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Abstract. We first introduce the notion of an extending datum of a Rota-Baxter Lie algebra
through a vector space. We then construct a unified product for the Rota-Baxter Lie algebra
with a vector space as a main ingredient in our approach. Finally, we solve the extending
structures problem of Rota-Baxter Lie algebras, which generalizes and unifies two problems in
the study of Rota-Baxter Lie algebras: the extension problem studied by Mishra-Das-Hazra and
the factorization problem investigated by Lang-Sheng.
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1. Introduction

The aim of this paper is to solve the extending structure problem for Rota-Baxter Lie
algebras which asks for the classification of all Rota-Baxter Lie algebraic structures
on a given vector space by the approach of a general unified product.

1.1. Rota-Baxter (Lie) algebras
Let k be a field and λ ∈ k . A Rota-Baxter algebra of weight λ is a pair (R,P ) ,
where R is an associative algebra over k , and P : R → R is a linear operator which
satisfies the Rota-Baxter identity

P (x)P (y) = P (xP (y) + P (x)y + λxy) for x, y ∈ R. (1)

Then P is called a Rota-Baxter operator of weight λ . The notion of a Rota-Baxter
algebra was probably introduced in the first time by G. Baxter [11] in 1960 based
on the study of Spitzer’s identity in fluctuation theory. It is a natural algebraic
interpretation of the formula of partial integration in analysis, as in the case of
a differential algebra could be treated as an algebraic abstraction of differential
equations. More precisely, let R be the R-algebra of continuous functions on R .
Define P : R → R to be the integration

P (f)(x) =

∫ x

0

f(t)dt.
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Then the integration by parts formula∫ x

0

P (f)′(t)P (g)(t)dt = P (f)(x)P (g)(x)−
∫ x

0

P (f)(t)P (g)′(t)dt

is precisely Eq. (1) with λ = 0 .
After 60 years developments, the study of Rota-Baxter algebras has become a vibrant
research field and plays an important role in mathematics and mathematical physics,
such as multiple zeta values [21], pre-Lie algebras [1, 6], Hopf algebras [16, 30, 40, 42,
43], (antisymmetric) infinitesimal bialgebras [5, 38], dendriform algebras [14, 15, 44],
operads [34], O -operators [10], quantum field theory [13], classical (associative)
Yang-Baxter equations [7, 9, 10, 17]. For more details about Rota-Baxter algebras,
see the monograph [18].
Completely independent of the above developments, the Rota-Baxter operator in
the context of Lie algebras has its own motivations and developing history. In fact,
it is an operator form of the classical Yang-Baxter equation (CYBE), named after
the physicists C. N. Yang [39] and R. Baxter [12]. For a given Lie algebra g , the
classical Yang-Baxter equation (CYBE) was defined by the following tensor form

[r12, r13] + [r12, r23] + [r13, r23] = 0,

where r ∈ g ⊗ g . In [36], Semonov-Tian-Shansky showed that if there exists
a nondegenerate symmetric invariant bilinear form on g , then a skew-symmetric
solution r of the CYBE can be equivalently expressed as a linear operator R : g → g
satisfying the following identity

[R(x), R(y)] = R([R(x), y]) +R([x,R(y)]), ∀x, y ∈ g, (2)

which is precisely the Rota-Baxter relation (of weight zero) in Eq. (1) in the context
of Lie algebras. In this way, Eq. (2) is called an operator form of the CYBE. We
would like to emphasize that this result was generalized by Kupershmidt [25] by the
concept of an O -operator, which was also called a relative Rota-Baxter operator.
Quite recently the discovery of some new algebraic and geometric structures in math-
ematics and physics [19] has led to a renewed interest in the study of Rota-Baxter Lie
algebras and their connections with deformations and homotopy theory [27, 28, 37],
cf. [37] for recent surveys. One of the main motivation comes from the emergence of
Rota-Baxter Lie groups. In [19], Lang-Sheng-Guo showed that the differentiation of
a Rota-Baxter Lie group is a Rota-Baxter Lie algebra of weight 1, generalizing the
fact that the differentiation of a Lie group is a Lie algebra. Let G be a Lie group.
A Rota-Baxter Lie group is a Lie group G together with a smooth map B : G→ G
on G satisfying

B(g1)B(g2) = B(g1AdB(g1)g2), ∀g1, g2 ∈ G,

where Adg, g ∈ G is an adjoint action. Then the following formula

[u, v]g =
d2

dtds
|t,s=0 exp

tuexpsvexp−tu, ∀u, v ∈ g

captures the relationship between the Lie bracket [, ]g and the Lie group multipli-
cation. Let e be an identity of G and g = TeG the Lie algebra of G . Then the
tangent map B = B⋆e : g → g of B at the identity e is a Rota-Baxter operator of
weight 1 and so (g, [, ]g, B) is a Rota-Baxter Lie algebra of weight 1.
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Viewing Rota-Baxter Lie algebras in the framework of bialgebras, Lang and Sheng
[26] introduced the notion of a quadratic Rota-Baxter Lie algebra, which has a one-
one correspondence to the factorizable Lie bialgebras. This leads to the introduction
of a Rota-Baxter Lie bialgebra [26]. The study of Rota-Baxter Lie bialgebras was
partly motivated by the theory of Manin triple approach. Except for the construction
of a one-to-one correspondence between Manin triples of Rota-Baxter Lie algebras
and Rota-Baxter Lie bialgebras [26], Bai-Guo-Liu-Ma [8] independently established
a general bialgebra structure on Rota-Baxter Lie algebras following the approach
of Manin triples to Lie bialgebras and antisymmetric infinitesimal bialgebras. A
cohomology theory of a relative Rota-Baxter Lie algebra with coefficients in a
representation was studied in [24].

1.2. Extending structures problem
The extending structures (ES) problem arose in the study of group theory by Agore
and Militaru [2] around 2014. It can be regarded as a uniform of two well-known
problems in group theory – the extension problem of Hölder [22] and the factorization
problem of Ore [33], which served as baby models for the ES-problem approach [2].
Later, Agore and Militaru argued in favor of the study of ES-problems on several
occasions. For example, the extending structures problem for Lie algebras and
unital associative algebras are solved in [3] and [4] respectively. Apparently, the
ES-problem becomes more popular when some new motivations were found, coming
on one hand from interesting applications to conformal algebras [23] and on the
other from close relation to the theory of 3-Lie algebras [41] and superalgebras [45].
Considering the fact that the Rota-Baxter Lie algebra is a generalization of the Lie
algebra, it is almost a natural question to consider the following extending structures
problem.

Problem 1.1. Let (g, Pg) be a Rota-Baxter Lie algebra. Let E be a vector
space containing g as a subspace. Up to isomorphism of Rota-Baxter Lie algebras
which stabilizes (g, Pg) , describe and classify all the Rota-Baxter Lie algebraic
structures ([−,−], PE) on E such that (g, Pg) is a Rota-Baxter Lie subalgebra
of (E, [−,−], PE) .

In order to solve the above problem, we follow the steps of Agore and Militaru [3] on
the construction of the Lie algebra case, we give the concept of an extending datum
of a Rota-Baxter Lie algebra through a vector space and a Rota-Baxter Lie extending
structure. Generalizing the results of Agore and Militaru [3] of the Lie algebra case,
the description part and the classification part of the extending structure problem
of Rota-Baxter Lie algebras are answered by a unified product of Rota-Baxter Lie
algebras and a relative cohomology group. In particular, the non-abelian extension
of Rota-Baxter Lie algebras in [32] and the factorization problem of Rota-Baxter
Lie algebras in [26] appear to be special cases of the Rota-Baxter Lie extending
structures problem.
This paper is organized as follows. In Section 2, we give the concept of an extending
datum of Rota-Baxter Lie algebras with vector spaces and a unified product from an
extending datum. Then the description part of the extending structure problem of
Rota-Baxter Lie algebras is answered in Theorem 2.11. The classification part of the
extending structure problem of Rota-Baxter Lie algebras is answered in Theorem
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2.15 using a relative cohomology group. In Section 3, we show that the crossed
products and bicrossed products of two Rota-Baxter Lie algebras are special cases
of the unified product. In Section 4, we consider the flag extending structure of
Rota-Baxter Lie algebras and give an answer to the calculation of the classifying
object of the extending structure of the flag extending structure of Rota-Baxter Lie
algebras.

Notation. Throughout this paper, let k be a field unless the contrary is specified,
which will be the base ring of all modules, algebras, coalgebras, bialgebras, tensor
products, as well as linear maps.

2. Unified products for Rota-Baxter Lie algebras
In this section, we first introduce an extending datum of a Rota-Baxter Lie algebra.
We then give a construction of the unified product of a Rota-Baxter Lie algebra
with a vector space. We prove that any Rota-Baxter Lie algebra on a vector space
E containing a given Rota-Baxter Lie algebra as a Rota-Baxter Lie subalgebra is
isomorphic to a unified product. Finally, the answer to the classification part of the
extending structure problem is given.

Definition 2.1. Let λ be a fixed element of k . A Rota-Baxter Lie algebra of
weight λ is a Lie algebra g together with a linear map Pg such that

[P (g), P (h)] = P ([P (g), h] + [g, P (h)] + λ[g, h]), ∀g, h ∈ g.

We denote it by (g, [·, ·], Pg) or (g, Pg) .

Throughout the rest of this paper, we say (g, Pg) is a Rota-Baxter Lie algebra to
mean that (g, Pg) is a Rota-Baxter Lie algebra of weight λ .

Definition 2.2. Let (g, Pg) and (g′, Pg′) be two Rota-Baxter Lie algebras. A
morphism of Rota-Baxter Lie algebras f : (g, Pg) → (g′, Pg′) is a morphism of Lie
algebras f : g → g′ such that f ◦ Pg = Pg′ ◦ f . It is said to be an isomorphism if f
is a linear isomorphism.

Let E be a vector space and g ⊂ E a subspace of E . A subspace V of E is a
complement of g in E if E = V + g and V ∩ g = 0 . Note that such a complement
is unique up to isomorphism and its dimension is called the codimension of g in E .
For later use, we recall the notion of a Rota-Baxter module over a Rota-Baxter Lie
algebra given in [26].

Definition 2.3. Let g be a Lie algebra. A left g-module is a vector space V
together with a linear map ◃ : g ⊗ V → V , called the left action of g on V , such
that [g, h] ◃ x = g ◃ (h ◃ x)− h ◃ (g ◃ x) , for all x ∈ V and g, h ∈ g .

The notion of right g-modules can be defined similarly. Note that any right g-
module is a left g-module via g ◃ x := −x ▹ g and viceversa. Hence the category of
right g-modules is isomorphic to the category of left g-modules.

Definition 2.4. [26, Definition 3.6] Let (g, Pg) be a Rota-Baxter Lie algebra. A
left (g, Pg)-module is a pair (V, T ) , where V is a vector space and T : V → V is
a linear map, together with a linear map ◃ : g ⊗ V → V such that V is a left
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g-module under the map ◃ and for g ∈ g and v ∈ V ,

Pg(g) ◃ T (v) = T (Pg(g) ◃ v + g ◃ T (v) + λg ◃ v).

The notion of right (g, Pg)-modules can be defined similarly.

Definition 2.5. Let (g, Pg) be a Rota-Baxter Lie algebra and let (E,PE) be a
pair where E is a vector space and PE : E → E is a linear map. Suppose g is a
subspace of E and V is a complement of g in E . For a linear map ϕ : E → E such
that ϕ ◦ PE = PE ◦ ϕ , we consider the diagram:

(g, Pg)

idg
��

i // (E,PE)

ϕ

��

π // V

idV
��

(g, Pg)
i // (E,PE)

π // V

where π : E → V is the canonical projection of E = g + V on V and i : g → E
is the inclusion map such that i ◦ Pg = PE ◦ i . We say that ϕ : E → E stabilizes
(g, Pg) (resp. co-stabilizes V ) if the left square (resp. the right square) of the above
diagram is commutative.

Definition 2.6. Suppose that (E, [·, ·], P ) and (E, [·, ·]′, P ′) are two Rota-Baxter
Lie algebras on E both containing (g, Pg) as a Rota-Baxter Lie subalgebra.
(1) (E, [·, ·], P ) and (E, [·, ·]′, P ′) are called equivalent, denoted (E, [·, ·], P ) ≡

(E, [·, ·]′, P ′) , if there exists a Rota-Baxter Lie algebra isomorphism

ϕ : (E, [·, ·], P ) → (E, [·, ·]′, P ′)

which stabilizes (g, Pg) .
(2) (E, [·, ·], P ) and (E, [·, ·]′, P ′) are called cohomologous, denoted (E, [·, ·], P ) ≈

(E, [·, ·]′, P ′) , if there exists a Rota-Baxter Lie algebra isomorphism

ϕ : (E, [·, ·], P ) → (E, [·, ·]′, P ′)

which stabilizes (g, Pg) and co-stabilizes V .

Remark 2.7. (1) Note that ≡ and ≈ are equivalence relations on the set of all
Rota-Baxter Lie algebras structures on E containing (g, Pg) as a Rota-Baxter Lie
subalgebra and we denote by Extd(E, (g, Pg)) (resp. Extd′(E, (g, Pg))) the set of
all equivalence classes via ≡ (resp. ≈).

(2) By Definition 2.6, Extd(E, (g, Pg)) gives the set of all isomorphism classes of
Rota-Baxter Lie algebras on E that stabilizes (g, Pg) and Extd′(E, (g, Pg)) gives
the set of all isomorphism classes of Rota-Baxter Lie algebras on E from the point
of extension theory.

(3) Since any two cohomologous Rota-Baxter Lie algebras structures on E are
equivalent, there is a canonical projection

Extd′(E, (g, Pg)) → Extd(E, (g, Pg)).
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Generalizing the extending datum of Lie algebras through vector spaces [3], we give
the following notion.

Definition 2.8. Let (g, Pg) be a Rota-Baxter Lie algebra and let V be a vector space.
(1) An extending datum of (g, Pg) through V is a system

Ω((g, Pg), V ) = (▹, ◃, f, {−,−}, P1, P2)

consisting of four bilinear maps

▹ : V × g → V, ◃ : V × g → g, f : V × V → g, {−,−} : V × V → V

and two linear maps P1 : V → g, P2 : V → V .

(2) Let Ω((g, Pg), V ) = (▹, ◃, f, {−,−}, P1, P2) be an extending datum of (g, Pg)
through V . Denote by g♮V the vector space g × V with a bilinear map
[−,−] : (g× V )× (g× V ) → g× V defined by

[(g, x), (h, y)] := ([g, h] + x ◃ h− y ◃ g + f(x, y), {x, y}+ x ▹ h− y ▹ g) (3)
and a linear map P : g× V → g× V defined by

P((g, x)) := (Pg(g) + P1(x), P2(x)), (4)
for all g, h ∈ g and x, y ∈ V . The object g♮V is called a unified product of
(g, Pg) and V if it is a Rota-Baxter Lie algebra with the maps given by Eqs (3)
and (4).

(3) The extending datum Ω((g, Pg), V ) = (▹, ◃, f, {−,− }, P1, P2) is called a Rota-
Baxter Lie extending structure of (g, Pg) through V if g♮V is a unified product
of (g, Pg) and V .

(4) Denote by L((g, Pg), V ) the set of all Rota-Baxter Lie extending structures of
(g, Pg) through V .

Now we provide an equivalent characterization of the unified product g♮V of (g, Pg)
and V as follows.

Theorem 2.9. Let (g, Pg) be a Rota-Baxter Lie algebra. Let V be a vector space
and Ω((g, Pg), V ) an extending datum of (g, Pg) through V . Then the following
statements are equivalent:
(1) g♮V is a unified product of (g, Pg) and V ;
(2) For any g, h ∈ g and x, y, z ∈ V ,

(a) f(x, x) = 0, {x, x} = 0;
(b) (V, ▹) is a right g-module;
(c) x ◃ [g, h] = [x ◃ g, h] + [g, x ◃ h] + (x ▹ g) ◃ h− (x ▹ h) ◃ g ;
(d) {x, y} ▹ g = {x, y ▹ g}+ {x ▹ g, y}+ x ▹ (y ◃ g)− y ▹ (x ◃ g);
(e) {x, y} ◃ g = x ◃ (y ◃ g)− y ◃ (x ◃ g) + [g, f(x, y)] + f(x, y ▹ g) + f(x ▹ g, y);
(f) f(x, {y, z})+f(y, {z, x})+f(z, {x, y})+x◃f(y, z)+y◃f(z, x)+z◃f(x, y) = 0;
(g) {x, {y, z}}+{y, {z, x}}+{z, {x, y}}+x▹f(y, z)+y ▹f(z, x)+z ▹f(x, y) = 0;
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(h) [Pg(g), P1(y)]− P2(y) ◃ Pg(g) + Pg(y ◃ Pg(g)) + P1(y ▹ Pg(g))− Pg([g, P1(y)])

+ Pg(P2(y) ◃ g) + P1(P2(y) ▹ g) + λPg(y ◃ g) + λP1(y ▹ g) = 0;

(i) P2(y) ▹ Pg(g)− P2(y ▹ Pg(g))− P2(P2(y) ▹ g)− λP2(y ▹ g) = 0;

(j) [P1(x), P1(y)] + P2(x) ◃ P1(y)− P2(y) ◃ P1(x) + f(P2(x), P2(y))
+ Pg(y ◃ P1(x))− Pg(f(P2(x), y))− P1({P2(x), y}) + P1(y ▹ P1(x))
− Pg(x ◃ P1(y))− Pg(f(x, P2(y)))− P1({x, P2(y)})− P1(x ▹ P1(y))
− λPg(f(x, y))− λP1({x, y}) = 0;

(k) {P2(x), P2(y)}+ P2(x) ▹ P1(y)− P2(y) ▹ P1(x)− P2({P2(x), y})
+ P2(y ▹ P1(x))− P2({x, P2(y)})− P2(x ▹ P1(y))− λP2({x, y}) = 0.

Proof. By Theorem 3.2 of [3], g♮V is a Lie algebra under the product given by
(3) if and only if Eqs. (2a)–(2g) hold. Next we show that the operator P given by
Eq. (4) is a Rota-Baxter operator if and only if Eqs. (2h)–(2k) hold. Since (g, x) =
(g, 0)+(0, x) in g♮V and P given by Eq. (4) is a linear map, we only need to consider
the action of P on all generators of g♮V , i.e. the set {(g, 0)|g ∈ g}∪{(0, x)|x ∈ V } .
As [−,−] is antisymmetric, there are three steps to consider. First, P is a Rota-
Baxter operator for any (g, 0), (h, 0) :

[P((g, 0)),P((h, 0))]− P
(
[P(g, 0), (h, 0)] + [(g, 0),P(h, 0)] + λ[(g, 0), (h, 0)]

)
= [(Pg(g), 0), (Pg(h), 0)]−P

(
[(Pg(g), 0), (h, 0)]+[(g, 0), (Pg(h), 0)]+λ[(g, 0), (h, 0)]

)
= ([Pg(g), Pg(h)], 0)−

(
Pg([Pg(g), h] + [g, Pg(h)] + λ[g, h]), 0

)
(by Eqs. (3)–(4))

= 0 (as Pg being a Rota-Baxter operator of g).
Next we prove that P is a Rota-Baxter operator for any (g, 0), (0, y) if and only if
Eqs. (2h)–(2i) hold. Indeed,

[P((g, 0)),P((0, y))]− P
(
[P(g, 0), (0, y)] + [(g, 0),P(0, y)] + λ[(g, 0), (0, y)]

)
= [(Pg(g), 0), (P1(y), P2(y))]− P

(
[(Pg(g), 0), (0, y)] + [(g, 0), (P1(y), P2(y))]

+ λ[(g, 0), (0, y)]
)

(by Eq. (4))

=
(
[Pg(g), P1(y)]− P2(y) ◃ Pg(y),−P2(y) ▹ Pg(g)

)
− P

((
− y ◃ Pg(g),−y ▹ Pg(g)

)
+
(
[g, P1(y)]− P2(y) ◃ g,−P2(y) ▹ g

)
+ λ

(
− y ◃ g,−y ▹ g

))
(by Eq. (3))

=
(
[Pg(g), P1(y)]− P2(y) ◃ Pg(y),−P2(y) ▹ Pg(g)

)
−

(
Pg(−y ◃ Pg(g)) + P1(−y ▹ Pg(g)), P2(−y ▹ Pg(g))

)
−

(
Pg([g, P1(y)])− Pg(P2(y) ◃ g) + P1(−P2(y) ▹ g), P2(−P2(y) ▹ g)

)
− λ

(
Pg(−y ◃ g) + P1(−y ▹ g), P2(−y ▹ g)

)
(by Eq. (4))

=
(
[Pg(g), P1(y)]− P2(y) ◃ Pg(g) + Pg(y ◃ Pg(g)) + P1(y ▹ Pg(g))− Pg([g, P1(y)])

+ Pg(P2(y) ◃ g) + P1(P2(y) ▹ g) + λPg(y ◃ g) + λP1(y ▹ g),

P2(y) ▹ Pg(g)− P2(y ▹ Pg(g))− P2(P2(y) ▹ g)− λP2(y ▹ g)
)
.
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Hence P is a Rota-Baxter operator for (g, 0), (0, y) if and only if Eqs. (2h)–(2i) hold.
Finally, we prove that P is a Rota-Baxter operator for (0, x), (0, y) if and only if
Eqs. (2j)–(2k) hold. Indeed,

[P((0, x)),P((0, y))]− P
(
[P((0, x)), (0, y)] + [(0, x),P((0, y))] + λ[(0, x), (0, y)]

)
=

[(
P1(x), P2(x)

)
,
(
P1(y), P2(y)

)]
− P

( [(
P1(x), P2(x)

)
, (0, y)

]
+
[
(0, x),

(
P1(y), P2(y)

)]
+ λ[(0, x), (0, y)]

)
=

(
[P1(x), P1(y)] + P2(x) ◃ P1(y)− P2(y) ◃ P1(x) + f

(
P2(x), P2(y)

)
, {P2(x), P2(y)}

+ P2(x) ▹ P1(y)− P2(y) ▹ P1(x)
)
− P

((
− y ◃ P1(x) + f(P2(x), y),

{P2(x), y} − y ▹ P1(x)
)
+
(
x ◃ P1(y) + f(x, P2(y)), {x, P2(y)}+ x ▹ P1(y)

)
+ λ

(
f(x, y), {x, y}

))
=

(
[P1(x), P1(y)] + P2(x) ◃ P1(y)− P2(y) ◃ P1(x) + f(P2(x), P2(y)), {P2(x), P2(y)}

+ P2(x) ▹ P1(y)− P2(y) ▹ P1(x)
)
−

(
Pg(−y ◃ P1(x)) + Pg(f(P2(x), y))

+ P1({P2(x), y})− P1(y ▹ P1(x)), P2({P2(x), y})− P2(y ▹ P1(x))
)

−
(
Pg(x ◃ P1(y))+Pg(f(x, P2(y)))+P1({x, P2(y)})+P1(x ▹ P1(y)), P2({x, P2(y)})

+ P2(x ▹ P1(y))
)
− λ

(
Pg(f(x, y)) + P1({x, y}), P2({x, y})

)
=

(
[P1(x), P1(y)] + P2(x) ◃ P1(y)− P2(y) ◃ P1(x) + f(P2(x), P2(y)) + Pg(y ◃ P1(x))

− Pg(f(P2(x), y))− P1({P2(x), y}) + P1(y ▹ P1(x))− Pg(x ◃ P1(y))

− Pg(f(x, P2(y)))− P1({x, P2(y)})− P1(x ▹ P1(y))− λPg(f(x, y))

− λP1({x, y}), {P2(x), P2(y)}+ P2(x) ▹ P1(y)− P2(y) ▹ P1(x)− P2({P2(x), y})

+ P2(y ▹ P1(x))− P2({x, P2(y)})− P2(x ▹ P1(y))− λP2({x, y})
)
.

Hence P is a Rota-Baxter operator for (0, x), (0, y) if and only if Eqs. (2j) and (2k)
hold. This completes the proof.

Remark 2.10. Note that Eqs. (2b) and (2k) show that (V, P2) is a right (g, Pg)-
module under the action ▹ .

Let Ω((g, Pg), V ) = (▹, ◃, f, {−,−}, P1, P2) be a Rota-Baxter Lie extending structure
and g♮V the associated unified product. Then there is a canonical inclusion

ig : g → g♮V, ig(g) = (g, 0), for any g ∈ g.

Note that ig ◦ Pg = P ◦ ig . Then ig is an injective morphism of Rota-Baxter Lie
algebras. Hence (g, Pg) can be viewed as a Rota-Baxter Lie subalgebra of g♮V
through the identification g ∼= ig(g) ∼= g× {0} .
Next we will prove that any Rota-Baxter Lie algebra structure on a vector space
E containing (g, Pg) as a Rota-Baxter Lie subalgebra is isomorphic to a unified
product of (g, Pg) through a vector space.
Now we arrive at our first main result in this section.
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Theorem 2.11. Let (g, Pg) be a Rota-Baxter Lie algebra. Let E be a vector
space containing g as a subspace and (E, [−,−], PE) a Rota-Baxter Lie algebra such
that (g, Pg) is a Rota-Baxter Lie subalgebra of (E, [−,−], PE). Then there exists a
Rota-Baxter Lie extending structure

Ω((g, Pg), V ) = (▹, ◃, f, {−,−}, P1, P2)

of (g, Pg) through a subspace V of E and an isomorphism of Rota-Baxter Lie
algebras

(E,PE) ∼= (g♮V,P)

that stabilizes (g, Pg) and co-stabilizes V .

Proof. Since k is a field, we have a linear map p : E → g such that p(g) = g ,
for all g ∈ g . Define V := ker(p) . Then V is a complement of g in E , p ◦ p = p
and p ◦ (idE − p) = 0 . Now define the extending datum of (g, Pg) through V as
follows:

◃ : V × g → g, x ◃ g := p([x, g]),

▹ : V × g → V, x ▹ g := [x, g]− p([x, g]),

f : V × V → g, f(x, y) := p([x, y]),

{, } : V × V → V, {x, y} := [x, y]− p([x, y]),

P1 : V → g, P1(x) = p(PE(x)),

P2 : V → V, P2(x) = PE(x)− p(PE(x)),

for any g ∈ g and x, y ∈ V . Note that by definition of the map p , for any
g ∈ g and x, y ∈ V , x ▹ g ∈ V , {x, y} ∈ V and P2(x) ∈ V . Hence the
above maps are all well-defined linear maps or bilinear maps. Now we prove that
Ω((g, Pg), V ) = (▹, ◃, f, {−,−}, P1, P2) is a Rota-Baxter Lie extending structure of
(g, Pg) through V and

ϕ : g♮V → E, ϕ(g, x) := g + x

is an isomorphism of Rota-Baxter Lie algebras that stabilizes g and co-stabilizes V .
Analogue to the proof of Theorem 3.4 in [3],

ϕ : g× V → E, ϕ(g, x) := g + x

is a linear isomorphism between the vector space g×V and the Lie algebra E with
the inverse given by

ϕ−1(y) := (p(y), y − p(y)), for all y ∈ E.

As ϕ is a linear isomorphism, there exists a unique Rota-Baxter Lie algebra structure
on g× V with the Rota-Baxter operator and the product on g× V given by

P((g, x)) := ϕ−1(PE(ϕ(g, x))), [(g, x), (h, y)] := ϕ−1([ϕ(g, x), ϕ(h, y)]), (5)

for all g, h ∈ g and x, y ∈ V , such that ϕ is an isomorphism of Rota-Baxter Lie
algebras. In fact, by the proof of Theorem 3.4 in [3], the product in Eq. (5) coincides
with the one defined by Eq. (3). Hence, it remains to prove that the Rota-Baxter
operator in Eq. (5) coincides with the one defined by Eq. (4).
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Indeed, for any g ∈ g and x ∈ V , we have

P((g, x)) = ϕ−1(PE(ϕ(g, x))) = ϕ−1(PE(g + x))

= ϕ−1(PE(g) + PE(x)) = ϕ−1(Pg(g) + PE(x))

(by (g, Pg) being a Rota-Baxter Lie subalgebra of (E,PE))
= ϕ−1(Pg(g) + p(PE(x)) + PE(x)− p(PE(x)))

= (Pg(g) + p(PE(x)), PE(x)− p(PE(x))) (by p ◦ p = p and p ◦ (idE − p) = 0)
= (Pg(x) + P1(x), P2(x)).

Finally, we can check the following diagram is commutative

(g, Pg)

idg
��

ig // (g♮V,P)

ϕ

��

q // V

idV
��

(g, Pg)
ig // (E,PE)

π // V

where π : E → V is the projection of E = g + V on the vector space V and
q : g♮V → V, q(g, x) := x is the canonical projection. Hence ϕ stabilizes (g, Pg) and
V . This completes the proof.

Remark 2.12. By Theorem 2.11, any Rota-Baxter Lie algebra structure on
a vector space E containing (g, Pg) as a Rota-Baxter Lie subalgebra is isomor-
phic to a unified product of (g, Pg) through a given complement V of g in E .
Hence the classification of all Rota-Baxter Lie algebra structures on E that con-
tains (g, Pg) as a Rota-Baxter Lie subalgebras is equivalent to the classification of
all unified products g♮V , associated to all Rota-Baxter Lie extending structures
Ω((g, Pg), V ) = (▹, ◃, f, {−,−}, P1, P2) , for a given complement V of g in E .

To classify all unified products g♮V , we need the following lemma.

Lemma 2.13. Let
Ω((g, Pg), V ) = (▹, ◃, f, {−,−}, P1, P2), Ω′((g, Pg), V ) = (▹′, ◃′, f ′, {−,−}′, P ′

1, P
′
2)

be two Rota-Baxter Lie extending structures of (g, Pg) through V and let g♮V, g♮′V
be their corresponding associated unified products. Then there exists a bijection
between the set of all morphisms of Rota-Baxter Lie algebras ψ : g♮V → g♮′V which
stabilizes (g, Pg), and the set of pairs (r, v), where r : V → g, v : V → V are two
linear maps satisfying the following conditions: for any g ∈ g, x, y ∈ V ,

(1) v(x) ▹′ g = v(x ▹ g);

(2) r(x ▹ g) = [r(x), g]− x ◃ g + v(x) ◃′ g ;

(3) v({x, y}) = {v(x), v(y)}′ + v(x) ▹′ r(y)− v(y) ▹′ r(x);

(4) r({x, y}) = [r(x), r(y)] + v(x) ◃′ r(y)− v(y) ◃′ r(x) + f ′(v(x), v(y))− f(x, y);

(5) P1(x) = Pg(r(x)) + P ′
1(v(x))− r(P2(x));

(6) v(P2(x)) = P ′
2(v(x)).
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Under the above bijection, the morphism of Rota-Baxter Lie algebras
ψ = ψ(r,v) : g♮V → g♮′V

corresponding to (r, v) is given by
ψ(g, x) = (g + r(x), v(x)),

for any g ∈ g and x ∈ V . Moreover, ψ = ψ(r,v) is an isomorphism of Rota-Baxter
Lie algebras if and only if v : V → V is a bijection and ψ = ψ(r,v) co-stabilizes V
if and only if v = idV .
Proof. By the proof of Lemma 3.5 in [3], a linear map ψ : g♮V → g♮′V which
stabilizes g is uniquely determined by two linear maps r : V → g and v : V → V
such that ψ(g, x) = (g + r(x), v(x)) for all g ∈ g and x ∈ V . Moreover, ψ is a
morphism of Lie algebras if and only if the conditions (1)–(4) hold. Denote by P
and P ′ the Rota-Baxter operators associated to g♮V and g♮′V . Next, we show that
ψ is compatible with the Rota-Baxter operators, i.e. ψ ◦ P = P ′ ◦ ψ , if and only if
the conditions (5)–(6) hold. For g, h∈g , we have

ψ ◦ P((g, 0)) = ψ((Pg(g), 0)) = (Pg(g), 0) = P ′((g, 0)) = P ′ ◦ ψ((g, 0)).
ψ is compatible with the Rota-Baxter operators under this case. For x∈V , we get

ψ ◦ P((0, x))− P ′ ◦ ψ((0, x)) = ψ((P1(x), P2(x)))− P ′((r(x), v(x)))

= (P1(x) + r(P2(x)), v(P2(x)))− (Pg(r(x)) + P ′
1(v(x)), P

′
2(v(x))).

Hence ψ ◦ P((0, x)) = P ′ ◦ ψ((0, x)) if and only if the conditions (5)–(6) hold.
Moreover, by the proof of Lemma 3.5 in [3], ψ = ψ(r,v) is an isomorphism if and only
if v : V → V is a bijection and ψ = ψ(r,v) co-stabilizes V if and only if v = idV .
By Lemma 2.13, we give the following definition.

Definition 2.14. Let (g, Pg) be a Rota-Baxter Lie algebra and let V be a
vector space. Two Rota-Baxter Lie extending structures of (g, Pg) through V ,
Ω((g, Pg), V ) = (▹, ◃, f, {−,−}, P1, P2) and Ω′((g, Pg), V ) = (▹′, ◃′, f ′, {−.−}′, P ′

1, P
′
2)

are called equivalent, denoted by
Ω((g, Pg), V ) ≡ Ω′((g, Pg), V ),

if there exists a pair (r, v) of linear maps, where r :V →g and v∈Autk(V ) such that
(▹′, ◃′, f ′, {−,−}′, P ′

1, P
′
2)

is obtained from (▹, ◃, f, {−,−}, P1, P2) using (r, v) via

x ▹′ g = v(v−1(x) ▹ g),

x ◃′ g = r(v−1(x) ▹ g) + v−1(x) ◃ g + [g, r(v−1(x))],

f ′(x, y) = f(v−1(x), v−1(y)) + r({v−1(x), v−1(y)}) + [r(v−1(x)), r(v−1(y))]

− r(v−1(x) ▹ r(v−1(y)))− v−1(x) ◃ r(v−1(y)) + r(v−1(y) ▹ r(v−1(x)))

+ v−1(y) ◃ r(v−1(x)),

{x, y}′ = v({v−1(x), v−1(y)})− v(v−1(x) ▹ r(v−1(y))) + v(v−1(y) ▹ r(v−1(x))),

P ′
1(x) = P1(v

−1(x))− Pg(r(v
−1(x))) + r(P2(v

−1(x))),

P ′
2(x) = v(P2(v

−1(x))).
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Recall that Extd(E, (g, Pg)) is the set of all equivalence classes of Rota-Baxter Lie
algebra structures on E which stabilizes (g, Pg) . Now we give a classification of
Extd(E, (g, Pg)) as our second main results.

Theorem 2.15. Let (g, Pg) be a Rota-Baxter Lie algebra, E a vector space that
contains g as a subspace and V a complement of g in E . Then:

(1) ≡ is an equivalence relation on the set L((g, Pg), V ) of all Rota-Baxter Lie
extending structures of (g, Pg) through V .
Denote by H2

(g,Pg)
(V, (g, Pg)) := L((g, Pg), V )/ ≡, the quotient set.

(2) The map Φ : H2
(g,Pg)

(V, (g, Pg)) → Extd(E, (g, Pg)),

(▹, ◃, f, {−,−}, P1, P2) 7→ (g♮V, [−,−],P)

is a bijection, where (▹, ◃, f, {−,−}, P1, P2) is the equivalence class of
(▹, ◃, f, {−,−}, P1, P2) via ≡.

Proof. (1) By Theorems 2.9, 2.11 and Lemma 2.13, Ω((g, Pg), V ) ≡ Ω′((g, Pg), V )
in the sense of Definition 2.14 if and only if there exists an isomorphism of Rota-
Baxter Lie algebras ψ : g♮V → g♮′V which stabilizes (g, Pg) . Therefore, ≡ is
an equivalence relation on the set L((g, Pg), V ) of all Rota-Baxter Lie extending
structures.
(2) By Lemma 2.13, the map Φ is a well-defined injection. By Theorem 2.11, Φ is
a surjection. Hence Φ is a bijection.

Remark 2.16. Let Ω((g, Pg), V ) = (▹, ◃, f, {−,−}, P1, P2) and Ω′((g, Pg), V ) =
(▹′, ◃′, f ′, {−.−}′, P ′

1, P
′
2) be two Rota-Baxter Lie extending structures of (g, Pg)

through V . They are called cohomologous, denoted by Ω((g, Pg), V ) ≈ Ω′((g, Pg), V ) ,
if ▹′ = ▹ , P ′

2 = P2 and there exists a linear map r : V → g such that

x ◃′ g = x ◃ g + r(x ▹ g)− [r(x), g],

f ′(x, y) = f(x, y) + r({x, y}) + [r(x), r(y)] + y ◃ r(x)− x ◃ r(y) + r(y ▹ r(x))

− r(x ▹ r(y)),

{x, y}′ = {x, y} − x ▹ r(y) + y ▹ r(x),

P ′
1(x) = P1(x)− Pg(r(x)) + r(P2(x)),

for all g ∈ g and x, y ∈ V .
Similar to the proof of Theorem 2.15, we conclude that Ω((g, Pg), V ) ≈ Ω′((g, Pg), V )
if and only if there exists an isomorphism of Rota-Baxter Lie alebras ϕ : g♮V → g♮′V
which stabilizes (g, Pg) and co-stabilizes V . Then ≈ is also an equivalent relation on
the set L((g, Pg), V ) of all Rota-Baxter Lie extending structures of (g, Pg) through
V . Define

H2(V, (g, Pg)) := L((g, Pg), V )/ ≈,
then the map

H2(V, (g, Pg)) → Extd′(E, g), (▹, ◃, f, {−,−}) 7→ (g♮V, [−,−],P)

is a bijection between H2(V, (g, Pg)) and the isomorphism classes of all Rota-Baxter
Lie algebras structures on E which stabilizes (g, Pg) and co-stabilizes V .
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3. Special cases of unified products
In the section, we first introduce the notion of crossed products and bicrossed
products of Rota-Baxter Lie algebras. Then we prove that both products are two
special cases of the unified products of Rota-Baxter Lie algebras.
Throughout the rest of this paper, we shall omit the map if it is one of the maps
▹, ◃, f, {−,−}, P1 or P2 of an extending datum Ω((g, Pg), V ) = (▹, ◃, f, {−,−}, P1, P2)
and it is trivial.
3.1. Crossed products and the extension problem
In this subsection, we introduce the concept of a crossed product of Rota-Baxter Lie
algebras and show that the extension problem studied by Mishra-Das-Hazra [32] is
a special case of the Rota-Baxter Lie extending structures problem.
Let Ω((g, Pg), V ) = (▹, ◃, f, {−,−}) be an extending datum of (g, Pg) through V
such that ▹ is a trivial map, i.e. x ▹ g = 0 , for all x ∈ V and g ∈ g . It follows
from Theorem 2.9 that Ω((g, Pg), V ) = (◃, f, {−,−}) is a Rota-Baxter Lie extending
structure of (g, Pg) through V if and only if (V, {−,−}, P2) is a Lie algebra that
satisfy the following relations:
f(x, x) = 0, x ◃ [g, h] = [x ◃ g, h] + [g, x ◃ h],

{x, y} ◃ g = x ◃ (y ◃ g)− y ◃ (x ◃ g) + [g, f(x, y)],

f(x, {y, z}+ f(y, {z, x}) + f(z, {x, y}) + x ◃ f(y, z) + y ◃ f(z, x) + z ◃ f(x, y) = 0,

[Pg(g), P1(y)]− P2(y) ◃ Pg(g) + Pg(y ◃ Pg(g))− Pg([g, P1(y)]) + Pg(P2(y) ◃ g)

+ λPg(y ◃ g) = 0,

[P1(x), P1(y)] + P2(x) ◃ P1(y)− P2(y) ◃ P1(x) + f(P2(x), P2(y)) + Pg(y ◃ P1(x))

− Pg(f(P2(x), y))− P1({P2(x), y})− Pg(x ◃ P1(y))− Pg(f(x, P2(y)))

− P1({x, P2(y)})− λPg(f(x, y))− λP1({x, y}) = 0.

for any g, h ∈ g and x, y, z ∈ V .
In this case, the associated unified product g♮V is the crossed product of the Rota-
Baxter Lie algebras (g, Pg) and (V, P2) . A system ((g, Pg), (V, P2), ◃, f, P1) consist-
ing of two Rota-Baxter Lie algebras (g, Pg), (V, P2) , two bilinear maps ◃ : V ×g → g ,
f : V × V → g and a linear map P1 : V → g satisfying the above conditions is
called a crossed system of Rota-Baxter Lie algebras. The Rota-Baxter Lie algebra
(g♮V, [−,−],P) associated to the crossed system ((g, Pg), (V, P2), ◃, f, P1) is defined
as follows: for any g, h ∈ g and x, y ∈ V ,

[(g, x), (h, y)] := ([g, h] + x ◃ h− y ◃ g + f(x, y),

{x, y}), P((g, x)) := (Pg(g) + P1(x), P2(x)).

Note that the crossed system provides the answer to the following restricted version
of the extending structures problem:

Problem 3.1. Let (g, Pg) be a Rota-Baxter Lie algebra, E a vector space con-
taining g as a subspace. Describe and classify all Rota-Baxter Lie algebra structures
on E such that (g, Pg) is a Rota-Baxter ideal of E .

Let ((g, Pg), (V, P2), ◃, f, P1) be a crossed system of two Rota-Baxter Lie algebras.



766 Peng and Zhang

Since [(g, 0), (h, y)] = ([g, h] − y ◃ g, 0) and P((g, 0)) = (Pg(g), 0) , we have that
g ∼= g×{0} is a Rota-Baxter ideal of the Rota-Baxter Lie algebra g♮V . Next we will
prove that any Rota-Baxter Lie algebra structure on a vector space E containing
(g, Pg) as a Rota-Baxter ideal can be described by a crossed product of Rota-Baxter
Lie algebras.

Corollary 3.2. Let (g, Pg) be a Rota-Baxter Lie algebra and let E be a vector
space containing g as a subspace. Then any Rota-Baxter Lie algebra structure on
E that contains (g, Pg) as a Rota-Baxter ideal is isomorphic to a Rota-Baxter Lie
algebra associated to a crossed system ((g, Pg), (V, P2), ◃, f, P1).

Proof. Suppose (E,PE) is a Rota-Baxter Lie algebra such that (g, Pg) is a Rota-
Baxter ideal in (E,PE) . Then (g, Pg) is also a Rota-Baxter Lie subalgebra of
(E,PE) . Hence by Theorem 2.11, there is a Rota-Baxter Lie extending structure
Ω((g, Pg), V ) = (▹, ◃, f, {−,−}) of (g, Pg) through a subspace V of E and an
isomorphism of Rota-Baxter Lie algebras E ∼= g♮V . As (g, Pg) is a Rota-Baxter
ideal of (E,PE) , for any x ∈ V and g ∈ g , we have that [x, g] ∈ g and hence
p([x, g]) = [x, g] , where p is the linear map in the proof of Theorem 2.11. Thus,
x▹pg = [x, g]−p([x, g]) = 0 and (E,PE) is isomorphic to the Rota-Baxter Lie algebra
associated to the crossed system ((g, Pg), (V, P2), ◃, f, P1) , where V = ker(p) .

Definition 3.3. [32, Definition 3.1] Let (g, Pg) and (h, Ph) be two Rota-Baxter Lie
algebras. A non-abelian extension of (g, Pg) by (h, Ph) is a Rota-Baxter Lie algebra
(k, Pk) equipped with a short exact sequence of Rota-Baxter Lie algebras

0 → h → k → g → 0.

The equivalent classes of non-abelian extension of (g, Pg) by (h, Ph) is characterized
in [32]. Actually, the restricted version of the extending structures problem is in
face an equivalent reformulation of the non-abelian extension problem. Indeed, the
Rota-Baxter Lie algebra g♮V associated to a crossed system ((g, Pg), (V, P2), ◃, f, P1)
is an extension of (V, P2) by (g, Pg) via the following sequence

0 → g
i−→ g♮V

π−→ V → 0,

where i : g → g♮V , i(g) = (g, 0) and π : g♮V → V , π(g, x) = x . Conversely, let
(k, Pk) be an extension of (V, P2) by (g, Pg) . Then there is an exact sequence of
Rota-Baxter Lie algebras

0 → g
i−→ k

π→ V → 0.

As g ∼= Im(i) = Ker(pi) , (g, Pg) can be viewed as a Rota-Baxter ideal of (k, Pk) .
By Corollary 3.2, there exists a crossed system ((g, Pg), (V, P2), ◃, f) of Rota-Baxter
Lie algebras such that g♮V ∼= k as Rota-Baxter Lie algebras.

3.2. Matched pairs and the factorization problem
In this subsection, we first recall the concept of a matched pair of Lie algebras [29, 31]
and then show that how the factorization problem studied by Lang and Sheng [26]
is a special case of Theorem 2.15.
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Definition 3.4. A matched pair of Lie algebras consists of two Lie algebras
(g, [−,−]) and (V, {−,−}) , which satisfy that
(1) g is a left V -module under ◃ : V ⊗ g → g ,
(2) V is a right g-module under ▹ : V ⊗ g → V and
(3) for all g, h ∈ g and u, v ∈ V we have,

u ◃ [g, h] = [u ◃ g, h] + [g, u ◃ h] + (u ▹ g) ◃ h− (u ▹ h) ◃ g,

{u, v} ▹ g = {u, v ▹ g}+ {u ▹ g, v}+ u ▹ (v ◃ g)− v ▹ (u ◃ g).

The notion of representations of Rota-Baxter associative algebras was introduced
in [20] and further studied in [35]. The concept of representations of Rota-Baxter
Lie algebras of weight 0 was given in [24] and the general notion of representations
of Rota-Baxter Lie algebras was given in [26] in the study of matched pairs of Rota-
Baxter Lie algebras.

Definition 3.5. [26, Definition 3.12] A matched pair of Rota-Baxter Lie algebras
consists of two Rota-Baxter Lie algebras (g, Pg) and (h, Ph) , which satisfy that
(g, Pg) is a left (h, Ph)-module under ◃ : h⊗g → g , (h, Ph) is a right (g, Pg)-module
under ▹ : V ⊗ g → V and (g, h, ▹, ◃) is a matched pair of Lie algebras.

Let Ω((g, Pg), V ) = (▹, ◃, f, {−,−}, P1, P2) be an extending datum of (g, Pg) through
V such that f and P1 are the trivial maps, i.e. f(x, y) = 0 and P1(x) = 0 , for all
x, y ∈ V . Then by Theorem 2.9, Ω((g, Pg), V ) = (▹, ◃, {−,−}, P2) is a Rota-Baxter
Lie extending structure of (g, Pg) through V if and only (V, {−,−}, P2) is a Rota-
Baxter Lie algebra and ((g, Pg), (V, P2), ▹, ◃) is a matched pair of Rota-Baxter Lie
algebras. In this case, we denote the associated unified product g♮V by g ◃▹ V and
call it the bicrossed product of the matched pair ((g, Pg), (V, P2), ▹, ◃) of Rota-Baxter
Lie algebras.
The bicrossed product of two Rota-Baxter Lie algebras is the construction which
provides the answer for the following factorization problem.

Problem 3.6. Let (g, Pg) and (h, Ph) be two Rota-Baxter Lie algebras. Describe
and classify all Rota-Baxter Lie algebras (k, Pk) that factorize through (g, Pg) and
(h, Ph) , i.e. (k, Pk) contains (g, Pg) and (h, Ph) as Rota-Baxter Lie subalgebras such
that k = g+ h and g ∩ h = {0} .

By Proposition 3.14 in [26], a Rota-Baxter Lie algebra (k, Pk) factorizes through
(g, Pg) and (h, Ph) if and only if there is a matched pair of Rota-Baxter Lie algebras
((g, Pg), (h, Ph), ▹, ◃) such that g ◃▹ h ∼= (k, Pk) . Hence the factorization problem can
be restated as:

Problem 3.7. Let (g, Pg) and (h, Ph) be two Rota-Baxter Lie algebras. Describe
the set of all matched pairs ((g, Pg), (h, Ph), ▹, ◃) and classify up to an isomorphism
all bicrossed product g ◃▹ h .

As a bicrossed product of a matched pair ((g, Pg), (V, P2), ▹, ◃) of Rota-Baxter Lie al-
gebras is a special case of the unified product of an extending datum Ω((g, Pg), V ) =
(▹, ◃, f, {−,−}, P1, P2) of (g, Pg) through V such that f and P1 are the trivial maps,
Problem 3.7 can be characterized by Theorem 2.15 as a special case.
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4. Flag extending structures
In this section, we apply our main theorem to a flag extending structure of Rota-
Baxter Lie algebras as a special case.
Given a vector space E containing a Rota-Baxter Lie algebra (g, Pg) as a subspace,
there is a complement V of g in E . Although Theorem 2.15 gives an classification
of the extending structure problem of Rota-Baxter Lie algebras, there is a compu-
tational problem.

Problem 4.1. How to compute the object H2
(g,Pg)

(V, (g, Pg)) explicitly and how
to obtain all Rota-Baxter Lie algebra structures on E which contains (g, Pg) as a
Rota-Baxter Lie subalgebra?

Now we provide a way of answering the problem for a special case.

Definition 4.2. Let (g, Pg) be a Rota-Baxter Lie algebra and let E be a vector
space containing g as a subspace. A Rota-Baxter Lie algebra on E such that (g, Pg)
is a Rota-Baxter Lie subalgebra is called a flag extending structure of (g, Pg) to E
if there is a finite chain of Rota-Baxter Lie subalgebras of E

(g, Pg) = (E0, P0) ⊂ (E1, P1) ⊂ · · · ⊂ (Em, Pm) = (E,PE)

such that Ei has codimension 1 in Ei+1 , for all i = 0, . . . ,m− 1.

All flag extending structures of (g, Pg) to E can be described recursively: the first
step is to describe and classify all unified products g♮V1 , for a 1-dimensional vector
space V1 ; then replace (g, Pg) with g♮V1 , describe and classify all unified products
of (g♮V1)♮V2 , where V1 and V2 are vector spaces of dimension 1. After m steps, we
obtain all flag extending structure of (g, Pg) to E .
Now we show that all unified products of g♮V with V a 1-dimensional vector space
are parameterized by the space ExDer((g, Pg)) of all extended derivations of (g, Pg) .
Now we recall the notion of twisted derivation of a Lie algebra [3].

Definition 4.3. [3, Definition 5.2] Let g be a Lie algebra. A twisted derivation of
g is a pair (ε,D) , where ε : g → k and D : g → g are two linear maps such that
for all g, h ∈ g we have

ε([g, h]) = 0, (6)
D([g, h]) = [D(g), h] + [g,D(h)] + ε(g)D(h)− ε(h)D(g). (7)

Definition 4.4. Let (g, Pg) be a Rota-Baxter Lie algebra. A extended derivation
of (g, Pg) is a quadruple (ε,D, g0, k0) , where ε : g → k and D : g → g are two
linear maps, g0 ∈ g and k0 ∈ k such that (ε,D) is a twisted derivation of g and for
all g ∈ g ,

[Pg(g), g0] − k0D(Pg(g)) + Pg(D(Pg(g))) + ε(Pg(g))g0 − Pg([g, g0])

+ Pg(k0D(g)) + k0ε(g)g0 + λPg(D(g)) + λε(g)g0 = 0, (8)
k20ε(g) + λk0ε(g) = 0. (9)
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Denote the set of all extended derivations of (g, Pg) by ExDer((g, Pg)) . We shall
now prove that the set of all Rota-Baxter Lie extending structures L((g, Pg), V )
of a Rota-Baxter Lie algebra (g, Pg) through a 1-dimensional vector space V is
parameterized by ExDer((g, Pg)) .

Proposition 4.5. Let (g, Pg) be a Rota-Baxter Lie algebra and let V be a vector
space of dimension 1 with a basis {x}. Then there exists a bijection between the set
L((g, Pg), V ) of all Rota-Baxter Lie extending structures of (g, Pg) through V and the
space ExDer((g, Pg)) of all extended derivations of (g, Pg). Through the above bijec-
tion, the Rota-Baxter Lie extending structure Ω((g, Pg), V ) = (▹, ◃, f, {−,−}, P1, P2)
associated to (ε,D, g0, k0) ∈ ExDer((g, Pg)) is given by

x ▹ g = ε(g)x, x ◃ g = D(g), f = 0, {−,−} = 0, P1(x) = g0, P2(x) = k0x,

for all g ∈ g and x ∈ V . Denote the corresponding unified product g♮V by
g♮(ε,D,g0,k0)V .

Proof. Note that the set L((g, Pg), V ) of all Rota-Baxter Lie extending structures
of (g, Pg) through V is equivalent to the set of all the maps {(▹, ◃, f, {−,−}, P1, P2)} ,
where ▹ : V × g → g , ◃ : V × g → V , f : V × V → g , {−,−} : V × V → V ,
P1 : V → g and P2 : V → V satisfying the conditions (2a)–(2k) of Theorem 2.9.
Since V has dimension 1, the condition (2a) is equivalent to that f and {−,−} are
trivial maps. Again by the dimension of V is 1, there is a bijection between the set
of all bilinear maps ▹ : V × g → V and the set of all linear maps ε : g → k . The
bijection is given such that the action ▹ : V × g → V associated to ε is given by
the formula: x ▹ g = ε(g)x , for all g ∈ g . Similarly, any bilinear map ◃ : V × g → g
is uniquely determined by a linear map D : g → g via the formula: x ◃ g = D(g) ,
for all g ∈ g . Moreover, the linear map P1 : V → g is uniquely determined by an
element g0 ∈ g via the formula: P1(x) = g0 and the linear map P2 : V → V is
uniquely determined by an element k0 ∈ k via the formula: P2(x) = k0x .
Since dimk(V ) = 1 , f = 0 , and {−,−} = 0 , we find that the conditions (2d)–(2g),
(2j)–(2k) hold automatically. Moreover, the condition (2b) is equivalent to Eq. (6),
the condition (2c) is equivalent to Eq. (7), the condition (2h) is equivalent to Eq. (8)
and the condition (2i) is equivalent to Eq. (9). This completes the proof.

Definition 4.6. Let (ε,D, g0, k0) and (ε′, D′, g′0, k
′
0) be two extended derivations

of a Rota-Baxter Lie algebra (g, Pg) . (ε,D, g0, k0) and (ε′, D′, g′0, k
′
0) are equivalent,

denoted by (ε,D, g0, k0) ≡ (ε′, D′, g′0, k
′
0) , if ε = ε′, k0 = k′0 and there exists an

element g1 ∈ g and a nonzero element k1 ∈ k such that for any g ∈ g ,

D(g) = k1D
′(g) + [g1, g]− ε(g)g1, (10)

g0 = Pg(g1) + k1g
′
0 − k0g1. (11)

Theorem 4.7. Let (g, Pg) be a Rota-Baxter Lie algebra of codimension 1 in a
vector space E and let V be a complement of g in E with basis {x}. Then ≡ is an
equivalent relation of the set ExDer((g, Pg)) of all extended derivations of (g, Pg)
and Extd(E, g) ∼= H2

(g,Pg)
(V, (g, Pg)) ∼= ExDer((g, Pg))/ ≡.
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Proof. By Lemma 2.13, there is an isomorphism of Rota-Baxter Lie algebras
between g♮(ε,D,g0,k0)V and g♮(ε′,D′,g′0,k

′
0)

which stabilizes (g, Pg) if and only if there
are linear maps r : V → g and v : V → V satisfying the conditions (1)–(6) and
v is a bijection. Since V = k{x} , the map r : V → g is uniquely determined
by an element g1 ∈ g such that r(x) = g1 and the bijective map v : V → V is
uniquely determined by a nonzero element k1 ∈ k such that v(x) = k1x . Note
that f = f ′ = 0 and {−,−} = {−,−}′ = 0 in the corresponding Rota-Baxter
Lie extending structures, the conditions (3)–(4) hold trivially. The condition (1)
is equivalent to k1ε

′(g)x = k1ε(g)x , for all g ∈ g . As k1 6= 0 , ε = ε′ . The
condition (2) is equivalent to Eq. (10) and the condition (5) is equivalent to Eq. (11).
Moreover, the condition (6) is equivalent to k0k1x = k′0k1x and hence k0 = k′0 by
k1 6= 0 . Thus g♮(ε,D,g0,k0)V

∼= g♮(ε′,D′,g′0,k
′
0)
V as Rota-Baxter Lie algebras if and only

if (ε,D, g0, k0) ≡ (ε′, D′, g′0, k
′
0) . This completes the proof.

Acknowledgments. This research is supported by the National Natural Science
Foundation of China (Grant No.12301025 and 12101316). The research of Yi Zhang
is partially supported by the Belt and Road Innovative Talents Exchange Foreign
Experts Project (DL2023014002L).

References

[1] M. Aguiar: Pre-Poisson algebras, Lett. Math. Phys. 54 (2000) 263–277.

[2] A. L. Agore, G. Militaru: Extending structures. I: the level of groups, Algebr. Repre-
sent. Theory 17 (2014) 831–848.

[3] A. L. Agore, G. Militaru: Extending strucutres for Lie algebras, Monatshefte Math.
174 (2014) 169–193.

[4] A. L. Agore, G. Militaru: Extending structures, Galois groups and supersolvable asso-
ciative algebras, Monatshefte Math. 181 (2016) 1–33.

[5] C. Bai: Double constructions of Frobenius algebras, Connes cocycles and their duality,
J. Noncommut. Geom. 4 (2010) 475–530.

[6] C. Bai: An introduction to pre-Lie algebras, in: Algebra and Applications 1: Non-
Associative Algebras and Categories, Wiley Online Library (2021) 245–273.

[7] C. Bai, X. Gao, L. Guo, Y. Zhang: Operator forms of the nonhomogeneous associative
classical Yang-Baxter equation, Adv. Theor. Math. Phys. 26 (2022) 1965–2009.

[8] C. Bai, L. Guo, G. Liu, T. Ma: Rota-Baxter Lie bialgebras, classical Yang-Baxter
equations and special L-dendriform bialgebras, Algebraic Representation Theory 27
(2024) 1347–1372.

[9] C. Bai, L. Guo, T. Ma: Bialgebras, Frobenius algebras and associative Yang-Baxter
equations for Rota-Baxter algebras, arXiv: 2112.10928 (2021).

[10] C. Bai, L. Guo, X. Ni: O -operators on associative algebras and associative Yang-
Baxter equations, Pacific J. Math. 256 (2012) 257–289.

[11] G. Baxter: An analytic problem whose solution follows from a simple algebraic iden-
tity, Pacific J. Math. 10 (1960) 731–742.

[12] R. J. Baxter: Partition function of the eight-vertex lattice model, Ann. Phys. 70 (1972)
193–228.



Peng and Zhang 771

[13] A. Connes, D. Kreimer: Renormalization in quantum field theory and the Riemann-
Hilbert problem. I: The Hopf Algebra Structure of Graphs and the Main Theorem,
Comm. Math. Phys. 210 (2000) 249–273.

[14] K. Ebrahimi-Fard, L. Guo: Rota-Baxter algebras and dendriform algebras, J. Pure
Appl. Algebra 212 (2008) 320–339.

[15] L. Foissy: Typed binary trees and generalized dendrifom algebras, J. Algebra 586
(2021) 1–61.

[16] M. Goncharov: Rota-Baxter operators on cocommutative Hopf algebras, J. Algebra
582 (2021) 39–56.

[17] V. Gubarev: Rota-Baxter operators on unital algebras, Moscow Math. J. 21 (2021)
325–364.

[18] L. Guo: An Introduction to Rota-Baxter Algebra, Surveys of Modern Mathematics 4,
International Press, Somerville (2012).

[19] L. Guo, H. Lang, Y. Sheng: Integration and geometrization of Rota-Baxter Lie alge-
bras, Adv. Math. 387 (2021), art. no. 107834, 34p.

[20] L. Guo, Z. Lin: Representations and modules of Rota-Baxter algebras, Asian J. Math.
25 (2021) 841–870.

[21] L. Guo, B. Zhang: Polylogarithms and multiple zeta values from free Rota-Baxter
algebras, Sci. China Math. 53 (2010) 2239–2258.

[22] O. Hoelder: Bildung zusammengesetzter Gruppen, Math. Ann. 46 (1895) 321–422
[23] Y. Hong, Y. Su: Extending structures for Lie conformal algebras, Algebraic Repre-

sentation Theory 20 (2017) 209–230.
[24] J. Jiang, Y. Sheng: Representations and cohomologies of relative Rota-Baxter Lie

algebras and applications, J. Algebra 602 (2022) 637–670.
[25] B. A. Kupershmidt: What a classical r -matrix really is, J. Nonlinear Math. Phys. 6

(1999) 448–488.
[26] H. Lang, Y. Sheng: Factorizable Lie bialgebras, quadratic Rota-Baxter Lie algebras

and Rota-Baxter Lie bialgebras, Comm. Math. Phys. 397 (2023) 763–791.
[27] A. Lazarev, Y. Sheng, R. Tang: Deformations and homotopy theory of relative Rota-

Baxter Lie algebras, Comm. Math. Phys. 383 (2021) 595–631.
[28] A. Lazarev, Y. Sheng, R. Tang: Homotopy relative Rota-Baxter lie algebras, triangular

L∞ -bialgebras and higher derived brackets, Trans. Amer. Math. Soc. 376 (2023) 2921–
2945.

[29] J. H. Lu, A. Weinstein: Poisson Lie groups, dressing transformations and Bruhat
decompositions, J. Diff. Geom. 31 (1990) 501–526.

[30] T. Ma, J. Li, L. Chen, S. Wang: Rota-Baxter operators on Turaev’s Hopf group
(co)algebras I: basic definitions and related algebraic structures, J. Geom. Physics
175 (2022), art. no. 104469, 24p.

[31] S. Majid: Physics for algebraists: non-commutative and non-cocommutative Hopf
algebras by a bicrossproduct construction, J. Algebra 130 (1990) 17–64.

[32] S. Mishra, A. Das, S. Hazra: Non-abelian extensions of Rota-Baxter Lie algebras and
inducibility of automorphisms, Linear Algebra Appl. 669 (2023) 147–174.

[33] O. Ore: Structures and group theory I, Duke Math. J. 3 (1937) 149–174.
[34] J. Pei, C. M. Bai, L. Guo: Splitting of operads and Rota-Baxter operators on operads,

Appl. Cat. Structures 25 (2017) 505–538.



772 Peng and Zhang

[35] L. Qiao, J. Pei: Representations of polynomial Rota-Baxter algebras, J. Pure Appl.
Algebras 222 (2018) 1738–1757.

[36] M. A. Semenov-Tian-Shansky: What is a classical R-matrix? Funct. Anal. Appl. 17
(1983) 259–272.

[37] Y. Sheng: A survey on deformations, cohomologies and homotopies of relative Rota-
Baxter Lie algebras, Bull. Lond. Math. Soc. 54 (2022) 2045–2065.

[38] Y. Sheng, Y. Wang: Quasi-triangular and factorizable antisymmetric infinitesimal
bialgebras, J. Algebra 628 (2023) 415–433.

[39] C. N. Yang: Some exact results for the many-body problem in one dimension with
repulsive delta-function interaction, Phys. Rev. Lett. 19 (1967) 1312–1314.

[40] H. Yu, L. Guo, J. Y. Thibon: Weak quasi-symmetric functions, Rota-Baxter algebras
and Hopf algebras, Adv. Math. 344 (2019) 1–34.

[41] T. Zhang:Extending structures for 3-Lie algebras, Comm. Algebra 50 (2022) 1469–
1497.

[42] T. J. Zhang, X. Gao, L. Guo: Hopf algebras of rooted forests, cocyles, and free Rota-
Baxter algebras, J. Math. Phys. 57 (2016), art. no. 101701, 16p.

[43] Y. Zhang (Yi Zhang), X. Gao, L. Guo: Hopf algebra of multidecorated rooted forests,
free matching Rota-Baxter algebras and Gröbner-Shirshov bases, Pacific J. Math. 317
(2022) 441–475.

[44] Y. Zhang (Yuanyuan Zhang), X. Gao, D. Manchon: Free (tri)dendriform family alge-
bras, J. Algebra 547 (2020) 456–493.

[45] J. Zhao, L. Chen, L. Yuan: Extending structures of Lie conformal superalgebras,
Comm. Algebra 47 (2019) 1541–1555.

Yi Zhang, School of Mathematics and Statistics, Nanjing University of Information Science &
Technology, Nanjing, Jiangsu, P. R. China; zhangy2016@nuist.edu.cn.

Xiaosong Peng, School of Mathematics and Statistics, Jiangsu Normal University, Xuzhou,
Jiangsu, P. R. China; pengxiaosong3@163.com.

Received July 15, 2023
and in final form September 15, 2024


