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Abstract. We study 2-local derivations on the centerless Ovsienko-Roger algebra Lλ , which is
the semi-direct product of the Witt algebra and its tensor density module. We prove that every
2-local derivation on Lλ is a derivation for λ ∈ C \ {0, 1, 2} . We divide into two cases to consider
2-local derivations on Lλ depending on whether the parameter λ is an integer, that is for the case
λ ∈ Z \ {0, 1, 2} and the case λ /∈ Z .
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1. Introduction

The Witt algebra W is an infinite-dimensional Lie algebra over the complex field C
with the basis {Ln |n ∈ Z} and the following relation

[Ln, Lm] = (m− n)Lm+n, ∀ m,n ∈ Z.

For a parameter λ ∈ C , the tensor density module of degree λ over W is a vector
space Fλ =

⊕
m∈ZCWm , which was first introduced in [8, 12]. The action of W on

Fλ is given by
Ln ·Wm = (m+ λn)Wm+n, ∀ m,n ∈ Z.

Then, a class of infinite-dimensional Lie algebras Lλ ≃ W n Fλ is constructed for
λ ∈ C . Obviously,

Lλ =
⊕
m∈Z

CLm ⊕
⊕
m∈Z

CWm

satisfies the following brackets for all m,n ∈ Z :

[Ln, Lm] = (m− n)Lm+n, [Ln,Wm] = (m+ λn)Wm+n, [Wn,Wm] = 0.

A central extension of Lλ was considered by Ovsienko and Roger [13, 14] to study
matrix analogues of Sturm-Liouville operators [10, 11]. This extension was called
the Ovsienko-Roger algebra in [9]. Hence, we call Lλ the centerless Ovsienko-Roger
algebra in this paper. Note that Lλ includes some important Lie algebras as special
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cases. For example, L0 is the centerless twisted Heisenberg-Virasoro algebra and
L−1 is the centerless W -algebra W (2, 2) . More results of the structure theory for
Lλ refer to [4, 5, 16, 20].
It is well-known that derivations play an important role in the study of the structure
theory of an algebra. As a generalization, the concept of 2-local derivations was
introduced in [15] when Sěmrl studied the structure of B(H) . For a given algebra,
the main problem in studying 2-local derivations is to see whether they automatically
become derivations. 2-Local derivations on many finite-dimensional and infinite-
dimensional Lie algebras have been characterized. In [1], the authors have shown
that every 2-local derivation on a semi-simple Lie algebra is a derivation and a
finite-dimensional nilpotent Lie algebra with the dimension larger than 2 exists a
2-local derivation which is not a derivation. The authors have proved that all 2-
local derivations on some Schrödinger algebras are derivations in [19, 21]. 2-Local
derivations on some infinite-dimensional Lie algebras, such as the Witt algebra
as well as the positive Witt algebra [2], the W -algebra W (2, 2) [17], the twisted
Heisenberg-Virasoro algebra [22], the Virasoro-like algebra [18], the Schrödinger-
Virasoro algebra [7] and the planar Galilean conformal algebra [3] were determined.
The authors have proved that every 2-local derivation on these infinite-dimensional
Lie algebras mentioned above is a derivation. In addition, the authors have given an
example of the infinite-dimensional Lie algebra, called the thin Lie algebra, such that
it admits a lot of 2-local derivations which are not derivations in [2]. In particular,
the author also gave a complete classification of 2-local derivations on the thin Lie
algebra in [17].
These known results encourage us to consider 2-local derivations on the centerless
Ovsienko-Roger algebra Lλ for λ ∈ C . However, when λ = 0, 1, 2 , there is more
than one outer derivation on Lλ such that these cases are difficult to consider.
Therefore, we only take into account the case for λ ∈ C \ {0, 1, 2} . We divide into
two cases to determine 2-local derivations on Lλ for λ ∈ C \ {0, 1, 2} depending on
whether the parameter λ is an integer, that is for the case λ ∈ Z \ {0, 1, 2} and the
case λ /∈ Z .
The paper is organized as follows. In Section 2, we give some preliminaries concern-
ing the centerless Ovsienko-Roger algebra Lλ for λ ∈ C \ {0, 1, 2} and the main
results in this paper. In Section 3, we prove that every 2-local derivation on the
algebra Lλ is a derivation for λ ∈ Z\{0, 1, 2} . All 2-local derivations are also proved
to be derivations on the algebra Lλ for λ /∈ Z in Section 4.
Throughout this paper, we denote by C , Z , Z∗ , Z− and Z+ the sets of complex
numbers, integers, nonzero integers, negative integers and positive integers, respec-
tively. For convenience, Lλ∈C\{0,1,2} , Lλ∈Z\{0,1,2} and Lλ/∈Z denote the algebra Lλ

for λ ∈ C \ {0, 1, 2} , the algebra Lλ for λ ∈ Z \ {0, 1, 2} and the algebra Lλ for
λ /∈ Z , respectively. All algebras and vector spaces are considered over the complex
number field C .

2. Preliminaries

In this section, we recall some known definitions and results for the study of 2-local
derivations on Lλ∈C\{0,1,2} and give the main results in this paper.
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Definition 2.1. [6] Let g be a Lie algebra. A linear map D : g → g is called a
derivation of g if it satisfies the Leibniz law, that is,

D([x, y]) = [D(x), y] + [x,D(y)], for all x, y ∈ g.

It is easy to see that for x ∈ g , the linear map ad(x) on g defined as ad(x)(y) = [x, y]
for all y ∈ g is a derivation of g . The derivation of this form is called an inner
derivation of g . Denote by Der(g) the space of all derivations of g , Inn(g) the
space of all inner derivations of g , respectively.

Definition 2.2. [15] Let g be a Lie algebra. A map ∆ : g → g (not linear in
general) is called 2-local derivation of g if for every x, y ∈ g , there exists a derivation
Dx,y : g → g (depending on x, y ) such that

∆(x) = Dx,y(x), ∆(y) = Dx,y(y).

In particular, for α ∈ C and x ∈ g , we have

∆(αx) = Dx,αx(αx) = αDx,αx(x) = α∆(x).

Lemma 2.3. [4] Let Der(Lλ∈C\{0,1,2}) and Inn(Lλ∈C\{0,1,2}) be the space of deriva-
tions of Lλ∈C\{0,1,2} and the space of inner derivations of Lλ∈C\{0,1,2} , respectively.

Then Der(Lλ∈C\{0,1,2}) = Inn(Lλ∈C\{0,1,2})⊕ CD,

where D is an outer derivation of Lλ∈C\{0,1,2} and the action of D on Lλ∈C\{0,1,2}
is defined as D(Lm) = 0 and D(Wm) = Wm for all m ∈ Z.

Lemma 2.4. Let ∆ be a 2-local derivation on the algebra Lλ∈C\{0,1,2} . Then
there exists a derivation Dx,y of Lλ∈C\{0,1,2} satisfying

∆(x) = Dx,y(x), ∆(y) = Dx,y(y)

for any x, y ∈ Lλ∈C\{0,1,2} . Moreover, Dx,y can be written the form as follows

Dx,y = ad(
∑
k∈Z

(pk(x, y)Lk + qk(x, y)Wk)) + µ(x, y)D,

where pk , qk , µ are complex-valued functions on Lλ∈C\{0,1,2}×Lλ∈C\{0,1,2} for k ∈ Z
and the action of D on Lλ∈C\{0,1,2} is given in Lemma 2.3.

Proof. From Definition 2.2 and Lemma 2.3, the proof is obvious.
Now, we give the main result concerning 2-local derivations on Lλ∈C\{0,1,2} in this
paper.

Theorem 2.5. Every 2-local derivation on the centerless Ovsienko-Roger algebra
Lλ∈C\{0,1,2} is a derivation.

We will divide the proof of Theorem 2.5 into two cases: the case λ ∈ Z \ {0, 1, 2} in
Section 3 and the case λ /∈ Z in Section 4, respectively.

3. 2-Local derivations on Lλ for λ ∈ Z \ {0, 1, 2}

2-Local derivations on the algebra Lλ∈Z\{0,1,2} are determined in this section.
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Lemma 3.1. Let ∆ be a 2-local derivation on Lλ∈Z\{0,1,2} . Take any but fixed
y ∈ Lλ∈Z\{0,1,2} ,
(1) for a given m ∈ Z, if ∆(Lm) = 0, then

DLm,y = ad(pm(Lm, y)Lm + q−λm(Lm, y)W−λm) + µ(Lm, y)D,

(2) if ∆(W0) = 0, then
DW0,y = ad(p0(W0, y)L0 +

∑
k∈Z

qk(W0, y)Wk),

where pk , qk , µ are complex-valued functions on Lλ∈Z\{0,1,2}×Lλ∈Z\{0,1,2} for k ∈ Z.

Proof. From Lemma 2.4, we have for a given m ∈ Z and any y ∈ Lλ∈Z\{0,1,2},

DLm,y = ad(
∑
k∈Z

(pk(Lm, y)Lk + qk(Lm, y)Wk)) + µ(Lm, y)D (1)

and DW0,y = ad(
∑
k∈Z

(pk(W0, y)Lk + qk(W0, y)Wk)) + µ(W0, y)D, (2)

where pk , qk , µ are some complex-valued functions on Lλ∈Z\{0,1,2} ×Lλ∈Z\{0,1,2} for
k ∈ Z .
(1) If ∆(Lm) = 0 for a given m ∈ Z , by Eq. (1), we obtain

∆(Lm) = DLm,y(Lm)

=
∑
k∈Z

[pk(Lm, y)Lk + qk(Lm, y)Wk, Lm] + µ(Lm, y)D(Lm)

=
∑
k∈Z

((m− k)pk(Lm, y)Lk+m − (k + λm)qk(Lm, y)Wk+m) = 0.

From the above equation, one has (m−k)pk(Lm, y) = 0 and (k+λm)qk(Lm, y) = 0 ,
which deduce that pk(Lm, y) = 0 for k ̸= m and qk(Lm, y) = 0 for k ̸= −λm . Hence,
Eq. (1) becomes

DLm,y = ad(pm(Lm, y)Lm + q−λm(Lm, y)W−λm) + µ(Lm, y)D.

(2) When ∆(W0) = 0 , together with Eq. (2), we have

∆(W0) = DW0,y(W0)

=
∑
k∈Z

[pk(W0, y)Lk + qk(W0, y)Wk,W0] + µ(W0, y)D(W0)

=
∑
k∈Z

λkpk(W0, y)Wk + µ(W0, y)W0 = 0.

This equation shows that λkpk(W0, y) = 0 for k ̸= 0 , which implies pk(W0, y) = 0
for k ̸= 0 . If k = 0 , we get µ(W0, y) = 0 . So, Eq. (2) can be written as

DW0,y = ad(p0(W0, y)L0 +
∑
k∈Z

qk(W0, y)Wk).

The proof is complete.

Lemma 3.2. Let ∆ be a 2-local derivation on Lλ∈Z\{0,1,2} . If ∆(L0) = ∆(L1) = 0,
then ∆(Lm) = 0 for all m ∈ Z.
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Proof. Since ∆(L0)=∆(L1)=0 and by Lemma 3.1, we get for any y∈Lλ∈Z\{0,1,2},

DL0,y = ad(p0(L0, y)L0 + q0(L0, y)W0) + µ(L0, y)D (3)

and DL1,y = ad(p1(L1, y)L1 + q−λ(L1, y)W−λ) + µ(L1, y)D, (4)
where p0, p1, q0, q−λ, µ are some complex-valued functions on Lλ∈Z\{0,1,2}×Lλ∈Z\{0,1,2} .
For any m ∈ Z , take y = Lm in Eqs. (3) and (4), respectively. Then, we obtain

∆(Lm) = DL0,Lm(Lm)

= [p0(L0, Lm)L0 + q0(L0, Lm)W0, Lm] + µ(L0, Lm)D(Lm)

= mp0(L0, Lm)Lm − λmq0(L0, Lm)Wm

and ∆(Lm) = DL1,Lm(Lm)

= [p1(L1, Lm)L1 + q−λ(L1, Lm)W−λ, Lm] + µ(L1, Lm)D(Lm)

= (m− 1)p1(L1, Lm)Lm+1 − λ(m− 1)q−λ(L1, Lm)Wm−λ.

By comparing the two above equations, it is easy to see that ∆(Lm) = 0 for any
m ∈ Z . The proof is complete.

Lemma 3.3. Let ∆ be a 2-local derivation on Lλ∈Z\{0,1,2} such that ∆(Lm) = 0
for all m ∈ Z. Then for any x =

∑
t∈Z(αtLt + βtWt) ∈ Lλ∈Z\{0,1,2} , we have

∆(x) = µx

∑
t∈Z

βtWt, where µx ∈ C only depends on x.

Proof. Since we have ∆(Lm) = 0 for all m ∈ Z and Lemma 3.1, we get for any
x =

∑
t∈Z(αtLt + βtWt) ∈ Lλ∈Z\{0,1,2} :

DLm,x = ad(pm(Lm, x)Lm + q−λm(Lm, x)W−λm) + µ(Lm, x)D.

Then we have

∆(x) =DLm,x(x)

=[pm(Lm, x)Lm + q−λm(Lm, x)W−λm, x] + µ(Lm, x)D(x)

=
∑
t∈Z

αt((t−m)pm(Lm, x)Lm+t − λ(t−m)q−λm(Lm, x)W−λm+t)

+
∑
t∈Z

βt((t+ λm)pm(Lm, x)Wm+t + µ(Lm, x)Wt).

By taking enough different m ∈ Z in the above equation, and if necessary, let these
m′ s to be large enough, we have

∆(x) = µ(Lm, x)
∑
t∈Z

βtWt.

Let µx = µ(Lm, x) , which is a constant complex number since it depends only on x
and not on m . This finishes the proof.

Lemma 3.4. Let ∆ be a 2-local derivation on Lλ∈Z\{0,1,2} satisfying ∆(W0) = 0
and ∆(Lm) = 0 for all m ∈ Z. For any j ∈ Z∗ and y ∈ Lλ∈Z\{0,1,2} , then

DLj+W(1−λ)j ,y = ad(ξyjLj + ηy−λjW−λj + ξyjW(1−λ)j),

where ξyj , ηy−λj ∈ C depend on y.
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Proof. Since ∆(Lm) = 0 for all m∈Z , it follows from Lemma 3.3 that for j∈Z∗ ,
∆(Lj +W(1−λ)j) = µLj+W(1−λ)j

W(1−λ)j, (5)
where µLj+W(1−λ)j

∈ C . Again by ∆(W0) = 0 and Lemma 3.1 (2), we obtain

∆(Lj +W(1−λ)j) = DW0,Lj+W(1−λ)j
(Lj +W(1−λ)j)

= [p0(W0, Lj +W(1−λ)j)L0 +
∑
k∈Z

qk(W0, Lj +W(1−λ)j)Wk, Lj +W(1−λ)j]

= jp0(W0, Lj +W(1−λ)j)Lj + (1− λ)jp0(W0, Lj +W(1−λ)j)W(1−λ)j

−
∑
k∈Z

(k + λj)qk(W0, Lj +W(1−λ)j)Wk+j.

This implies p0(W0, Lj +W(1−λ)j) = 0 and qk(W0, Lj +W(1−λ)j) = 0 for k ̸= −λj
in combination with Eq. (5), which leads to

∆(Lj +W(1−λ)j) = 0, where j ∈ Z∗.

For any y ∈ Lλ∈Z\{0,1,2} , we may assume by Lemma 2.3 that

DLj+W(1−λ)j ,y = ad(
∑
k∈Z

(pk(Lj +W(1−λ)j, y)Lk + qk(Lj +W(1−λ)j, y)Wk))

+ µ(Lj +W(1−λ)j, y)D.
Then, we have

∆(Lj +W(1−λ)j)

= DLj+W(1−λ)j ,y(Lj +W(1−λ)j)

=
[∑

k∈Z

(pk(Lj +W(1−λ)j, y)Lk + qk(Lj +W(1−λ)j, y)Wk), Lj +W(1−λ)j

]
+ µ(Lj +W(1−λ)j, y)D(Lj +W(1−λ)j)

=
∑
k∈Z

((j − k)pk(Lj +W(1−λ)j, y)Lk+j − (k + λj)qk(Lj +W(1−λ)j, y)Wk+j

+ ((1− λ)j + λk)pk(Lj +W(1−λ)j, y)Wk+(1−λ)j) + µ(Lj +W(1−λ)j, y)W(1−λ)j

= 0. (6)
From Eq. (6), we see that (j−k)pk(Lj+W(1−λ)j, y) = 0 for all k ∈ Z , which implies
that pk(Lj +W(1−λ)j, y) = 0 for k ̸= j . Then, Eq. (6) becomes

jpj(Lj +W(1−λ)j, y)W(2−λ)j −
∑
k∈Z

(k + λj)qk(Lj +W(1−λ)j, y)Wk+j

+µ(Lj +W(1−λ)j, y)W(1−λ)j = 0.

By observing the coefficient of W(2−λ)j in the equation above, we have
jpj(Lj +W(1−λ)j, y)− jq(1−λ)j(Lj +W(1−λ)j, y) = 0,

which deduces that pj(Lj +W(1−λ)j, y) = q(1−λ)j(Lj +W(1−λ)j, y) . Next, we observe
the coefficient of W(1−λ)j , then µ(Lj +W(1−λ)j, y) = 0 . Furthermore, by observing
the coefficient of Wk for k ̸= (1− λ)j, (2− λ)j , we obtain qk(Lj +W(1−λ)j, y) = 0
for k ̸= −λj, (1− λ)j .
The proof is complete by taking ξyj = pj(Lj +W(1−λ)j, y) = q(1−λ)j(Lj +W(1−λ)j, y)
and ηy−λj = q−λj(Lj +W(1−λ)j, y) .
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Lemma 3.5. Let ∆ be a 2-local derivation on Lλ∈Z\{0,1,2} satisfying ∆(W0) =
∆(L0) = ∆(L1) = 0. For any x =

∑
t∈Z(αtLt+βtWt) ∈ Lλ∈Z\{0,1,2} , then ∆(x) = 0.

Proof. Since ∆(L0) = ∆(L1) = 0 , from Lemma 3.2, we have for all m ∈ Z,

∆(Lm) = 0.

For any x =
∑

t∈Z(αtLt + βtWt) ∈ Lλ∈Z\{0,1,2}, this implies together with Lemma
3.3 that

∆(x) = µx

∑
t∈Z

βtWt, (7)

where µx is a complex number depending on x . For any j ∈ Z∗ , it follows from
∆(Lm) = 0 and ∆(W0) = 0 that Lemma 3.4 holds, that is

DLj+W(1−λ)j ,x = ad(ξxj Lj + ηx−λjW−λj + ξxjW(1−λ)j),

where ξxj , η
x
−λj∈C . Taking any x=

∑
t∈Z(αtLt+βtWt)∈Lλ∈Z\{0,1,2} , we get for j∈Z∗,

∆(x) = DLj+W(1−λ)j ,x(x) = [ξxj Lj + ηx−λjW−λj + ξxjW(1−λ)j, x]

=
∑
t∈Z

αt((t− j)ξxj Lj+t − λ(t− j)ηx−λjW−λj+t − ((1− λ)j + λt)ξxjW(1−λ)j+t)

+
∑
t∈Z

βt(t+ λj)ξxjWj+t. (8)

Case 1. x =
∑

t∈Z βtWt .
From Eqs. (7) and (8), we have for all j ∈ Z∗,

∆(x) = µx

∑
t∈Z

βtWt =
∑
t∈Z

βt(t+ λj)ξxjWj+t.

By taking enough different j ∈ Z∗ in the above equation, and if necessary, let these
j′ s to be large enough, then ∆(x) = 0.

Case 2. x = αt0Lt0 +
∑

t∈Z\{t0} αtLt +
∑

t∈Z βtWt with t0 ∈ Z and αt0 ̸= 0 .
Take two different nonzero integers j1 and j2 such that t0− j1 ̸= 0 and t0− j2 ̸= 0 .
Then, it follows from Eqs. (7) and (8) that αt0(t0 − ji)ξ

x
ji
= 0 for i = 1, 2 , which

implies that ξxji = 0 for i = 1, 2 . Therefore, Eq. (8) can be written as

∆(x) = −
∑
t∈Z

αtλ(t− ji)η
x
−λji

W−λji+t, i = 1, 2.

By taking j1 and j2 in the above equation such that j1 , j2 and j1−j2 large enough,
we obtain ∆(x) = 0 . We finish the proof.

Theorem 3.6. Every 2-local derivation on Lλ∈Z\{0,1,2} is a derivation.
Proof. Let ∆ be a 2-local derivation on Lλ∈Z\{0,1,2} . Then, there exists a deriva-
tion DL0,L1 such that

∆(L0) = DL0,L1(L0), ∆(L1) = DL0,L1(L1).

Set ∆1 = ∆−DL0,L1 , which is a 2-local derivation satisfying ∆1(L0) = ∆1(L1) = 0
on Lλ∈Z\{0,1,2} . It follows from Lemma 3.2 that ∆1(Lm) = 0 for all m ∈ Z.
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This together with Lemma 3.3 gives us ∆1(W0) = µW0W0 , where µW0 ∈ C . Next,
let ∆2 = ∆1−µW0D . Obviously, ∆2 is a 2-local derivation on Lλ∈Z\{0,1,2} . Moreover,

∆2(L0) = ∆1(L0)− µW0D(L0) = 0− 0 = 0,

∆2(L1) = ∆1(L1)− µW0D(L1) = 0− 0 = 0,

∆2(W0) = ∆1(W0)− µW0D(W0) = µW0W0 − µW0W0 = 0.

Then, by Lemma 3.5, we have ∆2(x) = 0 for any x ∈ Lλ∈Z\{0,1,2} , which shows that

∆2 = ∆−DL0,L1 − µW0D = 0.

Hence, ∆ = DL0,L1 − µW0D is a derivation. The proof is completed.

Remark 3.7. 2-Local derivations on the centerless W -algebra W (2, 2) have been
determined in [17]. Our results recover and generalize results in [17].

4. 2-Local derivations on Lλ for λ /∈ Z

In this section, we will consider all 2-local derivations on the algebra Lλ/∈Z.

Lemma 4.1. Let ∆ be a 2-local derivation on Lλ/∈Z . Take any but fixed y ∈ Lλ/∈Z ,
(1) for a given m ∈ Z, if ∆(Lm) = 0, then

DLm,y = ad(pm(Lm, y)Lm + δλm,Zq−λm(Lm, y)W−λm) + µ(Lm, y)D,

(2) if ∆(L0 +W0) = 0, then

DL0+W0,y = ad(p0(L0 +W0, y)L0 + q0(L0 +W0, y)W0),

(3) if ∆(W0 +W1) = 0, then
DW0+W1,y = ad(

∑
k∈Z

qk(W0 +W1, y)Wk), when 1
λ
/∈ Z∗ or 1

λ
∈ Z+,

DW0+W1,y = ad(
− 1

λ∑
k=0

pk(W0 +W1, y)Lk +
∑
k∈Z

qk(W0 +W1, y)Wk), when 1
λ
∈ Z−,

where pk , qk , µ are complex-valued functions on Lλ/∈Z × Lλ/∈Z for k ∈ Z and
δk,Z is defined as 1 for k ∈ Z and as 0 for k /∈ Z. Moreover, when 1

λ
∈ Z− ,

p0(W0+W1, y) = −λp1(W0+W1, y) and pk(W0+W1, y) is defined as for 1 ≤ k ≤ − 1
λ
,

p1(W0 +W1, y) =
−2λ

1 + λ
p2(W0 +W1, y) = · · · = (−1)−

1
λ−1

∏− 1
λ

i=2(λi)∏− 1
λ−1

i=1 (1 + λi)
p− 1

λ
(W0 +W1, y).

Proof. By Lemma 2.4, we obtain for a given m ∈ Z and any y ∈ Lλ/∈Z,

DLm,y = ad(
∑
k∈Z

(pk(Lm, y)Lk + qk(Lm, y)Wk)) + µ(Lm, y)D, (9)

DL0+W0,y = ad
(∑

k∈Z

(pk(L0+W0, y)Lk+qk(L0+W0, y)Wk)
)
+µ(L0+W0, y)D (10)
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and
DW0+W1,y = ad

(∑
k∈Z

(pk(W0+W1, y)Lk+qk(W0+W1, y)Wk)
)
+µ(W0+W1, y)D, (11)

where pk , qk , µ are some complex-valued functions on Lλ/∈Z × Lλ/∈Z for k ∈ Z .
(1) Since ∆(Lm) = 0 for a given m ∈ Z and Eq. (9), similar to the proof of Lemma
3.1 (1), we have
∆(Lm) =DLm,y(Lm) =

∑
k∈Z

((m− k)pk(Lm, y)Lk+m − (k + λm)qk(Lm, y)Wk+m) = 0.

From the equation above, we obtain (m−k)pk(Lm, y) = 0 and (k+λm)qk(Lm, y) = 0
for all k ∈ Z , which imply that pk(Lm, y) = 0 for k ̸= m and if λm ∈ Z ,
qk(Lm, y) = 0 for k ̸= −λm or if λm /∈ Z , qk(Lm, y) = 0 for all k ∈ Z . Thus,

DLm,y = ad(pm(Lm, y)Lm + δλm,Zq−λm(Lm, y)W−λm) + µ(Lm, y)D,

where δk,Z is defined as 1 for k ∈ Z and as 0 for k /∈ Z .
(2) By ∆(L0 +W0) = 0 and Eq. (10), we get

∆(L0 +W0) = DL0+W0,y(L0 +W0)

=
[∑

k∈Z

(pk(L0 +W0, y)Lk + qk(L0 +W0, y)Wk), L0 +W0

]
+ µ(L0 +W0, y)D(L0 +W0)

=
∑
k∈Z

(−kpk(L0 +W0, y)Lk + λkpk(L0 +W0, y)Wk

− kqk(L0 +W0, y)Wk) + µ(L0 +W0, y)W0 = 0. (12)

Eq. (12) shows that kpk(L0 +W0, y) = 0 for all k ∈ Z , from which we deduce that
pk(L0 +W0, y) = 0 for k ∈ Z∗ . Then, Eq. (12) becomes

−
∑
k∈Z

kqk(L0 +W0, y)Wk + µ(L0 +W0, y)W0 = 0.

Considering the coefficient of W0 in the equation above, we have µ(L0+W0, y) = 0 .
Moreover, by observing the coefficient of Wk for k∈Z∗ , we obtain qk(L0+W0, y)=0 .

Hence, DL0+W0,y = ad(p0(L0 +W0, y)L0 + q0(L0 +W0, y)W0).

(3) Since ∆(W0 +W1) = 0 , it follows from Eq. (11) that

∆(W0 +W1) = DW0+W1,y(W0 +W1)

=
[∑

k∈Z

(pk(W0 +W1, y)Lk + qk(W0 +W1, y)Wk),W0 +W1

]
+ µ(W0 +W1, y)D(W0 +W1)

=
∑
k∈Z

(λkpk(W0 +W1, y)Wk + (1 + λk)pk(W0 +W1, y)Wk+1)

+ µ(W0 +W1, y)(W0 +W1)

=
∑
k∈Z

(λ(k + 1)pk+1(W0 +W1, y) + (1 + λk)pk(W0 +W1, y))Wk+1

+ µ(W0 +W1, y)(W0 +W1) = 0. (13)
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Eq. (13) shows that

λ(k + 1)pk+1(W0 +W1, y) + (1 + λk)pk(W0 +W1, y) = 0, ∀ k ̸= −1, 0, (14)

(1− λ)p−1(W0 +W1, y) + µ(W0 +W1, y) = 0 (15)

and λp1(W0 +W1, y) + p0(W0 +W1, y) + µ(W0 +W1, y) = 0. (16)

It is obvious that Eq. (14) can be written as

pk+1(W0 +W1, y) = − (1 + λk)

λ(k + 1)
pk(W0 +W1, y), ∀ k ̸= −1, 0, (17)

or
pk(W0 +W1, y) = − λ(k + 1)

1 + λk
pk+1(W0 +W1, y), ∀ k ̸= −1, 0,− 1

λ
(if 1

λ
∈ Z∗). (18)

Case 1. 1
λ
/∈ Z∗.

Since 1
λ
/∈ Z∗ , it is obvious that 1 + λk ̸= 0 for all k ∈ Z . For k ≤ −2 , by Eq. (17),

we have

p−1(W0+W1, y) =
1− 2λ

λ
p−2(W0+W1, y) = · · · =

∏−k
i=2(1− λi)∏−k−1
i=1 (λi)

pk(W0+W1, y) = · · · .

From Eq. (18), it is easy to see that for k ≥ 2 ,

p1(W0+W1, y) =
−2λ

1 + λ
p2(W0+W1, y) = · · · = (−1)k−1

∏k
i=2(λi)∏k−1

i=1 (1 + λi)
pk(W0+W1, y) = · · · .

Since the set {pk(W0 +W1, y) | pk(W0 +W1, y) ̸= 0, k ∈ Z∗} is finite, we conclude
that pk(W0+W1, y) = 0 for all k ∈ Z∗ by the relations above. Then, Eqs. (15) and
(16) show that p0(W0 +W1, y) = µ(W0 +W1, y) = 0 . Hence,

DW0+W1,y = ad(
∑
k∈Z

qk(W0 +W1, y)Wk).

Case 2. 1
λ
∈ Z+.

When 1
λ
∈ Z+ , it is easy to see that 1

λ
≥ 2 . By taking k = − 1

λ
in Eq. (17) , we have

p− 1
λ
+1(W0+W1, y) = 0 , which implies that pk(W0+W1, y) = 0 for − 1

λ
+1 ≤ k ≤ −1 .

Moreover, again by Eq. (17) , for k ≤ − 1
λ
− 1 , we get

p− 1
λ
(W0+W1, y)=−λp− 1

λ
−1(W0+W1, y) = · · ·=

∏−k
i= 1

λ+1(1− λi)∏−k−1
i= 1

λ
(λi)

pk(W0+W1, y) = · · · .

Similar to Case 1, we have for k ≥ 2 ,

p1(W0+W1, y) =
−2λ

1+λ
p2(W0+W1, y) = · · · = (−1)k−1

∏k
i=2(λi)∏k−1

i=1 (1 + λi)
pk(W0+W1, y) = · · · .

Since the sets {pk(W0 +W1, y) | pk(W0 +W1, y) ̸= 0, k ≥ 1}

and {pk(W0 +W1, y) | pk(W0 +W1, y) ̸= 0, k ≤ − 1

λ
}

are finite, we obtain pk(W0 +W1, y) = 0 for k ≥ 1 and k ≤ − 1
λ

. Therefore, for all
k ∈ Z∗ , pk(W0 +W1, y) = 0 .
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Then, we immediately obtain p0(W0 +W1, y) = µ(W0 +W1, y) = 0 from Eqs. (15)
and (16). So, DW0+W1,y can also be written as the form

DW0+W1,y = ad(
∑
k∈Z

qk(W0 +W1, y)Wk).

Case 3. 1
λ
∈ Z−.

In fact, 1
λ
≤ −2 is obvious. It follows from Eq. (17) that for k ≤ −2,

p−1(W0 +W1, y)=
1− 2λ

λ
p−2(W0 +W1, y) = · · ·=

∏−k
i=2(1− λi)∏−k−1
i=1 (λi)

pk(W0 +W1, y) = · · ·.

By Eq. (18), we have
p1(W0 +W1, y) =

−2λ

1 + λ
p2(W0 +W1, y)= · · ·

=
(−1)−

1
λ−1

∏− 1
λ

i=2(λi)∏− 1
λ−1

i=1 (1 + λi)
p− 1

λ
(W0 +W1, y) (19)

and for k ≥ − 1
λ
+ 2,

p− 1
λ
+1(W0 +W1, y) =

1− 2λ

λ
p− 1

λ
+2(W0 +W1, y) = · · ·

=
(−1)k+

1
λ−1

∏k
i=− 1

λ+2(λi)∏k−1
i=− 1

λ+1(1 + λi)
pk(W0 +W1, y) = · · · .

Since the sets {pk(W0 +W1, y) | pk(W0 +W1, y) ̸= 0, k ≥ − 1

λ
+ 1}

and {pk(W0 +W1, y) | pk(W0 +W1, y) ̸= 0, k ≤ −1}

are finite, we have pk(W0 + W1, y) = 0 for k ≥ − 1
λ
+ 1 and k ≤ −1 . From Eqs.

(15) and (16), we have µ(W0+W1, y) = 0 and p0(W0+W1, y) = −λp1(W0+W1, y) .
Therefore,

DW0+W1,y = ad(
− 1

λ∑
k=0

pk(W0 +W1, y)Lk +
∑
k∈Z

qk(W0 +W1, y)Wk),

where p0(W0 +W1, y) = −λp1(W0 +W1, y) and pk(W0 +W1, y) satisfies Eq. (19)
for 1 ≤ k ≤ − 1

λ
. This completes the proof.

Lemma 4.2. Let ∆ be a 2-local derivation on Lλ/∈Z . If ∆(L1) = ∆(L0+W0) = 0,
we have ∆(Lm) = 0 for all m ∈ Z.

Proof. Since ∆(L1) = ∆(L0+W0) = 0 , by Lemma 4.1, we get for any y ∈ Lλ/∈Z,

DL1,y = ad(p1(L1, y)L1) + µ(L1, y)D

and DL0+W0,y = ad(p0(L0 +W0, y)L0 + q0(L0 +W0, y)W0),

where p0 , p1 , q0 , µ are complex-valued functions on Lλ/∈Z × Lλ/∈Z . Then, for any
m ∈ Z , we obtain

∆(Lm) = DL1,Lm(Lm) = [p1(L1, Lm)L1, Lm] + µ(L1, Lm)D(Lm)

= (m− 1)p1(L1, Lm)Lm+1 (20)
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and ∆(Lm) = DL0+W0,Lm(Lm) = [p0(L0 +W0, Lm)L0 + q0(L0 +W0, Lm)W0, Lm]

= mp0(L0 +W0, Lm)Lm − λmq0(L0 +W0, Lm)Wm. (21)

By comparing with Eqs. (20) and (21), it is obvious that ∆(Lm) = 0 for any m ∈ Z .
The proof is complete.

Lemma 4.3. Let ∆ be a 2-local derivation on Lλ/∈Z such that ∆(Lm) = 0 for all
m ∈ Z. For any x =

∑
t∈Z(αtLt + βtWt) ∈ Lλ/∈Z , then

∆(x) = µx

∑
t∈Z

βtWt,

where µx is a complex number depending on x.

Proof. Since ∆(Lm) = 0 for all m ∈ Z , it follows from Lemma 4.1 (1) that for
any x ∈ Lλ/∈Z ,

DLm,x = ad(pm(Lm, x)Lm + δλm,Zq−λm(Lm, x)W−λm) + µ(Lm, x)D,

where δk,Z is given in Lemma 4.1 for k ∈ Z. For any x =
∑

t∈Z(αtLt+βtWt) ∈ Lλ/∈Z ,
we have
∆(x) = DLm,x(x) = [pm(Lm, x)Lm + δλm,Zq−λm(Lm, x)W−λm, x] + µ(Lm, x)D(x)

=
∑
t∈Z

αt((t−m)pm(Lm, x)Lm+t − λ(t−m)δλm,Zq−λm(Lm, x)W−λm+t)

+
∑
t∈Z

βt((t+ λm)pm(Lm, x)Wm+t + µ(Lm, x)Wt).

By taking enough different m ∈ Z in the equation above such that λm /∈ Z , and if
necessary, let these m′ s to be large enough, we have

∆(x) = µ(Lm, x)
∑
t∈Z

βtWt.

Now, let µx = µ(Lm, x) ∈ C , which is independent on m but dependent on x . This
finishes the proof.

Lemma 4.4. Let ∆ be a 2-local derivation on Lλ/∈Z such that ∆(L0 +W0) = 0
and ∆(Lm) = 0 for all m ∈ Z. Then for any j ∈ Z∗ and any y ∈ Lλ/∈Z , we have

DLj+W2j ,y = ad(ξyjLj + δλj,Zη
y
−λjW−λj + ϵyjWj + ξyjW2j) + (λ+ 1)jϵyjD,

where ξyj , ηy−λj , ϵyj ∈ C depend on y and δk,Z is defined as 1 for k ∈ Z and as 0
for k /∈ Z.

Proof. By ∆(Lm)=0 for any m∈Z and Lemma 4.3 it is obvious that for any j∈Z∗,

∆(Lj +W2j) = µLj+W2j
W2j, (22)

where µLj+W2j
∈ C . Meanwhile, by Lemma 4.1 (2), we have

∆(Lj +W2j) = DL0+W0,Lj+W2j
(Lj +W2j)

= [p0(L0 +W0, Lj +W2j)L0 + q0(L0 +W0, Lj +W2j)W0, Lj +W2j]

= jp0(L0 +W0, Lj +W2j)Lj + 2jp0(L0 +W0, Lj +W2j)W2j

− λjq0(L0 +W0, Lj +W2j)Wj. (23)
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A comparison with Eqs. (22) and (23) shows that

p0(L0 +W0, Lj +W2j) = q0(L0 +W0, Lj +W2j) = 0.

Therefore, ∆(Lj +W2j) = 0 for any j ∈ Z∗ .
By Lemma 2.4, we have for any y ∈ Lλ/∈Z ,

DLj+W2j ,y = ad(
∑
k∈Z

(pk(Lj+W2j, y)Lk+qk(Lj+W2j, y)Wk))+µ(Lj+W2j, y)D. (24)

Then, it follows from Eq. (24) that for any j ∈ Z∗ and y ∈ Lλ/∈Z ,

∆(Lj +W2j) = DLj+W2j ,y(Lj +W2j)

=
[∑

k∈Z

(pk(Lj +W2j, y)Lk + qk(Lj +W2j, y)Wk), Lj +W2j

]
+ µ(Lj +W2j, y)D(Lj +W2j)

=
∑
k∈Z

((j − k)pk(Lj +W2j, y)Lk+j + (2j + λk)pk(Lj +W2j, y)Wk+2j

− (k + λj)qk(Lj +W2j, y)Wk+j) + µ(Lj +W2j, y)W2j = 0. (25)

From Eq. (25), we immediately get (j − k)pk(Lj +W2j, y) = 0 for all k ∈ Z , which
deduces that pk(Lj +W2j, y) = 0 for k ̸= j . Then, Eq. (25) becomes

(2+λ)jpj(Lj+W2j, y)W3j−
∑
k∈Z

(k+λj)qk(Lj+W2j, y)Wk+j+µ(Lj+W2j, y)W2j = 0.

By observing the coefficient of W3j in the equation above, we have
(2 + λ)jpj(Lj +W2j, y)− (2 + λ)jq2j(Lj +W2j, y) = 0 ,

which implies that pj(Lj + W2j, y) = q2j(Lj + W2j, y) . Next, we consider the
coefficient of W2j , we obtain −(1 + λ)jqj(Lj + W2j, y) + µ(Lj + W2j, y) = 0 ,
which implies that (1 + λ)jqj(Lj + W2j, y) = µ(Lj + W2j, y) . For the coefficient
of Wk , k ̸= 2j, 3j , we get (k + λj)qk(Lj + W2j, y) = 0 . Therefore, if λj ∈ Z ,
qk(Lj + W2j, y) = 0 for k ̸= −λj, j, 2j or if λj /∈ Z , qk(Lj + W2j, y) = 0 for
k ̸= j, 2j . Hence,

DLj+W2j ,y = ad(pj(Lj +W2j, y)Lj + δλj,Zq−λj(Lj +W2j, y)W−λj + qj(Lj +W2j, y)Wj

+ pj(Lj +W2j, y)W2j) + (1 + λ)jqj(Lj +W2j, y)D,

where δk,Z is defined as 1 for k ∈ Z and as 0 for k /∈ Z .
Let ξyj = pj(Lj + W2j, y) , ηy−λj = q−λj(Lj + W2j, y) and ϵyj = qj(Lj + W2j, y) .
Obviously, ξyj , ηy−λj and ϵyj are complex numbers depending on y . The proof is
finished.

Lemma 4.5. Let ∆ be a 2-local derivation on Lλ/∈Z such that ∆(L0 + W0) =
∆(L1) = 0. For any nonzero x =

∑
t∈Z(αtLt + βtWt) ∈ Lλ/∈Z , then ∆(x) = 0.

Proof. Since ∆(L0 +W0) = ∆(L1) = 0 , by Lemma 4.2, we have for any m ∈ Z ,

∆(Lm) = 0.
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Then, Lemma 4.3 implies that for any nonzero x=
∑

t∈Z(αtLt+βtWt)∈Lλ/∈Z we get

∆(x) = µx

∑
t∈Z

βtWt where µx ∈ C. (26)

Case 1. x =
∑

t∈Z βtWt .
It is easy to see that

∆(x) = DL0+W0,x(x) = [p0(L0 +W0, x)L0 + q0(L0 +W0, x)W0, x]

=
∑
t∈Z

βttp0(L0 +W0, x)Wt. (27)

Subcase 1. x = βt1Wt1 + βt2Wt2 +
∑

t∈Z\{t1,t2} βtWt with t1 ̸= t2 for t1, t2 ∈ Z and
βt1βt2 ̸= 0 .
Comparing with Eqs. (26) and (27), we obtain

t1p0(L0 +W0, x) = µx, and t2p0(L0 +W0, x) = µx.

Then, (t1 − t2)p0(L0 + W0, x) = 0 . This implies that p0(L0 + W0, x) = µx = 0 .
Hence, ∆(x) = 0.

Subcase 2. x = βt0Wt0 with t0 ∈ Z and βt0 ̸= 0.

For the form x = βt0Wt0 ∈ Lλ/∈Z , Eq. (27) becomes

∆(βt0Wt0) = βt0t0p0(L0 +W0, βt0Wt0)Wt0 .

If t0 = 0 , we have ∆(β0W0) = 0 . Next, we consider ∆(βt0Wt0) for t0 ∈ Z∗ . From
Subcase 1, we know that ∆(W0 +W1) = 0 . If 1

λ
/∈ Z∗ or 1

λ
∈ Z+ , from Lemma 4.1

(3), we have
∆(βt0Wt0) = DW0+W1,βt0Wt0

(βt0Wt0) =
[∑

k∈Z

qk(W0 +W1, βt0Wt0)Wk, βt0Wt0

]
= 0.

If 1
λ
∈ Z− , again by Lemma 4.1 (3), we have

∆(βt0Wt0) = DW0+W1,βt0Wt0
(βt0Wt0)

=
[ − 1

λ∑
k=0

pk(W0 +W1, βt0Wt0)Lk +
∑
k∈Z

qk(W0 +W1, βt0Wt0)Wk, βt0Wt0

]

= βt0

− 1
λ∑

k=0

(t0 + λk)pk(W0 +W1, βt0Wt0)Wk+t0 , (28)

where p0(W0 +W1, βt0Wt0) = −λp1(W0 +W1, βt0Wt0) and pk(W0 +W1, βt0Wt0) for
1 ≤ k ≤ − 1

λ
satisfies the following relation

p1(W0 +W1, βt0Wt0) =
−2λ

1 + λ
p2(W0 +W1, βt0Wt0) = · · ·

=
(−1)−

1
λ−1

∏− 1
λ

i=2(λi)∏− 1
λ−1

i=1 (1 + λi)
p− 1

λ
(W0 +W1, βt0Wt0).

From Eq. (26), we have ∆(βt0Wt0) = µβt0Wt0
βt0Wt0 , where µβt0Wt0

∈ C . This
together with Eq. (28) shows that (t0 + λ)p1(W0 +W1, βt0Wt0) = 0 , which deduces
that p1(W0 + W1, βt0Wt0) = 0 . Obviously, p0(W0 + W1, βt0Wt0) = 0 . Hence,
∆(βt0Wt0) = 0 for t0 ∈ Z∗.
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Case 2. x = αt0Lt0 +
∑

t∈Z\{t0} αtLt +
∑

t∈Z βtWt with t0 ∈ Z and αt0 ̸= 0.

From Lemma 4.4, we have for j ∈ Z∗ ,

∆(x) = DLj+W2j ,x(x)

= [ξxj Lj + δλj,Zη
x
−λjW−λj + ϵxjWj + ξxjW2j, x] + (λ+ 1)jϵxjD(x)

=
∑
t∈Z

αt

(
(t−j)ξxj Lj+t−λ(t−j)δλj,Zη

x
−λjW−λj+t−(j+λt)ϵxjWj+t−(2j+λt)ξxjW2j+t

)
+
∑
t∈Z

βt((t+ λj)ξxjWj+t + (λ+ 1)jϵxjWt), (29)

where ξxj , ηx−λj , ϵxj ∈ C and δk,Z is defined as 1 for k ∈ Z and as 0 for k /∈ Z .
There exists a nonzero term αt0Lt0 . Comparing Eqs. (26) and (29), the coefficient
of Lk is 0 for all k ∈ Z . By taking enough different j ∈ Z∗ in Eq. (29) such that
t0 − j ̸= 0 and λj /∈ Z , if necessary, let these j′ s to be large enough, we obtain
ξxj = 0 . Then, Eq. (29) becomes

∆(x) = −
∑
t∈Z

αt(j + λt)ϵxjWj+t +
∑
t∈Z

βt(λ+ 1)jϵxjWt.

When j is large enough, we have ϵxj = 0 . Then, ∆(x) = 0 . We finish the proof.

Theorem 4.6. Every 2-local derivation on Lλ/∈Z is a derivation.

Proof. Assume that ∆ is a 2-local derivation on Lλ/∈Z . Then there exists a
derivation DL0+W0,L1 such that we have ∆(L0 + W0) = DL0+W0,L1(L0 + W0) and
∆(L1) = DL0+W0,L1(L1) . Let ∆1 = ∆−DL0+W0,L1 , which is also a 2-local derivation
on Lλ/∈Z obviously. Then,

∆1(L0 +W0) = ∆(L0 +W0)−DL0+W0,L1(L0 +W0) = 0− 0 = 0,

∆1(L1) = ∆(L1)−DL0+W0,L1(L1) = 0− 0 = 0.

From Lemma 4.5, we have ∆1(x) = ∆(x) − DL0+W0,L1(x) = 0 for any x ∈ Lλ/∈Z .
Obviously, ∆1 = ∆ − DL0+W0,L1 = 0 , which implies that ∆ = DL0+W0,L1 . This
shows that ∆ is a derivation. The proof is completed.

Remark 4.7. It follows from Theorems 3.6 and 4.6 that Theorem 2.5 is obtained
immediately.
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