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Abstract.  We transform a formula for the A; Dunkl kernel by Béchir Amri. The resulting
formula expresses the A; Dunkl kernel in terms of the A; Dunkl kernel involving only positive
terms. This result allows us to derive sharp estimates for the A, Dunkl kernel. As an interesting
by-product, we obtain sharp estimates for the corresponding heat kernel.
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1. Introduction

Estimates of Dunkl kernel and of Dunkl heat kernel are a challenging problem. Sharp
estimates of these kernels were proven only in rank 1, see [3]. In the Dunkl setting,
estimates of the Dunkl kernel Eji (X, \) are equivalent to heat kernel estimates (refer
to formula (6)). For a good introduction on rational Dunkl theory, the reader should
consider the papers [2] and [11]. We provide here some details and notations on
Dunkl analysis.

A root system X is a set of nonzero vectors (roots) of an Euclidean space (say,
without loss of generality, R? with the usual scalar product (-,-)) satisfying the
following conditions:

1. The roots span R?.

2. The only scalar multiple of o € ¥ is —av.
3. If o, BE Y then oo,(8) =4 — 28 3

(@)

4. If a, f € X then 2% is an integer.

The reflections o,, a € ¥ generate the Weyl group W'.

Each root system splits into a disjoint union ¥ = Xt U (—=X*) separated by a
hyperplane Hg = {z € R?: (8,2) = 0} with 8 ¢ ¥. The reflecting hyperplanes
H,, a €Y divide R? into connected open components, called Weyl chambers. The
open positive Weyl chamber is C* = {z € R?: (o, z) > 0 for all a € ¥T}.

A function k : ¥ — R is called a multiplicity function if it is invariant under the
action of W on X.
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Let O¢ be the derivative in the direction of £ € R?. The Dunkl operators indexed
by & are then given by
X) — o X
Te(k) f(X) =0 f(X)+ Y k() () IE) = Jloa X))

(a, X)
OZEE+
The T¢’s, £ € R, form a commutative family.

For fixed Y € R?, the Dunkl kernel Ej(-,-) is then the only real-analytic solution
to the system

Te(k)ly Ex(X,Y) = (§Y) Ex(X,Y), V¢ € RY
with E(0,Y) = 1. In fact, E} extends to a holomorphic function on C¢ x C?.

Up to now, the best estimates of the Dunkl heat kernel for all root systems were
recently proven by Dziubanski and Hejna [8]. They improve earlier results obtained
in [4]. The results of [8] imply immediately the estimates of the Dunkl kernel
Ex(X,\) with the exponential factor of the form

+ x+
60()\ , X T

for any ¢ > 1 in the upper estimate and any ¢ < 1 in the lower estimate (here Z*
denotes the projection of Z on the closed positive Weyl chamber C7, i.e. the value of
wZ with w € W chosen in such a way that wZ € C*+). Our recent results [9] in the
W -invariant case for the system A, and the paper [3] devoted to the A; case suggest
that sharp estimates of Ej(X,\) with the exponential factor e*"X" hold true.

It is known since Dunkl’s paper [6] that the root system A, allows some explicit
or integral expressions for important objects of Dunkl analysis, in particular for the
Dunkl kernel Ei (X, \). Some integral formulas for Ej (X, A) of the system Ay were
given by Amri [1].

In this paper, starting from a result by Amri ([1, Theorem 1.1]), we prove a new
integral formula for the Dunkl kernel Ej(X, ) (Theorem 3.1) on A,, relating it to
the Dunkl kernel in rank 1. This formula allows us to prove sharp estimates of the
Dunkl kernel E,(X,)\) on Ay (Theorem 4.1) with the exponential factor e?*™X ")
The proof uses techniques analogous to those that we used in [9].

Remark 1.1. In 2017, Jacek Dziubanski presented an upper estimate in a Weyl
chamber ([7]) of a similar form to the ones we have obtained for the Dunkl kernel
estimate (based on work by Jean-Philippe Anker and Bartosz Trojan). In June
2023, Anker and Trojan informed us that they continued their study and showed us
their current achievement containing sharp lower and upper estimates for the Dunkl
kernel in the case of root systems As; and B,. Their method is completely different
from ours (refer to [5]). |

Acknowledgents. We thank J.-P. Anker, J. Dziubanski, A. Hejna and B. Trojan for
communications, discussions and remarks that improved and enriched this paper.

2. Basic notation and definitions
We consider the root system A, on the space
a = {X = ($1,$2,$3) € R32 Ty + Lo+ T3 = 0}

The Weyl group is S3 acting as permutations on the x;’s. The positive Weyl chamber
is C" = {(x1,x9,23) € a: &1 > X9 > X3}.
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Given a domain D, f(x) =< g(x) means that there exists C' > 0 such that
Clg(z) < f(x) < Cg(x) for all # € D. Similarly, f(z) < g(z) (f(z) 2 9(z))
means that there exists C' > 0 such that f(z) < Cg(z) (f(x) > Cg(z)) for all
reD.

For X = (x1,x9,23), we denote by X the projection of X on C7, ie. the
reordering of the entries of X in decreasing order. For example, if X is such that
xo > x1 > x3, then X = (29,21, 13).

3. A new formula for the Dunkl kernel on A,

The Dunkl kernel Ei¥! for the system A; has the integral representation [2]

1
Erkl ’ _F(k+§)/ 22XV 1— k—1 1+ kd
) = TEE [ 1) 1)
_ vxr(2k+1) ! —2xvz k—1 o k
=e TR /Oe 21— 2)¥dz (1)

Let J, denote the modified Bessel function of index a. Then

VT
2k +1

EF (z,0) = Tp1j2(vx) + Tiet1/2(vT). [2, Remark 3.9] (2)
Let X = (x1,29,x3) with 21 + 29 + 3 = 0. We denote the positive roots of the
system Ay by a(X) = x1 — 29, f(X) = 23 — x3 and v = o + . For simplicity,
we write ay = a(X) and similarly for Sx,vx, ax, Bx, 7. We will assume that the
multiplicity k = k, = kg = kqyp satisfies & > 0.

Let Wi\, v) = (A — 1) (A1 — o) (1 — Xa)(Ag — 12) (11 — A3) (2 — A3))F !

In the next theorem we give a new integral formula relating the Dunkl kernel
Er(X,)\) on Ay with the Dunkl kernel EfX! on A;.

Theorem 3.1. Let A € C*. We have for any X€ a,

A2
BL(X ) = / 1= ) — 1) B (1 — 32)/2, (1 — )
+ (A =) (A — V2) B (=(21 — 22)/2, (1 — 1))} (3)

(1/1 - /\3)(V2 - )\3)6(1’1+x2 2u3)(n1tv2)/2 Wk(/\, V) dl/ldl/g

and
3F 3k) A2 Tk 1
Ex(X,A) = %F /A A { vi = As)(Aa — 1) B (w2 — 23) /2, (11 — 1))
+ (11 = Xa) (2 — Ag) B (= (23 — 23) /2, (11 — 1))} (4)

()\1 — V1)(>\1 — l/Q)G(IQJr:E3 2e1)(vitvs)/2 Wk()\, V) dVldVQ.

Proof. By the integral formula for Ej, of Amri [1, Theorem 1.1] and the fact that
—2(1/11/2 —I— (/\3/2)(V1 + VQ) + )\1/\2) = (/\1 — )\2)(]/1 — 1/2) — 2()\1 — 1/1)(>\2 — 1/2) When
)\1+>\2+)\3:O,We find
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A2
E(X, ) = 31“%315: / //\ — X)) (1 — 12)Th—12 <<x1 — x2>2(”1 - V2)>

+H[(A = X)) (1 — v2) —2(A\1 — 1) (A — ,/2)]\7];_1/2 ((261 - x2)2(1/1 - Vz))}
(Vl _ )\3)(V2 _ )\3)€(a:1+1272x3)(1/1+u2)/2 Wk()\, Z/) dvydys

Noting that J!(z) = (z/(2(a+1))) Tur1(z) ([1, (8)]) and using the formula (2), we
obtain the following expression for the term {...} in the last integral:

{3 == 2)1 — ) EF (21 — 22)/2, (1 — 1))

— (M =) (A — 1) (@ _;Cz)iyi -~ V2)7k+1/2 <<

T — :):2)2(y1 - 1/2)) |

Now, using the integral representation of the modified Bessel function and integra-
tion by parts, we get

_ (@1 — o) (1 — 1)

Tk+1/2 <(z1 — o) - VQ))

2k+1 2
F(j%jli(lk/)m (21 *Iz V1*V2 / T2 1 =12)7/2 (1 _ 2)k g
_9 F(jEle“(lk/)Q) /_11 =) =v2)2/2 (1 _ 2kl g
-2 F(\kﬁch(llif) /_11 e(T1—z2) (11 —v2)z/2 (1+z—1)(1-2H1dz
9 F(\l;;lc(lk/f) /_11 p(@1—2) (11 —v2)2/2 (1+ Z)k(l _ Z)kq d
19 Fi;;%?) /_11 eE1—e)(1)2/2 (1 _ 2)k=1 g
= —Eff (2 — 19)/2, (11 — 10)) (21 (1)
n F(\/k;;(lk/f) /11 o(@1—22) (11 —v2)2/2 2(1 — ZQ)k:—l - (I+ Z)k(l B Z)k—l]‘ dz

= —Ei (21— 22) /2, (11 — 1)) + B (= (21 — 2) /2, (11 — 12))

(in the last equalities we used (1)). The formula (3) follows. Interchanging the roles
of the roots a and £ in (3), we obtain (4). n

Remark 3.2. It is important to note that in the formulas (3) and (4), all terms
are positive (the formula of Amri [1, Theorem 1.1] has a difference of two terms).
Taking into account the recursive formula for £}V for the system A, given in [12],
we conjecture that the formulas (3) and (4) generalize to recursive formulas for F
for the system A, . [ |

4. Sharp estimates of the Dunkl kernel and Dunkl heat kernel on A,

For simpliciﬂ, we denote the Weyl chambers by Cijx = {Y: y; > y; > y}. In
particular Ct = (3.
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Theorem 4.1. We have the following estimates of the Dunkl kernel for the system A, .
(i) For X in the closed positive Weyl chamber CT
cAX)

(14 axax)k(1+ Brfx)* (1 +vavx)k

(ii) For X in the Weyl chamber 0,CT = Coy3
cAXT)
(1 + ()é)\ax+)k+1(1 -+ ﬁ)\ﬁx+>k<1 —+ ’Y,\’Yx+)k.

For X in the Weyl chamber O'ﬁF = (39

Ep(X, ) =

cAXT)

(14 anax+)R(1+ BrBx+)FH(1 4+ vayx+)k

(iii) For X in the Weyl chamber aaagﬁ = OgU,yﬁ = O',YO'QF = (931

AXT
EL(X,\) < (1T anax (1 j<BA5;+)k+l(1 Frarxs ) if ay < By
Bu(X.A) = c(AXT) { if ay > By, and
’ (1 + anax+)F(1+ BaBx+) 1+ myx+ )M | anax+ > BaBx+
Bu(X.0) = X { if ay > By, and
’ (L4 anax+)M L1+ BaBx+)R (1 + myx+)F T | anax+ < BaBx+.

(iv) for X in the Weyl chamber UBJQF = 0'70'5F = O'QOZYF = 510

A XT
Ek(X, )\) = 1+ anax+ ) (1 -Ie-<ﬁ,\5)>(+)k+l(1 +’Y,\’VX+)’“ if ﬁk < ay
Bu(X.A) = e(AXT) { if By > ay, and
’ (L4 anax+)R (1 + BaBx+)F L+ myx+ ) | anax+ > BafBx+
Bu(X.A) = e(AXT) { if By > ay, and
’ (14 anax+)M (14 BaBx+)* (1 + myx+ )T | anax+ < BaBx+.

(v) For X in the Weyl chamber UVF = Uaagaaﬁ = JgaaaﬁF = (391,
SAXH)

(14 axnax+)R(1+ BrBx+)F (1 + yayx+)rHt

Theorem 4.1 and the estimates of Ei(X, \) obtained for the system A; in [3] support
the next conjecture. Each Weyl chamber C' is the image of C* by an element w
of the Weyl group, i.e. wC*™ = C. Each element w € W decomposes (often
non-uniquely) as a composition of symetries

W= 04 ...04

' ()

We then call the sequence (04, ...,04,) a realization of C. Let Short(C) C W
be the set of the shortest realizations of (', i.e. the number s of symetries in the
decomposition (5) is minimised on elements of Short(C) C W. For example, for
the system Ay, we have Short(Cas1) = {(0a,08), (08,05), (04,04)}.
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Conjecture 4.2. For the root system A, the following estimate of the Dunkl
kernel holds. Let C' a Weyl chamber. For all A € Ct and X € C there exists
S € Short(C') such that

1

Ek<X, )\) = 6<A,X+>F(X, )\) and F(X, )\) = i 0(1 n aAaX+)p(“) )
a>

where p(a) =k+1 if 0, € S and p(«) = k otherwise. In particular, for X € Ct,
1
Ha>0(1 + Oé)\OéX)k

1
(1 + BAﬂX)k+l HaEZ"’\{,@}(l + Ol/\aX)k .

F(X,\) =

and, for X € 03C, F(X,\) =

Remark 4.3. The kernel Ej(X,\) is analytic and therefore continuous. This
must be reflected in the estimates given in Theorem 4.1, in particular in the rational
portion of the estimate as the projection X +— X is continuous.

When X traverses from C* to 0,C", ax+ = 0. This explains how the term
1+ ajax+ can continuously change from exponent k£ to k+ 1. The same reasoning
applies when X traverses from C* to 03C™.

When X traverses from 0,C" (where x>z >x3) to 030,C" (where xo >x3>11),
Bx+ = 0. This explains how the term 1 + §,5x+ can continuously change from
exponent k£ to k+ 1.

The same Weyl chamber may be represented in two different ways, as awa/gﬁ =
O'QO',YF and the same reasoning applies to explain the continuous change and
appearance of powers k + 1 of the two other terms.

When X traverses from o30,C" (where xo > x3 > x1) to 0,050,C" (where
x3 > x9 > x1), ax+ = 0 and therefore yx+ = fx+. This explains how the term
14ayax+ can continuously change from exponent k41 to k and the terms 143, 6x+
and 1+ y\yx+ can continuously “exchange” exponents. |

Let {&,...,&;} be any orthonormal basis of a. Recall that the Dunkl Laplacian is
given as Ay = 22:1 Tg (this definition is independent of the choice of orthornormal
basis). Let wg(Y) = [[,ex (@, Y)[* be the weight function on a. The Dunkl heat
kernel is then defined as the unique solution of the system

0
Ak|X pt(va) :&pt(va)v

limeor [or pe(X,Y) f(Y)wi(Y)dY = f(X)
for every continuous function f on a which vanishes at infinity.
Corollary 4.4. Let X €e C", Y € a. We have

bt o=l XY (4

(t + axay+ )k (t + Bx By+ )k (t +vxyy+)*

pt(X; Y) =

where w € W s such that Y = wY ™' and
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( (kK k) if w=1d
(k+1,k k) if w= 0,
kk+1,k ifw=o
CSER S ) G
(k. k. k+1) if w= o,
(k+1,k+1,k) or (k+1,k,k+1) or (k,k+1,k+1) if w = 0,05
L or W = 080,

When w = 0,03 or w = 0g0,, the conditions for the appearance of one of three
possible values of (kq, ks, ky) are given in Theorem 4.1.

Proof. The Dunkl heat kernel p,(X,Y) is given as

o tEe T B (X)), (6)

pt(X7Y) = 2%

2’Y+d/2ck

where v = > _,k(a). It suffices then to use our estimates for Ej(X,\) ([10,
Lemma 4.5]). ]

5. Proof of the sharp estimate
In this Section we give the proof of Theorem 4.1.

5.1. Substitution of the estimates of E{*! in the integral formulas for Ej
In the beginning of the proof, in the formulas from Theorem 3.1, we replace the

Dunkl kernels on A; by their estimates provided in [3]:

elzyl

rk 1 -
Ek; (l’,y) - (1—|—|xy|)k+17

where p=0if zy > 0 and p =1 if zy <0. (7)
Let J(X,\) = V(A\)?* E(X,)\). Estimating FEj(X,\) is equivalent to estimating of
J(X, ).

Lemma 5.1.  If 1 > x5, we have

X )\ /)\2 /Al vi —1g) (i + ax (v — A2) (M1 — 12))

(14 ax (v —va))ktl

— A3) (v — \g)e@rmt@ea yin (N )y duydy,. (8)

If x9 > x1, we have
X )\ A2 )‘1 (11 — o) (ax —ax (A1 — 1) (A2 — 10))
(1 —ax(v1 —va))k+1

— \3) (g — Ag)e@zmmt@—aae i (N W) dvydy,. (9)

Proof. If x5 > 2, we have

A2
J(X,\) /Ag 8 { v — A2) (A1 — o) B (w1 — 22) /2, (11 — 1))

+ (A1 — 1) (Ao — o) EfF (= (21 — 22) /2, (11 — 1))}
(1/1 — )\3)(1/2 — )\3)6 o1tr2—223)(1402)/2 Wk<>\, I/) dl/ldl/g.
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A2 A1 (z2—z1)(v1—1v2)/2
e
= vV — )\2 )\1 —

/)\3 A2 {( )( ) (1_aX(V1 _VQ))]C-H
6(12—11)(1/1—1’2)/2

+ ()\1 - I/l)()\g — 1/2) (1 — le(l/l — 1/2))k
(11 — Ag) (g — Ag)el@rtea=2ea)itv) 2y (X 0 duy dus
— /A2 /Al (11 = A2) (M1 = vo) + (M =) (A2 —v2) (1 — ax (1 — 12))
xa I

(1 —ax(v) —we))ktl

vV — )\3)(1/2 — )\3)6x2u17u1x3+u2x17£3y2 Wk()\, I/) dl/ldl/g

(
_ /M /Al (1 = o) (s — ax (A1 — 1) (A2 — 1))
A3 A2 (1 - aX(Vl B VQ))k—H

(Vl — )\3)(V2 — A3)€x2u17u1x3+u2x17m3y2 Wk(>\, V) dVldVg.

If x1 > x5, we have

J(X’ /\) = /)\)\2 /)\)\1 (1/1 - V2) ()\1 — Ao+ ax (Vl — )\2) ()\1 _ 1/2))

(1 +ax(v1 —vg))F !

(11 — A3)(vg — Ng)emimmstearz=as2 iy (N p)dvydyy. W

Interchanging the roles of the roots a and £, we find

Lemma 5.2.  If x5 > x3, we have

Ao P
- (1 —va) (Ba + Bx (11 — A3) (N2 — 1))
J(X,\) =< /}\3 //\2 (1+ Bx (1 — va))F+T

(/\1 — Vl)()\l - VZ)eul(xz—m1)+V2(x3—x1) Wk(>\, I/) dl/ldVQ. (10)

If x5 > x5, we have
A2 A1
- (Vl *V2)(5>\*5X (Vl *)\2)(1/2*/\3))
J(X,\) < /}\3 //\2 (1= Bx (1 — va))F+T

(/\1 — Vl)()\l - V2)6u1(x3—m1)+1/2(x2—x1) Wk(>\, l/) dVldVQ. (1].)

5.2. Reduction to estimating I(X,\) = =X (X, \)

Now, in the formulas from Lemmas 5.1 and 5.2, on each Weyl chamber, we will
put in evidence the exponential factor e, Estimating Ej(X,\) is equivalent
to estimating the integral I(X,\).

5.2.1. Formulas (8) and (9)

Let QF = enilm—m)trale2—a) and Q- = en@2—es)tr2(21-23) We have
1. For X € CF = Cly3: QF = e g (m—za)Qa—m)—(z2—z3) Aa—r2)
2. For X € 0,Ct = Cs1: Q = eNXT) o (w3—w2)(n1—A2)—(w3—21)(r2—A3) |
3. For X € 030,07 = Casy: Q = X7 e (@ames)Qa—vi)—(@s—z1)(r2—A3)
4. For X € 0,05CF = Ca1p: QF = eMXT) g (ms—a1)(n—Aa)—(zs—22)(2=23)
5. For X € 0,07 = Cyi3: Q = eMXT) em(ma—za)—v)=(e1-25) (Ao —v2)
6

. For X € 05C* = Ci3p: QF = eXT) e (@r—as)(a )~ (@ —2) (02— Aa)
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5.2.2. Formulas (10) and (11)
Let Qg — eVl(xQ_x1)+V2($3—l’1) and QE — 6”1($3—$1)+V2(:L‘2—l’1). We have

1. For X € CF = Clg3: QE — eNXT) o= (@1—22) (11— A2) = (w1-23) (v2—A3)

2. For X € 0,C* = Csyy: Qs = eAXT) o—(zs—z1) (M —v1)—(z2—21) (A2 —v2)

3. For X € 050,CF = Cyg1: Qf = M) em(@mm)umm)=(ma—r)(dava),
4. For X € Uaaﬁm = Cs19: QE — oANXT) p—(zs—z1) (M —v1)—(z1-22) (12— A3)
5. For X € 0,07 = Cy3: Qs = eAXT) o= (@2—21) (M —v1)—(z1—23)(2—A3) |
6. For X € 05CF = Cis: Q5 — eNXT) e=(@i—23) (1 —X2) = (w1—w2)(v2—A3)

5.3. Reductions using symmetries between the Weyl chambers

Consider the following relations:

E((l'h Z2, 953)7 <)\1, A2, )\3)) = E((_'xla — X2, —353)7 (—)\17 — g, —)\3))

= E((_%':a,—%’z —Z ) (—)\3,—>\2,—>\1))
with A = (=Ag, —Ag, —A\1) € a* since A € at. Write X = (=3, —w, —x1). This
“symmetry sends X € 0123 to X € 0123, X € 0213 to X € 0132, X € 0231 to
X e (512 and X € (391 to X e CUs91. Note also that a5 = ) and 35 = a,. Thus,

we reduce finding the estimates of E} to the four Weyl chambers: Cia3, Ca13, Ca3;
and 0321 .

There are several other symmetries (such as exchanging the role between o and f
or commuting X and A) but they do not give rise to any other reduction.

5.4. Plan of the proof for a fixed Weyl chamber

Fix X in a Weyl chamber. The proof will be done separately for a, < g, and for
Br < ann.

Step 1. Choose a “starting” formula for I(X,\) either with ax (i.e. using J
expressed by the formula (8) or (9)) or with Sy (i.e. using J expressed by the

formula formula (10) or (11)). A choice allowing the next Step 2 always exists. This
depends on the form of the exponentials QF or Q§ which is crucial in this choice.

Step 2. In the double integral for 7(X, A) chosen in Step 1, choose a half-subintegral
I such that it may be proven that Iy 2 Io =1 — I;.

Step 3. Find a sharp estimate of I;. It will be a sharp estimate of I.
5.5. Positive Weyl chamber

Suppose ay > [y. We choose as the starting formula the formula (8) with ax.
Using the corresponding formula for @} of Section 5.2, we have

X )\ /)\2 /)\1 V1—V2 04)\4—04)( (1/1—>\2) ()\I_VZ))

1 -+ OéX(Vl — I/Q))k""l
(11— A3)(va — Ag)e~@rmma)Cumv)=(@ames)Ramv2) Y7, (A ) duy duy.
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We set I} = ;;2 1\/\411[] and I, = I — I,. Denote by I;, i = 1,2, the integral in

the variable ;. We have

B (3A1+A2)/4 14 14+k+2(k—1)+1
I, > e—aA’YX/?’/ . dy z Q) - (1 + a/Xa)\)e—Oé/\WX/?)
(2)\1+)\2)/3 (1 +aXa)‘)

3k+1
_ ot e*OCA'YX/?’

- (1 + CVXa)\)k

while, using A\; — 5 S ay and vy — Ay < vy — 1y

I < ayftemonx/2 " (v —v )aA+aX(V1_)\2)(/\1_V2) (r1=X)* 1 (1= X3) " dv
2 X 0 N L) T (o = i) 1— A2 1— A3 1

My _
< a}\k1+1+kea>\'yx/2/ (Vll_ vo)(vy — >\2)kk1 .
N (It ax(v—r2))

. . v o .
Now, if k£ <1, since vy (ax (o _m))F 18 increasing, we have

My _ v \k—1 My
A2

(1 +ax(v1 — o))k ~ (A taxan)t [
k+1

_ o
T (1 +axay)k

(12)

If k> 1,since (11—X\)* ! < (1—15)F 1 and v; — Tratoy, is increasing, we get

My e k My k
/ (Vl o V2)(V1 _ )\2) 1 dyl S L)k / dyl < (a)\-"_l (13)
A2 A2

(1+ax(v —w))k 14+ axay)k’

We will use the same device (separating £ <1 and k > 1) in (15), (18) and in (20)
without repeating the details. In both cases, Io < I;. Finally,
THitkt2(k—1) [
]1 = —Oz)\ % / 6_7X ()\1_”1) ()\1 — Vl)k_l dl/l
(1 + OéXa)\) My \
2
e Bx (Aa—r2) (Ao — Vz)k_l(VQ _ Ag)k—l duy
A3
- o ay® B

T (T4 axan)k (1+yxan)k (14 BxBr)k

In the first integral we make the change of variable u = vyx(A; — 11) and we use

/ e uFrdu < ¥ (1 4 x) 7 (14)
0
M (A—v1) k-1 an”
We obtai Trx T (N — Tdyy X ———.
" /M ‘ o= dn =< e o

In the second integral, we change v = Ay — 15 and next v = S \t. We obtain

1
0

We use the integral representation (1) of the function E™!(8x/2,3y) and we apply
the estimate (7) which is the desired result since ) =< ay + By = Ya.

Note that if we assume (), > «,, a similar proof holds using the starting formula

the formula (10) with Sx and we set I} = /\];b /\A;[. -]
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5.6. Weyl chamber ('3

Suppose [y > ay. We choose (9) as the starting formula with ax. By Section 5.2,
the exponent Q = e efx(m—22)+1x(2=23) and the starting formula is

A2 pAL
I(X,)\)x/)\ /A (11— v2) (on — ax (AL —11) (A2 — 1))

(1—ax(y —w))ktl
(V1 - )\3)(1/2 — )\3)6/8)((”1_)\2)—’—7)((”2_>\3) Wk()\, l/) dVldl/Q.

We set I} = /\]fz /\’\21 [...] and I, = I — I,. Denote by I;, i = 1,2, the integrals in

the variable v,. We have,
5 (2A3+X2)/3 5./3 By Ltk (k=141
Il Z /(3)\ /i ce dl/g 2 e VXA W (Oé)\ - O[XB)\(/\I - Vl))
3 2

3k
> e(maml)ﬁk/3(1§;ﬁ>\)k+l (ax —axBr(A —11))

while

A2
I < 6(rs:m)BA/2BAk/(V1—Vz)(ax—ax()\l—Vl)()\z—Vz))(/\l—Vz)k_l(/\z—Vz)k_l sy

(1—ax(y —w))kt!
Mo

A2
k—1 k—1
< —(z3—x1)Bx/2 k (r1—12) (A1 —12) (A2—12)
Mo

e*(E?,*El)ﬁA/?a)\ﬁ)\:gk
~ (1—axpB)k

We now proceed similarly as in (12) and (13). The case k > 1 is similar to C". For
k<1, we use

(15)

A2 ax/2 1/2
/()\I—V2>kl<)\2—V2)kldl/2 = / P ay—u)F T du = a2 /vkl(l—v)k1 dv.
Mo 0 0

Now, since x3 — x1 > —ax = 9 — &1, we have

é > elws—z1)Bx/6 (ax —ax (A1 — 1)) > 1+ (x5 —x1)B,\/6

E >1/6.
L~ ax(l —axpBy) ~ 1 —axpx 21/

Now, estimating I boils down to estimating the following three integrals:
T = B /M2 /Al e~ (s =m2) (1 =22) =@ =m0 -38) (0 v (Ay —11) )
L2 (T = ax Byt v A~ Ox (A1 —V1) Py
(vy — X3)*(v1 — X)L\ — )" Ly disy

N M (e wa—a) K
_ —(r3—z1)(r2—A3 .
T (1—axB)Ft! [/,\3 ‘ (2= %) dV?]

A1
|:Oé)\/ 6_(3:3_%2)(”1_)\2)(V1 — )\2)k—1(/\1 — Vl)k_ldyl

A2

A1
_OéXﬁA/ ef(ﬂﬂ:‘sffm)(l/l*>\2)(V1 _ )\2>k*1<)\1 _ Vl)del}
A2
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We estimate the first integral using the estimate (14). In the second integral, up
to a natural change of variables, we recognize the integral formula for the modified
Bessel function Ji_1/2. Recall that Ji 1 o(vr) = E;"*'(v,x). By the estimates
of the function J, (we can also use of the estimates of the Dunkl kernel in the
W -invariant rank 1 case [9]), we have

2k—1

A1
—(zg—w2)(v1—A2) A — k—1 A k—ld - Q) . 16
/A2 e (A — 1) My — X))y 07 (o —za)an) (16)

The third integral, similarly as in C, is estimated by the formula (7) in the general
rank 1 case. Finally, we obtain

I = B! By ayay 21 _ ax fBron®
(1 —axBa)* (T4 (23 —21) )M | (14 (23 —z2)an)® (14 (23 — 22)an)k

a2 8" (1 — axBy)
(1= axBa)Ft1 (14 (x5 — z2)an)k(1 + (z3 — z1)Bx)F+T

k

Note that if we assume «, > [y, a similar proof holds using the formula (11) with
L= [ [ and L=1—1.

5.7. Weyl chamber aﬁaaﬁ (i.e. mg> 23> 11)

In the case ay > (\, we use the formula (10) from Lemma 5.2. Discussions with
Anker and Trojan were helpful in determining the right bounds in this chamber and
in the chamber Cy;5. Let

X )\ //\2 / —(z2—z1) (M —v1)—(23—21) (A2 —12) (r1 —v2) (B + Bx (11 — As) (A2 — v2))
(1+ Bx(v1 —vp))ktt

/\1 — V1>()\1 — 1/2) Wk(>\, I/) dl/ldVQ
and I, =1 — I;. We have

[~ - /(3)\1+/\2)/4 S 05)\1+k+2(k_1)+1€_(m2_ml)/g (/BA + Bxay (/\2 _ 1/2))
1> cee 2 .
(2A1+X2)/3 (1+ Bxan)t+t

Next, for I, we proceed similarly as in (12) and (13).

M
fg < Oé)\k e—(ﬂ?2—11)a)\/2 / ! 6_(172—11)()\1—111)5)\ (17)
A2
(11 —v2) (11 = A)F 11 — A3)" 1 (Bx + Bx (11 — As) B 41,
T+ Bx (o — wa)F T

My k—1 k—1
< k —(za—z1)an/2 / (Vl - VQ) (Vl - )\2) (Vl - )\3) d
s s (1+ Bx (1 —v2))* .

aASkEA ef(azgfml)ak/2

~ (1 + Bxax)k (18)
Hence, é Z e(xz—xl)ax/ﬁ (ﬁ)\ + Bxax (A — Vg)) > 1+ (1‘2 — xl)ax/(ﬁ > 1/6 NOW,
I BA(1 + Bxay) 1+ Bxan
() 1HR+2(R—1) A2
I (X, )\) 1 Ao A / / —(z2—z1)(A\1—v1)—(x3—21)(A2—12) (ﬂ)\‘i_ﬁXa)\ ()\Q_VQ))

)\1 — 1/1) ()\2 — l/g)k (1/2 — Ag)k_ldyldl/g
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3k—1

A1
= T e U e (i) (3, ”ﬁkd”l}
My

A2
’ / e (TR (0 — 1) 1y — Ag)

A3

A2
+5X@A/ e (msme) e (3, — o Y¥ (1 — )\3)k_1d7/2}
A3

_ a}\3k_1 Oo\k_H ﬂ,\2k71 BAQk
{5 A T s B)F T PX O T g

T (14 Bxan)k ! (1—axay)k
_ ax 8\ (1 4 (23 — 1) B + Bxay)

(1 + Bxax)k (1 — axan)F (1 + (x5 — 1) By )+

We conclude by considering two cases (x3—x1)0y > Sxay and (x3—x1)6) < Bxa,.

We now consider the case [y > ay.

Step 1. We use the formula (9) from Lemma 5.1. We will estimate the integral
I(X,\) given by

A2 /\1
1/1 — 1/2 G{)\ —Qx (/\1 — 1/1) ()\2 — 1/2))
A / / (1= ax(r — )" (19)
[1mm 1/1—)\3)(1/2—)\3) (@2=23) (A=) —(w3=21)(v2=A3) Wk(>\,l/)dl/1dl/2.

If 23 — 2y > 29 — x3 the proof is also similar to the previous cases since then
To — 1 XXy — 7.

The case [y > ay and Bx+ < ax+ remains. The proof is more involved than in
preceding cases.

Step 2. We define I, = /\AQ J\/\411 .

1:1 and fg. We will show that I, > f2. We have, using vy — v <X A\; — 1,

and I, = I — I;. As usual, we consider instead

(BA1+A2)/
T —(z2—x3)x — 1_0‘X(/\2_V2))
I > / [ ]2 e mman/s g 2028 k(g ) |

(2A1+A2)/3 (1 —ax(M —vp))kt!

while, similarly as in (12) and (13),

I, < S e mrmon/2 g bl gk / v ve) (= o) (Ow\ —axax(A — 1n)) diy

1—ax (v —v))ktl

56 (z2— x3)a>\/2 1+(k 15 / VI—V2 /\Q)k_l dv < Oé,\Qkﬁ,\k(Al—l/g). (20)

(1 —ax( —wm))k ~ o (I-axay)k

1S e(r2—3)ax/6 (1—ax (A2 — VQ)) > (1+ (x2 —x3) ax/6) (1 — ax (A2 — 12))
~ (I —ax(A — 1)) ~ (1—ax(A — 1))

[\'j\u‘ ~

(1/6 — axay/6) (1 — ax (A —va)) o (1/6 — ax(ax+ A —10)/6) _ 1/6
(1 —ax(A —w)) - (1 —ax(A —1»)) '

vV

since Tr9 — T3 X —ax.
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Step 3. (Estimation of I;) By Step 2, in order to estimate I, it is enough to
estimate I;. We have

A1
I <1 =) 'Bf { {QA/ em(ramr)am) (A — )Rt dul}

M,
>\ —
|:/ 2 6_(a:3—:51)(u2—>\3) (M — I/Q)k (A2 — VQ)k 1 (vs — Ag)k+1 dy2:|
A3

(1 —ax(Ar —vp))k+?

A1
—ay [oz,\/ e~ (r2=z3) (A —w1) (A — I/l)k dyl}

My

l/AQ e~ (ramrD)lam ) (A — 12)% (A — 1) (2 — Ag)FH1 dm} }
A3

(1 —ax (A — vg))kHt

A1
= O[)\k_l/B)\k { |:Oé)\/ 6_(5172_@3)()\1_1/1) (Al _ Vl)k—l dV1:|

My

B2k Mz Y k
{( P / e T 1y — \g)* dy
A3

1—axpx

A _
_{_B)\k/ ’ e~ (@3—x1)(r2—A3) (A —v2)* (Ao — VQ)k 1dV2}

My (1 —ax (A —1p))FH!

A1
—Qx |:O[)\\/ e—($2—1‘3)(>\1—yl) (>\1 — I/l)k dy1:|

My

B Mo e amra) ht 1
( == e T T 1y — Ag)"T duy
A3

1—axf

A
+B5" / " e—(zamen)a-) 1 = 12)* (da — )" d”?] }

Mo (1 — Otx()\l — V2))k+1

Oy B kg k71 _
(14 (w2 — w3)ax)k {(1 o B T (s —ape o A UR =)
+ B8 U2k - 1)
—axaxZk Bk g, 31
(1+ (22 — 23)ax)f | (1 —axBa)P (1 + (x5 —21)Bx)F !

+a B\F U (K) + ByF U(Zk)]

+

using (A — 1)k = (ax + A2 — 10)* < aF + (A2 — 1»)* and where

A2 x (v=2A3) _
Ulp) = / < Ae=v) g,

Mo (1—axa)\—ax()\2—v))k+1 )

We then obtain [(X, )\) = ]1 = C (tl -+ tg -+ tg) —+ CQ(Tl —+ T2 -+ Tg), where

c = Bt Cy = —axan B
P Braa)t 27 [+ Bxan)ET
B  hak o
b= (1 — ax Ba)FTL(1 — yx Ba)F L’ to = a)\"B\"U(k — 1), ts = B U2k — 1)
5 3k+1 i N .
hi= : Ty= a8 UR),  Th = BU(2k).

(1= ax Bk (L —yx fa)r+t
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The rest of the proof is straightforward but tedious. We will only give its outline
and omit the details.

In order to estimate the four needed integrals of the form U(p), with p = k — 1,
2k — 1, k, 2k, it is useful to consider four cases:

(C1) —axay <1,—9xB <1,
(C2) —axay>1,—yxfpr <1,
(C3) —axan < 1,—yxfr > 1,
(C4) —axay >1,—yxfy > 1.

We work separately with £ > 1, k=1 and k£ < 1.
In the cases (C3) and (C4), we use the estimate

a
/ e“rMdr < e®a™,
1

for a > 2. Otherwise, the integrals are easily estimated. In all cases, one notes that
Uk —1) SUk — 1) and ay*U (k) S U(2k).

Note that for p = k the estimate of U(k) has a logarithmic factor, which is also the
case when k =1 for U(2k — 1) = U(1) = U(k). However, these terms are always
dominated by other non-logarithmic terms, thanks to the inequality Inz < ¥, for
x large enough.

When k > 1, after estimating the integrals U(p), we check that t; > t + t3 and
T, > Ty + T3 so that I(\, X) < ¢1t1 + ¢oT7 and the estimate follows by putting the
sum on a common denominator.

When k£ < 1, we consider two following cases. When —vyxa, > 1, the proof is
similar as for £ > 1.

When —vyxay < 1, it is easy to see that t3 > t5 and that T} > T3 > T,. Next, we
check that T /(c1t1) > 1 and 11 /(cits) > 1. Finally, 1(X,\) < T} and the
estimate follows.

5.8. Weyl chamber Cs3

If we assume «a), > [\ and we use formula (9), we easily prove the relevant estimate
using the same approach as for, say, Css;. If 8y > ay and z; — 23 > x5 — 21, the
same approach works with formula (10) since x3 — x1 < o — x3. We then consider
the case B\ > ay and z1 — 3 < x5 — 21 so that xo — x7 <X x5 — x3. Using formula
(10), we have

] A2 :EQ xl )\1—111)—(271—1‘3)(1/2—)\3) (Vl - VZ) (5)\ + BX (Vl - )\3) ()\2 - 1/2))
b (1+ Bx (1 —v))ktl

)\1 — Vl)()\l — Vg) Wk()\, l/) dl/ldl/g

and I = I — I;. Now, since A\; — 15 X 1y — /5, We have:

fl - /(3)\1-1—)\2)/4 S a)\k+(k71)+1ﬂ k—1 e—(z2— a:1)a,\/3(>\1 i 1/2) (ﬁ)\ + Bx B ()\2 _ 1/2))
—Jeatr)/3 ~ (L4 Bx (A1 —v2))ktt
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Now we proceed similarly as in (12) and (13).

My
P« kg k=1 —(za—z1)ar/2 (v1 —v2) (Bx + BxBx (A2 — 1)) oy k-1
hsaihe ) /)\2 (14 Bx(v1 —va))k+t (1= Ae)"din

My
ko k_ —(zo—z1)ax/2 (1 — 1) . k—1
< ay'Bhe /A2 (14 Bx (1 —v2))* (11— A)" din

< a)\?kﬂ/\k()\l _ Vz)e—(wg—;vl)oo\/Q

~ (14 Bx (A1 — 1))k ‘ (21)

Hence,
Lo elmmm)on/6 (1 4 By (Ao — 1)) & (14 Bxaa/6) (1+ Bx (A2 — 1))
I, ™ L+ Bx (A1 — 12) ~ 1+ Bx (M —12)

1+ Bx (A —112)/6
> > .
1+ﬂx()\1—l/2) - 1/6

We then have I < I, and since \; — 15 X 11 — 1y,

- k—1 —(z2—x1)(M1—v1)—(21—23)(V2—A3) (/\1 — VQ) o (1 + Bx ()\2 — VQ))
I < ay 5>\ / (14 Bx (A1 — o))k tL

(/\1 — V1) (/\2 — Vg)k_1<l/2 — /\3)k_1 dl/ldl/g

A1
— a)\k—l/@)\k L/ 6—(:22—271)()\1—111) (Al _ Vl)k dVl

My

. /)\2 e—(:c1—x3)(1/2—/\3) ()\1 - VQ)k+1 (AQ - VQ)kil(VZ - )\S)kil dV
A3 (L4 Bx (M — vp))ktt ?

A2 k1 k k—1
“(r1—a3)(ra—r3) A1 —12) (Ao —10)" (12 — A3) d
o /A ‘ (15 Bx O = v2) 1 &

Now, let J; = M2 ... and Jy = ]\/\422 ... in the first integral involving v,. We have

IS /(2/\3+>\2)/3 N By D20k D)1 o —(21~23)85 /3
1 =
(3Az+A2)/4 (14 Bx )+t

while

A
Jy < e~(@1-aa)n/2 / T el G P O i
Mo (1+ Bx (A1 — )kt

< o~ (@1-23)Bx/2 (A1 — AS)kH //\2 ()\2 - VZ) (V2 )\3) - dvs
~ (1+ Bx (A1 — Ag))rtt M,

5/\3k+16*(w1*$3)lﬁ/2 J
(1+BxBa)ktt ™~ -
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proceed in the same manner for the second integral in v,. We have

A1
]1 = O[Ak_lﬁ)\k |:/ 6_($2_I1)()\1_V1) ()\1 — Vl)k dl/1:|

My
. Mo 67(117333)(1/27)\3) ()\1 - y2)k+1 (/\2 _ V2)k—1(y2 _ )\3)k—1 0
A3 (14 Bx (A — vp))k+1 2
" s k k—1
—(w1—wg)(wa—Ag) (AL —v2) " (A2 — 1) (12 — As)
+ e~ (@1—a3)(r2 As) (A1 — 12 .
BX /’\3 (1 + ﬁX()\l — y2))k+1 2
A1
= akk_lﬁ)\k |:/ 6—(362—1’1)()\1—1/1) ()\1 B Vl)k dl/1:|
My
5,\(’““)“’“’1) ﬁ/\(k+1)+k

Mo
1 / e*($17£3)(1/27)\3)(y2 _ )\3)]671 dVQ
A3

T BF(1+ Bx Bx) Bk
1+ (z2 —x1)on)F (14 Bx B (1+ (x5 — x1)Bx)F

L+ BB T T+ BB

 k-1gk
= ay 5A(

which gives the correct estimate.
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