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Abstract. In 2014 Lieb and Solovej studied traces of quantum channels, which are defined by the
leading component in the decomposition of the tensor product of two irreducible representations of
SU(2) , to establish a Wehrl-type inequality for integrals of convex functions of matrix coefficients.
It is proved that the integral is the limit of the trace of the functional calculus of quantum channels.
In this paper, we introduce new quantum channels for all the components in the tensor product and
generalize their limit formula. We prove that the limit can be expressed using Berezin transforms.
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1. Introduction
The study of estimates of matrix coefficients of unitary representations of Lie groups
is of fundamental interest. The case of Schrödinger representations of the Heisenberg
group Cn o R has been studied extensively, see [12, 18]. Later in [13] Lieb and
Solovej proved certain Wehrl-type L2 -Lp -estimates for matrix coefficients of SU(2)
representations. To prove this they introduce quantum channels. The two main
ingredients of their proof are firstly finding inequalities on partial sums of eigenvalues
of the quantum channels, and secondly a limit of the trace of quantum channels.
More precisely, let Hµ be the irreducible (µ+1)-dimensional representation of SU(2)
and consider the tensor product decomposition of two irreducible representations of
SU(2) [6, appendix C]

Hµ ⊗Hν
∼=

µ⊕
k=0

Hµ+ν−2k. (1)

Lieb and Solovej [13] define:

T ν(A) = P (A⊗ Iν)P
∗ ∈ B(Hµ+ν).

Here Iν is the identity operator on Hν and

P : Hµ ⊗Hν → Hµ+ν

is a partial isometry. The map T ν is trace-preserving up to a constant and thus a
quantum channel up to this constant.
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Roughly speaking, it is proved that the integral of functions of matrix coefficients∫
SU(2)

ϕ(|〈g · u, vµ〉|2)dg

is the limit of the trace of the functional calculus for A = u⊗ u∗ [13]. Here vµ is a
highest weight vector.
In this paper we introduce general quantum channels, defined by projecting onto
the irreducible k component of our decomposition (1). We define

T ν
µ,k(A) = Pk(A⊗ Iν)P

∗
k .

Again, the map is trace-preserving up to a constant and completely positive. We
will study the limit formula of the trace of the functional calculus. It will turn out
that the Berezin transform and the Toeplitz operator, which is equal to (µ+ 1)R∗

µ ,
where Rµ is the symbol defined in Definition 2.9, will be useful to study the limit.
We obtain the following Theorem.

Theorem 1.1. Let ϕ ∈ C([0, 1]). Then

lim
ν→∞

1

ν
Tr(ϕ(T ν

µ,k(R
∗
µ(f)))) =

∫
C
ϕ(Eµ,k(f))

dz

π(1 + |z|2)2
,

for any f ∈C(CP1) with
∫
CP1

f(z)
dz

π(1 + |z|2)2
= 1 and Toeplitz operator R∗

µ(f) ≥ 0.

Here we use the notation

Eµ,k(f) =

(
µ

k

) k∑
l=0

(−1)k−l

(
k

l

)
Bµ−l(f),

where Bµ−l is the Berezin transform defined in Definition 2.11. We note that R∗
µ is

surjective, so it is enough to consider T ν
µ,k(R

∗
µ(f)) instead of T ν

µ,k(A) for A ∈ B(Hµ) .
We also study the operator Eµ and find the eigenvalues.
The method we use is the following. Realizing all transforms as integral kernels, we
calculate

Rν+µ−2kT ν
µ,k(R

∗
µ(f)).

Having done this we can calculate the trace of

(T ν
µ,kR

∗
µ)

n = (R∗
µ+ν−2kB

−1
µ+ν−2kRµ+ν−2kT ν

µ,kR
∗
µ)

n

in limit, as the inverse Berezin transform (µ+ ν − 2k − 1)B−1
µ+ν−2k will be going to

the identity strongly, (ν + 1)nRν(R
∗
ν(f)

n) is going to fn and we have the formula

Tr(A) = (ν + 1)

∫
C
Rµ(A)(z)

dz

π(1 + |z|2)2
.

Finally we use denseness of polynomials in C([0, 1]) to prove the Theorem.
Lieb and Solovej [14] studied similar questions for the compact group SU(n) , proving
similar inequalities by considering tensor products

⊙µCn and projecting onto the
leading components, and for the non-compact group SU(1, 1) by projecting onto the
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lowest weight component, also called the Cartan component, in the tensor product
of two highest weight representations [15]. In this case they proved some Wehrl-type
inequalites; see also [5, 11, 16]. Some inequalities were improved by Frank [5]. It
seems that these questions can be put in a more general context of highest weight
representations of Hermitian Lie groups [21]. In a future work, I will consider the
unitary highest weight representations of the non-compact group SU(1, 1) realized
on the weighted Bergman spaces and study the corresponding problem. I will
calculate the trace of the quantum channels for all components in the tensor product
of unitary highest weight representation of the non-compact group SU(1, 1) , which
is closely related to the case of SU(2) .
We note that the Berezin transform is closely related to quantization on Kähler
manifolds in Geometry and Mathematical Physics and have been studied extensively;
see e.g. [1, 4, 17]. Some of our results about Berezin transforms might be obtained
from these results. However, we provide more precise results using the representation
of SU(2) .
Not long after this work was uploaded to the arXiv, a very nice paper by Aschieri,
Ruba and Solovej appeared [2], in which they obtained results which partly overlap
with the results of this paper. They also prove Theorem 1.1 and provide quantitative
error bounds, where they use the notation

Eµ,k(f) = (2J + 1)−1H−i
J OpJ(f)

with µ = 2J and k = J + i . They identify the trace limit in terms of generalized
Husimi functions. The results were obtained independently and using different
methods, as Aschieri, Ruba and Solovej analyse the operators in detail, while the
techniques of reproducing kernels are used here to obtain the results.
The paper is organized as follows. First we introduce representations of SU(2) as
reproducing kernel Hilbert spaces, go through some general theory and introduce
quantum channels in Section 2. In Section 3 we realize the elements of B(Hµ) using
the operator R∗

µ , a Toeplitz operator, and we calculate Rν+µ−2kT ν
µ,k(R

∗
µ(f)) . Finally,

in Section 4 we study the Berezin transform Bν and calculate limν→∞Tr(T ν
µ,kR

∗
µ) .

We also study the operator Eµ,k .

Acknowledgements. I want to thank Genkai Zhang for fruitful and inspiring
discussions. I also want to thank the referee for some good suggestions.

2. Preliminaries
Notation: (a)n = a(a + 1) . . . (a + n − 1) is the rising Pochhammer symbol and
(a)n− = a(a− 1) . . . (a− n+ 1) is the falling Pochhammer symbol.
We study the representation theory of SU(2) and define Hν for ν a nonnegative
integer.

Definition 2.1. Let Hν be the space of polynomials on C in z of degree less
than or equal to ν and let the inner product on it be given by

〈f, g〉 =
∫
C
f(z)g(z)dιν(z),

where dιν(z) =
(ν + 1)

(1 + |z|2)ν
dz

π(1 + |z|2)2
.



656 van Haastrecht

We note that dι0(z) = dz
π(1+|z|2)2 is the SU(2)-invariant measure dι on C so that

ι(C) = 1 (as a coordinate chart in CP1 ). Also, the norm is normalized such that
||1||ν = 1 . The set {zi}νi=0 is an orthogonal basis for Hν where

||zi||2ν =

(
ν

i

)−1

,

and Hν is a reproducing kernel Hilbert space (RKHS for short) with kernel

Kν(z, w) = (1 + zw)ν .

Remark 2.2. Note that SU(2) acts on the symmetric space SU(2)/U(1) by left
multiplication. This space is isomorphic to C∪{∞} = CP1 when the action on CP1

is given by g · [z1 : z2] = [g(z1 : z2)] , matrix multiplication. Then we see that U(1)
is exactly the subgroup fixing [0 : 1] , and SU(2) is transitive as it is transitive on
the unit ball. Thus CP1 ∼= SU(2)/U(1) . We note that C ⊆ CP1 by z 7→ [z : 1] is
a dense coordinate chart. Thus it is enough to consider C ⊆ CP1 and the action of
SU(2) on C is given by (

a b
c d

)
· z =

az + b

cz + d
.

We shall mostly work on C . We note that there is a SU(2)-invariant metric on CP1

making it a Riemannian symmetric space, see [7, chapter VI, Proposition 1.1].

We now define the SU(2)-representation on Hν .

Definition 2.3. Let g ∈ SU(2) such that g−1 =
(
a b
c d

)
=

(
a b

−b a

)
, where

a, b ∈ C are such that |a|2 + |b|2 = 1 . The representation is given by

g · f(z) = (−bz + a)νf(g−1 · z) = (−bz + a)νf(
az + b

−bz + a
).

This is a unitary irreducible representation, the unique representation of SU(2)
of dimension ν + 1 . It is isomorphic to the usual realization of homogeneous
polynomials of degree ν .
Now let µ, ν ∈ N and ν > µ (in the end we will let ν → ∞), then it is well known
that [6, appendix C]:

Hµ ⊗Hν
∼=

µ⊕
k=0

Hµ+ν−2k. (2)

We define a map Jk : Hµ ⊗Hν → Hµ+ν−2k .

Definition 2.4. Let Jk : Hµ ⊗Hν → Hµ+ν−2k be given by

Jk(f)(ξ) =

∫
C2

f(z, w)(
z

1 + ξz
− w

1 + ξw
)k(1 + ξz)µ(1 + ξw)νdιµ(z)dιν(w)

=

∫
C2

f(z, w)(z − w)k(1 + ξz)µ−k(1 + ξw)ν−kdιµ(z)dιν(w).
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This operator Jk is also a differential operator given by

Jk = (−1)k
k∑

j=0

(−1)j
(
k

j

)
1

(−µ)j(−ν)k−j

∂j
z∂

k−j
w f |z=w=ξ,

and it intertwines the representations. This can be proved using the reproducing
kernel formula, but we skip the details here. The counterpart of Jk for the holomor-
phic discrete series representations of SL(2,R) is called the Rankin-Cohen operator,
see for example [19, (1), p. 58]. The adjoint of Jk can be obtained by direct compu-
tations.

Lemma 2.5. The adjoint of Jk is:

J∗
k (f)(z, w) =

∫
C
(1 + zξ)µ−k(1 + wξ)ν−kf(ξ)(z − w)kdιµ+ν−2k(ξ).

The map JkJ
∗
k : Hµ+ν−2k → Hµ+ν−2k is a scalar multiple of the identity by Schur’s

Lemma, since Hµ+ν−2k is irreducible. To find the scalar we calculate JkJ
∗
k (f)(0) for

f = 1 .

Proposition 2.6. We have

C−2
µ,ν,k := Jk(J

∗
k (1))(0) =

k!(µ+ ν − 2k + 2)k
(−ν)k(−µ)k

.

Before we prove this we recall the following summation formula [3, Corollary 2.2.3].

Lemma 2.7. For n a non-negative integer and b, c integers such that |c| ≥ n we
have that

2F1(−n, b, c, 1) =
(c− b)n
(c)n

Now we are ready to prove Proposition 2.6.

Proof. First we see that

J∗
k (1)(z, w) =

∫
C
(1 + zξ)µ−k(1 + wξ)ν−k(z − w)kdιµ+ν−2k(ξ)

= (z − w)k
µ−k∑
j=1

ν−k∑
i=1

(
µ− k

j

)(
ν − k

i

)∫
C
zjξ

j
wiξ

i
dιµ+ν−2k(ξ)

= (z − w)k
µ−k∑
j=1

ν−k∑
i=1

(
µ− k

j

)(
ν − k

i

)
wizj

∫
C
ξ
j
ξ
i
dιµ+ν−2k(ξ)

= (z − w)k
µ−k∑
j=1

ν−k∑
i=1

(
µ− k

j

)(
ν − k

i

)
wizj〈1, ξi+j〉 = (z − w)k.

Then we see that

Jk(J
∗
k (1))(0) = Jk((z − w)k)(0) =

∫
C2

(z − w)k(z − w)k1µ1νdιµ(z)dιν(w)

=

∫
C2

(z − w)k(z − w)kdιµ(z)dιν(w) = ||(z − w)k||2Hµ⊗Hν
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= ||
k∑

j=0

(−1)j
(
k

j

)
zjwk−j||2Hµ⊗Hν

=
k∑

j=0

(
k

j

)2

||zj||2µ||wk−j||2ν

=
k∑

j=0

(
k

j

)2(
µ

j

)−1(
ν

k − j

)−1

= k!
k∑

j=0

(
k

j

)
1

(µ)j−(ν)
k−j

−

=
k!

(ν + 1− k)k

k∑
j=0

(
k

j

)
(−1)j(ν + 1− k)j

(−µ)j

=
k!

(ν + 1− k)k
2F1(−k, ν + 1− k,−µ, 1).

Using Lemma 2.7 we get

Jk(J
∗
k (1))(0) =

k!

(ν + 1− k)k
2F1(−k, ν + 1− k,−µ, 1)

=
k!

(ν + 1− k)k

(−µ− ν − 1 + k)k
(−µ)k

=
k!

(ν)k
(µ+ ν + 1− k)k

(µ)k
=

k!(µ+ ν − 2k + 2)k
(ν)k(µ)k

=
k!(µ+ ν − 2k + 2)k

(−ν)k(−µ)k
.

We define the projection onto the irreducible subspaces.

Definition 2.8. We define Pk := Cµ,ν,kJk : Hµ ⊗Hν → Hµ+ν−2k , where Cµ,ν,k is
defined in Proposition 2.6.

We see that Pk is the orthogonal projection onto the subspace Hµ+ν−2k in Decom-
position (2). We need also the decomposition of L2(SU(2)/U(1)) = L2(CP1) under
the action of SU(2)

L2(CP1) =
∞⊕
k=0

H̃2k, (3)

where the sum is in the L2 -sense and H2k
∼= H̃2k by the map

v 7→ (g 7→ 〈v, g · v0〉),

where v0 is a U(1)-fixed unit vector in H2k , i.e. f(z) =
(
2k
k

) 1
2 zk . Note that this

decomposition is multiplicity free. For a more general result, see [8, chapter V,
Theorem 4.3]. Also, C∞(CP1) ⊆ L2(CP1) is dense and any f ∈ C∞(CP1) can be
written as

f =
∞∑
k=0

fk,

where fk ∈ H2k and the convergence is absolute convergence.
Now we define some further SU(2)-invariant operators on the representation spaces.
First we define the map Rν , which is commonly called the symbol of the operator.

Definition 2.9. Let Rν be the map

Rν : Hν ⊗Hν → C∞(CP1) ⊆ L2(CP1),

given by Rν(f1 ⊗ f2) =
f1(z)f2(z)

(1 + |z|2)ν
, for f1, f2 ∈ Hν .
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Observe that f2 is antiholomorphic and that the map is SU(2)-invariant. Note
that we have the identification Hν ⊗ Hν = B(Hν) , where f1 ⊗ f2 corresponds to
the kernel (x, y) 7→ f1(x)f2(y) of an operator. We note that Hν

∼= Hν as they
are irreducible representations of SU(2) of the same dimension, and it follows by
Equation (2) that

Hν ⊗Hν
∼=

ν⊕
i=0

H2i.

A direct calculation shows that R∗
ν(f) =

1
ν+1

Tf , where Tf is the Toeplitz operator
given by Tf (h) = PMfP

∗(h) , where h ∈ L2(CP1) , Mf is multiplication by f and
P is projecting onto Hν from L2(CP1) . Explicitly, this means

Tf (h)(z) =

∫
C
f(x)h(x)Kν(z, x)dιν(x).

Its kernel is Tf (x, y) =
∫
CK

ν(x, z)Kν(z, y)f(z)dιν(z) . Hence we get

R∗
ν(f)(x, y) =

1

ν + 1

∫
C
Kν(x, z)Kν(z, y)f(z)dιν(z).

Remark 2.10. The operator Rν is injective by general arguments; it can also be
proved by differentiating by ∂z and ∂z . As a consequence, the map R∗

ν is surjective
as the Hν are finite dimensional, and the maps

Rν : Hν ⊗Hν → Im(Rν) and R∗
ν : Im(Rν) → Hν ⊗Hν

are bijective.

We now define the Berezin transform.

Definition 2.11. The Berezin transform Bν is defined by

Bν := RνR
∗
ν : L2(CP1) → L2(CP1).

Note that Bν(C
∞(CP1)) ⊆ C∞(CP1) . More explicitly, for f ∈ C(CP1) we see that

Bν(f)(z) =

∫
C

(1 + zs)ν(1 + zs)ν

(1 + |z|2)ν(1 + |s|2)ν
f(s)dι(s).

Note that by Cauchy-Schwarz

|Bν(f)(z)| ≤
∫
C
| (1 + zs)ν(1 + zs)ν

(1 + |z|2)ν(1 + |s|2)ν
| · |f(s)|dι(s) ≤ ||f ||∞.

Observe that the Berezin transform is SU(2)-invariant. Now by Decomposition (3)
and Schur’s lemma, Bν must act as a constant on each subspace H̃2k ⊆ C∞(CP1) .
From [20] we find that for f ∈ H̃2k

Bν(f) =
(ν!)2

(ν + k + 1)! · (ν − k)!
f when k ≤ ν, (4)

and Bν(f) = 0 when k > ν. (5)
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As we know that any operator A ∈ B(Hν) is of the form R∗
ν(f) for some f in

Im(Rν) , a natural question is to see which A ∈ Hν ⊗ Hν = B(Hν) correspond
to which f ∈ Im(Rν) ; that is, we want to find (R∗

ν)
−1(A) = B−1

ν Rν(A) . We first
split A into the H̃2k components, 0 ≤ k ≤ ν , i.e. A = A0 + · · · + Aν , where
Ak ∈ H̃2k ⊆ Hν ⊗Hν . As Bν acts as the constant (ν!)2

(ν+k+1)!·(ν−k)!
on the space H2k ,

B−1
ν acts as the constant Cν(k) =

(ν+k+1)!·(ν−k)!
(ν!)2

on that space. We conclude that

(R∗
ν)

−1(A)(z) =
ν∑

k=0

Cµ(k)
Ak(z, z)

(1 + |z|2)ν
.

We recall some simple facts about reproducing kernel Hilbert spaces. For a (finite
dimensional) reproducing kernel Hilbert spaces H of functions on a measure space
(X,µ) , equipped with the L2(X) inner product and reproducing kernel K(x, y) , we
have for any operator Γ on it, writing Kx(y) = K(y, x)

Γ(f)(x) =

∫
X

L(x, y)f(y)dµ(y),

where x 7→ L(x, y) and y 7→ L(x, y) are in H . We note that

L(x, y) = Γ∗(Kx)(y) = 〈Ky,Γ
∗(Kx)〉 = 〈Γ(Ky), Kx〉 = Γ(Ky)(x).

Now let {ei}dim(H)
i=1 be an orthonormal basis for H , then

K(x, y) =

dim(H)∑
i=1

ei(x)ei(y),

and for Γ an operator on Hµ

Tr(Γ) =

∫
X

L(y, y)dµ(y).

3. Quantum channels and Berezin transforms
We now define quantum channels.

Definition 3.1. Associated to Decomposition (2) we define

T ν
µ,k : B(Hµ) → B(Hµ+ν−2k),

given by T ν
µ,k(A) = Pk ◦ A⊗ Iν ◦ P ∗

k . Furthermore, we define a renormalization

T̂ ν
µ,k(A) =

µ+ 1

µ+ ν − 2k + 1
Pk ◦ A⊗ Iν ◦ P ∗

k .

These maps will turn out to be positive and T̂ ν
µ,k will be trace-preserving, making

it a quantum channel. These channels were defined by Lieb and Solovej [13] for the
case k = 0 . To my knowledge, the quantum channels for general k are first studied
here. There are many questions one can ask of these channels, similar to the case
k = 0 studied by Lieb and Solovej. Here we will mainly study limit formulas of the
trace. We prove some properties of the maps T ν

µ,k .

Proposition 3.2. The map T ν
µ,k is completely positive, and the map T̂ ν

µ,k is
completely positive and trace-preserving.
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Proof. It is obvious that the map T ν
µ,k is completely positive, as it is the compo-

sition of the ∗-homomorphism A 7→ A ⊗ Iν and A 7→ PkAP
∗
k . It follows that T̂ ν

µ,k

is completely positive as well.
Now we prove T̂ ν

µ,k is trace preserving. We see

Tr(T̂ ν
µ,k(A)) =

µ+ 1

µ+ ν − 2k + 1
Tr(Pk ◦ A⊗ Iν ◦ P ∗

k )

=
µ+ 1

µ+ ν − 2k + 1

∫
SU(2)

Tr(gPk ◦ A⊗ Iν ◦ P ∗
k g

−1)dg

=
µ+ 1

µ+ ν − 2k + 1

∫
SU(2)

Tr(Pk ◦ gAg−1 ⊗ Iν ◦ P ∗
k )dg

=
µ+ 1

µ+ ν − 2k + 1
Tr(Pk ◦ (

∫
SU(2)

gAg−1dg)⊗ Iν ◦ P ∗
k ).

By Schur’s Lemma
∫
SU(2)

gAg−1dg =
Tr(A)

dim(Hµ)
Iµ . Hence

Tr(T̂ ν
µ,k(A)) =

µ+ 1

µ+ ν − 2k + 1
Tr(A)

dim(Hν+µ−2k)

dim(Hµ)
= Tr(A).

As in [13], our eventual goal is calculating lim
ν→∞

1

dim(Hµ+ν−2k)
Tr(f(T ν

µ,k(A))) for
f ∈ C([0, 1]) .

Remark 3.3. Notationally it is easier to write lim
ν→∞

1

ν
Tr(T ν

µ,k(A)) instead of

lim
ν→∞

1

dim(Hµ+ν−2k)
Tr(T ν

µ,k(A)) . They will have the same limit, as

dim(Hµ+ν−2k) = µ+ ν − 2k + 1.

In the rest of the paper, we will often exchange µ+ ν− 2k+1 with ν for notational
convenience.

We compute the integral kernel of T ν
µ,k(A) .

Proposition 3.4. The operator T ν
µ,k(A) = Pk ◦ A⊗ Iν ◦ P ∗

k has kernel

L(ξ, x) = Pk ◦ A⊗ Iν ◦ P ∗
k (Kx)(ξ)

= C2
µ,ν,k

∫
C3

(1 + ux)µ−k(1 + wx)ν−k(u− w)kA(z, u)(z − w)k·

· (1 + ξz)µ−k(1 + ξw)ν−kdιµ(u)dιµ(z)dιν(w),

where A(x, y) is the kernel of A.

Proof. We calculate

J∗
k (Kx)(z, w) =

∫
C
(1 + zξ)µ−k(1 + wξ)ν−kK(ξ, x)(z − w)kdµµ+ν−2k(ξ)

= 〈Kx, (1 + z · −)µ−k(1 + w · −)ν−k(z − w)k〉

= (1 + zx)µ−k(1 + wx)ν−k(z − w)k.
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Then we see that

(A⊗ Iν) ◦ J∗
k (Kx)(z, w) =

∫
C
J∗
k (Kx)(u,w)A(z, u)dιµ(u)

=

∫
C
(1 + ux)µ−k(1 + wx)ν−k(u− w)kA(z, u)dιµ(u).

Thus
Jk ◦ (A⊗ Iν) ◦ J∗

k (Kx)(ξ)

=

∫
C2

(A⊗ Iν) ◦ J∗
k (Kx)(z, w) · (

z

1 + ξz
− w

1 + ξw
)k(1 + ξz)µ(1 + ξw)νdιµ(z)dιν(w)

=

∫
C3

(1 + ux)µ−k(1 + wx)ν−k(u− w)kA(z, u) ·

· (z − w)k(1 + ξz)µ−k(1 + ξw)ν−kdιµ(u)dιµ(z)dιν(w).

Combining this with Pk = Cµ,ν,kJk we get the result.

We consider the case k = 0 . Then the formula simplifies to

P0(A⊗ Iν)P
∗
0 (Kx)(ξ) = A(ξ, x)(1 + xξ)ν .

In the case where k is maximal, k = µ , our kernel simplifies to

L(ξ, x) =
ν + 1

ν − µ+ 1

∫
C3

(1 + wx)ν−µ(u− w)µA(z, u) ·

· (z − w)µ(1 + ξw)ν−µdιµ(u)dιµ(z)dιν(w).

Then we note that (u − w)µ = (−w)µ(1 − u
w
)µ , thus by the reproducing kernel

property the above becomes

L(ξ, x) =
ν + 1

ν − µ+ 1

∫
C
(gAg−1)(w,w)(1 + wx)ν−µ(1 + ξw)ν−µdιν(w),

where g =
(

0 1
−1 0

)
. We want to calculate the trace of the functional calculus,

1

ν
Tr(ϕ(T ν

µ,k(A)))

for a continuous function ϕ . We start with ϕ(x) = xn , where n ∈ N , i.e. the trace
1

ν
Tr(T ν

µ,k(A)
n).

As R∗
µ is surjective, it is enough to calculate

lim
ν→∞

1

ν
Tr(ϕ(T ν

µ,k(R
∗
µ(f)))).

It will turn out this, and in particular Rµ+ν−2kT ν
µ,kR

∗
µ(f) , will be easier to handle.

Proposition 3.5. We let Eν
µ,k(f) := Rµ+ν−2kT ν

µ,kR
∗
µ(f).

Then Eν
µ,k(f) = C2

µ,ν,k

k∑
l=0

(−1)k−l

(
ν − k

k − l

)
(ν − k + l)! k!

ν! l!
Bµ−l(f).
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Remark 3.6. We make a general remark on SU(2)-invariance. We see directly
that Rµ , R∗

µ and T ν
µ,k are SU(2)-invariant. Hence it will often be enough to

ascertain an identity in 0 to find it for the whole space as SU(2) acts transitively
on CP1 . The following proof will be an example of that. We also know that any
Hµ ⊗ Hν and L2(CP1) split multiplicity free by Equations (2) and (3). As Rµ ,
R∗

µ and T ν
µ,k are SU(2)-invariant, Schur’s Lemma says they act as scalars on the

irreducible components.

Proof. We first prove

Eν
µ,k(f)(0) = C2

µ,ν,k

k∑
l=0

(−1)k−l

(
ν − k

k − l

)
(ν − k + l)! k!

ν! l!
Bµ−l(f)(0).

Then by SU(2)-invariance we get by Remark 3.6 that

Eν
µ,k(f) = C2

µ,ν,k

k∑
l=0

(−1)k−l

(
ν − k

k − l

)
(ν − k + l)! k!

ν! l!
Bµ−l(f).

By Proposition 3.4 for any operator A on Hµ we have

(µ+ ν − 2k + 1)T ν
µ,k(A)(x, y) = C2

µ,ν,k

∫
C3

(1 + uy)µ−k(1 + wy)ν−k

(u− w)kA(z, u)(z − w)k(1 + xz)µ−k(1 + xw)ν−kdιµ(u)dιµ(z)dιν(w),

Now we calculate T ν
µ,kR

∗
µ(f) . We get

T ν
µ,kR

∗
µ(f)(x, y) =

C2
µ,ν,k

µ+ 1

∫
C4

(1 + uy)µ−k(1 + wy)ν−k(u− w)kKµ(z, s)Kµ(s, u) ·

· (z − w)k(1 + xz)µ−k(1 + xw)ν−kf(s)dιµ(u)dιµ(z)dιν(w)dιµ(s)

=
C2

µ,ν,k

µ+ 1

∫
C2

(1 + wy)ν−k(1 + sy)µ−k(s− w)k(s− w)k ·

· (1 + xs)µ−k(1 + xw)ν−kf(s)dιν(w)dιµ(s).

Applying Rµ+ν−2k gives us

Eν
µ,k(f)(z) = Rµ+ν−2kT ν

µ,kR
∗
µ(f)(z) =

C2
µ,ν,k

(µ+ 1)(1 + |z|2)µ+ν−2k
·

·
∫
C2

|(1 + wz)ν−k(1 + sz)µ−k(s− w)k|2f(s)dιν(w)dιµ(s).

We will now try to write Eν
µ,k as a sum of Berezin transforms. From the definition

we see

Bµ(f)(0) =

∫
C

f(s)

(1 + |s|2)µ
dι(s).

By the orthogonality of the {wi} we can evaluate Eν
µ,k(f)(0) as

Eν
µ,k(f)(0) =

C2
µ,ν,k

µ+ 1

∫
C
|(s− w)k|2f(s)dιν(w)dιµ(s)
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= C2
µ,ν,k

k∑
i=0

(
k

i

)2(
ν

i

)−1 ∫
C

|sk−i|2f(s)
(1 + |s|2)µ

dι(s)

= C2
µ,ν,k

k∑
i=0

(
k

i

)2(
ν

k − i

)−1 ∫
C

|si|2f(s)
(1 + |s|2)µ

dι(s)

= C2
µ,ν,k

k∑
i=0

(
k

i

)2(
ν

k − i

)−1 ∫
C

(|s2|+ 1− 1)if(s)

(1 + |s|2)µ
dι(s)

= C2
µ,ν,k

k∑
i=0

(
k

i

)2(
ν

k − i

)−1 i∑
l=0

(
i

l

)
(−1)i−l ·

∫
C

(|s2|+ 1)lf(s)

(1 + |s|2)µ
dι(s)

= C2
µ,ν,k

k∑
l=0

k∑
i=l

(
k

i

)2(
ν

k − i

)−1(
i

l

)
(−1)i−l ·

∫
C

(|s2|+ 1)lf(s)

(1 + |s|2)µ
dι(s)

= C2
µ,ν,k

k∑
l=0

(
k∑
i=l

(
k

i

)2(
ν

k − i

)−1(
i

l

)
(−1)i−l)Bµ−l(f)(0).

Now we study
k∑
i=l

(
k

i

)2(
ν

k − i

)−1(
i

l

)
(−1)i−l .

We note that
k∑
i=l

(
k

i

)2(
ν

k − i

)−1(
i

l

)
(−1)i−l

=
k∑
i=l

(
k!

i!(k − i)!
)2

(ν − k + i)!(k − i)!

ν!

i!

l!(i− l)!
(−1)i−l

=
k!

ν! l!

k∑
i=l

(ν − k + i)!k!

i!(k − i)!(i− l)!

i!

l!(i− l)!
(−1)i−l

=
k!

ν! l!

k−l∑
i=0

k!(ν − k + i+ l)!

(i+ l)!(k − i− l)!i!
(−1)i

=
k!

ν! l!

k−l∑
i=0

(−k)l+i(ν − k + l)!(ν − k + l + 1)i
l!(l + 1)ii!

(−1)l+i(−1)i

= (−1)l
k!(−k)l(ν − k + l)!

ν!(l!)2

k−l∑
i=0

(−k + l)i(ν − k + l + 1)i
i!(l + 1)i

=
(k!)2(ν − k + l)!

ν!(l!)2(k − l)!
2F1(−k + l, ν − k + l + 1, l + 1, 1)

=
(ν − k + l)!(k!)2

ν!(l!)2(k − l)!

(k − ν)k−l

(l + 1)k−l
=

(ν − k + l)!k!(k − ν)k−l

ν!l!(k − l)!

= (−1)k−l

(
ν − k

k − l

)
(ν − k + l)!k!

ν! l!
.

Here we have used the Gauss formula for hypergeometric functions, Lemma 2.7.
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Hence we see that Eν
µ,k(f)(0) is

Eν
µ,k(f)(0) = C2

µ,ν,k

k∑
l=0

(−1)k−l

(
ν − k

k − l

)
(ν − k + l)! k!

ν! l!
Bµ−l(f)(0).

The result follows.

The constant C2
µ,ν,k =

(−ν)k(−µ)k
k!(µ+ ν − 2k + 2)k

has the property lim
ν→∞

C2
µ,ν,k =

(
µ

k

)
. Thus

lim
ν→∞

Eν
µ,k(f) =

(
µ

k

) k∑
l=0

(−1)k−l k!

(k − l)! l!
Bµ−l(f) =

(
µ

k

) k∑
l=0

(−1)k−l

(
k

l

)
Bµ−l(f).

We make this a definition.

Definition 3.7. Eµ,k(f) :=
(
µ
k

)∑k
l=0(−1)k−l

(
k
l

)
Bµ−l(f).

Note the convergence limν→∞ Eν
µ,k(f) = Eµ,k(f) is uniform. We are interested in

the case when R∗
µ(f) ≥ 0 , for which we prove some bounds.

Lemma 3.8. For f ∈ L2(B1), z ∈ C and R∗
µ(f) ≥ 0

0 ≤ Eµ,k(f)(z) ≤ Tr(R∗
µ(f)).

Proof. We have for X ∈ Hµ∫
C
|X(s)|2f(s)dιµ(s) = (µ+ 1)〈R∗

µ(f)(X), X〉 ≥ 0.

Thus we find that

Eν
µ,k(f)(0) =

C2
µ,ν,k

(µ+ 1)

∫
C2

|(s− w)k|2f(s)dιν(w)dιµ(s) ≥ 0,

and that for all 0 ≤ j ≤ µ∫
C
|sj|2f(s)dιµ(s) = (µ+ 1)〈R∗

µ(f)(s
j), sj〉 ≥ 0.

We also see that

Eν
µ,k(f)(0) =

C2
µ,ν,k

(µ+ 1)

∫
C2

|(s− w)k|2f(s)dιν(w)dιµ(s)

=
C2

µ,ν,k

(µ+ 1)

k∑
j=0

(
k

j

)2(
ν

k − j

)−1 ∫
C
|sj|2f(s)dιµ(s).

Taking the limit we see

Eµ,k(f)(0) = lim
ν→∞

Eν
µ,k(f)(0) = lim

ν→∞

C2
µ,ν,k

(µ+ 1)

k∑
j=0

(
k

j

)2(
ν

k − j

)−1 ∫
C
|sj|2f(s)dιµ(s)

=

(
µ

k

)
1

µ+ 1

∫
C
|sk|2f(s)dιµ(s)
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≤
µ∑

k=0

(
µ

k

)
1

µ+ 1

∫
C
|sk|2f(s)dιµ(s) =

1

µ+ 1

∫
C
(1 + |s|2)µf(s)dιµ(s)

=

∫
C
f(s)dι(s) = Tr(R∗

µ(f)).

We conclude that 0 ≤ Eµ,k(f)(0) ≤ Tr(R∗
µ(f)) . But as the action of SU(2) is

transitive and R∗
µ(g · f) = gR∗

µ(f)g
−1 , which preserves the trace and positivity, we

get that for any z ∈ C
0 ≤ Eµ,k(f)(z) ≤ Tr(R∗

µ(f)).

4. Functional calculus of quantum channels
We go on to describe the functional calculus of

T ν
µ,k(R

∗
µ(f)) = R−1

µ+ν−2kE
ν
µ,k(f).

for any f ∈ C(CP1) , where R−1
µ+ν−2k is defined on Im(Rµ+ν−2k) . We recall from

Remark 2.10 that R∗
µ+ν−2k restricted to this space is bijective, and we see

R−1
µ+ν−2kE

ν
µ,k = R∗

µ+ν−2k(R
∗
µ+ν−2k)

−1R−1
µ+ν−2kE

ν
µ,k

= R∗
µ+ν−2kB

−1
µ+ν−2kE

ν
µ,k,

where B−1
µ+ν−2k is defined on Im(Rµ+ν−2k) . Hence we see

T ν
µ,k(R

∗
µ(f)) = R∗

µ+ν−2kB
−1
µ+ν−2kE

ν
µ,k. (6)

We now want to prove that ((ν + 1)Bν)
−1f converges to f as ν goes to infinity,

where f ∈ Im(Rµ+ν−2k) . We begin by proving (ν + 1)Bν is going to the identity.

Proposition 4.1. The sequence of operators {(ν + 1)Bν}ν , where Bν is the
Berezin transform, convergences to the indentity in the strong operator topology as
an operator on C(CP1).
Proof. Let f ∈ C(CP1) . First we look at Bν(f)(0) . We recall from Remark
2.2 that CP1 has a metric for which the action of SU(2) is isometric. Let ϵ be
given, now as CP1 is compact we can choose a δ > 0 such that for x, y ∈ CP1 with
d(x, y) < δ we have |f(x)− f(y)| < ϵ . Let U be the δ -ball around 0 . Then we see

|(ν + 1)Bν(f)(0)− f(0)|

= |(ν + 1)

∫
C

1

(1 + |s|2)ν
f(s)dι(s)− (ν + 1)

∫
C

1

(1 + |s|2)ν
f(0)dι(s)|

= |(ν + 1)

∫
C

1

(1 + |s|2)ν
(f(s)− f(0))dι(s)|

≤ (ν + 1)

∫
U

|f(s)− f(0)|
(1 + |s|2)ν

dι(s) + 2||f ||∞
∫
C\U

ν + 1

(1 + |s|2)ν
dι(s).

We also note that there is an r > 0 such that for all for s ∈ C\U we have s ≥ r > 0 .
We conclude that there is some ν0 ∈ N such that if ν ≥ ν0 , then

ν + 1

(1 + |s|2)ν
| < ϵ

2||f ||∞
for all s ∈ C\U .
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We then conclude that for ν ≥ ν0

|(ν + 1)Bν(f)(0)− f(0)| < ϵ(ν + 1)

∫
C

1

(1 + |s|2)ν
dι(s) + ϵ

∫
C
dι(s) ≤ 2ϵ.

Then we see that

|(ν + 1)Bν(f)(g · 0)− f(g · 0)| = |(ν + 1)Bν(g
−1 · f)(0)− (g−1 · f)(0)|.

Now we see for g ∈ SU(2) and z ∈ U that d(g · 0, g · z) < δ , so
|g−1 · f(0)− g−1 · f(z)| = |f(g · 0)− f(g · z)| < ϵ.

It follows that for the same ν0 , if ν ≥ ν0

|(ν + 1)Bν(f)(g · 0)− f(g · 0)| = |(ν + 1)Bν(g
−1 · f)(0)− (g−1 · f)(0)| < 2ϵ.

We conclude that lim
ν→∞

||Bν(f)− f ||∞ = 0 .

Now we look at ((ν+1)Bν)
−1(f) , where f ∈ Im(Rµ) and ν ≥ µ . Note that Im(Rµ)

is a finite dimensional vector space.

Proposition 4.2. For f ∈ Im(Rµ) we have that ((ν + 1)Bν)
−1(f) converges

uniformly to f as ν goes to infinity. In particular we have that the convergence of
((µ+ ν − 2k + 1)Bν+µ−2k)

−1Eν
µ,k(f) to Eµ,k(f) is uniform in C(CP1).

Remark 4.3. We note that C∞(CP1) ⊆ L2(CP1) ∼=
⊕∞

k=0H2k and B(Hµ) ∼=⊕µ
k=0 H2k , where Bµ is injective, so that C∞(CP1) ⊇ Im(Rµ) ∼=

⊕µ
k=0H2k . Hence

if ν ≥ µ we have
Im(Rµ) ⊆ Im(Rν).

We conclude that Bν maps Im(Rµ) onto itself and B−1
ν (f) is well-defined on Im(Rµ)

when ν ≥ µ .

Proof. By Proposition 4.1 we have limν→∞(ν + 1)Bν |Im(Rµ) = Iµ in the strong
operator topology. As Im(Rµ) is of fixed finite dimension, this convergence is also
in the norm (the norm being the inherited || − ||∞ norm). Hence we have some ν0
such that when ν ≥ ν0

||((ν + 1)Bν |Im(Rµ))
−1 − Iµ|| < ϵ.

Thus, for ν ≥ ν0 , we have that ||((ν + 1)Bν |Im(Rµ))
−1|| ≤ 1 + ϵ , which is bounded.

Hence we have that

||f − ((ν + 1)Bν)
−1(f)||∞ = ||((ν + 1)Bν |Im(Rµ))

−1((ν + 1)Bν(f)− f)||∞
≤ ||((ν + 1)Bν |Im(Rµ))

−1|| · ||(ν + 1)Bν(f)− f ||∞.

This proves that ((ν + 1)Bν)
−1(f) converges uniformly to f .

For the second part, we know that Eν
µ,k(f) is going to Eµ,k(f) uniformly, so using

the fact that Eµ+ν
µ,k (f), Eµ,k(f) ∈

∑k
l=0 Im(Bµ−l) = Im(Rµ) we get

||((ν + µ− 2k)Bµ+ν−2k)
−1Eν

µ,k(f)− Eµ,k(f)||∞
≤ ||((ν + µ− 2k)Bν+µ−2k)

−1Eν
µ,k(f)− Eν

µ,k(f)||∞ + ||Eν
µ,k(f)− Eµ,k(f)||∞

≤ ||((ν + µ− 2k)Bν+µ−2k)
−1 − Iµ|| · ||Eν

µ,k(f)||∞ + ||Eν
µ,k(f)− Eµ,k(f)||∞.

The result follows.
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We want to prove convergence of Rν(R
∗
ν(f)

n) now.

Lemma 4.4. For each n in N the integral

In(ν) := (ν + 1)n
∫
Cn

∣∣∣∣ (1 + s1s2) . . . (1 + sn−1sn)

(1 + |s1|2) . . . (1 + |sn|2)

∣∣∣∣ν dι(s1) . . . dι(sn)
is bounded in ν ∈ N. More precisely, for each ν ∈ N we have In(ν) ≤ 22n .

Proof. It is clear when n = 1 , then the integrand is (
1

1 + |s1|2
)ν . Assume now

n ≥ 2 . We see for ν even, i.e. ν = 2κ

In(ν) =

∫
Cn

|(1 + s1s2) . . . (1 + sn−1sn)|2κdιν(s1) . . . dιν(sn)

= ||(1 + s1s2)
κ . . . (1 + sn−1sn)

κ||2Hν⊗···⊗Hν

=
∑

i1,...,in−1

(
κ

i1

)2

. . .

(
κ

in−1

)2

·
(
2κ

i1

)−1(
2κ

i1 + i2

)−1

. . .

(
2κ

in−2 + in−1

)−1(
2κ

in−1

)−1

.

Now we note that

2κ+ 1

κ+ 1

(
κ

j

)−1

=
2κ+ 1

κ+ 1
||xj||2κ = (2κ+ 1)

∫
C

|x|2j

(1 + |x|2)κ
dι(x)

=

∫
C
|x|2j(1 + |x|2)κdι2κ(x) =

κ∑
i=0

(
κ

i

)
||xi+j||22κ =

κ∑
i=0

(
κ

i

)(
2κ

i+ j

)−1

,

and thus
κ∑

i=0

(
κ

i

)(
2κ

i+ j

)−1

≤ 2

(
κ

j

)−1

. (7)

We continue our calculations on In(ν) . We have∑
i1,...,in−1

(
κ

i1

)2

. . .

(
κ

in−1

)2

·

·
(
2κ

i1

)−1(
2κ

i1 + i2

)−1

. . .

(
2κ

in−2 + in−1

)−1(
2κ

in−1

)−1

=
∑

i2,...,in−1

[ κ∑
i1=0

(
κ

i1

)2(
2κ

i1

)−1(
2κ

i1 + i2

)−1](
κ

i2

)2

. . .

(
κ

in−1

)2

·

·
(

2κ

i1 + i2

)−1

. . .

(
2κ

in−2 + in−1

)−1(
2κ

in−1

)−1

.

Now we see that
κ∑

i1=0

(
κ

i1

)2(
2κ

i1

)−1(
2κ

i1 + i2

)−1

≤
κ∑

i1=0

(
κ

i1

)(
2κ

i1

)−1 κ∑
i1=0

(
κ

i1

)(
2κ

i1 + i2

)−1

≤ 4

(
κ

i2

)−1(
κ

0

)−1

= 4

(
κ

i2

)−1

.
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Thus we see applying Inequality 7 iteratively∑
i2,...,in−1

(
κ∑

i1=0

(
κ

i1

)2(
2κ

i1

)−1(
2κ

i1 + i2

)−1

)

(
κ

i2

)2

. . .

(
κ

in−1

)2

·

·
(

2κ

i1 + i2

)−1

. . .

(
2κ

in−2 + in−1

)−1(
2κ

in−1

)−1

.

≤ 4
∑

i2,...,in−1

(
κ

i2

)(
κ

i3

)2

. . .

(
κ

in−1

)2

·

·
(

2κ

i2 + i3

)−1

. . .

(
2κ

in−2 + in−1

)−1(
2κ

in−1

)−1

= 4
∑

i3,...,in

(
κ∑

i2=0

(
κ

i2

)(
2κ

i2 + i3

)−1

)

(
κ

i3

)2

. . .

(
κ

in−1

)2

·

·
(

2κ

i3 + i4

)−1

. . .

(
2κ

in−2 + in−1

)−1(
2κ

in−1

)−1

≤ 8
∑

i3,...,in

(
κ

i3

)(
κ

i4

)2

. . .

(
κ

in−1

)2

·

·
(

2κ

i3 + i4

)−1

. . .

(
2κ

in−2 + in−1

)−1(
2κ

in−1

)−1

≤ · · · ≤ 2n−1

κ∑
in−1=0

(
κ

in−1

)(
2κ

in−1

)−1

≤ 2n
(
κ

0

)−1

= 2n.

Consider now the case that ν is odd. Using the Cauchy-Schwarz inequality

|1 + s1s2| ≤ (1 + |s1|2)
1
2 (1 + |s2|2)

1
2

we realize
∣∣∣∣ (1 + s1s2) . . . (1 + sn−1sn)

(1 + |s1|2) . . . (1 + |sn|2)

∣∣∣∣ ≤ 1,

implying that

In(ν) ≤ νn(
ν + 1

ν
)n

∫
Cn

∣∣∣∣ (1 + s1s2) . . . (1 + sn−1sn)

(1 + |s1|2) . . . (1 + |sn|2)

∣∣∣∣ν−1

dι(s1) . . . dι(sn)

≤ 2n(
ν + 1

ν
)n ≤ 22n.

We conclude that the desired integral is indeed bounded.

Proposition 4.5. For f ∈ C(CP1) we have

lim
ν→∞

||(ν + 1)nRν(R
∗
ν(f)

n)− fn||∞ = 0.

Proof. Recall by SU(2)-invariance

Rν(R
∗
ν(f)

n)(g · 0) = Rν(g
−1(R∗

ν(f)
n))(0)

= Rν((g
−1R∗

ν(f)g)
n)(0) = Rν(R

∗
ν(g

−1f)n)(0).
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Hence we can do the calculations by evaluating in 0 as in the proof of Proposition
4.1. We see that the kernel is

R∗
ν(f)

n(x, y) =

∫
C2n−1

f(s1) . . . f(sn)(1 + xs1)
ν(1 + s1t1)

ν . . . (1 + sny)
ν

(1 + |s1|2)ν . . . (1 + |sn|2)ν
·

· (1 + t1s2)
ν . . . (1 + tn−1sn)

νdι(s1) . . . dι(sn) dιν(t1) . . . dιν(tn−1)

=

∫
Cn

f(s1) . . . f(sn)(1 + xs1)
ν(1 + s1s2)

ν . . . (1 + sny)
ν

(1 + |s1|2)ν . . . (1 + |sn|2)ν
dι(s1) . . . dι(sn).

Then

(ν + 1)nRν(R
∗
ν(f)

n)(x) = (ν + 1)n
R∗

ν(f)
n(x, x)

(1 + |x|2)ν

=
(ν + 1)n

(1 + |x|2)ν

∫
Cn

f(s1) . . . f(sn)(1 + xs1)
ν . . . (1 + snx)

ν

(1 + |s1|2)ν . . . (1 + |sn|2)ν
dι(s1) . . . dι(sn)

= (ν + 1)n
∫
Cn

f(s1) . . . f(sn)(1 + xs1)
ν . . . (1 + snx)

ν

(1 + |x|2)ν(1 + |s1|2)ν . . . (1 + |sn|2)ν
dι(s1) . . . dι(sn).

Evaluating in 0 yields

(ν + 1)nRν(R
∗
ν(f)

n)(0)

= (ν + 1)n
∫
Cn

f(s1) . . . f(sn)(1 + s1s2)
ν . . . (1 + sn−1sn)

ν

(1 + |s1|2)ν . . . (1 + |sn|2)ν
dι(s1) . . . dι(sn).

We repeatedly use the reproducing kernel property to get

(ν + 1)n
∫
Cn

(1 + s1s2)
ν . . . (1 + sn−1sn)

ν

(1 + |s1|2)ν . . . (1 + |sn|2)ν
dι(s1) . . . dι(sn)

=

∫
Cn

(1 + s1s2)
ν . . . (1 + sn−1sn)

νdιν(s1) . . . dιν(sn) = 1.

Now we take the sum metric on Cn , inherited by the SU(2)-invariant metric on C ,
invariant under the diagonal action of SU(2) , and as we are on a compact space
for every ϵ > 0 there is a δ > 0 such that d((x1, . . . , xn), (y1, . . . , yn)) < δ implies
|f(x1) . . . f(xn)− f(y1) . . . f(yn)| < ϵ . We fix ϵ giving us a δ , and we let U be the
open δ -ball around 0 ,

|(ν + 1)nRν(R
∗
ν(f)

n)(0)− f(0)n|

= |(ν + 1)n
∫
Cn

f(s1) . . . f(sn)(1 + s1s2)
ν . . . (1 + sn−1sn)

ν

(1 + |s1|2)ν . . . (1 + |sn|2)ν
dι(s1) . . . dι(sn)

− (ν + 1)n
∫
Cn

f(0)n(1 + s1s2)
ν . . . (1 + sn−1sn)

ν

(1 + |s1|2)ν . . . (1 + |sn|2)ν
dι(s1) . . . dι(sn)|

= |(ν+1)n
∫
Cn

(f(s1)...f(sn)− f(0)n)(1 + s1s2)
ν ...(1 + sn−1sn)

ν

(1 + |s1|2)ν . . . (1 + |sn|2)ν
· dι(s1) . . . dι(sn)|
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≤ (ν+1)n
∫
U

|f(s1)...f(sn)−f(0)n|·
∣∣∣∣ (1+s1s2) . . . (1+sn−1sn)

(1 + |s1|2) . . . (1 + |sn|2)

∣∣∣∣ν · dι(s1)...dι(sn)
+ 2||fn||∞

∫
Cn\U

(ν + 1)n
∣∣∣∣ (1 + s1s2) . . . (1 + sn−1sn)

(1 + |s1|2) . . . (1 + |sn|2)

∣∣∣∣ν dι(s1) . . . dι(sn).
It follows by the Cauchy-Schwarz inequality

|1 + s1s2| ≤ (1 + |s1|2)
1
2 (1 + |s2|2)

1
2

that
∣∣∣∣ (1 + s1s2) . . . (1 + sns1)

(1 + |s1|2) . . . (1 + |sn|2)

∣∣∣∣ν ≤ 1

(1 + |s1|2)
ν
2 (1 + |sn|2)

ν
2
≤ 1.

We have equality in the first inequality if and only if all si are equal; in the second
inequality if and only if all si are equal to 0 . Now for (s1, . . . , sn) ∈ Cn\U there
exists r < 1 such that

1

(1 + |s1|2)
1
2 (1 + |sn|2)

1
2

≤ r < 1.

It follows that

(s1, . . . , sn) 7→ (ν + 1)n
∣∣∣∣ (1 + s1s2) . . . (1 + sn−1sn)

(1 + |s1|2) . . . (1 + |sn|2)

∣∣∣∣ν < (ν + 1)rν

is bounded on Cn\U and is going to 0 . This gives us by Lebesgue dominated
convergence that∫

Cn\U
(ν + 1)n| (1 + s1s2) . . . (1 + sn−1sn)

(1 + |s1|2) . . . (1 + |sn|2)
|νdι(s1) . . . dι(sn)

is going to 0 as ν is going to infinity. Now we study

(ν + 1)n ×
∫
U

|(f(s1) . . . f(sn)− f(0)n)
(1 + s1s2) . . . (1 + sn−1sn)

(1 + |s1|2) . . . (1 + |sn|2)
|νdι(s1) . . . dι(sn).

We see that for (s1, . . . , sn) ∈ U we have

|f(s1) . . . f(sn)− f(0)n| < ϵ.

As a consequence of Lemma 4.4 the integral

(ν + 1)n
∫
U

∣∣∣∣ (1 + s1s2) . . . (1 + sn−1sn)

(1 + |s1|2) . . . (1 + |sn|2)

∣∣∣∣ν dι(s1) . . . dι(sn)
is bounded by R = 22n . This bound holds for each neighbourhood U . Thus there
is some ν0 such that for ν ≥ ν0

|(ν + 1)nRν(R
∗
ν(f)

n)(0)− f(0)n| < ϵ+Rϵ.

The result follows like in Proposition 4.1.
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We combine everything to get the following Theorem.

Theorem 4.6. For f ∈ C(CP1) there is trace convergence

lim
ν→∞

1

ν
Tr(T ν

µ,k(R
∗
µ(f))

n) =

∫
C
Eµ,k(f)

ndι(z).

Proof. We define gν := (νBµ+ν−2k)
−1Eν

µ,k(f) and g := Eµ,k(f) .
By Proposition 4.2 we have that gν converges to g uniformly. Note that here we
have exchanged ν + µ− 2k + 1 for ν as per Remark 3.3. We see

||νnRµ+ν−2k(R
∗
µ+ν−2k(gν)

n)− gn||∞
≤ ||νnRµ+ν−2k(R

∗
µ+ν−2k(gν)

n)− νnRµ+ν−2k(R
∗
µ+ν−2k(g)

n)||∞
+ ||νnRµ+ν−2k(R

∗
µ+ν−2k(g)

n)− gn||∞
≤ ||νnRµ+ν−2k(R

∗
µ+ν−2k(gν)

n −R∗
µ+ν−2k(g)

n)||∞
+ ||νnRµ+ν−2k(R

∗
µ+ν−2k(g)

n)− gn||∞.

By Proposition 4.5 we have

lim
ν→∞

||νnRµ+ν−2k(R
∗
µ+ν−2k(g)

n)− gn||∞ = 0.

Now we see that

|A(z, z)| = |〈A,Kz ⊗Kz〉B(Hν)| ≤ ||A|| · ||Kz ⊗Kz|| = ||A||(1 + |z|2)ν ,

so that ||Rν(A)||∞ ≤ ||A||B(Hν) . Furthermore, as νR∗
µ+ν−2k(f) is cνTf , Tf being

the Toeplitz operator and cν = ν
ν+µ−2k+1

, we see that

||νR∗
µ+ν−2k(f)||B(Hν) ≤ cν ||f ||∞,

and limν→∞ cν = 1 . It follows that

lim
ν→∞

||νnRµ+ν−2k(R
∗
µ+ν−2k(gν)

n −R∗
µ+ν−2k(g)

n)||∞

= lim
ν→∞

||Rµ+ν−2k(T
n
gν − T n

g )||∞ = 0.

Thus we conclude that

lim
ν→∞

||νnRµ+ν−2k(R
∗
µ+ν−2k(gν)

n)− gn||∞ = 0.

Now by equation (6)

1

ν
Tr(T ν

µ,k(R
∗
µ(f))

n) =
1

ν
Tr(νn(R∗

µ+ν−2k(νBµ+ν−2k+1)
−1Eν

µ,k(f))
n)

= νnc−1
ν

∫
C
Rµ+ν−2k(R

∗
µ+ν−2k((νBµ+ν−2k)

−1Eν
µ,k(f))

n)(z)dι(z)

= νnc−1
ν

∫
C
Rµ+ν−2k(R

∗
µ+ν−2k(gν)

n)(z)dι(z).
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As dι is a bounded measure

lim
ν→∞

νnc−1
ν

∫
C
Rµ+ν−2k(R

∗
µ+ν−2k(gν)

n)(z)dι(z)

=

∫
C
gndι(z) =

∫
C
Eµ,k(f)

ndι(z).

The result follows.

Now we prove our main result.

Theorem 4.7. Let ϕ ∈ C([0, 1]). Then

lim
ν→∞

1

ν
Tr(ϕ(T ν

µ,k(R
∗
µ(f)))) =

∫
C
ϕ(Eµ,k(f))dι(z),

for f ∈ C(CP1) such that R∗
µ(f) is positive and

∫
C f(z)dι(z) = 1.

Remark 4.8. We observe that the condition
∫
C f(z)dι(z) = 1 is equivalent to

the condition Tr(R∗
µ(f)) = 1 . Note that the eigenvalues of T ν

µ,k(R
∗
µ(f)) are smaller

than or equal to ||R∗
µ(f)|| for all ν . We get this as

||T ν
µ,k(R

∗
µ(f))|| = ||Pk(R

∗
µ(f)⊗ Iν)P

∗
k || ≤ ||R∗

µ(f)||.

Note also that
||R∗

µ(f)|| ≤ Tr(R∗
µ(f)),

as R∗
µ(f) is positive, and Tr(R∗

µ(f)) = 1 .
Thus the functional calculus ϕ(T ν

µ,k(R
∗
µ(f))) for ϕ ∈ C([0, 1]) is well defined.

Note also that ϕ(Eµ,k(f)) is well defined by Lemma 3.8.

Proof. We use Weierstrass’ theorem on the density of polynomials in C([0, 1]) .
Let ϕ ∈ C([0, 1]) and {pn}n a sequence of polynomials such that

lim
n→∞

||ϕ− pn||∞ = 0.

Observe ∣∣1
ν
Tr(ϕ(T ν

µ,k(R
∗
µ(f))))−

∫
C
ϕ(Eµ,k(f))dι(z)

∣∣
≤

∣∣1
ν
Tr((ϕ− pn)(T ν

µ,k(R
∗
µ(f))))

∣∣
+
∣∣1
ν
Tr(pn(T ν

µ,k(R
∗
µ(f))))−

∫
C
pn(Eµ,k(f))dι(z)

∣∣
+
∣∣ ∫

C
(pn − ϕ)(Eµ,k(f))dι(z)

∣∣.
By Theorem 4.6 we know

lim
ν→∞

1

ν
Tr(pn(T ν

µ,k(R
∗
µ(f)))) =

∫
C
pn(Eµ,k(f))dι(z).
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Furthermore

lim
n→∞

∣∣∣ ∫
C
(pn − ϕ)(Eµ,k(f))dι(z)

∣∣∣ ≤ lim
n→∞

∫
C
||pn − ϕ||∞dι(z) = 0.

Now let {λi}µ+ν−2k
i=1 be the eigenvalues of (ϕ− pn)(T ν

µ,k(R
∗
µ(f))) . We see that

||(ϕ− pn)(T ν
µ,k(R

∗
µ(f)))|| ≤ ||ϕ− pn||∞,

and thus for all i |λi| ≤ ||ϕ− pn||∞.

We conclude that

|1
ν
Tr((ϕ− pn)(T ν

µ,k(R
∗
µ(f))))| ≤

ν + µ− 2k + 1

ν
||ϕ− pn||∞,

and thus that lim
n→∞

|1
ν
Tr((ϕ− pn)(T ν

µ,k(R
∗
µ(f))))| = 0.

This proves that
lim
ν→∞

1

ν
Tr(ϕ(T ν

µ,k(R
∗
µ(f)))) =

∫
C
ϕ(Eµ,k(f))dι(z).

We study Eµ,k to find its spectral decomposition under the decomposition

L2(CP1) =
∞⊕
k=0

H̃2k.

It is a sum of Berezin transforms and thus SU(2)-invariant. Schur’s lemma says it
will act by a constant on each of the irreducible subspaces H̃2m ⊆ L2(CP1) . We can
compute this constant precisely.

Theorem 4.9. The operator Eµ,k acts as the constant

(−1)k
(
µ
k

)
(µ!)23F2(−k,−m− µ− 1,m− µ;−µ,−µ; 1)

(µ−m)!(µ+m+ 1)!

on the space H̃2m ⊆ C∞(CP1), where 0 ≤ m ≤ µ. If m > µ it acts as 0.

Proof. We recall the operator Eµ,k from Definition 3.7. From equation (5) and
the definition of Eµ,k it is clear that it acts as 0 when m > µ . Now we study what
happens for 0 ≤ m ≤ µ . By equation (4) Bτ acts as the constant

(τ !)2

(τ +m+ 1)! · (τ −m)!

on H2m , and thus Eµ,k acts as the constant(
µ

k

) µ−m∑
l=0

(−1)k−l

(
k

l

)
((µ− l)!)2

(µ− l +m+ 1)! · (µ− l −m)!
.

This is also equal to(
µ

k

)
(−1)k

µ−m∑
l=0

(−1)l
(
k

l

)
((µ− l)!)2

(µ− l +m+ 1)! · (µ− l −m)!
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=

(
µ

k

)
(−1)k

(µ!)2

(µ+m+ 1)!(µ−m)!

µ−m∑
l=0

(−1)l
(µ+m+ 1)l−(µ−m)l−(k)

l
−

((µ)l−)
2l!

=

(
µ

k

)
(−1)k

(µ!)2

(µ+m+ 1)!(µ−m)!

µ−m∑
l=0

(−µ−m− 1)l(−µ+m)l(−k)l
((−µ)l)2l!

=
(−1)k

(
µ
k

)
(µ!)23F2(−k,−m− µ− 1,m− µ;−µ,−µ; 1)

(µ−m)!(µ+m+ 1)!

This proves our theorem.

We note that we have used the eigenvalues of the Berezin transform Bµ to compute
the eigenvalues of Eµ,k . For the non-compact dual of CP1 , namely the open unit disk
and for general bounded symmetric domains, Unterberger and Upmeier [17] have
found the eigenvalues of the Berezin transform. We shall study the corresponding
questions about quantum channels for bounded symmetric domains in a future work.
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