b,ab) = h(ab,a) = h(b,a) = h(a,b) =/ f(a,a)~"

Thus for any element f € M(V}), we have a map h : V; x V; — C* defined by
h(a,b) = +/f(a,a)~t. So, the homomorphism p is surjective. Hence, we have a

short exact sequence
1 — Hom (A2V,,C*) — M(Vy) -2 M(V;) — 1

Now, the map ¢ : M (V,) — M(VZL) defined by t(f) = (f, h) gives a splitting. Hence
M(V4)_M(V4)><H0m( (V4),C*) 2 Zy X Zy = V. [

Remark 3.7.  Consider the Klein four group Vj = (a,b | a* = 1 = b?,ab = ba)
with trivial multiplicative Lie algebra structure. Then from the short exact sequence

(3), we have .
VinN' V= M(Vy) 2V,

with trivial multiplicative Lie algebra structure.

Proposition 3.8. Consider the Klein four group Vi = {(a,b | a®* =1 = V%, ab = ba)
with multiplicative Lie algebra structure x given by axb = a. Then

VZ;/\L‘/;;%/ZQXZQXZQ
with trivial multiplicative Lie algebra structure.

Proof. Since M(V4) >V, and (Vi Vy)[Vy, Vi| = Zs, from the sequence (3), we

have L
1>V, > VunN"Vy, = Zy— 1.

Since M(V,) =V, and (Vi + V4)[Va, Vi] = Zy, we have |V AP V4| = 8. From (5) and
(8) of Definition 2.17, we have (aAb)(uAv) = (uAv)(aAd), [a, blo(uAv) = (uAv)|a, b]o,
and [a,bo[u,v]o = [u,v]ola,blo. So, Vi ALV, is an abelian group of order 8 which
contains V4. This implies Vi AY Vi = Zy X Zy X Zgy or Vy NFVy =2 Zy x Zy. But
from the Definition 2.17, order of every non trivial element in V4 A* V} is 2. Hence,
‘/4/\[/‘/21%22 XZQXZQ.

Moreover, from (5) and (9) of Definition 2.17, we have
[a, bo*[u, v]o = [a, blox(u Av) = (a Ab)*(uAv) =1.
Hence V; AF V} is trivial multiplicative Lie algebra. ]

Proposition 3.9.  Consider the abelian group K = Z, X Z,, of order mn with a
multiplicative Lie algebra structure x. Then

M(K) = Zq X Zq, where d = ged(m,n).

Proof. Suppose K = (a,b | a™ = b" = 1,ab = ba) and axb = a't?, for some
suitable 1 <i <m,1 < j <n (for details see [Theorem 2.5 (2), [11]]).
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By Remark 2.14, we have

M(Zy, X Zy)

1—>H0m( 7

,C*) — M(Z,, X L)) -2 M(Zoy, x Z,,),

where J is the subgroup of A%*(Z,, X Z,) generated by

{((zxy) A 2)((y x 2) N2 2)((z % 2) A" y)}

Claim: J = {1}.
For x = a,y = b,z = ab, we have

((axb) Aab)((bxab) Aa)((ab*a) Ab) = (a't’ Aab)(a= b7 ANa)(a™"b~7 AD)

= ANa)(a AD)(bF Na)(a™" AD) = 1.

For x = a,y = a,z = ab, we have

((a*a) Aab)((axab) Aa)((abxa) Aa) = (1Aab)(a'¥ Aa)(a™b7 Aa) =1.
Similarly, for all other combinations of z,y and z, we can see that

(%) A 2)((y # 2) A* 2)((2 %) A% ) = 1.

Hence J = {1}.
Claim: p is surjective.
By identities (1), (2) and (3) of Definition 2.11, it is easy to see that

1. h(z,1) =h(1l,2) = h(x,z) =1 forall x € K.
This implies that h(a’,a’) =1 = h(V', V),

2, h(aﬂ,a%?"):h(ap,br) (a9, a%) " f(as, a?  07) f (a%(a? % bT), a~),
3. h(athr,a?) = h(b", a?) f(a~?, a?) "' f(a?, b x a?) f(ad(b" % aP),a~9),
4. Wb, athy) = <bp,aq> Fla=t,a1) 71 f(at, a77),
5. h(ath, %) = h(a, bP) f(a~9, a?) "' f(a%, a™9),
6. h(a”b?,a’b*) = h(a?bt, a”\h(a?b?, b%) f(a", a”) " f(a”, (aPb?) * b*)

Fla" ((aPb?) % b%),a=") f((aPb?) x a”, (aPb?) x b°).

Also, we can see that h(aP,b") can be written in terms of h(a,b)?".

Now, since h(ab,ab) = 1. It can be seen that h(b,a) can be written in terms of
h(a,b). By identity (4) of Definition 2.11, we have

h(a't, b)h(a™ 6", b) f(a't’ * b,a”" b7 xb) = 1.
This implies that
h(a',b)h(a™ " b) f(a™" a") " f(a’,a™ ") fa',a™ ) (@™, a') f(a'bxb,a b Ixb) =1.
So, h(a,b) can be written completely in terms of values of f. Thus for any

f € M(Zy,, xZy,), we have a map h : (Zy, X Zy) X (Zy, X Z,) — C* defined in
terms of f. So, the homomorphism p is surjective.
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Hence, we have a short exact sequence
1 — Hom(A2(Z, % Z0,),C*) — M(Zoy x Zn) -+ M(Z

Now, the map t : M(Zy,, X Z,) — M (Zy, % Z,) defined by t
splitting. Hence M(Z,,, X Zy,) = M(Zy, X Z,) X Hom(M (Zyy, X Zy,

\_/AS

Remark 3.10. Proposition 3.6 is the particular case of Proposition 3.9. But
here, we like to give the proof of Proposition 3.6 so that one can easily understand
the proof of the general case.

Proposition 3.11. Consider the dihedral group D, ={a,b | a*=0"=1, aba=b"1)
with a multiplicative Lie algebra structure .

1. If n is odd, then M(D,) = Z,.

2. If n is even, then M(Dn) >~ Ty X Ly, .

Proof. By Theorem 2.5 (3) of [11], it is enough to assume that the multiplicative
Lie algebra structure is given by axb = b?, for any fix 1 <i < n. By Remark 2.14,
we have A2(D,)

L Hom( ,c*) L NI(D,) B M(D,),

where J is the subgroup of A2D,, generated by
{((zxy) A 2)((yx2) N 2)((z % 2) A" y)}

Claim: J = {1}
For x = a,y = bP, z = ab?, we have

(b7 % a) A% ab?)((a* ab?) A" b2)((ab? x bP) AY a) = (b=PP A ab=0)(bP A ab= %) = 1.
For x =y = a,z = bP, we have

((axa) A*bP)((axbP) A a)((bP xa) A% a) = (P A ab=2P) (b Aa) = 1.
Similarly, for any combination of x,y and z, we can see that
(% y) AV 2)((y % 2) A2 2) (2 %) A y) = 1,

Hence J = {1}.
Case 1: n is odd
In this case, M(D,) = {1}. So M(D,)) = Hom(A*(D,,),C*)
Case 2: n is even
First of all, we show that p is surjective. Using (1), (2) and (3) of Definition 2.11,
we have the following:
. h(z,1)=h(1l,z) = h(z,z) =1 for all x in D,,
- h(a,al’) = h(a,a)h(a,b’) f(a, a)~" f(a,b"") f(ab™, a) f(1,* b")
(a,0) f(a,a)" f(a,b"") f(ab’", a),
(b7, a)h(a, a) f(a,a)~ f(a,b77) f(ab™"", a) f(*D77, 1)
(b, a) f(a.a) " f(a,b) f(ab 7, a),

12

/.

N =

h
3. h(ab’,a) =h
=h

-

h(bj abk) ( ,a)
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6. h(ab’,ab")
= h(a, b*)h(V’, a) f(a,a)=* f(a,b77") f(ab™7", a) f(a, b¥) f(ab®, @) f (77,0 F).
7. Since h(ab’,ab’) =1,
h(a, ¥)h(V,a)f(a,a)"?f(a,b77") f(ab™"", a) f (a, b") f (ab”", a) f (B, b77") = 1,
8. h(a,b?) = h(a,b)*f(b=1,b)~Lf(b,b") f(bL', b~1) f(b,b%). Similarly, h(a,b’) can
be written in terms of h(a,b)’.
From the above identities, it is clear that for any given f, image of any elements of
K x K under the map h is determined by the image of (a,b) under the map h.
Now, using (5) of Definition 2.11, we have

(1) n(a,b7") = h(*a,"b) = h(a,b) f(a,axb)f(a,a)" f(a(a
= h(a,b)f(a,b’)f(a,a)"tf(ab’,a)h(a,b~t) =
where z = f(a,b")f(a,a)™  f(ab’,a). Since 1 = h(a
h(a, b)h(a, b=) F(b~", )71 f (b, b)) f(O L 071 F (B, 77)
h(a,b)h(a, b= w = h(a,b)h(a,b)zw, where
= fOTLO) LB, 07 F (00T F(B,077).
So, h(a,b) \/T ThusforannyM( ), we have a map h : D, x D, — C*

defined by h(a,b) = /(zw)~!. So, the homomorphism p is surjective. Hence, we
have a short exact sequence

*b), a)
h(a,b)z,

1) = h(a,bb™') we obtain
= 1. By using (i), we have

1 — Hom(A?D,,C*) — M(D,) -2 M(D,) — 1

Now, the map ¢ : M(D,) — M (D,,) defined by t(f) = (f,h) gives a splitting.
Hence M(D,) = M(D,)) x Hom(A*D,,,C*) & Zy X Z,. [ |

Proposition 3.12. Consider the dihedral group D,, = (a,b|a?=b"=1, aba = b™')
(where m is odd) with a multiplicative Lie algebra structure a b = b* for any fix
1 <i<mn. Then D, A\F' D, = Z, x Z, is trivial multiplicative Lie algebra.

Proof. Since M(D,) = {1} and M( w) = Zy, Dy N D, = Z, and by the
sequence (3), we have 1 — Z, — D, A\* D,, = D, AD, — 1. So, |D, AL D,| =n?.

From (5) and (8) of Definition 2.17, we get (a A b)(u A v) = (u A v)(a AD),
[a,blo(u Av) = (u A v)la,blo, and [a,blo[u,v]o = [u,v]o[a,blo. So, D, AL D, is an
abelian group of order n?, which contains Z, . This implies D,, A D,, = Z,, X Z,.

Moreover, from (5) and (9) of Definition 2.17, we have

[a, blo*[u, v]o = [a, blox(u Av) = (a Ab)F(uAv) =1.
Hence, D,, A¥ D, is a trivial multiplicative Lie algebra. [ |
Proposition 3.13. Consider the quaternion group Q,, = (a,b|a*=0b", aba™' = b~1)

of order 4n with multiplicative Lie algebra structure axb = b, where 1 <1i < 2n—1.

Then M(Qn) = chd(n,i) .

Proof. We know that M (Q,) = 1. From the short exact sequence
1 —>M(Qn) —>Qn/\Qn — [QnaQn] — 17

we have Qn A Qn = [Qm Qn] = <b2> = Zn
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By Remark 2.14, we have

1 — Hom (@) ¢} — 31(Q.) % M(Qu),

where J is the subgroup of A?Q),, generated by
{((xy) N 2)((yx2) A* ) ((zx @) A" y)}.

~ 2
Since, M(Q,) = 1, we have M (Q,) = Hom(A (52”) ,(C*) = Hom(Zj”,(C*)-
Claim: J = Z,,, where m = L
ged(n, i)
Case 1: For z = a,y = bP, z = ab?, we have
[a % bP.%" ab?][bP * ab?, %" a][ab? * a,* bP] = [bP.°" ab?][b~"P 2" a][*b~ @ bP]

— PP .11 = b,

Case 2: For x =y = a,z = bP, we have

[a % a,bP][a bP." a][bP x a,% a] = [1,2b°][bP.*" a][b~P % a]
=1-0*-b%=1.

Case 3: For z =y = a,z = ab”, we have

[a % a,® abP][a x ab?,**" a][ab? * a,* a] = [1,* abP][*bP " a][*b=P @ ]
=1-b72P.p% =1.

Similarly, for all other combinations of x,y and z, we can see that

(zxy) AY 2)((y*x 2) A 2)((z %) A"y) =1 or b*P.

So, J = {((b*)") 2 Z_n~ . Hence, @ > Zgcd(n,)- Therefore we finally obain

ged(n,i)

M(Qn) = chd(n,i) . ]
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