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Abstract. We construct and classify all rank one polynomial modules over the GIM Lie algebra
gn (n > 3) with structural matrix

Moreover, the simplicity of these modules is studied.
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1. Introduction

In 1986, Slodowy [14] introduced the generalized intersection matrix (GIM for short).
A GIM is an n x n square integer matrix O = (m;;)nxn With the conditions

my; =2 fori e {1,...,n},
mi; < 0 if and only if mj; < 0,and
m;; > 0 if and only if mj; > 0 for ¢ # j.

It is clear that a GIM generalizes the notion of the generalized Cartan matrix. The
GIM Lie algebra (see [4, 13]) associated with a GIM is a generalization of the Kac-
Moody Lie algebra, which was introduced by Slodowy. Moreover, a GIM Lie algebra
is isomorphic to an involutory subalgebra of some Kac-Moody Lie algebra with a
symmetric Dynkin diagram (see [2, 14]).

In the past decades, many authors made contributions on the GIM Lie algebras
3, 4, 1, 7, 10, 19] and their g-deformations [8, 17, 18]. In [3], Berman, Jurisich,
and Tan showed that a new class of Lie algebras by generators and relations which
simultaneously generalize the Borcherds Lie algebras and the GIM Lie algebras were
subalgebras of Borcherds Lie algebras. [19] considered a class of Lie algebras arising
from symmetrizable GIM. In [17], Lusztig symmetries of Quantized GIM Lie algebras
were studied. [8] proved that the quantized GIM algebras for simple-laced cases were
isomorphic to a subalgebra of a quantum universal enveloping algebra.
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In this paper, we focus on the GIM Lie algebra g, (n > 3) with the structural
matrix

On:(mij>n><n: . (1)

L -4 nXn

g, is perhaps the simplest oriented GIM Lie algebra since it can be mapped into
affine Kac-Moody Lie algebra sly, by Berman’s homomorphism ¢ in Theorem 1.31
of [2]. In [9], the finite dimensional simple modules over g, were classified.

Let L be a Lie algebra with a Cartan subalgebra h. An L-module V is called a
polynomial module if it is a finite rank free U(h)-module. The polynomial modules
over Lie algebras constitute an important class of non-weight modules, they were
first introduced by Nilsson [11] for the algebra of complex matrices sl,1(C) in
2015. These modules over sl,,1(C) were introduced at the same time using different
approach in [16]. Since then such modules have been extensively studied for many
Lie algebras and Lie superalgebras, see [6], [12], [15] and [21], etc. In this paper, we
study the rank one polynomial modules over the GIM Lie algebra g, (n > 3).

This paper is organized as follows. In Section 2, we recall some notations and collect
some known facts about the GIM Lie algebras and the complex matrices algebra.
In Section 3, we first construct two classes of rank one polynomial modules over
the GIM Lie algebra gs. We further determine the simplicity of these modules. To
be precise, one class is generically simple and each reducible module has a unique
submodule (Theorem 3.2). Another class is simple (Theorem 3.4). In Subsection
3.2, we give the classification of all rank one polynomial modules over g3 in Theorem
3.5. Section 4 is devoted to classifying the rank one polynomial modules over g,
(n > 4) (Theorem 4.3). We show that those modules are all simple (Theorem 4.2).

2. Basics

In this section, we collect some basic definitions and results needed for our study.
Throughout the paper, we denote by C, C*, N the sets of complex numbers, nonzero
complex numbers, positive integers, respectively. We use U(L) to denote the uni-
versal enveloping algebra of a Lie algebra L. For a set S, we define the indicator
functions

(1, ifses, (1, ifs¢S
5565{0, ifs ¢S, 58“{0, ifses, 2)

Let us first recall some results about the complex matrices algebra sl,,41(C) (n > 1).
Denote by E;; the (n+1) x (n+ 1) unit matrix with 1 at the (4, j)-entry and zero
everywhere else. For 1 S 7 S n, let e, = Ei,i+17 fz = EZ'—H,i? h, = Ei,i — Ei+1,i+1 .
Then {e;, f;,h; | i = 1,...,n} is the set of Chevalley generators of sl,,,1(C). Let
(Hy,...,H,)" = A~ Y(hy,...,h,)T ie, (hy,...,h,)T = A(Hy,..., H,)T, where T
means taking the transpose of the matrix, and
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-1 2

L 4 nXxXn

Then H =spanc{H; |i=1,...,n} is a Cartan subalgebra of sl,,,1(C) and

[Hi, ej] = 57;jej, [HZ, f]] = 5ijfj7 1< Z,] <n.
Let Z be a finite-dimensional abelian Lie algebra. For any a=(ay,...,a,)€(C*)",

b e UZ) and S C {l,...,n + 1}, we define the action of s, ;(C) & Z on
M(a,b,S) :=U(H @ Z) as follows, for all g € UH & 2),

H -g=Hyg, z2z-g==z29, 1<i<n,ze2Z,

e+ g = a;(dies + Oigs(Hi—H;—1—b0—1))(0ir1e5(Hiy1 — H; — D) + 6iv1¢5)7i(9),

£ 9=a;" (Sics(Hi—H;_1—b) + 8igs) (0i11es + Oir1¢s(Hipn — Hi — b —1))77 ' (9),
where Hy = Hpy1 =0, 7; (1 < i < n) is the automorphism of U(H & Z) which
sends H; to H; — 1 and fixes other Hj,j # ¢ and Z.
In [11], Nilsson determined the rank one polynomial modules over sl,1(C). [5]

rewrote the results in [11] and discussed the rank one polynomial modules over
5[n+1((C) ¢ Z.

Theorem 2.1.  Keep notations as above.

(1) (see [5, 11]) If Z = C, then M(a,b,S) = U(H) is an sl,11(C)-module
which is free of rank one when restricted to U(H). Moreover, any rank
one polynomial module over sl,1(C) is isomorphic to M(a,b,S) for some
a=(ap,...,a,) € (CH", beC, SC{L,...,n+1}.

(2) (see [5]) M(a,b,S) = UH @ Z) is an (sl,11(C) @ Z)-module which is
free of rank one when restricted to U(H & Z). Moreover, any rank one

polynomial module over sl,1(C) & Z is isomorphic to M(a,b,S) for some
a=(a,...,a,) € (CH", beU(Z), SC{l,...,n+1}.

For the rest of this paper, we assume that n > 3. The GIM Lie algebra g, (n > 3)
with the structural matrix O, = (Mm;j)nxn given by (1) is a Lie algebra over C
generated by the elements e;, f;,h; (1 < i < n) with subject to the generating
relations

[hia h]] - 07 [h'w 6]] = M;;€j, [h’w fj] = _mljfj7 [6i7 fz] - hz for 1 S Za] S n,

[61', fj] = U, (adei)*mifﬂej = (adfi)imifrlfj =0 fOI' mij S 0,

[ei,ej] = [ i7fj] =0, (ade,-)m”“fj = (adfi)mijﬂej =0 for m;; > 0,17 7& j.
For convenience, we also say that g, is of type O,,. It is clear that b := spang {h; |
i=1,...,n} is the Cartan subalgebra of g,. Let h* be the dual space of . Since

det(O,,) # 0, it is easy to find a basis a4, ...,a, of h* such that «;(h;) = m;; for
all 1 <14,7 <n. Now we take another basis ¢1,...,¢, for h such that

(e1y o)l = O ha, ..o b7,

where 7" means taking the transpose of the matrix.
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Then the polynomial algebra Cley,...,e,] is the universal enveloping algebra U (h)
of h. Moreover, we can rewrite the definition of the GIM Lie algebra g, (cf. [9]) as
follows

57,;53] [Eiaej] = 5ij€j7 [Eiyfj] = _5,”]‘7]’ 1 S Z,] S n,
e1, fi] = 281 —eyten,  |en, ful =61 —en_1+ 26y,
ez,fz —€i-1+2¢; — €it1; ZSZSTI/_L

[

[

lei, fi] =

lei, fil =0, 1 <i#j<n/{ij} #{l,n},
lei, e5] =

[

[

Ot W~

\"

('b

el =1fi, fil =0, |i—jl>1,
elv[ewej]] [fn[fi,fj]] =0, |2_]‘ =1,
€1 [617fn“ [ 1y [flven“ =0, [en’ [emfl]] = [fna [fnael]] =

AAA,_\/_\/_\A
oo [@))
= D D D D

Definition 2.2. For a fixed 1 <17 < n, define an algebra automorphism
o; :U(h) — U(h)
by oi(ex) := e — dy, for any k € {1,...,n}.
Obviously 0,0, = 0j0; for 1 <i,j <n. For any g = g(e1,...,e,) € Cleq,..., &),
we have 0;(g) = g(e1,...,6i—1,...,e0), 0, (9) = g(er,...,es +1,...,¢,).

Let N be a rank one polynomial module over the GIM Lie algebra g, (n > 3).
Then N is actually a free U(h)-module. In consequence we can identify N with
U(h) = Cley,...,e,] as a vector space.

3. Rank one polynomial modules over g3

In this section, we classify all rank one polynomial modules over the GIM Lie algebra
g3. We further determine the simplicity of these modules.

For convenience, we rewrite the definition of g;. GIM Lie algebra g3 with structural
matrix Os is a Lie algebra generated by the elements e;, f;,e; (i = 1,2,3) with
subject to the following generating relations

i €] = i, 6] = dijej,  ei, fi] = —0sif5, 4,5 =1,2,3, 10
e1, f1] = 261 — &9+ €3, [eg, fo] = —e1+ 265 — €3, [es, f3] = —ey+ 25, (11
e1, fo] = [e2, fi] = lea, fs] = [es, fo] = [er,es] = [f1, f3] =

e
[
[
[
[
[

e N N e R
—_
[\

~— O — ' ~—

er, e, e2]] = [f1, [f1, fa]] = 0, [ea, [e2, e1]] = [fa, [fmfl]] = 0 13
ea, [ea, €3]] = [fo, [f2, f3]] = 0, [es, [es, ea]] = [fs, [f3, fo]] = O, 14
er, ler, f3]] = [f1, [fr,es]] = 0, [es, [es, fil]l = [fs; [f3, ea]] = 0. 15

In this case, h = spang{e1, 9,63} is a Cartan subalgebra of g3. Thus we have

Z/{(h) = C[&l,ég,gg].

3.1. gz-module structures on U(h)

The main goal of this subsection is to construct two classes of rank one polynomial
modules over the GIM Lie algebra g; and determine the simplicity of these modules.
Fix any a=(ay, as,a3)€(C*)3, beC, SC{1,2,3,4}. Let Ni(a,b,S):=Cley, &9, 3).
For any g € Cley,e9,¢3], we define the action of gz on Nj(a,b,S) as follows
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gi-g=¢g, 1=1223

e1-g=ai(er +b)"#5(—e1 +e2 — g3 + b+ 1)2504(g),

fi-g=a7'(er +b+1)75 (=1 4 3 — g3+ b)2#507 ' (g),

€y g = ay(—e1 + €3 — £3 4 )75 (—gy + b+ 1)39 05 (g), (16)
forg=ay'(—e1+ ey —e3+ b+ 1)2e5(—ey + b)Bes 0, (g),

e3-g=as(e; — ey +e3 — b — 1)%2e5(—g3 — b)Mesg3(g),

( fs-g=a3'(e1 — g2+ 5 — )25 (—e3 — b — 1)%%s05 ' (g).

where o; (i = 1,2,3) is defined by Definition 2.2.

Now we give one of the main results of this subsection.

Proposition 3.1.  Fir a = (aj,as,a3) € (C*)?, b€ C, and S C {1,2,3,4}, then
Ni(a,b,S) is a rank one polynomial module over gs.

Proof.  According to the definition of (16), we must prove that the actions of
ei, [i (i=1,2,3) on Ni(a,b,S) satisfy the relations of g3. According to (16) we have
for any g = g(e1,e2,23) € Mi(a,b,5)
Giréi-g—€-&1-g
=gy ((e1 + b)"#5(—e1 + &2 — 3+ b+ 1)2501(g)) — €1 - (€19)
=are1(e1 + b)51¢s<_51 +e9—e3+b+ 1)526501(g)
— ay(e1 +0)"1#5 (—ey + e — £3 + b+ 1)2<5(e1 — 1o (g)
= ay(e1 + )15 (—e1 + 62 — e3 + b+ 1)7%04(g),
Thus [e1,e1] - g = €1 - g holds. The other relations in (10) can be proved similarly.
From the following equalities
er-firg—fi-er-yg
— (g1 + b)%1#5 (=) + 69 — 3+ b+ 1)%265 (g + )15 (—gy + 65 — 3 + b+ 1)%85g
— (e1+b+1)%185 (—gy+eg — e34+5)7265 (1 + b+ 1)°165 (—g1 + €9 — €3 + b)*2¢5¢g
=(e1+b)(—e1+ea—e3+b+1)g—(e1+b+1)(—e1+e3—e3+b)g
= (2e1 —e2+e3)g = [er, fi] - 9,
ex-forg—fare2yg
= (—&) + e — €34 )25 (—ey + b+ 1)%65 (—g) + 69 — 3 + b)%265 (—gy + b4 1)%Be5g
— (—e1t+ea—e3+b+1)%285 (—gy + b)235 (—gy +eg—e3+b+1)7265 (—gy + b) 25 g
=(—e1+e2—e3+b)(—e2+b+1)g—(—e1+e2—e3+b+1)(—e2+b)g
= (—¢€1+ 262 —e3)g = [e2, fo] - g,
es-fs-g—fs-es-yg
= (g1 — €2+ &3 —b—1)%265(—g5 — b)™5 (g — &y + 3 — b — 1)%285(—g3 — b)’4esg
— (61 — &g+ 3 — b)25 (—gg — b — 1)%65 (g — g9 + &3 — b)%2#5 (—g3 — b — 1)™¢5g
=(e1—e2t+e3—b—1)(-es—b)g—(e1—e2+te3—b)(—e3 —b—1)g
= (61 — €2+ 2e3)g = les, f3] - g,

we see that the relations in (11) are satisfied. For relations in (12), we only check
le1, f2] - g = 0. The proof for the others is similar.
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Explicitly,
et forg—forer-g
— aya; (21 + b)"#5 ((—e1+ey—e3+b+1)(—ey + 25 — 3+ b+ 2)) 25 (—ey + b)%3¢5
o1(05(9)) — aray (g1 + b)71¢5 ((—e1 +ea—e5+b+2) (—e1 + 23 — £3 + b+ 1)) *°
(—ea + )¢50, (a(g)) = 0,
where the last equality is obtained by o109 = 0907. This yields [e1, f2]-g = 0. Since
(e162 —ege1)-g=er-e2-g—ex-€1-g
= ayay(ey + b)"5 (=g + b+ 1) (—ey + £, — 3+ b+ 1)o1(02(9))
— ayag(eq + b)1#5 (—ey + b4 1)%€5 (—g) + €5 — €5 + b)oa(01(g))
= ayay(e + D)5 (—eg + b + 1)%¢5 (0109)(g),
we obtain
(e2ey —ereser)-g=e1-(e1-e3-g—ex-e1-g)
= ajage; - ((g1 + D)5 (—eq + b + 1)%¢5(0105)(g))
= alay(e1+b)°1#5 (—ey +ey—e3+b+1)25 0y ((£1+b)°1#5 (—eg+-b+1)%€5 (0109 (g))
= alay(e1+b)195 (—g) ey —e3+b+1)%265 (g1 4+b—1)1¢5 (—gy +b+1)%¢5 (0203) (g),
and
(ere2e1 —e2€]) - g=e1-€s-(e1-g) —ex-e1-(e1-g)
= ajaz(e; + b)1#5 (—eqg + b+ 1)5(g109) (ey - g)
= afas(e14b)"1¢5 (—e2+b+1)%5 (0102) ((€1+0)"1#9 (—e1 +e2—£3+b+1) 2501 (g))
= a2ay(e1+D)15 (—ea4+b+1)%5 (6. +b—1)%1¢5 (—e1 +e9—e3+b+1)2¢5 (0% 05) (g),

where the last equality is implied by the definition of ¢; and o109 = 0907. Using
these relations, we obtain

(6%62 — 2e1e9€1 + 626%) cg = (6%62 —ejezeq1) - g — (ere0e1 — 626%) -g=0.

This yields that [eq, [e1, es]] - g = 0. It follows from (16) and Definition 2.2 that
(fies—esfi)-g=fi-es-g—e3-fi-g
= a7 az(e1 + b+ 1)€5(—g) + 63 — £3 + b)2#5 (e — &9 + £3 — b)?265 (—g5 — b)%es
o1 (03(g)) — a7 tas(e; — g + 3 — b — 1)%265 (—gg — b)%4eS () 4 b + 1)%1€s
(—e1+ &2 —e35+b—1)"#503(07 ' (g))
= aylas(ey + b+ 1)%165 (g3 — b)%eS (07 03)(g).
This implies that
(f12€3 —fiesfi)-g=fi-(fires—fi-es - f1)-g
= aj'asfi - ((e1 + b+ 1) (—e5 — b)1<% (07 ' 03)(9))
= ay%as(ey + b+ 1)%65 (—g; + g9 — 3 + b)%2es
o1 (1 4+ b+ 1)"15 (—ey — 0)<5 (07 ' 03) (9))
= a;%az(e1+b+1)1€5 (e +e9—e3+D)%2¢5 (g1 + b+ 2)°1€5 (—e53 — b)*¢5 (07 203)(g),
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and
(fresfi —6’3f12) g=fires-(fi-g)—es- fi-(fi-9)
= ay'az(er + b+ 1)1 (—e5 — b)"< (o7 '03) (f1 - 9)
= a2ag(e; + b+ 1)%1€5(—gg — b)%tes
(07 03)((e1 + b+ 1) (—e1 + &5 — £3 + b)#507 ' (g))
= a7 2a3(e1+b+1)%1€5 (—e3—b)%€S (1 +-b+2)°1€5 (—g1 +e9 —e3+)72%5 (07 %03) (9).

Thus (ffe; — 2fiesfr +esf?) - g = (fies — fiesfi) - g — (fiesfr —esf?) -9 = 0.
Therefore [f1,[f1,e3]] - g = 0. The proof for the other relations in (13)—(15) can be
verified similarly, we omit the details. Then we complete the proof. ]

Now we exploit the module structure of Nj(a,b,S) and provide a sufficient and
necessary condition for simplicity of Ni(a,b,S).

Theorem 3.2. Letac (C*)?, beC, and S C {1,2,3,4}. Then the polynomial
module Ni(a,b,S) over gs is simple except the case that d1cs = Oacs = d3es = Ougs
and —4b—3 is a positive integer. Moreover, Ni(a,b,S) has a unique nonzero proper
submodule if it is not simple.

Proof.  Suppose that M is a nonzero submodule of N(a,b,S). Let g(e1,e2,e3)
be a nonzero polynomial in M. We consider four cases separately.
Case 1. 015 = do¢s-

From the relations (16), we see that either
(ar'e1)" - gler, e2,63) = gler — k,ea,e3) € M, k€N,
or (arf1)* - g(e1,€2,23) = gle1 + k,e2,65) € M, k €N.

Then we may obtain a nonzero polynomial g; (2, e3) that lies in M. In fact, suppose

for example that

9(61 - k>€2,€3) = Z(El - k)igg(fz,&a) = Zki9£(€1752,53) € M,
=0 =0
where ¢/(g9,e3) # 0 and r is minimal. Then taking k = 1,...,r, we deduce that
g1(g9,€3) = gl(e1,69,e3) = (—1)"g.(g2,63) € M as required, here ¢;(eq,e3) is the
leading coefficient of the polynomial g(e1,€2,e3) in the variable ;.
If 0ses = 3¢5, we may obtain a nonzero polynomial go(e3) € M from g (e9,€3) € M
in a similar way.

If 2,3 € 5, from the equality
asfo - g1(e2,€3) = (—e1+e2 —e3 + b+ 1)gi(ea + 1,e3) € M,
we obtain that the coefficient —gi(e2 + 1,e3) of € belongs to M. Thus we can
deduce that there exists a nonzero polynomial gs(e3) € M.
If 2,3 ¢S, we can obtain a nonzero polynomial gy(e3) € M in a similar way.

Next if dacs = 4e5, We can obtain 1 € M by the actions of (a3 e3)* or of (asfs)*
on gs(e3) with enough many & € N. If docg = dagg, using a similar method to the
case 2,3 € S (or 2,3 ¢ S), we can prove 1 € M. Therefore Ni(a,b,S) is simple in
this case.
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Case 2. 5263 = (53¢5 or 5265 = 5465'
The proof is similar to Case 1.

Case 3. 0ics = O2e5 = 03es = dugs = 1.

In this case, we have
e1-g=a(—e1+e—e3+b+1ai(g), fi-g=a " (er+b+ 1)o7 (g),
ey g = az(—e2 + b+ 1)oa(g), forg=a(—e1+es—e3+b+1) 05" (9),
es-g=as(e; —ey+eg—b—1)o3(g9), fz3-9g=a3(—e3—b—1)a3'(g).

For kq, ko, k3 € N, let

k1 ko k3

Hiy oo ks = (H(al +b+ r)) <H(—82 +b+ 5)) <H(€3 +b+ t)).
r=1 s=1 t=1
Then {Hk177€2,k3 | kl? k27 k3 S N}

is a basis of U(h). Now suppose that Hg, x, r, be a basis element occurring with
nonzero coefficient in g(ey, €9, e3) expressed in this basis. Then we have

a1f1 . Hkl,kg,kg = (81 + b + kl + 1>Hk1,k2,k37

66162 cHiyy jo ks = (€2 + b4+ ko + 1) Hyy oy ks
a3f3 . Hkl,kg,kg = (53 + b -+ k’3 + ]-)szl,kg,k;;'

Hence (arfi — €1 = 0) » Hyy ky ks = (k1 + 1) Hiy oy s
<a2_162 + &2 — b) ’ Hk17/€2,1€3 = (kQ + 1)Hk17k27k37
(asfs —e3—0)  Hyy ok = (k3 + 1) Hiy hoy g

Then from any element u = Y, Gk, ky ks Hi koks, We can obtain Hy, y, x, for
any nonzero coefficient ay, x, x,. Moreover, it follows that any simple submodule can
be generated by a single homogeneous element Hy, j, r,. Furthermore, for general
ki > 0, ko, k3 € N, we have
661_161 cHiy joks = —(E1+0)((e1+0+ k1) + (—ea+ b+ ko + 1)
+(e3+b+ks+ 1) Hyy—1kohs + (40 + k1 4+ ko + ks + 3)(e1 + 0) Hy -1 k0 k5
= —(e1 +0)(Hpy ko ks + Hiy 1kt 105 + Hiy 1k ks 1)
+ (40 + ky 4+ ko + ks + 3)Hiy ok — k1(40 + k1 + ko + ks + 3) Hiy— 1.4y s s
which contains a lower degree term —ky(4b + ki + ko + ks + 3)Hy,—1.5, 4, for all
ky > 0 and ki + ko + k3 # —4b — 3. Together with similar computations of

agfg'Hkhk%kS, agleg'Hkth’ka , We know that Hklfl,k%k?), Hk17k2*17k37 Hkl,k‘g,kggfl c M if
k1 > 0 and ky+ko+ ks # —4b—3. It then follows by induction that 1 = Hygo € M.

Thus Ni(a,b,S) is simple except that —4b — 3 is a positive integer.
Now assume that —4b—3 is a positive integer. Let —4b =n € N and n > 3. Define
M, = spang {Hg, ko ks | k1 + ko + k3 > n — 3}.
It is clear that f; - My, ey - My, f3- My C M;. Moreover,
€1+ Hiy ko kss J2 ° Hiy koks> €3 ° Hiy ko ks € My
for k1 + ko + k3 > n — 3.
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For ki + ko + k3 = n — 3, we have

ayler s Hoprs = (—€1+ 62 — €3+ b+ 1) Hopyps € M,
aj'er - Hikoks = —(€1+0)((e1 + b+ k1) + (—e2+b+ ke + 1)
+(e3+ b+ ks + 1)) Hiy 1,50
= —(e1 4+ ) (Hpy ko ks + Hiy—1 kot 1,05 T Hiy—1 ko ks 41) € M1

Similarly, we find that as fo- Hy, gy ks, ag_lel -Hy, ko ks € My. Thus M, is a submodule
of Ni(a,b,S) and M; has to be simple.

If NMi(a,b,S) has another submodule M, # M;: Similar to above we can assume
that Hkl,kz,kg e M, for ki + ko + k?g <n-—3. By llSiIlg

aflel . Hkl,kg,kg = —(81 + b)(Hkl,kQ,kg + Hklfl,k2+1,k3 + Hklfl,k27k3+1>
‘|‘(k31 + ko + k3 —n+ 3)Hk’1,k2,k3
—kl(kl + k2 + k3 —n+ 3)Hk1—1,k2,k37

and similar computations of asfo « Hg, ky ks agleg - Hi, ko kg, we know that 1 € M,.
Thus M is the unique proper submodule.

Case 4. dics = 02es = 03es = dags = 0. The proof is similar to Case 3. The proof
is complete. [ |

We now construct another module over gs. Fix a=(ay, as,a3) € (C*)3 SC{1,2,3}
and set Ny(a,S) := Cley,e,e3). For any g € Cley,eq,e3], we define the action of
g3 on Ny(a, S) as follows

(

€i-g=¢y9, 1=1223

e1-g=ai(er1+e3— 5)08(—ey + &2 + 3)2501(g),
fi-g=ai'(e1+es+ 5)0e5(—e1 + 62 — 3)2850, ' (g),

ey g=as(—e1 +e9 — %)52%(—52 +e3+ %)536502(9), (17)
farg=ay"'(—e1+ex+ 3)0255(—ea + &5 — 5)Be505, 1 (g),

e3- g = az(—ex + €3 — 3)%¢5(—e1 — g3+ 3)"¥503(g),

( f3-9=a5'(—e2+¢e3+ %)6363(—81 — &3 — %)6163‘751(9)a

where o; (i =1,2,3) is defined by Definition 2.2.

Proposition 3.3. Fiz a € (C*)? and S C {1,2,3}, then Ny(a,S) is a rank one
polynomial module over gs.

Proof. The proof is similar to Proposition 3.1. We omit the details. [ ]

Theorem 3.4.  For all a = (ay,as,a3) € (C*)® and S C {1,2,3}, the polynomial
module Na(a,S) over gz is simple.

Proof. Let M be a nonzero submodule of N3(a,b,S). Assume 0 # g(e1,2,3) € M.

Case 1. S = (. In this case, from
(asfs)f - g(e1,9,63) = gle1, 62,63 + k) € M, keN,

we may obtain a nonzero polynomial g;(e1,¢2) € M.
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Moreover, by
_ 1
aq 161 '91(51752) = (51 +e3 — 5)91(51 - 1,52) € M,
_ 1
ay Yagfs - e g1(e1,62) = (61 +e3+1— 5)91(51 —1,6) € M,

we can obtain g;(eq — k,e2) € M for all k € N. Thus a nonzero polynomial gs(e2)
in M can be obtained. Similarly, from the facts that

1
agfg -92(82) = (—62 + &3 — 5)92(82 + 1) - M,
1
2033 f2- ga(e2) = (2 + €3+ 1= J)ga(e2 +1) € M,

we deduce that 1 € M. Thus N3(a,S) is simple.
Case 2. S ={1,2,3}. The proof is similar to Case 1.

Case 3. |S| = 1. In this case, we only prove for S = {1}. The proof for the other
two cases is similar.

By assumption, we have
(a7'e))” - gle1,e9,63) = gler — k,e9,63) € M, keEN,
then we obtain a nonzero polynomial g;(eq,€3) that lies in M. Since
a3'er gi(en,es) = (—e1 + 6 — Dgrler — Les) € M,
a;tazter ey gi(ea,e3) = (—e1 + 0+ 1 — %)gl(é‘:g —1,e3) € M,
we see that there exists a nonzero polynomial gs(e3) € M. Then from the equalities
azfs - ga(ez) = (—e1 — €3 — %)92(53 +1) € M,
aj'ager - f3- gales) = (—e1 —ea + 1 — %)92(83 +1) e M,
we obtain that 1 € M. It follows that N>(a, S) is a simple module.

Case 4. |S| = 2. The proof is similar to Case 3. Therefore, Ny(a,S) is simple in
all these cases. The proof is complete. [ |

3.2. Classification of rank one polynomial modules over g;

In this subsection, we give the complete classification of rank one polynomial mod-
ules over gs.

Theorem 3.5. Let N be a rank one polynomial module over gs. Then one of

the following holds.

(i) N isisomorphic to Ni(a,b,S) defined by (16) for some a = (ay,as,a3) € (C*)3,
beC, SC{l1,23,4};

(i) N is isomorphic to Ny(a, S) defined by (17) for some a = (ay,as,a3) € (C*)3,
S C{1,2,3}.

Proof. We divide the proof into five steps.

Step 1. Identify sl3(C) as a Lie subalgebra of g3 in the following way:

€; = €, fi:fia h;, =h;, 1=1,2.



XI1A, YANG 491

Then H1 = 2(281 —824—83)—1-%(—81—1-282—83) 281—}-%537
1 2 1
HQ = 3(281 — &9 + 83) + 5(_81 + 282 — 83) = &9 — 583,

and N is a module over sl3(C) + Cez. These together with Theorem 2.1 give

e1-g=ai(Hy — by — 1)"#51 (Hy — Hy — by)™<510(g)

= are1 + 565 — b — 1)%51 (23 — 21 — Se5 — by) <5104 (g),
fi-g = ayt (Hy = by)"= (Hy = Hy = by = 1)*#%107(g)

= a7} (1 + yes — b)e (2 — o1 — ey — b — 1)o7 (g),
ey-g=uas(Hy — Hy — by — 1)52%51 (—ea + %53 — b1)53631 a2(9)

= ag(eg — €1 — %53 — by — 1)%2#51 (— Hy — by)™<5105(g),
forg=ay'(Hy — Hy — by)*<% (= Hy — by — 1)#5105}(g)

_ 2 1 _
= a3} (er — 21— ey — b) e (—ey + 22y — by — D)oz (g),

for some S; C {1,2,3}, aj,a2 € C*, and by € Cles].
Step 2. Identify sl3(C) as a Lie subalgebra in the following way:

e =¢iy1, Li=fix1, hi=hi, =12

2 1 1

Then H1 = g(—€1+2€2—€3)+g(61—52+253) :52—581,
1 2 1

H, = g(—51 + 269 —e3) + 5(51 — &9+ 2e3) = &3 + €1

and N is a module over sl3(C) + Ce;. By Theorem 2.1, we have
1 2
2 g = dhfes — her = b — 1By — s+ 2 — )Ry,
_ 1 2 —
forg=(ay)"H(e2 - 361~ 52)52€SQ(§51 — eyt 3 — by — 1)%520, 1 (g),

2 1
€3+ g = a3(§€1 — e t+e3—by— 1)53¢S2(—§€1 — g3 — by)%1es205(g),

f3-9= a?(%a — &2 +e3— b2)§3es(—§51 — 3 — by — 1)"¥%205(g),

for some Sy C {2,3,4}, a),a3 € C*, and by € Cleq].

Step 3. We proceed with the sets S; and Sy obtained in Steps 1 and 2. Comparing
the action of es, fo on g, we have either

a2:a§72651®26527

2 1
€g—€1—=€3—bj—1=6e9y— =1 —by—1
2 1~ 3€3 1 2~ 31 2 )
or ay = —ah, 2€ S1 < 3¢ Sy,
2 2
82—81—583—1)1—1:—581—0—62—83—0—()2.

In each case, S; and Sy can be identified by a single set S C {1,2,3,4}.
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Step 4. If ap =da), 2€ S; & 2 € Sy, we have
by = —§53+b, by = §51+b

for some b € C. Moreover, we may write
e1-g=ay(e; +e3—b— 1)1 (=) + g5 — )25 (g),
firg=a;'(er +e5 = )" (—er 2 — b — 1)#507(g),
ey g =ag(—e1 + 63 — b —1)%2¢5(—gy 4 £5 — b)3S gy (g),
forg=ay' (=148 = b)?S (g + 55 — b — 1)¢505 (g),
e g=as(—ey +e3 —b— 1) (—g; — g5 — b)%Sg5(g),
f3-g=az'(—ex+e5— )5 (—ey —e5 — b— 1)"505(g).

However, the relations [eq,e3] = [f1,f3] = 0 force 1 € S < 4 ¢ S and b = —
Thus we have

1 1
e1-g=ai(e +e3— 5)61“(—81 +e9 + 5)526501(9),

1
5-

fieg=ar'(en+es + ) (—er + 55 — ) 507 (g),
ey g = as(—e1 +e3 — %)52&5(—52 +e3+ %)536502(9),
forg=a3'(—e1+ &5+ 5)55 (—es + 85— ) Me507 7 (g),
e3-g=az(—e2+e3— %)‘53“(—51 — &3+ %)‘51“03(9),
farg=a3'(—ea+e3+ %)5365(—51 — &3 — %)616503_1(9)~
So N is isomorphic to N3(a, S) for some a € (C*)?, S C {1,2,3}.
Step 5. If ay = —a), 2 € 5, < 3¢ 5,, we have
by = %53—8), by = —%51+b—1
for some b € C. Moreover, we may write
e1- g =ai(e1+b)1¥5(—e1 + &3 — €3+ b+ 1)=%04(g),
fi-g=ar (1 + b+ 1) (—e1 + &2 — 5+ b)#507 ! (g),
g g = ag(—e1 + ey — 3+ b)285 (—gy + b+ 1)3€50y(g),
forg=ayM(—e1 + e — s + b+ 1)25(—ey + b)¥50;5 ' (g),
e3 - g = ag(er — o+ 3 — b — 1) (=5 — b)"=Say(g),
fa-g=as"'(e1 —ea + 3 — )75 (g5 — b— 1)"505 ' (g).
We conclude that A/ is isomorphic to Nj(a,b,S) for some a € (C*)?, b € C and
S C{1,2,3,4}. n

4. Rank one polynomial modules over g, (n > 4)

In this section, we consider the general case. We construct and classify all rank one
polynomial modules over the GIM Lie algebra g,, (n > 4). We always assume that
n > 4 in the following.
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4.1. g,-module structures on U(h)

In this subsection, we construct a class of polynomial modules over the GIM Lie
algebra g,, which are actually free of rank one when restricted to the Cartan
subalgebra h = spanc{e; | i =1,...,n}.

Fix a = (ay,...,a,) € (C)", be C, SC{l,...,n}, g € Cley,...,e,], we define
the action of g, on N(a,b,S) :=Cley,...,&,] as follows:

(ei-g=¢cig, 1<i<n,
e1-g=ay(e1 +&, — %)51%5(62 —e1 + %)526501(9),
fieg=ar (er+ en + 5) "= (22 — 21 — 5) 07 (g),
eig=ai(e; —&-1— %)r&es(aﬂ —& + %)5i+1650i(g), 2<1<n—1, (18)
firg=ait e = 5) " (e — e — 5) 0 (g), 2<i<n—1
en g = an(en = Ent = 3) " (=1 — 0 + 5) 150, (g),

_ 1 1 _
\ fn cg = anl(gn —e, 1+ 5)6”65(—61 —e, — 5)61650n1(g)’

where o; (1 <i < n) is defined by Definition 2.2.

Proposition 4.1. Fiz a = (ay,...,a,) € (C*", b€ C, and S C {1,...,n}.
Then N (a,b,S) is a rank one polynomial modules over g, .

Proof.  Using (18), we should verify that the actions of all ¢;,¢e;, fi (1 <i <mn)
on N(a,b,S) satisfy the relations of g,. Let g € N'(a,b,5).
Forany 1 <i<n,2<j<n-—1, using (18) and o;(g;,9) = (¢; — ;;)0;(g), we have

€i'€j'g—€j'€i‘g

1.s. 1.5,
= a;e; - ((&j — €j-1 — 5)5’“(53‘“ —&+ 5)6”163%(9)) — e (€9
1.s. 1.5,
= ajei(ej — -1 — 5)95 (01 — &5 + 5) 15 05(g) — ay(;
1.s. 1.5,
—ejo1 = )75 (g0 — g5 + 5) 15 05 (eig)
1.s. 1.s.

= aj(e; — ejo1 = )" (€01 — &5 + 5) 8 05(g),
which implies [g;, €] - g = d;5¢; - g. Similarly we can prove [g;,e1] - g = d;1€1 - g and
i, en] - g = dinen - g for 1 <i < n. Therefore [g;,¢;]- g = d;;e;- g for 1 <1i,j <mn.
According to (18), we have

et-firg—firerrg
1 1 _
=e-(e1+6en+ 5)5165(62 —& — 5)‘52&501 '(9)
1 1
—fi-(e1ten— 5)51“(52 —&1+ 5)526501(9)

1 1 1 1
= (e1+6en— 5)5165(52 -1+ 5)5%5(51 + &, — 5)51635(52 -1+ 5)52659

1 1 1 1
_ (51 +e,+ §>51¢S<52 — & — 5)5265(61 +e,+ §)51es<52 —e — 5)5%39
1

1 1 1
= (e1+€, — 5)(52 — &1+ 5)9 —(e1+en+ 5)(52 — &1 — 5)9

= (261 — &9+ &4)y9,
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1 1
— fu+ (6n = En1 = )85 (51 = &0 + )50, (g)

1 1 1 1
= (n — En_1 — 5)5"65(—81 — e, + 5)6165(871 — 1 — §)%gzs(_gl — e, + 5)51§zsg

1 1 1 1
- (f':n — En—1 + i)éngs(_gl — &Ep — 5)61%3(511 — En—1 + 5)57;65(_61 — &Ep — 5)51659
1 1 1 1
=(en—ena—3)(a et )9 — (e —ena+5)(=e1 —&n—3)g

= (g1 —en_1 + 2e,)9.

Thus relations (4) hold. For any 2 <i <n — 1, since

ei-firg—fi-ei-g
1.s. 1.5 1.s. 1.s. _
— (51‘_52‘—1 _ 5)51&5(81'-"-1_8i+§)52+1650—i((6i_67:—1—'_5)6165(67:4-1_‘gi_5)61+1€50i 1(9))

—(ei—ei1+ %)52‘65(6@41 — & — %)5”1“

_ 1.s. 1.5
0 "(ei — o1 — §)Jlgs(€z‘+1 —& + 5)62“6301‘(9))
1.5 1.5 1.5, 1.s.
= <€’i — &1 — §>51$S(8i+1 — & _'_ 5)52-4-165(67: — €1 — 5)6165(67}#1 — g + 5)52+1¢Sg

1\s. 1.5, 1\s. 1.s.
—_ (51 — El*l _|_ 5)6Z€S<€Z+l —_ 81 — 5)5z+1€3(8i — 6171 _|_ §)52¢S <€’L+1 — 81 — §)61-9-165‘9
1 1 1 1
=(ei— &1~ 5)(51‘“ —& + 5) —(ei—€i1t 5)(51‘“ —& — 5)
= (—€i—1 + 26 — €i11)9,

the relations in (5) are verified.

Using 0,0, = 0;0;, 0,(¢;) = ¢€; for |i — j| > 1, and some simple computations, we
can get [e;, €] - g=[fi, fj] -9 =0 for |i —j| > 1.

For the relations in (6), we only check [e;, f;]-g = 0 for 2 <i # 7 <n—1. The other

cases can be proved similarly. The case |i — j| > 1 is easy to prove. If |i — j| =1,
then

e fig—fieg
= a;a; (g, — i1 — %)5i¢5(6i+1 —& + %)&“Gsai((sj —gj_1 + %)6]'65
(51 =55 = 5)19505(9)) — @iy (e = e+ 5) 7 (e — g5 — 5)wes
a7 (e — €11 — %)5i¢5(5i+1 —¢&i+ %)5"“6@‘(9))
= a;a; ' ((gi — g1 — %)§i¢s(5i+l —& + %)5”163(5]- —&jo1+ 01+ %)%S
(€41 — &5 = i1 — %)5"““ —(g—ga+ %)%S(@H —& — %)6””‘5

N 1., _
(65 = gt = Gy — 5)7¥ (it — &0+ Gy + 5)7€%) (007 1) (9).
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Taking 7 =17+ 1, we obtain
lei, fir1l-g=¢ei- fix1-9— fir1-€i-g
= aa; (i — €1 — %)6“25 (€ip1 —&i + %)5i+1€5(€¢+1 —& + 2)5”165
(Eit2 — €iv1 — %)6“2“ —(Giv1—&i + %)6i+les(8i+2 — Ei1 — %)5”2“
(& — g — %)%S(é‘m —&+ g)ai“es)(%aﬁlﬁ(g) =0.
Similarly, we have [e;, f;_1] - g =0.

Now we prove [e;, [e;, e;]] - g = 0 for |i — j| = 1. We only verify [e;, [e1,es]] - g =0,
the other cases can be proved similarly. From (18) and Definition 2.2, we obtain

€1-€2-g—~€2-€ 4
= ayaz(e1 + e, — %)51%5(82 —&a + %)526501((82 — & — %)52%5(53 — e+ %)536502@))
— aas(er—e1— )% (25 — a4 )"0 (61 + Eu—5) 185 (22 — &1 + 5) 501 (g)
= ajas(er + &, — %)61¢S(€2 -+ %)6265(52 —e1+ %)52%5(53 — e+ %)5365(0102)@)
— aras(er—e1— )% (5 —ea+ )M (61 + £ — )85 (62 — &1 — )% (0102) (9)
= mas(z + £, — )95 (65 — 62+ 5) 7 (0102) (9):
Therefore, we have
(elex —ereer) g =e1-(e1-e3-g—ea-e1-9)

1 1 1 1
= a%az(eﬁ—&n—5)61“(52—€1+§)52€501(<€1 + é?n—g)élés(é‘?) - €2+§)63€S(01‘72>(9))

1 3 1 1
= ajas(e1 + &0 — 5)‘51@35(51 +en — 5)51%5(52 —& + 5)5265(53 — &+ 5)5365(0f02)(g),

and
(e1ege1 —eged) - g=e1-ex-(e1-g) —eg-e1-(e1-g)
= ddas(er+en— )19 (e5—eat )15 (010) (120 — )15 (e2—e1 4 5) =01 (9)
= ajas(e1 + & — %)51%5(81 + &, — 2)61¢S<52 —e1+ %)6265(83 — &g+ %)5365(0%02)(9).
Using these relations, we obtain

(€ley — 2e1e0e) + €9€2) - g = (e3ey — e169€1) - g — (e16961 — ezel) - g = 0.
This forces [eq, [e1,€2]] - g = 0. Since 010, = 0,01, we have

er-fn-g—Ju-er-yg

= a1 (e — no1 + )" (=61 — 20 — )70, (9))

—arfo- (61 + 50 = 5)45 (52 — 1 + 5)* 1 (9)

_ 1 1 1
= alanl(&?l +e, — 5)51gzs (52 —e + 5)6%5(5” e+ §)énes

1 _ _ 1 1
(—e1—en+ 5)616501(%1(9)) —aa, (a1 Fen + 5)51“(52 Ceat 5)6263
1 1 _
<‘€n —Ep-11 5)6"65(_51 —&n — 5)5165 <010n1)<g)
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This implies

(e%fn_elfnel) g=er-(e1 - fn-9g—fa-e1-9)
= 110, (=) ey« (22 — €1 + 5) 75 (20 — 201 + 5) 75 (010,1)(9)
= a2a; (—1)" 5 (e, + e, — %)61@(52 e %)6265(52 e+ 2)5265
(en — En-1 + )75 (030, ) (9),
and
(e1fuer — fu€l) - g=e1- fu-(e1-9) — fa-e1-(e1-9)
= a1, (=) (s — &1+ 5)" (o0 — 2 + 5)" (010, 1) (1 9)

= a%arjl(_l)‘;lgS(F;Q — &1 + %)5265 (8n — En—1 + %)5n65(81 + En — %)61$S

3 _
(2 — €1 + 5) (a0, ) (9)-
Thus we have

(€1 fn — 2e1fner + fn€l) - g = (el fn — e1funer) - g — (e1fner — fnel) - g =0,

which forces [ey, [e1, fn]]-g = 0. The other relations of (3)-(9) can be proved similarly.
This completes the proof. [ |

Theorem 4.2.  For any a = (a1,...,a,) € (C*)*, b€ C, and S C {1,...,n},
the polynomial module N (a,b,S) over g, is simple.

Proof. Let M be a nonzero submodule of NV(a,b,S) and 0£g=g(e1,...,e,)EM.
We divide the following discussion into four cases.

Case 1. S=0. For any k € N, we have

(anfn)k : g<517 cee >5n) = 9(517 -3 En—1,En + k) € M

Then we obtain a nonzero polynomial ¢;(ey,...,&,-1) that lies in M. In fact,
g1(£1,...,6n_1) can be chosen as the leading coefficient of the polynomial ¢ in the
variable ¢,. Let s <n and ¢.(e1,...,&5) € M, assume that the leading coefficient
g._1(e1,...,65-1) of g.(e1,...,&s) in the variable ¢ lies in M. From

1
as—1fs—1 s 1(E1,. . 65-1) = (65 — E5-1 — 5)9;_1(61, ey Es—2,E5-1 + 1),

and using ¢._,(e1,...,6s-1) € M, we can obtain ¢, ,(1,...,65.2,65-1+ 1) € M.
Acting repeatedly by fs_1 and using ¢, ,(e1,...,65-1) € M, we obtain for all
k €N that ¢._,(e1,...,€5-2,65-1 + k) € M. Thus we obtain a nonzero polynomial
gs_o(e1,...,65-2) € M. Note that this induction also holds for s = 2, we see that
1 € M. Therefore N (a,b,S) is simple.

Case 2. S ={1,...,n}. The proof is similar to Case 1.

Case 3. |S| #0,n and d1e5 = dpes-
If §1c5 = dpes = 0 we can deduce similarly to Case 1 that gi(eq,...,6,-1) € M.
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If d1c5 = Ones = 1, by

-1

(a,'en)" - gler, ... en) = gler, ... en1,6n— k) €M, keN,

we also obtain ¢y(e1,...,6n-1) € M.

Assume that the leading coefficient ¢._,(e1,...,e5-1) of ¢.(e1,...,65) € M in
variable 4 belongs to M for some s <n. If s —1¢& S, then

1
asflfsfl . g;71<€1, Ce ,8571) = (85 — Eg-1 — 5)68‘%59;71(81, ey E5-92,851 + 1) € M.

If s—1€S, then
_ 1
(15_1165_1 . g;_l(ffl, R, ,85_1) = (85 — Es_1 + 5)636‘99;_1(81, e, E5_9,E51 — 1) e M.

Similar to Case 1, the induction on s can be applied even for s = 2. We finally
obtain 1 € M. So N (a,b,S) is simple.

Case 4. |S| # 0,n and d1cs # dnes. In this case, there exists some 1 < s < n
such that dscg # 0s_1e5. If s € 5, then s —1 ¢ S. Thus

(a;ties—1)f-gler,...,en) =gler, ..., 6o1 — Ky 60) € M.
If s¢ S, then s—1¢€S. Thus
(as_lfs_l)k . g(El, Ce ,Sn) = 9(81, P | + k’, .. -5n) - M.

Whatever, we can obtain a nonzero polynomial that lies in M, which does not
contain variable €, 1. By a similar discussion as in Case 3, we can obtain a nonzero
polynomial ¢/ (es,...c,) € M. If s+1€ S, then

Asfs* Gu(Esy v rn) = (s — €51 + %)5‘“659;(68 +1,...,e,) € M.

If s+1¢&S5, then

_ 1
a;tes - gl(es, ... en) = (65 — €51 — 5)6s¢39;(58 —1,...,8,) € M.

By induction on s, we can obtain a nonzero polynomial g, (s,) € M.
If 1 €S, then n ¢ S. Thus we have

anfn Go(En) = (—&1 — &0 — 5)gh(en+1) € M.

This together with the above discussion implies that the coefficient of the variable
g1 belongs to M. That is g/, (s, + 1) € M. Acting repeatedly by f,, we obtain
gh(en + k) € M for all k € N. Then we finally obtain 1 € M and N(a,b,S) is a
simple module.

If1¢5, the ne S. Thus we have
0 en Gh(en) = (—21 — e+ )bl — 1) € M.

Similarly, we have 1 € M. So N (a,b,S) is simple. [
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4.2. Classification of rank one polynomial modules over g,

We show that the modules constructed in subsection 1 constitute a complete classi-
fication of rank one polynomial modules over g,,. Now we show the following crucial
result.

Theorem 4.3.  Any rank one polynomial module over g, (n > 4) is isomorphic
to N(a,b,S) for some a = (ai,...,a,) € (C*)", beC, SC{1,...,n}.

Proof. Let A be a rank one polynomial module over g,, (n > 4). The theorem
will be proved by the following steps.
Step 1. Identify sl,(C) as a Lie subalgebra of g, in the following way:

e — ¢, fi:fiy hi:hi, izl,...,n—l.
Then 2H1 — Hg = 281 — &9 + En, Hn_g -+ Hn—l = —€,_2+ 25n—1 — En,
—H; 1 +2H; — Hipy = —g;1+28; — €41, 1=2,...,n— 2,

which implies Hl-:si—l—(l—%)en, 1=1,...,n—1.

Note that A is a free U(h)-module over sl,(C) & Ce,,. From Theorem 2.1 (2), for
any S; C{1,...,n},a= (ay,...,a,_1) € (C*)" ! b, € Cle,], we have

e1-g=a; (e + (1 - %)5n — by — 1)1#51 (g — g1 — %5n — by)%2e5104(g),
fiog=at e+ (L= Den = b) i (er — &1 = ~e, — b — 145107 (g),
e+ g=ai(e —&i—1— %5n — by — 1)%51 (g1 — & — %En — 1)’ +esi04(g),
o= a7 e~ i - 22— b (s — o 2y~ b~ Do),

en1°9 =0 1(En_1 —Ep_o— %an —b; — 1)5"—1“1
(—en—1+(1— %)571, —b1)’esi0, 4(9),
foc1-g=a,"(en1 —En—n — %871 — by)’nres
(~eno (1= 2Jen = by = 1 e10, 1, ()
Step 2. Identify sl3(C) as a Lie subalgebra of g, in the following way:

€ =¢Cpyi—2, L= fuyico, hi=h, 0, =12
Then 2H1 — Hz = —€p—2+ 25n—1 — En, —H1 + 2H2 =€&1 —€p_1+t 25717

which implies H,,_; = %51 — gﬁn_g +en1 and H, = 261 — L0+ €5
Since N is a free U (h)-module over sl3(C) @ (®}-2C H;), according to Theorem 2.1
(2), for any Sy C {n —1,n,n+1},a= (a,_1,a,) € (C*)2, by € Cley,..., e, 9], We

have

1 2 s
€n-1-9 = a;’l,*l(ggl - g‘gn—Q +En-1— b2 - 1) no1¢S:

1 1
(551 + 3En—2 ~ En-1 + e — 52)5"652 on-1(9),



XI1A, YANG 499

-1 ,1 2 5
fo1-g= aln—1(§51 — 362+ En1 — by)On-1es2

1 1 _
(ng + §€N—2 —En—1 + En — b2 - 1)6n¢320nil(g)7

1 1
en . g e an(fel —I— 7877,—2 — En_l + 57’1 —_ b2 o 1)6n¢52

3 3
2 1
(_551 + ggn—Q —&p — b2>6"+1es20n<9)7

fo-g= a;l(%gl - %sn,g — En_1 + En — by)0nes2
(<261 + Lena — 0 — by = Ifrrresor ().
Step 3. Comparing the action of e, 1, f,_1 on g, we obtain
p1 =01, n—1€Se&n—-1€9,,

2>En - b1>

n

1 1
31T 362 — En1 +En — by = —€p_1 + (1 —
or

Up1=—0dp_ 1, n—1€8S, & ngS,,

1 1 2
3€1 + 3En-2 = En-1 +en—by=—cp1+tepa+ —En + b, + 1.

Step 4. Ifa,_1=d,_1,n—1€S5, <n—-1€.59,, then

blz—gsn—i—b, by = 181-1— 1€n—2+b7 beC.
n 3 3

Thus we have

e1-g=ay(e1 4+ e, —b—1))7¢5 (e — 1 — )25 (g),
firg=a'(e1 + &, — 6)5165(62 —eg—b— 1)52¢Safl(g),
€9 =ai(g; — g1 — b—1)°%5 (5541 — & — b)*1<50y(g),
firg=a;"(ei— i1 — b)) 75 (5100 — &5 — b— 1) 11#50,71(g),
en-g=an(en —€n_1—b— 1)5”¢S(—61 —&, — b)5”+1€50n(g),
a9 = 7 (e — s~ D) (e — 2 — b= 118507 ),
where i =2,...,n—1,5S C{1,...,n+ 1}. Since
[e1,€n] - g = aner - (€4 — en_y — b — 1)%5(—g; — g, — b)On+1€5¢, (g)
—are, - (1 4+, —b— 1)51¢5(52 — g1 — b)2e50(g)
= ayan(ep—En_1—b—1)2"5(—gy — g, — b+ 1) +165(g) ¢, — b —1))%es
(65 — &1 — b)2%501(0,(g)) — (61 4+ €0 — b — 2)215 (g5 — g — b)2€s
)

(6n — En—1 — b —1)85 (=g — &, — b)°" 15 (g,01) (g)

=0,
we have
(—e1—€p—b+1)+1ES (g d g, —b—1)185 = (—g; — e, — b)’+1€5 (g + ¢, —b—2)0es,
which implies that 1€ S&n+1¢ 5, b= —%.

In this case, the module is isomorphic to N(a,b,S) defined by (18).
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Step 5. If p1=—dp 1, n—1€8S & n¢gS,,
2

n

Jen+b, by=se;— 2e, o+b, beC.

then by = (1 3 3

Using the results obtained in Step 1 and Step 2, there exists S C {1,...,n+ 1}
such that

e1-g=a(eg —b— 1))61%5(52 — &1 —Ep — b)dzesal(g),
€n g = an(gn—Q —Ep1t+En—b— 1)6"71€S<—51 +épo—ep—b— 1)5"+1650'n(g),

From [ey, e,] = 0, we deduce that

(22 — &1 — € — b)*2€5(—€1 + 59 — &, — b)’nt1E5

=(eg—€1 —€n — b+ 1)25(—¢) + 6,9 — £, — b — 1)°n+1€5,

which is impossible. [ |
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