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1. Introduction

Ado’s theorem shows that every finite-dimensional Lie (super)algebra over a field
F of characteristic 0 has a finite-dimensional faithful representation (see [5]). Let
g be a Lie (super)algebra over F. Let u(g) denote the minimal dimension of the
faithful representations of g. Milnor’s conjecture asserts that every solvmanifold
admits a left-invariant affine structure (see [7]). Milnor’s conjecture yields that
u(g) < dimg + 1. However, Burde has obtained examples of nilmaniflods in the
case where the Lie algebra of the Lie group is filiform nilpotent of dimension equal
10 or 11 without any affine structure (see [1]). It is of interest to determine the value
1(g). Schur proved that p(a,) = [24/n — 1] for n-dimensional abelian Lie algebra
a, over C (see [11]). Jacobson extended this result for arbitrary field (see [3]) and
Mirzakhani gave a simple proof of Schur’s theorem (see [8]). In 1998, Burde proved
(1(bm) = m+2 for Heisenberg Lie algebra b, of dimension 2m+1 (see [2]). In 2013,
Rojas determined p(h,, ® a,) = m+ [2y/n] for the Heisenberg Lie algebra b,, with
n-dimensional abelian factor a,, (see [10]). The theory of faithful representations of
Lie superalgebras also has experienced a vigorous development. In 2015, Chen and
Liu determined the minimal dimension of Heisenberg Lie superalgebras (see [6]),
that is,

m+[5]+2 if b= bunm>0,

M(h):{n—i—Q ifh =0,

where b, ,, and b, are Heisenberg Lie superalgebras of even center and odd center,
respectively.
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Wang and Liu obtained
p(g) = [2¢/dimg — 1] or [2y/dimg — 1] + 1
for any finite-dimensional abelian Lie superalgebra g (see [12]). Let
f(g) = min{dim V' | (p, V) is a faithful nilrepresentation of g}.

In this paper, the field F is an algebraically closed field of characteristic 0. We
determine the values of the minimal dimension of nice faithful representations and
nilrepresentations for trivial central extensions of Heisenberg Lie superalgebras. Fur-
thermore, we construct the nice faithful representations and nilrepresentations with
the minimal dimension for trivial central extensions of Heisenberg Lie superalgebras.

2. Preliminaries

A Heisenberg Lie superalgebra is a two-step nilpotent Lie superalgebra with 1-
dimensional center. All Heisenberg Lie superalgebras split into the following two

types (see [9]).
(1) Write b,,,, for the Heisenberg Lie superalgebra of even center, which has a

Zs-homogeneous basis {x1,...,Tm, 24, ..., 20,2 | y1,...,yn} with nontrivial
multiplication given by

[z, ] = =[x}, 2] = 2, [yj,y;] =z forall 1 <i<m,1<j<n.

(2) Write b, for the Heisenberg Lie superalgebra of odd center, which has a Z,-
homogeneous basis {x1,...,2Z, | 2,%1,--.,Yn} with nontrivial multiplication
given by

[T, yi] = —[yi, xi] = z for all 1 <i <,

Obviously, Fz is the center of both b,,, and b, .

Let as; be the abelian Lie superalgebra of superdimension (s,t), and its Zo-

homogeneous basis be {A1,..., Ay | Bi,..., B;}. Then a trivial central extension of
Heisenberg Lie superalgebras is b, @ a5 or b, @ as¢, and
{x1,.. 2y, 2 AL A Lyt o Y, B, -, Be) (1)
or
{I’l,...,l}”Al,...,As | Z7y17--~7ynaBly--~7Bt} (2)

is a Zy-homogeneous basis of b, , © as; or b, @ a,; respectively. Obviously,
spang{z, Ay,..., A5 | By,..., B} or spang{A;,..., As | 2z, By,..., B} is the center
of hm,n S as,t or bn S as,ta denoted by Z(bm,n D as,t) or Z(hn S as,t)a respeCtiVGIY'

Definition 2.1. Let g = b,,,, ® a,; or b, B as; and (p, V) be a representation
of g and
ry = max{dim p(Z(g))v | v € V5}, ro=max{dimp(Z(g))v|v € Vi}.
Then (p, V') is said to be nice if one of the following conditions holds:
(1) If ry > ry, then p(2)V5 # 0.
(2) If ry <y, then p(z)Vi # 0. n
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Let
tnic(g) = min{dim V' | (p, V') is a nice faithful representation of g},

fnic(g) = min{dim V' | (p, V') is a nice faithful nilrepresentation of g}.

In this paper, we prove the following theorem.

Theorem 2.2.  Let m,n,s,t € N and m # 0. Then

m+[2]+[2Vs +t+ 1],
n+[2vs+t+1],

m+ [2]+ [2vs + 1],
n+ [2v/s +t].

ﬁnic(hm,n ) as,t

)

Linic(Bn @ as¢)
tnic(Bmn © ast)
Lnic(bn @ st)

3. The low bound for minimal faithful representations.

Lemma 3.1. Let g=bun®as: or b, dass. For any v € g\Z(g), there exists
y € g such that [z,y] = z.

Proof. (A) If g = b0 ® a,¢, then suppose that

m m n s t
T = Z&ﬂi - Za;x; + cz + ijyj + ZpkAk + ZQZBla
=1 =1 7=1 k=1 =1

where 1 <i<m,1<j<n, 1<k<s,1<I<tandcéeTF. Since x ¢ Z(g)
and Z(g) = spangp{z, A1,...,As | Bi1,...,B;}. Then a;,a; and b; are not zero
simultaneously for all 1 <i<m and 1 <j <n.

(A1) If a4,...,a, are not zero simultaneously, then let iy be minimal such that
a, # 0. Let y = --x} . Note that [z,y] = z, as desired.
20

(A2) If ay = -+ = a, = 0 and af,...,al, are not zero simultaneously, then let
io be minimal such that af, # 0. Let y = ——-x;,. Note that [z,y] = z, as
io
desired.
(A3) Ifag = -+ =ay =d = -+ =a, =0 and by,...,b, are not zero

simultaneously, then let j, be minimal such that b;, # 0. Let y = %yjo.
J0
Note that [z,y] = z, proving the desired result.

(B) If g =1, @ ay,, then suppose that

n s n t
x = Zazwi + Z}%Ak +cz + Zbiyi + ZQlBh
k=1 i=1 =1

i=1
where 1 < i <n, 1 <k <s, 1 <[<tandcéelF. Since x ¢ Z(g)
and Z(g) = spang{Ai,...,As | 2,B1,...,B;}. Then a; and b; are not zero
simultaneously for all 1 <i <mn.

(B.1) If ay,...,a, are not zero simultaneously, then let i, be minimal such that
ai, 7 0. Let y = aiym It follows that [z,y] = z, as desired.
io



642 LaNG, Liu, Miao AND WANG

(B.2) If ay =--- =a, =0 and by,...,b, are not zero simultaneously, then let i,
be minimal such that b;, # 0. Let y = —;-x;,. It follows that [z,y] = z,
io

proving the desired result. [ |

Lemma 3.2.  Let g = b, D ag; or b, ®as,. Suppose that s is a subalgebra of
g satisfying z ¢ s. Then

m + LgJa ng = hm,n ¥ Qs.t)
n, ng - bn ¥ as,t'

dims < dim(s N Z(g)) + { (3)

Proof. Let Z; and s; be complement superspaces of s N Z(g) in Z(g) and s,
respectively. Define a linear function o of Z(g) by a|zgns = 0 and «a(z) # 0. Let
s’ be a complement superspaces of s  Z; in g, that is,

g=5DsD 7.

Let B be a skew-supersymmetric bilinear form on §' @ s; by defining B(X,Y) =
a([X,Y]) for all X,Y € ¢ @ s,;. Note that B is nondegenerate. Then s; is a
B-isotropic subspace of §' & s; by the definition of B.

It follows that dims; < dim(s’ & s;)/2. Hence

dim(s" @ s1)

dims = dim(s N Z(g)) + dims; < dim(s N Z(g)) + 5

Since g = s © 5. ® Z(g). If g = bpn @ asy, then dim(s’' & 51) = 2m +n. If
g="h, ®as,, then dim(s’ & s;) = 2n. By the above we have proven (3). [

The following lemma is proved by methods similar to the ones employed in [13,
Lemma 2.3].

Lemma 3.3. Let V be a finite dimensional superspace and § a nonzero subsu-
perspace of End(V'). Write

r1 = max{dim §(v) | v € V5}, ry = max{dimF(v) | v € Vi}.

(1) Suppose that a finite subset {fi,...,f,} of & has the following property:
fi(Ve) #£0 forall 1 < j <gqifri>ry, or f;(V1) #0 forall 1 < j <gq
if ro > 11. Then there exists x € VgUV; such that dim §(x) = max{ry,r} and
filz) #0 for 1<j<q.

(2) There exists a linearly independent set {vy, ..., v} C VyUVi and a vector space
decomposition
§=519 D5k
such that

(a) dimF(vy) = max{ry, r}.
(b) f(v;) #0 for all nonzero f € §; and all 1 <i <k.
() §j(v))=0 for 1 <i<j<k.

Suppose that a finite subset {f1,..., fy} of § has the following property:
fi(Ve) #0 forall 1 <j<qifri>ry, or f;(V1)#£0 forall 1 <j<qifry>r.
Then vy can be chosen so that fij(v1) # 0 forall 1 < j <q.



LANG, Liu, M1ao AND WANG 643

Theorem 3.4. Let g = b, ®asy or b, ©ag,. Then

_ mA [S]+[2Vs + 8+ 11, if g = b @ agy,

n+[2vs+t+1], if g = b, D agy.

Proof.  Suppose that (7,V) is a nice faithful nilrepresentation of g. Note that
m(Z(g)) is a subsuperspace of gl(V') and satisfies the condition of Lemma 3.3 (1).
By Lemma 3.3, there exists a linearly independent set X = {vy,..., v} C VU W;
and a vector space decomposition

T(Z(g) =F1 D DT

satisfying (a), (b) and (c¢). We define a linear mapping ¢ : g — V by means
of p(z) = mw(z)(vy) for all x € g. Then we obviously have z ¢ kerp. Now
we assert that Ime N F{X} = 0. Suppose that there exists a nonzero element
m(x) (1) € Imp NF{X}, we assume that 7(z)(v1) = Y&, a;v;, where z € g and
a; € F, 1 <i<k. Let ig be maximal such that a; # 0. Then

7(x)(vy) = Z a;v;. (5)

By Lemma 3.3, there exists f;, € §;, C m(Z(g)) such that f; (v;,) # 0. Application
of f;, to the equation (5) yields

fio(m(x)(v1)) = 7(x) fio (V1) = iy fi (v3y) # 0. (6)

If ig = 1, then 7(x)(v1) = ayv; by (5). Then (6) shows that a; # 0. This contradicts
the nilpotency of m(z). Hence ig > 1 and f;,(v1) = 0 by Lemma 3.3. We have get
a contradiction for (6). Thus Imp NF{X} = 0. It follows that

dimV > k+dimIme > £k + dim g — dim ker ¢.
Since ker ¢ is a subalgebra of g and z ¢ ker ¢, by Lemma 3.2, we have

m + LgL if g= bm,n S>) Qs.t)

dim ker ¢ < dim(ker p N Z(g)) +
n, itg="0, D as,.
The definition of ¢ shows that

mkeroNZ(g) =82 - D T
Since 7 is a faithful representation of g. Then we have
dim(ker p N Z(g)) = dim Z(g) — dim §;.
Lemma 3.3 illustrates that
dim §; = dim §;(v;) < dim(7w(Z(g))(v1)) = dim F1(v1) = dim F7,

for ¢ > 1.
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We have kdim§; > dim(7w(Z(g)). If g = b P a5y, then we have
dimV >k + dimg — dim ker ¢

>k+m+ (%1 +s+t+1—dim(kerpN Z(Bpmn ® asy))
>ktm+ [S] 4 s+t 41— dimZ(bn, ©ay) + dim
> m + (%W +k+dim
>m+ [5] +2Vkdim§,
>m+ 3]+ [2Vs+i+1].

If g="H, D as, then we have

dimV >k + dimg — dimker ¢
>k+n+s+t+1—dimkerpnNZ(h, ®ass))
>k+n+s+t+1—dimZ(h,das,) +dimF

>n+ 2y kdim §;
>n+[2Vs+t+1]. ]

Theorem 3.5. Let m # 0. Then
Nnic(bm,n s> as,t) Z m + [g—l + ’72 VS + {I
and fnic(Bn @ ag¢) > 1+ [2Vs +1].

Proof. Let g=b,,,Pas; or h,da,; and (m,V) be a representation of g. Since
g is a nilpotent Lie algebra. By Zassenhaus’s theorem (see [4]) of m(gj), there
exists a superspace decomposition of V' such that

V=Vi® - &V,
where
Vi={veV|Vxeg, Ir(z,v) €N, (r(z) — \i(2)id)" @ (v) = 0}
and 1 <7 < k. Note that

Ai(a) = 2relv) (7)

for any x € gg. This shows that ); is a homomorphism of gg. Since 7 is a faithful

representation of g, we have 7(z) # 0 and there exists v € V such that w(z)(v) # 0.
Hence there exists iy € F such that 7(z)(v;,) # 0.

(a) If g = by, ® asr and m # 0, then we have
7T(Z)(Uio) - >‘i0 (Z)Uio + Nio('Z)(Uio)‘ (8)

Suppose that z = [z1,2]], where z; and 2 are basis elements of g5 in (2). We
obtain A\, (z) = 0. It follows that N, (z)(v;,) # 0. Let f : b, — gl(Vi,) be a
linear mapping by defining

f(x) = Nig(x) and f(y) = =(y),

for 2 € (hmn)s, ¥ € (hmn)1-
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For any x € (hn)s and v € V;,, there exists r(z,v) € N such that

(7(x) — Ni(2)id)" @) (v) = 0.
Then we have

((2)=Xi(2)id) = (7 (y) (v)

= [(m(x) = Ni(2)id)" @ 7 (y)](v)
r(z,v)
=) (7(x) — N(@)id)[(r(z) — Ni(2)id), 7(y)] (7 (x) — Ni(2)id)" @I (v)

= (r(z,v) + Dr(2) = Ni(2)id, 7(y))(x(2) — Xi(2)id)" " (v) = 0,

where y € (himn)1- It follows that f(y)(v) = m(y)(v) € Vj, for any v € V;,. Since
A; is a homomorphism of gz. Then N, is also a homomorphism of gg. By the
definition of f, we have

[f (), f ()] = [Nig(2), m(y)] = [Niy () + Ay (2), 7(y)]
= [r(2), 7(y)] = = ([z, y]) = f(lz,y]),

for any © € (hmn)s, ¥ € (Bmn)i- Since f(2) = Ny, (2) # 0. According to the above,
(f,Vi,) is a faithful representation of b,,,. This yields ker V;; N b, = 0. Then

—

T

[l’,y] € [gag] =Fz C bm,na

for any =,y € ker N;,. Hence ker V;, is an abelian Lie superalgebra. Let a be a
complement superspace of ker N;; @ b, in gg, that is,

gp = ker NV;, @ by, © a.

Write by, = o \ F{z}. Let b be a complement superspace of by, © kery,7 in gg,
where ker;;m = {z € ap; | m(z)(V;,) = 0}, that is,

g1 = by, © ker;,m & b.
We expand f as a homomorphism of b,,, ® a® b by defining

f(x) = Niy(z), f(y) =7(y),Vr €a,y€b.

It is easy to see that (f,V;,) is a faithful nilrepresentation of b,,, & a @& b. By
Theorem 3.4, we have

dimV;, > m + [ 2] + [2/dim(a © b) + 1] (9)

(b) If g =b,@as,, then z € gr. It follows that 7(z) is a nilpotent transformation.
Suppose that f': b, — gl(V;,) is a linear mapping by defining

f'(x) = Nig(z) and f'(y) = 7(y),

for © € (b,)s, ¥y € (hn)1. We can prove that (f’,V;,) is a nilrepresentation of b,,.
By [6, Lemma 2.1], we obtain (f’,Vj,) is a faithful nilrepresentation of b,,.
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Hence ker N;, N'h, = 0. It follows that ker IV;, is an abelian Lie superalgebra. Let
a’ be a complement superspace of ker N;, @ (h,)g in gg, that is,

go = ker N;y @ (h,)s @ d'.
Let b’ be a complement superspace of (h,,); @ ker;,7 in gg, where
ker;;m = {x € aps | 7(x)(V;,) =0}, thatis, g;i = (h,)1 ® ker;;m ® b
We can obtain that f’ is a faithful nilrepresentation of b, & a’ ® b’ by defining
f'(x) = Niy(z), f'(y) =7(y),Vz €a,y € b.
Hence, by Theorem 3.4,
dim Vj, > n + [2+/dim(a @ b) + 1].

Since ker IV;, is an abelian Lie superalgebra. (ker N;, Nker \;,) @ ker;, 7 is obviously
an abelian Lie superalgebra, which is denoted by A. Note that

dim(ker N;, Nker \;)) = dim ker N;, — 1.
We propose to prove (7|4, @iz, V;) is a faithful representation of A. Since
m(x)(v) = (o + 21)(v) = (Ao (20) + Nig (20))(v) + m(21)(v) = 0,

where x € A, x; € A;, i =0,1 and v € V. Then 7(z)(V) C @®;;,Vi. Hence m(x)
is a homomorphism of @,;,V; for any x € A. Suppose that 2’ € kerm|4. Then
m(2")(Bixi, Vi) = 0. Hence

m(@)(V) = n(2)(Viy & D Vi) =0,
i#i0
that is, 2’ € kermw. Faithfulness of m implies that 2’ = 0. Then we obtain
(7] 4, Bizi, Vi) is a faithful representation of A. By [12, Theorem 5], we have

dim(Dji, Vi) > [2V/dim A — 1].
Hence if g = by @ a4, then
dim V' = dim V;, + dim(®j.4;, V)
>m+ 3]+ [2y/dim(a @ b) + 1] + [2Vdim A — 1]
>m+ [5]+ [2/dim(a @ b) + dim A+ 1]
>m+ [5] + [2/dim(a ® b) + dimker Ny, + dim ker;,7]
>m+ 3]+ [2Vs +1].
If g=",Das, then

dim V' = dim Vj, + dim(®; 4, V;)
> n+ [2y/dim(a @ b) + 1] + [2V/dim A — 1]
> n + [2y/dim(a @ b) + dim A + 1]
> n + [2y/dim(a @ b) + dim ker N;, + dim ker;, 7|

>n+ [2vs+t]. n




LANG, Liu, M1ao AND WANG 647
4. The upper bound for minimal faithful representations

In this section, we propose to establish faithful representations of the desired dimen-
sion for g. We write e; ; for a matrix that has 1 in the (4, j) cell and 0 in all the
other cells.

Lemma 4.1.  Let g be a nilpotent Lie superalgebra over F. Suppose that (p, V)
is a representation of g. Then (p, V) is faithful if and only if (p|z(g), V) is faithful
on Z(g).

Proof. One implication is trivial. Suppose that (p|z(g), V') is faithful. If ker p # 0,
then kerp N Z(g) # 0 by Engel theorem (see [5]). It follows that kerp|zq) # 0,
contradicting the faithfulness of p|;() . Hence (p, V') is faithful. ]

We may choose a Zy-homogeneous basis of b,,, @ a,, as follows.
(1) If n =2k, k € N, then let
{21, o Ty, 2 A A | Y, Y Y Y By, By}
be a basis of b, , @ a,; with multiplication

N=zand [Y;,Y/]=2i=1,....m, j=1,... k.

[xiuxi Jrtj
(2) If n=2k+1, k € N, then let
{.ZEl,...,iL’m,iL'/l,..., m,Z Al,...,AS’H,...,Yk,}/vl,,...,YkI,YkJrl,Bl,...,Bt}

be a basis of b, , ® a,; with multiplication

[zi, )] = 2, [V}, Y]] =z and [Vi1, Vel =2, i=1,....m, j=1,... k.

Suppose that s =rb+1 and t = r'b+ ', where r,7’,b,a’,1,I' € N and [,I’ < b. Let
0 B @ agy — gl(FmHerb+51+e) be an even mapping given by

p(xi) = €1ati, p(7) = eaviarmer, 1 <1< m,
P(Y}) = el;ja p(Y;/) e] a+m+1? 1 S ] S k’
1
p(Z) = €lLa+m+1, P(YkH) = 2 €1kt + i L,atm+1?
p(A1> = €1,a+m+2, p<Bl> = [%]+1,a+m+l’
p(Ab—l) = el,a+m+b7 p(Bb) = el’%ﬁ17a+m+b’
p(As> = €r+1,a+m+1+1, p<Bt> = e[%]/g//+l,a+m+l”

where p = m+a+ b+ p for p € N. A straightforward computation shows that
(p, Fmﬂ*b*[@*a/) is a nilrepresentation of b, , ® a,;. By Lemma 4.1, we obtain
(p, Fmtatbtl51+a") g faithful if and only if ab > s 4+ 1 and a'b > t.
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Suppose that a,b,d € N. Write i/ = a +n + 1, for i € N.
Let o : b, @ a,; — gl(FeTT+4) be an even mapping given by

U(%) = €1,a+i, 0(%‘) = €Ca4i,175
O'(Z) = 61711,
U(Al) = €(b+1),1/» U(Bl) = €12,
U(Ab) = €(b+1) V> U(Bbq) = ey,
0(Ap1) = ey, o(By) = ez,
U(As) = €(b+r41),01'5 U(Bt) = €r4+1,(11+1)»

where s =rb+1, t = rib+1; and [,l; <b. By Lemma 4.1, we obtain (o, Fetn+b+d)
is faithful if and only if ab >t + 1 and bd > s.

Theorem 4.2. Let g = b, ®asy or b, Das,. Then

Tl {mHZHDvSHHL if 9= bnn © sy,
Hnic\8 S
n+[2\’3+t+1—|a Z.fg:hn@us,t-

Proof. If g = b0 ® asy, then let (p, Frtatbtlz1+e"y defined above be a faithful
nilrepresentation of g . Then ab > s+ 1 and a'b > t. Hence

dim(Fm e+ 51y — o g+ b 4 [21 +d

>m+ 3]+ [2v/b(a + )]
>m+ [5]+ [2Vs +E+1].

Since min{dim(F™Te+1214e) | ab > s+ 1,a'b > t} = m+ [2] + [2Vs +E +1].
Then (p, F*I51#[2Vs++11) g 4 faithful nilrepresentation of g. By the definition of
(p, FmH 2112V 41D e have p(Z(g))(w) = 0 for any w € F?HE]HQ ST This
yields 1 > ro = 0. Since

m+[ 51+ [2Vs 41
0 # p(2)(€atmr1) € p(2)(Fy );

where €44m41 stand for the column vector with 1 in the (@ + m + 1)-th entry
and 0 elsewhere in F*121+2Vs+41l Hence (p, FmH 3112V g 4 nice faithful
nilrepresentation of g. It follows that

Finic(Dmn ® 0s0) < m+ [ 2]+ [2Vs +E+1].

For any = € g, if n =2k, k € N, then suppose that

m

m k k s t
=Y ami+ Y apitez+ > LY+ WY+ prAi+ Y aqB.
i—1 =1 =1 k=1 =1

=1
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Then p(x) is presented under the standard basis of Fmtetv+[31+e" a5 shown in
Matrix 1.

a m b k a’
/‘/\r 7\ N 7 7\ N 7 -\ /—/¥ N
a/l .. a/m C pl ... pb*l bl ... bk )
Db Por1 - P21
. . - . ;
DPrb Ps 0
0 0 0
al )
CL; m
} b
; )
bl
. k
by, )
q1 g2 - v
Ab+1  Got+2 q2b
. . . . a/
Grv+1 G 0
0 0 ce 0 J
Matrix 1

If n=2k+1, k€N, then suppose that

m m k k s t
r=Y ami+ Y a@ltez+ Y LY+ VY] + Wi + > prAi+ Y aB.
i=1 i=1 j=1 k=1 =1

j=1

Then p(z) is presented under the standard basis of Fmtett+[31+e" a5 shown in
Matrix 2.

If g="b,® as,, then let (o, Fer"+0+d) defined above be a faithful nilrepresentation
of g. Then ab>t+ 1 and bd > s. Hence

dimF 4 =g 4 n+b+d > n+ [2v/bla+d)] >n+ [2Vs+t+1].

Since

min{dim(F*™" %) | ab >t 4 1,bd > s} =n + [2vV/s +t + 1]

we conclude that (o, F[2Vs++11) is a faithful nilrepresentation of g. By the
definition of (o, F**2V3FF11) wwe have o(Z(g))(v) = 0 for any v € FyPY3HHL
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a m b k+1 a’
—~ =~ % ~ -~ % N -~ % N ——
@ oam ¢ oo pea b by 3D ‘
Do Por1 - P2-1
. . - . "
DPrb Ds 0
0 0 0
a’1 )
: m
al
b
P 3\
bl
: k+1
/
k
b <
q1 g2 - Qv
Qv+1  Qo+2 q2b
i . ) a’
S R/ 0
0 0 o 0
J
Matrix 2

This yields 0 = r; < ry. Since

0# 0(2)(eatni1) € o(2)(FF V),
where €,4,41 stand for the column vector with 1 in the (a 4+ n + 1)-th entry and 0
elsewhere in F"+[2VsH+11 Hence (o, F*+2Vs++11) g a nice faithful nilrepresentation

of g. It follows that

Tinic(bn @ 0s) <+ [2Vs + 1+ 1].

For any = € g, suppose that

n s n t
xr = Z a;x; + ZpkAk +cz + Z blyl + ZQZBla
i=1 k=1 1=1 =1

where 1 <i<n, 1<k<s,1<1<tand ce€F. Then o(z) is presented under
the standard basis of Fet?tbtd a5 shown in Matrix 3. n

Theorem 4.3. Let g = b, ®asy or b, Dag,. Then

m+ 2]+ 2V + 1], i 9= b @ gy,

nic\9 S
) {n+f2\/8+ﬂ, if 8 ="bn @ asy.
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a n b d
/-/\r <% N 7 % N f—JH
@y -+ Qp c q1 o Qb1 )
b gb+1 0 q2p—1
T a
QT‘1b e Qt O
0 e 0
by
: n
br,
b
b1 p2 Pb
Po+1 DPvo+2 - P2
: T e : d
Drv+1 e Ds 0
0 e 0
Matrix 3

Proof. If g = b,,,, ®a,,, then let (p, F+21+12V5H1) he an even mapping given by
Fx) = plz), Yz € o/F{A},
ﬁ(As> = €2.a+1 — €2,a+m+1-
We can obtain that p is a faithful representation of b,,,, @ as; and p(Z(g))(w) =0

?H%HD@]. This yields ry > ro = 0. Since
0 # p(2)(earm+1) € p(2)(Vo),

where €44m41 stand for the column vector with 1 in the (@ + m + 1)-th entry
and 0 elsewhere in F™+[31+2Vs+l - Hence (p, FtI21+2Vs+) is a nice faithful
representation of g. It follows that

fnic(Omn @ 6s) < m+ [ 2]+ [2V/5 8]

for any w € F

If g="b, @ as,, then let (¢, F7+12V5+1) be an even mapping given by
o(x) = o(x), Ve € g/F{B},
5(Bt) = €g4+1,27 — €12/.
We can obtain that & is a faithful representation of b, @ as; and (Z(g))(v) =0

n+[2v/s+t]

5 . This yields 0 = r; < ry. Since

0 # 0(2)(€aynt1) € a(2)(V3),

where €,4,41 stand for the column vector with 1 in the (a 4+ n + 1)-th entry and 0
elsewhere in F"12Vs+] Hence (&, F*T12V**+]) is a nice faithful representation of g.
It follows that

for any v € F

finic(Bn © as) < n+ [2Vs +1]. =
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