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Abstract. We study 2-local derivations on the centerless Ovsienko-Roger algebra £, which is
the semi-direct product of the Witt algebra and its tensor density module. We prove that every
2-local derivation on £y is a derivation for A € C\ {0, 1,2}. We divide into two cases to consider
2-local derivations on £, depending on whether the parameter A is an integer, that is for the case
A €Z\{0,1,2} and the case A ¢ Z.
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1. Introduction

The Witt algebra W is an infinite-dimensional Lie algebra over the complex field C
with the basis {L, |n € Z} and the following relation

Ly, L) = (m—=n) Lypypn, YV m,né€Z.

For a parameter A € C, the tensor density module of degree A over W is a vector
space Fy = 6D,,c;, CW,,,, which was first introduced in [8, 12]. The action of W on
F) is given by

Ly Wy =m4+AIn)Whyin, Vmn€Z.

Then, a class of infinite-dimensional Lie algebras £y ~ W x F, is constructed for

A € C. Obviously,
S =PcL,ePcw,

meZ meZ

satisfies the following brackets for all m,n € Z:
(L, Lin) = (m —n) Lypiny,  [Lny W] = (m 4+ An) Wein,  [Wa, Wy] = 0.

A central extension of £, was considered by Ovsienko and Roger [13, 14] to study
matrix analogues of Sturm-Liouville operators [10, 11]. This extension was called
the Ovsienko-Roger algebra in [9]. Hence, we call £, the centerless Ovsienko-Roger
algebra in this paper. Note that £, includes some important Lie algebras as special
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cases. For example, £, is the centerless twisted Heisenberg-Virasoro algebra and
£ is the centerless W-algebra W (2,2). More results of the structure theory for
£, refer to [4, 5, 16, 20].

It is well-known that derivations play an important role in the study of the structure
theory of an algebra. As a generalization, the concept of 2-local derivations was
introduced in [15] when Sémrl studied the structure of #(H). For a given algebra,
the main problem in studying 2-local derivations is to see whether they automatically
become derivations. 2-Local derivations on many finite-dimensional and infinite-
dimensional Lie algebras have been characterized. In [1], the authors have shown
that every 2-local derivation on a semi-simple Lie algebra is a derivation and a
finite-dimensional nilpotent Lie algebra with the dimension larger than 2 exists a
2-local derivation which is not a derivation. The authors have proved that all 2-
local derivations on some Schrodinger algebras are derivations in [19, 21]. 2-Local
derivations on some infinite-dimensional Lie algebras, such as the Witt algebra
as well as the positive Witt algebra [2], the W -algebra W (2,2) [17], the twisted
Heisenberg-Virasoro algebra [22], the Virasoro-like algebra [18], the Schrodinger-
Virasoro algebra [7] and the planar Galilean conformal algebra [3] were determined.
The authors have proved that every 2-local derivation on these infinite-dimensional
Lie algebras mentioned above is a derivation. In addition, the authors have given an
example of the infinite-dimensional Lie algebra, called the thin Lie algebra, such that
it admits a lot of 2-local derivations which are not derivations in [2]. In particular,
the author also gave a complete classification of 2-local derivations on the thin Lie
algebra in [17].

These known results encourage us to consider 2-local derivations on the centerless
Ovsienko-Roger algebra £, for A € C. However, when XA = 0,1,2, there is more
than one outer derivation on £, such that these cases are difficult to consider.
Therefore, we only take into account the case for A € C\ {0,1,2}. We divide into
two cases to determine 2-local derivations on £ for A € C\ {0, 1,2} depending on
whether the parameter A is an integer, that is for the case A € Z\ {0, 1,2} and the
case \ ¢ Z.

The paper is organized as follows. In Section 2, we give some preliminaries concern-
ing the centerless Ovsienko-Roger algebra £y for A € C\ {0,1,2} and the main
results in this paper. In Section 3, we prove that every 2-local derivation on the
algebra £, is a derivation for A € Z\{0,1,2}. All 2-local derivations are also proved
to be derivations on the algebra £, for A ¢ Z in Section 4.

Throughout this paper, we denote by C, Z, Z*, Z_ and Z, the sets of complex
numbers, integers, nonzero integers, negative integers and positive integers, respec-
tively. For convenience, £ycc\fo,1,2), Laez\fo,1,2) and Ly¢z denote the algebra £y
for A € C\ {0,1,2}, the algebra £, for A € Z\ {0,1,2} and the algebra £, for
A ¢ 7, respectively. All algebras and vector spaces are considered over the complex
number field C.

2. Preliminaries

In this section, we recall some known definitions and results for the study of 2-local
derivations on Lyec\{o,1,2) and give the main results in this paper.
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Definition 2.1. [6] Let g be a Lie algebra. A linear map D : g — g is called a
derivation of g if it satisfies the Leibniz law, that is,

D([z,y]) = [D(x),y] + [z,D(y)],  forallz,y € g. L

It is easy to see that for x € g, the linear map ad(x) on g defined as ad(z)(y) = [z, y]
for all y € g is a derivation of g. The derivation of this form is called an inner
derivation of g. Denote by Der(g) the space of all derivations of g, Inn(g) the
space of all inner derivations of g, respectively.

Definition 2.2. [15] Let g be a Lie algebra. A map A : g — g (not linear in
general) is called 2-local derivation of g if for every x,y € g, there exists a derivation
D,,:g— g (depending on z,y) such that

A(x) = Day(), Aly) = Day(y)- -
In particular, for « € C and x € g, we have
A(ax) = Dy pz(ax) = aDy o (x) = aA(x).
Lemma 2.3. [4] Let Der(£xec\fo,1,23) and Inn(Lxecyfo,1,2) be the space of deriva-
tions of Lxec\{o,1,2y and the space of inner derivations of Lxec\{o,1,2), Tespectively.
Then Der(Lxcev(o,1,2)) = Inn(Lacevfo,2;) © CD,
where D is an outer derivation of £ycc\fo,1,2) and the action of D on Lxec\{o,1,2}

is defined as D(Ly,) =0 and D(W,,) =W,, for all m € Z.

Lemma 2.4. Let A be a 2-local derivation on the algebra L£iec\(o1,2y- Then
there exists a derivation D,, of £xec\fo,1,2) satisfying

A(ZL’) - Dm,y(‘T)? A(y) = Dr,y(y)
for any x,y € Lxce\fo,1,2y - Moreover, D, can be written the form as follows

Dx»y = ad(Z(pk(x, y>Lk + Qk(xay)Wk» + fj’($7y)D>

keZ
where pi, qx, p are complexr-valued functions on Lxec\fo,1,2) X Laecvfo,2y for k € Z
and the action of D on £yec\fo,1,2) @S given in Lemma 2.3.

Proof. From Definition 2.2 and Lemma 2.3, the proof is obvious. [ ]

Now, we give the main result concerning 2-local derivations on £ycc\{o,1,2y in this
paper.

Theorem 2.5.  Every 2-local derivation on the centerless Qusienko-Roger algebra
Lrec\fo,1,2y 1S a derivation.

We will divide the proof of Theorem 2.5 into two cases: the case A € Z\ {0, 1,2} in
Section 3 and the case A ¢ Z in Section 4, respectively.

3. 2-Local derivations on £, for A € Z \ {0,1, 2}

2-Local derivations on the algebra £)cz\ (0,127 are determined in this section.
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Lemma 3.1.  Let A be a 2-local derivation on £yez\jo,1,2y- Take any but fived
Y € Laez\{0,1,2} 5
(1) for a given m € Z, if A(Ly,) =0, then
Dy,y = ad(pm(Lin, ¥) Lin + q-xim (Lins ) Worim) + p(Lin, y) D,
(2) if A(Wy) =0, then
D,y = ad(po(Wo,y) Lo + Z a(Wo, y)Wk),

kEZ

where py, qi, p are complex-valued functions on Lxepfo,1,2) X Laez\{o,1,2y for k € Z.

Proof.  From Lemma 2.4, we have for a given m € Z and any y € £xez\{0,1,2},

DLm,y = ad(Z(pk(Lm, y>Lk + Qk(LTm y)Wk)) + H(Lma y>D (1)
and Dy, = ad(Z(Pk(Wo, Y) L + @ (Wo, y)Wi)) + u(Wo,y) D, (2)

where py, g, p are some complex-valued functions on £yez\(0,1,2) X £rez\{o0,1,23 for
keZ.

(1) If A(L,,) =0 for a given m € Z, by Eq. (1), we obtain
A(Lm) = DLm,y(Lm)
- Z[pk(LTm Y) Lk + @i (L, y)Wh, L] + (L, y) D(Lin)

keZ

= Z ((m - k)pk(Lm7y)Lk+m - (k + )‘m)Qk(Lm7y)Wk+m) = 0.

kEZ

From the above equation, one has (m—k)pg(Ly,,y) = 0 and (k+Am)qx(L.,,y) =0,
which deduce that py(L,,,y) = 0 for k # m and qx(L,,,y) = 0 for £ # —Am. Hence,
Eq. (1) becomes

Dy, = ad(pm (L, y) L + qxm (L, Y)Woxm) + pt(Lin, y) D.
(2) When A(W,) = 0, together with Eq. (2), we have
A(Wo) = Dy (Wo)
= > Ipe(Wo, y) L + ae(Wo, y) Wi, Wo + p(Wo, y) D(Wy)
kel

= Nepe(Wo, y) Wi + p(Wo, y)Wo = 0.

kEZ

This equation shows that Akpg(Wy,y) = 0 for k # 0, which implies pp(Wy,y) = 0
for K £0. If k=0, we get u(Wp,y) =0. So, Eq. (2) can be written as

Dy = ad(po(Wo, y) Lo + > ax(Wo, y) W)
ke

The proof is complete. u

Lemma 3.2. Let A be a 2-local derivation on £xep 1,2y - If A(Lo) = A(Ly) =0,
then A(Ly) =0 for all m € Z.
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Proof. Since A(Lg)=A(L;)=0 and by Lemma 3.1, we get for any y € £xcz\(0,1,2},
Dryy = ad(po(Lo,y) Lo + qo(Lo, y)Wo) + (Lo, y) D (3)
and Dr,y = ad(pi(L1,y) L1 + q-A(L1, )W) + pu(L1,y) D, (4)

where po, p1, o, G-, it are some complex-valued functions on £ez\ (0,1,2) X £xez\{0,1,2} -
For any m € Z, take y = L,, in Eqgs. (3) and (4), respectively. Then, we obtain
A(Lm) = DLO,Lm (Lm)
= [po(Lo; L) Lo + qo(Lo, Lin)Wo, Lin] + p(Los L) D(Li,)
= mpo(Lo, L) L — Amqo(Lo, L)W,
and A(Ly,) = Dy, 1,,(Lm)
= [p1(L1, L) Ly + q-a (L1, Lin))W_x, L] + p(L1, L) D( L)
= (m — Dp1(L1, L) Lins1 — A(m — 1)q_x(L1, L) Win—x.
By comparing the two above equations, it is easy to see that A(L,,) = 0 for any

m € Z. The proof is complete. [ |

Lemma 3.3.  Let A be a 2-local derivation on £xez o123 such that A(Ly,) =0
forall m € Z. Then for any x =), , (. Ly + B W) € Lrenfo,1,2)» we have

A(x) = iy Z@Wt, where u, € C only depends on x.
tez
Proof.  Since we have A(L,,) =0 for all m € Z and Lemma 3.1, we get for any
T = ZteZ(atLt + BW) € Lrez\{o,1,2)
DLm,x = ad(pm(Lﬂ"w :E)Lm + q—)\m(Lma x)W—)\m) + ,U(Lma :B)D
Then we have
A(z) =Dy, ()
:[ m(Lma x)Lm + q—/\m(Lmv x)W—Ama $] + M(er $)D(ZL')
= Z at(<t - m)pm(Lma x)Lm-l—t - )\(t - m)q—)\m(Lma x)W—)\m—i-t)

teZ

+ 3 Bul(t+ Am)pu (L, )Wt + (L, )W),

teZ

By taking enough different m € Z in the above equation, and if necessary, let these
m's to be large enough, we have

A(x) = (L, x) > BW,.

Let p, = p(Lp, x), which is a constant complex number since it depends only on x
and not on m. This finishes the proof. [ |

Lemma 3.4. Let A be a 2-local derivation on Lxcz\o1,2) satisfying A(Wy) =0
and A(Ly,) =0 for all m € Z. For any j € Z* and y € Lxen\jo,1,2}, then

Drjiwiy s, = ad(§ Ly + 0\ ;Wos + & Wa_n);),
where &, 1’ y; € C depend on y.
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Proof. Since A(L,,) =0 for all meZ, it follows from Lemma 3.3 that for j€Z*,
A(Lj + W) = bryewi ), Wa-n; ()
where pr, 4w, _,,, € C. Again by A(Wj) =0 and Lemma 3.1 (2), we obtain
ALy +Wa-x);) = Dwo,r;ewi ), (L + Wa-x);)
= [po(Wo, L + Wax)) Lo+ Y a(Wo, Lj + Wi x);)) Wi, L + Wa_);]

ez,
= jpo(Wo, L + Wa—x;)Lj + (1 = X)jpo(Wo, Lj + Wa—x);)Wi—n);

— Z(/{? + )\j)qk(W(), Lj + W(l—)\)j)Wk-i-j-
kEZ
This 1rnphes pO(W07Lj + W(l—A)j) =0 and qk(Wo,Lj + W(l—A)j) =0 for k 7é —)\j
in combination with Eq. (5), which leads to
A(Lj + Wi—y);) =0, where j € Z".

For any y € £)ez\{0,1,2), We may assume by Lemma 2.3 that

Diyiwi sy = ad0 (0k(Ls + Wang, v) L+ au(Li + Waox;, y) W)
keZ

+ (L +Wa_xn;,y)D.
Then, we have L -2 9)

A(Lj + Wa-x;)
= DLj+W(1_A)]-,y(Lj + W(I_A)j)

= [Z(pk(Lj +Wa-ngi ¥) L + (L + Wan;, v)Wa), L + Wiy,
kez

+ Ly + W, 9) DL+ Way;)
= (G = B)pe(Ls + Waeny ) Lirs — (k + M) au(Ly + Waox;, ) Wis,

keZ
+ ((1 - )\)j + )\k)pk(Lj + W(17A)j, ?J)Wk+(1f,\)j) + M(Lj + W(lf)\)ja y)W(lf)\)j
—0. (6)

From Eq. (6), we see that (j —k)pr(L;+Wa_y);,y) = 0 for all k € Z, which implies
that p(L; + W_x);,y) =0 for k # j. Then, Eq. (6) becomes

0 (L + Wan; ) Wea-x; — Y (k+ M) ae(Lj + Wax, ) Wae

keZ
+u(Lj + Wan;, y)Wa-y); = 0.

By observing the coefficient of W,_j); in the equation above, we have
3pi (L + Wa—x;,y) — Faa-x;(L; + Wa-xy;,y) =0,

which deduces that p;(L; + Wa_x;,¥) = qa-x;(L; + Wa_y);,y). Next, we observe
the coefficient of W(;_y);, then p(L; + Wi_y);,y) = 0. Furthermore, by observing
the coefficient of W, for k # (1 — X)j, (2 — \)j, we obtain ¢,(L; + Wa_x);,y) =0
for k # —XAj, (1 —=M\)j.

The proof is complete by taking 5? = pi(L;j + Wi=x;,y) = qa—n;(Lj + Wa-x;,y)
and ”71”1,\j = gL + Wa-n;,y)- u
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Lemma 3.5. Let A be a 2-local derivation on Lxcz\joq1,2) satisfying A(Wy) =

A(Ly) = A(Ly) = 0. Forany v =), , (L +BW,) € Lrenfon,2y» then A(x) = 0.

Proof.  Since A(Lg) = A(L;) =0, from Lemma 3.2, we have for all m € Z,
A(L,,) = 0.

For any o = ), ,(owLs + BW;) € Lrezfo,1,2). this implies together with Lemma

3.3 that
T) = fiy Z LW, (7)

teZ

where g, is a complex number depending on x. For any j € Z*, it follows from
A(Ly,) =0 and A(Wy) =0 that Lemma 3.4 holds, that is

Drswy e = ad(§G L + 02, Woyy + G Waoy);),
where 5]”0, UASVIS C. Taking any z= Ztez(atLt+ﬁtWt) € Lxez\{0,1,2}» We get for j€Z*,

A( ) = DL'+W(1 A)j T ( ) = [gmL + anjW*)\j + ffw(l—k)jv x]

= Zoét DE Ljve — At — InE\Werjar — (1= A)d + A)E W)
tez
+ Z Bi(t + AJ)E; Wite. (8)
tez

Case 1. x =), ., BW,.
From Egs. (7) and (8), we have for all j € Z*,
T) = iy Z BiW = Z Be(t + Aj)EWits.
tez tez

By taking enough different j € Z* in the above equation, and if necessary, let these
j's to be large enough, then A(z) =

Case 2. = = ay, Ly, + Ztez\{to} oLy + Yo, B:W, with ty € Z and oy, # 0.

Take two different nonzero integers j; and j, such that to — 77 # 0 and ty — jo # 0.
Then, it follows from Egs. (7) and (8) that ay,(to — ji)§F = 0 for i = 1,2, which
implies that &§ = 0 for i = 1,2. Therefore, Eq. (8) can be written as

Zat jz n- )\]lW—)\]ﬁ-ta = 1 2.

tez
By taking j; and j5 in the above equation such that j;, j» and j; —j5 large enough,
we obtain A(z) = 0. We finish the proof. ]
Theorem 3.6.  Every 2-local derivation on L£xez\jo,1,2y 1S a derivation.

Proof. Let A be a 2-local derivation on £ycz\{0,1,2). Then, there exists a deriva-
tion Dy, r, such that

A(L(J) = DLO,L1 (L0)7 A(Ll) = DLO,Ll (Ll)

Set Ay = A — Dy, 1, , which is a 2-local derivation satisfying A;(Lg) = Aq(L;) =0
on £yez\fo,1,23- 1t follows from Lemma 3.2 that A;(L,,) = 0 for all m € Z.
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This together with Lemma 3.3 gives us Ay (Wy) = puw,Wo, where pp, € C. Next,
let Ay = Ay—pw,D. Obviously, A, is a 2-local derivation on £ez\ f0,1,23 - Moreover,

Ao(Lo) = Ay(Lo) — pwy D(Lo) = 0 — 0 = 0,
As(Ly) = Ay(Ly) — pwy D(Ly) =0 — 0 =0,
Ao(Wo) = A1 (Wo) — pwe D(Wo) = piw, Wo — pow, Wo = 0.
Then, by Lemma 3.5, we have Ay(x) = 0 for any x € £xez\(0,1,2), which shows that
Ay =A—Dry 1, — pw,D =0.
Hence, A = Dy, 1., — pw,D is a derivation. The proof is completed. n

Remark 3.7.  2-Local derivations on the centerless W -algebra W (2,2) have been
determined in [17]. Our results recover and generalize results in [17]. ]

4. 2-Local derivations on £, for A\ € Z

In this section, we will consider all 2-local derivations on the algebra £y¢z.
Lemma 4.1.  Let A be a 2-local derivation on £x¢z. Take any but fived y € Lx¢z,
(1) for a given m € Z, if A(L,,) =0, then
Dr,.y = ad(®Pm(Lin, ) Lin + Oxm,zd—xm Ly YYWorm) + 1(Lin, y) D,
(2) if A(Lo+ Wy) =0, then
Dryiwyy = ad(po(Lo + Wo,y) Lo + qo(Lo + Wo, y) Wo),
(3) if A(Wo+Wy) =0, then

Dwywsy = ad( Y ae(Wo + Wi, y)Wy),  when % ¢ L* or % € Ly,
kEZ

1
DN
Dwyswry = ad( Y pe(Wo + Wi, y) L + > qe(Wo + Wi, y)Wy), when 5 € Z_,
=0 kez

where py, qr, W are complexr-valued functions on Lygz X Ly¢z for k € Z and
dkz s defined as 1 for k € Z and as 0 for k ¢ Z. Moreover, when % € 7Z_,
Po(Wo+W1,y) = =Ap1 (Wo+W1,y) and pr(Wo+W1,y) is defined as for 1 < k < —%,

—2) N | X0V
p1(Wo +Wh,y) = 1+)\P2(Wo +Why)=--= ( )_L_l Uiz Z)]?_§(VV0 + Wh,y).
[La @+

Proof. By Lemma 2.4, we obtain for a given m € Z and any y € £¢z,

Dy, = ad(}_ (Lo, y) Lt + @(Lins Y)Wi)) + (L, ) D, (9)

Droswoy = ad(Z(pk<LO+WO>y)Lk+Qk(L0+WOa y)Wk)> +u(Lo+Wo,y)D  (10)

kEZ
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and

Dwywry = ad(Z(pk(Wo+W1> Y) Li+au(Wo+Wh, y)Wk)>+M(W0+W1> y)D, (11)
keZ
where py, qx, p are some complex-valued functions on £y¢z x Lyg¢z for k € Z.

(1) Since A(Ly,) = 0 for a given m € Z and Eq. (9), similar to the proof of Lemma
3.1 (1), we have

A(Lp) =D,y (L) =Y ((m = B)pr(Lm, ) Livm — (k + Am)qe(Lon, y) W) = 0.

keZ
From the equation above, we obtain (m—Fk)pg(Ly,,y) = 0 and (k+Am)qe(Ly,y) =0

for all k € Z, which imply that py(L,,,y) = 0 for k& # m and if \m € Z,

Gk (Lim,y) =0 for k # —Am or if Am ¢ Z, qi(L,,,y) = 0 for all k € Z. Thus,
DLm,y = ad(pm(Lm> y)Lm + 6Am,qu)\m(Lm7 y)Wf)\m) + ,U(Lma y)Da

where ;7 is defined as 1 for k € Z and as 0 for k ¢ Z.

(2) By A(Lo+ Wy) =0 and Eq. (10), we get

A(Lo + Wo) = Dryiwyy(Lo + Wo)
= [Z(pk(Lo + Wo,y) Lk + qr (Lo + Wo, y)Wi), Lo + Wo]

Kez
+ u(Lo + Wo,y)D(Lo + W)

= Z(—kpk(Lo + Wo,y) Lk + Mepr(Lo + Wo, y) Wi
keZ

— kar(Lo + Wo, y)Wy) + (Lo + Wo, y)Wo = 0. (12)
Eq. (12) shows that kpg(Lo+ Wo,y) =0 for all k£ € Z, from which we deduce that
pr(Lo + Wy, y) =0 for k € Z*. Then, Eq. (12) becomes

—> " ka(Lo + Wo, y) Wi + (Lo + Wo, y) Wy = 0.
kEZ
Considering the coefficient of Wy in the equation above, we have p(Lo+ Wy, y) = 0.
Moreover, by observing the coefficient of Wy, for k€ Z*, we obtain gy (Lo+Wy,y)=0.
Hence, Dry+woy = ad(po(Lo + Wo,y) Lo + qo(Lo + Wo, y)Wo).
(3) Since A(Wy+ Wy) =0, it follows from Eq. (11) that
A(Wo + W1) = Dwiiw, (Wo + W)

= [Z(pk(Wo + W, y) Le + g (Wo + Wi, y) W), Wo + Wi

kEZ

+ u(Wo + Wi, y) D(Wo + Wh)
= Z()\kpk(Wo + Wi, )W + (L4 Ak)pr(Wo + Wi, y)Wiy1)

kEZ

+ u(Wo + Wi, y)(Wo + W)
= Z(/\(k + Dprs1(Wo + Wi, y) + (14 Me)pe(Wo + Wi, y) ) Wi

keZ

+ N(WO + Wl, y)(Wo + Wl) = 0. (13)
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Eq. (13) shows that
ME+ Dpeyr (Wo + Wi y) + (L 4+ Xe)p(Wo + Why) =0, VEk#-1,0, (14)
(L= Npa(Wo + Wi, y) + u(Wo + Wi, y) =0 (15)
and Ap1(Wo + W, y) + po(Wo + Wi, y) + u(Wo + Wi, y) = 0. (16)
It is obvious that Eq. (14) can be written as

(1+ Ak)

pk:-l—l(WO + Why) = _mpk(WO + W17y)7 vk 7£ _]-aOa (17)
or
AMk+1 1 ,..1 %
pk(W0+Wlay) = 1(+>\k)pk+l(WO+Wlay)7 vV k 7é _1707_X (lf X €Z ) (18)

Case 1. ; ¢ Z".

Since + ¢ Z*, it is obvious that 1+ Mk # 0 for all k € Z. For k < —2, by Eq. (17),
)

we have
1—2\ PG EEDY;
p1(Wo+Wi,y) = \ po(WotWiy) =--- = Wﬁk(wo-FWhy) =
i=1
From Eq. (18), it is easy to see that for k > 2,
—2A (DRI, (M)
Wo+Wi,y) = ——po(Wo+Wi,y) =--- = =2 Wo+Wi,y) =---.
p1(Wo+W1,y) 1+)\]92( 0o+W1,y) Hf:_f(H)\i) Pe(Wo 1Y)

Since the set {pr(Wo + W1, y) | pr(Wo + Wh,y) # 0, k € Z*} is finite, we conclude
that pp(Wo+ Wi,y) =0 for all k£ € Z* by the relations above. Then, Egs. (15) and
(16) show that po(Wo + Wi, y) = u(Wo + Wi,y) = 0. Hence,

Dworwy = ad(z ar(Wo + W1, y)W).
keZ
Case 2. € Z,.

When % € Z. , it is easy to see that i > 2. By taking k = —% in Eq. (17), we have
pf;H(WojLWl,y) = 0, which implies that py(Wo+W3,y) = 0 for —%—1—1 <k<-1.

Moreover, again by Eq. (17), for k < —% — 1, we get

o Hi_:k§+1(1 - /\i)

pot(Wot Wi, y)==Ap_1_,(Wot Wy, y) =--- o0 o (Wot Wy, y) = --- .
Similar to Case 1, we have for k > 2,
A (—1)F ! i, (M)
Wo+Wi,y) = —< po(Wo+Wh,y) =--- = =2 Wo+Wi,y) =---.
p1(Wo+Wh,y) 1+)\p2( 0o+Wi,y) Hf;ll(lJr)\i) pe(Wo+Wh,y)

Since the sets {okWo + Wi, y) | p(Wo + Wi,y) #0, k > 1}

1
and {px(Wo + Wi, y) | pe(Wo + Wi, y) #0, k < _X}

are finite, we obtain pp(Wo + Wi,y) =0 for £ > 1 and k < —%. Therefore, for all
keZ, p(Wo+Wi,y) =0.
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Then, we immediately obtain po(Wo + Wy, y) = w(Wy + Wi, y) = 0 from Egs. (15)
and (16). So, Dw,+w, , can also be written as the form

Dworwy = ad(z ar(Wo + W1, y)W).

kEZ
Case 3. ; € Z_.
In fact, % < —2 is obvious. It follows from Eq. (17) that for k£ < —2,
1—2) (= i
p1(Wo + Wi, y)= 3 po(Wo+Wiy) =---= WM(WO +Wiy) =---.
1=1

By Eq. (18), we have
—2A
p1(Wo + Wh,y) = mm(wo +Wiy)=-

_ (_]_)7X71 Hb_zé(/\l)p_ (WO + W17 y) (19)

JEREY)

>

and for k> —1 +2,

1—-2\
p7%+1<W0 + W17 y) - \ p7%+2(W0 —+ W17 y) — ...

1917k .

_ (‘1)k+* ! Hi:*%+2(AZ>
k—1 .
Hi=—§+1(1 + i)

Since the sets  {pr(Wo + Wi, 9) [pr(Wo + Wi,y) #0, k > —% +1}

p(Wo+Why)=---.

and {peWo + W1, y) [ pe(Wo + Wh,y) #0, k < —1}

are finite, we have p,(Wy + Wy,y) = 0 for k > —% +1 and £ < —1. From Egs.
(15) and (16), we have u(Wo+Wq,y) = 0 and po(Wo+ W1, y) = —Apr(Wo + W1, y).

Therefore,
1

X
Dwyywry = ad(z pe(Wo + Wi, y) Ly + Z ar(Wo + Wi, y) W),

k=0 keZ
where po(Wo + Wi, y) = —=Ap1(Wo + Wi, y) and pp(Wy + Wy, y) satisfies Eq. (19)
for 1 <k < —%. This completes the proof. ]

Lemma 4.2.  Let A be a 2-local derivation on £xgz,. If A(L1) = A(Lo+Wy) =0,
we have A(Ly,) =0 for all m € Z.

Proof.  Since A(L;) = A(Ly+Wp) =0, by Lemma 4.1, we get for any y € £y¢z,
Dy, = ad(py(Ly,y) L) + p(L1,y) D
and Drotwoy = ad(po(Lo + Wo, y) Lo + qo(Lo + Wo,y)Wo),

where po, p1, qo, p are complex-valued functions on £y¢z x £y¢z. Then, for any
m € 7, we obtain

A(Ly,) = Dy, ,,(Lw) = [p1(L1, L) L1, L) + (L1, L) D(Ly,)
- (m - 1)p1 (Lh Lm)Lm+1 (20)
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and  A(Ly) = Drgywo,im (Lm) = [po(Lo + Wo, L) Lo + qo(Lo + Wo, Ly )Wo, L]

= mp()(Lo + Wo, Lm)Lm — )\qu(LO + Wo, Lm)Wm (21)
By comparing with Eqs. (20) and (21), it is obvious that A(L,,) = 0 for any m € Z.
The proof is complete. u

Lemma 4.3.  Let A be a 2-local derivation on Lygz such that A(L,,) =0 for all
m € Z. Forany x =73, (L + BW,) € L3¢z, then

A(J:) = g Z /BtWt7

teZ
where p, is a compler number depending on x.

Proof. Since A(L,,) =0 for all m € Z, it follows from Lemma 4.1 (1) that for
any r € Q)\gz,

DLm,oc = ad(pm(Lma x)Lm + 5/\m7Zq—)\m(Lma x)W—)\m) + M(Lma .flf)D,
where 0y z is given in Lemma 4.1 for k € Z. Forany x = ), (oL + B, W;) € Lx¢z,
we have

A(Qf) = DLm,a:(x) = [ m(Lma x)Lm + 5)\m,Zq—)\m(Lma ZU)W_)\m, :U] + ,U(Lma ZL‘)D(.T)
= Z at((t - m)pm(Lma x)Lm—i—t - )\(t - m)ékm,zq—)\m(Ln’m -Z')W—)\m—&-t)

teZ

+ 3 Bt + M) (L, @) Wit + (L, )W),
teZ
By taking enough different m € Z in the equation above such that Am ¢ Z, and if
necessary, let these m’s to be large enough, we have

A(x) = p(Lm, ) > W
teZ
Now, let p, = pu(Ly,, z) € C, which is independent on m but dependent on x. This

finishes the proof. [ |

Lemma 4.4.  Let A be a 2-local derivation on L£ygz such that A(Ly+ Wy) =0
and A(Ly,) =0 for all m € Z. Then for any j € Z* and any y € Ly¢z, we have

DLj+W2j,y = ad(ﬁé’LJ + (SAjz?]?i)\jW,)\j + Eng + £JyW2j> + ()\ + 1)j€‘gD,

where £, 1’ ,;, € € C depend on y and 6y 7 is defined as 1 for k € Z and as 0
for k¢ Z.

Proof. By A(L,,)=0 forany m €Z and Lemma 4.3 it is obvious that for any j € Z*,
A(Lj + Waj) = prwy;Way, (22)
where p7 4w, € C. Meanwhile, by Lemma 4.1 (2), we have

A(Lj + Waj) = Drgrwi,L;+w (L + Waj)
= [po(Lo + Wo, Lj + Waj) Lo + qo(Lo + Wo, Lj + Wa;)Wo, Lj + Waj]
= jpo(Lo + Wo, Lj + Way) Lj + 2jpo(Lo + Wo, Lj + Wa;)Wo,
— Njgo(Lo + Wo, L; + Wa )W (23)
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A comparison with Eqgs. (22) and (23) shows that

pO(LO + WO, Lj + ng) = qO(L[) + W(), Lj + ng) = O
Therefore, A(L; + Wy;) =0 for any j € Z*.
By Lemma 2.4, we have for any y € £y¢z,

Dpjywy,y = ad(Z(pk<Lj+W2j7y)Lk+Qk(Lj+W2jy YIWi))+u(Lj+Way, y)D. (24)
=

Then, it follows from Eq. (24) that for any j € Z* and y € £¢z,
A(Lj + Waj) = Drjrwy,y(Lj + Waj)
= [Z(m(Lj + Waj, y) L + qu(Lj + Way, y)Wi), Lj + Wy,

kez
+ pu(Lj + Way,y) D(L; + Way)

=Y (G = K)ou(Ly + Waj, 9) Lic + (25 + MNe)pe(Lj + Waj, y) Wi
keZ

— (k+ M) aw(Lj + Way, ) Wiy ) 4+ p(Lj 4+ Way, y)Wa = 0. (25)

From Eq. (25), we immediately get (j — k)pi(L; + Waj,y) = 0 for all k € Z, which
deduces that py(L; + Wa;,y) =0 for k # j. Then, Eq. (25) becomes

(24 A)jp; (Lj+Waj, y) W _Z(k+/\j)Qk<Lj+W2j7 Y)Wisj+u(Lj+Waj, y)Wa; = 0.
keZ
By observing the coefficient of W3, in the equation above, we have
(24 A)gpi(Ly + Waj,y) = (24 N)jaa;(L; + Way,y) =0,

which implies that p;(L; + Wy, y) = qoj(L; + Wa,,y). Next, we consider the
coefficient of Wh;, we obtain —(1 + A)jg;(L; + Way,y) + p(L; + Waj,y) = 0,
which implies that (1 + X)jq;(L; + Waj,y) = u(L; + Wa;,y). For the coefficient
of Wi, k # 25,35, we get (k+ A\j)gu(L; + Ws;,y) = 0. Therefore, if \j € Z,
qk(Lj + ng,y) = 0 for k 7& —)\j,],2j or if )\j ¢ Z; Qk<Lj + WQj,y) = 0 for
k = j,27. Hence,

Dijiwsyy = ad(pi(Ly + Way, y) Ly + 6xjza-3(Lj + Wy, ) Woy; + ¢;(L; + Way, y) W
+ i (L + Waj, y)Wa;) + (1 + A)jg;(L; + Wa;,y) D,

where ;7 is defined as 1 for k € Z and as 0 for k ¢ Z.

Let ij = pj(Lj -+ ng,y), rﬁ/\j = q_)\j(Lj + ng,y) and 6? = q]'(Lj + WQJ', y)
Obviously, ?’, n?i)\j and e? are complex numbers depending on y. The proof is
finished. [ |

Lemma 4.5. Let A be a 2-local derivation on £y¢z such that A(Ly + W) =
A(Ly) = 0. For any nonzero v =), , (oL + W) € £x¢z, then A(z) = 0.

Proof.  Since A(Ly+ Wy) = A(Ly) = 0, by Lemma 4.2, we have for any m € Z,
A(L,,) =0.
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Then, Lemma 4.3 implies that for any nonzero v=73_,_, (a;L; + 3, W;) € £5¢7 we get
A(x) = g Z,@tWt where p, € C. (26)

teZ

Case 1. 2 =), ., B;W;.

It is easy to see that
A(x) = Dryrwy () = [po(Lo + Wo, x) Lo + qo(Lo + Wo, )W, 2]

= Bitpo(Lo + Wo, z)W. (27)
tez
Subcase 1. x = 3, W;, + 8, Wy, + Ztez\{tm} BW, with t; # ty for t1,ty € Z and

/Bt1ﬂt2 7é 0.
Comparing with Eqgs. (26) and (27), we obtain

tipo(Lo + Wy, z) = py, and topo(Lo + Wo, ) = pg.

Then, (t; — t2)po(Lo + Wy, ) = 0. This implies that po(Lo + Wy, z) = pr = 0.
Hence, A(x) = 0.

Subcase 2. z = §,,\W;, with ¢ty € Z and 5, # 0.
For the form z = 3,,W;, € £x¢z, Eq. (27) becomes

A(BiyWiy) = Biotopo(Lo + W, Bio Wiy )W,

If ¢ty = 0, we have A(SyWy) = 0. Next, we consider A(S;,W,,) for ty € Z*. From
Subcase 1, we know that A(Wy+ W) =0. If £ ¢ Z* or 1 € Z,, from Lemma 4.1
(3), we have

A(ﬁt()m/to) = DW()—i-Wl,ﬂtOWtO (/Bt()Wto) = [Z Qk(WO + Wla ﬂttho)Wka /Bt()Wt()] - O

keZ
If £ € Z_, again by Lemma 4.1 (3), we have

A(ﬁto Wto) = DWoJrWl,ﬁtOWzo (ﬁto Wto)

1

-x
= [Zpk(wo + Wi, Biu Wiy ) L + Z Q(Wo + Wi, BioWio ) Wi, B We,
k=0 keZ

A
= Biy > (to -+ MNe)pr(Wo + Wi, By Wi ) Wi, (28)
k=0
Where pU(WO + le 5t()Wt0) = _)\pl (WO + W17 Bttho) and pk‘(WO + Wla Btth()) fOI'
1<k < —% satisfies the following relation
—2A

1 (Wo + Wh, Bi,Wy,) = mPQ(WO + Wi, BiuWi) = -+

EE R N
_ (*1)_:_1 Hi:Q(M)p_ (Wo + Wi, By, Wi,).
[Ii=y  (1+X)
From Eq. (26), we have A(By,Wy,) = pg, wi, BtoWio, where pig, w,, € C. This
together with Eq. (28) shows that (g + X\)py (W + Wy, i, W, ) = 0, which deduces
that py(Wo + W, B, Ws,) = 0. Obviously, po(Wy + Wi, B;,,Wy,) = 0. Hence,
A(B,Wy,) =0 for ty € Z*.

>
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Case 2. v = oy, Ly, + Ztez\{to} oLy + ), cq BWe with g € Z and ay, # 0.

From Lemma 4.4, we have for j € Z*,
A(l’) = DLj+W2j71'(‘T>
= [§7 Lj + 0xjznZ Wi + Wi + §Waj, x] + (A + 1)jef D(z)

= (=) Lisa—Mt—5)0xjzn” sy Werjer— (J+ M) EE W — (25 + XE Wyt
teZ
+ 3 Bil(t+ ANEWire + (A + 1)jes W), (29)
tEL

where &7, n®,;, € € C and dyz is defined as 1 for k € Z and as 0 for k ¢ Z.
There exists a nonzero term ay, Ly, . Comparing Eqgs. (26) and (29), the coefficient
of Ly is 0 for all k € Z. By taking enough different j € Z* in Eq. (29) such that
to—j # 0 and \j ¢ Z, if necessary, let these j's to be large enough, we obtain
§§ = 0. Then, Eq. (29) becomes

Alr) ==Y oy +M)EWw + > Bi(A + 1)jel W,
tez tez
When j is large enough, we have € = 0. Then, A(z) = 0. We finish the proof. =

Theorem 4.6.  Every 2-local derivation on £ygz is a derivation.

Proof.  Assume that A is a 2-local derivation on £)¢7. Then there exists a
derivation Dy, w,.z, such that we have A(Ly + Wy) = Dpyiwe.r, (Lo + W) and
A(Ly) = Dryswy.r, (L1). Let Ay = A= Dy 1w, ., , which is also a 2-local derivation
on £y¢z obviously. Then,

Ay (Lo + W) = A(Lo + Wo) — Drgswo,, (Lo +Wo) =0—-0=0,
Al(Ll) - A(Ll) — DL0+W0,L1(L1> — 0 — O — O

From Lemma 4.5, we have Ay(z) = A(x) — Drorwy,z, () = 0 for any = € £y¢z.
Obviously, Ay = A — Dryw,., = 0, which implies that A = Dy 4w, z,. This
shows that A is a derivation. The proof is completed. |

Remark 4.7. It follows from Theorems 3.6 and 4.6 that Theorem 2.5 is obtained
immediately. [ |
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