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Abstract. In 2014 Lieb and Solovej studied traces of quantum channels, which are defined by the
leading component in the decomposition of the tensor product of two irreducible representations of
SU(2), to establish a Wehrl-type inequality for integrals of convex functions of matrix coefficients.
It is proved that the integral is the limit of the trace of the functional calculus of quantum channels.
In this paper, we introduce new quantum channels for all the components in the tensor product and
generalize their limit formula. We prove that the limit can be expressed using Berezin transforms.
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1. Introduction

The study of estimates of matrix coefficients of unitary representations of Lie groups
is of fundamental interest. The case of Schrodinger representations of the Heisenberg
group C" x R has been studied extensively, see [12, 18]. Later in [13] Lieb and
Solovej proved certain Wehrl-type L?- L?-estimates for matrix coefficients of SU(2)
representations. To prove this they introduce quantum channels. The two main
ingredients of their proof are firstly finding inequalities on partial sums of eigenvalues
of the quantum channels, and secondly a limit of the trace of quantum channels.
More precisely, let H,, be the irreducible (u+1)-dimensional representation of SU(2)
and consider the tensor product decomposition of two irreducible representations of
SU(2) [6, appendix C]

w
M @ Hy = D Hyrron (1)

k=0
Lieb and Solovej [13] define:

T*(4) = P(A® L)P* € B(H,.).
Here [, is the identity operator on H, and
PZHM®HV _>HM+V

is a partial isometry. The map T is trace-preserving up to a constant and thus a
quantum channel up to this constant.
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Roughly speaking, it is proved that the integral of functions of matrix coefficients
| alltg-un)Prdg
SU(2)

is the limit of the trace of the functional calculus for A =« ® u* [13]. Here v, is a
highest weight vector.

In this paper we introduce general quantum channels, defined by projecting onto
the irreducible & component of our decomposition (1). We define

v (A) = Py(A® I)P;.

w,k

Again, the map is trace-preserving up to a constant and completely positive. We
will study the limit formula of the trace of the functional calculus. It will turn out
that the Berezin transform and the Toeplitz operator, which is equal to (u+1)R,,
where R, is the symbol defined in Definition 2.9, will be useful to study the limit.
We obtain the following Theorem.

Theorem 1.1.  Let ¢ € C([0,1]). Then
. 1
Vh_r>1010 » Tr(o(T) #k /¢ uk 1+|z|2)

for any f € C(CP') with f(z ) dz

——— 5 = 1 and Toeplitz operator R(f) > 0.

Here we use the notation
k

B0 = (1) X0 () Bt

=0

where B,,_; is the Berezin transform defined in Definition 2.11. We note that R;, is
surjective, so it is enough to consider 7, (R;,(f)) instead of 7, (A) for A € B(H,).
We also study the operator £, and find the eigenvalues.

The method we use is the following. Realizing all transforms as integral kernels, we

calculate
V—&-u QkT ( (f))

Having done this we can calculate the trace of
(TffkRZ) (R*+u QkB,quz/ 2k IH‘V 21<:T )

in limit, as the inverse Berezin transform (u+ v — 2k — l)B;iy_% will be going to
the identity strongly, (v + 1)"R,(R:(f)") is going to f™ and we have the formula

Te(A) = (v +1) /C R (A)(2) meZQ)Q

Finally we use denseness of polynomials in C(]0, 1]) to prove the Theorem.

Lieb and Solovej [14] studied similar questions for the compact group SU(n), proving
similar inequalities by considering tensor products (" C" and projecting onto the
leading components, and for the non-compact group SU(1,1) by projecting onto the
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lowest weight component, also called the Cartan component, in the tensor product
of two highest weight representations [15]. In this case they proved some Wehrl-type
inequalites; see also [5, 11, 16]. Some inequalities were improved by Frank [5]. It
seems that these questions can be put in a more general context of highest weight
representations of Hermitian Lie groups [21]. In a future work, I will consider the
unitary highest weight representations of the non-compact group SU(1,1) realized
on the weighted Bergman spaces and study the corresponding problem. I will
calculate the trace of the quantum channels for all components in the tensor product
of unitary highest weight representation of the non-compact group SU(1,1), which
is closely related to the case of SU(2).

We note that the Berezin transform is closely related to quantization on Kéhler
manifolds in Geometry and Mathematical Physics and have been studied extensively;
see e.g. [1, 4, 17]. Some of our results about Berezin transforms might be obtained
from these results. However, we provide more precise results using the representation
of SU(2).

Not long after this work was uploaded to the arXiv, a very nice paper by Aschieri,
Ruba and Solovej appeared [2], in which they obtained results which partly overlap
with the results of this paper. They also prove Theorem 1.1 and provide quantitative
error bounds, where they use the notation

Eux(f) = (27 + 1) H;'Op,(f)

with 4 = 2J and k = J + 1. They identify the trace limit in terms of generalized
Husimi functions. The results were obtained independently and using different
methods, as Aschieri, Ruba and Solovej analyse the operators in detail, while the
techniques of reproducing kernels are used here to obtain the results.

The paper is organized as follows. First we introduce representations of SU(2) as
reproducing kernel Hilbert spaces, go through some general theory and introduce
quantum channels in Section 2. In Section 3 we realize the elements of B(#,,) using
the operator R;;, a Toeplitz operator, and we calculate Ry, o7, (R (f)). Finally,
in Section 4 we study the Berezin transform B, and calculate lim, o Tr(7;, R},).
We also study the operator E, .

Acknowledgements. 1 want to thank Genkai Zhang for fruitful and inspiring
discussions. I also want to thank the referee for some good suggestions.

2. Preliminaries

Notation: (a), = a(a +1)...(a +n — 1) is the rising Pochhammer symbol and
(@) =ala—1)...(a —n+1) is the falling Pochhammer symbol.

We study the representation theory of SU(2) and define H, for v a nonnegative
integer.

Definition 2.1. Let H, be the space of polynomials on C in z of degree less
than or equal to v and let the inner product on it be given by

(f,9) = /f 9(2)du (=),

v+1)
(L+[2[?) m(1+ |Z|2)

where di,(2) =
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We note that dip(z) = W is the SU(2)-invariant measure dv on C so that

(C) =1 (as a coordinate chart in CP'). Also, the norm is normalized such that
|||, = 1. The set {z°}%_, is an orthogonal basis for H, where

-1
. 14
1= (1)

and H, is a reproducing kernel Hilbert space (RKHS for short) with kernel
K" (z,w) = (14 zw)".

Remark 2.2.  Note that SU(2) acts on the symmetric space SU(2)/U(1) by left
multiplication. This space is isomorphic to CU{oo} = CP' when the action on CP*
is given by ¢ - [21 : 2] = [9(21 : 22)], matrix multiplication. Then we see that U(1)
is exactly the subgroup fixing [0 : 1], and SU(2) is transitive as it is transitive on
the unit ball. Thus CP* = SU(2)/U(1). We note that C C CP' by z + [z : 1] is
a dense coordinate chart. Thus it is enough to consider C C CP! and the action of

SU(2) on C is given by
a b _Z_az-i-b
c d ez +d’

We shall mostly work on C. We note that there is a SU(2)-invariant metric on CP'
making it a Riemannian symmetric space, see [7, chapter VI, Proposition 1.1].

We now define the SU(2)-representation on H,, .
Definition 2.3. Let g € SU(2) such that g7! = (Z Z) = (_ag 2), where

a,b € C are such that |a|* + |b]*> = 1. The representation is given by

g 1(2) = (“bz+a)flg~" - 2) = (b= + @) S,

This is a unitary irreducible representation, the unique representation of SU(2)
of dimension v 4+ 1. It is isomorphic to the usual realization of homogeneous
polynomials of degree v.

Now let pu,v € N and v > p (in the end we will let v — oc0), then it is well known
that [6, appendix C]:

I
H'U, ® HV = @ %,u,—i-y—Zk‘ (2)
k=0
We define a map Ji, : H, @ Hy — Hyqo—ok-

Definition 2.4. Let J, : H, ® H, — H,qv—2 be given by

R(E) = | flzw)(— DR+ E2)(1 + €W)” du,(2)du, (w)

- 1+& 1+&w

= . f(z,w)(Z = )" (1 + €2)" (1 + £0)" " duy(2)duy (w).
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This operator J, is also a differential operator given by

k
Je = (=1)F Y (=1) (j) m D057 flomw=e,

j=0 J

and it intertwines the representations. This can be proved using the reproducing
kernel formula, but we skip the details here. The counterpart of J for the holomor-
phic discrete series representations of SL(2,R) is called the Rankin-Cohen operator,
see for example [19, (1), p.58]. The adjoint of J;, can be obtained by direct compu-
tations.

Lemma 2.5.  The adjoint of J;, is:

Ti(Perw) = [ A+ O~ 0) i)
C

The map JiJ; : Hyvv—or — Hyurv—2k is a scalar multiple of the identity by Schur’s
Lemma, since H,,4, o is irreducible. To find the scalar we calculate Ji,J;:(f)(0) for

f=1.
Proposition 2.6.  We have

El(p+v—2k+2)

C2 Jr(J5(1))(0) = ENEn)

pvk t

Before we prove this we recall the following summation formula [3, Corollary 2.2.3].

Lemma 2.7.  For n a non-negative integer and b, ¢ integers such that |c| > n we

h that _
e ¢ 2F1(_n7 b7 ¢, 1) = (C(C)b)n

Now we are ready to prove Proposition 2.6.

Proof. First we see that

Je(D)(z,w) = /(1 + 2E)P R+ wé) M (2 — w)kdaw,,,gk(f)

C
p—k v—k i . PR
= (z —w)" <M . k) g . k) /ijjwlf dtytv—2k(§)
C

(
(y - k:) s /C iy ()
(

s

Then we see that
Te(TE(1))(0) = Ji((z — w)*)(0) = /CQ(Z —w)"(z = W) 11" du, (2)du, (w)

= /Cz(z — w)k(z - m)’“dbu(z)d@(w) =||(z — w)kH’zHM@HV
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k AN Fore\N? .
Hj{j<—1>f(j)zﬂuﬁ-fnaﬂ®ﬁu::jij (.) 1912 2

i=0 j=0 J

()(‘J) ( ) 03 ()t

J= J=

V+1—/€)'
B V+1— k]:() —H);

R R(kyt 1k ).

<

M»

- (1/ + 1 k)
Using Lemma 2.7 we get

IE)0) = ek + 1= k=)
_ k! (—p—v—14k)
(v + 1=k (=)

K (utrv+1-k)F kN u+v—2k+2)
OL (1) B ()* ()"
kN p+v—2k+2)

(=) (=p)k

We define the projection onto the irreducible subspaces.

Definition 2.8.  We define P, :=C), ,xJi : H, @ Hy — Hygo—2k, where C) 1 is
defined in Proposition 2.6.

We see that P is the orthogonal projection onto the subspace H,4,_2; in Decom-
position (2). We need also the decomposition of L*(SU(2)/U(1)) = L*(CP') under
the action of SU(2)

L*(CP') = EB Mo, (3)

where the sum is in the L?-sense and Hop =2 sz by the map

= (g = (v, 9 v)),

where vy is a U(1)-fixed unit vector in Hay, i.e. f(z) = (Qkk)izk. Note that this

decomposition is multiplicity free. For a more general result, see [8, chapter V,
Theorem 4.3]. Also, C=(CP') C L?*(CP') is dense and any f € C*®(CP') can be

written as o)
f - Z fk)
k=0

where f;. € Hq, and the convergence is absolute convergence.
Now we define some further SU(2)-invariant operators on the representation spaces.
First we define the map R, , which is commonly called the symbol of the operator.

Definition 2.9. Let R, be the map
R, :H,®H, — C°(CP") C L*(CP"),

given by R,(f1 ® f3) = (1(+)|f2() for fi, fo € H,.
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Observe that f, is antiholomorphic and that the map is SU(2)-invariant. Note
that we have the identification H, ® H, = B(H,), where f; ® f, corresponds to
the kernel (z,y) — fi(z)f2(y) of an operator. We note that H, = H, as they
are irreducible representations of SU(2) of the same dimension, and it follows by

Equation (2) that 5
H, @ H, = @ Ho.
=0

A direct calculation shows that R:(f) = Z/LHTf7 where T} is the Toeplitz operator
given by T;(h) = PM;P*(h), where h € L?>(CP'), M; is multiplication by f and
P is projecting onto H,, from L?*(CP'). Explicitly, this means

/ F(@)h() K (2, 2)du ().

Its kernel is Ty(z,y) = [ K"(z, 2) K" (2,y)f(2)de,(z). Hence we get
RN = oy [ K@K G )i )

Remark 2.10. The operator R, is injective by general arguments; it can also be
proved by differentiating by 0, and dz. As a consequence, the map R} is surjective
as the H, are finite dimensional, and the maps

R,:H,®H, = Im(R,) and R’ :Im(R,) — H, @ H,
are bijective.

We now define the Berezin transform.
Definition 2.11.  The Berezin transform B, is defined by
B, = R,R} : L*(CP") — L*(CP").

Note that B, (C>®(CP')) C C*(CP'). More explicitly, for f € C(CP') we see that

Note that by Cauchy-Schwarz

(1+28)"(1+2s)” |
< [ 1) < 1l

Observe that the Berezin transform is SU(2)-invariant. Now by Decomposition (3)
and Schur’s lemma, B, must act as a constant on each subspace Hap C C’OO(CIP’I).
From [20] we find that for f € Hop

v!)?
B,(f) = (H“(l)?. oo when k<. (4)

and B,(f)=0 when £ > v. (5)
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As we know that any operator A € B(H,) is of the form R} (f) for some f in
Im(R,), a natural question is to see which A € H, @ H, = B(H ) correspond
to which f € Im(R,); that is, we want to find (R;)™'(A4) = B 'R, (A) We first
split A into the Hg, components, 0 < k < v, ie. A= Ag+---+ A,, where

A € 772; CH,®H,. As B, acts as the constant #&/—W on the space Hoy,
B;! acts as the constant C, (k) = W on that space. We conclude that
=104 _ Ap(z,2) _
(Ru) ( )(Z> e C/L(k> (1 + |Z|2)y

We recall some simple facts about reproducing kernel Hilbert spaces. For a (finite
dimensional) reproducing kernel Hilbert spaces H of functions on a measure space
(X, 1), equipped with the L?*(X) inner product and reproducing kernel K (x,vy), we
have for any operator I' on it, writing K,(y) = K(y,x)

I(f)(z) = /X L(z,9)f (4)du(y),

where x — L(z,y) and y — L(z,y) are in H. We note that
Lz, y) = T*(Ka)(y) = (K, I7(Ky)) = (T(Ky), Ky) = T(K,)(2).

Now let {e;}3™™ be an orthonormal basis for 7, then
dim(H)

K(z,y) = Y e@)eily),

=1

and for I' an operator on H,

Tr(T) = /X Ly, y)du(y).

3. Quantum channels and Berezin transforms

We now define quantum channels.

Definition 3.1.  Associated to Decomposition (2) we define
MVJf : B(Hu) — B(%u+u—2k)v

given by 7/, (A) = P, o A® I, o I}. Furthermore, we define a renormalization

T7.(A) = Hf_—+21k+1p’f 0oA®1I,0P;.

These maps will turn out to be positive and T” will be trace-preserving, making
it a quantum channel. These channels were deﬁned by Lieb and Solovej [13] for the
case k = 0. To my knowledge, the quantum channels for general k are first studied
here. There are many questions one can ask of these channels, similar to the case
k = 0 studied by Lieb and Solovej. Here we will mainly study limit formulas of the
trace. We prove some properties of the maps 7:fk

Proposition 3.2.  The map 771@ is completely positive, and the map ﬁ”k 18
completely positive and trace-preserving.
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Proof. It is obvious that the map 7 is completely positive, as it is the compo-

sition of the *-homomorphism A — A ® I, and A — P AP} . It follows that ’t”k
is completely positive as well.

Al/ . .
Now we prove 7;,1@ is trace preserving. We see

Tr(A) = —F L TP oA®I, 0P

Tr
( w+v—2k+1

ok

,LLJrl * —1
= Tr(gP,o A® I, 0 P, d
M+u—2k:+1/SU(2) r(gPro A® 1,0 Pig~)dg

_ p+1 —1 *
= H+V_2k+l/SU(2)Tr(PkogAg ® I, 0 P})dg

_ okt -1 N
B u+u—2k+1Tr(Pk ° </SU(2) gAg~dg) ® I, o Fy).

, . Te(4)
By Schur’s Lemma / Ag 'dg = —Z/_ T . Hence
Y SU(2)g g g dim(H,,) #

=, 1 dim(Hy .,
T(TLAD = ey ) ™ = ), "

As in [13], our eventual goal is calculating lim !

V=300 mTr(f(ﬁ”k(A))) for
feC(o,1]).

Remark 3.3. Notationally it is easier to write lim l'1“1r(’7;”/,€(A)) instead of

v—oo V

. 1 . . .
Vlggo mTr(E,k(A))' They will have the same limit, as

dim(Hyp—ok) = p+v —2k + 1.

In the rest of the paper, we will often exchange 1+ v —2k+ 1 with v for notational
convenience. ]

We compute the integral kernel of 77, (A).

Proposition 3.4.  The operator T, (A) = P.o A® 1, o Py has kernel
L(¢2) = Pro A® I, o B{(K,)(€)
= Gl [ (14 0@ ™M1 wa) M = w) ALz )z — )
(142" + w) R du, (w)du,(2)de, (w),
where A(x,y) is the kernel of A.

Proof. We calculate

To(K) (2, w) = / (14 281+ wl) I (E, ) (2 — w)dpysr ok E)

= (K,,(1+z- - *1+w- )" "z -w)"

= (14 22)" *(1 + wz)" % (2 — w)*.
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Then we see that

(A L) o Jp(Ke)(z,w) = | Ji(Ke)(u, w)A(z, u)de,(u)

(1 +uz)* " (1 + wZ)" " (u — w)* Az, u)de,(u).

J
J

Thus
Jro (A® 1) o Ji(K,) (&)
= A1) 0 BK e 0) - (g = i1+ 6201+ €0 ()i ()

= /3(1 +uz)*F (1 4+ wE) F (u— w)FA(z,u) -
C (Z =) (1 4+ 2"+ &w)” R du, (w)du,(2)de, (w).
Combining this with P, = C), 1 Ji we get the result. [ |
We consider the case £ = 0. Then the formula simplifies to
Po(A® L) Fi(K.)(§) = A&, 2)(1 + T€)".

In the case where k is maximal, k = p, our kernel simplifies to

Uew) = ;o [ 0w A,
cZ—w)"(1+Ew) M dy, (w)de,(2)de, (w).

Then we note that (u — w)* = (—w)*(1 — %)#, thus by the reproducing kernel
property the above becomes

L(g,x) = L*] /c (9Ag™) (w, w) (1 + wE)* (1 + €T Pdu, (w),

where g = (Pl é

) . We want to calculate the trace of the functional calculus,
1 v
L Tr(o(T(A))
for a continuous function ¢. We start with ¢(x) = 2™, where n € N, i.e. the trace
1 v n
> Tr( u,k(A) )-

As Ry, is surjective, it is enough to calculate

lim L Tr(o(TZu(RE(f)))).

v—oo V

It will turn out this, and in particular RMJFV_%E”’ kR;( f), will be easier to handle.

Proposition 3.5.  Welet E} (f) = Rup,-aT R, (f)-

Then By (f) = sz ’”(V )(”_ZWBM(f)-
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Remark 3.6. We make a general remark on SU(2)-invariance. We see directly
that R,, R; and T}, are SU(2)-invariant. Hence it will often be enough to
ascertain an identity in 0 to find it for the whole space as SU(2) acts transitively
on CP'. The following proof will be an example of that. We also know that any
H, ® H, and L*(CP") split multiplicity free by Equations (2) and (3). As R,
Ry, and T}, are SU(2)-invariant, Schur’s Lemma says they act as scalars on the
irreducible components.

Proof. We first prove
v v —= —k+ k!
ELL(£)(0) = C2, Z () e B (o)

Then by SU(2)-invariance we get by Remark 3.6 that

a0 = G () S )

By Proposition 3.4 for any operator A on H, we have

(00 =2k DT (AN ) = Gy [ (14 071+ )
(u —w)*A(z,u)(Z — @) (1 + 22)" (1 + 20)" " di,(u)de, (2)du, (w),
Now we calculate 77, Ry (f). We get

2

TARD ) = 22 [ (1 gy (0 0g) ™ = ) B ) K )

C(Z =) (14 22)"F (1 + 2w) T f(8)du,(w)de,(2)de, (w)de,(s)
= Gl /2<1 T wg) (1 + ) — w) (s — m)*-
(14 23)" (1 + 2w)" " f(s)du, (w)di,(s).

Applying R,,—or gives us

Bl = R TR = oy

w,w,k .
(b4 D)1+ [z]2)ptr—2r

. |(1 4+ w2)" %1 + s2)" (s — w)k|2f(s)dL,,(w)dLu(s).

We will now try to write EY, as a sum of Berezin transforms. From the definition
we see

BANO = [ L)

By the orthogonality of the {w’} we can evaluate EY ,(f)(0) as

B, (f)(0) = Snav / (5 — w2 F(5)ddy ()t (s)

,u+1
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k 2 —1 .
_ e k |52 £ (s)
2.2 () () [
k 2 —1 .
2 k v / |s'°f(s)
ijk ; (Z) (k — 2) c (L+ |s|2)#db(8)
k 2 —1 .
e k v (Is*|+1=1)"f(s)
_C“’”’k;(i) (k:—z) /C T p s
k 2 —1
_ e k il \32|+1)lf(s)
- C,l,,,,k; (z) (k: ) ( ) (C AP du(s)
k k 2
e k i it Iszl+1)lf(s)
— Ou,uk;; (Z) (k’ ) <l) (C 1—|—|s|2)“ ——=d (3)
k k k 2
B0 (2) (e
=0 =l

s () (e

We note that

i=l
k
R (v—k+i)lkl i
T 2_; i!(k;—i)!(i—l)!l!(z’—l)!(_l)
k—l
R Ky —k+i+1)! ;
T ; (z+l)!(k7ifl)!i!(_1)
k—l
! (—k)ipi(v —k+ D —k+1+1); i
T — = (1 + 1) <_1)l+ (_1)
k—l
BN =k)i(v — k+ 1) kA D —k+1+
- <_1)l u' 10?2 Z i+ 1), =
=0
N2(y —
_ (ky-')(lf) (k“)l') Fi(—k+lv—k+1+1,1+1,1)
=k + DN (k=) (v —k+ DNk — )k
T2k =0 I+ (k= 1)

(Vv —k\ (v —k+D%
:(_ml(k_l)( y!l!) '

Here we have used the Gauss formula for hypergeometric functions, Lemma 2.7.
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Hence we see that £, (f)(0) is

v v — —k+ Dk
By sz )< l( )WBul(f)(O)-
The result follows. ]
The constant €2, = ——We(CH has the property lim C? M) . Thus
Pk T (4 v — 2k + 2)p oo Mk k)

i En = (1) S e = (4) S e (N e

=0

We make this a definition.

Definition 3.7.  E,,(f) = (% )Zl o(—1)F~ (];)Bu,l(f).

Note the convergence lim, o £}, (f) = Eux(f) is uniform. We are interested in
the case when R;(f) > 0, for which we prove some bounds.

Lemma 3.8.  For f € L*(By), z € C and R}(f) >0
0 < Eux(f)(2) < Tr(R(f)).
Proof. = We have for X € H,
JIXOR 60 = G-+ DR X) 20
Thus we find that

02
BLal0) = T2 [ s — )P rls)de, ()i () > 0,

and that for all 0 < j < p

19 RF5) = (o DR, 5 2 0
We also see that

c k k|2
By o()(0) = —==5 /C s —w) P f (s)de (w)dey(s)

(n+1)

~ 2 () () [errome

Taking the limit we see

E,(f)(0) = lim Ey(£)(0) = lim ﬂk zk:( >2<kij)l/clsﬂ‘l2f(s)dw(s>

7=0

_ (Z)uil /@ 552 £ (), (s)
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We conclude that 0 < E,.(f)(0) < Tr(R;(f)). But as the action of SU(2) is
transitive and Ry (g - f) = gR;,(f) g~ ', which preserves the trace and positivity, we
get that for any z € C

A

0 < E,x(f)(2) < Tr(R(f)). m

4. Functional calculus of quantum channels

We go on to describe the functional calculus of
ok (BL() = B3 B ()

for any f € C(CP'), where R;Jlry_zk is defined on Im(R,;,_or). We recall from
Remark 2.10 that R}, o, restricted to this space is bijective, and we see

— v _ * * 1 — v
R;H—V QkE,uk - tutv— Zk( pt+v— 2k) R;H—u QkE
* v
=R ntv— ZkB;H-u QkE,u k>

where B;:iu—% is defined on Im(R,,_2;). Hence we see

Toe(B(f) = BByt B e (6)

We now want to prove that ((v + 1)B,)~'f converges to f as v goes to infinity,
where f € Im(R,1,_2r). We begin by proving (v + 1)B, is going to the identity.

Proposition 4.1.  The sequence of operators {(v + 1)B,}.,, where B, is the
Berezin transform, convergences to the indentity in the strong operator topology as
an operator on C(CP').

Proof. Let f € C(CP'). First we look at B,(f)(0). We recall from Remark
2.2 that CP' has a metric for which the action of SU(2) is isometric. Let € be
given, now as CP' is compact we can choose a 6 > 0 such that for =,y € CP' with
d(xz,y) < 0 we have |f(z) — f(y)| < €. Let U be the §-ball around 0. Then we see

6+ DB(O) ~ F(0)
141 [ 00 = 0+ 1) [ ot O]

10+ D) | ) — FO)us)

c (T+]s?

<+ [ HEER ) ol [ o)

We also note that there is an 7 > 0 such that for all for s € C\U we have s > r > 0.
We conclude that there is some vy € N such that if v > v, then

v+1

€
TT R | T for all s € C\U.
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We then conclude that for v > v

(v + 1)B,(f)(0) = F(0)] < e(v+ 1) /@ T ls) +e /@ du(s) < 2e.

1+ sl

Then we see that

(v +1)B(f)(g-0) = flg-0)| = v+ 1)B,(g7" - £)(0) = (g7 - )(O)].
Now we see for g € SU(2) and z € U that d(g-0,9-2) <d, so

g f0) =g - F(2) =1f(g-0) = flg-2) <e

It follows that for the same vy, if v > vy

(v + 1)B,(f)(g-0) = flg-0)| = |(v+1)Bu(g~" - [)(0) = (g7 - [)(0)] < 2e.
We conclude that Vh_}ng@ [|1B,(f) = flloo = 0. [

Now we look at ((v+1)B,) '(f), where f € Im(R,,) and v > u. Note that Im(R,,)
is a finite dimensional vector space.

Proposition 4.2.  For f € Im(R,) we have that ((v + 1)B,) ' (f) converges
uniformly to f as v goes to infinity. In particular we have that the convergence of
(n+v—=2k+1)Byyyor) "El (f) to Eur(f) is uniform in C(CPY).

Remark 4.3.  We note that C>°(CP") C L*(CP') = @;°, Hox and B(H,) =
@'_, Hor, where B, is injective, so that C=(CP') 2 Im(R,,) = @_, Hax. Hence

if v > h
it v > p we have Im(R,) C Im(R,).

We conclude that B, maps Im(R,,) onto itself and B, '(f) is well-defined on Im(R,,)
when v > pu.

Proof. By Proposition 4.1 we have lim, (v + 1)B,|m(r,) = I, in the strong
operator topology. As Im(R,,) is of fixed finite dimension, this convergence is also
in the norm (the norm being the inherited || — || norm). Hence we have some 1
such that when v > 1

(v + D Bylm(r,) ™ = Ll <€
Thus, for v > vy, we have that ||((v 4+ 1)By|m(r,)) || < 1+ €, which is bounded.
Hence we have that
1f = (v + 1)B) " (Plloo = (v + 1) Bu ()~ (v + 1)Bu(f) = fll
< + 1) Byltm,)) - 10+ DB (f) = fll-

This proves that ((v + 1)B,)"!(f) converges uniformly to f.
For the second part, we know that EY,(f) is going to E, ;(f) uniformly, so using

the fact that E'T,;V(f), E.(f) € S ,im(B,_;) = Im(R,,) we get
(v + 1= 2k) Busw—2) ™ By o (f) = B ()l
< (v + 1= 2k) Bysyon) " By 1 () = By (P)loo + 1B k() = B (oo
< (@ + 1= 2k)Busymon) " = Ll 1E (Plloo + 11571 (f) = B (F)lloo-

The result follows. n
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We want to prove convergence of R, (R}(f)") now.

Lemma 4.4.  For each n in N the integral

L) = (v + 1)%/

(1+s152)... (14 $p—15n) v
(T4 s1]2) ... (14 |sn|?) db(sl)-..dL(sn)

n

is bounded in v € N. More precisely, for each v € N we have I,(v) < 2%".

Proof. It is clear when n = 1, then the integrand is ( )”. Assume now

1+ [s1]?
n > 2. We see for v even, i.e. v =2k

I,(v) = : |(1 4+ 5152) ... (14 5,15, [**du, (51) . . . du,(s,,)

= I(1+5182)" .- (1 + 80-180)"| oy 01,

B Z k)2 £ \° [/2k\ " 2k \ 2K 1o\t
e i) T e i iv+iz) " N\in—2+in-1)  \in-1)

B1yeeesin

Now we note that

—1 .
26+ 1 (K 26+1 12 ||
K1 (j) w1 1l = (2r >/C (1+\wl2)“db(x)

_ /C )% (1 4 |2[*) dign(z) = Z ('j) ||z"7]]3, = Z (T) (Z ij) _17

1=0 i=0

and thus ; (’;) (Z iﬁ]) T oo (’;) - (7)

We continue our calculations on I,,(r). We have

=06
@f)n (zlz%g) _1 <z'n22fz':1> <;Kl> 2
- S 206 G ) ()

12545 In—1

2K -1 2K 1o\ !
11+ 12 " \Un—2 + in—1 In—1 .
Now we see that

() () =X SO0

11=0

() () ()
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Thus we see applying Inequality 7 iteratively
Z (i: kN2 26\ 2k _1) k)2 O\ 2
il 21 il + iz ’iQ o in—l
09,eeny 1 411=0
2K 2K Lo\
11+ 12  \dn—2 +in ln—1 '
w2 k)2
aw (O ()
= 22 3 n—1
19,eeeyin—1
2% \ 2K Lo\
lg + 13 2+l Ip—1
SR ()05 0 ()
'3 venyln i2=0 /Z.Q i2 + 23 2.3 o in_l
( 2k )—1 ( 2k )—l(zm)—l
13+ 14 I ln—1
2 2
Z K K K )
4~ \iz) \is) ~ \ln-1
13 ,eensln

( 2K )_1 ( 2K )_1(2}@)_1
i3 + i4 o in—2 + 'L.n—l in—l
i K 2%\ ! k)
<. ..< ol < 2" =2"
o - -ZO (Zn1> <Zn1) N <0)
In—1=

Consider now the case that v is odd. Using the Cauchy-Schwarz inequality

<3

11+ 5153] < (14 [s1/2)2(1+ |s]?)?

(1+s1352)... (1 + $p—15n)

<1
(L[ (T fsal?) | 77

we realize

implying that
(14+$153)...(1+ sp—15n)

n v+1 n
I,(v) < V"(%) / o AT ) JsaP)

< 2”(’/7“)” < 2271'
14

v—1

di(sy)...du(sy)

We conclude that the desired integral is indeed bounded. ]

Proposition 4.5.  For f € C(CP') we have
T [[(v+ 1" Ry (R(f)") = ]| = 0.

Proof. Recall by SU(2)-invariance
R, (Ry(f)")(g-0) = Ru(g~ " (R;(f)")(0)
= R,((g7' R} (f)9)")(0) = Ry (R} (97" f)")(0).
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Hence we can do the calculations by evaluating in 0 as in the proof of Proposition
4.1. We see that the kernel is

I - f(s1) - fsn) (L +250)" (14 s102) .. (1 + 507)”
Ry(f) (Jf,y) - /(ch_1 (1+ |81|2)V---(1+ |5n|2)y

(T+t352)" o (L4 ty15)"de(s1) - - . de(sp) dey(tr) - .o duy (1)

fls1) o f(sn) (A +a50)Y (1 + 5152) ... (1 + s,7)"
cn (14 ]s12)7 ... (1 + |sn?)” de(s) ... di(sn).

Then

n * n o nR;(f)"($73;‘)
v+ D" RAR())@) = (v + 1 Bl E D)

(v+1)" f(s1) .- f(sp) (A +237) ... (14 5,7)"
I+ 1z?)” Jen (1 + [s12)7 ... (1 + [sn]2)¥ db(sl) X 'dL<5n)

_ no [ f(s1)-- fsn)(L+a51)” ... (1 + s,T)"
= TR+ Py (L s,y 81) - don)

Evaluating in 0 yields

(v +1)" Ry (R(f)")(0)

_ n f(sl)--~f(sn)(1+51§)V"'(1+5n71§)u
=(v+1) . Tty (5P du(sy)...du(sy).

We repeatedly use the reproducing kernel property to get

7 [ S )t

:/ (14 5153)" . (14 5p157) din(s1) - . du(sn) = 1.

Now we take the sum metric on C", inherited by the SU(2)-invariant metric on C,
invariant under the diagonal action of SU(2), and as we are on a compact space
for every € > 0 there is a 6 > 0 such that d((z1,...,2,), (y1,...,Yn)) < 0 implies
|f(z1) ... f(zn) — fly1) ... flyn)| < €. We fix € giving us a ¢, and we let U be the
open d-ball around 0,

(v + )" Ry (R, (£)")(0) — £(0)"|

n [ fGs1) e F(sn) 1+ 5152)7 o (14 sp150)”
N 1 P
(v +1) on I+ ]s12)" ... (1 + [sn]2)” du(sy) ... du(s,)

FO)(1+ 5152)" ... (14 $p_157)
cn (1+[s1)2)7 ... (14 |sn]?)”

(1) “du(sy) .. du(sy)]

gy [ () — SOt 81514 s,y 5)”
—(w+1) / = JOP0 o) di(sy) ... disy)
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(1+5153)...(1+sn_157) |
(L +[s1]?) .- (L4 [sa]?)

v

di(sy)...du(sy).

s@+mﬁéuwnmﬂ%r¢mwr du(s1).du(s,)

(14+$153)...(1+ sp—15,)
(I +[s1[?) ... (L4 snl?)

w2l [y
c\U
It follows by the Cauchy-Schwarz inequality

11+ 5153] < (14 [s1/2)2(1+ |s]?)?

1

(1+5153)...(1 4 s,571) Y <
T (s sa?)r T

that TxsiP) . A+ [snP)

We have equality in the first inequality if and only if all s; are equal; in the second
inequality if and only if all s; are equal to 0. Now for (s1,...,s,) € C*"\U there
exists r < 1 such that

1

: - <r<l.
(L [s1[?)2 (1 + |snl?)2

It follows that

v

(1+51352)... (1 + 8$p—13n)

(51 ey 8n) = b UM T T 0 )

< (v+1)r”

is bounded on C™\U and is going to 0. This gives us by Lebesgue dominated
convergence that

) (L+5152) ... (1 + $p-150) v
/(C"\U(V+1) | (1+[s1]2) ... (14 |sn/?) [“de(sy) ... du(sy)

is going to 0 as v is going to infinity. Now we study

(T4 [s2f?) - (14 Isnl?)

<u+n“xzjuwo~f@m—fmwﬂl””””“*%*%waayumw@.
We see that for (si,...,s,) € U we have

| f(s1) ... f(sn) — FO)"] <e.

As a consequence of Lemma 4.4 the integral

(u+njé

is bounded by R = 22". This bound holds for each neighbourhood U. Thus there
is some vy such that for v > 1y

(1 + 815> L (1 + Snf1ﬁ) v
(14 |s1]2) ... (1 +|sn]2) du(sy)...du(sy)

(v + 1" R, (R(f)")(0) = f(0)"] < e+ Re.

The result follows like in Proposition 4.1. [ |
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We combine everything to get the following Theorem.

Theorem 4.6.  For f € C(CP') there is trace convergence

v—oo V

i L TR = [ Bl i)

Proof.  We define g, := (vByi,-a2r) ' E} . (f) and g := E,.(f).

By Proposition 4.2 we have that g, converges to g uniformly. Note that here we
have exchanged v + p — 2k + 1 for v as per Remark 3.3. We see

" Ry ( ZJerQk(gV)n) — 9"l

< V" Ry (R0 (90)") = V" Ry (R, ok (9)") ]
+ V" Ry ok (R, 4 —21,(9)") — 9" [loo

< V" Rygv—on (R o (90)" = B2k (9)") [0

+ V" Rk (R4 —01(9)") — 9" [|oo-

By Proposition 4.5 we have

Vh—>nolo " Ry ( ;+zx72k<g)n) — ¢"||ec = 0.

Now we see that
|A(z, 2)] = (A, K. @ K2) gyl < JA]]- | K. @ K| = [JA]I(1+|2*)",

so that [[R,(A)|le < [|AllB(3,). Furthermore, as vRy ., o.(f) is ¢, Ty, T} being

the Toeplitz operator and ¢, = m, we see that

Bk (Dl 3wy < vl flloos

and lim,_,., ¢, = 1. It follows that

i ([0 Ry o (B 01, (90)" = By 01, (9)") oo

vV—r00

= tim [|Rut-aul(T), — Tl = 0.
Thus we conclude that

i ([0 Ry o (B 101, (90)") = 9" [0 = 0.

vV—00

Now by equation (6)

LT (R (D)) = 2 Te(" (Rt (VBsonn) Bl i(£))")

nel Ru+y_gk(RZ+1,_2k((VBH+V—2k)_1EZ,k(f))n>(Z)db(z)

=v'c,

_.n_—1
=rvec,

J
J

Ryv—2k (R, 1ok (90)") (2)de(2).



VAN HAASTRECHT 673

As di is a bounded measure

lim y”cljl/CRu+y_2k(RZ+y—2k(gu)n)(Z)db(z)

V—00

:4¢M@:4@mwwa

The result follows. ]

Now we prove our main result.

Theorem 4.7.  Let ¢ € C([0,1]). Then

tim L Tr(o(7; Rxm»:Lw@mmm@,

v—oo V

for f € C(CP") such that R (f) is positive and [, f(2)du(z) =

Remark 4.8.  We observe that the condition [, f(2)di(z) = 1 is equivalent to
the condition Tr(R(f)) = 1. Note that the eigenvalues of 7, (R;(f)) are smaller
than or equal to ||R},(f)|| for all v. We get this as

T (B DI = 1P (R, () © L) Pl < [[ R, ()]

Note also that
R (O < Te(R;(f)),

as Ry (f) is positive, and Tr(R;,(f)) = 1.
Thus the functional calculus ¢(7,.(R;,(f))) for ¢ € C([0,1]) is well defined.
Note also that ¢(E, x(f)) is well deﬁned by Lemma 3.8.

Proof. = We use Weierstrass’ theorem on the density of polynomials in C([0,1]).
Let ¢ € C([0,1]) and {p,}, a sequence of polynomials such that

Observe

|2 Tr(o( /¢ ok (F)du(2)]

§|jﬁ«¢—mMﬁMRﬂﬁDH
+Fﬂ%<mwmm—ém@mem
+] [ = 0Bt

By Theorem 4.6 we know

v—oo V

1m1ﬂ%@mmmm=4mmﬁmwa
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Furthermore

1mu OB )| < T [l = bllci(z) =0

n—oo

Now let {\; }%"?" be the eigenvalues of (¢ — pn) (T (R:(f))). We see that
pyk N

(¢ = pu) (T (RL(ODI < {16 = Palloos
and thus for all ¢ Al <o — palloo-

We conclude that
v * — 2k
2 Tr((6 = p) (TR € 2016 = p o

and thus that lim ]— Tr((¢ — pu) (T (R,(£))))] = 0.

n—oo V

This proves that
Jin L TOTARL) = [ B D)as(o) .

We study £, to find its spectral decomposition under the decomposition

L*(CP') = @ Mo

It is a sum of Berezin transforms and thus SU(2)-invariant. Schur’s lemma says it

will act by a constant on each of the irreducible subspaces Hom C L2 (CP'). We can
compute this constant precisely.

Theorem 4.9.  The operator I, ., acts as the constant

(=D)* (1) (u)?sFa(=k, —m — p— 1,m — p5 —pu, —p; 1)
(1 —m)!(p+m+1)!

on the space Hapm C C>®(CP"), where 0 <m < . If m > p it acts as 0.

Proof. = We recall the operator E, ; from Definition 3.7. From equation (5) and
the definition of F, it is clear that it acts as 0 when m > p. Now we study what
happens for 0 < m < u. By equation (4) B, acts as the constant

(r)?

(t+m+ 1! (r—m)!

on Hap,, and thus £, ;. acts as the constant

K M_m(_l)kfl k ((p=0Y?
k P 1) (n=1+m+D)(p—1—m)!’

This is also equal to

n—m
AVEREY: ek ((n—=0YH?
(k})( 1 ;( 1) (l)(,u—l—ﬁ-m—%—l)!'(u—l—m)!
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(Y gy ()2 et me D (= m) ()

B k>( Y G D= ;0:( Y (u)C 2!

— M)(—l)k (h)? ™ (= m = D=+ m)i(=k);
k (- m o+ Dl —m)! = ()2l

(DR () ()25 Fa(—k, —m — p — 1,m — p; —p, —p1; 1)
(w—m) (g +m+1)!

This proves our theorem. [ |

We note that we have used the eigenvalues of the Berezin transform B, to compute
the eigenvalues of F,, . For the non-compact dual of CP!, namely the open unit disk
and for general bounded symmetric domains, Unterberger and Upmeier [17] have
found the eigenvalues of the Berezin transform. We shall study the corresponding
questions about quantum channels for bounded symmetric domains in a future work.
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