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Abstract. A classic result of Milnor shows that any 3-dimensional unimodular metric Lie
algebra admits an orthonormal frame with at most three nontrivial structure constants. These
frames are referred to as Milnor frames. We define extensions of Milnor frames into higher
dimensions and refer to these higher dimensional analogues as Lie algebras with Milnor frames. We
determine that n-dimensional, n > 4, Lie algebras with Milnor frames are isomorphic to the direct
sum of 3-dimensional Heisenberg Lie algebras h?, 4-dimensional 3-step nilpotent Lie algebras h*,
and an abelian Lie algebra a. Moreover, for any Lie algebra g 2 h3 @ a with a Milnor frame, there
exists an inner product structure g on g such that (g,g) does not admit an orthonormal Milnor
frame.
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1. Introduction

Given a Lie Group G and a (Riemannian) metric'! g on G, we say that g is left-
invariant if, for any p € GG, the diffeomorphism

L,:G—=G, q~—pq (1)

is an isometry with respect to g. A vector field X on G is said to be left-invariant
if Ly(X)= X forany p € G. By placing an inner product structure on the tangent
plane at the identity, T.G, we can extend this inner product to a left-invariant metric
on G (See for example Chapter 1 Section 2 in [2]). The collection of left-invariant
metrics on GG are in one-to-one correspondence with inner product structures on
T.G. Thus given a left-invariant metric on a simply connected Lie Group G, we
only need to look at the inner product structure of its associated Lie algebra. With
this in mind, whenever a simply connected Lie Group G is equipped with a left-
invariant metric g, we may call the Lie algebra (g, g) associated to the Lie Group
a metric Lie algebra with respect to the metric g. When it is obvious which left-
invariant metric we are referring to, we say that g is a metric Lie algebra.

When G is equipped with the Levi-Civita connection, the curvature is determined
by the structure constants induced by a Lie bracket [, ] € A?g* ® g (See sections
5 and 6 in [10]). Thus if a metric Lie algebra has few nontrivial structure con-
stants, determining curvature requires fewer computations. For example, Milnor
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'For the remainder of the paper any use of the word “metric” means “Riemannian metric”
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[10, Lemma 4.1] determined that any 3-dimensional unimodular metric Lie algebra
admits an orthonormal frame with at most 3 structure constants. Moreover, these
orthonormal frames diagonalize the Ricci-tensor. For higher dimensional metric Lie
algebras, Hashinaga, Tamaru, and Terada [3] introduced a procedure that allows us
to find an orthonormal frame with relatively few structure constants.

Let g be a three-dimensional metric Lie algebra with metric ¢ and a fixed orienta-
tion. For two linearly independent vectors X,Y € g, denote the exterior product
X AY to be the unique vector orthogonal to X and Y such that {X,Y, X AY} is
a positively oriented frame and

[XAY[P=g(X AY, X AY) = g(X, X)g(Y,Y) — g(X,Y)*.

If X and Y are not linearly independent then we say that X AY = 0. By the
universal property of wedge products there exists a linear operator L : g — g for
which the diagram

gxg—"—9

N|

commutes. Moreover g is unimodular if and only if L is self-adjoint [2, Lemma 4.1].
It is well-known that a self-adjoint linear operator admits an orthonormal frame of
eigenvectors. Thus there is an orthonormal frame {X;, X5, X3} and real numbers
A1, A2, A3 € R such that

(X1, Xo] = A3 X5, [Xo, X5 = M Xy, [ X5, X] = XX,

Let 0 = (123) € S3 where S3 is the permutation group acting on 3 elements. We
can rewrite the bracket identity so that [X;, X,4)] = A2i Xo2(s) forany ¢ € {1,2,3}.

Definition 1.1.  Let g be a Lie algebra with a frame {X;, X5, X3}. If there exists
A1, A2, Az € R such that the bracket relation [X;, Xou)] = As2(i)Xo2(;) holds for any
1 <i <3, then {X1, X5, X3} is called a Milnor frame. n

Using the permutation ¢ = (1 ... n) we can extend this notion to higher dimensions.

Definition 1.2. Let g be a Lie algebra of dimension n >4 and ¢ = (1 ... n)€ S,
where S, is the permutation group acting on n elements. A frame, {X,..., X, },
is a Milnor frame if for all i, 7 € {1,...,n}, there exist A1,...,\, € R such that

)\02(1-)X02(i) 0(2) Ij
(X, Xj] = § A2y Xo2y) 0(j) =1 (2)

0 otherwise

An example of a Lie algebra with a Milnor frame of dimension n > 4 is the Lie
algebra, b3, associated to the 3-dimensional Heisenberg Group directly summed
with an abelian Lie algebra, a, of dimension n > 1. For a less trivial example let
h? be the 4-dimensional Lie algebra with a frame {X;, X5, X3, X;} whose bracket
relations are generated by

[Xl, XQ} = X3 [XQ, Xg] = X4.
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As we shall show in section 2.2, h* is a 3-step nilpotent Lie algebra and is thus
not isomorphic to h* @ a. It turns out that any Lie algebra with a Milnor frame is
completely determined by these two types of Lie algebras:

Theorem 1.3.  For any Lie algebra g of dimension n > 4 with a Milnor frame,
g2 (b)) @ (Bh*) D a where b2 is the Lie algebra of the Heisenberg Group, h* is as
seen in Erxample 2.3, and a is an abelian Lie Alebra. Moreover, these Lie algebras
are at most 3-step nilpotent.

A Corollary of Theorem 1.3 shows that any n-dimensional, n > 4, Lie algebra with
a Milnor frame admits a Milnor frame whose structure constants are either 0 or 1.
By a result of Malcev [9], the simply connected Lie group associated to such a Lie
algebra has compact quotient. If a metric Lie algebra has a Milnor frame that is
also orthonormal, then we obtain some “nice” geometric properties. For example,
given an m-dimensional nilpotent metric Lie algebra (g,g) with an orthonormal
frame {Xi,...,X,}, Theorem 1.1 of [8] determines an algebraic constraint for
when {X,...,X,} is Ricci diagonalizable. If a metric Lie algebra (g,¢) has an
orthonormal Milnor frame {Xi,...,X,}, by Theorem 1.3 and Theorem 1.1 of [§],
{X1,...,X,} diagonalizes the Ricci tensor. For example consider the Lie algebra
h? @ a with a being a finite dimensional Lie algebra. Corollary 5.3 of [7] shows that
h2 has one metric up to scaling and automorphism. Thus any Lie algebra with a
Milnor frame which is isomorphic to §* @ a must have an orthonormal Milnor frame.
This raises the question:

Question 1.4. Given a Lie algebra g that admits Milnor frame and a metric g on
g, is it possible to always find an orthonormal Milnor frame?

Surprisingly, we find that this is not necessarily true.

Theorem 1.5.  For any nonabelian Lie algebra g as in Theorem 1.3 which is not
isomorphic to > @ a, a abelian, there exists a metric g on g such that (g,g) does
not admit an orthonormal Milnor frame.

The paper will be divided into two sections. In Section 2, we discuss how the
algebraic structure of Milnor frames can be interpreted as a directed graph. In
addition we provide a proof of Theorem 1.3. In Section 3, we consider metric Lie
algebras with a Milnor frame and determine necessary conditions for the Lie algebra
to admit an orthonormal Milnor frame. We then provide a proof of Theorem 1.5.
In Section 4 we show that a metric Lie algebra with an orthonormal Milnor frame
has a diagonalizable Ricci tensor. Finally, we discuss which metrics on a metric Lie
algebra with a Milnor frame are Ricci nilsolitons.
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2. Algebraic properties of Milnor frames

2.1. Extending three dimensional Milnor frames

Given an n-dimensional, n > 4, Lie algebra g with a Milnor frame, one may ask why
we chose the cyclic permutation o = (1 ... n) for Definition 1.2 as opposed to using
any permutation in S,,. Suppose we change Definition 1.2 so that o is some per-
mutation in S,,. Let g be a Lie algebra which admits a Milnor frame {X3,...,X,,}
with structure constants A,..., A, and o € S,,. We can represent ¢ = oy --- 0y,
as a product of disjoint cycles. Let o(i) denote the order of o;. For any element
Jj€{1,...,n} such that 0;(j) # j, the span of {X;, X;,(j), ..., Xs,(0(j)-1)} Will form
a subalgebra g;. In fact each subalgebra admits a Milnor frame Xj,..., X, (o()-1)
with structure constants A;, ..., Ay, (o(j)-1)- Thus

g=01 .. DgrDba
where a is an abelian subalgebra spanned by {X;|o(j) = j}. Indeed for each j such
that o(j) = 7, 0
——
[(Xo-105), X5] = [X5, X5] = [X5, Xo5)]
so that adx, = 0. This argument shows that we only need to consider the case
where o is a cyclic permutation.

Remark 2.1. For the remainder of the paper, we shall use addition modulo n
instead of 0 = (1 ... n) € S, to improve readability.

We may represent the Lie bracket between two elements of a Milnor frame in the
following way: let d;; be 1 if i = j and 0 if ¢ # j. For a Milnor frame {X;,..., X, }
with structure constants Ay,..., A\, € R and i,j € {1,...,n}

(X, Xj] = O(i+1)j Nit2Xit2 = 0i(j+1) i1 Xif1- (3)

If we let E;; denote the matrix whose only nonzero coefficient is 1 at the entry
(1,7), then for a Milnor frame {Xj,..., X, } with structure constants {A,...,\,},

adx, = >\i+2E(i+2)(i+1) - )\i—l—lE(iJrl)(ifl)- (4)
2.2. Examples: h?® and h*
We start with the classic example of a nilpotent Lie algebra with a Milnor frame.

Example 2.2. The 3-dimensional Heisenberg group is a subgroup of GL(3,R)
whose elements are of the form

1 a
H = 01 c¢|labceR
0 01
The Lie algebra of H is
0 a
h3 = 0 0 cl|labceR
000
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Consider the frame X; := Ei9, X := Ei3 and X3 := Ey3. We obtain the bracket
relations [ X7, Xs] = X3 and all other bracket relations trivial. If a is an abelian Lie
algebra of dimension n > 1, then b3 @ a forms an (n + 3)-dimensional Lie algebra
with a Milnor frame.

Example 2.3. Let h?* be the 4-dimensional Lie algebra with frame {X;, X5, X3, X, }
and bracket relations

[XlaXQ] = X3, [X2>X3] = Xy

The Lie algebra h* is 3-step nilpotent as shown below:

(54)1 = [h%, b*] = Span{ X3, X4}

(h*)* = [b%, (h")'] = Span{X,}

(h")* = [, (")*] = {0}. (5)
Because every 2-dimensional Lie algebra is either abelian or non-nilpotent, h* cannot

be split into two 2-dimensional Lie algebras. The Lie algebra h? is at most 2-step
nilpotent as shown in (6)

(h°)" = [, b°] = Span{Xz}, (b*)*=1[b,(b*)"] = {O}. (6)

Thus h* is not isomorphic to b* @ a.

Given a Lie algebra of dimension n > 4 with a Milnor frame the upper bound for the
total number of nontrivial structure constants is at most n. The next proposition
shows that this upper bound cannot be achieved.

Proposition 2.4.  Let g be an n-dimensional Lie algebra, n > 4, with a Milnor

frame {X1,..., X, } and structure constants M\i,...,\,. Then A2 =0 for any
ie{l,...,n}.

Proof. Foranyic {1,...,n},

[(Xits, [Xo, Xiva]] = Ao Xigs, Xira] = NipoAizaXiga
[Xz‘ [Xi+17Xi+3H = [Xi70] =0
[Xi41,0] =0 n >4
[Xi—l-la [Xz'+37 Xz“ =
/\z‘+1[Xz'+1, Xz'—i—l] =0 n=4
By the Jacobi Identity
0 = [Xigs, [Xi, Xogpa]] + [Xo, [Xig1, Xigs]] + [Xig1, [Xigs, Xi]] = N2 AipaXiga.

Considering that ¢ was arbitrary, we obtain the desired identity. ]
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Before we prove Theorem 1.3 we prove the following lemmas.

Lemma 2.5. Let g be a 3 dimensional Lie algebra with a Milnor frame with
ezactly one nontrivial structure constant. Then g = bh?

Proof. Let {Xj, Xy, X3} be a Milnor frame with structure constants Aj, Ay, As.
Suppose A\, # 0 for some k. If g is defined through the bracket relation [X;, X;] =
M Xy, for some 7, j # k then by setting Y; = X, Y = X, and Y5 = X}, we obtain
[Y1,Y2] = A3Y3. By scaling Y3 to A3Ys, {Y1, Y2, A\3Y5} forms a Milnor frame whose
structure constants are either 0 or 1. This shows that g = b3, [ |

Lemma 2.6. Let g be a 4-dimensional Lie algebra with a Milnor frame with
ezactly two nontrivial structure constants. Then g = bh*.

Proof. Let {Xj,..., X4} be a Milnor frame with structure constants Ay, ..., As.
Suppose A, Ay # 0 are our two nontrivial structure constants. If |k — (| = 2 by
Proposition 2.4, A\yA¢ = A\jAj12 = 0 for some j which is a contradiction. Thus we
may assume, without loss of generality, that ¢ = k+ 1. By relabeling and rescaling,
we obtain that the frame

A
{Y1 = X0, Yo = X1, Y3 = N X}, Yy = ;:1 Xis1}

is a Milnor frame whose structure constants are either 0 or 1. This gives the relation
g=h'. n

Now for the proof of Theorem 1.3.

Proof of Theorem 1.3  First we want to show that there exists i € {1,...,n}
such that \; # 0 and \;_1 = 0. Suppose \; # 0 for some i and additionally suppose
Ai—1 # 0. By Proposition 2.4 \;_s\; = 0 which shows \;_5 = 0.

We proceed by induction on the dimension of the Lie algebra. Assume that any
Lie algebra of dimension k& < n with a Milnor frame splits as a direct sum of
ideals as stated in the theorem. Let {Xi,...,X,}, n > 4, be a Milnor frame for
the nonabelian Lie algebra g. Noting that the operator S, : g — g, defined by
¢ X; — ¢ X, takes Milnor frames to Milnor frames, by our previous comments we
may suppose without loss of generality that A3 # 0 and Ay = 0. We consider the
cases where \y =0 and Ay # 0.

Suppose Ay = 0. For each i,
adx, (g) = Span{ A1 X1, Nipo Xiro} C Span{ X1, Xiyo}.

Thus, in order to determine if {Xj, X3, X3} is an ideal we need to show that
ady, = 0. By our assumption, A3 # 0 so that by Proposition 2.4, A3A; = 0
which implies A5 = 0. Given that Ay = 0 this shows adx, = 0. By Lemma 2.5 and
the fact that A, Ao = 0, Span{X;, X5, X3} = h3. To show that Span{Xy,..., X, }
forms an ideal we must show [X3, Xy] = 0 and adx, = 0. We know adx, = 0 so
that [X3, X4 = 0. By assumption, Ay = 0 and by Proposition 2.4 A3A; = 0 which
implies A\; = 0. Thus adx, = 0 and so Span{Xy, ..., X,} forms an ideal.

Now suppose that Ay # 0. We show that Span{Xy,..., X4} and Span{X;,..., X, }
are ideals. Similar to the previous argument, we show that ady, = 0 and adx, = 0.
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Due to A3, Ay # 0 and Proposition 2.4 we can determine that A5, A\¢ = 0 which shows
adx, = 0. Because A\, A\ = 0, by Lemma 2.6, Span{Xj,..., X;} = h*. Now we
show that ady, = 0. By assumption Ay = 0. We know A\ = 0 by Proposition 2.4
and the fact that A3 # 0 so that adx, = 0. This shows that Span{Xy,..., Xy} and
Span{ X5, ..., X, } form ideals.

Thus g is isomorphic to h> @ b or h* @ h where b is an ideal of g. To complete the
proof we must show that  is an ideal with a Milnor frame. Let m € {3,4} so that
h = Span{X,,+1,..., X, }. We claim that if n —m < 2 then h must be abelian. If
n —m = 2 then

ade+1 - )\m+3E(m+3)(m+2) - )‘m+2E(m+2)m = )\lElm =0

where the last two equalities follow from m + 3 modn = n+1 modn = 1
mod n, Proposition 2.4, and A3, \,, # 0. Furthermore, we have already shown
that in both cases adx, ,, = ady, = 0 so that b is abelian. If n —m = 1 then
h is a one dimensional ideal of a Lie algebra and is thus abelian. Suppose that
n—m > 2. For each m+1 < ] <n-—2 ade = )\j+2E(j+2)(j+1) — )\j+1E(j+1)(j_1).
By previous observations, adyx, = 0. Thus we have that [X,,_1, X,] = 0- X, and
[ Xy, Xin] = 0+ X541 so that b admits a Milnor frame. By induction, b splits into
a sum of ideals as stated in Theorem 1.3. |

3. Geometric properties of Milnor frames

Let (g,g) be a metric Lie algebra with a Milnor frame. By Theorem 1.3 we know
that g = (®h%) ® (®bh*) ® a. Let us assume that such a decomposition of g is pair-
wise orthogonal. Each h? is a 3-dimensional unimodular metric Lie algebra, and so
by Lemma 4.1 of [10] there exists an orthonormal Milnor frame of §*. Thus in order
for g to have an orthonormal Milnor frame, the subalgebras in the decomposition
of g isomorphic to h* must have an orthonormal Milnor frame. We now determine
precisely when h* admits an orthonormal Milnor frame.

3.1. Metrics on h*

Consider the 4-dimensional Lie algebra A, ; as seen on page 246 of [5] whose bracket
relations are shown below:

[X27X4] = Xla [X37X4] = XQ'

By setting Y7 = Xo + X3, Y3 = Xy, Y53 = X; + X,, V) = —X; we obtain A;; = h*
as shown in Figure 1.

Y Y, Y; | Y
Y) 0 X1+ Xy 0 0
Yo | =X1 — Xy 0 -X1] 0
Y3 0 X 0 0
Yy 0 0 0 0

Figure 1: Entry ¢,j as [Y;, Y]
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Thus in Lemma 3 of [5], there exists an orthonormal frame {Fi,..., Fy} of h* for
which there are at most three nontrivial structure constants C3,,C3, > 0, C3, € R.
We now show that h* has an orthonormal Milnor frame if and only if C3, = 0.

Theorem 3.1. Let {Fy, Iy, F3, Fy} be an orthonormal frame of the metric Lie alge-
bra g generated by the following Lie bracket relations: a = 6’2174 >0, b= C§,4 eR,
and ¢ = C??A > 0. Let O(4) be the orthogonal group of 4 x 4 matrices with
real coefficients. There exists T € O(4) which makes {TF,,TF;, TF3,TF,} into a
Milnor frame with 2 nontrivial structure constants if and only if b =10.

Proof. = We prove the above proposition by contradiction. Let T' € O(4) be a lin-
ear operator such that {T'Fy, TF,, TF3,TF,} forms a Milnor frame. By Lemma 2.6
we may assume that the nontrivial structure constants of this Milnor frame are
A3, Ay #0 and T € O(4). For any ¢,j such that [TF;, TF;] =0

0= [TF,TF] =1, T{F,] = T/T{[F,, ]
= [a(T7T} = T'T}) + W(T7T) = T'T))] By + o(TPT) =TT} .
Asaresult TPT! = T'T? and T7T;! = T;'T; . By the fact that [g, g] € Span{F, F5},
[TF,TF) = \TF, = T, =T, =0
[TFy,,TF3) = \\TFy = T; =T} =0.

We claim that 7} is necessarily trivial. Suppose otherwise. Because Ty = 0
and [TF,TF] = [TF,TF,] =0, 0 = T} = T}T¢ = T2 = 0. Similarly
0=T¥} =TT} = T? =0 so that the vectors [T}...T}]" and [T?,... T}]" are
linearly dependent, a contradiction to 7" € O(4).

Because T = 0 for j = 1,3,4 and T € O(4), T3T§ = S TAT] = 6,45. We obtain
that Ty = 41 which implies Ty = T3 = 75 = 0. Similarly TPT7 = 3, T2T) = 83,
implies 77 = +1 and T} = T = T{ = 0. The matrix representation of 7" under
the basis (F1,..., Fy) is given by

T —

o0 oo
o oo
OO 2
SO DD = ™

8

where «, 5 € {—1,1} and v,d,¢,¢ € R. Because [T'Fy, TF3] = \,TF, and adp, =0,
¢ =0. In order for 0 = g(TF3,TF;) = ve, v = 0. Finally we have

[TFl,TFQ] = Oéﬁ[Fg,F4] = Oéﬁ(bFl + CFQ) = )\3TF3 = )\3(5F2.

Considering that af € {—1, 1}, it must be the case that the linear operator T turns
the frame {F}, Fy, F3, F};} into an orthonormal Milnor frame if and only if 5=0. =

As a result of Theorem 3.1 we can construct a metric g so that the metric Lie
algebra (h?,g) does not admit an orthonormal Milnor frame. If (h* g) has an
orthonormal Milnor frame {Xi,..., X4}, then there exists T" € O(4) such that
we have {T'Xy,...,TX,} = {F1,...,Fy}, where {F},..., Fy} is as in (3.1). Thus
{T-'Fy,..., T7'F,} is an orthonormal Milnor frame which implies now directly that
g([F3, Fy), F1) = 0. An example of a metric g such that g([F3, Fy], F1) # 0 is found
in Lemma 3 of [5].
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3.1.1. Metrics on h* @ hH?

Now we consider the collection of metric Lie algebras g which contain an isomorphic
copy of B2 @ 3. If we are able to provide a metric that does not allow b @& b3 to
have an orthogonal Milnor frame, then we obtain Theorem 1.5 as a result. First we
prove the following result from linear algebra.

Lemma 3.2. Let A, B € My(R). Denote the i column of an arbitrary matriz
C € My(R) as C;. If A and B have the property A; and B; are linearly dependent
for any i,j € {1,2} then either A or B has determinant 0.

Proof.  Suppose that A is non-singular. By our hypothesis B; = ¢;;A; for some
¢;; € R and 4,7 € {1,2}. Thus

A Ad] [C‘L C(ﬂ _ (B BJ]=[A A {’351 622]

Because A is invertible, ¢;; = 0 for all 7, j which implies B; = By = 0. u

Proposition 3.3.  Let (h> ® b3, g) be a metric Lie algebra. Consider the Milnor
frame {Uy, Uy, U3, V1, Vo, Va} for (§° @ bh3) where

b @ {0} = Span{Uy, Uy, Us} and {0} @ b* = Span{Vi, Vs, V3}.

If there exists a Lie isomorphism T with g(T(h> & {0}),T({0} ® b)) = 0 then
g(U37 Vé) =0.

Proof. We may always scale the frames {U,Us, Us} and {Vi, Vs, V3} so that
the structure constants are contained in {0, 1}. Without loss of generality we shall
assume that the structure constants for the frame {Uy,...,Vs} are contained in
{0,1}. Because T is a Lie isomorphism, T{T3 [U;, U;] = [TUy, TUs] = TU3 = TUy.
This shows Ty = T1T¢ — T?Ty, T =TTy — TPTy, and T¥ =0 for k=1,2,4,5.

Similarly T3 = T} T2 —TT2, T¢ = T}TP —T; —Tg and T =0 for k =1,2,4,5. For
i,j such that [Py, )] = 0, P, Py € {Uy, ..., Va}, TMT2 — TETY = TATS — T5TH = 0.

The matrix representation of T can be given by the block matrix

w 0 X 0
wt det(W) =z

Y 0 A 0

yt o det(Y) 2t det(2)

T .=

Where W, X,Y and Z are 2 x 2 matrices, w,z,y,z are 2 X 1 matrices, and each
0 is a 2 x 1 matrix. Letting C; represent the i’ column of a matrix C' € M(R),
we have the additional property that W; and X, are linearly dependent for any ¢, j
and similarly Y; and Z; are linearly dependent. Suppose that X is singular. If W
or Z is singular then 7" will be singular leading us to a contradiction. Let W and
Z be nonsingular. By Lemma 3.2 Y is singular. 7" can be represented as

=
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N W 0 _|1X 0
where Y=t det(W) et o
[y o = Z 0
Tyt 0 |2t det(2) ]
Letting g be represented as g= {é’f g}

wh A TA Cl lw x| [WA+AICT WCH+AB| [w x

X' ¢ IC Bl |y ¢ [XA+CC X'C+OB| |y ¢
__rmw+¢0m+w%w+¢37w%x+¢0%+wTK+¢Bﬂ 7)
CXPAw + GO + POy + CPBy XM Ax + CPOt + PO+ CPBC

so that W AY +A'CH + Ww'CC +~' B¢ = 0. (8)

Finally we obtain
0= (wUs)' A(XVA) + (YU3)'C (XVa) + (WU)C(CVA) + (YUs) B(CVA)
= det(W) det(Z)(Us)'CV3 = det(W) det(Z)g(Us, V3) (9)
where det(W) det(Z) # 0 so that g(Us, V5) = 0.

If X is non-singular then by Lemma 3.2 W and Z must be singular. In order for
T to remain non-singular Y must be nonsingular. If we post-compose T" with the
Lie isomorphism S = [‘} 6] then a similar argument of the case where X is singular
holds to show that ¢g(Us, V3) = 0. ]

Taking the contrapositive of the previous theorem states if g(Us, V3) # 0, then there
are no linear operators 7' € Aut(g) such that ¢(TU;,TV;) =0 Vi,j.

Proposition 3.4.  There exists a metric g on the Lie algebra (b3 ®bh3) such that
(b3 @ b3, 9) does not admit an orthonormal Milnor frame.

Proof. Let be (g = h®> @ b3, g) be a metric Lie algebra with a Milnor frame
{X1,..., X6} and T : g — g be a linear operator such that {T'Xy,...,TXs} forms
a Milnor frame with two nontrivial structure constants. Denote these structure
constants as Aj,...,A¢ € {0,1}. Then either \; = \jy1 = 1, \j; = A\jz2 = 1, or
Ai = Aip3 = 1 for some i € {1,...,6}. It cannot be the case that A\; = \;;o =1 for
some ¢ by Proposition 2.4 which leaves us with two cases.

If there is some i such that \; = \;1, then b* C b3 @ h3. By Proposition 3.1,
we may choose a metric g so that (h*, g|ys) does not admit an orthonormal Milnor
frame and so (h* @ b3, g) does not admit an orthonormal Milnor frame.

If \; = \iys3 = 1 for some ¢, then 7" € Aut(g). Choose a metric g which makes
9(X3, Xg) # 0. For example if g = I + €(F36+ Eg3) for some sufficiently small € > 0
that allows g to be positive definite then g(X3, X5) = ¢ > 0. By Proposition 3.3,
there is no linear operator 7" which makes T'(h* & {0}) the orthogonal complement
of T({0} @ bh3). Thus h*> ® h> does not necessarily admit an orthonormal Milnor
frame. [
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Now we prove Theorem 1.5.

Proof. Let g be a Lie algebra with a Milnor frame. Suppose that any metric g
admits an orthonormal Milnor frame. Then h* cannot be a subalgebra of g and
h2 @ b3 cannot be a subalgebra of g. By Theorem 1.3, g = h> ® a. [ |

4. Orthonormal Milnor frames and Ricci solitons

In this section we present further results about metric Lie algebras which admit
orthonormal Milnor frames and Ricci soliton metrics. In particular, we show that
Ricci solitons on h* are contained in the collection of metrics g on h* which admit
an orthonormal Milnor frame. Recall, because of Theorem 3.1, we can find a metric
g such that (h*, g) does not admit an orthonormal Milnor Frame.

4.1. Ricci tensors

Suppose we have a metric Lie algebra (g, g) with an orthonormal Milnor frame. By
Theorem 1.3 the Lie algebra g is isomorphic to (®h3) & (®bh*) & a where a is an
abelian Lie algebra. Due to g admitting an orthonormal Milnor frame, the metric
g can be represented as

9= (®gly) & (Sglp) & (Sgla)
and so Ricy|g = (BRicyps) @ (BRicy|ys) @ (Ricgla).

With this in mind, to determine information about the Ricci tensor for (g,g), it
suffces to determine information about the Ricci tensors for (h?, glys) and (b*, glys).

Let (h3,g) have an orthonormal Milnor frame whose nontrivial structure constant
is A3. A result of [10, p.305] shows that

2 |—-1 0 0

A
Ric,|ps = 53 0 -1 0f. (10)
0O 0 1
Let {Xy,..., X4} be an orthonormal Milnor frame for h* with nontrivial structure

constants A3 and A\;. The sectional curvatures can be computed using the formula
found in Lemma 1.1 of [10]. The sectional curvature between any two elements of
the Milnor frame can be found in Figure 2.

X1 Xo X3 X4
Xi| 0 —3)3 A3 0
e T Y
X3 | 1M | —iM+ 18 0 M
X,| o 132 132 0

Figure 2: x(X;, X;) = i,j™ entry.
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By Theorem 1.1, Lauret and Will [8, pg.3652] Ric,(X;, X;) = 0 for i # j. By
summing each row of Figure 2 we obtain the matrix representation of the Ricci

t :
€ensor _/\g O O O
: L0 =N-N 0 0
0 0 0 A2

The eigenvalues of the Ricci signatures for Ric,|ss and Ricgy|qs admit positive and
negative terms which coincides with Theorem 2.4 of [10, pg.301]. An immediate
consequence of this theorem is that any non-commutative nilpotent metric Lie
algebra does not admit an Einstein metric, a metric g for which Ric, = Ag for
some A € R. A known extension of Einstein metrics are metrics which satisfy the
Ricci soliton equation. For a Riemannian manifold (M, g), the metric g is a Ricci
soliton if g satisfies the equation

—2Ric, = Ag+ Lxg, AeER (12)
where X is a vector field and Lx is the Lie derivative in the direction of X .

4.2. Ricci-soliton equation and derivations

Given a metric Lie algebra (g, g) and an orthonormal frame {X7, ..., X, }, the Ricci
tensor Ric, has a matrix representation with respect to the frame, [Ricg(X,-, X ])] xm
as shown in examples 10 and 11. Let (g, g) be a nilpotent metric Lie algebra. When-
ever a metric ¢ admits a Ricci tensor of the form Ric, € RI + Der(g) € M, x»(R),
where Der(g) is the set of derivations on g, we say that g is a Ricci nilsoliton. By
Corollary 2 of [4] and Theorem 1.1 of [6], ¢ is a Ricci nilsoliton if and only if ¢ is a

Ricci soliton. For example the Ricci tensor 10 can be represented as

-1 0 0 0 0
3N N2

0 -1 0 :—731+73

0 0 1

A3

; _% (31 + D). (13)

2
0 20
0 0 4
where D is a derivation. The vector fields which satisfy (12) for (h3,g) and (h?,¢')
cannot be left invariant [1, pg. 231]. By Theorem 1.3 if (g, ¢g) is a metric Lie algebra
with an orthonormal Milnor frame, then (g, g) is a Ricci nilsoliton where the vector

field which satisfies equation (12) is not left-invariant.

Example 4.1. Let (h%,g) be a metric Lie algebra with an orthonormal Milnor
frame whose nontrivial structure constant is A3 # 0. By Theorem 4.3 of [10] the
matrix representation for the Ricci quadratic form is

2 -1 0 0
Ricg:?:s 0 -1 0
0 0 1
The above matrix may be written as
-1 0 0 100
A2 32 3\2
73 0 -1 0 :—73]+)\§ 010 :—731+D
0 0 1 00 2

where D is a derivation.
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Suppose (h*, g) has an orthonormal Milnor frame. We shall show precisely when g
is a Ricci nilsoliton.

Theorem 4.2.  Suppose (h*, g) admits an orthonormal Milnor frame { X1, ..., X4}
with nontrivial structure constants Az, \y # 0. Then g is a Ricci nilsoliton if and
only if M| = ]

Proof. If |A\3] = |\4| then A} = A}. The matrix representation of Ric, with
respect to the frame {Xi,..., X4} can be written as
20 0 0 X2 0 0 0
o == 0 o] o o—2x2 0 0
2Ric, =1 0 X=X 0ol o 0 00
0 0 0 A2 0 0 0 N
-1 0 0 0
Lo =200
= 0 0 00 (14)
0 0 01
-1 0 00 2 000
0 =2 0 0 0100
where 0 0 0 o0l= —31 + 003 o0l= -3+ D (15)
0 0 01 000 4

and so by (14) and (15
a Ricci nilsoliton.

~—

2Ric, = —3A\31 + A\3D where D is a derivation. Thus g is

Now suppose that Ric, is a Ricci nilsoliton. Let D be a derivation such that

Ric, = ¢l + D for some constant ¢ € R. Because Ric, is diagonalized with respect

to the frame {Xi,..., X4}, D must be diagonalized. For each i, let D; € R so that
A3D3 X5 = D(A\3X3) = D[ X1, Xo] = [DX1, Xo] + [ X3, DX5)]

- (Dl + DQ)[Xl,XQ] = )\3(D1 + D2>X3 (16)

and so D3 = D1 + D,. Similarly
)\4D4X4 - D[XQ,Xg] — [DXQ,X:}] + [XQ, DXg] — )\4(D2 + Dg)X4
and so Dy = Dy + D3 = Dy + 2D,. We obtain the system of equations

—)\g):C—FDl
—)\g—)\i:C‘i‘DQ
A=A =c+D;+ D,

N =c+ Dy +2D, (17)
which gives us the equation

-1 -1 0 c 1

-2 -1 =3| |D/| =X |1
2 2 3| |D, 1
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c \2 -3 =3 =3 |1 -3
and so Di| = 33 0 3 3| |1|=X]2
D, 2 0 1] |1 1
Thus A\ = ¢+ Dy + 2Dy = M2(—3 + 2+ 2) = A2 which implies [\s] = |A3]. n

Now we may generalize to any metric Lie algebra with an orthonormal Milnor frame.

Corollary 4.3.  Let (g,9) be a Lie algebra with an orthonormal Milnor frame
{X1,..., X} whose structure constants are Ay,...,\, € R. The metric g is a
Ricci nilsoliton if and only if for any i such that Span{X;, Xi1, Xiy2, Xii3} = b2,
|[Aira| = [Aits].-

In Section 4.2, we determined that the set of metrics which admit an orthonormal
Milnor frame {Xj, ..., X4} whose nontrivial structure constants are A3, Ay # 0 such

that |[A3| = |A4] are Ricci nilsolitons. A result of Theorems 3.1 and 4.2 shall classify
all metrics on h* which are Ricci nilsolitons.

Corollary 4.4. Let g be a metric on b*. Then ¢ is a Ricci nilsoliton if and

only if there exists an orthonormal Milnor frame {Xi,..., X4} with nontrivial
structure constants A3, \y # 0 such that |X3] = |\4|, i.e if and only if (h*, g) has an
orthonormal Milnor frame where the Ricci signature is (——,0,+).
Proof. Let {Fi,...,Fy} be an orthonormal frame for the metric Lie algebra
(b*,g) whose structure constants are Cy, =a >0, C3, =b€ R and C5, = ¢ > 0.
The matrix representation of Ric, with respect to the frame {F},..., Fy} is of the
form
a® + b? be 0 0
2 _ 2
2Ricy = %C ’ —&l? —b? a—b02 8 (18)
0 0 0 —a? - b - ¢

Suppose that Ric, is a Ricci nilsoliton. Then there exists £ € R and D € Der(g)
such that D = Ric, — kI. Thus DF;, = (a2 + b — k)Fy + bcF,. Because adp, =0,

0= D[Fl,F4] = [DFl,F4] + [Fl, DF4] = (CL2 + b2 - ]{?)[Fl, F4] + bC[FQ, F4] = ach1

where a,c > 0 so that b = 0. By Theorem 3.1 (h*, ¢g) must have an orthonormal
Milnor frame {Xi,..., X4} with nontrivial structure constants A3, Ay # 0. By
Theorem 4.2, |A\3] = |\4] and so the Ricci signature is of the form (——,0,+). =

It is not the case that the set of metrics which admit a Ricci signature of the form
(—,—,0,+) admit an orthonormal Milnor frame. By Lemma 3 of [5], we can find a
metric which admits an orthonormal frame {f1, ..., f4} such that span{fi,..., fs} =b*
and has nontrivial structure constants C3, = C3, > 0 and Cj, # 0. Because
C34 # 0, (b*,g) does not admit an orthonormal Milnor frame.

Example 4.5. Let h* be a Lie algebra with a frame {fi,..., f1} with nontrivial
structure constants Cj 4, C34,C5, = 1. Existence of such a Lie algebra is given by
Lemma 3 of [5]. Let g be a metric which makes {fi,..., f+} an orthonormal frame.
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The Ricci tensor is of the form

2 1 0 0

. 1 0 -1 0
2Ricy = 0 -1 -2 0 (19)

0 0 0 -3

The characteristic polynomial of the above matrix is z(x + 3)(z* — 6) and so the
signature of Ric, in (19) is (—,—,0,4). If ¢ is a Ricci nilsoliton then there exists
k € R such that D := Ric, — kI is a derivation. Because [fi, fa] =0, D[f1, f4] =0
and so

0= D[fy, fa] = [Dfr, fal + [F1, Dfa] = [(2 = k) fu + fo, fa] + [f1, =3fal = f

which is a contradiction. Thus g must not be a Ricci nilsoliton.
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