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Abstract. A classic result of Milnor shows that any 3-dimensional unimodular metric Lie
algebra admits an orthonormal frame with at most three nontrivial structure constants. These
frames are referred to as Milnor frames. We define extensions of Milnor frames into higher
dimensions and refer to these higher dimensional analogues as Lie algebras with Milnor frames. We
determine that n -dimensional, n ≥ 4 , Lie algebras with Milnor frames are isomorphic to the direct
sum of 3-dimensional Heisenberg Lie algebras h3 , 4-dimensional 3-step nilpotent Lie algebras h4 ,
and an abelian Lie algebra a . Moreover, for any Lie algebra g 6∼= h3⊕a with a Milnor frame, there
exists an inner product structure g on g such that (g, g) does not admit an orthonormal Milnor
frame.
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1. Introduction
Given a Lie Group G and a (Riemannian) metric1 g on G , we say that g is left-
invariant if, for any p ∈ G , the diffeomorphism

Lp : G → G, q 7→ pq (1)

is an isometry with respect to g . A vector field X on G is said to be left-invariant
if L∗

p(X) = X for any p ∈ G . By placing an inner product structure on the tangent
plane at the identity, TeG , we can extend this inner product to a left-invariant metric
on G (See for example Chapter 1 Section 2 in [2]). The collection of left-invariant
metrics on G are in one-to-one correspondence with inner product structures on
TeG . Thus given a left-invariant metric on a simply connected Lie Group G , we
only need to look at the inner product structure of its associated Lie algebra. With
this in mind, whenever a simply connected Lie Group G is equipped with a left-
invariant metric g , we may call the Lie algebra (g, g) associated to the Lie Group
a metric Lie algebra with respect to the metric g . When it is obvious which left-
invariant metric we are referring to, we say that g is a metric Lie algebra.
When G is equipped with the Levi-Civita connection, the curvature is determined
by the structure constants induced by a Lie bracket [ , ] ∈ ∧2g∗ ⊗ g (See sections
5 and 6 in [10]). Thus if a metric Lie algebra has few nontrivial structure con-
stants, determining curvature requires fewer computations. For example, Milnor
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[10, Lemma 4.1] determined that any 3-dimensional unimodular metric Lie algebra
admits an orthonormal frame with at most 3 structure constants. Moreover, these
orthonormal frames diagonalize the Ricci-tensor. For higher dimensional metric Lie
algebras, Hashinaga, Tamaru, and Terada [3] introduced a procedure that allows us
to find an orthonormal frame with relatively few structure constants.
Let g be a three-dimensional metric Lie algebra with metric g and a fixed orienta-
tion. For two linearly independent vectors X,Y ∈ g , denote the exterior product
X ∧ Y to be the unique vector orthogonal to X and Y such that {X,Y,X ∧ Y } is
a positively oriented frame and

||X ∧ Y ||2 := g(X ∧ Y,X ∧ Y ) = g(X,X)g(Y, Y )− g(X,Y )2.

If X and Y are not linearly independent then we say that X ∧ Y = 0 . By the
universal property of wedge products there exists a linear operator L : g → g for
which the diagram

g× g g

g

∧

[ , ] L

commutes. Moreover g is unimodular if and only if L is self-adjoint [2, Lemma 4.1].
It is well-known that a self-adjoint linear operator admits an orthonormal frame of
eigenvectors. Thus there is an orthonormal frame {X1, X2, X3} and real numbers
λ1, λ2, λ3 ∈ R such that

[X1, X2] = λ3X3, [X2, X3] = λ1X1, [X3, X1] = λ2X2.

Let σ = (1 2 3) ∈ S3 where S3 is the permutation group acting on 3 elements. We
can rewrite the bracket identity so that [Xi, Xσ(i)] = λσ2(i)Xσ2(i) for any i ∈ {1, 2, 3} .

Definition 1.1. Let g be a Lie algebra with a frame {X1, X2, X3} . If there exists
λ1, λ2, λ3 ∈ R such that the bracket relation [Xi, Xσ(i)] = λσ2(i)Xσ2(i) holds for any
1 ≤ i ≤ 3 , then {X1, X2, X3} is called a Milnor frame.

Using the permutation σ = (1 . . . n) we can extend this notion to higher dimensions.

Definition 1.2. Let g be a Lie algebra of dimension n ≥ 4 and σ = (1 . . . n)∈Sn

where Sn is the permutation group acting on n elements. A frame, {X1, . . . , Xn} ,
is a Milnor frame if for all i, j ∈ {1, . . . , n} , there exist λ1, . . . , λn ∈ R such that

[Xi, Xj] =


λσ2(i)Xσ2(i) σ(i) = j

−λσ2(j)Xσ2(j) σ(j) = i

0 otherwise
(2)

An example of a Lie algebra with a Milnor frame of dimension n ≥ 4 is the Lie
algebra, h3 , associated to the 3-dimensional Heisenberg Group directly summed
with an abelian Lie algebra, a , of dimension n ≥ 1 . For a less trivial example let
h4 be the 4-dimensional Lie algebra with a frame {X1, X2, X3, X4} whose bracket
relations are generated by

[X1, X2] = X3 [X2, X3] = X4.
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As we shall show in section 2.2, h4 is a 3-step nilpotent Lie algebra and is thus
not isomorphic to h3 ⊕ a . It turns out that any Lie algebra with a Milnor frame is
completely determined by these two types of Lie algebras:

Theorem 1.3. For any Lie algebra g of dimension n ≥ 4 with a Milnor frame,
g ∼= (⊕h3)⊕ (⊕h4)⊕a where h3 is the Lie algebra of the Heisenberg Group, h4 is as
seen in Example 2.3, and a is an abelian Lie Alebra. Moreover, these Lie algebras
are at most 3-step nilpotent.

A Corollary of Theorem 1.3 shows that any n-dimensional, n ≥ 4 , Lie algebra with
a Milnor frame admits a Milnor frame whose structure constants are either 0 or 1 .
By a result of Malcev [9], the simply connected Lie group associated to such a Lie
algebra has compact quotient. If a metric Lie algebra has a Milnor frame that is
also orthonormal, then we obtain some “nice” geometric properties. For example,
given an n-dimensional nilpotent metric Lie algebra (g, g) with an orthonormal
frame {X1, . . . , Xn} , Theorem 1.1 of [8] determines an algebraic constraint for
when {X1, . . . , Xn} is Ricci diagonalizable. If a metric Lie algebra (g, g) has an
orthonormal Milnor frame {X1, . . . , Xn} , by Theorem 1.3 and Theorem 1.1 of [8],
{X1, . . . , Xn} diagonalizes the Ricci tensor. For example consider the Lie algebra
h3⊕ a with a being a finite dimensional Lie algebra. Corollary 5.3 of [7] shows that
h3 has one metric up to scaling and automorphism. Thus any Lie algebra with a
Milnor frame which is isomorphic to h3⊕a must have an orthonormal Milnor frame.
This raises the question:

Question 1.4. Given a Lie algebra g that admits Milnor frame and a metric g on
g, is it possible to always find an orthonormal Milnor frame?

Surprisingly, we find that this is not necessarily true.

Theorem 1.5. For any nonabelian Lie algebra g as in Theorem 1.3 which is not
isomorphic to h3 ⊕ a, a abelian, there exists a metric g on g such that (g, g) does
not admit an orthonormal Milnor frame.

The paper will be divided into two sections. In Section 2, we discuss how the
algebraic structure of Milnor frames can be interpreted as a directed graph. In
addition we provide a proof of Theorem 1.3. In Section 3, we consider metric Lie
algebras with a Milnor frame and determine necessary conditions for the Lie algebra
to admit an orthonormal Milnor frame. We then provide a proof of Theorem 1.5.
In Section 4 we show that a metric Lie algebra with an orthonormal Milnor frame
has a diagonalizable Ricci tensor. Finally, we discuss which metrics on a metric Lie
algebra with a Milnor frame are Ricci nilsolitons.
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2. Algebraic properties of Milnor frames

2.1. Extending three dimensional Milnor frames
Given an n-dimensional, n ≥ 4 , Lie algebra g with a Milnor frame, one may ask why
we chose the cyclic permutation σ = (1 . . . n) for Definition 1.2 as opposed to using
any permutation in Sn . Suppose we change Definition 1.2 so that σ is some per-
mutation in Sn . Let g be a Lie algebra which admits a Milnor frame {X1, . . . , Xn}
with structure constants λ1, . . . , λn and σ ∈ Sn . We can represent σ = σ1 · · ·σk

as a product of disjoint cycles. Let o(i) denote the order of σi . For any element
j ∈ {1, . . . , n} such that σi(j) 6= j , the span of {Xj, Xσi(j), . . . , Xσi(o(j)−1)} will form
a subalgebra gi . In fact each subalgebra admits a Milnor frame Xj, . . . , Xσi(o(j)−1)

with structure constants λj, . . . , λσi(o(j)−1) . Thus

g ∼= g1 ⊕ . . .⊕ gk ⊕ a

where a is an abelian subalgebra spanned by {Xj|σ(j) = j} . Indeed for each j such
that σ(j) = j ,

[Xσ−1(j), Xj] =

=0︷ ︸︸ ︷
[Xj, Xj] = [Xj, Xσ(j)]

so that adXj
= 0 . This argument shows that we only need to consider the case

where σ is a cyclic permutation.

Remark 2.1. For the remainder of the paper, we shall use addition modulo n
instead of σ = (1 . . . n) ∈ Sn to improve readability.

We may represent the Lie bracket between two elements of a Milnor frame in the
following way: let δij be 1 if i = j and 0 if i 6= j . For a Milnor frame {X1, . . . , Xn}
with structure constants λ1, . . . , λn ∈ R and i, j ∈ {1, . . . , n}

[Xi, Xj] = δ(i+1)jλi+2Xi+2 − δi(j+1)λi+1Xi+1. (3)

If we let Eij denote the matrix whose only nonzero coefficient is 1 at the entry
(i, j) , then for a Milnor frame {X1, . . . , Xn} with structure constants {λ1, . . . , λn} ,

adXi
= λi+2E(i+2)(i+1) − λi+1E(i+1)(i−1). (4)

2.2. Examples: h3 and h4

We start with the classic example of a nilpotent Lie algebra with a Milnor frame.

Example 2.2. The 3-dimensional Heisenberg group is a subgroup of GL(3,R)
whose elements are of the form

H =


1 a b
0 1 c
0 0 1

∣∣∣∣a, b, c ∈ R

 .

The Lie algebra of H is

h3 =


0 a b
0 0 c
0 0 0

∣∣∣∣a, b, c ∈ R

 .
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Consider the frame X1 := E12, X2 := E13 and X3 := E23 . We obtain the bracket
relations [X1, X2] = X3 and all other bracket relations trivial. If a is an abelian Lie
algebra of dimension n ≥ 1 , then h3 ⊕ a forms an (n+ 3)-dimensional Lie algebra
with a Milnor frame.

Example 2.3. Let h4 be the 4-dimensional Lie algebra with frame {X1, X2, X3, X4}
and bracket relations

[X1, X2] = X3, [X2, X3] = X4.

The Lie algebra h4 is 3-step nilpotent as shown below:

(h4)1 = [h4, h4] = Span{X3, X4}

(h4)2 = [h4, (h4)1] = Span{X4}

(h4)3 = [h4, (h4)2] = {0}. (5)

Because every 2-dimensional Lie algebra is either abelian or non-nilpotent, h4 cannot
be split into two 2-dimensional Lie algebras. The Lie algebra h3 is at most 2-step
nilpotent as shown in (6)

(h3)1 = [h3, h3] = Span{X3}, (h3)2 = [h3, (h3)1] = {0}. (6)

Thus h4 is not isomorphic to h3 ⊕ a .
Given a Lie algebra of dimension n ≥ 4 with a Milnor frame the upper bound for the
total number of nontrivial structure constants is at most n . The next proposition
shows that this upper bound cannot be achieved.

Proposition 2.4. Let g be an n-dimensional Lie algebra, n ≥ 4, with a Milnor
frame {X1, . . . , Xn} and structure constants λ1, . . . , λn . Then λiλi+2 = 0 for any
i ∈ {1, . . . , n}.

Proof. For any i ∈ {1, . . . , n} ,

[Xi+3, [Xi, Xi+1]] = λi+2[Xi+3, Xi+2] = λi+2λi+4Xi+4

[Xi, [Xi+1, Xi+3]] = [Xi, 0] = 0

[Xi+1, [Xi+3, Xi]] =

{
[Xi+1, 0] = 0 n > 4

λi+1[Xi+1, Xi+1] = 0 n = 4

By the Jacobi Identity

0 = [Xi+3, [Xi, Xi+1]] + [Xi, [Xi+1, Xi+3]] + [Xi+1, [Xi+3, Xi]] = λi+2λi+4Xi+4.

Considering that i was arbitrary, we obtain the desired identity.
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Before we prove Theorem 1.3 we prove the following lemmas.

Lemma 2.5. Let g be a 3 dimensional Lie algebra with a Milnor frame with
exactly one nontrivial structure constant. Then g ∼= h3

Proof. Let {X1, X2, X3} be a Milnor frame with structure constants λ1, λ2, λ3 .
Suppose λk 6= 0 for some k . If g is defined through the bracket relation [Xi, Xj] =
λkXk for some i, j 6= k then by setting Y1 = Xi , Y2 = Xj and Y3 = Xk , we obtain
[Y1, Y2] = λ3Y3 . By scaling Y3 to λ3Y3 , {Y1, Y2, λ3Y3} forms a Milnor frame whose
structure constants are either 0 or 1 . This shows that g ∼= h3 .

Lemma 2.6. Let g be a 4-dimensional Lie algebra with a Milnor frame with
exactly two nontrivial structure constants. Then g ∼= h4 .

Proof. Let {X1, . . . , X4} be a Milnor frame with structure constants λ1, . . . , λ4 .
Suppose λk, λℓ 6= 0 are our two nontrivial structure constants. If |k − ℓ| = 2 by
Proposition 2.4, λkλℓ = λjλj+2 = 0 for some j which is a contradiction. Thus we
may assume, without loss of generality, that ℓ = k+1 . By relabeling and rescaling,
we obtain that the frame

{Y1 = Xk−2, Y2 = Xk−1, Y3 = λkXk, Y4 =
λk+1

λk
Xk+1}

is a Milnor frame whose structure constants are either 0 or 1 . This gives the relation
g ∼= h4 .

Now for the proof of Theorem 1.3.

Proof of Theorem 1.3 First we want to show that there exists i ∈ {1, . . . , n}
such that λi 6= 0 and λi−1 = 0 . Suppose λi 6= 0 for some i and additionally suppose
λi−1 6= 0 . By Proposition 2.4 λi−2λi = 0 which shows λi−2 = 0 .
We proceed by induction on the dimension of the Lie algebra. Assume that any
Lie algebra of dimension k < n with a Milnor frame splits as a direct sum of
ideals as stated in the theorem. Let {X1, . . . , Xn} , n ≥ 4 , be a Milnor frame for
the nonabelian Lie algebra g . Noting that the operator Sℓ : g → g , defined by
ciXi 7→ ciXi+ℓ , takes Milnor frames to Milnor frames, by our previous comments we
may suppose without loss of generality that λ3 6= 0 and λ2 = 0 . We consider the
cases where λ4 = 0 and λ4 6= 0 .
Suppose λ4 = 0 . For each i ,

adXi
(g) = Span{λi+1Xi+1, λi+2Xi+2} ⊂ Span{Xi+1, Xi+2}.

Thus, in order to determine if {X1, X2, X3} is an ideal we need to show that
adX3 = 0 . By our assumption, λ3 6= 0 so that by Proposition 2.4, λ3λ5 = 0
which implies λ5 = 0 . Given that λ4 = 0 this shows adX3 = 0 . By Lemma 2.5 and
the fact that λ1, λ2 = 0 , Span{X1, X2, X3} ∼= h3 . To show that Span{X4, . . . , Xn}
forms an ideal we must show [X3, X4] = 0 and adXn = 0 . We know adX3 = 0 so
that [X3, X4] = 0 . By assumption, λ2 = 0 and by Proposition 2.4 λ3λ1 = 0 which
implies λ1 = 0 . Thus adXn = 0 and so Span{X4, . . . , Xn} forms an ideal.
Now suppose that λ4 6= 0 . We show that Span{X1, . . . , X4} and Span{X5, . . . , Xn}
are ideals. Similar to the previous argument, we show that adX4 = 0 and adXn = 0 .
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Due to λ3, λ4 6= 0 and Proposition 2.4 we can determine that λ5, λ6 = 0 which shows
adX4 = 0 . Because λ1, λ2 = 0 , by Lemma 2.6, Span{X1, . . . , X4} ∼= h4 . Now we
show that adXn = 0 . By assumption λ2 = 0 . We know λ1 = 0 by Proposition 2.4
and the fact that λ3 6= 0 so that adXn = 0 . This shows that Span{X1, . . . , X4} and
Span{X5, . . . , Xn} form ideals.
Thus g is isomorphic to h3 ⊕ h or h4 ⊕ h where h is an ideal of g . To complete the
proof we must show that h is an ideal with a Milnor frame. Let m ∈ {3, 4} so that
h = Span{Xm+1, . . . , Xn} . We claim that if n−m ≤ 2 then h must be abelian. If
n−m = 2 then

adXm+1 = λm+3E(m+3)(m+2) − λm+2E(m+2)m = λ1E1m = 0

where the last two equalities follow from m + 3 mod n = n + 1 mod n = 1
mod n , Proposition 2.4, and λ3, λm 6= 0 . Furthermore, we have already shown
that in both cases adXm+2 = adXn = 0 so that h is abelian. If n − m = 1 then
h is a one dimensional ideal of a Lie algebra and is thus abelian. Suppose that
n −m > 2 . For each m + 1 ≤ j ≤ n − 2 adXj

= λj+2E(j+2)(j+1) − λj+1E(j+1)(j−1) .
By previous observations, adXn = 0 . Thus we have that [Xn−1, Xn] = 0 · Xm and
[Xn, Xm] = 0 ·Xm+1 so that h admits a Milnor frame. By induction, h splits into
a sum of ideals as stated in Theorem 1.3.

3. Geometric properties of Milnor frames

Let (g, g) be a metric Lie algebra with a Milnor frame. By Theorem 1.3 we know
that g ∼= (⊕h3)⊕ (⊕h4)⊕ a . Let us assume that such a decomposition of g is pair-
wise orthogonal. Each h3 is a 3-dimensional unimodular metric Lie algebra, and so
by Lemma 4.1 of [10] there exists an orthonormal Milnor frame of h3 . Thus in order
for g to have an orthonormal Milnor frame, the subalgebras in the decomposition
of g isomorphic to h4 must have an orthonormal Milnor frame. We now determine
precisely when h4 admits an orthonormal Milnor frame.

3.1. Metrics on h4

Consider the 4-dimensional Lie algebra A4,1 as seen on page 246 of [5] whose bracket
relations are shown below:

[X2, X4] = X1, [X3, X4] = X2.

By setting Y1 = X2 +X3 , Y2 = X4 , Y3 = X1 +X2 , Y4 = −X1 we obtain A4,1
∼= h4

as shown in Figure 1.

Y1 Y2 Y3 Y4

Y1 0 X1 +X2 0 0
Y2 −X1 −X2 0 −X1 0
Y3 0 X1 0 0
Y4 0 0 0 0

Figure 1: Entry i, j as [Yi, Yj]
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Thus in Lemma 3 of [5], there exists an orthonormal frame {F1, . . . , F4} of h4 for
which there are at most three nontrivial structure constants C1

2,4, C
2
3,4 > 0 , C1

3,4 ∈ R .
We now show that h4 has an orthonormal Milnor frame if and only if C1

3,4 = 0 .

Theorem 3.1. Let {F1, F2, F3, F4} be an orthonormal frame of the metric Lie alge-
bra g generated by the following Lie bracket relations: a = C1

2,4 > 0, b = C1
3,4∈R,

and c = C2
3,4 > 0. Let O(4) be the orthogonal group of 4 × 4 matrices with

real coefficients. There exists T ∈ O(4) which makes {TF1, TF2, TF3, TF4} into a
Milnor frame with 2 nontrivial structure constants if and only if b = 0.
Proof. We prove the above proposition by contradiction. Let T ∈ O(4) be a lin-
ear operator such that {TF1, TF2, TF3, TF4} forms a Milnor frame. By Lemma 2.6
we may assume that the nontrivial structure constants of this Milnor frame are
λ3, λ4 6= 0 and T ∈ O(4) . For any i, j such that [TFi, TFj] = 0

0 = [TFi, TFj] = [T p
i Fp, T

q
j Fq] = T p

i T
q
j [Fp, Fq]

=
[
a(T 2

i T
4
j − T 4

i T
2
j ) + b(T 3

i T
4
j − T 4

i T
3
j )
]
F1 + c(T 3

i T
4
j − T 4

i T
3
j )F2.

As a result T 3
i T

4
j = T 4

i T
3
j and T 2

i T
4
j = T 4

i T
2
j . By the fact that [g, g] ∈ Span{F1, F2} ,

[TF1, TF2] = λ3TF3 =⇒ T 3
3 = T 4

3 = 0

[TF2, TF3] = λ4TF4 =⇒ T 3
4 = T 4

4 = 0.

We claim that T 4
1 is necessarily trivial. Suppose otherwise. Because T 4

3 = 0
and [TF1, TF3] = [TF1, TF4] = 0 , 0 = T 2

1 T
4
3 = T 4

1 T
2
3 =⇒ T 2

3 = 0 . Similarly
0 = T 2

1 T
4
4 = T 4

1 T
2
4 =⇒ T 2

4 = 0 so that the vectors [T 4
1 . . . T

4
4 ]

t and [T 3
1 , . . . , T

3
4 ]

t are
linearly dependent, a contradiction to T ∈ O(4) .
Because T 4

j = 0 for j = 1, 3, 4 and T ∈ O(4) , T 4
2 T

j
2 =

∑4
k=1 T

4
kT

j
k = δ4j . We obtain

that T 4
2 = ±1 which implies T 1

2 = T 2
2 = T 3

2 = 0 . Similarly T 3
1 T

j
1 =

∑
k T

3
kT

j
k = δ3j

implies T 3
1 = ±1 and T 1

1 = T 2
1 = T 4

1 = 0 . The matrix representation of T under
the basis (F1, . . . , F4) is given by

T =


0 0 γ ϵ
0 0 δ ι
α 0 0 0
0 β 0 0


where α, β ∈ {−1, 1} and γ, δ, ϵ, ι ∈ R . Because [TF2, TF3] = λ4TF4 and adF1 = 0 ,
ι = 0 . In order for 0 = g(TF3, TF4) = γϵ , γ = 0 . Finally we have

[TF1, TF2] = αβ[F3, F4] = αβ(bF1 + cF2) = λ3TF3 = λ3δF2 .
Considering that αβ ∈ {−1, 1} , it must be the case that the linear operator T turns
the frame {F1, F2, F3, F4} into an orthonormal Milnor frame if and only if b = 0 .

As a result of Theorem 3.1 we can construct a metric g so that the metric Lie
algebra (h4, g) does not admit an orthonormal Milnor frame. If (h4, g) has an
orthonormal Milnor frame {X1, . . . , X4} , then there exists T ∈ O(4) such that
we have {TX1, . . . , TX4} = {F1, . . . , F4} , where {F1, . . . , F4} is as in (3.1). Thus
{T−1F1, . . . , T

−1F4} is an orthonormal Milnor frame which implies now directly that
g([F3, F4], F1) = 0 . An example of a metric g such that g([F3, F4], F1) 6= 0 is found
in Lemma 3 of [5].
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3.1.1. Metrics on h3 ⊕ h3

Now we consider the collection of metric Lie algebras g which contain an isomorphic
copy of h3 ⊕ h3 . If we are able to provide a metric that does not allow h3 ⊕ h3 to
have an orthogonal Milnor frame, then we obtain Theorem 1.5 as a result. First we
prove the following result from linear algebra.

Lemma 3.2. Let A,B ∈ M2(R). Denote the ith column of an arbitrary matrix
C ∈ M2(R) as Ci . If A and B have the property Ai and Bj are linearly dependent
for any i, j ∈ {1, 2} then either A or B has determinant 0.

Proof. Suppose that A is non-singular. By our hypothesis Bi = cijAj for some
cij ∈ R and i, j ∈ {1, 2} . Thus

[
A1 A2

] [ 0 c21
c12 0

]
=

[
B1 B2

]
=

[
A1 A2

] [c11 0
0 c22

]
.

Because A is invertible, cij = 0 for all i, j which implies B1 = B2 = 0 .

Proposition 3.3. Let (h3 ⊕ h3, g) be a metric Lie algebra. Consider the Milnor
frame {U1, U2, U3, V1, V2, V3} for (h3 ⊕ h3) where

h3 ⊕ {0} = Span{U1, U2, U3} and {0} ⊕ h3 = Span{V1, V2, V3}.

If there exists a Lie isomorphism T with g(T (h3 ⊕ {0}), T ({0} ⊕ h3)) = 0 then
g(U3, V3) = 0.

Proof. We may always scale the frames {U1, U2, U3} and {V1, V2, V3} so that
the structure constants are contained in {0, 1} . Without loss of generality we shall
assume that the structure constants for the frame {U1, . . . , V3} are contained in
{0, 1} . Because T is a Lie isomorphism, T i

1T
j
2 [Ui, Uj] = [TU1, TU2] = TU3 = T k

3 Uk .
This shows T 3

3 = T 1
1 T

2
2 − T 2

1 T
1
2 , T 6

3 = T 4
1 T

5
2 − T 5

1 T
4
2 , and T k

3 = 0 for k = 1, 2, 4, 5 .
Similarly T 3

6 = T 1
4 T

2
5 −T 2

4 T
1
5 , T 6

6 = T 4
4 T

5
5 −T 5

4 −T 4
5 and T k

6 = 0 for k = 1, 2, 4, 5 . For
i, j such that [Pi, Pj] = 0 , Pi, Pj ∈ {U1, . . . , V3} , T 1

i T
2
j − T 2

i T
1
j = T 4

i T
5
j − T 5

i T
4
j = 0 .

The matrix representation of T can be given by the block matrix

T :=


W 0 X 0
wt det(W ) xt det(X)
Y 0 Z 0
yt det(Y ) zt det(Z)


Where W,X, Y and Z are 2 × 2 matrices, w, x, y, z are 2 × 1 matrices, and each
0 is a 2 × 1 matrix. Letting Ci represent the ith column of a matrix C ∈ M2(R) ,
we have the additional property that Wi and Xj are linearly dependent for any i, j
and similarly Yi and Zj are linearly dependent. Suppose that X is singular. If W
or Z is singular then T will be singular leading us to a contradiction. Let W and
Z be nonsingular. By Lemma 3.2 Y is singular. T can be represented as

T =

[
ω χ
γ ζ

]
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where ω =

[
W 0
wt det(W )

]
χ =

[
X 0
xt 0

]
γ =

[
Y 0
yt 0

]
ζ =

[
Z 0
zt det(Z)

]
.

Letting g be represented as g =

[
A C
Ct B

]
[
ωt γt

χt ζt

] [
A C
Ct B

] [
ω χ
γ ζ

]
=

[
ωtA+ γtCt ωtC + γtB
χtA+ ζtCt χtC + ζtB

] [
ω χ
γ ζ

]

=

[
ωtAω + γtCtω + ωtCγ + γtBγ ωtAχ+ γtCtχ+ ωtCζ + γtBζ

χtAω + ζtCtω + χtCγ + ζtBγ χtAχ+ ζtCtχ+ χtCζ + ζtBζ

]
(7)

so that ωtAχ+ γtCtχ+ ωtCζ + γtBζ = 0. (8)
Finally we obtain

0 = (ωU3)
tA(χV3) + (γU3)

tCt(χV3) + (ωU3)C(ζV3) + (γU3)
tB(ζV3)

= det(W ) det(Z)(U3)
tCV3 = det(W ) det(Z)g(U3, V3) (9)

where det(W ) det(Z) 6= 0 so that g(U3, V3) = 0 .
If X is non-singular then by Lemma 3.2 W and Z must be singular. In order for
T to remain non-singular Y must be nonsingular. If we post-compose T with the
Lie isomorphism S =

[
0 I
I 0

]
then a similar argument of the case where X is singular

holds to show that g(U3, V3) = 0 .

Taking the contrapositive of the previous theorem states if g(U3, V3) 6= 0 , then there
are no linear operators T ∈ Aut(g) such that g(TUi, TVj) = 0 ∀i, j .

Proposition 3.4. There exists a metric g on the Lie algebra (h3 ⊕ h3) such that
(h3 ⊕ h3, g) does not admit an orthonormal Milnor frame.

Proof. Let be (g = h3 ⊕ h3, g) be a metric Lie algebra with a Milnor frame
{X1, . . . , X6} and T : g → g be a linear operator such that {TX1, . . . , TX6} forms
a Milnor frame with two nontrivial structure constants. Denote these structure
constants as λ1, . . . , λ6 ∈ {0, 1} . Then either λi = λi+1 = 1 , λi = λi+2 = 1 , or
λi = λi+3 = 1 for some i ∈ {1, . . . , 6} . It cannot be the case that λi = λi+2 = 1 for
some i by Proposition 2.4 which leaves us with two cases.
If there is some i such that λi = λi+1 , then h4 ⊂ h3 ⊕ h3 . By Proposition 3.1,
we may choose a metric g so that (h4, g|h4) does not admit an orthonormal Milnor
frame and so (h3 ⊕ h3, g) does not admit an orthonormal Milnor frame.
If λi = λi+3 = 1 for some i , then T ∈ Aut(g) . Choose a metric g which makes
g(X3, X6) 6= 0 . For example if g = I+ ϵ(E36+E63) for some sufficiently small ϵ > 0
that allows g to be positive definite then g(X3, X6) = ϵ > 0 . By Proposition 3.3,
there is no linear operator T which makes T (h3 ⊕ {0}) the orthogonal complement
of T ({0} ⊕ h3) . Thus h3 ⊕ h3 does not necessarily admit an orthonormal Milnor
frame.
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Now we prove Theorem 1.5.
Proof. Let g be a Lie algebra with a Milnor frame. Suppose that any metric g
admits an orthonormal Milnor frame. Then h4 cannot be a subalgebra of g and
h3 ⊕ h3 cannot be a subalgebra of g . By Theorem 1.3, g = h3 ⊕ a .

4. Orthonormal Milnor frames and Ricci solitons

In this section we present further results about metric Lie algebras which admit
orthonormal Milnor frames and Ricci soliton metrics. In particular, we show that
Ricci solitons on h4 are contained in the collection of metrics g on h4 which admit
an orthonormal Milnor frame. Recall, because of Theorem 3.1, we can find a metric
g such that (h4, g) does not admit an orthonormal Milnor Frame.

4.1. Ricci tensors

Suppose we have a metric Lie algebra (g, g) with an orthonormal Milnor frame. By
Theorem 1.3 the Lie algebra g is isomorphic to (⊕h3) ⊕ (⊕h4) ⊕ a where a is an
abelian Lie algebra. Due to g admitting an orthonormal Milnor frame, the metric
g can be represented as

g = (⊕g|h3)⊕ (⊕g|h4)⊕ (⊕g|a)

and so Ricg|g = (⊕Ricg|h4)⊕ (⊕Ricg|h4)⊕ (Ricg|a).

With this in mind, to determine information about the Ricci tensor for (g, g) , it
suffces to determine information about the Ricci tensors for (h3, g|h3) and (h4, g|h4) .
Let (h3, g) have an orthonormal Milnor frame whose nontrivial structure constant
is λ3 . A result of [10, p. 305] shows that

Ricg|h3 =
λ2
3

2

−1 0 0
0 −1 0
0 0 1

 . (10)

Let {X1, . . . , X4} be an orthonormal Milnor frame for h4 with nontrivial structure
constants λ3 and λ4 . The sectional curvatures can be computed using the formula
found in Lemma 1.1 of [10]. The sectional curvature between any two elements of
the Milnor frame can be found in Figure 2.

X1 X2 X3 X4

X1 0 −3
4
λ2
3

1
4
λ2
3 0

X2 −3
4
λ2
3 0 −3

4
λ2
4 +

1
4
λ2
3

1
4
λ2
4

X3
1
4
λ2
3 −3

4
λ2
4 +

1
4
λ2
3 0 1

4
λ2
4

X4 0 1
4
λ2
4

1
4
λ2
4 0

Figure 2: κ(Xi, Xj) := i, j th entry.
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By Theorem 1.1, Lauret and Will [8, pg. 3652] Ricg(Xi, Xj) = 0 for i 6= j . By
summing each row of Figure 2 we obtain the matrix representation of the Ricci
tensor:

Ricg|h4 =
1

2


−λ2

3 0 0 0
0 −λ2

3 − λ2
4 0 0

0 0 λ2
3 − λ2

4 0
0 0 0 λ2

4

 . (11)

The eigenvalues of the Ricci signatures for Ricg|h3 and Ricg|h4 admit positive and
negative terms which coincides with Theorem 2.4 of [10, pg. 301]. An immediate
consequence of this theorem is that any non-commutative nilpotent metric Lie
algebra does not admit an Einstein metric, a metric g for which Ricg = λg for
some λ ∈ R . A known extension of Einstein metrics are metrics which satisfy the
Ricci soliton equation. For a Riemannian manifold (M, g) , the metric g is a Ricci
soliton if g satisfies the equation

−2Ricg = λg + LXg, λ ∈ R (12)

where X is a vector field and LX is the Lie derivative in the direction of X .

4.2. Ricci-soliton equation and derivations
Given a metric Lie algebra (g, g) and an orthonormal frame {X1, . . . , Xn} , the Ricci
tensor Ricg has a matrix representation with respect to the frame,

[
Ricg(Xi, Xj)

]
n×n

,
as shown in examples 10 and 11. Let (g, g) be a nilpotent metric Lie algebra. When-
ever a metric g admits a Ricci tensor of the form Ricg ∈ RI + Der(g) ∈ Mn×n(R) ,
where Der(g) is the set of derivations on g , we say that g is a Ricci nilsoliton. By
Corollary 2 of [4] and Theorem 1.1 of [6], g is a Ricci nilsoliton if and only if g is a
Ricci soliton. For example the Ricci tensor 10 can be represented as

λ2
3

2

−1 0 0
0 −1 0
0 0 1

 = −3λ2
3

2
I +

λ2
3

2

2 0 0
0 2 0
0 0 4

 =
λ2
3

2
[−3I +D] . (13)

where D is a derivation. The vector fields which satisfy (12) for (h3, g) and (h4, g′)
cannot be left invariant [1, pg. 231]. By Theorem 1.3 if (g, g) is a metric Lie algebra
with an orthonormal Milnor frame, then (g, g) is a Ricci nilsoliton where the vector
field which satisfies equation (12) is not left-invariant.

Example 4.1. Let (h3, g) be a metric Lie algebra with an orthonormal Milnor
frame whose nontrivial structure constant is λ3 6= 0 . By Theorem 4.3 of [10] the
matrix representation for the Ricci quadratic form is

Ricg =
λ2
3

2

−1 0 0
0 −1 0
0 0 1

 .

The above matrix may be written as

λ2
3

2

−1 0 0
0 −1 0
0 0 1

 = −3λ2
3

2
I + λ2

3

1 0 0
0 1 0
0 0 2

 = −3λ2
3

2
I +D

where D is a derivation.
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Suppose (h4, g) has an orthonormal Milnor frame. We shall show precisely when g
is a Ricci nilsoliton.

Theorem 4.2. Suppose (h4, g) admits an orthonormal Milnor frame {X1, . . . , X4}
with nontrivial structure constants λ3, λ4 6= 0. Then g is a Ricci nilsoliton if and
only if |λ3| = |λ4|.

Proof. If |λ3| = |λ4| then λ2
3 = λ2

4 . The matrix representation of Ricg with
respect to the frame {X1, . . . , X4} can be written as

2Ricg =


−λ2

3 0 0 0
0 −λ2

3 − λ2
4 0 0

0 0 λ2
3 − λ2

4 0
0 0 0 λ2

4

 =


−λ2

3 0 0 0
0 −2λ2

3 0 0
0 0 0 0
0 0 0 λ2

3



= λ2
3


−1 0 0 0
0 −2 0 0
0 0 0 0
0 0 0 1

 (14)

where


−1 0 0 0
0 −2 0 0
0 0 0 0
0 0 0 1

 = −3I +


2 0 0 0
0 1 0 0
0 0 3 0
0 0 0 4

 = −3I +D (15)

and so by (14) and (15) 2Ricg = −3λ2
3I + λ2

3D where D is a derivation. Thus g is
a Ricci nilsoliton.
Now suppose that Ricg is a Ricci nilsoliton. Let D be a derivation such that
Ricg = cI +D for some constant c ∈ R . Because Ricg is diagonalized with respect
to the frame {X1, . . . , X4} , D must be diagonalized. For each i , let Di ∈ R so that
DXi = DiXi . Then

λ3D3X3 = D(λ3X3) = D[X1, X2] = [DX1, X2] + [X1, DX2]

= (D1 +D2)[X1, X2] = λ3(D1 +D2)X3 (16)

and so D3 = D1 +D2 . Similarly

λ4D4X4 = D[X2, X3] = [DX2, X3] + [X2, DX3] = λ4(D2 +D3)X4

and so D4 = D2 +D3 = D1 + 2D2 . We obtain the system of equations

−λ2
3 = c+D1

−λ2
3 − λ2

4 = c+D2

λ2
3 − λ2

4 = c+D1 +D2

λ2
4 = c+D1 + 2D2 (17)

which gives us the equation−1 −1 0
−2 −1 −3
2 2 3

 c
D1

D2

 = λ2
3

11
1


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and so

 c
D1

D2

 =
λ2
3

3

−3 −3 −3
0 3 3
2 0 1

11
1

 = λ2
3

−3
2
1

 .

Thus λ2
4 = c+D1 + 2D2 = λ2

3(−3 + 2 + 2) = λ2
3 which implies |λ4| = |λ3| .

Now we may generalize to any metric Lie algebra with an orthonormal Milnor frame.

Corollary 4.3. Let (g, g) be a Lie algebra with an orthonormal Milnor frame
{X1, . . . , Xn} whose structure constants are λ1, . . . , λn ∈ R. The metric g is a
Ricci nilsoliton if and only if for any i such that Span{Xi, Xi+1, Xi+2, Xi+3} ∼= h4 ,
|λi+2| = |λi+3|.

In Section 4.2, we determined that the set of metrics which admit an orthonormal
Milnor frame {X1, . . . , X4} whose nontrivial structure constants are λ3, λ4 6= 0 such
that |λ3| = |λ4| are Ricci nilsolitons. A result of Theorems 3.1 and 4.2 shall classify
all metrics on h4 which are Ricci nilsolitons.

Corollary 4.4. Let g be a metric on h4 . Then g is a Ricci nilsoliton if and
only if there exists an orthonormal Milnor frame {X1, . . . , X4} with nontrivial
structure constants λ3, λ4 6= 0 such that |λ3| = |λ4|, i.e if and only if (h4, g) has an
orthonormal Milnor frame where the Ricci signature is (−−, 0,+).

Proof. Let {F1, . . . , F4} be an orthonormal frame for the metric Lie algebra
(h4, g) whose structure constants are C1

2,4 = a > 0 , C1
3,4 = b ∈ R and C2

3,4 = c > 0 .
The matrix representation of Ricg with respect to the frame {F1, . . . , F4} is of the
form

2Ricg =


a2 + b2 bc 0 0

bc c2 − a2 −ab 0
0 −ab −b2 − c2 0
0 0 0 −a2 − b2 − c2

 . (18)

Suppose that Ricg is a Ricci nilsoliton. Then there exists k ∈ R and D ∈ Der(g)
such that D = Ricg − kI . Thus DF1 = (a2 + b2 − k)F1 + bcF2 . Because adF1 = 0 ,

0 = D[F1, F4] = [DF1, F4] + [F1, DF4] = (a2 + b2 − k)[F1, F4] + bc[F2, F4] = abcF1

where a, c > 0 so that b = 0 . By Theorem 3.1 (h4, g) must have an orthonormal
Milnor frame {X1, . . . , X4} with nontrivial structure constants λ3, λ4 6= 0 . By
Theorem 4.2, |λ3| = |λ4| and so the Ricci signature is of the form (−−, 0,+) .

It is not the case that the set of metrics which admit a Ricci signature of the form
(−,−, 0,+) admit an orthonormal Milnor frame. By Lemma 3 of [5], we can find a
metric which admits an orthonormal frame {f1, ..., f4} such that span{f1, ..., f4}=h4

and has nontrivial structure constants C1
2,4 = C2

3,4 > 0 and C1
2,4 6= 0 . Because

C1
2,4 6= 0 , (h4, g) does not admit an orthonormal Milnor frame.

Example 4.5. Let h4 be a Lie algebra with a frame {f1, . . . , f4} with nontrivial
structure constants C1

2,4, C
1
3,4, C

2
3,4 = 1 . Existence of such a Lie algebra is given by

Lemma 3 of [5]. Let g be a metric which makes {f1, . . . , f4} an orthonormal frame.
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The Ricci tensor is of the form

2Ricg =


2 1 0 0
1 0 −1 0
0 −1 −2 0
0 0 0 −3

 . (19)

The characteristic polynomial of the above matrix is x(x + 3)(x2 − 6) and so the
signature of Ricg in (19) is (−,−, 0,+) . If g is a Ricci nilsoliton then there exists
k ∈ R such that D := Ricg − kI is a derivation. Because [f1, f4] = 0 , D[f1, f4] = 0
and so

0 = D[f1, f4] = [Df1, f4] + [F1, Df4] = [(2− k)f1 + f2, f4] + [f1,−3f4] = f1

which is a contradiction. Thus g must not be a Ricci nilsoliton.
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