Journal of Lie Theory
Volume 34 (2024) 735-751
© 2024 Heldermann Verlag

Respectful Decompositions of Lie Algebras
Grant Cairns and Yuri Nikolayevsky

Communicated by A. Fialowski

Abstract. One of Pierre Molino’s principal mathematical achievements was his theory of
Riemannian foliations. One of his last papers, published in 2001, showed that his theory could
be extended to a large class of non-integrable distributions. The key example here is that of a
respectful decomposition of a Lie algebra g; this is vector space decomposition g = H + V such
that [V, H] C H. This paper will examine the basic properties of respectful decompositions.
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1. Introduction

It was shown in [6] that Molino’s theory of Riemannian foliations extends to a large
class of non-integrable distributions. In the general case, a very similar procedure is
pursued to the Riemannian case. We will not go into this construction here; details
can be found in [6]. However the basic idea is to first lift to the transverse frame
bundle, and then restrict to the orbit closures. In the Riemannian foliation case
this ultimately reduces to the study of Lie foliations, in the sense of Fedida [10]. In
the general case, one is lead to the similar situation, the simplest form of which is
provided by the following simple homogeneous structure.

Definition 1.1.  An ordered pair (H,V) of complementary vector subspaces of
a Lie algebra g are said to form a respectful decomposition of g if [V, H|] C H. In
this case, we say that V' respects H .

On a Lie group G corresponding to g, we identify H and V with left-invariant
distributions on G. Suppose V respects H and consider a left-invariant Riemannian
metric for which H is orthogonal to V. When H is a subalgebra, H defines a
Riemannian foliation on G; in fact, H defines a transversally parallelizable foliation
[13]. When V is a subalgebra, V' defines a totally geodesic foliation on G; in fact,
V' defines a tangentially parallelizable foliation [1]. In the general case, even when
V' is not a subalgebra, V is totally geodesic in the sense that every geodesic of G
tangent to V' at one point will remain everywhere tangent to V' [6]. For a nice
account of totally geodesic non-integrable distributions, see [14].
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Note that when H is a subalgebra, the respectful decomposition hypothesis implies
that H is an ideal. Conversely, if H is an ideal, then V respects H for every choice
of complementary subspace V. So for respectful decompositions, the case where H
is a subalgebra is well understood.

In the case where V' is a subalgebra, the situation is nontrivial. There are several
known results, especially in the nilpotent case, and there are several open problems.
We will survey the situation in Section 2. The main focus of this paper is to make
a preliminary examination of the case where g is nilpotent and neither H nor V is
a subalgebra.

Definition 1.2.  Suppose that (H,V) is a respectful decomposition of a Lie
algebra g. We say that (H,V) is open if neither H nor V is a Lie subalgebra
of g.

If (H,V) is open, then obviously dim V' > 2. The following theorem shows that the
condition for a nilpotent Lie algebra g to admit an open respectful decomposition
(H,V) with dim V' = 2 can be expressed solely in terms of V.

Theorem 1.3.  Suppose that a nilpotent Lie algebra g has an open respectful
decomposition (H,V') with dimV = 2. Then the following conditions hold:

(a) [V,V]#0,
(b) VN[V,gl =0,
(c) V.ol # [g, 9]

Conversely, given a subspace V' C g of dimension 2 that satisfies (a), (b) and (c),
there exists H C g such that (H,V') is an open respectful decomposition of g.

As we show in Theorem 5.2, no nilpotent Lie algebra of dimension at most 5 admits
an open respectful decomposition. For algebras of dimension 6 we have the following
result.

Theorem 1.4. Up to isomorphism, there are exactly 17 nilpotent Lie algebras
of dimension 6 that admit an open respectful decomposition with (H,V') satisfying
dimV =2, dimH =4.

Explicit details of the 17 algebras of Theorem 1.4 are given in Section 4; see Table 1.
If (H,V) is open, then obviously dim H > 2. In fact, we see in Lemma 3.5(f) that
the case dim H = 2 is impossible for open respectful decompositions. Together with
Theorem 1.4, the following result gives a complete classification of nilpotent Lie
algebras of dimension 6 admitting an open respectful decomposition.

Theorem 1.5.  Suppose that is a 6-dimensional nilpotent Lie algebra g possesses
an open respectful decomposition (H,V') with dim H = 3. Then the following
conditions hold:

(a) g doesn’t have a codimension one Abelian ideal,
(b)

(c) the vector space sum (g, 9] + Z(g) has dimension <3,
(d) of dim Z(g) =1 and dim[g, g] = 3, then [g,[g, (g, 9]]] # 0.

the center Z(g) of g has dimension < 2,
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Up to isomorphism, there are exactly 14 nilpotent Lie algebras of dimension 6
satisfying the above four conditions. Conuversely, each of these 14 algebras possesses
an open respectful decomposition (H,V') with dim H = 3.

Explicit details of the 14 algebras of Theorem 1.5 are given in Section 5; see Table 2.

Definition 1.6. We say that a decomposition (H,V) of a Lie algebra g is
mutually respectful if V respects H, and H respects V.

Corollary 1.7.  If a 6-dimensional nilpotent Lie algebra g has an open mutually
respectful decomposition (H,V'), then either g = hs ® b3 or g =R @ bs.

Notation. The Lie algebras in this paper are real and finite dimensional. For
a set {xy,...,x,} of elements of a vector space, their linear span is denoted
Sp(z1,...,x,). We will refer to the Heisenberg algebras ha,41, which have basis
{zi,yi,2 0 i =1,...,n}, and relations [z;,y;] = z for i = 1,...,n. We also use
the 4-dimensional filiform algebra f, which has basis {z1,...,z4}, and relations
[Il,ZL’Q] = I3, [l‘l,ZEg] = T4.

2. The case where V respects H and V is a subalgebra

In this section we consider the case where (H, V') is a respectful decomposition of
Lie algebra g and V is a subalgebra of g. The particular case where dimV = 1,
say V = Sp(v), has naturally received considerable attention. Here v determines a
geodesic vector field on the Lie group G corresponding to g, for any left-invariant
Riemannian metric for which H is orthogonal to V. Such an element v is also
called a homogeneous geodesic in the literature. Note that for such an element, the
orbit through the identity element is a geodesic and at the same time a subgroup of
G. Let us fix some terminology. Recall that a metric Lie algebra is a Lie algebra g
equipped with an inner product (,).

Definition 2.1.  For a metric Lie algebra (g, (,)), a non-trivial element v of g is
called a geodesic if the span V' := Sp(v) of v respects the orthogonal complement
V5Lof V.

One has the following basic result.

Lemma 2.2. [2] If g is a Lie algebra and Y € g is nonzero, then there is an inner
product (,) on g for which Y is a geodesic if and only if there does not exist X € g
with [X,Y] =Y.

The existence of geodesics for a given inner product was proven by Kaizer; see
(11, 12, 8.

Theorem 2.3. (Kaizer) FEvery metric Lie algebra possesses a geodesic.

The existence of geodesics involves a number of interesting subtleties. It is easy to
see that if a Lie algebra g possesses an inner product with an orthonormal geodesic
basis, then g is necessarily unimodular. All semisimple Lie algebras have an inner
product with an orthonormal geodesic basis [12], and so too do all nilpotent Lie
algebras [5]. In [5], it was proved that for every unimodular Lie algebra of dimension
< 4, every inner product has an orthonormal geodesic basis, and an example was
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given of a 5-dimensional unimodular Lie algebra that has no orthonormal geodesic
basis for any inner product; nevertheless this algebra does have a (nonorthonormal)
geodesic basis for a certain inner product.

Problem 2.4. [5] Does every unimodular Lie algebra possess an inner product
having a geodesic basis?

Problem 2.5. [4] Which unimodular Lie algebras possess an inner product having
an orthonormal geodesic basis?

It is easy to find examples of nonunimodular Lie algebras that possess an inner
product having a geodesic basis, and others that don’t.

Problem 2.6. [4] Which nonunimodular Lie algebras possess an inner product
having a geodesic basis?

Here are some of the results of [4]:

e Problem 2.4 is resolved (in the affirmative) for Lie algebras having an Abelian
derived algebra, and for unimodular solvable Lie algebras with an Abelian
nilradical,

o Problems 2.4, 2.5 and 2.6 are resolved for Lie algebras having a codimension
one Abelian ideal, and for Lie algebras of dimension 2n having a codimension
one ideal isomorphic to the Heisenberg Lie algebra of dimension 2n — 1.

o Problem 2.6 is resolved for Lie algebras of dimension < 4.
o Problems 2.4 and 2.5 are resolved for Lie algebras of dimension < 5.

That completes our discussion of the geodesic case. Now suppose (H,V) is a re-
spectful decomposition of Lie algebra g and V' is a subalgebra of g, and dimV > 1.
Remarkably little work has been done on this subject. Here is one known result.
Recall that a nilpotent Lie algebra g of dimension n is said to be filiform if it
possesses an element of maximal nilpotency; that is, there exists X € g with
ad" *(X) # 0, where ad(X) : g — g is the adjoint map ad(X)(Y) = [X,Y].

Theorem 2.7. ([2, Theorem 1.16] Suppose that (H, V') is a respectful decomposi-
tion of a filiform Lie algebra g and that V' is a subalgebra. Then dimV < |dimg/2].

In fact, for some algebras, the bound dimV < [dimg/2]| is not attained. The
following example can be deduced from [2, Theorem 1.19].

Example 2.8.  For the 6-dimensional filiform Lie algebra g with relations
[l’],xi]lequ, fOfiZQ,...,5,
[x27x3] = —Te,

there is no respectful decomposition (H,V') for which V is a subalgebra satisfying
dimV = 3. [

We remark that the respectful decompositions where V' is a subalgebra are a special
case of a more general structure that has been studied. Suppose that a metric
Lie algebra (g,(,)) has a subalgebra V. Then V is said to be totally geodesic
if ([h,v1],v2) + (v1, [h,va]) = 0 for all vy, v, € V,h € VL. Obviously, V is totally
geodesic when (V1, V) is a respectful decomposition. For results on totally geodesic
subalgebras, see [2, 3].
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3. Open respectful decompositions; basic facts

Suppose that (H,V) is a respectful decomposition of a Lie algebra g. As we
remarked in the Introduction, the case where H is a subalgebra is well understood.
In the previous section we surveyed the case where V' is a subalgebra. In this section
we suppose that (H, V') is open, i.e., neither H nor V is a subalgebra.

Lemma 3.1. g cannot have a codimension one Abelian ideal.

Proof. Suppose that g has a codimension one Abelian ideal a. As V is not a
subalgebra, V' ¢ a, so there exists v € V with v € a. Similarly, there exists h € H
with h &€ a. Then h = av+w, where a # 0 and w € a, and H = Sp(h) ® Hy, where
Hy= HnNa. But then H D [V, H| D [v, Hy] = [h, Hy| = [H, H], a contradiction. =

Definition 3.2. We introduce three vector subspaces of g:
Hy = Sp{ryv,v] : v,v" € V},
Vy = Sp{nv|h,h'] : h,h' € H},
Ky={heH : mylh,h'] =0, forall W € H}.

Remark 3.3.  Obviously, if H is not a subalgebra of g, then dim Ky < dim H—2.

Note that the bracket my[.,.] makes V into a Lie algebra; indeed, the only point
that needs verifying here is the Jacobi identity. If vy, ve,v3 € V', then as V' respects

H, one has
WV[Ula 7TV[712, Usﬂ = Wv[vh [U27U3H-

Hence the Jacobi identity follows from that of g.

Definition 3.4.  We denote by V the Lie algebra structure on V' given by the
bracket my[.,.].

Using only the Jacobi identity, one has:

Lemma 3.5.

a) Ky is a subalgebra of g,

b) [V,Ku| C Kg,

c) Hy C Ky,

d) Vg is an ideal of V,

e) H:=H+Vy is an ideal of g,

£) dimH >3,

(g) if dim H =3, then Hy = Ky and dim Hy = 1.

Proof. (a). Let hy,hy € Ky. Since hy € Ky, we have [hy,hs] € H. Let ¥ € H.

Then [hy,h'] € H so |he, [h1, /]| € H. Similarly, [hy, [he, '] € H. Thus the Jacobi
identity gives [[h1, ho], h'] € H, as required.

(b). Let h € Ky,v € V. Since V respects H, we have [h,v] € H. Let h' € H.
Since h € Kg, we have [h,h'] € H so [v,[h,}]] € H. Similarly, [h,[v,h']] € H.
Thus the Jacobi identity gives [[h,v], k'] € H, as required.

(c). Suppose v,v" € V and set h = my[v,'].
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Because V respects H, for all b’ € H the Jacobi identity gives
0= 7rV(va UI]’ hl] + Hh/’ U]v Ul] + HU/» h/]v U]) =Tv HU? Ul]? h/] = WV[WH[% Ul]? h/]

= T‘-V{ha hl]a
so h € Ky. It follows that Hy C Kgy.

(d). Let hy,hy € H and let w := my[hy, ha|. Suppose that v € V. As V respects
H, the Jacobi identity gives

7Tv[U, U)} = 7TV[U7 [h’lv hQH = WV[[Uv h’lL hQ] + ﬂ-V[hlv [U, hg]] €Vu.
So (d) holds. (e) follows from (d) since V' respects H.

(f). As H is not Lie subalgebra of g, it has dimension at least two. We assume that
dim H = 2 and we will derive a contradiction. Since dim H =2 and H is not a Lie
subalgebra of g, we have Ky = 0, by Remark 3.3. But this is impossible by (b),
since Hy # 0.

(g). As V is not a subalgebra, we have Hy # 0. As dimH = 3 and H is not
a subalgebra, we have dim Ky < 1, by Remark 3.3. But Hy C Ky by (b). So
HV = KH |

Example 3.6. Consider the non-unimodular solvable Lie algebra g of dimen-
sion 5 with basis w1, xs,y1,¥e, 2 and relations [z1,y1] = 2, [z2,¥2] = 2z + yo. Let
H = Sp(x1,y1,2 + y2) and V = Sp(xq,y2). Clearly, (H,V) is an open respectful
decomposition of g, the algebra V is Abelian, and dim|[g, g] = 2. [

Example 3.7. Consider the non-unimodular solvable Lie algebra g of dimension
5 with basis vy, v, hi, ho, hg and relations:

[v1,v2) = v1 + hg,  [h1,ho] =v1 4+ hg,  [h1,v2] = Iy

Let H = Sp(hq, hs, hs) and V = Sp(vy,vy). Clearly, (H,V) is an open respectful
decomposition of g, the algebra V is not Abelian, and dim|g, g] = 2. [

Example 3.8.  Consider the non-unimodular solvable Lie algebra g of dimension
5 with basis vy, v, hi, ho, hg and relations:

[U1,U2] = —2v; — 2hs, [hh h2] = v + hs, [Uz, h1] = hy, [02,h2] = ho.

Let H = Sp(hy, he, hy) and V = Sp(vy,ve). Clearly, (H,V) is an open respectful
decomposition of g, V is not Abelian, and dim[g, g] = 3. n

Problem 3.9. Classify all Lie algebras g of dimension 5 that have an open
respectful decomposition.

Lemma 3.10.  Suppose that a Lie algebra g has an open respectful decomposition
(H,V) and that dimV = 2. Then dim[g, g] > 2.

Proof.  Suppose that dim[g,g] = 1, with [g,g] = Sp(z), say. Let z = h + v,
where h € H and v € V. Since neither H nor V is a Lie subalgebra of g, we have
v and h are both nonzero. In particular H N [g,g] = 0. Choose hy,hy € H such
that [hy, he] = z. Since dimV = 2, we can choose v' € V such that [v/,v] = z. For
i =1,2,since V respects H, we have [v', h;] € H, so [/, h;] = 0 since [V/, h;] € [g, g]
and H N g, g] = 0. Similarly, [v/, h] = 0.
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Therefore, the Jacobi identity gives
0= [U/a [hh h2]] + [h'la [h2>vl]] + [h27 [U/a hl]]
= [/, [h1, ho]] = [V, 2] = [V, h + 0] = [V, 0] = 2,

which is a contradiction. ]

Example 3.11. Consider the Lie algebra g of dimension 6 formed from the
direct sum of R with the five dimensional Heisenberg algebra bh5: g has basis
T, Vi, z,w, for i = 1,2, and relations |[x;,y;] = 2. Let H = Sp(zy,y1,2 + w)
and V' = Sp(xq,ys, 2 — w). Clearly, (H,V) is an open respectful decomposition of
g. Note that in this case, the derived algebra [g, g] = Sp(z) has dimension one.

Lemma 3.12.  Suppose that a Lie algebra g has an open respectful decomposition
(H,V) and that dim H = 3. If dimg = 5,6 or 8, then dim[g,g] < dimg—1.

Proof.  Arguing by contradiction, suppose that [g, g] = g; i.e., g is perfect. Since
dim H = 3 and neither H nor V is a Lie subalgebra, by Lemma 3.5(g) we necessarily
have dim Hy =1 and dim Vg = 1. So dim(H +Vy) = 4. By Lemma 3.5(e), H+ Vg
is an ideal of g. Consider the quotient algebra q := g/(H+Vy), which has dimension
dim g — 4. Since, g is perfect, q is perfect. But it is well known and easy to prove
that there are no perfect Lie algebras of dimension 1, 2 or 4. This gives the required
condition on dimg. [ |

Theorem 3.13.  Suppose that a unimodular Lie algebra g of dimension five has an
open respectful decomposition (H, V). Then the derived algebra [g,g] has dimension
3 or 4.

Proof. From Lemma 3.12, we have dim[g,g] < 4, and from Lemma 3.10, we
have dim[g,g] > 2. Suppose that dim[g,g] = 2. From Lemma 3.5(f), we have
dim H > 3 and so as dim g = 5 and neither H nor V' is a Lie subalgebra, dim H = 3
and dimV = 2. As V is not a Lie subalgebra and dimV = 2, we have that
dim Hy = 1. Choose a basis hy, he, hy for H so that Hy = Sp(hs). So by Lemma
3.5(c), Vg = Sp(my[h1, he]). In particular, dim Vg = 1.

First suppose that V is not Abelian. So the derived algebra my/[V, V] has dimension
one. Thus, as dimVy = 1 and by Lemma 3.5(d), Vy is an ideal of V, we have
Vg = my[V,V]. Choose basis elements vy, vy for V' such that my|hy, ho] = vy and
[U1, V2] = V2 + h3.

Since [g, g] € Sp(hq, he, h3,ve) and dim[g, g] = 2, we have [g, g] = Sp(va+hs, h), for
some h € H. So HNI[g, g| = Sp(h). Thus, as V respects H, we have [vy, h;] € Sp(h)
for © = 1,2,3. The Jacobi identity gives

[[Uh hl]) h2] + [hla [vla h2]] — [Ula [h17 h?]] (1)
If h € Sp(hs), then the LHS of (1) belongs to H by Lemma 3.5(c), while for the RHS
we have 7y [vy, [hi, ho]] = Ty [v1, ve] = vg, giving a contradiction. So h & Sp(hs).

We have [v1, h] = rh for some r € R. Choose h' € H such that h,h', hs is a basis
for H, and such that my[h/, h] = vy. The Jacobi identity gives

[[Uh h/], h] + [hlv [Uh h” = [Ulﬂ [h/7 h]] (2)



742 CAIRNS AND NIKOLAYEVSKY

As [vy, 1] € Sp(h), the V' component of the LHS of (2) is
v |, [v1, h]] = wy W, Th] = rou,.

The V' component of the RHS of (2) is my[v1,ve] = v2. So r = 1. From the above
considerations, we have

[vla UQ] = Vg + h37 [vla h] = h‘? [Ula h/] € Sp(h)a [vb hB] € Sp<h)7

so ad(vy) has trace 2, contradicting the hypothesis that g is unimodular. We
conclude that V is Abelian.

Choose basis elements vy, vy for V so that [vi,vs] = hs and [hy, he] = ve + h, for
some h € H. We have [g,g] = Sp(vs + h, h3). In particular, H N [g, g] = Sp(hs).
Thus, as V' respects H, we have [v, h;] € Sp(hs) for all v € V and i = 1,2, 3. Since
g is unimodular and V is Abelian, it follows that [v, hs] =0 for all v € V.

For all f € H, the Jacobi identity gives

[Lf, v1], v2] + [v1, [f, vo]] = [, [v1, va]]. (3)

The LHS is 0, since [f,v;] € Sp(hs) for i = 1,2, and [v,h3] =0 for all v € V. The
RHS is [f, hs]. Hence [f, hs] =0 for all f € H.

The Jacobi identity also gives
[[v1, 7], ho] + [, [vr, ho]] = [v1, [ha, ha]]. (4)

Since [vy1, h;] € Sp(hs) for i = 1,2 and [f,hs] =0 all f € H, the LHS of (4) is 0.
The RHS is [vy, [h1, ho]] = [v1,v2 4+ h] = hs+ [v1, h]. So [v1, h] = —hs. In particular,
since [v1,h3] = 0, we have h ¢ Sp(hz). Choose h' € H such that h,h' hs is a
basis for H, and furthermore, that [h',h] = [h1,hs] = vy + h. From the above
considerations, we have

[h/, Ul] c Sp(hg), [h/, UQ] S Sp(h3), [h/7 h] = V2 + h, [h/, h3] = 0,

so ad(h') has trace 1, contradicting the hypothesis that g is unimodular. This
concludes the proof. [ |

Remark 3.14. Note that dim[g,g] = 2 can occur in the non-unimodular case;
see Examples 3.6 and 3.7.

We will show below in Theorem 5.2 that not all unimodular Lie algebras of dimen-
sion five having a derived algebra of dimension 3 or 4, possess an open respectful
decomposition. First note that even though in general V is not a subalgebra of g,
and the map 7y : g — V is not a Lie algebra homomorphism, we have:

Lemma 3.15.  If g is nilpotent, then V is nilpotent.

Proof. If g is nilpotent, then for all v € V' the map ad(v) is nilpotent and hence
the map 7y o ad(v) is nilpotent. So g is nilpotent by Engel’s theorem. [

Example 3.16. Consider the Lie algebra g = b3 & b3 of dimension 6 formed
from the direct sum of two copies of the 3-dimensional Heisenberg algebra hs: g
has basis x;, y;, z;, for i = 1,2, and relations [z;,y;] = z;. We give two examples:
(a). Let H = Sp(z1,y1,22) and V = Sp(wa,y2,21). Clearly, (H,V) is an open
respectful decomposition of g. In this case, the Lie algebra V' is Abelian.
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(b). Let H = Sp(z1,y1,21 + 22) and V' = Sp(zg,ys,21 — 22). Clearly, (H,V)
is an open respectful decomposition of g. In this case, V is isomorphic to the
3-dimensional Heisenberg algebra bs. [ |

4. Open respectful decompositions with g nilpotent and dimV = 2

Proof of Theorem 1.3. Suppose (H, V') is an open respectful decomposition of
g with dimV' = 2. Assertion (a) follows by definition. Moreover, from Lemma 3.15
we have [V,V] C H. Then [V, g] € H which implies assertion (b). If [V, g] = [g, g],
then [g,g] C H, and so [H, H] C H. This contradiction proves assertion (c).

Conversely, suppose V' C g is a subspace of dimension 2 that satisfies (a), (b) and (c).
If V' were a subalgebra, then by (b) we would have had [V, V] = 0 contradicting (a).
To construct H, consider the quotient linear space W = g/[V,g]. Let 7 : g — W
be the natural projection, and denote m = dim W . Note that the codimension
of [g,g] in g is at least 2, as g is nilpotent. As [V, g] is a proper subspace of
lg,9], we get m > 3. The subspace m(V) C W has dimension 2 by (b), and
so the set Sy of (m — 2)-dimensional subspaces which complement 7(V') to W is
an open and dense subset in the Grassmannian G(m — 2,W). Moreover, by (c)
we have w[g,g] # 0, and so the set Sy of (m — 2)-dimensional subspaces which
do not contain 7[g, g] is also open and dense in G(m — 2,W). Take any element
H' € 51NSy and define H = 7 '(H'). We have H®V =g, as m(V)®& H' =W and
the restriction of 7 to V is injective. Furthermore, [V, H] C [V,g] = n'(0) C H,
and w[H,H| C «lg,9] £ H = n(H), as H € Sy. This implies that [H,H] € H
which completes the proof. [ |

We remark that any linear subspace that complements V' in g, contains [V, g] and
does not contain [g, g] can serve as H.

As an application of Theorem 1.3, we prove the following proposition which covers
a fairly large class of nilpotent algebras.

Proposition 4.1.  Suppose the derived algebra [g,g] of a nilpotent algebra g is
non-Abelian, and that dimlg, g| —dim|[g, [g, g]] > 2. Then g admits an open respectful
decomposition (H,V') with dimV = 2.

Note that dim[g, g] —dim[g, [g, g]] > 1 for any nilpotent, non-Abelian Lie algebra g.

Proof.  Choose two vectors vy, ve € [g, g] which are linearly independent modulo
lg,]9,9]] and define V' = Sp(vi,v9). The set of so constructed 2-dimensional
subspaces V' C [g,g] is open and dense in the Grassmanian G(2,]g,g]), and so
if [V,V] = 0 for all of them, then [g,g] is Abelian contradicting the assumption.
Therefore without loss of generality we can assume that [V, V] # 0, and so V' satisfies
condition (a) of Theorem 1.3. Moreover, as V' C g, g], we have [V.g] C [g,[g,9]].
which shows that V' also satisfies conditions (b) and (c) of Theorem 1.3. ]

A similar construction works if we replace [g,g] by any other term of the central
descending series of g (except for g itself), and [g, [g, g]], by the subsequent term.

Remark 4.2. Examples of Lie algebras admitting no open respectful decom-
position with (H,V) with dimV = 2 include algebras whose derived algebra is
1-dimensional (by Lemma 3.10) and algebras having a codimension 1 Abelian ideal
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(by Lemma 3.1). There are many other 2-step nilpotent Lie algebras having no open
respectful decomposition (H,V) with dimV = 2, for example, the nonsingular 2-
step nilpotent Lie algebras [9].

Algebra Relations [g, g] basis V basis [V, g] basis

L6,10 [351, 552] = I3, [351, 333] = Tg, €3, Te X4, Ts Te
[3’34,%] = Tg
L6,11 [Il, Iz] = I3, [371, $3] = T4, X3,T4,Te X2,Ts €3, Te
(71, 24] = T6, [2, 73] = 76,
[952,5C5] = Tg
L6,12 [351, 36‘2] = I3, [1‘1, 903] = T4, x3,T4,Te X2,Ts €3, Tg
[11, I4] = Tg, [172, 905] = Tg
L6,13 [151, 3’52] = I3, [1‘1, l‘:s] = Ts, x3,Ts5,Te €3, T4 Ts5,Tg
[332,334] = Ts, [3717335] = Tg,
[5103,334] = Tg

L 14 [r1, Xo] = x3, [x1, 23] = 24, | x3,24, 5, T6 Ty + T3, T4 T3 + T4, Ts, Te
{$1,.’II4] = Ts, [.73'2,373] = s,
[3527%5] = Tg, [$3,$4] = —T¢

L6,15 [551, 352] = I3, [C/Ul, $3] = Ty, | T3,T4,T5,T¢ T, Ty I3, Ts5,Tg

{1‘1,1‘4] = Ts, [f,UQ,fL'g] = Ts,
(21, 75] = w6, [2, 24] = 26

L6,16 [201, 1’2] = 553, [fl’h 333] = T4, | T3,T4,T5,Tg X2,Ts X3, Te
[$1,174] 59 [ ] = Tg,
[563,334] —336
Le 17 [T1, T2] = x5, (01, 03] = T4, | 3,24, 25,26 | T2+ T4, T3 | T3+ T3, T4, Tg

[331,334] = 3357 [3517355] = Tg,
[$2,$3] = Te

L6’19(€) [(El, (EQ] = X4, [xl, (Eg] = Is, Ty, T5,Tg To, Ty + Iy T4, Tg
e=0,£1| [zg, x4] = xg, [x3, 5] = €x4
L6,20 [5E1, $2] = T4, [551, $3] = Ts, Ty, Ts5,T¢ T2, Tq + T Ty, Te
[5101, 3U5] = Tg, [ZCQ, $4] = Tg
Lg21(€) [T1, Xo] = x3, [x1, 23] = 24, | X3, 24,25, T6 x1,T4 + T T3, T4, Te
e=0,£1| [22, 23] = x5, [¥1, 24] = g,
[T, x5] = €xg
L6,22(1) [xl, .iCQ] = s, [(L‘l, Ig] = g, T5,Tg I + Ty, T2 — I3 T — Tg
[3327 304] = Tg, [1’3, 1’4] = T5
L6,24(1) [151, xg] = X3, [(L‘l, {Eg] = s, I3, T5,Tg X1+ To, T3 + X4 T3, Ts + Tg

{1‘1,.1'4] = Tg, [I,UQ,IE?,] = Tg,
[9027334] = 5

Table 1: The 17 nilpotent 6-dimensional algebras admitting an open respectful
decomposition (H,V') with dimV =2

Proof of Theorem 1.4. See Table 1, which uses the classification and notation
of de Graaf [7]. For each of these 17 algebras, Table 1 gives the subspace V'; one can
take any linear subspace which complements V' in g, contains [V, g] and does not
contain [g,g] as H. It is easy to verify that for every algebra g listed in Table 1,
the corresponding subspace V' satisfies all three conditions in Theorem 1.3. To see
that the other algebras in de Graaf’s classification do not possess an open respectful
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decomposition, we first note that the algebras R* & Ly1, R* @ Lys and R & Ls 4
have derived algebras of dimension at most 1, and the algebras R* @ Ly 3, R® Ls 7,
R® Lss, Le1s and Lgos have codimension 1 Abelian ideal.

In the remaining cases (for algebras R@& Ly 5, R® Lsg, RBLsg, Le22(0), Leaa(—1),
Lg 23, Le24(0), Lg2a(—1) and Lgog), one can verify that conditions (a) and (c) of
Theorem 1.3 cannot simultaneously be satisfied. To facilitate the calculation, we
note that it suffices to check this for 2-dimensional subspaces V' lying in the span
of the non-central coordinate vectors x; in de Graaf’s presentations.

The calculations for all the algebras follow the same scheme, which we demonstrate
for the two most involved cases, for the algebras Lgos(€), € = 0,—1. From the
defining relations for these algebras (given in the last row of Table 2) we see that
lg, 9] = Sp(xs, x5, 26), and that Z(g) = Sp(xs,x6). For a vector v = 2?21 [iT; We
obtain [v, g] = Sp(pers+ i35+ €Li4Te, 123 — hals — 3T, [1T5+ [UoXe, hols+ €1 Tg) -
For [v,g] not to contain [g, g], we must have p3 —eu? = 0. If e = —1, then any
such v lies in Sp(xs, x4, Ts5, x6), which is an Abelian ideal, so for any 2-dimensional
subspace of Lgo4(—1), either condition (a) or condition (c¢) of Theorem 1.3 is
violated. If e = 0, we have pus = 0. Two vectors v; = Z?:l i, Vg = Zle v;x; with
p2 = v = 0 do not commute when pyv5—pusvy # 0. But then [vy, g]+[v2, 8] = [g, 9],
so no 2-dimensional subspace V' C Lgo4(0) may satisfy both condition (a) and
condition (c¢) of Theorem 1.3. ]

It is curious to observe the sensitivity of the existence of the decomposition to
the ground field: the algebras Lgo2(—1) and Lga4(—1) over C are isomorphic to
the algebras Lg22(1) and Lg24(1), respectively, and as such, admit open respectful
decompositions (H,V) with dimV = 2.

5. Open respectful decompositions with g nilpotent and dim H = 3

In this section we will suppose that g is a nilpotent Lie algebra having an open
respectful decomposition (H,V), and furthermore that H has dimension 3. We
have dim Hy = 1 by Lemma 3.5(g). Choose hs € H so that Hy = Sp(hs).

Lemma 5.1.  If g is nilpotent and H has dimension 3, then V' commutes with
Hy . So the subspace V :=V + Hy is a subalgebra of g and Hy is contained in the
center of V.

Proof. Let h € Hv € V. Since Ky = Hy = Sp(h ) we have [h3,h] € H,
o [v,[hs,h]] € H. Similarly, [h,v] € H so [hs, |h,v]] € H. Hence, by the Jacobi
identity,

0= 7TV([h? [U7 h3]] + [h37 [h>UH + [U7 [h37 h]]) - 7-‘-V[h7 [U, h3]]7

so [v,h3] € Ky . So [v, hs] is a multiple of hs. Hence as g is nilpotent, v commutes
with hgz. The required result follows. [ ]

Since hy € Hy = Ky, we have [h3,h| € H for all h € H. Since V respects H, we
have [v,h] € H for all v € V,h € H. Hence the adjoint action of V respects H.
Furthermore, by Lemma 5.1, we have hz € Z(V); i.e., the adjoint action of V on
H sends hg to 0. Let H denote the quotient vector space H/Sp(hsz). The adjoint
action of V induces an action of V of H. Since V is nilpotent, there is a basis
{hy, hy} for H on which the action is lower triangular.
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In other words, there is a basis {hi, he, h3} for H for which
[27 hl] < Sp(h27 h3)7 [Z7 h2] S Sp<h3)7 [27 h3] = 07 (5)

for all z€ V. In particular, as hs €V, we have [hs, hy] € Sp(hs), and so, as H is
nilpotent, [hs, ha] = 0. Notice also that as hy€ Hy and H is not a subalgebra, we
have [hy, ho] ¢ H. We will use the basis {hy, ho, hg} for H for the rest of this paper.

Theorem 5.2.  If g is nilpotent Lie algebra and has an open respectful decompo-
sition (H,V'), then dimg > 6.

Proof. From Lemma 3.5(f), we have dim H > 3 and so dimg > 5. Suppose that
dimg = 5 and dimH = 3. As V is Abelian by Lemma 3.15, and Hy = Sp(hs),
we may choose a basis {vy,va} for V' so that [vy,ve] = hy and my|hy, ha] = v;.
Thus H = Sp(hy, ha, hs,v1). Since g is nilpotent, its center Z(g) is nonzero. As
my[h1, ho] # 0 and hy€ Ky, and as V' respects H, we get Z(g) C Sp(v1,vs, h3). As
[v1,v9] = hg, one has Z(g) = Sp(hs). Indeed, if avy + bvy + chgy is a nonzero element
of Z(g), for some constants a, b, ¢, then obviously ¢ # 0, so let us take ¢ = 1. Then
0 = [avy + buy + hg,vo]| = ahg + [hs, va] = ahg, by (5), and hence a = 0. Similarly,
b=0. So Z(g) = Sp(hs).

Let [hy,he] = v1 + dhy + ehy + fhs for some d,e, f € R. Since hy € Z(g), we
have [hy,hs]) = 0. From (5) we have [hy,v1] € Sp(he, hs). Thus tr(ad(hy)) = e.
So, as H is nilpotent and hence unimodular, e = 0. Similarly, [y, hs] = 0 and
from (5) we have [ho,v;] € Sp(hs). Hence tr(ad(hs)) = d and so d = 0. Thus
[h1, he] = v1 + fhs. Consequently, as hy € Z(g),

[P, hal, va] = [v1 + fhs, va] = [v1,v2] = hs. (6)
The Jacobi identity gives
[[h1, o], va] = [[ha, vo], ho] + [h, [ha; va]]. (7)

But from (5), we have [hy,ve] € Sp(hg, hs) and [hg, ve] € Sp(hs). So, as we have
[hs, ha] = [hs, ha] = 0, we obtain [[hq, hs], ve] = 0. But then (6) gives hy = 0, which
is a contradiction. [

Lemma 5.3.  IfV is nilpotent and H has dimension 3, then Vg C Z(V).

Proof. Let w = my[hy, hs], so Vg = Sp(w). We will show that w € Z(V).
Suppose that v € V. Using the notation introduced at the beginning of this section,
we have [v, hi| = ahy + bhs and [v, hy| = chg, for some a,b,c € R. As V respects
H | the Jacobi identity gives

my v, w] = my (v, [h, ho)] = my[[v, k], ha] + Ty [ha, v, o]
= 7'('\/[bh37 hg] + Wv[hl, Chg} = 0,

since hy € Ky. Thus [v,w] = Ahg, for some A € R. Suppose A # 0. Thus
v & Sp(w). Let ¢ :== Sp(v, w, hy, ho, h3). Note that g’ is a 5-dimensional subalgebra
of g. In particular, g’ is nilpotent. Set V' = Sp(v,w). Then (H,V’) is an open
respectful decomposition of g’. But this is impossible by Theorem 5.2. Hence A = 0

and so [v,w] = 0. Since v was arbitrary, we have w € Z(V), as required. [
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If g is nilpotent with dimg = 6 and dim H = 3, then V is a 4-dimensional non-
Abelian nilpotent subalgebra of g. So V is isomorphic to either R & b3 or the
4-dimensional filiform algebra f4. In fact, the second possibility does not occur.

Lemma 5.4. Suppose that g is nilpotent and that dimg = 6 and dim H = 3.
Then V' is isomorphic to R @ bs.

Proof. Note that the center of R & b3 has dimension two, while the center of f,

has dimension one. Using the notation introduced at the beginning of this section,
we have a basis {hy, hg,ﬁg} for H for which Sp(hs) = Hy and_Sp(WV[hl, hQ])_: Vi .

By Lemma 5.1, hs € Z(V), and by Lemma 5.3, 7y [hy, ho] € Z(V). So dim Z(V) > 1
and hence V =R @ bs. [ |

Suppose that dimg = 6 and dim H = 3. Using the notation introduced at the
beginning of this section, we have a basis {hq, ho, h3} for H for which

[hg,hg] = 0, ﬂv[hl, hg] 7& O, [Z, hl] & Sp(hg, hg), [Z, hg] € Sp(hg), [Z, hg] = 0, (8)

for all z € V. Choose a basis {v1,vs,v3} for V such that my[hy, hy] = vs. Since
Vg € Z(V) by Lemma 5.3, we have [vy,vs] = [vg,v3] = 0. So, as V is not a
subalgebra, mglvi,ve] # 0. So, by rescaling the elements vy, vy if necessary, we may
assume that mg[vy,ve] = hs. Notice that V is either Abelian or isomorphic to 3.
So, as Vi C Z(V), by rescaling the elements vy, hs if necessary we may assume
[v1,v2] = h3 + dvz, where 6 = 1 when V is isomorphic to b3, and § = 0 when V
is Abelian. By the previous lemma, V = R @ b3, so its center has dimension two.

From Lemma 5.3, v3 € Z(V) and by Lemma 5.1, hy € Z(V). So Z(V) = Sp(hs, v3).
Hence, in addition to (8), we have the relations

[’Ul,’Ug] == h3 —+ (51)3, Z(V) = Sp(hy,ﬂ)g), Wv[hl, hQ] = V3. (9)

The algebra V is either (A) Abelian or (B) isomorphic to h3. The algebra H is four
dimensional, nilpotent and non-Abelian. So either (I) H = §;, or (II) H 2 R & b;.
So we have four cases to consider.

Lemma 5.5.  Suppose that g is nilpotent and that dimg = 6 and dim H = 3.
Then Z(g) C Sp(hs,vs).

Proof. Let z := ahy + bhy + chs + dv; + evy + fus € Z(g). Then as V respects
H and [h;,hs] € H for i = 1,2, we have that my[hy,2] = 0 gives b = 0 and
mvlha, 2] = 0 gives a = 0. So 0 = [vy, 2] = [v1,evy + fvs] = e(hs + dvs), and so
e = 0. Similarly 0 = [vy, 2| gives d = 0. The required result follows. [

Lemma 5.6.  Suppose that g is nilpotent and that dimg =6 and dim H = 3. If
V is Abelian, then hsy € Z(g).

Proof.  Suppose that V is Abelian. Applying the Jacobi identity gives
[hlu h3] = [hla [Ula UZ]] = [[h’lv Ul]? UQ] + [Ula [h17 Ug]]. (10)

From (8) we have [[h1,v1], va], [v1, [h1, va]] € Sp(hs), so (10) gives [h1, hs] € Sp(hs).
Thus, as H is nilpotent, [hy,h3] = 0. So, since hy € Z(V) by Lemma 5.1, and
[ha, hs] = 0 by (8), we have hy € Z(g). ]
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Lemma 5.7.  Suppose that g is nilpotent and that dimg = 6 and dim H = 3.
Then the following conditions are equivalent:

(a) H=R&bs, (b) dimZ(g)=2, (c) Z(g) =Sp(hs,vs).

Proof. (¢) = (b) is obvious and Lemma 5.5 gives (b) = (c).
(a) = (c). The derived algebra of H has dimension one, so [H, H] = Sp([hy, ha)).

In particular, H N [H, H] = 0. Hence [vs, h;] =0 for all i =1,2,3, and [hg, h;] =0
for all 4 =1,2. It follows from (9) that Z(g) = Sp(hs, vs).

(b) = (a). We prove the contrapositive. Suppose H =~ §,. So dim g(ﬁ) = 1.
Note that by Lemma 5.5, Z(g) € Sp(hs,v3) € H. Hence Z(g) C Z(H) and so
dim Z(g) = 1. n

Lemma 5.8.  Suppose that g is nilpotent and that dimg = 6 and dim H = 3.

Then Z(H) = Z(g).

Proof. From Lemma 5.5, dim Z(g) < 2. If dimZ(g) = 1, then H = f, by
Lemma 5.7. Thus H has a one dimensional center, which is a characteristic ideal.
So, as H is an ideal of g, for all z € g we have [z, Z(H)] C Z(H) and so, as g is

nilpotent, [z, Z(H)] = 0. Hence as dim Z(g) = 1, we have Z(H) = Z(g).

If dim Z(g) = 2, then by Lemma 5.7, H & R @ b3 and so Z(H) has dimension
two. By Lemma 5.5, Z(g) = Sp(hs,v3) C H,so Z(g) C Z(H). Thus, for dimension
reasons, Z(H) = Z(g). m
Lemma 5.9.  Suppose that g is nilpotent and that dimg = 6 and dim H = 3.
Then Sp(ha, hs,v3) is an ideal of g with Abelian quotient. In particular, the derived
algebra [g, 9] is contained in Sp(he, hs,vs) and hence has dimension at most three.

Proof.  Let m = Sp(hq, hg,v3). We will show that [g, g] C m, which shows that m
is an ideal and g/m is Abelian, as required. Note that [V, V] Cm and [V, H] C m,
by (8) and (9). So it suffices to show that [H, H] C m.

If H= R®bs, then H is two-step nilpotent and so we obtain [H, H] C Z(H).
So [H,H] C [H,H] C m, since Z(H) = Z(g) = Sp(hs,v3), by Lemmas 5.7 and
5.8. So we may suppose that H = f,. From (8), m is a Lie algebra in which the
element hg is central with [hg,v3] = Ahg for some A € R. If A = 0, then m is
Abelian. But f, has a unique 3-dimensional Abelian subalgebra, which contains the
derived algebra [fy,f4], and thus [H, H] € m. So we may suppose A # 0. Thus
m = h3. By Lemma 5.5, Z(g) C Sp(hs,v3). So as [hg,vs] # 0 and hs is central
in m, we have Z(g) = Sp(hs). Hence it remains to show that [hy, hy] € m. Let
[h1, ho] = v + ahy + bhy + chs for some a,b,c € R. As H = f,, which is three-step

nilpotent, we have [hg, [h, ho]] € Z(H) = Sp(hs). So my[ha, [h1, he]] = 0. Hence, as
[hg,vg] = \h3 € H and [hg,hg] =0,

0= Wv[hg, [hl, hg” = Wv[hQ,Ug + Cth + bhz + Chg] = —AQavs,

so a = 0. Thus [hy, he] € m, as required. ]

Remark 5.10.  If the derived algebra [g, g] of a nilpotent Lie algebra of dimension
6 has dimension < 3, then [g,g] is Abelian. This can be observed from the
classification of 6-dimensional nilpotent Lie algebras [7], or can be easily proved
directly.
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Lemma 5.11.  Suppose that g is nilpotent and that dimg = 6 and dim H = 3.
If dim Z(g) = 1, then [g, Sp(he, hs,v3)] € Z(g).

Proof. If dimZ(g) = 1, then H = f, by Lemma 5.7. As in the proof of
Lemma 3.1, Sp(ha, hs, UQ is the unique 3-dimensional A@lian ideal of H. Hence
[H,Sp(ha, hs,vs)] = [H, H|, which has dimension two as H = f4. Thus

[H,Sp(hy, bz, v3)] € Z(g).
The required result follows. [ ]

Proof of Theorem 1.5 Suppose that a 6-dimensional nilpotent Lie algebra g
possesses an open respectful decomposition (H,V') with dim H = 3. Parts (a), (b)
are given by Lemmas 3.1 and 5.5 respectively. Lemma 5.9 gives [g, g] C Sp(hs, hs, v3)
and Lemma 5.5 gives Z(g) C Sp(hs,vs), so [g,0] + Z(g) € Sp(he, hs,vs), which
has dimension 3. This proves (c). By Lemma 5.9, [g,g] C Sp(ho, hs,v3), so if
dim|g, g] = 3, then [g, g] = Sp(hg, hs,v3). If dim Z(g) = 1, then Lemma 5.11 gives

lg,Sp(ha, hs,v3)] € Z(g). This establishes (d).

Algebra Relations H basis V basis H V
Ls,®R (21, T0] = x5, [X3,24] = 25 | 21,20, 05 + X6 | X3, 24,05 — T | RD b3 | b
Lss @R | [21,20) = x5, [21, 23] = x5, | 1,23, 25 + T¢ T, Ty, Tg R@bs | bs
[3?2,334] = Ty
Lg 10 (21, m9] = @3, [11, 73] = s, Ty, X2, Te X3, Tq, X5 fa R?
[$4,$5] = Tg
L6,11 [$1, ffﬂ = I3, [5131,5133] = T4, T1,T3,Te Lo, T4, Ts5 f4 R?
(21, 24] = 26, [22, 23] = 6,
[552,335] = Tg
L6,12 [1‘1, 3’32} = I3, [$1,$3] = T4, T1,T3,Te Xo,T4,Ts5 f4 R?
[561,564] = Te¢, [I27 I5] = Tg
L6,13 [$1, xﬂ = I3, [5131,5133] = Ts, T1,T3,Te To, Ty, Ts + Tg f4 b3
[T, 24] = x5, [21, 25] = 6,
[333,334] = Tg
L6,19(0) [1'1, Z‘Q} = T4, [.CEl,.ZEg] = Ts, X9, T4, L5 T1,T3,Tg R ) f]3 R3
[5172,5174] = Tg
L6,22(€) [ﬂUl, 952} = s, [5131,5133] = Tg, X1,T2,Te x3,T4,T5 + 26 | RO b3 | bs
€ = 0, +1 [.%’2, .%’4} = €Tg, [.Tg, .T4] = XI5
L6,23 [1’1, l’ﬂ = I3, [3517353] = Ts, T1,T3,Te T2, T4, 5 + 26 | RD b3 | b3
[5131,5134] = Tg, [SEQ, 5E4] = T5
Lgpa(€) | [w1,22] = 23, [21, 23] = 25, T1, %3, Te To, Ty, 5+ T | RB b3 | b3
e=0,%1 | [x1,24] = exs, [, 23] = T,
[332,334] = T5

Table 2: The 14 algebras of Theorem 1.5

From the classification of real nilpotent Lie algebras of dimension 6, we see that up
to isomorphism, there are exactly 14 nilpotent Lie algebras of dimension 6 satisfying
the above four conditions; see Table 2, which uses the classification and notation
of de Graaf [7]. For each of these 14 algebras, Table 2 gives an open respectful
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decomposition (H, V') with dim H = 3. (Note that there may be more than one such
decomposition for each algebra; see Example 3.16). To see that the other algebras
in de Graaf’s classification do not possess an open respectful decomposition, note
that:

» Algebras Lss @ R and Lg o5 fail condition (a).

o Algebra Lgs and algebras of the form b & R?| where dimb = 4, fail condi-
tion (b). (Note that h3 @ b3 is isomorphic to the algebra Lg22(1)).

o Algebras Ly, ®R for i =6,7,9, and Lg,; for i = 14,15,16,17,18, and Lg2:(€)
for e € {—1,0,1}, fail condition (c).

o Algebras Lg9(£1) and Lg oo fail condition (d). n

Proof of Corollary 1.7. Applying Lemma 3.5(f) to H and V|, we immediately
obtain dimH = dimV = 3. As above, choose a basis {hy, ha, hg} for H and
{v1,v9,v3} for V such that mwy[hy, he] = vs and my[vy,v9] = hs. Since H respects
V, Lemma 5.4 gives H = R @ bh3. Hence Lemma 5.7 gives Z(g) = Sp(hs, v3). As
(H,V) is mutually respectful, [h,v] =0 for all h € H,v € V. So the only nontrivial
relations are

[h1, he] = ahs + vs, [v1, V2] = h3 + bus,
for some a,b € R. If ab = 1, then obviously g = R®b5. If ab # 1, then the elements
ahs + vs, hs + bvs are linearly independent and it follows that g = hs @ bs. |
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