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1. Introduction

Let M be a II;-factor with the separable predual M, and tr a unique normal
trace on M such that tr(/) = 1. The inner product (a,b) = tr(b*a) makes M
a pre-Hilbert space. Denote by L?(M,tr) its completion. Let Aut M be the
automorphism group of M and U(M) the unitary subgroup of M. Every u € U(M)
determines the inner automorphism Adwu of M, Adu(z) = uzu*. Denote by Inn M
the normal subgroup of Aut M formed by inner automorphisms.

One has a natural unitary representation 91 of Aut M on the dense subspace M of
L? (M, tr) given by

NO)x = 0(x), 0cAut M, ze M,

which is certainly extendable to a representation on L? (M, tr). Denote by N; the
restriction of M to the subgroup Inn M.

Aut M, being embedded as above into the algebra of bounded operators in L?(M, tr),
becomes a topological group under the strong operator topology. The subspace
Lo ={v € L*(M,tr) : tr(v) = 0} is N-invariant: N(O) Ly = Ly for all § € Aut M.

Theorem 1.1.  The restriction MY of the representation Ny to the invariant
subspace Lq is irreducible.

With an arbitrary II;-factor M being replaced in the above settings by the algebra
of complex n X n matrices, Theorem 1.1 reduces to the well known fact of classical
representation theory (see [7], Ch.3, §17.2, Theorem 2). Thus, in case of the
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approximately finite dimensional (AFD or hyperfinite) factor M, an argument
based on approximation of II;-factor M by finite dimensional factors is going to be
applicable in proving Theorem 1.1. However, this theorem in its utmost generality
requires a new approach.

Define a diagonal action M®* of Aut M on L*(M, tr)®* = L? (M®*, tx®*) by
N*(0) (v @y ®@ -+ @) = (N(O)v1) @ (N(O)va) @ --- @ (N(O)vy,) -
Additionally, the symmetric group &, acts on L? (M®*, tr®*) by permutations
"P(s) (1 @V ® ++ ®vg) = Vg-1(1) @ Vg-1(2) @+ @ Vg—1(k- (1)

The representations M®* and *P are well defined in the case k = oo (see The-
orem 1.5 below). Since the operators M®*(#) and *P(s) commute, we obtain a
representation JF, of the group Aut M x &, Fi (6,5) = N*(0) - *P(s).

The left and right multiplication operators are

(w)

mBMSr—u> W

R
um €M and m> M — mu* € M,

where u € U(M), define in L?(M, tr)®* representation T' of U(M)xU(M). Namely,
T(u,v) = £(u) - R(v). It is clear that under k < oo *P(&;) lies in the commutant
of T®*(U(M) x U(M)). In [12] an analogue of the classical Schur-Weyl duality was
found (Theorem 2 (a)). It is proven there that the commutant of T®*(U(M)xU(M))
coincides with the algebra generated by *P(&y).

Recall that the irreducible representations of &, are parameterized by the unordered
partitions of k. Denote the set of all such partitions by T;. Let A € T, and let
X be the character of the corresponding irreducible representation R, . Denote by
dimA the dimension of Ry. The operator

Pr = TN 0 (s) "P(s) (2)

SEG

is an orthogonal projection in the centre of the w*-algebra generated by the op-
erators {7 (0, $) } (g caus mxe, - Denote by 9 the representation JFj, restricted

to the subspace H} = P* (L%@k). Let 9% and P, be the restrictions of the
representations N®* and *P to the subspace Li" C L?(M, tr)®*.

Theorem 1.2. Let M be an AFD 1I;-factor. Then the commutant of the set
NSF(Aut M) is generated by *Po(Sy).

Corollary 1.3.  The representation ) of Aut M x &, is irreducible. With
different X\, ¢ € Yy, the restrictions of F} and ?7-",5 to the subgroup Aut M are not
quasi-equivalent.

The representation *P can be extended to a representation *P7* of the symmetric
inverse semigroup %, which can be realized as a semigroup of {0, 1}-matrices a =
[aij]ijZI with the ordinary matrix multiplication in such a way that a has at most one
nonzero entry in each row and each column. In this realization symmetric subgroup
Sk C F consists of the {0, 1}-matrices, which have exactly one nonzero entry in
cach row and each column; i.c. S2F ay; =" a; =1 forall ie{1,2,... k}.
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We denote by ¢; a diagonal matrix [a,,] such that a; = 0 and a,, = 0,, if p # i or
q #i. Of course, & C .. Define operator *P7*(¢;) on L? (M®k,tr®k) as follows

DI () (0 @V @Uigr ) = tr(v) (v @T @ vy -+ ) (3)

We set *P7%(s) = *P(s), if s € &;. Then P’ is extended to a representation
of the semigroup .%.. Using Theorem 1.2, we prove in section 4 next statement,
which establishes a link between the representation theory of the finite symmetric
semigroups developed by Munn [9], [10], Grood [4], East [3], Popova [13] on the one
hand, and the representation theory of the automorphism group of AFD II; -factor.

Theorem 1.4. If M is an AFD 11, -factor then the commutant of M®*(Aut M)
is generated by *P7% (.7,).

Now we look at the qualitative differences between Theorem 1.4 and classical Schur-
Weyl duality. Let M = M,,, where M,, is the algebra of all complex (nxn)-matrices.
It is appropriate to recall that Aut M,, = Inn M,,. Denote by {em};;qZ1 the matrix
units in M,,. The group &, is embedded in M®* as follows

n

i, o Rk
Spos—is= E , €pipay @ Epapozy © -+ ® €pyp i € M.
P1,P2,--,Pr=1

It is well known ([7], Theorem 2 on page 275) that algebra M®*(M,,)’ of the intert-
wining operators for 9%*(M,,) is generated by the operators L(s), R(s), where
s € 6y, and the convolutions C,,, which act as follows

k L(s) . R(s) .
M > m =i, -m, m " m - (i,)",
Cpq(€irjy ® Cinjy =+ D €3y, @+ @ -+~ €45, @ -+ D €45,
n
:5iquzez‘1j1 ® Eigjp * - D €1jp @ @€ -+ @ €4y
=1

Theorem 1.4 shows that in the case of II;-factor commutant of D®*(Aut M) is
generated by the analogous of the operators L(s) - R(s) and C,,.

The Schur-Weyl duality for automorphism group of I, -factor was built by Kirillov
[6]. In particular, he examined the tensor powers of the action by conjugation of the
unitary group on the space of Hilbert-Schmidt operators. To formulate his result
denote by By(H) the two-sided *-ideal of Hilbert-Schmidt operators in the algebra
B(H) of all bounded operators on H. Let us introdug(t:(% )representation M of the
unitary subgroup U(H) C B(H) as follows By(H) 2 b '+ ubu* € By(H).

If {ej};il is orthonormal basis in H then the operators ey, which act by ey e; =
d1; ex, form an orthogonal basis in By(H). Define the representations £ and R of
S, in By(H)®" by

L(5) €15y @ €igjy @ -+ i, = €y i1 €y 50 @ @€y s
R(8) €irjy ® injy @+ - @ €y, = i) @ i) © -+ D €nfiy,y, 5 € G

Kirillov proved that commutant of M*"(U(H)) is generated by £(S,,) and R(S,,).
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Now consider the irreducible representation 7 in the Hilbert space H of the C*-
algebra A. D.Beltita and K.-H. Neeb studied the unitary representation of the
unitary subgroup U(A) of C*-algebra A of the view

(B2(H)" 201 @by @+ @by, g m(u)bym(u*) @ m(w)bam(u*) @ -+ - & w(w)b,m(u*),

where u € U(A) [1]. They extended Kirillov’s result above to the representations
M&" . Using the embedding

(M) 3m @...0m, —m @...@m, 1€ L*(M,tr)*"

we identify L2 (M, tr)®" with the subspace in L2 (M, tr)®" Y.
Denote by L? (M, tr)®> the completion of the pre-Hilbert space | Jo°, L? (M, tr)®".

It is convenient to consider |J°2, L? (M, tr)®" as the linear span of the vectors
MR - ®u, IXI®---, where v; € M.

At the same time, we will to identify L? (M, tr)®" with the closure of the linear
span of all vectors v; ® -+ - ® v, ®vp11 ® - -+, where v; =1 for all ¢+ > n. Define the
representation 919> of group Aut M as follows

N (@ Qv ®@---) = (NO)v1) ®--- @ (N(O)vy) ® - -
The infinite symmetric group S, acts on L? (M, tr)®°° by permutations
PE) (01 ® - Qup®-++) =Us11) @ D Us-1() @ -+, 5 € B
We prove in Section 5 the following statement.

Theorem 1.5.  If M is an AFD 11 -factor then the commutant of M (Aut M)
is generated by P (Sy).

It is clear that the representations M®* are at the same time representations of
UM): UM) > u + N®(Adu). These examples are related to the class of
tame representations of the group U(M) by Definition 5 in [16]. Namely, U(M)
is a Polish group with the topology defined by the metric p as follows: p(u,v) =

1 — Rtr (uv*). There is also a topology t on U(M) with the neighbourhood base
of the identity element

Upe ={u e UM) : pluvu®,v)} <e. (4)

The very property of continuity with respect to the topology t distinguishes the
class of tame representations of U(M). Hypothetically, all tame representations of
the group U(M) in the case of AFD-factor M are of type L. It is quite probable
that an arbitrary irreducible tame representation is contained in 91®* for some k.

If we replace uvu* in (4) by 0(v), where 6(v) = Adu(v), then we obtain the weak
topology on Aut M. It is well known in the commutative case, when L*(X, )
is considered instead of the factor M. The tame representations of the group of
automorphisms of a Lebesgue space (X, ) that preserve the measure p were studied
in [11], where a complete classification of them was given and the corresponding
version of Schur-Weyl duality was presented.



NESSONOV AND SINEL’SHCHIKOV 615

2. Proof of Theorem 1.1

Let M be a II;-factor. Denote by B (L?(M, tr)) the algebra of all bounded operators
on L?(M,tr). Recall that a w*-subalgebra 24 C M is called MASA (maximal
Abelian subalgebra) if (' N M) =, where

A' = {be B(L*(M,tr))| ba=ab for all a € A}

is the commutant of 2. Let N() = {u € U(M): vu* = u*Au = A} be the
normalizer of 2. Let N()” be the w*-subalgebra generated by A (2(). A MASA
2l is said to be Cartan if N'(A)" = M.

We need the following claim from [14] (p. 242).

Proposition 2.1.  There exist a MASA A in M and an AFD-subfactor F' of M
containing A such that A is a Cartan subalgebra of M and F' "M = CI.

It is well known that, in the context of the latter proposition, one can readily find
a family {K,} -, of pairwise commuting Ip-subfactors K, C F which generate

F. Fix a system of matrix units {”eij}?jzl C K,. Denote by 20 an Abelian

w*-subalgebra generated by {’e11, "exs} o, . It is easy to check that 2 is a Cartan
subalgebra in F'. Since any two Cartan MASAS 2, and %Ay of F' are conjugate,
i.e. there exists # € Aut F' such that 6 (2(;) = 2(,, we can assume without loss of
generality that the MASA %A coincides with 20 .

Let E be a unique conditional expectation of M onto 2 with respect to tr [15]. In
particular, F is the orthogonal projection of the subspace Ly onto the subspace

Ly ={z e L* A tr): tr(z) =0}.

We claim that E belongs to the w*-algebra generated by 9(Aut M). To see
this, consider a family {T',} of Abelian finite subgroups of Aut M. Namely, T,
is generated by the inner automorphisms Adw, with the unitaries u belonging to
the collection {"e;; — "exe}._,. Since A is a MASA in M, one has, in view of

Proposition 2.1, that o
({"enn — e}, ) =2 (5)

Denote by E, the orthogonal projection in L*(M,tr) determined by its values on
the dense subset M C L*(M, tr)

FE, _
M3z =30 (). (6)
RSIND

Since I', C I'y41, inequality E, > E,.;; holds. Therefore, the sequence £, converges
in the strong operator topology. Let lim E,. = E. Hence, an application of (5) and
r—00

(6) yields
E(z) € 2,
tr(E(z)) = tr(z) for all x € M,
E(axb) = aE(z)b forall a,b €A, z € M.

Therefore, E is the conditional expectation onto 2. It follows that E=E. Thus,
in view of (6), £ belongs to the w*-algebra generated by 9t(Inn M).
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Therefore, ALy ¢ LY for all A’ € (M) (Inn M ))/

The uniqueness of conditional expectation implies
Adu o EoAdu* = FE for all u € N(2).

This is to be rephrased by claiming that the action of Ad A () leaves invariant L3
Adu (a) € LY foralla € LY, ue N(). (7)

Now to prove Theorem 1.1, it suffices to demonstrate the following:
(a) the action of N(2A), u — Adu, leaves no non-trivial closed subspace of L

invariant;

(b) the subspace L C Ly is cyclic with respect to 91(Inn M); i.e. the smallest

closed subspace containing |J 9U(0)LY is just Lo.
fcInn M

Let us start with proving (a). Consider an arbitrary unitary

u€{K, Ky, ..., K,}",
to be expanded as
2
u= > Wjsk joka - jukn €kt €jaks -+ Cjukns
Juk1,d2,k2, 000, kn=1

where )k, ks ... juk., € C. Denote by Gaon the group of all bijections of the set
X, = {(i1,19,...,in), i € {1,2}}. Within our current argument, the symmetric
group Ggn is about to be identified with the subgroup

{ue{Ki, Ko, ..., K} NUM) : ko joks . jukn € {0,1}} C N (),

in terms of the above expansion for u € {Ky, Ks,...,K,}". It is also convenient
to denote by i, the multi-index (i1,4s,...,4,). Clearly, the collection of vectors
{ei, = Yei i, %igip - - "ei,i, } forms an orthogonal basis of the subspace

an - Qlﬂ {Kl,KQ, e 7Kn}”-
Let &, be the orthogonal projection of L? (2, tr) onto 2l,,, and consider a bounded

operator B’ € (AdN ())'. It is clear that "B’ ' ¢, B'¢, belongs to (Ad Gyn)'
and

lim "B’ = B’ in the strong operator topology. (8)
n—oo
Hence, denoting the matrix element ("B'e;,,¢;,) by "B ; , one has
np/ . np!
sin)sin) = Biy g, forall s € Gan.

Therefore, there exist v,6 € C such that

injn - 57 lf in = jTl

It follows that "B'n = (6 — v)n for all n € LI N2A,,.
Hence, applying (8), we obtain that B'n = (6 —v)n for all n € L. This proves (a).
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We turn to proving (b). It suffices to demonstrate that, given a self-adjoint B € M
and € > 0, there exist A € % and U € U(M) with the property

|B —UAU"|| < ¢, where || - || stands for the operator norm. 9)

Choose a positive integer n > @ and consider the set of reals

2(1-1)||B 2l||B
A= {220y <y < 205 )

n

for each [ =0,1,...,n. Let E(4A;) be the associated spectral projection related to
the spectral decomposition of B. Under this setting, with

29— 1)|B o
DB g, Ba=Y wE (),
=0

we conclude that |B— B,| <e. (10)

One can readily find a family (F})._, of pairwise orthogonal projections in 2 such
that tr (F}) = tr (E(4;)). Thus we can also select partial isometries v, € M with
the properties wu; = FE(A;) and ufw, = F; for all [ =1,2,...,n. It follows that
U = )"_,w is a unitary operator, and with A = ;' ; oy F} the inequality (9) holds.
3. Proof of Theorem 1.2
Notice first that there exists a family {Nj};’il of pairwise commuting type I,
"
subfactors N; C M generating M. Let M,; = ({Nl}fzj> . Fix a system of
matrix units {”eij}szl C N, . Denote by 2l an Abelian w*-subalgebra generated by

{ le11, tega, ..., lekk}il. One can reproduce here the argument used at the beginning
of Section 2 to demonstrate that 2 is a Cartan MASA in M.

3.1. The conditional expectation from M%* onto A®*

It is well known that there exists a unique conditional expectation *E from the
IT, -factor M®* onto the Cartan MASA A®* C M®*. Recall that *E is uniquely
determined by the following properties (see [15]):

(1) *E is continuous with respect to the strong operator topology and *E1=1;
(2) *E (aymay) = ay *E(m)ay for all m € M®* and ay,ay € ASK;
(3) tr®(*Em) = tr®*(m) for all m € M®*.

We prove below that “E belongs to (9" (Ad U(M)))N.

With iy = (i1,42,...,1s), let ¢;, stand for the minimal projection
L 2 J
Civir Cigip " ** Cigiy

of the algebra M;; N2A. Let "f be any embedding of the finite set
Jr= {IJ = (ib ig; .- - 77:J)}1l;€1,7;2,...7iJ:1
into {n+1,n+2,...};ie "f(3;)# "f(J)) for different J, and 7.

k—1
Set Pu = Pep; + Z Perii1 € Np.
=1
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Lemma 3.1.  Consider the unitary U, = > ¢, - Pu, where p = "f (is) and
i;€7;

n > J. Then for any m € M the sequence N (Ad (‘]Un)) m converges in the weak
operator topology so that lim M (Ad('U,)) m = E;(m), with
n—oo

Ey(m)= Y &, m- ¢, €ANM, (11)
ij€dy

In particular, E; belongs to the w*-algebra generated by M (Ad U(M)).

Proof. Since the algebra UoQo:1 Mg is dense in M in the strong operator
topology, one can assume without loss of generality that m € My, where L > J.
Under this assumption, we have with n > L

U -m- U = E e, - m- ey, - fu- Wt

ij,ry€ds

where p = "f (iy), ¢ = "f (r;). Note that with i; # r; one has
lim #u- W =tr(Pu- W)[=0

n—oo

in the weak operator topology. Therefore, lim ‘U, - m - U = E;(m). n
n— o0
Remark 3.2. Clearly, E; is an orthogonal projection in L? (M, tr). Also, one
readily observes that E; > Ej,; for all J. Hence for any m € L?(M, tr) there
exists
lim E;(m) = E(m).

J—o00

In particular, E(m) = E;(m) for all m € M. (12)

It is easy to verify that E is the unique conditional expectation of M onto 2 with
respect to tr [15]. On the other hand, (1)—(3) are valid also for the projection E®*.
The uniqueness of conditional expectation now implies

FEmy@my®---@my) = E(my) @ E(mg) @ -+ @ E(my) (13)

for all my,ma,...,my € M.

Proposition 3.3.  *E € (M®* (Ad U(M)))”.

Proof. Let E¥*(m @my® -+ ®@my,) f Ej(mi) @ Ej(ms) @ -+ ® Ej(my). By
Lemma 3.1,
ES* € (M®F(Ad U(M)))". (14)

E%* is an orthogonal projection in L? (M®*, tr®%) and ES* > E?* for all L > J.
It follows that for any m € L* (M®* tr®*) there exists

def 7 /

lim ES"(m) = E(m) € M®F N (A®F)

J—00
"

Therefore, E € (M®* (AdU(M)))". An application of (11) allows one to verify
that 1) — 3) are valid for E. Since A®* is a MASA in M®* we conclude that
E (M®F) = A%k Therefore, E is a conditional expectation from M®* onto AS,
hence E = *E = E®F by (13). ]
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3.2. The operators *E - 0% (u) - *E on L? (A, tr®F)

If we have iy = (i1,42,...,15), i/, = (#},4,...,7;), we denote the partial isometry
Yeivi iy Jeiﬂ-/J € MU by ¢,y . Given a collection e My, 1<1<k,weuse
below the expansion

b = E lclt,l ei, 1, € M1y, where clJ, e C.
iJ,if]EjJ
In view of (13) one has

"Elreire o) =E(r)@E,() e @ E() (15)
1mm (ZCIJIJQIJ1J> <ZCIJ1J21J1J>® ®<Z 1J1JeiJiJ>' (16)
i7€dy i7€dy iy€Jy

Note that in Subsection 3.1 another notation e¢;, was used for e, .

Consider a unitary u= Y 1w, v, ¢,v, €My and a collection
iJ,i'JGjJ
by = Z laiJ~eiJiJ eM;NA, 1<I<Ek,
iy€Jy

where u, v, 'a;, € C. Since
"E (NN Adu)(le® @ @ fa))
=" u - veu-u @ @ u o u),
an application of (12) and (13) yields
"E (M Adw) (a® @ ') =b® b®--- @ ', where
b= b, e, € MuNA and by, = > fui,e, [P (17)

iyedy t,€T,
This way the map
p: My NU(M) — My Z Uiy i, - Cipif, 7 Z iUiJi'J

i],iiIEjJ iJ,ii,GjJ

TRV
1(]1‘]

is introduced. It is to be studied and used in what follows.

Note that |u;,¢,|* form a doubly stochastic matrix (see Section 6), hence
Z as, = Z b;, for all 1. (18)
iy€Jdy if€Js

3.2.1. Some properties of the map p

Set n = k”. To simplify the notation it is custorn (and reaily convenient) to identify

be the subset of real matrices in M 1. Denote also by GL(n,R) the subgroup of all
invertible elements of Mj;(R). A matrix m = [miJ ifzi € My is said to be doubly
stochastic if its elements satisfy

o« o
my, i, > 0 for all i1},

Z m, v, = 1 for all i and Z m;, v, = 1 for all i;.

ijedy if] €3y
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The set of doubly stochastic matrices is a convex polytope known as Birkhoff’s
polytope [2]. Denote by DS, this polytope. Set p = [pi I } , where p;,y = % for all
iy, 1;. A routine verification demonstrates that p is a minimal orthogonal projection
from My;. If m = [miJi/J} € DS,, then

mp=pm=p and m=p+ (I —p)m(I —p). (19)

A natural method of producing a doubly stochastic matrix is to start with a unitary
matrix u = [uie,] and then to set p(u) = []uiJgJ|2] € DS,,. The matrices of the
form p(u) with w unitary are called unistochastic.

It is well known that for n > 3 there are doubly stochastic matrices that are not
unistochastic [8].

Let the notation G stand for the set of those g = [giJi/J] € GL(n,R) which satisfy

> g, v, =1 forallij € J; and > g, y =1 forall iy € J;. The latter relations
ijedy ilJEjJ
1
1
are obviously equivalent to the vector ( : ) being invariant under both g and the
i
transpose g' with respect to matrix multiplication, hence G is a subgroup. One can
clearly reproduce (19) for g € G:

g=p+{—p)g(l—p). (20)

Consider the one parameter family U = [6(]1 I, } of unitary matrices, where

HUi :5iJi&+%7 QET:{Z€C|Z|:1} (21)

st
J1ly

Now we are in a position to apply the above idea of the present Section 3.2 in order
to introduce the map p : Inn M — DS, given by

AdU — |:‘UiJif] 2]7 where U = |:UiJi{]:| .

An easy calculation demonstrates that

6—1)?
M(QU)Ier(l—' n')(l—p)- (22)
We need below the following claim which is proved in Section 6.

Proposition 3.4. With § € T\ {—1,1} and n > 4, there exists an open
neighborhood U of U such that u(U) is open in G.

3.3. The commutant of “E - N®* (Ad U(M)) - *E

Let us start with observing that, in view of (13), *E (L§*) = (L%l)@)k. It follows that
KBk (Ad U(M)) (L2)*F  (£2)®". Thus we can view *E -0k (Ad U(M))- *E
as a family of operators on (L%‘) ok Finally, let us restrict the representation *P
from 1 of & to the subspace (L%‘)m, to be denoted by *P2. Let Nj be the
w*-algebra generated by the operators *E - M®* (Ad U(M)) - *E in (L%‘)®k.
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Proposition 3.5. N coincides with ( "Pg (Gk))/.
We need an auxiliary
Lemma 3.6. Let "¢ (p<J) be tkhe conditional expectation of M®* onto the
Iy -subfactor MEJ’“ = (({Nl};]:p>”)® with respect to tr®%, where L = k/7PTL.

Then &5 belongs to the w*-algebra generated by N®* (Adu) with u spanning the

"

unitary group of w*-algebra M{N1Ny--- Ny 1Ny Nyjio---}".
Proof. Notice first that

M), N M ={NNy---Npy 1Ny Nypo--- 1" (23)
/
rq>

T, € M) ;. Set & (r) = quzl tr () arg- The uniqueness of conditional expec-
tations implies

(e 0%) =e() o) () - o)) (24)

Every o € M can be written in the form z = Ziqul Qrq T, Where a,q, € M,y,

for any 1z, %,....,% € M. Let {j;} and {J;} be two increasing sequences of

positive integers with the property
Jis1 — Jip1 > max{J;, J} for all I. (25)
By (23), there exists a sequence {U;} of unitaries from M]; N M such that

Uy € M) ;N My, and AdU, (M, N My;,) C M; (26)

141 Jigre

Therefore, w-im AdU,(z) = tr(x)l for each x € J;2; M1,NM,;, where w-lim x,

n—oo n—oo
denotes the limit of the sequence z,, € M in the weak operator topology. Since

U, M, is dense in M with respect to the strong operator topology, one has
wlim Ad U, (z) = tr(x)[ for each x € M, ; N M.
n—oo

Now, in view of the above observations, with z = >

r,q=1 pq .17;(1 € M? Qrq € MpJ7
T, € M} ; N M, one establishes that

L
W-h_I)Il AdU,(x) = Z tr (2).,,) arg = () € M,,.
r,qg=1
Hence
. ®k 1 2 k.Y _ P (1 P (2 P (K
ijIEOm (AdU,) (7@ 2@ @ %) =¢ ()0 ()@ ¢ ().

Now combine the latter with (24) and (26) to establish the claim of Lemma 3.6. =

Proof of Proposition 3.5. Note first that the conditional expectations *E and
"¢P commute and
lim ¢l o *E = *E, (27)

J—o0

To simplify the notation, we substitute below F; for "¢} o ¥E. The projection F;
is just the conditional expectation of M®* onto A®¥ N MZF with respect to tr®*.
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Since "E (L§*) C (L%l)@g and *&! (L§*) = LY* N M}, one deduces that
Fy (L") € M3 (L™ = (My, n L™ (28)
By Proposition 3.3 and Lemma 3.6,
Fye (M®* (AdU(M)))". (29)

We are about to use the notation T;(u) for the operator F; - N®*(Adwu) - Fy. It
follows from (28) that

Ty (u) (Mf?,’“ N (Lg‘)®’“) C MEF N (12" for each unitary u € My, (30)

The above observations imply that the action of T;;(u) on M N (L%‘)m is deter-
mined by (17).

Denote by £ an auxiliary representation of the general linear group G L(n,R), with
n =k’ =|J;|, which coincides with the natural action of GL(n,R) on the complex

n-dimensional space M;; N 2A; more precisely, with g = [giJ i'J}.J./ e, € GL(n,R)
1 lJ
one has
20 (5 wan) = 55w )
ig€T s ig€d s if]GjJ

Let us introduce the subgroup ‘GL(n,R) formed by such g € GL(n,R) that

L£(g)l =T and £(¢g")I = I, where the vector I = 7, ¢,;, is just the unit of

the algebra M;; N A, and the superscript ¢ stands for passage to the transpose.

Given a unitary w = > w,y, - ¢y, € My, the matrix p(u) = [!uiJi/J 2] is
ig,i,€0;

doubly stochastic. In the case p(u) is also invertible one easily deduces from (31)

that u(u) € ‘GL(n,R), and in view of (17) one has

Ty(u) = £(p(u)). (32)

IGL(n,R) is the intersection of stationary subgroups of a vector I with respect to
the left action g — £(g) and to the right action g — £(g") on M;; N2A. Hence it
is isomorphic to GL(n — 1,R), and

L(g) (MiyNLY) = Myy; N LY for all g € 'GL(n,R). (33)

By (32) and (33), the restrictions T9(u) and £¢(g) of T;(u) and £(g), respectively,
to My N LY are well defined. We are about to prove that

[TO(u), we My nUM)Y = {28 ('GL(n,R))}". (34)

Once the latter relation is established, an application of the well known results of
classical Schur-Weyl duality (see, for example, [?], Lecture 6) allows one to obtain

{88 ('GL(n,R))} = {F? *P¥ (&) FOY,
and then to deduce that
(T9(w), ue My NnUM)} = {F) "P*(&;) F9}, (35)

where FY is the restriction of F; to LY* (see (28)).
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Now we turn to proving (34).

In view of the inclusion (M®*(Ad U(M)))” c (kP (Gk))/ and (29) one concludes
that F; € (M (AdU(M)))", and it follows that

FOe N, c (PP (&))" (36)
This implies that for each J the operators F9 *P* (&) F9 determine a unitary

representation of &y.

In consequence of Proposition 3.4 there exists an open neighborhood Y € U(n) of
% such that u(U) is an open subset in ‘GL(n,R) = GL(n — 1,R). Hence, an
application of (32) yields

TOU) = L5 () C {Tw)| we My nUM)}.
Therefore, with U - U~! being a neighborhood of the identity in U(n),
5 () - p@)™Y) C {T(w)| we My nUMM)}" . (37)

Denote by gl(n,R) and gl(n—1,R) the Lie algebras of ‘GL(n,R) and GL(n—1,R),
respectively.

A representation £35* restricted to the neighborhood () - u(U)~' of unit in
IGL(n,R) = GL(n — 1,R) determines a representation [$* of the Lie algebra

Igl(n,R) = gl(n — 1,R) in the (n — 1)*-dimensional vector space M N (L%l)®k.

"

By(37), 15" ('gl(n,R)) C {T9(u), u € Mi;NnUM)}".

This implies (34).
Consider a bounded operator B’ € N together with its action on (Lg) “* Tt follows
from (36) that FOB' = B'FY. Therefore B, “ FOB'FY belongs to

{T9(u)| uwe MyyNnUM)Y.
Let Ry, A € Ty, be an irreducible representation of &, and Yy, its character. Then
the operator

dim A
CLLES SRS

EISIGIA
is an orthogonal projection that belongs to the center of ( FpA (Gk))l.

One can readily find such positive integer N that for all J > N one has F; P # 0.
Only such J are to be considered below.

It is clear that Py € Nj. In view of (35),

B}, = Z cs(g) F9 *P* (g) FY, where c;(g) € C, and
geSy, (38)
Py B, = B, P} for all sufficiently large J.

It also follows from (35) that (FINGFY) = FO{ *P¥ (&) }" F9.

Hence, since Py is central in ( "P¥ (&))" and commutes with F9 € A, one has

(P FJ N F9R)) = FyP { "P™ (&) }' B F.
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Therefore, (PO)‘ F?./\/b PU’\ Ff})/ is a finite Ig,\-factor for all J large enough. This
implies that the map

FOP) { "P¥ (&) } P F2 5 A s FYAF) € FOP) { "P¥ (&) } P FY
is an isomorphism for J > N. Hence an application of (38) yields

Py By =Py Y cslg) FY "PY(g) FY.

ISP
Now, using (27), after the passage to the limit J — oo we obtain

P)B' =Py ) cslg) P (g) forall X € Ty

g6y

Therefore, B' = Y ¢;(g) "P*(g9) € ("P* (Gk))”, which completes the proof of
9€6yk
Proposition 3.5. [ ]

3.4. The cyclicity of 2% (Inn M) ((L3)*") in L§*
Denote by H the closure of the linear span of 91%*(Inn M) ((L%l)®k) in LY*. Our

claim to be proved below is that H coincides with L$*.

Let us keep the notation {N;},°, introduced at the beginning of Section 3; let also
{”eij}szl C N, stand for the collection of matrix units of N, . Denote by "pf,
s € 6, the projection

P (s) (Te1n @ Mess ® ... @ ey,) € M C LA(MEF, tr®F),

Set "By = Y. "pi and "pj = (I — "Ey)- "*Upi. Proceed with this construction by
sEB

introducing "pi,; = (1 — "E;) - 9 and "E; 1 = "E;+ Y. "i.,. It is clear that
SEG
the projections "p;. are pairwise orthogonal. Introduce

m
n n_s
En =22 "W
jil SEG

and 7; = tr®F ("E;), which is certainly an increasing sequence. One can readily
compute that 7,1 =7, + (1 — Ti):—,i, whence

lim tr®" ("E;) = 1.

1—>00
This implies >N =1 (39)
j=1 se&y,
due to the faithfulness of the trace tr®*.
Lemma 3.7.  Let Ay, A, ..., Ay be a family of selfadjoint operators in Myy. Set

A=A ® A ® - ® Ax. Then for any pair of positive integers m,n with n > J,
and any s € &), there exists a unitary U € M such that AdU (A"p?)) € ASF.
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Proof. Note that
A-"p,=0="Ep_1) (B1® By ®---® By), where

N (40)

B =A;- (nt 1)65—1(i)5—1(i)-

There exists a unitary U; € M;; such that
U; A; U € AN M. (41)

Since n > J, the operator "U?, = Z U; - m=Ye 1) s-1() is unitary. By (40) and
(41), M=F(Ad "Uy) (A~ "p3,) c A%, m

Corollary 3.8.  Let A be the same as in Lemma 3.7. Then A belongs to the closed
linear span of the collection of operators {‘ﬂ@’k(Ad w) (Ql®"’)} with respect to

the norm topology of the space L? (M®F, tr®*).

ueU (M)

Proof.  One deduces from (39) that

A=A

j=1 sc6y

Hence, an application of Lemma 3.7 proves our claim. [ |

3.5. Proof of Theorem 1.2

Let 21 be a Cartan MASA in M introduced at the beginning of Section 3. For
convenience, we recall the notations used above:

={ve L*(M,tr) : tr(v) =0}, Ly ={xe L* A tr): tr(x) =0}.

We denote by 5" the restriction of M®* to LF*. Conditional expectation *E in-
troduced in section 3.1 is at the same time an orthogonal projection of L2(M®k tr®*)
onto L? (Q[®k,tr®k) and

B LS = (12" (42)

By Proposition 3.5,
("B -MFF (A U(M)) - *B) = ("PY (&))", (43)
where *P2 is the restriction of the representation *P (see (1)) to the subspace

(L3) “* Take any operator B € (MF* (Ad UM )))/ It follows from Proposition
3.3 that *E € (M®* (Ad U(M)))N. Hence, using (43), we have

'"E.-B'-*"E=D-"E="*E-B e ("P} (&))" (44)
It follows from Corollary 3.8 that the maps
(N (Ad U(M))) 3 X3 FEX e (NEF (Ad U(M))) *E,
("PL(S1))" 2 X' FE X € (WP (64))”
are isomorphisms. Hence, using the equality
(M5 (Ad (M) B (P (64) ",
we get that B’ € ( *P3 (6}))”. Theorem 1.2 is proven. ]
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4. The Schur-Weyl duality for the automorphism group of a factor and
the symmetric inverse semigroup

The symmetric inverse semigroup % is formed by all the partial bijections from
the set X, = {1,2,...,k} to itself, with the natural definition of multiplica-

tion. An element b € .7, is conveniently written as b = <;1 ;.2 ;.T>, where
1 J2 - Jr

{i1,i9,...,i,} C Xk, {j1,J2,---,Jr} C Xj and ¢ maps to j;. The number r
involved here is denoted by rankb. There exists a natural involution on .%:

b* = (jl J2 -+ Jr)  Denote by id4 € %, the partial bijection obtained by

1 2 ... Iy
restricting the identity map to A C Xj. We introduce also the abbreviation
€; = id(x,\jp)- The subcollection {b € ., : rankb = k} is just the ordinary sym-
metric group Sy.
Let {si}f:_ll be the collection of Coxeter generators of &y, where s; = (i i + 1) is
the transposition of ¢ and i + 1. The following claim is due to L. Popova [13]. A
more up-to-date exposition of her results is given in [3].

Theorem 4.1. (A description of .#,, in terms of the generators and the relations)
The semigroup %, is generated by {si}fz_ll and €, with the relations as follows:

, k-1
(a) the Cozeter relations for {s;},_; ;
(b) sieg =€ s; foralli>1;
(C) (51 61)2 = (61 81)2 = €1S51€1.
This implies that one can realize %, as a semigroup of {0, 1}-matrices a = [a;;] with
the ordinary matrix multiplication in such a way that a has at most one nonzero

entry in each row and each column. The matrix a = [a;;], where a;; = 0 and
a;j = 0;5,if i # 1 or j # 1, corresponds to €; under this realization.

Let C[Sg] be the complex group algebra of the symmetric group &;,. This algebra
as well as the group algebra of every finite group, is semisimple. The complex
semigroup algebra C[.#;] of the inverse symmetric semigroup is semisimple too.
Namely, Munn proved the next statement.

Theorem 4.2.  [10] The algebra C[.#] has the decomposition

k
ClR] = @M(Ilc) (Cl&i),
1=0
where M;(A) is the algebra of all j x j-matrices over an algebra A.

Recall that we denote by 7,, the set of all unordered partitions of a positive
integer m < k. It follows from previous theorem that the set of the irreducible
representations of the semigroup %, can be naturally indexed by the set Ufn:O T,,.

4.1. The action of .%, on L* (M®* tr®F)

Set kP (s) = ¥P(s) with s € &}, see (1). Theorem 4.1 implies that the operators
*PZ(s) and *P7(¢;) from (3) define the representation of .#,. One has the following
obvious result:

Proposition 4.3.  (M®* (Aut M))" ¢ ("P7(4,))".
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Below we prove Theorem 1.4, which is the analogue of the Schur-Weyl duality for
Aut M and .#,.

Theorem 4.4. (N (Aut M))” = ( kPﬂ(fk))l.

Remark 4.5. The operator *P” (¢;) is an orthogonal projection in L? (M, tr)®k and
k
[ (1= *P7(e)) L* (M®*, tx%F)
i=1

= {v € L? (M®k,tr®k) P (e;)v =0 forall i = 1,2,...,kz} = L§*.

Let ©m(Xi) be the collection® of all non-ordered m-element subsets of Xj. With
A € p,,(Xy), let us introduce the pairwise orthogonal projections *P4 as follows

Pa= I ") - 1] 0= "P7(e)).

JEXK\A JEA
Hence "D (e;) P4 =0 for all j € A,

45)
"7 ()" Py = *Py  forall j € X\ A (

Since the projections ¥P, and *Pz are orthogonal for different A and B, then
operator P, =" Acom(X2) kP, is an orthogonal projection. It is clear that

kPk L2 (M®k7tr®k) — L?k, kPk: L2 (M®k,tr®k) — (CI@IC
k
and > kP, L (M 0®F) = L7 (M®*, %) .
m=0

Let m < k and S, = {s € S :5s(j) =7 forall j € Xy \ X,,}, where we define
X ={1,2,...,m} C Xj. Denote by x, the character of the irreducible represen-
tation T, of &,,, corresponding to v € T,,, such that its value on the unit is equal
to the dimension of T,. Then Young projection

Pr=SE1 3 () P (s)

SEG,

lies in the center of the *-algebra generated by *P* (&,,). Since Py, belongs to
"PY(S,,)', then *PY = *Px - P7 is an orthogonal projection from *P” (&,,)".
Denote by "H), the closure of the linear span of the set

{ kfpf (jk) kP)W(m L2 (M®k,tr®k)}

with respect to the norm topology of the space L (M®*, tr®*). By Proposition 4.3,
the ¥P“-invariant subspace *H, is 91®* (Aut M)-invariant too.

4.2. Decomposing 91®* into factor-components

Set My, = *Py, L? (M®k,tr®k). By Proposition 4.3, *Hy, is M®*-invariant.
Let 9’1?2’; be the restriction of M®* to k?{Xm. Here m < k and we consider
Xm={1,2...,m} as a subset of Xj.

Loo(X%) is the unique empty subset.
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Clearly, ®Hy, is invariant under the operators *P(s), where s € &,, C &}, and,
more generally,

"P(s) - "Pa- "P(s7!) = "Py4) for all s € &), and A € 0,,(X}). (46)

Consider the Young subgroup &, (x—m) = {5 € 6 : sX;, = X;n}. Let s1, 59, ...,
s, be a full set of the representatives in &;, of the left cosets &,/ &, (k—m), Where
r = |6k, Sy, (k—m)| . Then the projections kPS].( X,,) are pairwise orthogonal and

hp = Z Py x)- (47)
j=1

By (45), Nk (9) *P7(s) kP, = *P,, MEE(9) FP7(s) (48)

for all € Aut M and s € .%,. We emphasize again that *Px ¥P7(¢;) = 0 for all
J € X, Therefore,

("Px,, "P7 (7)) = (*Px,, "P7(S,,))". (49)

Let v € T,, be an unordered partition of m and let x, be the character of the
corresponding irreducible representation of G,,. Set

Pr=SEl Y () P (). (50)

5667”

Since the projections { kPSj( Xm)}r are pairwise orthogonal and

j=1
“Py,. € ("P7(&,,)) then Py = P7. kpy

is an orthogonal projection from the center of w*-algebra, generated by the operators
FPx, N®*(Aut M) and *Pyx, - *P7(&,,). Therefore, the operator

J

By = 30 P(s) - PR, - P 51)

is an orthogonal projection too. Moreover, the projections *P) and *P) are
orthogonal for different v, € T,, and the following equality holds

Po=Y_ "P. (52)

YEL m

The next statement follows from Theorem 1.2.

Lemma 4.6.  The family of the operators {kPXm *p(s) kPXm}seG define the
unitary representation kP;{m of the group &,, in the subspace *Hx  and one has

(MY (Aut M))" = ("PL (6))".
Define the representation *I of the semigroup (Aut M) x .#, as follows

MI1(0,5) = N (0) - *P7(s), where § € Aut M, s € %. (53)
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Lemma 4.7.  The projection *P) belongs to w*-algebra (kﬂ((Aut M) x fk))/
and the restriction of MI to the subspace *P) L? (M®k,tr®k) is the irreducible
representation of the semigroup (Aut M) x F.

Proof. Let us prove that
Proe (MI((Aut M) x 7)) (see (51)). (54)

Each t € &, defines a bijection b, of the set {s1,s2,..., 5.}, where r =6 /&, (k—m)| ,
as follows
b.(s;) = sj,, where ts; € 5,6, (k—m).-

Hence, since *P) = > "P(s;) - kPY - FP(s; 1), then
=1

PP P = YD FP(tsy) - P PP (st

6%,/ G (k—m)]
= Y "P(bu(sy) hy) - FPY PP (R (bu(s;) ) where By € G,
j=1

J

Now, using the equality *P(h;)- *P§ - *P (h;l) = P}, we obtain

Pt)- P P = Z "Pbi(s;)) - PR, - P ((bi(s;))

Since b, is the bijection, then

Z "Pby(s;) - "PL - P ((bu(s)) ")

= Z k77(sj) . kP}m . kp (sj_l) )

Thus "P(t) - kPY . EP(tY) = *PY for all t € 6. (55)
Set .AZ = {j c {1,2, ey |6k/6m(k’—m)|} : Sj_l(i) ¢ Xm}.
Since *P} = P7. FPy = FPx - P7, then, using (45) and (46), we have
P e) - P = MR P (@) = Y FP(sy) - PR TP (s
JEA;
Now we conclude from (55) that *P7 € *P“ (.4,)". Hence, applying Proposition
4.3, we obtain (54).

Therefore, the operators MIY (0,s) = *P) - MI(6,s), where § € Aut M, s € %,
define a *-representation of semigroup Aut M x .Z.

Let us prove that 17 is an irreducible representation; i.e.

MIY (Aut M x %) =C - *P7.
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First, we notice that Py € *P7 . P/ (7,)" C MI), (Aut M x .#;,)". Therefore, if
B' € MI7 (Aut M x .#;)" then

B'-*Py e 'PY ML) (Aut M x ) - MPY
Hence, applying Lemma 4.6, we see that
B - *P} =c-*P} | where c€C.
Now, using (51), we obtain B’ = B'- kP) =c. *P. n

4.3. The proof of Theorem 4.4

Take any B’ from (M®* (Aut M))I For the matrix U = [, ifz} (see (21)), we
denote by U an element from M, of the form

GU E JlJ eiJi/J.

iy, 1J€jJ

Let a € My;NA. Using (17) and (22), we obtain

B o MHAL ) (HP(a) = (1 - @) kP, (a).
It follows that
"E o m®’f(Ad U)o

_Z( \9—1l) "E o Fpy e (M (Aut M)

Therefore,
k 0 5 k 0
Z( | _1|> B'okEokPj:Z<1 | _nl‘> kEokPoB/
=0 =0

Hence, thanks to the relation *P, o *P,, = 6,,; *F;, we have

2\ M
(1_|971|> kPZOB/OkEOkPm

n
k
:Z< |9_1|> kPlokEokPjoB'okPm.
7=0

Now we conclude from Propositions 3.3 and 4.3 that

0 —1J?
n

m l
(1_|0—1‘2) kPlOBlokEokPm:(l_ > k]jlokEoBlokPm

n

and

2\ m 28\ !
(1_u> k_PlOB,OkEOkPm:(]-_u> k.PloB,OkEokPm.

n n
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Therefore, *P, o B' o *E o ¥P,, = 6}, *P,, 0 B' 0 *E o ¥P,,. Now, using the relation
k
> *P; =1, we have

.:0
J k

B o FE = kEoB’:Z kp o B' o *Eo *p,..

m=0
Hence, applying Corollary 3.8, we conclude

k
B' =Y *P,0B'o*P,. (56)

m=0

Let us prove that B!, ©kp o B o *P, lies in x-algebra *P,, *P7(.#,)" *P,, (see
(52) and Lemma 4.6).

Since *P, = Y. *P4,then B/, = Y. *Pjo B! o *Ps. There exist s4,
A€pm (Xr) ABEpm(Xk)
sg € 6, such that

sA(Xm) = A and sp(X,,) = B. (57)
Hence, using (46), we have
Pyo By, 0 "Pg = "P(sa) o "Px,, o "P(s3') o B}, 0 "P(sp) o "Px,, o "P(sz").

It follows from Lemma 4.6 that Py, o *P(s}') o Bl o *P(sz) o *Px,, lies in the
algebra *Px, o FP(&,,)" o *Px, . Therefore,

kPAOB;n o kPB c (kpj(fk))//

k

Thus B'= Y Y. *Pqo B, o "Pg liesin (*P7(.#,))". This completes the
m=0 AzBepm(Xk)

proof of Theorem 4.4.

5. The Schur-Weyl duality for Aut M and the infinite symmetric group

Let &, be the group of all bijections of the set Zso = {1,2,...}.
Set &, = {s € G : 5(k) =k for all k > n}.

Further we will consider L? (M, tr)*" as the subspace of L? (M, tr)®(n+1), using the
embedding

LZ(M,tr)®n9m1®...®mn|—>m1®...®mn®1€L2<M7tr)®(n+1).

Let L? (M, tr)®>* be the completion of the pre-Hilbert space |J°°, L? (M, tr)*". Tt
is convenient to consider |J°°, L? (M, tr)*" as the linear span of the vectors

v1®...®vn®1®1®...,

where v; € M. At the same time, we will identify L? (M, tr)®" with the closure of
the linear span of all vectors v; ® --- ® v, ® V11 ® - - -, where v; =1 for all i > n.
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Then the elements 6 € Aut M and s € &, act on L? (M, tr)®> as follows

N0) (1, @ @v, @+ ) = (NO)v1) @ - @ (N(O)vy) @ -+ ;
OOP(S)(IZ}1®."®IUW,®"'):US_1(1)®”'®U5—1(TL)®"'
We now have:

Theorem 5.1.  {MN®® (Aut M)} = {*P (&) }”.

Proof.  Let (k) be a transposition that swaps k and [. We denote by S,.00 the
subgroup {s € 6y :s(k) =k forall ke {l,2,... ,n}} Let us prove that

L* (M, t1)"" = {v e L* (M, tr)** : *“P(sjp=vforall s€&,}. (58)

Fix any v € L? (M, tr)®™ such that *P(s)v = v for all s € &, .

Take orthonormal basis {ej},—, in L* (M, tr), where ey = I and e, € M for all
k. Denote by & a set of all sequences ¢ = {k;}~,, k; € {0,1,...} with the
property: there exists some natural N(¥) such, that k; = 0 for all i > N(§).
For convenience, we set N(¢) = min{m:k; =0 forall ¢ >m}. Then the set
{eg =€k @€ Q... ey, ®IBI®... }éeﬁ is an orhonormal basis in L? (M, tr)®°°.

Set vV = Z ce(v)ey where ¢(v) € C.
teR

To prove (58) it is sufficient to establish that c¢(v) =0 if N(€) > n.

Consider an orthogonal projection O, in L? (M, tr)®> that is defined as follows
Om (...®6km_1 ®€km®6km+1 ®...61€N<E) ®I®I®>
= tr(eg,,) ( L Qek,  Bl®ek,,, .. ehy, ®II®.. ) . (59)

It is easily seen that the sequence {°P((m1))},=, converges in the week operator
topology to O,, = w — llim *P((ml)). Therefore,
—00

O € (wp(gm))ﬁ for all m, and O,v=v forall m > n. (60)
Hence, applying (59), we have ¢(v) = 0 for all ¢ such that N (&) > n. This proves
equality (58).

According to (59), we have that the operator P, v = 0,110,412 - Oy, where
N > n is an orthogonal projection. Since B,, ,,, > By, m1 for all m > n, there exists

the orthogonal projection B,, = lim B, .. By (60), B,, belongs to (OOP(gn,OO))H.
m—ro0
Using (59), we obtain

P01 @10R..00, 90,1 ®...0U;®...)

:<ﬁtr(vj))(Ul®v2®...®vn®1®...®1®...). (61)

Therefore, B, (L? (M, tr)®>) = L? (M, tr)*".
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Consider the opers}ltor B’ € {M®> (Aut M)} . Since projection %, € (WP(@MOO))N
and (*P(6,)) C {MN®>®(Aut M)}, the operator B] =B, B'B,, belongs to
{MN®> (Aut M)}, too. It follows from Section 4 that
B NO2(0) P, = N"(0), 6 € Aut M,
B, “P(s) P, = "P(s), forall se&,,
Lo O P = P (e;), i=1,2,...,n
Hence, applying Theorem 4.4, we obtain that B! belongs to (O"P(goo))” (see (60)//).
Since B’ = lim B!, in the strong operator topology, operator B’ lies in (OOP(@OO)) ,

n—0o0

too. This completes the proof of Theorem 5.1. [ |
6. A mapping from unitary to doubly stochastic matrices
Recall that a n xn-matrix P = [P;] is called doubly stochastic if ) P; = 1,
i=1

>. P =1and P; >0 for all 4,j. The property of P being doubly stochastic
j=1

1
1
is obviously equivalent to the vector [ . | being invariant both for P and the

transpose P'. Recall that DS,, stands flor the set of all doubly stochastic n x n
matrices. There exists an orthogonal matrix O = [O;;] such that for any P € DS,
one has (OPO™"),; = d;; and (OPO™');; = d;1 (j =1,2,...,n), where 0y is the
Kronecker delta. Let us fix such matrix O.

Lemma 6.1.  Let M, (R) be the set of all real n x n matrices of the form

Yy 0 0 - 0
0 a9 aos --- a9 . .
. Suppose that a doubly stochastic matriz P = [P;;] has only

0 az2 azz -+ asn

nonzero entries. Then there exists k > 0 such that the matriz P+O~'BO is doubly
stochastic for any matriz B = [B;;] € {M,,(R) such that |B;;| < k for all i,j.

By the above lemma, each doubly stochastic matrix P with positive entries is an
interior point of DS,,, and the real dimension of the tangent space Tp DS,, at this
point is (n — 1)%. In addition, we have a linear one-to-one map between Tp DS,
and M, (R).

We need in the sequel the obvious claim as follows.
Proposition 6.2.  Let U be an open subset in DS, , and GL(n,R) stand for
the group of real invertible n x n matrices. Identify the group GL(n — 1,R) with

the subgroup (O~!- 1M, (R)-O) N GL(n,R) C GL(n,R). Then the topological
component of the identity in GL(n — 1,R) is contained in

G UNGL(n,R)) - (UNGL(n,R) ™).
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Denote by U(n) a group of unitary n x n-matrices. We will consider U(n) and
DS, as real manifolds of the dimension n? and (n — 1)? respectively. Now let
f:U(n) — DS, be a smooth map and let df, be a differential of f at the point
w. The mapping df, is the linear operator from the tangent space T,,U(n) at u to
the tangent space Ty DS,. Function f is a submersion at a point v € U(n) if
dfu. T,U(n) = TrwyDS,. In connection with formula (17) we will find the unitary
matrices u such that the map

U(n) > u = [uy] U“wﬂ € DS,, is submersion at the point w. (62)

Hence it follows that there exists the open neighborhood U of the point u such that
w(U) C DS, is open subset.

We adopt below the results of A. Karabegov [5] to make them applicable to proving
Proposition 3.5.

Denote by SH,, the set of all skew-Hermitian n x n-matrices. It is clear that the
dimension of U(n), as a real manifold, is equal n?. Considering a smooth one-
parameter family U(t) = [Uy(t)] C U(n) and using the equality U(¢)* - U(t) = I,,,
we obtain

U )*-U'(0)+ U (0)*- U(0) =0, where U'(0) = [U},(0)].
Hence U'(0)-U(0)*+U(0)-U'(0)*
— U(0) (U(O)" - U'(0) + U'(0)" - U(0)) (U(0))" = 0. (63)

This implies that U’(0) € T,U(n) is identified with the skew Hermitian matrix
X =u*-U'(0) € T1,U(n) treated as an element of the Lie algebra SH,, of U(n).
Here u = [uy] = U(0).

Applying (62), we see that du, : T,U(n) — T,wu)DS, acts as follows
djta (U'(0)) = |wnU,0) + Ufy(0)ii| € Ty DS
Let us introduce the operator “dg, : T1,U(n) — T, DS, which acts by
‘g (A) = dpy(vd), A e Ty, U(n), uA € T,U(n). (64)
Therefore,
‘A (uU'(0)) = [Ukzlm + Ul/cl(o)u_kl] € 1w DSy

Hence, assuming that all entries of u = U(0) = [uy] are nonzero, we obtain
i, (00'0)) = | (U4 T 1) (©)
Ukl Uk

Now we can rewrite the equality (63) as follows

N UL =~ UL0)__
J]= J=
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Consider the family U = [‘)Ukl] of the unitary matrices, where
eUkl:(Skl—f—g;nl,HET:{ZGCZ|Z|:1}. (67)

On the space M, of all complex n x n-matrices define two inner products

(A, By = 3= AuBr | Uk *, A=[Au],B=|[Bul,
ki1

(A,B)p, = Tr (AB*), where Tr is an ordinary trace on M,.

Denote by MY and M the corresponding Hilbert spaces.

Now we introduce two operators Cy and Dy as follows

C - T
Mi Sf=[ful 2Y = [Yu] € M'*, where Yy = Z 9Ukjfkj U
j=1

M’ 5 g = [gu] 7 = [Z14] € MY

n

where Z;; = Z gUkjglj HUlj'
j=1

Hence, using the orthogonality relations between “Uy;, we obtain the formulas for
the inverse operators

n _ -
(C'Y),, = U D Vi Ujg and (DY), = W, > Yy, (68)
j=1

Set u=U(0) = U, X =uU'(0), fiy = 2 and = [fij]. Then

Uk

uXu* = U'(0)-u* = Cyf and uX*u* = u-U'(0)* = Dyf. (69)
Hence, applying (66), we have
Cof = uXu*,Dyf = —uXu*. (70)
It easy to check that the next statement holds.

Proposition 6.3. (Proposition 2.1 [5]) If 6 ¢ {—1,1} then the mappings Cy and
Dy are unitary isomorphisms between the Hilbert spaces MY and M.

Furthermore, using (65) and (70), we obtain for X = v*U’(0) and u = U
(fdjta Xy = (G (wXu) — Dy (X)), - s (71)
Now we will prove the next statement.

Theorem 6.4. (Theorem 5.1 [5]) Let u = U, where § ¢ {—1,1}. Then the
dimension of the kernel of the operator (C;1 — D;l) s equal to 2n — 1.

Since the real dimensions of T,,U(n) and T,,DS, are equal n? and (n — 1)?,
applying (71), we obtain the next statemant.
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Corollary 6.5. If 0 ¢ {—1,1} then the spaces du, (T, U(n)) and T,,DS,
coincide.

Proof of Theorem 6.4. Let ®, be the set of all diagonal matrices in SH,, and
let K, be a real subspace of SH,,, generated by ©, and u®,u*. The ordinary
calculations shows that

C,'n=Dy'nforalln € K, and dimK, =2n — 1. (72)

Define the entries of the matrix B = [fB,,] as follows

( 0, ifp=gqor(p¢{kl}) Ag¢{kl});
-1 ifp=kqg=1,

1, ifp=Llqg=Fk;
7n+571 : — .
prq — (0-1)(n—2)° if q l7p ;é k and p 7£ lu (73)
%, iftp=~k,q#1land q #k;
o n+6—1 : — .
(@71)(n72)7 lf q kup 7é k a’nd p 7é l7

\ —#‘?;2), if p=1,q#1and q# k.
Let B, be a real subspace of SH,, generated by the matrices B, where k| =
1,2,...,n. By calculations it can be checked that the subspaces K, and B, are
mutually orthogonal and

-1, _ _n+ -1 1
C, n= 7n+9_1D9 n for all n € B,,. (74)
It easy to check that the matrices 1B, 3B, ..., =1B are linearly independent.
Therefore,
dimB, >n — 1. (75)

Let O,, be one dimensional subspace RO C SH,,, where O = [Oy| = [6x — 1]. By
calculations we see that K,, and B,, are orthogonal to O,, and

C;'0=—0""0=D;'0. (76)

Denote by IS,, the real subspace of the matrices A = [Ay]| € SH,, with the purely
imaginary entries such that

A =0and Y Ay=0forallk=12,. .. n (77)
=1
Hence, using (68), we obtain
C,'A=—-0D," Aforall A€]IS,. (78)

At last we introduce the real subspace RS,, of the matrices A = [Ay] € SH,, with
the real entries which satisfy (77). It follows, by similar calculations, that

C,'A=0D," A for all A€RS,. (79)
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Applying (77), we obtain

n—1

dimIS,, = (Z(n - j)) —n= n(n; 3 (80)
j=1
Analogously,
n—1
dimRS, = (D (n =) = (n = 1) = = Un=2) (81)

1

<.
Il

By ordinary calculations it can be shown that subspaces K,,, B,,, O,, IS,,, RS, are
pairwise orthogonal. Hence, applying (72), (75), (80) and (81), we have

dim (K, ® B, ® 0, @B, ® 1S, ® IR,,) > n*.

Therefore, K,,®B,®0,,®B,®1S,®IR,, = SH,,. Thus any ¥ € SH,, can be written
as follows W = Uy + Vg + Uy + Vg + Uie, where U, lies in the corresponding
orthogonal component. If U lies in the kernel of the operator du, = (Ce_ - D, 1)

then, using (72), (74), (76), (78) and (79), we obtain

n+6—1

n+6—-1
_1+>@B+<_0n+971_1+>@0

— (04 1)¥s+ (0 — 1)Ups.

Since 0 ¢ {—1,1}, then U = ¥y = U;g = Upe = 0. Therefore, ¥V =V € K,,. =

The next statement follows from Corollary 6.5.

Corollary 6.6. If 0 ¢ {—1,1} then du, is a submersion at the point u = U .
Therefore, there exists an open subset U such that w € U and p(Ud) is an open
subset in DS,,.

The author is grateful for the referee’s careful reading and insightful comments.
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