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Polynomial Modules over a Class of GIM Lie Algebras
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Abstract. We construct and classify all rank one polynomial modules over the GIM Lie algebra
gn (n ≥ 3) with structural matrix

2 −1 1
−1 2 −1

. . . . . . . . .
−1 2 −1

1 −1 2


n×n

.

Moreover, the simplicity of these modules is studied.
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1. Introduction
In 1986, Slodowy [14] introduced the generalized intersection matrix (GIM for short).
A GIM is an n× n square integer matrix O = (mij)n×n with the conditions

mii = 2 for i ∈ {1, . . . , n},
mij < 0 if and only if mji < 0, and

mij > 0 if and only if mji > 0 for i ̸= j.

It is clear that a GIM generalizes the notion of the generalized Cartan matrix. The
GIM Lie algebra (see [4, 13]) associated with a GIM is a generalization of the Kac-
Moody Lie algebra, which was introduced by Slodowy. Moreover, a GIM Lie algebra
is isomorphic to an involutory subalgebra of some Kac-Moody Lie algebra with a
symmetric Dynkin diagram (see [2, 14]).
In the past decades, many authors made contributions on the GIM Lie algebras
[3, 4, 1, 7, 10, 19] and their q -deformations [8, 17, 18]. In [3], Berman, Jurisich,
and Tan showed that a new class of Lie algebras by generators and relations which
simultaneously generalize the Borcherds Lie algebras and the GIM Lie algebras were
subalgebras of Borcherds Lie algebras. [19] considered a class of Lie algebras arising
from symmetrizable GIM. In [17], Lusztig symmetries of Quantized GIM Lie algebras
were studied. [8] proved that the quantized GIM algebras for simple-laced cases were
isomorphic to a subalgebra of a quantum universal enveloping algebra.
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In this paper, we focus on the GIM Lie algebra gn (n ≥ 3) with the structural
matrix

On = (mij)n×n =


2 −1 1
−1 2 −1

. . . . . . . . .
−1 2 −1

1 −1 2


n×n

. (1)

gn is perhaps the simplest oriented GIM Lie algebra since it can be mapped into
affine Kac-Moody Lie algebra ŝl2n by Berman’s homomorphism φ in Theorem 1.31
of [2]. In [9], the finite dimensional simple modules over gn were classified.
Let L be a Lie algebra with a Cartan subalgebra h . An L-module V is called a
polynomial module if it is a finite rank free U(h)-module. The polynomial modules
over Lie algebras constitute an important class of non-weight modules, they were
first introduced by Nilsson [11] for the algebra of complex matrices sln+1(C) in
2015. These modules over sln+1(C) were introduced at the same time using different
approach in [16]. Since then such modules have been extensively studied for many
Lie algebras and Lie superalgebras, see [6], [12], [15] and [21], etc. In this paper, we
study the rank one polynomial modules over the GIM Lie algebra gn (n ≥ 3).
This paper is organized as follows. In Section 2, we recall some notations and collect
some known facts about the GIM Lie algebras and the complex matrices algebra.
In Section 3, we first construct two classes of rank one polynomial modules over
the GIM Lie algebra g3 . We further determine the simplicity of these modules. To
be precise, one class is generically simple and each reducible module has a unique
submodule (Theorem 3.2). Another class is simple (Theorem 3.4). In Subsection
3.2, we give the classification of all rank one polynomial modules over g3 in Theorem
3.5. Section 4 is devoted to classifying the rank one polynomial modules over gn
(n ≥ 4) (Theorem 4.3). We show that those modules are all simple (Theorem 4.2).

2. Basics

In this section, we collect some basic definitions and results needed for our study.
Throughout the paper, we denote by C , C ∗, N the sets of complex numbers, nonzero
complex numbers, positive integers, respectively. We use U(L) to denote the uni-
versal enveloping algebra of a Lie algebra L . For a set S , we define the indicator
functions

δs∈S =

{
1, if s ∈ S,
0, if s /∈ S,

δs/∈S =

{
1, if s /∈ S,
0, if s ∈ S.

(2)

Let us first recall some results about the complex matrices algebra sln+1(C) (n ≥ 1).
Denote by Ei,j the (n+1)× (n+1) unit matrix with 1 at the (i, j)-entry and zero
everywhere else. For 1 ≤ i ≤ n , let ei = Ei,i+1, fi = Ei+1,i,hi = Ei,i − Ei+1,i+1 .
Then {ei, fi,hi | i = 1, . . . , n} is the set of Chevalley generators of sln+1(C) . Let
(H1, . . . , Hn)

T = A−1(h1, . . . ,hn)
T , i.e., (h1, . . . ,hn)

T = A(H1, . . . , Hn)
T , where T

means taking the transpose of the matrix, and
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A =


2 −1
−1 2

. . .
2 −1
−1 2


n×n

.

Then H = spanC{Hi | i = 1, . . . , n} is a Cartan subalgebra of sln+1(C) and

[Hi, ej] = δijej, [Hi, fj] = δijfj, 1 ≤ i, j ≤ n.

Let Z be a finite-dimensional abelian Lie algebra. For any a=(a1, . . . , an)∈(C ∗)n ,
b ∈ U(Z) and S ⊆ {1, . . . , n + 1} , we define the action of sln+1(C) ⊕ Z on
M(a, b, S) := U(H⊕Z) as follows, for all g ∈ U(H⊕Z) ,

Hi · g = Hig, z · g = zg, 1 ≤ i ≤ n, z ∈ Z,

ei · g = ai(δi∈S + δi/∈S(Hi−Hi−1−b−1))(δi+1∈S(Hi+1 −Hi − b) + δi+1/∈S)τi(g),

fi · g = a−1
i (δi∈S(Hi−Hi−1−b) + δi/∈S)(δi+1∈S + δi+1/∈S(Hi+1 −Hi − b− 1))τ−1

i (g),

where H0 = Hn+1 := 0 , τi (1 ≤ i ≤ n) is the automorphism of U(H ⊕ Z) which
sends Hi to Hi − 1 and fixes other Hj, j ̸= i and Z .
In [11], Nilsson determined the rank one polynomial modules over sln+1(C) . [5]
rewrote the results in [11] and discussed the rank one polynomial modules over
sln+1(C)⊕Z .

Theorem 2.1. Keep notations as above.
(1) (see [5, 11]) If Z = C , then M(a, b, S) = U(H) is an sln+1(C)-module

which is free of rank one when restricted to U(H). Moreover, any rank
one polynomial module over sln+1(C) is isomorphic to M(a, b, S) for some
a = (a1, . . . , an) ∈ (C ∗)n , b ∈ C , S ⊆ {1, . . . , n+ 1}.

(2) (see [5]) M(a, b, S) = U(H ⊕ Z) is an (sln+1(C) ⊕ Z)-module which is
free of rank one when restricted to U(H ⊕ Z). Moreover, any rank one
polynomial module over sln+1(C) ⊕ Z is isomorphic to M(a, b, S) for some
a = (a1, . . . , an) ∈ (C ∗)n , b ∈ U(Z), S ⊆ {1, . . . , n+ 1}.

For the rest of this paper, we assume that n ≥ 3 . The GIM Lie algebra gn(n ≥ 3)
with the structural matrix On = (mij)n×n given by (1) is a Lie algebra over C
generated by the elements ei, fi, hi (1 ≤ i ≤ n) with subject to the generating
relations

[hi, hj] = 0, [hi, ej] = mijej, [hi, fj] = −mijfj, [ei, fi] = hi for 1 ≤ i, j ≤ n,

[ei, fj] = 0, (adei)
−mij+1ej = (adfi)

−mij+1fj = 0 for mij ≤ 0,

[ei, ej] = [fi, fj] = 0, (adei)
mij+1fj = (adfi)

mij+1ej = 0 for mij > 0, i ̸= j.

For convenience, we also say that gn is of type On . It is clear that h := spanC{hi |
i = 1, . . . , n} is the Cartan subalgebra of gn . Let h∗ be the dual space of h . Since
det(On) ̸= 0 , it is easy to find a basis α1, . . . , αn of h∗ such that αi(hj) = mij for
all 1 ≤ i, j ≤ n . Now we take another basis ε1, . . . , εn for h such that

(ε1, . . . , εn)
T = O−1

n (h1, . . . , hn)
T ,

where T means taking the transpose of the matrix.
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Then the polynomial algebra C [ε1, . . . , εn] is the universal enveloping algebra U(h)
of h . Moreover, we can rewrite the definition of the GIM Lie algebra gn (cf. [9]) as
follows

[εi, εj] = 0, [εi, ej] = δijej, [εi, fj] = −δijfj, 1 ≤ i, j ≤ n, (3)
[e1, f1] = 2ε1 − ε2 + εn, [en, fn] = ε1 − εn−1 + 2εn, (4)
[ei, fi] = −εi−1 + 2εi − εi+1, 2 ≤ i ≤ n− 1, (5)
[ei, fj] = 0, 1 ≤ i ̸= j ≤ n, {i, j} ̸= {1, n}, (6)
[ei, ej] = [fi, fj] = 0, |i− j| > 1, (7)
[ei, [ei, ej]] = [fi, [fi, fj]] = 0, |i− j| = 1, (8)
[e1, [e1, fn]] = [f1, [f1, en]] = 0, [en, [en, f1]] = [fn, [fn, e1]] = 0. (9)

Definition 2.2. For a fixed 1 ≤ i ≤ n , define an algebra automorphism
σi : U(h) → U(h)

by σi(εk) := εk − δik for any k ∈ {1, . . . , n} .

Obviously σiσj = σjσi for 1 ≤ i, j ≤ n . For any g = g(ε1, . . . , εn) ∈ C [ε1, . . . , εn] ,
we have σi(g) = g(ε1, . . . , εi − 1, . . . , εn) , σ−1

i (g) = g(ε1, . . . , εi + 1, . . . , εn) .
Let N be a rank one polynomial module over the GIM Lie algebra gn (n ≥ 3).
Then N is actually a free U(h)-module. In consequence we can identify N with
U(h) = C [ε1, . . . , εn] as a vector space.

3. Rank one polynomial modules over g3

In this section, we classify all rank one polynomial modules over the GIM Lie algebra
g3 . We further determine the simplicity of these modules.
For convenience, we rewrite the definition of g3 . GIM Lie algebra g3 with structural
matrix O3 is a Lie algebra generated by the elements ei, fi, εi (i = 1, 2, 3) with
subject to the following generating relations

[εi, εj] = 0, [εi, ej] = δijej, [εi, fj] = −δijfj, i, j = 1, 2, 3, (10)
[e1, f1] = 2ε1 − ε2 + ε3, [e2, f2] = −ε1 + 2ε2 − ε3, [e3, f3] = ε1 − ε2 + 2ε3, (11)
[e1, f2] = [e2, f1] = [e2, f3] = [e3, f2] = [e1, e3] = [f1, f3] = 0, (12)
[e1, [e1, e2]] = [f1, [f1, f2]] = 0, [e2, [e2, e1]] = [f2, [f2, f1]] = 0, (13)
[e2, [e2, e3]] = [f2, [f2, f3]] = 0, [e3, [e3, e2]] = [f3, [f3, f2]] = 0, (14)
[e1, [e1, f3]] = [f1, [f1, e3]] = 0, [e3, [e3, f1]] = [f3, [f3, e1]] = 0. (15)

In this case, h = spanC{ε1, ε2, ε3} is a Cartan subalgebra of g3 . Thus we have
U(h) = C [ε1, ε2, ε3] .

3.1. g3 -module structures on U(h)

The main goal of this subsection is to construct two classes of rank one polynomial
modules over the GIM Lie algebra g3 and determine the simplicity of these modules.
Fix any a=(a1, a2, a3)∈(C ∗)3 , b∈C , S⊆{1, 2, 3, 4} . Let N1(a, b, S) :=C [ε1, ε2, ε3] .
For any g ∈ C [ε1, ε2, ε3] , we define the action of g3 on N1(a, b, S) as follows
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εi · g = εig, i = 1, 2, 3,

e1 · g = a1(ε1 + b)δ1/∈S(−ε1 + ε2 − ε3 + b+ 1)δ2∈Sσ1(g),

f1 · g = a−1
1 (ε1 + b+ 1)δ1∈S(−ε1 + ε2 − ε3 + b)δ2/∈Sσ−1

1 (g),

e2 · g = a2(−ε1 + ε2 − ε3 + b)δ2/∈S(−ε2 + b+ 1)δ3∈Sσ2(g),

f2 · g = a−1
2 (−ε1 + ε2 − ε3 + b+ 1)δ2∈S(−ε2 + b)δ3/∈Sσ−1

2 (g),

e3 · g = a3(ε1 − ε2 + ε3 − b− 1)δ2∈S(−ε3 − b)δ4∈Sσ3(g),

f3 · g = a−1
3 (ε1 − ε2 + ε3 − b)δ2/∈S(−ε3 − b− 1)δ4/∈Sσ−1

3 (g).

(16)

where σi (i = 1, 2, 3) is defined by Definition 2.2.
Now we give one of the main results of this subsection.

Proposition 3.1. Fix a = (a1, a2, a3) ∈ (C ∗)3 , b ∈ C , and S ⊆ {1, 2, 3, 4}, then
N1(a, b, S) is a rank one polynomial module over g3 .

Proof. According to the definition of (16), we must prove that the actions of
ei, fi (i=1,2,3) on N1(a, b, S) satisfy the relations of g3 . According to (16) we have
for any g = g(ε1, ε2, ε3) ∈ N1(a, b, S)

ε1 · e1 · g − e1 · ε1 · g
= a1ε1 · ((ε1 + b)δ1/∈S(−ε1 + ε2 − ε3 + b+ 1)δ2∈Sσ1(g))− e1 · (ε1g)
= a1ε1(ε1 + b)δ1/∈S(−ε1 + ε2 − ε3 + b+ 1)δ2∈Sσ1(g)

− a1(ε1 + b)δ1/∈S(−ε1 + ε2 − ε3 + b+ 1)δ2∈S(ε1 − 1)σ1(g)

= a1(ε1 + b)δ1/∈S(−ε1 + ε2 − ε3 + b+ 1)δ2∈Sσ1(g),

Thus [ε1, e1] · g = e1 · g holds. The other relations in (10) can be proved similarly.
From the following equalities

e1 · f1 · g − f1 · e1 · g
= (ε1 + b)δ1/∈S(−ε1 + ε2 − ε3 + b+ 1)δ2∈S(ε1 + b)δ1∈S(−ε1 + ε2 − ε3 + b+ 1)δ2/∈Sg

− (ε1+b+1)δ1/∈S(−ε1+ε2 − ε3+b)δ2∈S(ε1 + b+ 1)δ1∈S(−ε1 + ε2 − ε3 + b)δ2/∈Sg

= (ε1 + b)(−ε1 + ε2 − ε3 + b+ 1)g − (ε1 + b+ 1)(−ε1 + ε2 − ε3 + b)g

= (2ε1 − ε2 + ε3)g = [e1, f1] · g,
e2 · f2 · g − f2 · e2 · g
= (−ε1 + ε2 − ε3 + b)δ2/∈S(−ε2 + b+ 1)δ3∈S(−ε1 + ε2 − ε3 + b)δ2∈S(−ε2 + b+ 1)δ3/∈Sg

− (−ε1+ε2−ε3+b+1)δ2/∈S(−ε2 + b)δ3∈S(−ε1+ε2−ε3+b+1)δ2∈S(−ε2 + b)δ3/∈Sg

= (−ε1 + ε2 − ε3 + b)(−ε2 + b+ 1)g − (−ε1 + ε2 − ε3 + b+ 1)(−ε2 + b)g

= (−ε1 + 2ε2 − ε3)g = [e2, f2] · g,
e3 · f3 · g − f3 · e3 · g
= (ε1 − ε2 + ε3 − b− 1)δ2∈S(−ε3 − b)δ4∈S(ε1 − ε2 + ε3 − b− 1)δ2/∈S(−ε3 − b)δ4/∈Sg

− (ε1 − ε2 + ε3 − b)δ2∈S(−ε3 − b− 1)δ4∈S(ε1 − ε2 + ε3 − b)δ2/∈S(−ε3 − b− 1)δ4/∈Sg

= (ε1 − ε2 + ε3 − b− 1)(−ε3 − b)g − (ε1 − ε2 + ε3 − b)(−ε3 − b− 1)g

= (ε1 − ε2 + 2ε3)g = [e3, f3] · g,

we see that the relations in (11) are satisfied. For relations in (12), we only check
[e1, f2] · g = 0 . The proof for the others is similar.
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Explicitly,

e1 · f2 · g − f2 · e1 · g

= a1a
−1
2 (ε1 + b)δ1/∈S

(
(−ε1+ε2−ε3+b+1)(−ε1 + ε2 − ε3 + b+ 2)

)δ2∈S(−ε2 + b)δ3/∈S

σ1(σ
−1
2 (g))− a1a

−1
2 (ε1 + b)δ1/∈S

(
(−ε1+ε2−ε3+b+2)(−ε1 + ε2 − ε3 + b+ 1)

)δ2∈S

(−ε2 + b)δ3/∈Sσ−1
2 (σ1(g)) = 0,

where the last equality is obtained by σ1σ2 = σ2σ1 . This yields [e1, f2] ·g = 0 . Since

(e1e2 − e2e1) · g = e1 · e2 · g − e2 · e1 · g
= a1a2(ε1 + b)δ1/∈S(−ε2 + b+ 1)δ3∈S(−ε1 + ε2 − ε3 + b+ 1)σ1(σ2(g))

− a1a2(ε1 + b)δ1/∈S(−ε2 + b+ 1)δ3∈S(−ε1 + ε2 − ε3 + b)σ2(σ1(g))

= a1a2(ε1 + b)δ1/∈S(−ε2 + b+ 1)δ3∈S(σ1σ2)(g),

we obtain

(e21e2 − e1e2e1) · g = e1 · (e1 · e2 · g − e2 · e1 · g)
= a1a2e1 · ((ε1 + b)δ1/∈S(−ε2 + b+ 1)δ3∈S(σ1σ2)(g))

= a21a2(ε1+b)δ1/∈S(−ε1+ε2−ε3+b+1)δ2∈Sσ1((ε1+b)δ1/∈S(−ε2+b+1)δ3∈S(σ1σ2)(g))

= a21a2(ε1+b)δ1/∈S(−ε1+ε2−ε3+b+1)δ2∈S(ε1+b−1)δ1/∈S(−ε2+b+1)δ3∈S(σ2
1σ2)(g),

and

(e1e2e1 − e2e
2
1) · g = e1 · e2 · (e1 · g)− e2 · e1 · (e1 · g)

= a1a2(ε1 + b)δ1/∈S(−ε2 + b+ 1)δ3∈S(σ1σ2)(e1 · g)
= a21a2(ε1+b)δ1/∈S(−ε2+b+1)δ3∈S(σ1σ2)((ε1+b)δ1/∈S(−ε1+ε2−ε3+b+1)δ2∈Sσ1(g))

= a21a2(ε1+b)δ1/∈S(−ε2+b+1)δ3∈S(ε1+b−1)δ1/∈S(−ε1+ε2−ε3+b+1)δ2∈S(σ2
1σ2)(g),

where the last equality is implied by the definition of σi and σ1σ2 = σ2σ1 . Using
these relations, we obtain

(e21e2 − 2e1e2e1 + e2e
2
1) · g = (e21e2 − e1e2e1) · g − (e1e2e1 − e2e

2
1) · g = 0.

This yields that [e1, [e1, e2]] · g = 0 . It follows from (16) and Definition 2.2 that

(f1e3 − e3f1) · g = f1 · e3 · g − e3 · f1 · g
= a−1

1 a3(ε1 + b+ 1)δ1∈S(−ε1 + ε2 − ε3 + b)δ2/∈S(ε1 − ε2 + ε3 − b)δ2∈S(−ε3 − b)δ4∈S

σ−1
1 (σ3(g))− a−1

1 a3(ε1 − ε2 + ε3 − b− 1)δ2∈S(−ε3 − b)δ4∈S(ε1 + b+ 1)δ1∈S

(−ε1 + ε2 − ε3 + b− 1)δ2/∈Sσ3(σ
−1
1 (g))

= a−1
1 a3(ε1 + b+ 1)δ1∈S(−ε3 − b)δ4∈S(σ−1

1 σ3)(g).

This implies that

(f 2
1 e3 − f1e3f1) · g = f1 · (f1 · e3 − f1 · e3 · f1) · g

= a−1
1 a3f1 · ((ε1 + b+ 1)δ1∈S(−ε3 − b)δ4∈S(σ−1

1 σ3)(g))

= a−2
1 a3(ε1 + b+ 1)δ1∈S(−ε1 + ε2 − ε3 + b)δ2/∈S

σ−1
1 ((ε1 + b+ 1)δ1∈S(−ε3 − b)δ4∈S(σ−1

1 σ3)(g))

= a−2
1 a3(ε1+b+1)δ1∈S(−ε1+ε2−ε3+b)δ2/∈S(ε1 + b+ 2)δ1∈S(−ε3 − b)δ4∈S(σ−2

1 σ3)(g),
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and
(f1e3f1 − e3f

2
1 ) · g = f1 · e3 · (f1 · g)− e3 · f1 · (f1 · g)

= a−1
1 a3(ε1 + b+ 1)δ1∈S(−ε3 − b)δ4∈S(σ−1

1 σ3)(f1 · g)
= a−2

1 a3(ε1 + b+ 1)δ1∈S(−ε3 − b)δ4∈S

(σ−1
1 σ3)((ε1 + b+ 1)δ1∈S(−ε1 + ε2 − ε3 + b)δ2/∈Sσ−1

1 (g))

= a−2
1 a3(ε1+b+1)δ1∈S(−ε3−b)δ4∈S(ε1+b+2)δ1∈S(−ε1+ε2−ε3+b)δ2/∈S(σ−2

1 σ3)(g).

Thus (f 2
1 e3 − 2f1e3f1 + e3f

2
1 ) · g = (f 2

1 e3 − f1e3f1) · g − (f1e3f1 − e3f
2
1 ) · g = 0 .

Therefore [f1, [f1, e3]] · g = 0 . The proof for the other relations in (13)–(15) can be
verified similarly, we omit the details. Then we complete the proof.

Now we exploit the module structure of N1(a, b, S) and provide a sufficient and
necessary condition for simplicity of N1(a, b, S) .

Theorem 3.2. Let a ∈ (C ∗)3 , b ∈ C , and S ⊆ {1, 2, 3, 4}. Then the polynomial
module N1(a, b, S) over g3 is simple except the case that δ1∈S = δ2∈S = δ3∈S = δ4/∈S
and −4b−3 is a positive integer. Moreover, N1(a, b, S) has a unique nonzero proper
submodule if it is not simple.
Proof. Suppose that M is a nonzero submodule of N1(a, b, S) . Let g(ε1, ε2, ε3)
be a nonzero polynomial in M . We consider four cases separately.
Case 1. δ1∈S = δ2/∈S .
From the relations (16), we see that either

(a−1
1 e1)

k · g(ε1, ε2, ε3) = g(ε1 − k, ε2, ε3) ∈ M, k ∈ N ,

or (a1f1)
k · g(ε1, ε2, ε3) = g(ε1 + k, ε2, ε3) ∈ M, k ∈ N .

Then we may obtain a nonzero polynomial g1(ε2, ε3) that lies in M . In fact, suppose
for example that

g(ε1 − k, ε2, ε3) =
r∑

i=0

(ε1 − k)ig′i(ε2, ε3) =
r∑

i=0

kig′i(ε1, ε2, ε3) ∈ M,

where g′r(ε2, ε3) ̸= 0 and r is minimal. Then taking k = 1, . . . , r , we deduce that
g1(ε2, ε3) := g′r(ε1, ε2, ε3) = (−1)rg′r(ε2, ε3) ∈ M as required, here g1(ε2, ε3) is the
leading coefficient of the polynomial g(ε1, ε2, ε3) in the variable ε1 .
If δ2∈S = δ3/∈S , we may obtain a nonzero polynomial g2(ε3) ∈ M from g1(ε2, ε3) ∈ M
in a similar way.
If 2, 3 ∈ S , from the equality

a2f2 · g1(ε2, ε3) = (−ε1 + ε2 − ε3 + b+ 1)g1(ε2 + 1, ε3) ∈ M,

we obtain that the coefficient −g1(ε2 + 1, ε3) of ε1 belongs to M . Thus we can
deduce that there exists a nonzero polynomial g2(ε3) ∈ M .
If 2, 3 /∈ S , we can obtain a nonzero polynomial g2(ε3) ∈ M in a similar way.
Next if δ2∈S = δ4∈S , we can obtain 1 ∈ M by the actions of (a−1

3 e3)
k or of (a3f3)

k

on g2(ε3) with enough many k ∈ N . If δ2∈S = δ4/∈S , using a similar method to the
case 2, 3 ∈ S (or 2, 3 /∈ S ), we can prove 1 ∈ M . Therefore N1(a, b, S) is simple in
this case.
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Case 2. δ2∈S = δ3/∈S or δ2∈S = δ4∈S .
The proof is similar to Case 1.
Case 3. δ1∈S = δ2∈S = δ3∈S = δ4/∈S = 1 .
In this case, we have

e1 · g = a1(−ε1 + ε2 − ε3 + b+ 1)σ1(g), f1 · g = a1
−1(ε1 + b+ 1)σ−1

1 (g),

e2 · g = a2(−ε2 + b+ 1)σ2(g), f2 · g = a2
−1(−ε1+ε2−ε3+b+1) σ−1

2 (g),

e3 · g = a3(ε1 − ε2 + ε3 − b− 1)σ3(g), f3 · g = a3
−1(−ε3 − b− 1)σ−1

3 (g).

For k1, k2, k3 ∈ N , let

Hk1,k2,k3 =
( k1∏

r=1

(ε1 + b+ r)
)( k2∏

s=1

(−ε2 + b+ s)
)( k3∏

t=1

(ε3 + b+ t)
)
.

Then {Hk1,k2,k3 | k1, k2, k3 ∈ N}

is a basis of U(h) . Now suppose that Hk1,k2,k3 be a basis element occurring with
nonzero coefficient in g(ε1, ε2, ε3) expressed in this basis. Then we have

a1f1 ·Hk1,k2,k3 = (ε1 + b+ k1 + 1)Hk1,k2,k3 ,

a−1
2 e2 ·Hk1,k2,k3 = (−ε2 + b+ k2 + 1)Hk1,k2,k3 ,

a3f3 ·Hk1,k2,k3 = (ε3 + b+ k3 + 1)Hk1,k2,k3 .

Hence (a1f1 − ε1 − b) ·Hk1,k2,k3 = (k1 + 1)Hk1,k2,k3 ,

(a−1
2 e2 + ε2 − b) ·Hk1,k2,k3 = (k2 + 1)Hk1,k2,k3 ,

(a3f3 − ε3 − b) ·Hk1,k2,k3 = (k3 + 1)Hk1,k2,k3 .

Then from any element u =
∑

k1,k2,k3
ak1,k2,k3Hk1,k2,k3 , we can obtain Hk1,k2,k3 for

any nonzero coefficient ak1,k2,k3 . Moreover, it follows that any simple submodule can
be generated by a single homogeneous element Hk1,k2,k3 . Furthermore, for general
k1 > 0, k2, k3 ∈ N , we have

a−1
1 e1 ·Hk1,k2,k3 = −(ε1 + b)((ε1 + b+ k1) + (−ε2 + b+ k2 + 1)

+ (ε3 + b+ k3 + 1))Hk1−1,k2,k3 + (4b+ k1 + k2 + k3 + 3)(ε1 + b)Hk1−1,k2,k3

= −(ε1 + b)(Hk1,k2,k3 +Hk1−1,k2+1,k3 +Hk1−1,k2,k3+1)

+ (4b+ k1 + k2 + k3 + 3)Hk1,k2,k3 − k1(4b+ k1 + k2 + k3 + 3)Hk1−1,k2,k3 ,

which contains a lower degree term −k1(4b + k1 + k2 + k3 + 3)Hk1−1,k2,k3 for all
k1 > 0 and k1 + k2 + k3 ̸= −4b − 3 . Together with similar computations of
a2f2 ·Hk1,k2,k3 , a

−1
3 e3 ·Hk1,k2,k3 , we know that Hk1−1,k2,k3 , Hk1,k2−1,k3 , Hk1,k2,k3−1 ∈ M if

k1 > 0 and k1+k2+k3 ̸= −4b−3 . It then follows by induction that 1 = H0,0,0 ∈ M .
Thus N1(a, b, S) is simple except that −4b− 3 is a positive integer.
Now assume that −4b−3 is a positive integer. Let −4b = n ∈ N and n > 3 . Define

M1 = spanC{Hk1,k2,k3 | k1 + k2 + k3 ≥ n− 3}.

It is clear that f1 ·M1, e2 ·M1, f3 ·M1 ⊆ M1 . Moreover,
e1 ·Hk1,k2,k3 , f2 ·Hk1,k2,k3 , e3 ·Hk1,k2,k3 ∈ M1

for k1 + k2 + k3 > n− 3 .
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For k1 + k2 + k3 = n− 3 , we have

a−1
1 e1 ·H0,k2,k3 = (−ε1 + ε2 − ε3 + b+ 1)H0,k2,k3 ∈ M1,

a−1
1 e1 ·Hk1,k2,k3 = −(ε1 + b)((ε1 + b+ k1) + (−ε2 + b+ k2 + 1)

+ (ε3 + b+ k3 + 1))Hk1−1,k2,k3

= −(ε1 + b)(Hk1,k2,k3 +Hk1−1,k2+1,k3 +Hk1−1,k2,k3+1) ∈ M1.

Similarly, we find that a2f2 ·Hk1,k2,k3 , a
−1
3 e1 ·Hk1,k2,k3 ∈ M1 . Thus M1 is a submodule

of N1(a, b, S) and M1 has to be simple.
If N1(a, b, S) has another submodule M2 ̸= M1 : Similar to above we can assume
that Hk1,k2,k3 ∈ M2 for k1 + k2 + k3 < n− 3 . By using

a−1
1 e1 ·Hk1,k2,k3 = −(ε1 + b)(Hk1,k2,k3 +Hk1−1,k2+1,k3 +Hk1−1,k2,k3+1)

+(k1 + k2 + k3 − n+ 3)Hk1,k2,k3

−k1(k1 + k2 + k3 − n+ 3)Hk1−1,k2,k3 ,

and similar computations of a2f2 ·Hk1,k2,k3 , a
−1
3 e3 ·Hk1,k2,k3 , we know that 1 ∈ M2 .

Thus M1 is the unique proper submodule.
Case 4. δ1∈S = δ2∈S = δ3∈S = δ4/∈S = 0 . The proof is similar to Case 3. The proof
is complete.

We now construct another module over g3 . Fix a=(a1, a2, a3)∈ (C ∗)3, S⊆{1, 2, 3}
and set N2(a, S) := C [ε1, ε2, ε3] . For any g ∈ C [ε1, ε2, ε3] , we define the action of
g3 on N2(a, S) as follows

εi · g = εig, i = 1, 2, 3,

e1 · g = a1(ε1 + ε3 − 1
2
)δ1/∈S(−ε1 + ε2 +

1
2
)δ2∈Sσ1(g),

f1 · g = a−1
1 (ε1 + ε3 +

1
2
)δ1∈S(−ε1 + ε2 − 1

2
)δ2/∈Sσ−1

1 (g),

e2 · g = a2(−ε1 + ε2 − 1
2
)δ2/∈S(−ε2 + ε3 +

1
2
)δ3∈Sσ2(g),

f2 · g = a−1
2 (−ε1 + ε2 +

1
2
)δ2∈S(−ε2 + ε3 − 1

2
)δ3/∈Sσ−1

2 (g),

e3 · g = a3(−ε2 + ε3 − 1
2
)δ3/∈S(−ε1 − ε3 +

1
2
)δ1/∈Sσ3(g),

f3 · g = a−1
3 (−ε2 + ε3 +

1
2
)δ3∈S(−ε1 − ε3 − 1

2
)δ1∈Sσ−1

3 (g),

(17)

where σi (i = 1, 2, 3) is defined by Definition 2.2.

Proposition 3.3. Fix a ∈ (C ∗)3 and S ⊆ {1, 2, 3}, then N2(a, S) is a rank one
polynomial module over g3 .

Proof. The proof is similar to Proposition 3.1. We omit the details.

Theorem 3.4. For all a = (a1, a2, a3) ∈ (C ∗)3 and S ⊆ {1, 2, 3}, the polynomial
module N2(a, S) over g3 is simple.

Proof. Let M be a nonzero submodule of N2(a, b, S) . Assume 0 ̸= g(ε1, ε2, ε3)∈M.
Case 1. S = ∅ . In this case, from

(a3f3)
k · g(ε1, ε2, ε3) = g(ε1, ε2, ε3 + k) ∈ M, k ∈ N ,

we may obtain a nonzero polynomial g1(ε1, ε2) ∈ M .
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Moreover, by
a−1
1 e1 · g1(ε1, ε2) = (ε1 + ε3 −

1

2
)g1(ε1 − 1, ε2) ∈ M,

a−1
1 a3f3 · e1 · g1(ε1, ε2) = (ε1 + ε3 + 1− 1

2
)g1(ε1 − 1, ε2) ∈ M,

we can obtain g1(ε1 − k, ε2) ∈ M for all k ∈ N . Thus a nonzero polynomial g2(ε2)
in M can be obtained. Similarly, from the facts that

a2f2 · g2(ε2) = (−ε2 + ε3 −
1

2
)g2(ε2 + 1) ∈ M,

a2a3f3 · f2 · g2(ε2) = (−ε2 + ε3 + 1− 1

2
)g2(ε2 + 1) ∈ M,

we deduce that 1 ∈ M . Thus N2(a, S) is simple.
Case 2. S = {1, 2, 3} . The proof is similar to Case 1.
Case 3. |S| = 1 . In this case, we only prove for S = {1} . The proof for the other
two cases is similar.
By assumption, we have

(a−1
1 e1)

k · g(ε1, ε2, ε3) = g(ε1 − k, ε2, ε3) ∈ M, k ∈ N ,

then we obtain a nonzero polynomial g1(ε2, ε3) that lies in M . Since

a−1
2 e2 · g1(ε2, ε3) = (−ε1 + ε2 −

1

2
)g1(ε2 − 1, ε3) ∈ M,

a−1
1 a−1

2 e1 · e2 · g1(ε2, ε3) = (−ε1 + ε2 + 1− 1

2
)g1(ε2 − 1, ε3) ∈ M,

we see that there exists a nonzero polynomial g2(ε3) ∈ M . Then from the equalities

a3f3 · g2(ε3) = (−ε1 − ε3 −
1

2
)g2(ε3 + 1) ∈ M,

a−1
1 a3e1 · f3 · g2(ε3) = (−ε1 − ε2 + 1− 1

2
)g2(ε3 + 1) ∈ M,

we obtain that 1 ∈ M . It follows that N2(a, S) is a simple module.
Case 4. |S| = 2 . The proof is similar to Case 3. Therefore, N2(a, S) is simple in
all these cases. The proof is complete.

3.2. Classification of rank one polynomial modules over g3

In this subsection, we give the complete classification of rank one polynomial mod-
ules over g3 .

Theorem 3.5. Let N be a rank one polynomial module over g3 . Then one of
the following holds.
(i) N is isomorphic to N1(a, b, S) defined by (16) for some a = (a1, a2, a3) ∈ (C ∗)3 ,

b ∈ C , S ⊆ {1, 2, 3, 4};

(ii) N is isomorphic to N2(a, S) defined by (17) for some a = (a1, a2, a3) ∈ (C ∗)3 ,
S ⊆ {1, 2, 3}.

Proof. We divide the proof into five steps.
Step 1. Identify sl3(C) as a Lie subalgebra of g3 in the following way:

ei = ei, fi = fi, hi = hi, i = 1, 2.



Xia, Yang 491

Then H1 =
2

3
(2ε1 − ε2 + ε3) +

1

3
(−ε1 + 2ε2 − ε3) = ε1 +

1

3
ε3,

H2 =
1

3
(2ε1 − ε2 + ε3) +

2

3
(−ε1 + 2ε2 − ε3) = ε2 −

1

3
ε3,

and N is a module over sl3(C) + Cε3 . These together with Theorem 2.1 give

e1 · g = a1(H1 − b1 − 1)δ1/∈S1 (H2 −H1 − b1)
δ2∈S1σ1(g)

= a1(ε1 +
1

3
ε3 − b1 − 1)δ1/∈S1 (ε2 − ε1 −

2

3
ε3 − b1)

δ2∈S1σ1(g),

f1 · g = a−1
1 (H1 − b1)

δ1∈S1 (H2 −H1 − b1 − 1)δ2/∈S1σ−1
1 (g)

= a−1
1 (ε1 +

1

3
ε3 − b1)

δ1∈S1 (ε2 − ε1 −
2

3
ε3 − b1 − 1)δ2/∈S1σ−1

1 (g),

e2 · g = a2(H2 −H1 − b1 − 1)δ2/∈S1 (−ε2 +
1

3
ε3 − b1)

δ3∈S1σ2(g)

= a2(ε2 − ε1 −
2

3
ε3 − b1 − 1)δ2/∈S1 (−H2 − b1)

δ3∈S1σ2(g),

f2 · g = a−1
2 (H2 −H2 − b1)

δ2∈S1 (−H2 − b1 − 1)δ3/∈S1σ−1
2 (g)

= a−1
2 (ε2 − ε1 −

2

3
ε3 − b1)

δ2∈S1 (−ε2 +
1

3
ε3 − b1 − 1)δ3/∈S1σ−1

2 (g),

for some S1 ⊆ {1, 2, 3} , a1, a2 ∈ C ∗ , and b1 ∈ C [ε3] .

Step 2. Identify sl3(C) as a Lie subalgebra in the following way:

ei = ei+1, fi = fi+1, hi = hi+1, i = 1, 2.

Then H1 =
2

3
(−ε1 + 2ε2 − ε3) +

1

3
(ε1 − ε2 + 2ε3) = ε2 −

1

3
ε1,

H2 =
1

3
(−ε1 + 2ε2 − ε3) +

2

3
(ε1 − ε2 + 2ε3) = ε3 +

1

3
ε1,

and N is a module over sl3(C) + Cε1 . By Theorem 2.1, we have

e2 · g = a′2(ε2 −
1

3
ε1 − b2 − 1)δ2/∈S2 (

2

3
ε1 − ε2 + ε3 − b2)

δ3∈S2σ2(g),

f2 · g = (a′2)
−1(ε2 −

1

3
ε1 − b2)

δ2∈S2 (
2

3
ε1 − ε2 + ε3 − b2 − 1)δ3/∈S2σ−1

2 (g),

e3 · g = a3(
2

3
ε1 − ε2 + ε3 − b2 − 1)δ3/∈S2 (−1

3
ε1 − ε3 − b2)

δ4∈S2σ3(g),

f3 · g = a−1
3 (

2

3
ε1 − ε2 + ε3 − b2)

δ3∈S(−1

3
ε1 − ε3 − b2 − 1)δ4/∈S2σ−1

3 (g),

for some S2 ⊆ {2, 3, 4} , a′2, a3 ∈ C ∗ , and b2 ∈ C [ε1] .

Step 3. We proceed with the sets S1 and S2 obtained in Steps 1 and 2. Comparing
the action of e2, f2 on g , we have either

a2 = a′2, 2 ∈ S1 ⇔ 2 ∈ S2,

ε2 − ε1 −
2

3
ε3 − b1 − 1 = ε2 −

1

3
ε1 − b2 − 1,

or a2 = −a′2, 2 ∈ S1 ⇔ 3 /∈ S2,

ε2 − ε1 −
2

3
ε3 − b1 − 1 = −2

3
ε1 + ε2 − ε3 + b2.

In each case, S1 and S2 can be identified by a single set S ⊆ {1, 2, 3, 4} .
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Step 4. If a2 = a′2, 2 ∈ S1 ⇔ 2 ∈ S2 , we have

b1 = − 2

3
ε3 + b, b2 =

2

3
ε1 + b

for some b ∈ C . Moreover, we may write
e1 · g = a1(ε1 + ε3 − b− 1)δ1/∈S(−ε1 + ε2 − b)δ2∈Sσ1(g),

f1 · g = a−1
1 (ε1 + ε3 − b)δ1∈S(−ε1 + ε2 − b− 1)δ2/∈Sσ−1

1 (g),

e2 · g = a2(−ε1 + ε2 − b− 1)δ2/∈S(−ε2 + ε3 − b)δ3∈Sσ2(g),

f2 · g = a−1
2 (−ε1 + ε2 − b)δ2∈S(−ε2 + ε3 − b− 1)δ3/∈Sσ−1

2 (g),

e3 · g = a3(−ε2 + ε3 − b− 1)δ3/∈S(−ε1 − ε3 − b)δ4∈Sσ3(g),

f3 · g = a−1
3 (−ε2 + ε3 − b)δ3∈S(−ε1 − ε3 − b− 1)δ4/∈Sσ−1

3 (g).

However, the relations [e1, e3] = [f1, f3] = 0 force 1 ∈ S ⇔ 4 /∈ S and b = −1
2
.

Thus we have
e1 · g = a1(ε1 + ε3 −

1

2
)δ1/∈S(−ε1 + ε2 +

1

2
)δ2∈Sσ1(g),

f1 · g = a−1
1 (ε1 + ε3 +

1

2
)δ1∈S(−ε1 + ε2 −

1

2
)δ2/∈Sσ−1

1 (g),

e2 · g = a2(−ε1 + ε2 −
1

2
)δ2/∈S(−ε2 + ε3 +

1

2
)δ3∈Sσ2(g),

f2 · g = a−1
2 (−ε1 + ε2 +

1

2
)δ2∈S(−ε2 + ε3 −

1

2
)δ3/∈Sσ−1

2 (g),

e3 · g = a3(−ε2 + ε3 −
1

2
)δ3/∈S(−ε1 − ε3 +

1

2
)δ1/∈Sσ3(g),

f3 · g = a−1
3 (−ε2 + ε3 +

1

2
)δ3∈S(−ε1 − ε3 −

1

2
)δ1∈Sσ−1

3 (g).

So N is isomorphic to N2(a, S) for some a ∈ (C ∗)3 , S ⊆ {1, 2, 3} .
Step 5. If a2 = −a′2, 2 ∈ S1 ⇔ 3 /∈ S2 , we have

b1 =
1

3
ε3 − b, b2 = − 1

3
ε1 + b− 1

for some b ∈ C . Moreover, we may write
e1 · g = a1(ε1 + b)δ1/∈S(−ε1 + ε2 − ε3 + b+ 1)δ2∈Sσ1(g),

f1 · g = a1
−1(ε1 + b+ 1)δ1∈S(−ε1 + ε2 − ε3 + b)δ2/∈Sσ−1

1 (g),

e2 · g = a2(−ε1 + ε2 − ε3 + b)δ2/∈S(−ε2 + b+ 1)δ3∈Sσ2(g),

f2 · g = a2
−1(−ε1 + ε2 − ε3 + b+ 1)δ2∈S(−ε2 + b)δ3/∈Sσ−1

2 (g),

e3 · g = a3(ε1 − ε2 + ε3 − b− 1)δ2∈S(−ε3 − b)δ4∈Sσ3(g),

f3 · g = a3
−1(ε1 − ε2 + ε3 − b)δ2/∈S(−ε3 − b− 1)δ4/∈Sσ−1

3 (g).

We conclude that N is isomorphic to N1(a, b, S) for some a ∈ (C ∗)3 , b ∈ C and
S ⊆ {1, 2, 3, 4} .

4. Rank one polynomial modules over gn (n ≥ 4)
In this section, we consider the general case. We construct and classify all rank one
polynomial modules over the GIM Lie algebra gn (n ≥ 4). We always assume that
n ≥ 4 in the following.
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4.1. gn -module structures on U(h)

In this subsection, we construct a class of polynomial modules over the GIM Lie
algebra gn , which are actually free of rank one when restricted to the Cartan
subalgebra h = spanC{εi | i = 1, . . . , n} .
Fix a = (a1, . . . , an) ∈ (C ∗)n , b ∈ C , S ⊆ {1, . . . , n} , g ∈ C [ε1, . . . , εn] , we define
the action of gn on N (a, b, S) := C [ε1, . . . , εn] as follows:

εi · g = εig, 1 ≤ i ≤ n,

e1 · g = a1(ε1 + εn −
1

2
)δ1/∈S(ε2 − ε1 +

1

2
)δ2∈Sσ1(g),

f1 · g = a−1
1 (ε1 + εn +

1

2
)δ1∈S(ε2 − ε1 −

1

2
)δ2/∈Sσ−1

1 (g),

ei · g = ai(εi − εi−1 −
1

2
)δi/∈S(εi+1 − εi +

1

2
)δi+1∈Sσi(g), 2 ≤ i ≤ n− 1,

fi · g = a−1
i (εi − εi−1 +

1

2
)δi∈S(εi+1 − εi −

1

2
)δi+1/∈Sσ−1

i (g), 2 ≤ i ≤ n− 1,

en · g = an(εn − εn−1 −
1

2
)δn/∈S(−ε1 − εn +

1

2
)δ1/∈Sσn(g),

fn · g = a−1
n (εn − εn−1 +

1

2
)δn∈S(−ε1 − εn −

1

2
)δ1∈Sσ−1

n (g),

(18)

where σi (1 ≤ i ≤ n) is defined by Definition 2.2.

Proposition 4.1. Fix a = (a1, . . . , an) ∈ (C ∗)n , b ∈ C , and S ⊆ {1, . . . , n}.
Then N (a, b, S) is a rank one polynomial modules over gn .
Proof. Using (18), we should verify that the actions of all εi, ei, fi (1 ≤ i ≤ n)
on N (a, b, S) satisfy the relations of gn . Let g ∈ N (a, b, S) .
For any 1 ≤ i ≤ n, 2 ≤ j ≤ n− 1 , using (18) and σj(εig) = (εi − δij)σj(g) , we have

εi · ej · g − ej · εi · g
= ajεi · ((εj − εj−1 −

1

2
)δj /∈S(εj+1 − εj +

1

2
)δj+1∈Sσj(g))− ej · (εig)

= ajεi(εj − εj−1 −
1

2
)δj /∈S(εj+1 − εj +

1

2
)δj+1∈Sσj(g)− aj(εj

− εj−1 −
1

2
)δj /∈S(εj+1 − εj +

1

2
)δj+1∈Sσj(εig)

= aj(εj − εj−1 −
1

2
)δj /∈S(εj+1 − εj +

1

2
)δj+1∈Sσj(g),

which implies [εi, ej] · g = δijej · g . Similarly we can prove [εi, e1] · g = δi1e1 · g and
[εi, en] · g = δinen · g for 1 ≤ i ≤ n . Therefore [εi, ej] · g = δijej · g for 1 ≤ i, j ≤ n .
According to (18), we have

e1 · f1 · g − f1 · e1 · g

= e1 · (ε1 + εn +
1

2
)δ1∈S(ε2 − ε1 −

1

2
)δ2/∈Sσ−1

1 (g)

− f1 · (ε1 + εn −
1

2
)δ1/∈S(ε2 − ε1 +

1

2
)δ2∈Sσ1(g)

= (ε1 + εn −
1

2
)δ1∈S(ε2 − ε1 +

1

2
)δ2/∈S(ε1 + εn −

1

2
)δ1/∈S(ε2 − ε1 +

1

2
)δ2∈Sg

− (ε1 + εn +
1

2
)δ1/∈S(ε2 − ε1 −

1

2
)δ2∈S(ε1 + εn +

1

2
)δ1∈S(ε2 − ε1 −

1

2
)δ2/∈Sg

= (ε1 + εn −
1

2
)(ε2 − ε1 +

1

2
)g − (ε1 + εn +

1

2
)(ε2 − ε1 −

1

2
)g

= (2ε1 − ε2 + εn)g,
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and

en · fn · g − fn · en · g

= en · (εn − εn−1 +
1

2
)δn∈S(−ε1 − εn −

1

2
)δ1∈Sσ−1

n (g)

− fn · (εn − εn−1 −
1

2
)δn/∈S(−ε1 − εn +

1

2
)δ1/∈Sσn(g)

= (εn − εn−1 −
1

2
)δn∈S(−ε1 − εn +

1

2
)δ1∈S(εn − εn−1 −

1

2
)δn/∈S(−ε1 − εn +

1

2
)δ1/∈Sg

− (εn − εn−1 +
1

2
)δn/∈S(−ε1 − εn −

1

2
)δ1/∈S(εn − εn−1 +

1

2
)δn∈S(−ε1 − εn −

1

2
)δ1∈Sg

= (εn − εn−1 −
1

2
)(−ε1 − εn +

1

2
)g − (εn − εn−1 +

1

2
)(−ε1 − εn −

1

2
)g

= (ε1 − εn−1 + 2εn)g.

Thus relations (4) hold. For any 2 ≤ i ≤ n− 1 , since

ei · fi · g − fi · ei · g

= (εi−εi−1 −
1

2
)δi/∈S(εi+1−εi+

1

2
)δi+1∈Sσi((εi−εi−1+

1

2
)δi∈S(εi+1−εi−

1

2
)δi+1/∈Sσ−1

i (g))

− (εi − εi−1 +
1

2
)δi∈S(εi+1 − εi −

1

2
)δi+1/∈S

σ−1
i ((εi − εi−1 −

1

2
)δi/∈S(εi+1 − εi +

1

2
)δi+1∈Sσi(g))

= (εi − εi−1 −
1

2
)δi/∈S(εi+1 − εi +

1

2
)δi+1∈S(εi − εi−1 −

1

2
)δi∈S(εi+1 − εi +

1

2
)δi+1/∈Sg

− (εi − εi−1 +
1

2
)δi∈S(εi+1 − εi −

1

2
)δi+1/∈S(εi − εi−1 +

1

2
)δi/∈S(εi+1 − εi −

1

2
)δi+1∈Sg

= (εi − εi−1 −
1

2
)(εi+1 − εi +

1

2
)− (εi − εi−1 +

1

2
)(εi+1 − εi −

1

2
)

= (−εi−1 + 2εi − εi+1)g,

the relations in (5) are verified.
Using σiσj = σjσi , σi(εj) = εj for |i − j| > 1 , and some simple computations, we
can get [ei, ej] · g = [fi, fj] · g = 0 for |i− j| > 1 .
For the relations in (6), we only check [ei, fj]·g = 0 for 2 ≤ i ̸= j ≤ n−1 . The other
cases can be proved similarly. The case |i− j| > 1 is easy to prove. If |i− j| = 1 ,
then

ei · fj · g − fj · ei · g

= aia
−1
j (εi − εi−1 −

1

2
)δi/∈S(εi+1 − εi +

1

2
)δi+1∈Sσi((εj − εj−1 +

1

2
)δj∈S

(εj+1 − εj −
1

2
)δj+1/∈Sσ−1

j (g))− aia
−1
j (εj − εj−1 +

1

2
)δj∈S(εj+1 − εj −

1

2
)δj+1/∈S

σ−1
j ((εi − εi−1 −

1

2
)δi/∈S(εi+1 − εi +

1

2
)δi+1∈Sσi(g))

= aia
−1
j ((εi − εi−1 −

1

2
)δi/∈S(εi+1 − εi +

1

2
)δi+1∈S(εj − εj−1 + δi,j−1 +

1

2
)δj∈S

(εj+1 − εj − δi,j+1 −
1

2
)δj+1/∈S − (εj − εj−1 +

1

2
)δj∈S(εj+1 − εj −

1

2
)δj+1/∈S

(εi − εi−1 − δi−1,j −
1

2
)δi/∈S(εi+1 − εi + δi+1,j +

1

2
)δi+1∈S)(σiσ

−1
j )(g).
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Taking j = i+ 1 , we obtain
[ei, fi+1] · g = ei · fi+1 · g − fi+1 · ei · g

= aia
−1
i+1((εi − εi−1 −

1

2
)δi/∈S(εi+1 − εi +

1

2
)δi+1∈S(εi+1 − εi +

3

2
)δi+1∈S

· (εi+2 − εi+1 −
1

2
)δi+2/∈S − (εi+1 − εi +

1

2
)δi+1∈S(εi+2 − εi+1 −

1

2
)δi+2/∈S

· (εi − εi−1 −
1

2
)δi/∈S(εi+1 − εi +

3

2
)δi+1∈S)(σiσ

−1
i+1)(g) = 0.

Similarly, we have [ei, fi−1] · g = 0 .
Now we prove [ei, [ei, ej]] · g = 0 for |i− j| = 1 . We only verify [e1, [e1, e2]] · g = 0 ,
the other cases can be proved similarly. From (18) and Definition 2.2, we obtain
e1 · e2 · g − e2 · e1 · g

= a1a2(ε1 + εn −
1

2
)δ1/∈S(ε2 − ε1 +

1

2
)δ2∈Sσ1((ε2 − ε1 −

1

2
)δ2/∈S(ε3 − ε2 +

1

2
)δ3∈Sσ2(g))

− a1a2(ε2−ε1−
1

2
)δ2/∈S(ε3 − ε2+

1

2
)δ3∈Sσ2((ε1 + εn−

1

2
)δ1/∈S(ε2 − ε1 +

1

2
)δ2∈Sσ1(g))

= a1a2(ε1 + εn −
1

2
)δ1/∈S(ε2 − ε1 +

1

2
)δ2∈S(ε2 − ε1 +

1

2
)δ2/∈S(ε3 − ε2 +

1

2
)δ3∈S(σ1σ2)(g)

− a1a2(ε2−ε1−
1

2
)δ2/∈S(ε3−ε2+

1

2
)δ3∈S(ε1 + εn −

1

2
)δ1/∈S(ε2 − ε1 −

1

2
)δ2∈S(σ1σ2)(g)

= a1a2(ε1 + εn −
1

2
)δ1/∈S(ε3 − ε2 +

1

2
)δ3∈S(σ1σ2)(g).

Therefore, we have
(e21e2 − e1e2e1) · g = e1 · (e1 · e2 · g − e2 · e1 · g)

= a21a2(ε1+εn−
1

2
)δ1/∈S(ε2−ε1+

1

2
)δ2∈Sσ1((ε1 + εn−

1

2
)δ1/∈S(ε3 − ε2+

1

2
)δ3∈S(σ1σ2)(g))

= a21a2(ε1 + εn −
1

2
)δ1/∈S(ε1 + εn −

3

2
)δ1/∈S(ε2 − ε1 +

1

2
)δ2∈S(ε3 − ε2 +

1

2
)δ3∈S(σ2

1σ2)(g),

and
(e1e2e1 − e2e

2
1) · g = e1 · e2 · (e1 · g)− e2 · e1 · (e1 · g)

= a21a2(ε1+εn−
1

2
)δ1/∈S(ε3−ε2+

1

2
)δ3∈S(σ1σ2)((ε1+εn−

1

2
)δ1/∈S(ε2−ε1+

1

2
)δ2∈Sσ1(g))

= a21a2(ε1 + εn −
1

2
)δ1/∈S(ε1 + εn −

3

2
)δ1/∈S(ε2 − ε1 +

1

2
)δ2∈S(ε3 − ε2 +

1

2
)δ3∈S(σ2

1σ2)(g).

Using these relations, we obtain
(e21e2 − 2e1e2e1 + e2e

2
1) · g = (e21e2 − e1e2e1) · g − (e1e2e1 − e2e

2
1) · g = 0.

This forces [e1, [e1, e2]] · g = 0 . Since σ1σn = σnσ1 , we have
e1 · fn · g − fn · e1 · g
= a−1

n e1 · ((εn − εn−1 +
1

2
)δn∈S(−ε1 − εn −

1

2
)δ1∈Sσ−1

n (g))

− a1fn · ((ε1 + εn −
1

2
)δ1/∈S(ε2 − ε1 +

1

2
)δ2∈Sσ1(g))

= a1a
−1
n (ε1 + εn −

1

2
)δ1/∈S(ε2 − ε1 +

1

2
)δ2∈S(εn − εn−1 +

1

2
)δn∈S

(−ε1 − εn +
1

2
)δ1∈Sσ1(σ

−1
n (g))− a1a

−1
n (ε1 + εn +

1

2
)δ1/∈S(ε2 − ε1 +

1

2
)δ2∈S

(εn − εn−1 +
1

2
)δn∈S(−ε1 − εn −

1

2
)δ1∈S(σ1σ

−1
n )(g)

= a1a
−1
n (−1)δ1 /∈S(ε2 − ε1 +

1

2
)δ2∈S(εn − εn−1 +

1

2
)δn∈S(σ1σ

−1
n )(g).
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This implies

(e21fn − e1fne1) · g = e1 · (e1 · fn · g − fn · e1 · g)

= a1a
−1
n (−1)δ1 /∈Se1 · ((ε2 − ε1 +

1

2
)δ2∈S(εn − εn−1 +

1

2
)δn∈S(σ1σ

−1
n )(g))

= a21a
−1
n (−1)δ1 /∈S(ε1 + εn −

1

2
)δ1/∈S(ε2 − ε1 +

1

2
)δ2∈S(ε2 − ε1 +

3

2
)δ2∈S

(εn − εn−1 +
1

2
)δn∈S(σ2

1σ
−1
n )(g),

and

(e1fne1 − fne
2
1) · g = e1 · fn · (e1 · g)− fn · e1 · (e1 · g)

= a1a
−1
n (−1)δ1 /∈S(ε2 − ε1 +

1

2
)δ2∈S(εn − εn−1 +

1

2
)δn∈S(σ1σ

−1
n )(e1 · g)

= a21a
−1
n (−1)δ1 /∈S(ε2 − ε1 +

1

2
)δ2∈S(εn − εn−1 +

1

2
)δn∈S(ε1 + εn −

1

2
)δ1/∈S

(ε2 − ε1 +
3

2
)δ2∈S(σ2

1σ
−1
n )(g).

Thus we have

(e21fn − 2e1fne1 + fne
2
1) · g = (e21fn − e1fne1) · g − (e1fne1 − fne

2
1) · g = 0,

which forces [e1, [e1, fn]]·g = 0 . The other relations of (3)-(9) can be proved similarly.
This completes the proof.

Theorem 4.2. For any a = (a1, . . . , an) ∈ (C ∗)n , b ∈ C , and S ⊆ {1, . . . , n},
the polynomial module N (a, b, S) over gn is simple.

Proof. Let M be a nonzero submodule of N (a, b, S) and 0 ̸=g=g(ε1, . . . , εn)∈M .
We divide the following discussion into four cases.

Case 1. S = ∅ . For any k ∈ N , we have

(anfn)
k · g(ε1, . . . , εn) = g(ε1, . . . , εn−1, εn + k) ∈ M.

Then we obtain a nonzero polynomial g1(ε1, . . . , εn−1) that lies in M . In fact,
g1(ε1, . . . , εn−1) can be chosen as the leading coefficient of the polynomial g in the
variable εn . Let s ≤ n and g′s(ε1, . . . , εs) ∈ M , assume that the leading coefficient
g′s−1(ε1, . . . , εs−1) of g′s(ε1, . . . , εs) in the variable εs lies in M . From

as−1fs−1 · g′s−1(ε1, . . . , εs−1) = (εs − εs−1 −
1

2
)g′s−1(ε1, . . . , εs−2, εs−1 + 1),

and using g′s−1(ε1, . . . , εs−1) ∈ M , we can obtain g′s−1(ε1, . . . , εs−2, εs−1 + 1) ∈ M .
Acting repeatedly by fs−1 and using g′s−1(ε1, . . . , εs−1) ∈ M , we obtain for all
k ∈ N that g′s−1(ε1, . . . , εs−2, εs−1 + k) ∈ M . Thus we obtain a nonzero polynomial
g′s−2(ε1, . . . , εs−2) ∈ M . Note that this induction also holds for s = 2 , we see that
1 ∈ M . Therefore N (a, b, S) is simple.

Case 2. S = {1, . . . , n} . The proof is similar to Case 1.

Case 3. |S| ̸= 0, n and δ1∈S = δn∈S .
If δ1∈S = δn∈S = 0 we can deduce similarly to Case 1 that g1(ε1, . . . , εn−1) ∈ M .
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If δ1∈S = δn∈S = 1 , by

(a−1
n en)

k · g(ε1, . . . , εn) = g(ε1, . . . , εn−1, εn − k) ∈ M, k ∈ N ,

we also obtain g1(ε1, . . . , εn−1) ∈ M .
Assume that the leading coefficient g′s−1(ε1, . . . , εs−1) of g′s(ε1, . . . , εs) ∈ M in
variable εs belongs to M for some s ≤ n . If s− 1 ̸∈ S , then

as−1fs−1 · g′s−1(ε1, . . . , εs−1) = (εs − εs−1 −
1

2
)δs/∈Sg′s−1(ε1, . . . , εs−2, εs−1 + 1) ∈ M.

If s− 1 ∈ S , then

a−1
s−1es−1 · g′s−1(ε1, . . . , εs−1) = (εs − εs−1 +

1

2
)δs∈Sg′s−1(ε1, . . . , εs−2, εs−1 − 1) ∈ M.

Similar to Case 1, the induction on s can be applied even for s = 2 . We finally
obtain 1 ∈ M . So N (a, b, S) is simple.

Case 4. |S| ̸= 0, n and δ1∈S ̸= δn∈S . In this case, there exists some 1 ≤ s ≤ n
such that δs∈S ̸= δs−1∈S . If s ∈ S , then s− 1 /∈ S . Thus

(a−1
s−1es−1)

k · g(ε1, . . . , εn) = g(ε1, . . . , εs−1 − k, . . . , εn) ∈ M.

If s ̸∈ S , then s− 1 ∈ S . Thus

(as−1fs−1)
k · g(ε1, . . . , εn) = g(ε1, . . . , εs−1 + k, . . . εn) ∈ M.

Whatever, we can obtain a nonzero polynomial that lies in M , which does not
contain variable ϵs−1 . By a similar discussion as in Case 3, we can obtain a nonzero
polynomial g′s(εs, . . . εn) ∈ M . If s+ 1 ∈ S , then

asfs · g′s(εs, . . . , εn) = (εs − εs−1 +
1

2
)δs∈Sg′s(εs + 1, . . . , εn) ∈ M.

If s+ 1 ̸∈ S , then

a−1
s es · g′s(εs, . . . , εn) = (εs − εs−1 −

1

2
)δs/∈Sg′s(εs − 1, . . . , εn) ∈ M.

By induction on s , we can obtain a nonzero polynomial g′n(εn) ∈ M .
If 1 ∈ S , then n /∈ S . Thus we have

anfn · g′n(εn) = (−ε1 − εn −
1

2
)g′n(εn + 1) ∈ M.

This together with the above discussion implies that the coefficient of the variable
ε1 belongs to M . That is g′n(εn + 1) ∈ M . Acting repeatedly by fn , we obtain
g′n(εn + k) ∈ M for all k ∈ N . Then we finally obtain 1 ∈ M and N (a, b, S) is a
simple module.
If 1 ̸∈ S , the n ∈ S . Thus we have

a−1
n en · g′n(εn) = (−ε1 − εn +

1

2
)g′n(εn − 1) ∈ M.

Similarly, we have 1 ∈ M . So N (a, b, S) is simple.
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4.2. Classification of rank one polynomial modules over gn

We show that the modules constructed in subsection 1 constitute a complete classi-
fication of rank one polynomial modules over gn . Now we show the following crucial
result.

Theorem 4.3. Any rank one polynomial module over gn (n ≥ 4) is isomorphic
to N (a, b, S) for some a = (a1, . . . , an) ∈ (C ∗)n , b ∈ C , S ⊆ {1, . . . , n}.

Proof. Let N be a rank one polynomial module over gn (n ≥ 4). The theorem
will be proved by the following steps.
Step 1. Identify sln(C) as a Lie subalgebra of gn in the following way:

ei = ei, fi = fi, hi = hi, i = 1, . . . , n− 1.

Then 2H1 −H2 = 2ε1 − ε2 + εn, Hn−2 +Hn−1 = −εn−2 + 2εn−1 − εn,

−Hi−1 + 2Hi −Hi+1 = −εi−1 + 2εi − εi+1, i = 2, . . . , n− 2,

which implies Hi = εi + (1− 2i

n
)εn, i = 1, . . . , n− 1.

Note that N is a free U(h)-module over sln(C)⊕ Cεn . From Theorem 2.1 (2), for
any S1 ⊆ {1, . . . , n}, a = (a1, . . . , an−1) ∈ (C ∗)n−1 , b1 ∈ C [εn] , we have

e1 · g = a−1
1 (ε1 + (1− 2

n
)εn − b1 − 1)δ1/∈S1 (ε2 − ε1 −

2

n
εn − b1)

δ2∈S1σ1(g),

f1 · g = a−1
1 (ε1 + (1− 2

n
)εn − b1)

δ1∈S1 (ε2 − ε1 −
2

n
εn − b1 − 1)δ2/∈S1σ−1

1 (g),

ei · g = ai(εi − εi−1 −
2

n
εn − b1 − 1)δi/∈S1 (εi+1 − εi −

2

n
εn − b1)

δi+1∈S1σi(g),

fi · g = a−1
i (εi − εi−1 −

2

n
εn − b1)

δi∈S1 (εi+1 −Hi −
2

n
εn − b1 − 1)δi+1/∈S1σ−1

i (g),

en−1 · g = an−1(εn−1 − εn−2 −
2

n
εn − b1 − 1)δn−1/∈S1

(−εn−1 + (1− 2

n
)εn − b1)

δn∈S1σn−1(g),

fn−1 · g = a−1
n−1(εn−1 − εn−2 −

2

n
εn − b1)

δn−1∈S1

(−εn−1 + (1− 2

n
)εn − b1 − 1)δn/∈S1σ−1

n−1(g).

Step 2. Identify sl3(C) as a Lie subalgebra of gn in the following way:

ei = en+i−2, fi = fn+i−2, hi = hn+i−2, i = 1, 2.

Then 2H1 −H2 = −εn−2 + 2εn−1 − εn, −H1 + 2H2 = ε1 − εn−1 + 2εn,

which implies Hn−1 =
1

3
ε1 −

2

3
εn−2 + εn−1 and Hn = 2

3 ε1 − 1
3 εn−2 + εn .

Since N is a free U(h)-module over sl3(C)⊕ (⊕n−2
i=1 CHi) , according to Theorem 2.1

(2), for any S2 ⊆ {n− 1, n, n+ 1}, a = (a′n−1, an) ∈ (C ∗)2 , b2 ∈ C [ε1, . . . , εn−2] , we
have

en−1 · g = a′n−1(
1

3
ε1 −

2

3
εn−2 + εn−1 − b2 − 1)δn−1/∈S2

(
1

3
ε1 +

1

3
εn−2 − εn−1 + εn − b2)

δn∈S2σn−1(g),
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fn−1 · g = a′
−1
n−1(

1

3
ε1 −

2

3
εn−2 + εn−1 − b2)

δn−1∈S2

(
1

3
H1 +

1

3
εn−2 − εn−1 + εn − b2 − 1)δn/∈S2σ−1

n−1(g),

en · g = an(
1

3
ε1 +

1

3
εn−2 − εn−1 + εn − b2 − 1)δn/∈S2

(−2

3
ε1 +

1

3
εn−2 − εn − b2)

δn+1∈S2σn(g),

fn · g = a−1
n (

1

3
ε1 +

1

3
εn−2 − εn−1 + εn − b2)

δn∈S2

(−2

3
ε1 +

1

3
εn−2 − εn − b2 − 1)δn+1/∈S2σ−1

n (g).

Step 3. Comparing the action of en−1, fn−1 on g , we obtain

an−1 = a′n−1, n− 1 ∈ S1 ⇔ n− 1 ∈ S2,

1

3
ε1 +

1

3
εn−2 − εn−1 + εn − b2 = −εn−1 + (1− 2

n
)εn − b1,

or
an−1 = −a′n−1, n− 1 ∈ S1 ⇔ n /∈ S2,

1

3
ε1 +

1

3
εn−2 − εn−1 + εn − b2 = −εn−1 + εn−2 +

2

n
εn + b1 + 1.

Step 4. If an−1 = a′n−1, n− 1 ∈ S1 ⇔ n− 1 ∈ S2 , then

b1 = − 2

n
εn + b, b2 =

1

3
ε1 +

1

3
εn−2 + b, b ∈ C .

Thus we have

e1 · g = a1(ε1 + εn − b− 1))δ1/∈S(ε2 − ε1 − b)δ2∈Sσ1(g),

f1 · g = a−1
1 (ε1 + εn − b)δ1∈S(ε2 − ε1 − b− 1)δ2/∈Sσ−1

1 (g),

ei · g = ai(εi − εi−1 − b− 1)δi/∈S(εi+1 − εi − b)δi+1∈Sσi(g),

fi · g = a−1
i (εi − εi−1 − b)(δi∈S(εi+1 − εi − b− 1)δi+1/∈Sσ−1

i (g),

en · g = an(εn − εn−1 − b− 1)δn/∈S(−ε1 − εn − b)δn+1∈Sσn(g),

fn · g = a−1
n (εn − εn−1 − b)δn∈S(−ε1 − εn − b− 1)δn+1/∈Sσ−1

n (g),

where i = 2, . . . , n− 1, S ⊆ {1, . . . , n+ 1} . Since

[e1, en] · g = ane1 · (εn − εn−1 − b− 1)δn/∈S(−ε1 − εn − b)δn+1∈Sσn(g)

− a1en · (ε1 + εn − b− 1)δ1/∈S(ε2 − ε1 − b)δ2∈Sσ1(g)

= a1an(εn−εn−1−b−1)δn/∈S(−ε1 − εn − b+ 1)δn+1∈S(ε1 + εn − b− 1))δ1/∈S

(ε2 − ε1 − b)δ2∈Sσ1(σn(g))− (ε1 + εn − b− 2)δ1/∈S(ε2 − ε1 − b)δ2∈S

(εn − εn−1 − b− 1)δn/∈S(−ε1 − εn − b)δn+1∈S(σnσ1)(g)

= 0,

we have
(−ε1−εn− b+1)δn+1∈S(ε1+εn− b−1)δ1/∈S = (−ε1−εn− b)δn+1∈S(ε1+εn− b−2)δ1/∈S ,

which implies that 1 ∈ S ⇔ n+ 1 /∈ S, b = − 1

2
.

In this case, the module is isomorphic to N (a, b, S) defined by (18).
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Step 5. If an−1 = −a′n−1, n− 1 ∈ S1 ⇔ n /∈ S2,

then b1 = (1− 2

n
)εn + b, b2 =

1

3
ε1 −

2

3
εn−2 + b, b ∈ C .

Using the results obtained in Step 1 and Step 2, there exists S ⊆ {1, . . . , n + 1}
such that

e1 · g = a1(ε1 − b− 1))δ1/∈S(ε2 − ε1 − εn − b)δ2∈Sσ1(g),

en · g = an(εn−2 − εn−1 + εn − b− 1)δn−1∈S(−ε1 + εn−2 − εn − b− 1)δn+1∈Sσn(g),

From [e1, en] = 0 , we deduce that

(ε2 − ε1 − εn − b)δ2∈S(−ε1 + εn−2 − εn − b)δn+1∈S

= (ε2 − ε1 − εn − b+ 1)δ2∈S(−ε1 + εn−2 − εn − b− 1)δn+1∈S ,

which is impossible.
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