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Abstract. One of Pierre Molino’s principal mathematical achievements was his theory of
Riemannian foliations. One of his last papers, published in 2001, showed that his theory could
be extended to a large class of non-integrable distributions. The key example here is that of a
respectful decomposition of a Lie algebra g ; this is vector space decomposition g = H + V such
that [V,H] ⊆ H . This paper will examine the basic properties of respectful decompositions.
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1. Introduction

It was shown in [6] that Molino’s theory of Riemannian foliations extends to a large
class of non-integrable distributions. In the general case, a very similar procedure is
pursued to the Riemannian case. We will not go into this construction here; details
can be found in [6]. However the basic idea is to first lift to the transverse frame
bundle, and then restrict to the orbit closures. In the Riemannian foliation case
this ultimately reduces to the study of Lie foliations, in the sense of Fedida [10]. In
the general case, one is lead to the similar situation, the simplest form of which is
provided by the following simple homogeneous structure.

Definition 1.1. An ordered pair (H, V ) of complementary vector subspaces of
a Lie algebra g are said to form a respectful decomposition of g if [V,H] ⊆ H . In
this case, we say that V respects H .

On a Lie group G corresponding to g , we identify H and V with left-invariant
distributions on G . Suppose V respects H and consider a left-invariant Riemannian
metric for which H is orthogonal to V . When H is a subalgebra, H defines a
Riemannian foliation on G ; in fact, H defines a transversally parallelizable foliation
[13]. When V is a subalgebra, V defines a totally geodesic foliation on G ; in fact,
V defines a tangentially parallelizable foliation [1]. In the general case, even when
V is not a subalgebra, V is totally geodesic in the sense that every geodesic of G
tangent to V at one point will remain everywhere tangent to V [6]. For a nice
account of totally geodesic non-integrable distributions, see [14].
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Note that when H is a subalgebra, the respectful decomposition hypothesis implies
that H is an ideal. Conversely, if H is an ideal, then V respects H for every choice
of complementary subspace V . So for respectful decompositions, the case where H
is a subalgebra is well understood.
In the case where V is a subalgebra, the situation is nontrivial. There are several
known results, especially in the nilpotent case, and there are several open problems.
We will survey the situation in Section 2. The main focus of this paper is to make
a preliminary examination of the case where g is nilpotent and neither H nor V is
a subalgebra.

Definition 1.2. Suppose that (H, V ) is a respectful decomposition of a Lie
algebra g . We say that (H, V ) is open if neither H nor V is a Lie subalgebra
of g .

If (H, V ) is open, then obviously dimV ≥ 2 . The following theorem shows that the
condition for a nilpotent Lie algebra g to admit an open respectful decomposition
(H, V ) with dimV = 2 can be expressed solely in terms of V .

Theorem 1.3. Suppose that a nilpotent Lie algebra g has an open respectful
decomposition (H, V ) with dimV = 2. Then the following conditions hold:

(a) [V, V ] ̸= 0,
(b) V ∩ [V, g] = 0,
(c) [V, g] ̸= [g, g].

Conversely, given a subspace V ⊆ g of dimension 2 that satisfies (a), (b) and (c),
there exists H ⊆ g such that (H, V ) is an open respectful decomposition of g.

As we show in Theorem 5.2, no nilpotent Lie algebra of dimension at most 5 admits
an open respectful decomposition. For algebras of dimension 6 we have the following
result.

Theorem 1.4. Up to isomorphism, there are exactly 17 nilpotent Lie algebras
of dimension 6 that admit an open respectful decomposition with (H, V ) satisfying
dimV = 2, dimH = 4.

Explicit details of the 17 algebras of Theorem 1.4 are given in Section 4; see Table 1.
If (H, V ) is open, then obviously dimH ≥ 2 . In fact, we see in Lemma 3.5(f) that
the case dimH = 2 is impossible for open respectful decompositions. Together with
Theorem 1.4, the following result gives a complete classification of nilpotent Lie
algebras of dimension 6 admitting an open respectful decomposition.

Theorem 1.5. Suppose that is a 6-dimensional nilpotent Lie algebra g possesses
an open respectful decomposition (H, V ) with dimH = 3. Then the following
conditions hold:

(a) g doesn’t have a codimension one Abelian ideal,
(b) the center Z(g) of g has dimension ≤ 2,
(c) the vector space sum [g, g] + Z(g) has dimension ≤ 3,
(d) if dimZ(g) = 1 and dim[g, g] = 3, then [g, [g, [g, g]]] ̸= 0.
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Up to isomorphism, there are exactly 14 nilpotent Lie algebras of dimension 6
satisfying the above four conditions. Conversely, each of these 14 algebras possesses
an open respectful decomposition (H, V ) with dimH = 3.

Explicit details of the 14 algebras of Theorem 1.5 are given in Section 5; see Table 2.

Definition 1.6. We say that a decomposition (H, V ) of a Lie algebra g is
mutually respectful if V respects H , and H respects V .

Corollary 1.7. If a 6-dimensional nilpotent Lie algebra g has an open mutually
respectful decomposition (H, V ), then either g ∼= h3 ⊕ h3 or g ∼= R⊕ h5 .

Notation. The Lie algebras in this paper are real and finite dimensional. For
a set {x1, . . . , xn} of elements of a vector space, their linear span is denoted
Sp(x1, . . . , xn) . We will refer to the Heisenberg algebras h2n+1 , which have basis
{xi, yi, z : i = 1, . . . , n} , and relations [xi, yi] = z for i = 1, . . . , n . We also use
the 4-dimensional filiform algebra f4 which has basis {x1, . . . , x4} , and relations
[x1, x2] = x3, [x1, x3] = x4 .

2. The case where V respects H and V is a subalgebra

In this section we consider the case where (H, V ) is a respectful decomposition of
Lie algebra g and V is a subalgebra of g . The particular case where dimV = 1 ,
say V = Sp(v) , has naturally received considerable attention. Here v determines a
geodesic vector field on the Lie group G corresponding to g , for any left-invariant
Riemannian metric for which H is orthogonal to V . Such an element v is also
called a homogeneous geodesic in the literature. Note that for such an element, the
orbit through the identity element is a geodesic and at the same time a subgroup of
G . Let us fix some terminology. Recall that a metric Lie algebra is a Lie algebra g
equipped with an inner product ⟨, ⟩ .

Definition 2.1. For a metric Lie algebra (g, ⟨, ⟩) , a non-trivial element v of g is
called a geodesic if the span V := Sp(v) of v respects the orthogonal complement
V ⊥ of V .

One has the following basic result.

Lemma 2.2. [2] If g is a Lie algebra and Y ∈ g is nonzero, then there is an inner
product ⟨, ⟩ on g for which Y is a geodesic if and only if there does not exist X ∈ g
with [X,Y ] = Y .

The existence of geodesics for a given inner product was proven by Kaĭzer; see
[11, 12, 8].

Theorem 2.3. (Kaĭzer) Every metric Lie algebra possesses a geodesic.

The existence of geodesics involves a number of interesting subtleties. It is easy to
see that if a Lie algebra g possesses an inner product with an orthonormal geodesic
basis, then g is necessarily unimodular. All semisimple Lie algebras have an inner
product with an orthonormal geodesic basis [12], and so too do all nilpotent Lie
algebras [5]. In [5], it was proved that for every unimodular Lie algebra of dimension
≤ 4 , every inner product has an orthonormal geodesic basis, and an example was
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given of a 5-dimensional unimodular Lie algebra that has no orthonormal geodesic
basis for any inner product; nevertheless this algebra does have a (nonorthonormal)
geodesic basis for a certain inner product.
Problem 2.4. [5] Does every unimodular Lie algebra possess an inner product
having a geodesic basis?

Problem 2.5. [4] Which unimodular Lie algebras possess an inner product having
an orthonormal geodesic basis?

It is easy to find examples of nonunimodular Lie algebras that possess an inner
product having a geodesic basis, and others that don’t.
Problem 2.6. [4] Which nonunimodular Lie algebras possess an inner product
having a geodesic basis?

Here are some of the results of [4]:
• Problem 2.4 is resolved (in the affirmative) for Lie algebras having an Abelian

derived algebra, and for unimodular solvable Lie algebras with an Abelian
nilradical,

• Problems 2.4, 2.5 and 2.6 are resolved for Lie algebras having a codimension
one Abelian ideal, and for Lie algebras of dimension 2n having a codimension
one ideal isomorphic to the Heisenberg Lie algebra of dimension 2n− 1 .

• Problem 2.6 is resolved for Lie algebras of dimension ≤ 4 .
• Problems 2.4 and 2.5 are resolved for Lie algebras of dimension ≤ 5 .

That completes our discussion of the geodesic case. Now suppose (H, V ) is a re-
spectful decomposition of Lie algebra g and V is a subalgebra of g , and dimV > 1 .
Remarkably little work has been done on this subject. Here is one known result.
Recall that a nilpotent Lie algebra g of dimension n is said to be filiform if it
possesses an element of maximal nilpotency; that is, there exists X ∈ g with
adn−2(X) ̸= 0 , where ad(X) : g → g is the adjoint map ad(X)(Y ) = [X,Y ] .

Theorem 2.7. ([2, Theorem 1.16] Suppose that (H, V ) is a respectful decomposi-
tion of a filiform Lie algebra g and that V is a subalgebra. Then dimV ≤ ⌊dim g/2⌋.

In fact, for some algebras, the bound dimV ≤ ⌊dim g/2⌋ is not attained. The
following example can be deduced from [2, Theorem 1.19].

Example 2.8. For the 6-dimensional filiform Lie algebra g with relations
[x1, xi] = xi+1, for i = 2, . . . , 5,

[x2, x3] = −x6,

there is no respectful decomposition (H, V ) for which V is a subalgebra satisfying
dimV = 3 .

We remark that the respectful decompositions where V is a subalgebra are a special
case of a more general structure that has been studied. Suppose that a metric
Lie algebra (g, ⟨, ⟩) has a subalgebra V . Then V is said to be totally geodesic
if ⟨[h, v1], v2⟩ + ⟨v1, [h, v2]⟩ = 0 for all v1, v2 ∈ V, h ∈ V ⊥ . Obviously, V is totally
geodesic when (V ⊥, V ) is a respectful decomposition. For results on totally geodesic
subalgebras, see [2, 3].
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3. Open respectful decompositions; basic facts
Suppose that (H, V ) is a respectful decomposition of a Lie algebra g . As we
remarked in the Introduction, the case where H is a subalgebra is well understood.
In the previous section we surveyed the case where V is a subalgebra. In this section
we suppose that (H, V ) is open, i.e., neither H nor V is a subalgebra.

Lemma 3.1. g cannot have a codimension one Abelian ideal.

Proof. Suppose that g has a codimension one Abelian ideal a . As V is not a
subalgebra, V ̸⊆ a , so there exists v ∈ V with v ̸∈ a . Similarly, there exists h ∈ H
with h ̸∈ a . Then h = av+w , where a ̸= 0 and w ∈ a , and H = Sp(h)⊕H0 , where
H0 = H ∩ a . But then H ⊇ [V,H] ⊇ [v,H0] = [h,H0] = [H,H] , a contradiction.

Definition 3.2. We introduce three vector subspaces of g :
HV = Sp{πH [v, v

′] : v, v′ ∈ V },
VH = Sp{πV [h, h

′] : h, h′ ∈ H},
KH = {h ∈ H : πV [h, h

′] = 0, for all h′ ∈ H}.

Remark 3.3. Obviously, if H is not a subalgebra of g , then dimKH ≤ dimH−2 .

Note that the bracket πV [., .] makes V into a Lie algebra; indeed, the only point
that needs verifying here is the Jacobi identity. If v1, v2, v3 ∈ V , then as V respects
H , one has

πV [v1, πV [v2, v3]] = πV [v1, [v2, v3]].

Hence the Jacobi identity follows from that of g .

Definition 3.4. We denote by V the Lie algebra structure on V given by the
bracket πV [., .] .

Using only the Jacobi identity, one has:

Lemma 3.5.
(a) KH is a subalgebra of g,
(b) [V,KH ] ⊆ KH ,
(c) HV ⊆ KH ,
(d) VH is an ideal of V ,
(e) H := H + VH is an ideal of g,
(f) dimH ≥ 3,
(g) if dimH = 3, then HV = KH and dimHV = 1.

Proof. (a). Let h1, h2 ∈ KH . Since h1 ∈ KH , we have [h1, h2] ∈ H . Let h′ ∈ H .
Then [h1, h

′] ∈ H so [h2, [h1, h
′]] ∈ H . Similarly, [h1, [h2, h

′]] ∈ H . Thus the Jacobi
identity gives [[h1, h2], h

′] ∈ H , as required.
(b). Let h ∈ KH , v ∈ V . Since V respects H , we have [h, v] ∈ H . Let h′ ∈ H .
Since h ∈ KH , we have [h, h′] ∈ H so [v, [h, h′]] ∈ H . Similarly, [h, [v, h′]] ∈ H .
Thus the Jacobi identity gives [[h, v], h′] ∈ H , as required.
(c). Suppose v, v′ ∈ V and set h = πH [v, v

′] .
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Because V respects H , for all h′ ∈ H the Jacobi identity gives
0 = πV ([[v, v

′], h′] + [[h′, v], v′] + [[v′, h′], v]) = πV [[v, v′], h′] = πV [πH [v, v
′], h′]

= πV [h, h
′],

so h ∈ KH . It follows that HV ⊆ KH .
(d). Let h1, h2 ∈ H and let w := πV [h1, h2] . Suppose that v ∈ V . As V respects
H , the Jacobi identity gives

πV [v, w] = πV [v, [h1, h2]] = πV [[v, h1], h2] + πV [h1, [v, h2]] ∈ VH .

So (d) holds. (e) follows from (d) since V respects H .
(f). As H is not Lie subalgebra of g , it has dimension at least two. We assume that
dimH = 2 and we will derive a contradiction. Since dimH = 2 and H is not a Lie
subalgebra of g , we have KH = 0 , by Remark 3.3. But this is impossible by (b),
since HV ̸= 0 .
(g). As V is not a subalgebra, we have HV ̸= 0 . As dimH = 3 and H is not
a subalgebra, we have dimKH ≤ 1 , by Remark 3.3. But HV ⊆ KH by (b). So
HV = KH .

Example 3.6. Consider the non-unimodular solvable Lie algebra g of dimen-
sion 5 with basis x1, x2, y1, y2, z and relations [x1, y1] = z, [x2, y2] = z + y2 . Let
H = Sp(x1, y1, z + y2) and V = Sp(x2, y2) . Clearly, (H, V ) is an open respectful
decomposition of g , the algebra V is Abelian, and dim[g, g] = 2 .

Example 3.7. Consider the non-unimodular solvable Lie algebra g of dimension
5 with basis v1, v2, h1, h2, h3 and relations:

[v1, v2] = v1 + h3, [h1, h2] = v1 + h3, [h1, v2] = h1.

Let H = Sp(h1, h2, h3) and V = Sp(v1, v2) . Clearly, (H, V ) is an open respectful
decomposition of g , the algebra V is not Abelian, and dim[g, g] = 2 .

Example 3.8. Consider the non-unimodular solvable Lie algebra g of dimension
5 with basis v1, v2, h1, h2, h3 and relations:

[v1, v2] = −2v1 − 2h3, [h1, h2] = v1 + h3, [v2, h1] = h1, [v2, h2] = h2.

Let H = Sp(h1, h2, h3) and V = Sp(v1, v2) . Clearly, (H, V ) is an open respectful
decomposition of g , V is not Abelian, and dim[g, g] = 3 .

Problem 3.9. Classify all Lie algebras g of dimension 5 that have an open
respectful decomposition.

Lemma 3.10. Suppose that a Lie algebra g has an open respectful decomposition
(H, V ) and that dimV = 2. Then dim[g, g] ≥ 2.

Proof. Suppose that dim[g, g] = 1 , with [g, g] = Sp(z) , say. Let z = h + v ,
where h ∈ H and v ∈ V . Since neither H nor V is a Lie subalgebra of g , we have
v and h are both nonzero. In particular H ∩ [g, g] = 0 . Choose h1, h2 ∈ H such
that [h1, h2] = z . Since dimV = 2 , we can choose v′ ∈ V such that [v′, v] = z . For
i = 1, 2 , since V respects H , we have [v′, hi] ∈ H , so [v′, hi] = 0 since [v′, hi] ∈ [g, g]
and H ∩ [g, g] = 0 . Similarly, [v′, h] = 0 .
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Therefore, the Jacobi identity gives

0 = [v′, [h1, h2]] + [h1, [h2, v
′]] + [h2, [v

′, h1]]

= [v′, [h1, h2]] = [v′, z] = [v′, h+ v] = [v′, v] = z,

which is a contradiction.

Example 3.11. Consider the Lie algebra g of dimension 6 formed from the
direct sum of R with the five dimensional Heisenberg algebra h5 : g has basis
xi, yi, z, w , for i = 1, 2 , and relations [xi, yi] = z . Let H = Sp(x1, y1, z + w)
and V = Sp(x2, y2, z − w) . Clearly, (H, V ) is an open respectful decomposition of
g . Note that in this case, the derived algebra [g, g] = Sp(z) has dimension one.

Lemma 3.12. Suppose that a Lie algebra g has an open respectful decomposition
(H, V ) and that dimH = 3. If dim g = 5, 6 or 8, then dim[g, g] ≤ dim g− 1.

Proof. Arguing by contradiction, suppose that [g, g] = g ; i.e., g is perfect. Since
dimH = 3 and neither H nor V is a Lie subalgebra, by Lemma 3.5(g) we necessarily
have dimHV = 1 and dimVH = 1 . So dim(H+VH) = 4 . By Lemma 3.5(e), H+VH

is an ideal of g . Consider the quotient algebra q := g/(H+VH) , which has dimension
dim g− 4 . Since, g is perfect, q is perfect. But it is well known and easy to prove
that there are no perfect Lie algebras of dimension 1, 2 or 4. This gives the required
condition on dim g .

Theorem 3.13. Suppose that a unimodular Lie algebra g of dimension five has an
open respectful decomposition (H, V ). Then the derived algebra [g, g] has dimension
3 or 4.

Proof. From Lemma 3.12, we have dim[g, g] ≤ 4 , and from Lemma 3.10, we
have dim[g, g] ≥ 2 . Suppose that dim[g, g] = 2 . From Lemma 3.5(f), we have
dimH ≥ 3 and so as dim g = 5 and neither H nor V is a Lie subalgebra, dimH = 3
and dimV = 2 . As V is not a Lie subalgebra and dimV = 2 , we have that
dimHV = 1 . Choose a basis h1, h2, h3 for H so that HV = Sp(h3) . So by Lemma
3.5(c), VH = Sp(πV [h1, h2]) . In particular, dimVH = 1 .
First suppose that V is not Abelian. So the derived algebra πV [V ,V ] has dimension
one. Thus, as dimVH = 1 and by Lemma 3.5(d), VH is an ideal of V , we have
VH = πV [V ,V ] . Choose basis elements v1, v2 for V such that πV [h1, h2] = v2 and
[v1, v2] = v2 + h3 .
Since [g, g] ⊆ Sp(h1, h2, h3, v2) and dim[g, g] = 2 , we have [g, g] = Sp(v2+h3, h) , for
some h ∈ H . So H∩[g, g] = Sp(h) . Thus, as V respects H , we have [v1, hi] ∈ Sp(h)
for i = 1, 2, 3 . The Jacobi identity gives

[[v1, h1], h2] + [h1, [v1, h2]] = [v1, [h1, h2]]. (1)

If h ∈ Sp(h3) , then the LHS of (1) belongs to H by Lemma 3.5(c), while for the RHS
we have πV [v1, [h1, h2]] = πV [v1, v2] = v2 , giving a contradiction. So h ̸∈ Sp(h3) .
We have [v1, h] = rh for some r ∈ R . Choose h′ ∈ H such that h, h′, h3 is a basis
for H , and such that πV [h

′, h] = v2 . The Jacobi identity gives

[[v1, h
′], h] + [h′, [v1, h]] = [v1, [h

′, h]]. (2)
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As [v1, h
′] ∈ Sp(h) , the V component of the LHS of (2) is

πV [h
′, [v1, h]] = πV [h

′, rh] = rv2 .
The V component of the RHS of (2) is πV [v1, v2] = v2 . So r = 1 . From the above
considerations, we have

[v1, v2] = v2 + h3, [v1, h] = h, [v1, h
′] ∈ Sp(h), [v1, h3] ∈ Sp(h),

so ad(v1) has trace 2, contradicting the hypothesis that g is unimodular. We
conclude that V is Abelian.
Choose basis elements v1, v2 for V so that [v1, v2] = h3 and [h1, h2] = v2 + h , for
some h ∈ H . We have [g, g] = Sp(v2 + h, h3) . In particular, H ∩ [g, g] = Sp(h3) .
Thus, as V respects H , we have [v, hi] ∈ Sp(h3) for all v ∈ V and i = 1, 2, 3 . Since
g is unimodular and V is Abelian, it follows that [v, h3] = 0 for all v ∈ V .
For all f ∈ H , the Jacobi identity gives

[[f, v1], v2] + [v1, [f, v2]] = [f, [v1, v2]]. (3)

The LHS is 0, since [f, vi] ∈ Sp(h3) for i = 1, 2 , and [v, h3] = 0 for all v ∈ V . The
RHS is [f, h3] . Hence [f, h3] = 0 for all f ∈ H .
The Jacobi identity also gives

[[v1, h1], h2] + [h1, [v1, h2]] = [v1, [h1, h2]]. (4)

Since [v1, hi] ∈ Sp(h3) for i = 1, 2 and [f, h3] = 0 all f ∈ H , the LHS of (4) is 0 .
The RHS is [v1, [h1, h2]] = [v1, v2+h] = h3+[v1, h] . So [v1, h] = −h3 . In particular,
since [v1, h3] = 0 , we have h ̸∈ Sp(h3) . Choose h′ ∈ H such that h, h′, h3 is a
basis for H , and furthermore, that [h′, h] = [h1, h2] = v2 + h . From the above
considerations, we have

[h′, v1] ∈ Sp(h3), [h′, v2] ∈ Sp(h3), [h′, h] = v2 + h, [h′, h3] = 0,

so ad(h′) has trace 1, contradicting the hypothesis that g is unimodular. This
concludes the proof.

Remark 3.14. Note that dim[g, g] = 2 can occur in the non-unimodular case;
see Examples 3.6 and 3.7.

We will show below in Theorem 5.2 that not all unimodular Lie algebras of dimen-
sion five having a derived algebra of dimension 3 or 4, possess an open respectful
decomposition. First note that even though in general V is not a subalgebra of g ,
and the map πV : g → V is not a Lie algebra homomorphism, we have:

Lemma 3.15. If g is nilpotent, then V is nilpotent.

Proof. If g is nilpotent, then for all v ∈ V the map ad(v) is nilpotent and hence
the map πV ◦ ad(v) is nilpotent. So g is nilpotent by Engel’s theorem.

Example 3.16. Consider the Lie algebra g = h3 ⊕ h3 of dimension 6 formed
from the direct sum of two copies of the 3-dimensional Heisenberg algebra h3 : g
has basis xi, yi, zi , for i = 1, 2 , and relations [xi, yi] = zi . We give two examples:
(a). Let H = Sp(x1, y1, z2) and V = Sp(x2, y2, z1) . Clearly, (H, V ) is an open
respectful decomposition of g . In this case, the Lie algebra V is Abelian.
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(b). Let H = Sp(x1, y1, z1 + z2) and V = Sp(x2, y2, z1 − z2) . Clearly, (H, V )
is an open respectful decomposition of g . In this case, V is isomorphic to the
3-dimensional Heisenberg algebra h3 .

4. Open respectful decompositions with g nilpotent and dimV = 2

Proof of Theorem 1.3. Suppose (H, V ) is an open respectful decomposition of
g with dimV = 2 . Assertion (a) follows by definition. Moreover, from Lemma 3.15
we have [V, V ] ⊆ H . Then [V, g] ⊆ H which implies assertion (b). If [V, g] = [g, g] ,
then [g, g] ⊆ H , and so [H,H] ⊆ H . This contradiction proves assertion (c).
Conversely, suppose V ⊆ g is a subspace of dimension 2 that satisfies (a), (b) and (c).
If V were a subalgebra, then by (b) we would have had [V, V ] = 0 contradicting (a).
To construct H , consider the quotient linear space W = g/[V, g] . Let π : g → W
be the natural projection, and denote m = dimW . Note that the codimension
of [g, g] in g is at least 2 , as g is nilpotent. As [V, g] is a proper subspace of
[g, g] , we get m ≥ 3 . The subspace π(V ) ⊆ W has dimension 2 by (b), and
so the set S1 of (m − 2)-dimensional subspaces which complement π(V ) to W is
an open and dense subset in the Grassmannian G(m − 2,W ) . Moreover, by (c)
we have π[g, g] ̸= 0 , and so the set S2 of (m − 2)-dimensional subspaces which
do not contain π[g, g] is also open and dense in G(m − 2,W ) . Take any element
H ′ ∈ S1∩S2 and define H = π−1(H ′) . We have H⊕V = g , as π(V )⊕H ′ = W and
the restriction of π to V is injective. Furthermore, [V,H] ⊆ [V, g] = π−1(0) ⊆ H ,
and π[H,H] ⊆ π[g, g] ̸⊆ H ′ = π(H) , as H ′ ∈ S2 . This implies that [H,H] ̸⊆ H
which completes the proof.
We remark that any linear subspace that complements V in g , contains [V, g] and
does not contain [g, g] can serve as H .
As an application of Theorem 1.3, we prove the following proposition which covers
a fairly large class of nilpotent algebras.

Proposition 4.1. Suppose the derived algebra [g, g] of a nilpotent algebra g is
non-Abelian, and that dim[g, g]−dim[g, [g, g]] ≥ 2. Then g admits an open respectful
decomposition (H, V ) with dimV = 2.

Note that dim[g, g]−dim[g, [g, g]] ≥ 1 for any nilpotent, non-Abelian Lie algebra g .
Proof. Choose two vectors v1, v2 ∈ [g, g] which are linearly independent modulo
[g, [g, g]] and define V = Sp(v1, v2) . The set of so constructed 2-dimensional
subspaces V ⊆ [g, g] is open and dense in the Grassmanian G(2, [g, g]) , and so
if [V, V ] = 0 for all of them, then [g, g] is Abelian contradicting the assumption.
Therefore without loss of generality we can assume that [V, V ] ̸= 0 , and so V satisfies
condition (a) of Theorem 1.3. Moreover, as V ⊆ [g, g] , we have [V, g] ⊆ [g, [g, g]] ,
which shows that V also satisfies conditions (b) and (c) of Theorem 1.3.

A similar construction works if we replace [g, g] by any other term of the central
descending series of g (except for g itself), and [g, [g, g]] , by the subsequent term.

Remark 4.2. Examples of Lie algebras admitting no open respectful decom-
position with (H, V ) with dimV = 2 include algebras whose derived algebra is
1-dimensional (by Lemma 3.10) and algebras having a codimension 1 Abelian ideal
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(by Lemma 3.1). There are many other 2-step nilpotent Lie algebras having no open
respectful decomposition (H, V ) with dimV = 2 , for example, the nonsingular 2-
step nilpotent Lie algebras [9].

Algebra Relations [g, g] basis V basis [V, g] basis
L6,10 [x1, x2] = x3, [x1, x3] = x6, x3, x6 x4, x5 x6

[x4, x5] = x6

L6,11 [x1, x2] = x3, [x1, x3] = x4, x3, x4, x6 x2, x5 x3, x6

[x1, x4] = x6, [x2, x3] = x6,
[x2, x5] = x6

L6,12 [x1, x2] = x3, [x1, x3] = x4, x3, x4, x6 x2, x5 x3, x6

[x1, x4] = x6, [x2, x5] = x6

L6,13 [x1, x2] = x3, [x1, x3] = x5, x3, x5, x6 x3, x4 x5, x6

[x2, x4] = x5, [x1, x5] = x6,
[x3, x4] = x6

L6,14 [x1, x2] = x3, [x1, x3] = x4, x3, x4, x5, x6 x2 + x3, x4 x3 + x4, x5, x6

[x1, x4] = x5, [x2, x3] = x5,
[x2, x5] = x6, [x3, x4] = −x6

L6,15 [x1, x2] = x3, [x1, x3] = x4, x3, x4, x5, x6 x2, x4 x3, x5, x6

[x1, x4] = x5, [x2, x3] = x5,
[x1, x5] = x6, [x2, x4] = x6

L6,16 [x1, x2] = x3, [x1, x3] = x4, x3, x4, x5, x6 x2, x5 x3, x6

[x1, x4] = x5, [x2, x5] = x6,
[x3, x4] = −x6

L6,17 [x1, x2] = x3, [x1, x3] = x4, x3, x4, x5, x6 x2 + x4, x3 x3 + x5, x4, x6

[x1, x4] = x5, [x1, x5] = x6,
[x2, x3] = x6

L6,19(ϵ) [x1, x2] = x4, [x1, x3] = x5, x4, x5, x6 x2, x4 + x5 x4, x6

ϵ = 0,±1 [x2, x4] = x6, [x3, x5] = ϵx6

L6,20 [x1, x2] = x4, [x1, x3] = x5, x4, x5, x6 x2, x4 + x5 x4, x6

[x1, x5] = x6, [x2, x4] = x6

L6,21(ϵ) [x1, x2] = x3, [x1, x3] = x4, x3, x4, x5, x6 x1, x4 + x5 x3, x4, x6

ϵ = 0,±1 [x2, x3] = x5, [x1, x4] = x6,
[x2, x5] = ϵx6

L6,22(1) [x1, x2] = x5, [x1, x3] = x6, x5, x6 x1 + x4, x2 − x3 x5 − x6

[x2, x4] = x6, [x3, x4] = x5

L6,24(1) [x1, x2] = x3, [x1, x3] = x5, x3, x5, x6 x1 + x2, x3 + x4 x3, x5 + x6

[x1, x4] = x6, [x2, x3] = x6,
[x2, x4] = x5

Table 1: The 17 nilpotent 6-dimensional algebras admitting an open respectful
decomposition (H, V ) with dimV = 2

Proof of Theorem 1.4. See Table 1, which uses the classification and notation
of de Graaf [7]. For each of these 17 algebras, Table 1 gives the subspace V ; one can
take any linear subspace which complements V in g , contains [V, g] and does not
contain [g, g] as H . It is easy to verify that for every algebra g listed in Table 1,
the corresponding subspace V satisfies all three conditions in Theorem 1.3. To see
that the other algebras in de Graaf’s classification do not possess an open respectful
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decomposition, we first note that the algebras R2 ⊕ L4,1, R2 ⊕ L4,2 and R ⊕ L5,4

have derived algebras of dimension at most 1, and the algebras R2 ⊕L4,3 , R⊕L5,7 ,
R⊕ L5,8 , L6,18 and L6,25 have codimension 1 Abelian ideal.
In the remaining cases (for algebras R⊕L5,5 , R⊕L5,6 , R⊕L5,9 , L6,22(0) , L6,22(−1) ,
L6,23 , L6,24(0) , L6,24(−1) and L6,26 ), one can verify that conditions (a) and (c) of
Theorem 1.3 cannot simultaneously be satisfied. To facilitate the calculation, we
note that it suffices to check this for 2-dimensional subspaces V lying in the span
of the non-central coordinate vectors xi in de Graaf’s presentations.
The calculations for all the algebras follow the same scheme, which we demonstrate
for the two most involved cases, for the algebras L6,24(ϵ), ϵ = 0,−1 . From the
defining relations for these algebras (given in the last row of Table 2) we see that
[g, g] = Sp(x3, x5, x6) , and that Z(g) = Sp(x5, x6) . For a vector v =

∑6
i=1 µixi we

obtain [v, g] = Sp(µ2x3+µ3x5+ϵµ4x6, µ1x3−µ4x5−µ3x6, µ1x5+µ2x6, µ2x5+ϵµ1x6) .
For [v, g] not to contain [g, g] , we must have µ2

2 − ϵµ2
1 = 0 . If ϵ = −1 , then any

such v lies in Sp(x3, x4, x5, x6) , which is an Abelian ideal, so for any 2-dimensional
subspace of L6,24(−1) , either condition (a) or condition (c) of Theorem 1.3 is
violated. If ϵ = 0 , we have µ2 = 0 . Two vectors v1 =

∑6
i=1 µixi, v2 =

∑6
i=1 νixi with

µ2 = ν2 = 0 do not commute when µ1ν3−µ3ν1 ̸= 0 . But then [v1, g]+[v2, g] = [g, g] ,
so no 2-dimensional subspace V ⊆ L6,24(0) may satisfy both condition (a) and
condition (c) of Theorem 1.3.
It is curious to observe the sensitivity of the existence of the decomposition to
the ground field: the algebras L6,22(−1) and L6,24(−1) over C are isomorphic to
the algebras L6,22(1) and L6,24(1) , respectively, and as such, admit open respectful
decompositions (H, V ) with dimV = 2 .

5. Open respectful decompositions with g nilpotent and dimH = 3

In this section we will suppose that g is a nilpotent Lie algebra having an open
respectful decomposition (H, V ) , and furthermore that H has dimension 3. We
have dimHV = 1 by Lemma 3.5(g). Choose h3 ∈ H so that HV = Sp(h3) .

Lemma 5.1. If g is nilpotent and H has dimension 3, then V commutes with
HV . So the subspace V := V +HV is a subalgebra of g and HV is contained in the
center of V .
Proof. Let h ∈ H, v ∈ V . Since KH = HV = Sp(h3) , we have [h3, h] ∈ H ,
so [v, [h3, h]] ∈ H . Similarly, [h, v] ∈ H so [h3, [h, v]] ∈ H . Hence, by the Jacobi
identity,

0 = πV ([h, [v, h3]] + [h3, [h, v]] + [v, [h3, h]]) = πV [h, [v, h3]],

so [v, h3] ∈ KH . So [v, h3] is a multiple of h3 . Hence as g is nilpotent, v commutes
with h3 . The required result follows.

Since h3 ∈ HV = KH , we have [h3, h] ∈ H for all h ∈ H . Since V respects H , we
have [v, h] ∈ H for all v ∈ V, h ∈ H . Hence the adjoint action of V respects H .
Furthermore, by Lemma 5.1, we have h3 ∈ Z(V ) ; i.e., the adjoint action of V on
H sends h3 to 0 . Let H denote the quotient vector space H/ Sp(h3) . The adjoint
action of V induces an action of V of H . Since V is nilpotent, there is a basis
{h1, h2} for H on which the action is lower triangular.
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In other words, there is a basis {h1, h2, h3} for H for which

[z, h1] ∈ Sp(h2, h3), [z, h2] ∈ Sp(h3), [z, h3] = 0, (5)

for all z ∈ V . In particular, as h3 ∈ V , we have [h3, h2]∈ Sp(h3) , and so, as H is
nilpotent, [h3, h2] = 0 . Notice also that as h3∈HV and H is not a subalgebra, we
have [h1, h2] ̸∈H . We will use the basis {h1, h2, h3} for H for the rest of this paper.

Theorem 5.2. If g is nilpotent Lie algebra and has an open respectful decompo-
sition (H, V ), then dim g ≥ 6.

Proof. From Lemma 3.5(f), we have dimH ≥ 3 and so dim g ≥ 5 . Suppose that
dim g = 5 and dimH = 3 . As V is Abelian by Lemma 3.15, and HV = Sp(h3) ,
we may choose a basis {v1, v2} for V so that [v1, v2] = h3 and πV [h1, h2] = v1 .
Thus H = Sp(h1, h2, h3, v1) . Since g is nilpotent, its center Z(g) is nonzero. As
πV [h1, h2] ̸= 0 and h3∈KH , and as V respects H , we get Z(g) ⊆ Sp(v1, v2, h3) . As
[v1, v2] = h3 , one has Z(g) = Sp(h3) . Indeed, if av1+ bv2+ ch3 is a nonzero element
of Z(g) , for some constants a, b, c , then obviously c ̸= 0 , so let us take c = 1 . Then
0 = [av1 + bv2 + h3, v2] = ah3 + [h3, v2] = ah3 , by (5), and hence a = 0 . Similarly,
b = 0 . So Z(g) = Sp(h3) .
Let [h1, h2] = v1 + dh1 + eh2 + fh3 for some d, e, f ∈ R . Since h3 ∈ Z(g) , we
have [h1, h3] = 0 . From (5) we have [h1, v1] ∈ Sp(h2, h3) . Thus tr(ad(h1)) = e .
So, as H is nilpotent and hence unimodular, e = 0 . Similarly, [h2, h3] = 0 and
from (5) we have [h2, v1] ∈ Sp(h3) . Hence tr(ad(h2)) = d and so d = 0 . Thus
[h1, h2] = v1 + fh3 . Consequently, as h3 ∈ Z(g) ,

[[h1, h2], v2] = [v1 + fh3, v2] = [v1, v2] = h3. (6)

The Jacobi identity gives

[[h1, h2], v2] = [[h1, v2], h2] + [h1, [h2, v2]]. (7)

But from (5), we have [h1, v2] ∈ Sp(h2, h3) and [h2, v2] ∈ Sp(h3) . So, as we have
[h3, h1] = [h3, h2] = 0 , we obtain [[h1, h2], v2] = 0 . But then (6) gives h3 = 0 , which
is a contradiction.

Lemma 5.3. If V is nilpotent and H has dimension 3, then VH ⊆ Z(V ).

Proof. Let w = πV [h1, h2] , so VH = Sp(w) . We will show that w ∈ Z(V ) .
Suppose that v ∈ V . Using the notation introduced at the beginning of this section,
we have [v, h1] = ah2 + bh3 and [v, h2] = ch3 , for some a, b, c ∈ R . As V respects
H , the Jacobi identity gives

πV [v, w] = πV [v, [h1, h2]] = πV [[v, h1], h2] + πV [h1, [v, h2]]

= πV [bh3, h2] + πV [h1, ch3] = 0,

since h3 ∈ KH . Thus [v, w] = λh3 , for some λ ∈ R . Suppose λ ̸= 0 . Thus
v ̸∈ Sp(w) . Let g′ := Sp(v, w, h1, h2, h3) . Note that g′ is a 5-dimensional subalgebra
of g . In particular, g′ is nilpotent. Set V ′ = Sp(v, w) . Then (H, V ′) is an open
respectful decomposition of g′ . But this is impossible by Theorem 5.2. Hence λ = 0
and so [v, w] = 0 . Since v was arbitrary, we have w ∈ Z(V ) , as required.
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If g is nilpotent with dim g = 6 and dimH = 3 , then V is a 4-dimensional non-
Abelian nilpotent subalgebra of g . So V is isomorphic to either R ⊕ h3 or the
4-dimensional filiform algebra f4 . In fact, the second possibility does not occur.

Lemma 5.4. Suppose that g is nilpotent and that dim g = 6 and dimH = 3.
Then V is isomorphic to R⊕ h3 .

Proof. Note that the center of R⊕ h3 has dimension two, while the center of f4
has dimension one. Using the notation introduced at the beginning of this section,
we have a basis {h1, h2, h3} for H for which Sp(h3) = HV and Sp(πV [h1, h2]) = VH .
By Lemma 5.1, h3 ∈ Z(V ) , and by Lemma 5.3, πV [h1, h2] ∈ Z(V ) . So dimZ(V ) > 1
and hence V ∼= R⊕ h3 .
Suppose that dim g = 6 and dimH = 3 . Using the notation introduced at the
beginning of this section, we have a basis {h1, h2, h3} for H for which

[h2, h3] = 0, πV [h1, h2] ̸= 0, [z, h1] ∈ Sp(h2, h3), [z, h2] ∈ Sp(h3), [z, h3] = 0, (8)

for all z ∈ V . Choose a basis {v1, v2, v3} for V such that πV [h1, h2] = v3 . Since
VH ⊆ Z(V ) by Lemma 5.3, we have [v1, v3] = [v2, v3] = 0 . So, as V is not a
subalgebra, πH [v1, v2] ̸= 0 . So, by rescaling the elements v1, v2 if necessary, we may
assume that πH [v1, v2] = h3 . Notice that V is either Abelian or isomorphic to h3 .
So, as VH ⊆ Z(V ) , by rescaling the elements v1, h3 if necessary we may assume
[v1, v2] = h3 + δv3 , where δ = 1 when V is isomorphic to h3 , and δ = 0 when V
is Abelian. By the previous lemma, V ∼= R ⊕ h3 , so its center has dimension two.
From Lemma 5.3, v3 ∈ Z(V ) and by Lemma 5.1, h3 ∈ Z(V ) . So Z(V ) = Sp(h3, v3) .
Hence, in addition to (8), we have the relations

[v1, v2] = h3 + δv3, Z(V ) = Sp(h3, v3), πV [h1, h2] = v3. (9)

The algebra V is either (A) Abelian or (B) isomorphic to h3 . The algebra H is four
dimensional, nilpotent and non-Abelian. So either (I) H ∼= f4 or (II) H ∼= R ⊕ h3 .
So we have four cases to consider.

Lemma 5.5. Suppose that g is nilpotent and that dim g = 6 and dimH = 3.
Then Z(g) ⊆ Sp(h3, v3).

Proof. Let z := ah1 + bh2 + ch3 + dv1 + ev2 + fv3 ∈ Z(g) . Then as V respects
H and [hi, h3] ∈ H for i = 1, 2 , we have that πV [h1, z] = 0 gives b = 0 and
πV [h2, z] = 0 gives a = 0 . So 0 = [v1, z] = [v1, ev2 + fv3] = e(h3 + δv3) , and so
e = 0 . Similarly 0 = [v1, z] gives d = 0 . The required result follows.

Lemma 5.6. Suppose that g is nilpotent and that dim g = 6 and dimH = 3. If
V is Abelian, then h3 ∈ Z(g).

Proof. Suppose that V is Abelian. Applying the Jacobi identity gives

[h1, h3] = [h1, [v1, v2]] = [[h1, v1], v2] + [v1, [h1, v2]]. (10)

From (8) we have [[h1, v1], v2], [v1, [h1, v2]] ∈ Sp(h3) , so (10) gives [h1, h3] ∈ Sp(h3) .
Thus, as H is nilpotent, [h1, h3] = 0 . So, since h3 ∈ Z(V ) by Lemma 5.1, and
[h2, h3] = 0 by (8), we have h3 ∈ Z(g) .
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Lemma 5.7. Suppose that g is nilpotent and that dim g = 6 and dimH = 3.
Then the following conditions are equivalent:

(a) H ∼= R⊕ h3 , (b) dimZ(g) = 2, (c) Z(g) = Sp(h3, v3).

Proof. (c) =⇒ (b) is obvious and Lemma 5.5 gives (b) =⇒ (c).
(a) =⇒ (c). The derived algebra of H has dimension one, so [H,H] = Sp([h1, h2]) .
In particular, H ∩ [H,H] = 0 . Hence [v3, hi] = 0 for all i = 1, 2, 3 , and [h3, hi] = 0
for all i = 1, 2 . It follows from (9) that Z(g) = Sp(h3, v3) .
(b) =⇒ (a). We prove the contrapositive. Suppose H ∼= f4 . So dimZ(H) = 1 .
Note that by Lemma 5.5, Z(g) ⊆ Sp(h3, v3) ⊆ H . Hence Z(g) ⊆ Z(H) and so
dimZ(g) = 1 .

Lemma 5.8. Suppose that g is nilpotent and that dim g = 6 and dimH = 3.
Then Z(H) = Z(g).
Proof. From Lemma 5.5, dimZ(g) ≤ 2 . If dimZ(g) = 1 , then H ∼= f4 by
Lemma 5.7. Thus H has a one dimensional center, which is a characteristic ideal.
So, as H is an ideal of g , for all z ∈ g we have [z, Z(H)] ⊆ Z(H) and so, as g is
nilpotent, [z, Z(H)] = 0 . Hence as dimZ(g) = 1 , we have Z(H) = Z(g) .
If dimZ(g) = 2 , then by Lemma 5.7, H ∼= R ⊕ h3 and so Z(H) has dimension
two. By Lemma 5.5, Z(g) = Sp(h3, v3) ⊆ H , so Z(g) ⊆ Z(H) . Thus, for dimension
reasons, Z(H) = Z(g) .

Lemma 5.9. Suppose that g is nilpotent and that dim g = 6 and dimH = 3.
Then Sp(h2, h3, v3) is an ideal of g with Abelian quotient. In particular, the derived
algebra [g, g] is contained in Sp(h2, h3, v3) and hence has dimension at most three.
Proof. Let m = Sp(h2, h3, v3) . We will show that [g, g] ⊆ m , which shows that m
is an ideal and g/m is Abelian, as required. Note that [V, V ] ⊆ m and [V,H] ⊆ m ,
by (8) and (9). So it suffices to show that [H,H] ⊆ m .
If H ∼= R ⊕ h3 , then H is two-step nilpotent and so we obtain [H,H] ⊆ Z(H) .
So [H,H] ⊆ [H,H] ⊆ m , since Z(H) = Z(g) = Sp(h3, v3) , by Lemmas 5.7 and
5.8. So we may suppose that H ∼= f4 . From (8), m is a Lie algebra in which the
element h3 is central with [h2, v3] = λh3 for some λ ∈ R . If λ = 0 , then m is
Abelian. But f4 has a unique 3-dimensional Abelian subalgebra, which contains the
derived algebra [f4, f4] , and thus [H,H] ⊆ m . So we may suppose λ ̸= 0 . Thus
m ∼= h3 . By Lemma 5.5, Z(g) ⊆ Sp(h3, v3) . So as [h2, v3] ̸= 0 and h3 is central
in m , we have Z(g) = Sp(h3) . Hence it remains to show that [h1, h2] ∈ m . Let
[h1, h2] = v3 + ah1 + bh2 + ch3 for some a, b, c ∈ R . As H ∼= f4 , which is three-step
nilpotent, we have [h2, [h1, h2]] ∈ Z(H) = Sp(h3) . So πV [h2, [h1, h2]] = 0 . Hence, as
[h2, v3] = λh3 ∈ H and [h2, h3] = 0 ,

0 = πV [h2, [h1, h2]] = πV [h2, v3 + ah1 + bh2 + ch3] = −av3,

so a = 0 . Thus [h1, h2] ∈ m , as required.

Remark 5.10. If the derived algebra [g, g] of a nilpotent Lie algebra of dimension
6 has dimension ≤ 3 , then [g, g] is Abelian. This can be observed from the
classification of 6-dimensional nilpotent Lie algebras [7], or can be easily proved
directly.
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Lemma 5.11. Suppose that g is nilpotent and that dim g = 6 and dimH = 3.
If dimZ(g) = 1, then [g, Sp(h2, h3, v3)] ̸⊆ Z(g).

Proof. If dimZ(g) = 1 , then H ∼= f4 by Lemma 5.7. As in the proof of
Lemma 3.1, Sp(h2, h3, v3) is the unique 3-dimensional Abelian ideal of H . Hence
[H, Sp(h2, h3, v3)] = [H,H] , which has dimension two as H ∼= f4 . Thus

[H, Sp(h2, h3, v3)] ̸⊆ Z(g).

The required result follows.

Proof of Theorem 1.5 Suppose that a 6-dimensional nilpotent Lie algebra g
possesses an open respectful decomposition (H, V ) with dimH = 3 . Parts (a), (b)
are given by Lemmas 3.1 and 5.5 respectively. Lemma 5.9 gives [g, g] ⊆ Sp(h2, h3, v3)
and Lemma 5.5 gives Z(g) ⊆ Sp(h3, v3) , so [g, g] + Z(g) ⊆ Sp(h2, h3, v3) , which
has dimension 3 . This proves (c). By Lemma 5.9, [g, g] ⊆ Sp(h2, h3, v3) , so if
dim[g, g] = 3 , then [g, g] = Sp(h2, h3, v3) . If dimZ(g) = 1 , then Lemma 5.11 gives
[g, Sp(h2, h3, v3)] ̸⊆ Z(g) . This establishes (d).

Algebra Relations H basis V basis H V
L5,4 ⊕ R [x1, x2] = x5, [x3, x4] = x5 x1, x2, x5 + x6 x3, x4, x5 − x6 R⊕ h3 h3

L5,5 ⊕ R [x1, x2] = x3, [x1, x3] = x5, x1, x3, x5 + x6 x2, x4, x6 R⊕ h3 h3
[x2, x4] = x5

L6,10 [x1, x2] = x3, [x1, x3] = x6, x1, x2, x6 x3, x4, x5 f4 R3

[x4, x5] = x6

L6,11 [x1, x2] = x3, [x1, x3] = x4, x1, x3, x6 x2, x4, x5 f4 R3

[x1, x4] = x6, [x2, x3] = x6,
[x2, x5] = x6

L6,12 [x1, x2] = x3, [x1, x3] = x4, x1, x3, x6 x2, x4, x5 f4 R3

[x1, x4] = x6, [x2, x5] = x6

L6,13 [x1, x2] = x3, [x1, x3] = x5, x1, x3, x6 x2, x4, x5 + x6 f4 h3
[x2, x4] = x5, [x1, x5] = x6,

[x3, x4] = x6

L6,19(0) [x1, x2] = x4, [x1, x3] = x5, x2, x4, x5 x1, x3, x6 R⊕ h3 R3

[x2, x4] = x6

L6,22(ϵ) [x1, x2] = x5, [x1, x3] = x6, x1, x2, x6 x3, x4, x5 + x6 R⊕ h3 h3
ϵ = 0,±1 [x2, x4] = ϵx6, [x3, x4] = x5

L6,23 [x1, x2] = x3, [x1, x3] = x5, x1, x3, x6 x2, x4, x5 + x6 R⊕ h3 h3
[x1, x4] = x6, [x2, x4] = x5

L6,24(ϵ) [x1, x2] = x3, [x1, x3] = x5, x1, x3, x6 x2, x4, x5 + x6 R⊕ h3 h3
ϵ = 0,±1 [x1, x4] = ϵx6, [x2, x3] = x6,

[x2, x4] = x5

Table 2: The 14 algebras of Theorem 1.5

From the classification of real nilpotent Lie algebras of dimension 6, we see that up
to isomorphism, there are exactly 14 nilpotent Lie algebras of dimension 6 satisfying
the above four conditions; see Table 2, which uses the classification and notation
of de Graaf [7]. For each of these 14 algebras, Table 2 gives an open respectful
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decomposition (H, V ) with dimH = 3 . (Note that there may be more than one such
decomposition for each algebra; see Example 3.16). To see that the other algebras
in de Graaf’s classification do not possess an open respectful decomposition, note
that:

• Algebras L5,8 ⊕ R and L6,25 fail condition (a).

• Algebra L6,26 and algebras of the form h ⊕ R2 , where dim h = 4 , fail condi-
tion (b). (Note that h3 ⊕ h3 is isomorphic to the algebra L6,22(1)).

• Algebras L5,i⊕R for i = 6, 7, 9 , and L6,i for i = 14, 15, 16, 17, 18 , and L6,21(ϵ)
for ϵ ∈ {−1, 0, 1} , fail condition (c).

• Algebras L6,19(±1) and L6,20 fail condition (d).

Proof of Corollary 1.7. Applying Lemma 3.5(f) to H and V , we immediately
obtain dimH = dimV = 3 . As above, choose a basis {h1, h2, h3} for H and
{v1, v2, v3} for V such that πH [h1, h2] = v3 and πH [v1, v2] = h3 . Since H respects
V , Lemma 5.4 gives H ∼= R ⊕ h3 . Hence Lemma 5.7 gives Z(g) = Sp(h3, v3) . As
(H, V ) is mutually respectful, [h, v] = 0 for all h ∈ H, v ∈ V . So the only nontrivial
relations are

[h1, h2] = ah3 + v3, [v1, v2] = h3 + bv3,

for some a, b ∈ R . If ab = 1 , then obviously g ∼= R⊕h5 . If ab ̸= 1 , then the elements
ah3 + v3, h3 + bv3 are linearly independent and it follows that g ∼= h3 ⊕ h3 .
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