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Abstract. Let A be a symmetrizable generalized Cartan matrix with corresponding Kac-Moody
algebra g over Q. Let V = V* be an integrable highest weight g-module with dominant regular
integral weight A and representation p : g — End(V), and let Vz = VZA be a Z-form of V. Let
Gv(Q) be the associated minimal Kac-Moody group generated by the automorphisms exp(tp(e;))
and exp(tp(fi)) of V, where e; and f; are the Chevalley-Serre generators and ¢t € Q. Let G(Z)
be the group generated by exp(tp(e;)) and exp(tp(f;)) for t € Z. Let T'(Z) be the Chevalley
subgroup of Gy (Q), that is, the subgroup that stabilizes the lattice V7 in V. For a subgroup M
of Gy (Q), we say that M is integral if M N G(Z) = M NI'(Z) and that M is strongly integral
if there exists v € Vz such that g-v € Vz implies g € G(Z) for all ¢ € M. We prove strong
integrality of inversion subgroups U, of Gy (Q) for w in the Weyl group, where U, is the
group generated by positive real root groups that are flipped to negative root groups by w=!. We
use this to prove strong integrality of subgroups of the unipotent subgroup U of Gy (Q) that are
generated by commuting real root groups. When A has rank 2, this gives strong integrality of
subgroups U; and Uy where U = U;* Uz and each U; is generated by ‘half’ the positive real roots.
Mathematics Subject Classification: Primary 20G44, 81R10; secondary 22F50, 17B67.
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1. Introduction

This paper concerns the generalization to infinite dimensional symmetrizable Kac-
Moody algebras of the construction of Chevalley groups associated to finite dimen-
sional semisimple Lie algebras. Let A be a symmetrizable generalized Cartan ma-
trix. Let g be a Kac-Moody algebra over QQ associated with A. We denote simple
roots by aj, ..., ay, the set of roots by A, the set of positive (respectively negative)
roots by AL, and the set of real roots by A™. If A is not of finite type, then g is
infinite dimensional. Let V = V?* be an integrable highest-weight g-module with
dominant regular integral highest weight A\, highest weight vector v,, and defining
homomorphism p : g — End(V). Let x4a,(t) € GL(V) denote exp(tp(e;)) (respec-
tively exp(tp(f:))), for each i € {1,...,¢}, where t € Q and e; (respectively f;) is
the Chevalley-Serre generator corresponding to the simple root +a;.

* The second author’s research is partially supported by the Simons Foundation, Mathematics
and Physical Sciences-Collaboration Grants for Mathematicians, Award Number 422182.

T The third author’s research is partially supported by NSF of Zhejiang Province LZ22A010006
and NSFC 12171421.
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A (split) minimal representation-theoretic Kac-Moody group over Q is the group

Gv(Q) = (Xai(1), X—a(t) [1€{1,.... 0}, € Q).

This is a representation theoretic construction of the value of the constructive Tits
functor & [19] over Q (see for example [2]). For s € Q*, let

Tar(8) = Xar(X-al=5"Xar (), Pray(s) = oy ()T, (1),
and H = {hay(s) | 5 € Q%) = (@)

Let Uz C U denote the Z-form of the universal enveloping algebra U of g ([19];
see also Section 3 below). As in [2], we set Vz = Uz - v). The representation V'
depends on the choice of a dominant regular integral weight A. For A\; # Ay the
groups Gy (Q) and Gy, (Q) are isomorphic [10]. Furthermore the construction of
Vz depends on the choice of a highest weight vector vy. We fix suitable A and v,
throughout. Let

G(Z) = <Xai(t)7 X—ai(t) | L € {1’ ce 76}7 te Z>

We define the Chevalley subgroup of Gy (Q) to be the subgroup of Gy (Q) that
stabilizes the integral lattice Vy:

[(Z) ={g € Gv(Q) | g-Vz = Vz}.

For fixed V' and Vyz, we say that Gy (Q) is integral it G(Z) = I'(Z). 1t is easy to
show that G(Z) C I'(Z). Thus it remains to determine if I'(Z) C G(Z).

Our motivation for this work is that over a general commutative ring R, there is
still no widely agreed upon definition of a Kac-Moody group G(R), except in the
affine case ([1], [7]). The groundwork for the notion of a Kac-Moody group over an
arbitrary commutative ring was provided by Tits [19] who defined a functor ® from
commutative rings to groups. However, Tits’ functor is not uniquely determined
over Z. The groups I'(Z) = Stabg, )(Vz) and G(Z) considered here are both
possible candidates for the notion of a Kac-Moody group over Z. Thus an essential
question is to determine if these groups coincide.

The answer to this question has not yet been established for any family of Kac-
Moody groups, except in the finite dimensional case. Here we consider integrality
of certain subgroups of Gy (Q). We call a subgroup M of Gy (Q) integral if
MNG(Z) = MNTI(Z). This is equivalent to showing that for all g € M, g-Vz =Vy,
implies that ¢ € G(Z). Note that M; C M, and M, integral implies that M is
integral. However M; and M, integral does not imply that the subgroup (M, My)
generated by M; and M, is integral.

In the finite dimensional case, the property of integrality for semisimple algebraic
groups Gy (Q), with root system A and Lie algebra g, was established in [4].
Chevalley constructed (what was his notion of) an affine group scheme associated to
Gv(Q) and V7 and showed that its coordinate algebra is generated over Z. This was
a starting point for Grothendieck and Demazure who organized the SGA3 seminar
([6]) where they developed the theory of split reductive group schemes over arbitrary
base schemes. Chevalley’s notion of an affine group scheme Gy over Z was replaced
by the modern definition due to Demazure and Grothendieck.
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Let L be a lattice satisfying () C L C P, where @ is the root lattice and P is the
weight lattice of g. Chevalley showed that (A, L) defines an affine group scheme
Gz over Z such that

I'(Z) = Gz(Z) = Hom(Spec(Z), Gz)

is its set of integral points ([4]). The group Gz(Q) = Gy(Q) is now known as
a Chevalley group. If L = @, then Gz(Q) is called adjoint and if L = P, then
Gz(Q) is called simply connected. It follows that the group I'(Z) is generated by
the automorphisms

{Xai (8), Xai(8) [ 1 € {1, ..., £}, L € Z},
so if Gz(Q) is simply connected, Gz(Z) coincides with I'(Z) and hence is integral.

To our knowledge, there is no proof in the literature that Gz(Z) = I'(Z) for
semisimple linear algebraic groups Gy (Q) that doesn’t use the language of group
schemes. In certain cases, it is possible to verify integrality using properties of the
linear algebraic group and underlying representation. For example, it is easy to see
that SL,(Z) is the stabilizer of the standard lattice Z" in Q™. See also [16], where
Soulé showed that the group E7(Z) coincides with E7(R) N Spy4(Z) where E;(R) is
the non-compact real form and Sps4(7Z) is the stabilizer of the standard lattice (and
the canonical symplectic form) in the fundamental representation of dimension 56
of the Lie algebra ey;.

The methods used to prove integrality in the finite dimensional case do not extend to
Kac-Moody groups Gy (Q). Here we address the question of integrality of subgroups
of Gy (Q) using only the definition of G (Q) acting on the integrable highest weight
module V. We introduce the following slight modification of the notion of integrality.

Definition 1.1.  Let M be a subgroup of the Kac-Moody group Gy (Q) and let
vo € V. We say that M is strongly integral with respect to vy € Vy, if, for all g € M,
g - vy € Vz implies that g € G(Z).

This is stronger than integrality since it only requires us to test the action on a single
vector vy, rather than on the entire set V7. It is easy to see that strong integrality
implies integrality (Lemma 4.1).

The (positive) unipotent subgroup of Gy (Q) is
U= (xot)|ie{l,.... 0}, t€Q).
The integral unipotent subgroup of Gy (Q) is

U(Z) = (xa;(t) | i € {1,..., 0}, t € Z).

Unipotent subgroups play an important role in the study of the structure and repre-
sentation theory of Kac-Moody groups. They are constituents of group decomposi-
tions such as Iwasawa and Birkhoff decompositions, which provide important tools
for studying Kac-Moody groups and their applications.

In this paper, as a first step towards proving integrality of U, we prove strong
integrality of inversion subgroups of U defined as follows: For w in the Weyl
group W, the inversion subgroup is

Uw) = (Us | B € Pwy),
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where @,y = {8 € AL | w™'p € A_} and Uz = {xp(t) | t € Q} for real root
group generators xg(t) (see Subsection 3.2). In consequence U, is integral if
Uwy N G(Z) = Uy NT(Z). We note that the left hand side of this equality equals
Uw) NU(Z). We show (Corollary 5.4) that

Uy NU(Z) = Upy)(Z) := (Un(Z) | @ € Pry), where Un(Z) := {xp(t) | t € Z}.
Our main result is the following (Section 6).

Theorem 1.2.  (Strong integrality of inversion subgroups) Let U be the positive
unipotent subgroup of Gy (Q). For w € W, U, is strongly integral with respect to
w - Uy -

Corollary 1.3.  (Integrality of inversion subgroups) Let U be the positive unipo-
tent subgroup of Gv(Q). For any w € W, Uy is integral. That is for all g € Uy,
g - Vg, C Vg implies that g € Uy (Z).

If the matrix A is of finite type (see Subsection 2.1), then the group
Gv(Q) = (Xa,(t), X-a,(t) |i€{L,.... 0}, t €Q)

is a semisimple linear algebraic group. Furthermore, if the set of weightsof V = V2
contains all the fundamental weights, then Gy (Q) coincides with the simply con-
nected Chevalley group Gz(Q) associated with A. Our methods give a proof of
integrality of unipotent subgroups of simply connected Chevalley groups Gz(Q) =
Gv(Q), using only the action of Gy (Q) on V. As a corollary of Theorem 1.2, we
have the following (Subsection 7.1).

Corollary 1.4.  Suppose that the matriz A has finite type. Suppose also that the
set of weights of V' contains all the fundamental weights. Then the positive unipotent
subgroup U of Gy (Q) is integral.

Theorem 1.2 also yields integrality of other subgroups of U. In Subsection 7.2 we
prove:

Theorem 7.2. If M is a subgroup of U generated by commuting real root subgroups,
then M 1is integral.

In Section 7.3, we consider the case where GG has rank 2. In this case U = Uy U,
where each U; is generated by ‘half’ the positive real roots (see [3]).

Theorem 7.4. Let Gy (Q) be of rank 2 with positive unipotent subgroup U = Uy U,
where U; are abelian if A is symmetric, and nilpotent of class 2 if A is not symmetric.
Then the groups U; are integral.

Though our methods do not currently extend to a proof of integrality for U, we
conjecture! that integrality holds for U. It would then be straightforward to show
that G(Z) = I'(Z) in the symmetrizable Kac-Moody case.

The authors would like to thank Shrawan Kumar for his interest in this work and
for helpful discussions.

L An earlier preprint by a subset of the authors (arXiv:1803.11204v2 [math.RT] Proposition
6.4) contains an error.
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2. Kac-Moody Algebras

In this section, we review some facts about Kac-Moody algebras and their represen-
tations.

2.1. Generalized Cartan matrices
Let I ={1,2,...,¢} and let A = (a;j); jer be a generalized Cartan matriz. That is,

aijGZ, CLii:2, CLijSO fOI'i;'éj, Clij:O<:)>(1ji:O,

for all 7,7 € I. The matrix A is symmetrizable if there exist positive rational
numbers dy, . ..,d,, such that the matrix diag(dy,...,ds)A is symmetric. We say
that A is of finite type if A is positive definite, and that A is of affine type if A is
positive semidefinite but not positive definite. If A is not of finite or affine type, we
say that A has indefinite type. In particular, A is of hyperbolic type if A is neither
of finite nor affine type, but every proper, indecomposable submatrix is either of
finite or of affine type.

We assume throughout that A is a symmetrizable generalized Cartan matrix.

2.2. Generators and relations for g

Let h be a Q-vector space of dimension 2¢ — rank(A), and let (o0,0) : h* x h — Q
denote the natural nondegenerate bilinear pairing between h and its dual. Fix simple
roots 11 = {ay,...,a,} C b* and simple coroots 11V = {a,..., o)/} C b such that
IT and IIV are linearly independent, and (o, ) = a;(a)) = a;;.

As in [11], [12], and [8, Theorem 9.11], the associated Kac-Moody algebra g is the
Lie algebra over Q with generating set h U {e;, f; | ¢ € I} and defining relations:

[h, W] = 0;
[h, €] = (i, h)es; [h, fi] = _<ai7h>fi;
les, fil = lei, [3] = 0;

(ad ;)" (e;) = 0; (ad fi) = (f;) =

for h,h' € b, and 4,5 € I with i # j.

2.3. Roots and the Weyl group

The roots of g are the nonzero a € h* for which the corresponding root space
0o :={x€g|[hz] =a(h)rforall hebh}

is nontrivial. The simple roots «; have root spaces g,, = Qe;. Every root o can be
written in the form o = Zle k;c; where the k; are integers, with either all k; > 0,
in which case « is called positive, or all k; < 0, in which case « is called negative.
We denote the set of roots by A and the set of positive (respectively negative) roots
by A, (respectively A_). The root lattice is @ := ZII C h* and the coroot lattice
is QY :=ZITV C §.

The Lie algebra g has a triangular decomposition ([8, Theorem 1.2])

g=n ®ohdnT, Wheren+:®ga and n_:GBgf’“

OZGA+ aEA_
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Since A is symmetrizable, g admits a nondegenerate symmetric invariant bilinear
form (o,0) satisfying

(Oé;/,Oé;/) = diaij7 (617fj> = 5@]7 (h7n+) = 07 and (b,n,) = O
We define the simple reflection w; : h* — b* by
w;(v) = v — (v, ) Y.

The group W C GL(H*) generated by the simple reflections is called the Weyl group.
The induced bilinear form on h* is W -invariant. The group W comes equipped with
a length function ¢: W — Z( defined as ¢(w) = k, where k is the smallest number
such that w is the product of k simple root reflections. A word w = w;,w;, - - - w;
of minimal length is called a reduced word.

k

A root a € A is called real if there exists w € W such that wa is a simple root.
A root « which is not real is called imaginary. We denote by A the set of real
roots and A™ the set of imaginary roots. We have A™ = WII. Similarly define
sets A := AN AL and A" := A™NAL. For a € A™, the reflection in « is
defined by
we(v) = v — (v,a")a,

where oV is the coroot of a.. Since wa = «; for some w € W and ¢ € I, we have
Wy = ww;w € W.

2.4. Integrable highest weight modules
The weight lattice P C h* is the dual lattice of ¥, that is,

P={ ebh | (\o))€Z, icl}.

An element A\ € P is dominant if (A, o) > 0 for all i € I, and is regular if
(A, o) # 0 for all i« € I. We denote the set of dominant elements of P by P,
and write Q1 = Zle Z>ooi;. The dominance order on h* is defined by A < p if
p—A€ Q4.

Let V be a g-module with defining homomorphism p : g — End(V). Then the
weight space of 1 € h* is

V,:={veV|ph)(v) =uh) forall h €h},

and the set of weights of V' is wts(V) = {p € bh* |V, #0}.

Recall also that = € g acts locally nilpotently on V if, for each v € V', there is a
natural number n = n(v) such that p(z)"(v) = 0. Then V is called an integrable
module if it is a direct sum of its weight spaces, that is V = P ) V.., and each
generator e; or f; acts locally nilpotently on V.

We call A € wts(V') the highest weight of V' if it is the largest element of wts(V)
in the dominance order. If V has a highest weight we call it a highest weight
module. If pu is a weight of a highest weight module V', then 4 = A — § for
some [ € Q.. Among all modules with highest weight A € h*, there is a unique
irreducible g-module (Proposition 9.3 of [8]), which we denote by V*. The module
V* is integrable if and only if A € P, that is, X is a dominant weight (Lemma
10.1, [8]). In this case, we get wts(V?*) C P.

pewts(V
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3. Representation-theoretic Kac-Moody groups

Let g be a Kac-Moody algebra over Q with symmetrizable generalized Cartan
matrix A. Let V = V? be an integrable highest weight g-module over Q for a fixed
dominant, regular weight A and let v, be a fixed highest weight vector. (that is,
a nonzero element of the weight space V). For z € g and v € V', we denote the
action of z on v by z-v := p(z)(v).

The Chevalley involution w is an automorphism of g with w? =1, w(h) = —h for
all h € b, and w(g,) = g_, forall a € A.

3.1. Z-forms
Let U = Ugp(g) be the universal enveloping algebra of g. Let

eim

m!

fi"

m/!

« U, be the Z-subalgebra generated by for © € I and m > 0;

e U, be the Z-subalgebra generated by for ¢ € I and m > 0; and

o U be the Z-subalgebra generated by

(h) _h(h=1)...(h—=m+1)

)

m) " m!
for h € Q¥ and m > 0.
As in [2], [18], and [19], the Z-form of U is the Z-subalgebra Uy generated by U, ,
Uy , and UY. By [19], we have U, @ UY @ U = Uy,
We define g; = gNUy and bz = hNUy.
Note that g = gz ®7 Q and h = bz ®z Q.

We have L[ir - vy = Zwvy since every z, with o € A annihilates vy. Also
U - vy = Zvy since UY acts on vy as scalar multiplication by an integer. Therefore
Uz - vy = U, - vy\. We define the Z-form of V' to be

\Z ZIZ/{Z'U)\:Z/{Z N
and note that V =V, ®7 Q. For p € wts(V), set V,2 =V, N V3.

3.2. The groups Gy (Q) and G(Z)
For i€ I and t € Q set

(1) = expltplen)) = D0 L xa(t) = espltolf) = 3 A
m=0 m=0

where p is the defining homomorphism for V' = V*. Since V is integrable, the
X+a, (t) are well-defined elements of GL(V). We let Gy (Q) < GL(V) be the group
generated by Xuiq,(t) for ¢ € I and t € Q. We refer to Gy (Q) as a minimal
representation-theoretic Kac-Moody group. Similarly we define G(Z) to be the group
generated by Xiq,(t) for i € I and t € Z. We denote the action of g € Gy (Q) on
veV by g-v.
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For each 7 € I and s € Q*, we recall that
Wi(8) 1= X, (8)X—a; (=5 X, (8) and w; := wy(1).

Let hg,(s) = wi(s)w;(1)7! for s € Q* and i € I.

Let H C Gy(Q) be the subgroup generated by the h,,(s). Let N denote the
subgroup of Gy (Q) generated by H and the w; for i € I. By Lemma 4 in Section
5.4 of [19], there exists a unique endomorphism N — W with kernel H. For
w € W, take a reduced word w = w;, w;, - - - w;, and define

1k

W 1= Wi, Wiy + + - Wy, -

Now w; € G(Z) CT'(Z) and so w-Vz =V for all we W.

Note that the adjoint representation makes g into a G-module and we also get
Ad(w)(gz) = gz as in [13]. Let o € A'?, then a = wa; for some w € W and i € I.
We define the (real) root vectors ([13], Section 4.1) by

Ty = Ad(w)(e;) €gaNgz and x_,:= Ad(w)(f;) € 9-0 N gz,

so that z_, = —w(z,) and [z,,2_,] = . In particular, x,, = ¢; and z_,, = f;.
The set {z,,2_,, a"} forms a basis for a subalgebra isomorphic to sl;.

Lemma 3.1. LetweW, pewts(V), a € A, meN.
(a‘) w - V,u,Z = Vme .

(b) Vw)\,Z =W - VA,Z == va)\ where Vw\ — w - U -

., z,
(C) CEa € Z/{Z and = V,u,Z g V,u:l:ma,Z .
m!

m!

Proof. Lemma 3.8 (a) in [8] implies w; -V, = Vi, for i € I, and so w-V, =V,

by induction. Combining this with w - Vz = Vz and V = @, ¢ s Vi We get (a).

Parts (b) and (c) are now straightforward. ]
— _ v T (xa)”

For t € Q, set xa(t) :==exp(tp(za)) =D o € GL(V).

We have X, (t) = Wxa,(t)w ! € Gy (Q). We define the (real) root group and its

Z.-subgroup as

Uo = {Xa(t) |t €Q} and Ua(Z) = {xa(t) | t € Z}.

Given a set of positive real roots 2 C AL, we define
Ug=(Us | a€Q) and Uqy(Z)= (Us(Z) | € Q).

In particular, the unipotent subgroup is U := Uare and its Z-subgroup is therefore
U(Z) == Uar(Z). 1t is clear that Uq(Z) C Ug N G(Z). The reverse inclusion is
conjectured to be true for reasonable choices of 2 but will not be needed for the
results in this paper.

We end this section with the following:
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Lemma 3.2. Foralluec U, u-vy=uv,.

Proof. It suffices to prove this statement for a generator y,(t) of U, C U. Now
9 372 m
Xa(t)-w:w—l—txam,\—irt??-v + - +tm—“'-m,

for some m since x, acts nilpotently. But xi -y € Viiia =0, since A + i« is not
a weight of V' for ¢ > 0. Thus, x4 (t) - vy = vy. [

4. Strong integrality of real root groups

Throughout this section, fix @ € A*. The main result of this section is to prove
strong integrality of the real root group

Us = {Xa(t) | te @}

This provides the base case for Theorem 1.2. Integrality of U, will follow from the
following lemma.

Lemma 4.1.  Strong integrality implies integrality.

Proof. Let M C G be strongly integral with respect to vo€Vz. Let ge M NT(Z).
Then g-v € Vg for all v € V. In particular g-vg € Vz and so g € G(Z) by strong
integrality. |
Define o= 2

We will need the following lemma.

Lemma 4.2.  Let p be a weight such that p+ « is not a weight of V. Further
assume that v, € V,, and n = (u,a") > 0. Then

x&")x(fg “Vy = Uy
Proof. First we prove that

[ma,x’ia] = k:x’i;l (a¥ — (k—1))

by induction on k£ € N:

[2F 2_o] = zoa® , — 2 a,
= a:ka:_ xk 1a:ax_ + x’i;lxaa:_a — x’ia:z:a
(o, 2" Moo + 2" 20, 74
=k-1)2"20" —k+2)a_o+2" ¥
= (k—1D2"2(a"2_o) — (k= 1)(k — 2)z" + 2" 'ma”
= (k— 12" 2(z_qa¥ —22_5) — (k — 1)(k — 2)z" ! + 2% 1aY
= ko laV — k(k — 12"
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Note that z, - v, € Vjuo =0, 50 2, -v, =0. Also a¥ - v, = (u, a")v, = nv,. Next
we prove

m—1
zpa™, v, =ml H(n —J) v,
j=0
by induction on m:
™ v, =20 ([T, 2] + 2T x4) - v,
= 2" Hag,2™] - v,
=zl m (o ( —1))-v
=m(n—(m—1)a" 2™ v,
m—1
=m! H (n—
=0
— n.n — Ml (n),.(n) . —
Now take m = n to get 232", - v, = nlnlv,, so o 22} - v, = v,. n

Lemma 4.3 (Lemma 7.2 of [17]). Let o € A™ and t € Q. If p is a weight of V

and v € V,, then
Xa(t) - v=v+ Z (2™ .y
(m) (m)

where To " -V € Vyyma, and only finitely many of the terms xo ° - v are non-zero.

If moreover v € V,, 7, then a:gm) V€ Vitmaz-

Proof. If v e V,z, then 20" v € V,imaz by Lemma 3.1 (c). n
Proposition 4.4.  Let o € A . If Xo(t)Wa - vy € V7, then xa(t) € Un(Z).

Proof.  Suppose x.(t) - vo € Vz where vy := W, - vy. Then vy is a lowest weight
vector for the sly-module corresponding to av. Let n = (A, ") so that w,A = A—na.
Note that n > 0 since A is regular. Now V)\_,,z = Zvy by Lemma 3.1 (b). But

af(fo)é -vy is also in Vy_paz by Lemma 3.1 (c), so :c(_nc)y vy = muyp for some integer m.

We have Xa(t) - vo = vo + taa - vo + 22 - vo + - + t"2( - g,

Now consider the V) z component:

() gy = t—x&”)w(_@ SUN = Uy
m m
by Lemma 4.2. Hence % €Z,sot"e€eZ andsoteZ. [ |

Since Uy(Z) CU,NG(Z), we get:

Corollary 4.5. If a € A™, then U, is strongly integral with respect to wy - vy .
Hence U, 1is integral.

It follows immediately that for o« € A™ and u € U(Z), if xo(s)u € I'(Z) then s € Z.
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5. Inversion sets and subgroups

5.1. Inversion sets and orderings
Let w € W. We define the corresponding inversion set of roots by
by = {Bedy|wiBeA }=A nwA)
We note the following standard properties of ®(,,y, which can be proven by induction

on f(w).

Lemma 5.1.  Suppose that w € W has the reduced expression w;, w;, - - wj, .
(a) (I)(w = {aila Wiy Qjg s Wiy Wig Qg+ oy Wiy Wiy ** + wik_gwik_laik} - Af

(b) @) has cardinality k = {(w).

(

(c

d

)
) If W' = wi wiy - w;,, then Py = Py U {w'ag, }.
) If w" = wi, - w;,, then @y = {0y, } U w;, Py

)

(e For e h* wh = p— <:u7 ai1>04i1_<:uv O41'2>wi105i2_' ’ '_<:u7 aik>wi1wi2 T Wiy Q-
We also note the immediate consequences of Lemma 5.1:

Lemma 5.2.

(a) For a € A%, there exists w € W such that o € ®yy.

(b) For a ﬁmte subset Q0 C AR, there exists a finite set T C W such that
Qcy

weT

We equip ®(,) with an ordering
Qi < Wiy Ay = Wi Wiy Qg < w00 =< Wiy Wiy * - Wy, Wy, O

as described by Papi in [14]. Note that this ordering depends of the choice of reduced
word for w.

5.2. Inversion subgroups

For w € W, the inversion subgroup is defined as

Uw) = Us,,, (Q) = (Ua(Q) [ @ € D(u).

Lemma 5.3.  FEach element u,) € Uy, can be written uniquely as

:Huﬁ’

YEDPw

where ug € Ug and the product is in the ordering on P ().

Corollary 5.4. U (Z) = Uy NU(Z).

For w € W, set U™ = U Nw 'Uw. We end this section with the following lemma
from Subsection 4.2.6 of [15].

Lemma 5.5. U =U™U, = U, U™
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6. Integrality of inversion subgroups
To prove Theorem 1.2, we need a preliminary result, which we discuss next. Define

(i15i2, k) . . (01) (i) (ik)
T3, Bo By = T, Ty T "

The proof of the following is similar to Lemma 4.3:

Lemma 6.1.  Let 3; € A and t; € Q for e =1,..., k. If p is a weight of V
and v € V,, then

k
[Tt v= 3ty (ofw o)
=1

11,82,..,0x €Z>0

where ngézzﬁ’“k) U € Vyris 1 +iopottinse and only finitely of the terms ngéizﬁ’“k) ‘v

(i1,82,..,ik)
are non-zero. If moreover v € V7, then x5 2" - 0 € Viiiy gy +in o+t fr 2 -

Proposition 6.2. Let w € W and ww) € Uwy. If www - vy € Vg, then
Uw) € U(w)(Z).

Theorem 1.2 follows immediately from this result since U (Z) C Uy N G(Z).

Proof.  We proceed by induction on k& = ¢(w). The base case {(w) = 1 is just
Proposition 4.4 for a simple root «a;. Thus we take ¢(w) > 2 and assume the
inductive hypothesis. Let ®(,) = {f1,..., 0} in the usual order. So f:= f is a
simple root and w = wgw” with {(w”) =k — 1, and @y = {wsfs, ..., webi} by
Lemma 5.1(5.1). In particular, wgfs, ..., wsp are positive roots. Write

k k
uwy = [ [ xa.(t:) = xs(t) [ ] xa.(t3),
=1 1=2

for t:tl,tg,...,tk GQ.

Write g = w”X and v, = " -vy. Let n = (i, "), so that wA = wep = p —np.
Let v,—ng = Wg - v, = w - vy. Then

W)@ -V = U Vg = B (x(ﬁféi) ' Uu—ﬂﬁ)
11,82 ,5---, ikEZZO
— ™y st 3 frifis i (f”ffaj,’fi’é,;’ik) 'vu—n6> ,

iEZSn, iQ,...,ikGZZO
at least one non-zero

where we have substituted ¢ = n — ¢; and extracted the term with 7,75,...,72, =0

from the sum. Therefore t"xén) “Uy—ng €V, and l’(ﬁnB; “2&%) “Vy_ng €V, for

v=np—if+ Z?=2 i;8;. We have

k

(W) () = A= (w")(iB) + (w") (Z Wj) = A —i(w") 7 (B),

Jj=2
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but (w”)~(B) > 0, so we must have i > 0 for v to be a weight of V. So we can take
¢ to be in the range 0 < i < n. If u = v, then i = 2522 i;5;, but wg (i;8;) > 0
and wg(if) <0, so 4,41,...,4, = 0. Hence the V,,z component of wg,)w - vy € V3
is just t”x(ﬁ") “Vpnf-

Now V,z = Zv,, so t"x(ﬁn) “Vy—ng = mu, for some integer m. Also we have

x(_"ﬁ) Uy € Viinpz = Zvy_np, SO 1:(_72 - v, = m'v,_,pg for some integer m’. Hence

mm/vy,_ng = mx(_”gi v, = t"x(_”gxg@) “Uyeng = "V

by Lemma 4.2 for o« = —f3, since pu —nf — 5 ¢ wts(V) as
witp—ng—08)=wHwr—8)=A—w B>\

Hence t™ = mm’ is an integer, so t is an integer.
Now (w)W = xa(t HXBz Waw" = x5(t)Wat(mw"”,

where gy = [Ty Xuys: (t:) € Uy Now xp(t)i5 € G(Z), s0

gy @ - vy = (xa(D)Ws) " - (uuy® - vy) € Va,

and so u(wry € Uwry(Z) by induction. Hence ) = Xg(t)@@u(wu)ﬂ?ﬁ_l €EUw(Z). =

7. Further integrality results

7.1. Integrality of finite dimensional unipotent groups

For this subsection, we assume that A has finite type. In this case, A is a Cartan
matrix and g is a finite dimensional semisimple Lie algebra over Q. The group
construction in Section 3 can be carried out with the same external data: a highest
weight representation V' with dominant, regular highest weight A\, a Z-form of the
universal enveloping algebra (constructed by Cartier and Kostant, see [9]) and a
lattice Vz in V' (called an admissible lattice in [4]).

The group Gy (Q) is then a semisimple algebraic group and Gy (Q) = Gz(Q), where
G7(Q) is Chevalley’s group scheme, now known as the Chevalley-Demazure group
scheme ([5]).

Our construction of the Kac-Moody group Gy (Q) does not explicitly involve a lat-
tice L between the root lattice and the weight lattice, as in Chevalley’s construction,
though the assumption that V' is a highest weight module rules out the adjoint rep-
resentation and hence the construction of an adjoint form of Gy (Q). With the
assumption that the set of weights of V' contains all the fundamental weights, our
group Gy (Q) coincides with Chevalley’s simply connected group Gz(Q).

As a corollary of Theorem 1.2, we have the following.

Corollary 7.1.  Suppose that the matriz A has finite type. Suppose also that
the set of weights of V' contains all the fundamental weights. Then the unipotent
subgroup U of Gy (Q) is integral.
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Proof. Since A has finite type, the Weyl group W is finite. Moreover, W con-
tains the longest element, denoted wy, which flips all positive roots to negative roots.
That is ®(,,) = AT, which gives Ug,,) = U. Combining this with Theorem 1.2 and
Lemma 4.1, it follows that U is integral. [ |

7.2. Integrality of groups generated by commuting real root subgroups
We now prove integrality of subgroups of U generated by commuting real root

groups.

Theorem 7.2.  Let U be the positive unipotent subgroup of G = GMQ). If M is
a subgroup of U generated by commuting real root subgroups, then M 1is integral.

Proof.  Assume, for the sake of contradiction, that

U= Xp (t51)X,32 (tﬂ2) " XBwn (tﬁN) eM

is the shortest word such that u-Vz = V7 but u ¢ U(Z). By Corollary 4.5, we must
have N > 1. Now Q := {f,f2,...,6n} C AT is a finite set of real roots whose
corresponding root subgroups commute with each other. By part (b) of Lemma 5.2,
there exists w € W such that QN P, # 0. Using the commuting of the real root
groups Ug,, we can rearrange the product above as

u = u(w)u(w) = ol U(w),

where wg,) = HﬁeQr@(w) xs(ts) and u®) = Hﬁeﬂ\<1>(w) xs(ts).
Now we have ut - vy = U uw - vy = ugyw - (0w - vy).

But o tu®w € U, so wu™w-vy = vy by Lemma 3.2. S0 u(,)w-vy = uw-vy € V.
But U, is strongly integral with respect to w- vy by Theorem 1.2, so w(, € U(Z).
Hence u(,~' € U(Z) and so

U(w) : VZ =Uu- (U(w)il . Vz) =Uu- VZ = Vz.

Since 2N @, is nonempty, uw — H,Beﬂ\fb(w) x5(ts) is a shorter word than w and

so our assumption implies v € U(Z). But now u = ug,yu® € U(Z), which is a
contradiction. n

7.3. Integrality of subgroups of U in the rank 2 Kac-Moody case

We start with a method for constructing infinite dimensional integral unipotent
subgroups.

Proposition 7.3.  Let Q = J,_, Q, C AY where Q; C Qy C --- and assume
that each Ugq, is integral. Then Uqg = (U, | a € Q) is integral.

Proof. Take u € Uy with u- Vg = Vz. Then u =[], xs (a;) for some §; € Q,
a; € Q. But now the finite set of roots {f1,..., Sy} must be contained in €2, for
some n. Hence u € Uy, , which is an integral subgroup. So u € G(Z). [ |
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One way to construct such sets is by taking a sequence of simple reflections w;, , w;,, ...
such that every initial subsequence gives a reduced word w;, - --w;, € W. Then each
group Uy, ;) is integral by Theorem 1.2. Now take

oo
Q= U Dy, i) = {au,, Wi 0y, Wy WG, oy Wi Wiy -+ - Wiy Wi, Oy -}
n=1
Then the subgroup U, is integral.

Now suppose that g has rank 2. A detailed description of the structure of A™ and
U in rank 2 can be found in [3]. We define

Q= {a1, wiag, wwaay, ...} and Oy = {ag, waay, wowia, ... }.

In fact, € (respectively €2y) is the set of all positive real roots on the lower
(respectively upper) branches of the hyperbolas defined in [3].

In this case U = Uyx Us,, where for ¢ = 1,2, the groups U, := Uy, are abelian if A
is symmetric, and nilpotent of class 2 if A is not symmetric (see [3]).

The following theorem follows immediately from Proposition 7.3.

Theorem 7.4. Suppose that Gy (Q) has rank 2 with U = Uyx Uy, where U; = U, .
Then the groups U; are integral.
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